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Abstract: The total impedance of a ladder-shape network consisting of inductors and capacitors does not 
converge to a certain value when the steps of the network increased. In this paper, we analyze this effect in 
frequency domain. We find that in some band the impedance converge to a limit value while in other band it 
doesn’t. Based on this property in frequency, we propose a filter that exhibits excellent performance both in 
amplitude and phase response. As a validation of our result, the simulation of this filter was carried out on the 
EDA software Multisim with respect to a practical circuit.  
 
1. Introduction 

An n steps ladder-shape network is shown in Fig.1 (a). In order to calculate the total resistor nR of the 

network, we use the equation based on the equivalent circuit shown in Fig.1(b): 
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If n  is large enough maybe it is justifiable to believe that: 

1( )n nR R n−= →∞                               (2) 

From Eq.1 and Eq.2, we get: 
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If the ladder-shape network consists of inductors and capacitors, as shown in 

Fig.2, we simply substitute in Eq.3 iwL for 2r , 1/ i Cω for 1r and nZ for nR , 

with the result: 
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As pointed out in Ref.1, this result is not true when 21 4 0LCω− < , because Eq.4 has a nonzero real part, 

which means energy loss in the network that only consisting of inductors and capacitors. Therefore Eq.2 is not 

true and when the order of ladder-shape network increases, the impedance does not converge to a limit value. 

In this paper we study this property of divergence in frequency domain. In section2 we show that 

when 21 4 0LCω− > , the impedance nZ do converge to a limit value. Here comes to an interesting point that it 

does exist a critical frequency cf , below and beyond this cf , the behavior of the ladder-shape network is totally 

different. When cf f< , the impedance of ladder-shape network does converge to a limit value whereas it 

doesn’t in the case of cf f> . Based on this property in frequency, a filter is proposed in section3. We analyze 

the theoretical model with software Matlab then construct the practical circuit and do simulation on the EDA 

Fig.1 (a) a n steps ladder-shape network 
(b) equivalent circuit for Fig.1(a) 

Fig.2 ladder-shape network consisting  
of inductors and capacitors 



software Multisim7 as a validation of our result. Finally we get our conclusion in Part 4. 

 
2. Special behavior of total impedance in frequency domain 

  From Eq.4, let 21 4 0LCω− =  we get a critical frequency 1/ 2c LCω = ( / 2c cf ω π= ). In order to 

study the behavior of the total impedance beyond and below this critical frequency cf , we make the total 

impedance of an n step ladder-shape network (represented by Zn) as a function of the frequency f , as shown in 

Fig.3. Different curves in Fig.3 represent the impedance of network with step 9, 10 and 11 respectively. The 

calculation is based on 1C nF=  and 1L mH= . From the figure depicted by Matlab, we obtain the critical 

frequency 80kHz, which complies with theoretical value (79.6kHz) very well. For cf f< , three curves 

approximately superpose each other. However, for cf f> , the step of network has substantial effect on the 

impedance hence three curves do not superpose each other any more. In sum, the property of total impedance of 

the ladder-shape network with capacitors and inductors below and beyond the critical frequency cf  behaves 

totally different. And this characteristic is the theoretic foundation of the filter we shall mention in the following. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As shown in Fig.4, ordinate represents the amplitude of the equivalent impedance eq 9 10 9 10Z /( )Z Z Z Z= −  

of Z10 and -Z9 connecting in parallel while abscissa represents frequency. The  subscript of Z means the steps 

of the ladder-shape network. The calculation is based on 1C nF= and 1L mH= . The abnormal variation trend 

comes from the fact that the value of 10 9Z Z− is close to zero when cf f< , while 10 9Z Z− is a comparatively 

large value when cf f>  as shown in Fig.3. In addition, we can utilize negative impedance converter[3] to 

realize the subtraction of two networks with different steps.  

Fig.3 Curves of impedances 
of ladder-shape networks with 
different steps varying with 
frequency f .The calculation 
is based on 1C nF=  and 

1L mH= . The critical point 
we get in the figure matches 
the theoretical deduction 
perfectly. For cf f< , the 
difference of network order 
contributes very little to total 
impedance, but for cf f> , 
the situation is totally 
opposite, as you may find out 
clearly from the curve.  
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3. Filter design based on special behavior of total impedance in frequency domain 

Taken advantage of this special behavior, a high-pass filter is proposed here. Its model circuit is shown in 

Fig.5, The  subscript of Z means the steps of the ladder-shape network.. Still, 1C nF=  and 1L mH= . And 

9Z− denote the equivalent impedance of 9Z  after transformed by negative impedance converter[7]. Resistor 

R  is chosen to a large value(50kOhm  in our design). 10Z and 9Z− are connected in parallel. The equivalent 

impedance is eq 9 10 9 10Z /( )Z Z Z Z= −  and its variation trend with frequency is shown in Fig.4. Note that the 

value of resistor R  should be carefully selected so that it is significantly greater than eqZ  when cf f>  and 

much less than eqZ  when cf f< .Since /( )out in eqV V R Z R= + , when cf f> , outV is close to inV and 

when cf f< , outV is close to 0. Therefore this system can function as a high-pass filter.  

