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Université de Nantes, Laboratoire Jean Leray, U. M. R. 6629, 2, rue de la
Houssinière, BP 92208, F-44322 Nantes cedex 03.
Stephane.Grognet@univ-nantes.fr

RÉSUMÉ. - Sur Rn muni d’une métrique riemannienne à courbure négative
bornée, les fermés faiblement convexes sont topologiquement triviaux. Leur
stabilité par intersection caractérise les espaces euclidiens.

ABSTRACT. - On Rn endowed with a riemannian metric of bounded non-
positive curvature, the weakly convex closed subsets are topologically trivial.
The stability of such subsets under intersection characterizes the euclidean
spaces.
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1 Introduction

The convexity of closed subsets in the euclidean spaces and in the riemannian
manifolds has been subject of many studies among which we will only cite [1,
4, 5], the third presenting an important bibliography. In presence of negative
curvature, there appears a notion of weak convexity different from the geodesic
convexity [2, 3]. Horospheres are instances of closed subsets which are not
geodesically convex but are weakly convex ; others examples in dimension two
can be found in [3].

In the whole paper we consider a complete, connected, simply connected
manifold M of C∞-class, endowed with a riemannian metric with bounded non-
positive sectional curvature : −k2 ≤ K ≤ 0. According to the Cartan-Hadamard
theorem, the manifold M is diffeomorphic to Rn.
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We present here two expected properties of the weakly convex closed sub-
sets : their topology is trivial, and their bad behaviour with intersection is
characteristic.

Given a closed subset of M , it is said that the projection is unique when the
distance to G of each point of the complementary GC is realized by a unique
point of G. The projection from GC to ∂G, which to a point x associates the
unique point y such that d(x, G) = d(x, y) is written down π.

Definition 1.1 [2] A closed subset G of M is said weakly convex if the pro-
jection is unique, and if for any point x of the complementary GC , the open
horobowl associated to the geodesic ray [π(x), x) does not intersect the closed
subset G : the half geodesic [π(x), x) projects itself on the point π(x).

Given a closed subset of M , the Motzkin theorem in bounded nonpositive sec-
tional curvature [2] ensures the equivalence between the three properties of weak
convexity, uniqueness of projection, and differentiability of the distance to G on
the complementary GC .

The condition of geodesic convexity is stronger than this weak convexity [2] ;
weak and strong convexity coincide in euclidean spaces.

We prove that nonempty weakly convex closed subsets are deformation re-
tracts of M (theorem 2.1). In particular they are connected, simply connected
as expected (corollary 2.1). We deduce from it that the property of stability
of the weakly convex closed subsets under finite intersection characterizes the
euclidean spaces (theorem 3.1).

2 Topological viewpoint

Lemma 2.1 Let M be a C∞-manifold diffeomorphic to Rn equipped with a
riemannian metric of bounded nonpositive sectional curvature. For x, y ∈ M

and t ∈ [0, 1], let us define (1 − t)x + ty as a barycentre on the geodesic seg-
ment [x, y]. Let G be a nonempty weakly convex closed subset of M . The
mappings

H : M × [0, 1] → G

(x, t) 7→ x if x ∈ G

(x, t) 7→ (1 − t)x + tπ(x) if x ∈ GC

and
P : M → G

x ∈ G 7→ x

x ∈ GC 7→ π(x)

are continuous.

Proof : The continuity of P implies that of H . It is clear that P is continuous

at every point of the complementary GC and the interior
◦

G. Let x be a point
of ∂G. We have P (x) = x. Let ε > 0. Let y be a point of B(x, ε) ∩ G. We
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have P (y) = y ∈ B(x, ε). Let y be a point of B(x, ε)∩GC . We have P (y) = π(y)
with

d (y, π(y)) ≤ d(y, x) < ε

thus
d (π(y), x) = d (P (y), P (x)) ≤ d (π(y), y) + d(y, x) < 2ε.

Therefore P is continuous at x. ⋄

Theorem 2.1 Let M be a C∞-manifold diffeomorphic to Rn equipped with a
riemannian metric of bounded nonpositive sectional curvature. Every nonempty
weakly convex closed subset G of M is a deformation retract of M .

Proof : This results from the previous lemma, since H(., 0) = IdM . ⋄

As an immediate consequence, we get :

Corollary 2.1 Let M be a C∞-manifold diffeomorphic to Rn equipped with a
riemannian metric of bounded nonpositive sectional curvature. Every nonempty
weakly convex closed subset G of M is connected, simply connected.

3 Geometrical viewpoint

The behaviour with respect to intersection of the weakly convex closed subsets
is different from that of the geodesically convex ones.

Definition 3.1 The property of stability under finite intersection for the weakly
convex closed subsets is the following : for all weakly convex closed subsets G1, G2,
the intersection G1 ∩ G2 is weakly convex.

In general, this property is not true.

Theorem 3.1 Let M be a C∞-manifold diffeomorphic to Rn equipped with a
riemannian metric of bounded nonpositive sectional curvature. The property of
stability under finite intersection for the weakly convex closed subsets is true if
and only if the metric is euclidean.

Proof : For euclidean spaces, the condition of weak convexity coincides with
the geodesic convexity, so the property is true. In order to prove the other
implication, we suppose the property to be true. If there exists a point x ∈

M and a 2-plane Π ⊂ TxM such that K(Π) < 0, let v be a unit tangent
vector of T 1

xM , belonging to Π. Let (Hi)i=1,...,n−2 be a collection of horospheres
tangent to Π, such that their intersection admits Π as tangent space at x. The
horospheres are weakly convex. Let G1 be the complementary of the open
stable horobowl associated with v. The geodesic flow on T 1M is written ϕt.
For some ε > 0, let G2 be the complementary of the open unstable horobowl
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associated with ϕεv. The closed subsets G1 and G2 are weakly convex [2].
Because of the property, the intersection

I = G1 ∩ G2 ∩

(

n−2

∩
i=1

Hi

)

is weakly convex. But because of the condition K(Π) < 0, for ε small enough,
the second fondamental form of the horospheres ∂G1, ∂G2 are nonzero in the
orthogonal of v in Π. Thus, for ε small enough, the intersection I is nonempty
and not connected, which contradicts the corollary 2.1. Therefore the curvature
is always zero. ⋄
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