 

 

 

 

 

 

 

 

 

Based on this theoretical analysis, we simulate the result using Multisim 7. The simulated circuit is shown 

in Fig.6. Amplitude and phase responses to frequency are shown in Fig.7. The amplitude response illustrates the 

high-pass property of the designed filter. From the trend of phase response to frequency we can see that when in 

Fig.4 Ordinate  represents 

the equivalent impedance 

eq 9 10 9 10Z /( )Z Z Z Z= − ,  
while abscissa represents 
frequency. When cf f< , 
the value of 10 9Z Z− is 
close to zero and therefore  

eqZ is a large value. 
However, when cf f>  the 
value of 10 9Z Z−  is a 
comparatively large value  
and therefore the value of 

eqZ is small. Curve here 
also verifies the result of 
critical point along with 
Fig.3. 

Fig.5 The model of the proposed filter. 10Z and 9-Z are connected in parallel, their 

equivalent value is eq 9 10 9 10Z /( )Z Z Z Z= − . eqZ and R are connected in series. 

When cf f< , since the value of 9 10Z Z− is small, eqZ is much greater than R and 

therefore outV is close to inV ; when cf f> , since the value of 9 10Z Z− is 

comparatively large, eqZ is much less than R and therefore outV is close to zero. 

 



the pass-band cf f> , phase response shows good linearity property[6], group delay /d dϕ ω− is close to zero. 

When cf f< , phase response is not within our consideration because in stop-band the amplitude is attenuated 

greatly. Fig.7 shows these properties of the filter. 

 

 

 

 

 

 

 

 

 

 

 

 

                                     

 

 

 

 

 

 

 

 

 

 
 
 
 
 
 
 
 
 
 

 
4. Conclusion 

   We have proposed and demonstrated an LC ladder-shape filter based on the special behavior of total impeda- 
nce in frequency domain. Since linearity plays an important role in the property of a filter, our filter has a quite 
perfect linearity in the pass-band. The group delay /d dϕ ω−  is close to zero in the pass-band which means the 

Fig. 6 The simulated circuit of 
the designed filter in 
Multisim7. 1 9X Z= and

2 10X Z= . The  subscript of 
Z means the steps of the 
ladder-shape network.. I1  is 
a current control current source 
which is used as a negative 
impedance converter here. 
Through CCCS, 2X is able to 
be converted into 2X− . 1X  
and 2X− are connected in 
parallel. After that, they are 
connected with 1R =50kOhm 
in series just as the theoretical 
model shown in Fig.5.

Fig.7 The amplitude and 
phase responses to frequency 
for the practical circuit. The 
amplitude response illustrates 
the high-pass property of our 
filter. The phase response 
shows that the group delay is 
close to zero, which means 
that the real-time property is 
quite good in our design. The 
linearity of phase response in 
the pass-band is also shown in 
the figure.  



real-time property is quite good in our design.  
 
References: 
[1] 1S. J. van Enk, “Paradoxical behavior of an infinite ladder network of inductors and capacitors,” Am. J. Phys. 
68, 854–856 _2000_.  
[2] Ali Ümit Keskin, Deniz Pazarci, and Cevdet Acar, Comment on “Paradoxical behavior of an infinite ladder 
network of inductors and capacitors,” by S. J. van Enk [Am. J. Phys. 68, 854–856 (2000)] 
[3] R. Feynman, R. B. Leighon, and M. L. Sands, The Feynman Lectures on Physics, Commemorative Issue 
Addison-Wesley, Reading, MA, 1964 & 1989_, Vol. 2, Chap. 22. 
[4] El-Gamal, M.; Roberts, G.W. “ LC ladder-based synthesis of log-domain bandpass filters”; Volume 1,  9-12 
June 1997 Page(s):105 - 108 vol.1 ,Digital Object Identifier 10.1109/ISCAS.1997.608622 
[5] Perry, D.,Roberts, G.W., “The design of log-domain filters based on the operational simulation of LC 
ladders,”; Volume 43,  Issue 11,  Nov. 1996 Page(s):763 - 774 ,Digital Object Identifier 10.1109/82.544029 
[6] Zhang WeiXi; Zhang Li, “Design of linear-phase digital filters on frequency unequal sample” Intelligent 
Control and Automation, 2002. Proceedings of the 4th World Congress on Volume 3,  10-14 June 2002 
Page(s):2231 - 2235 vol.3 Digital Object Identifier 10.1109/WCICA.2002.1021484 
[7] Holt, A.; Carey, J., “A Method for Obtaining Analog Circuits of Impedance Convertors” Circuits and 
Systems, IEEE Transactions on [legacy, pre - 1988]  Volume 15,  Issue 4,  Dec 1968 Page(s):420 – 425 
 
 
 
Address: Mixed class of CKC honors college, Yuquan campus of Zhejiang University , 
Hangzhou , China, 310027 
Linkman: Zheng Guo An (grade of 2003) 
E-mail :zhengguoan1984@yahoo.com.cn 
       zhengguoan1984@163.com 
 
 


