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A. Lejay / Divergence Form Operators and FBSDE

Introduction

In this article we study the connection between non-linear PDEs and stochas-
tic processes generated by divergence form operators. This link is done using
the theory of Backward Stochastic Differential Equations (BSDEs). The dif-
ferential operators we consider are of type

10 0 0

J

where a is uniformly elliptic, and a and b are bounded. Using the property of
the fundamental solution of %+L, it is easily proved that L is the infinitesimal
generator of a continuous, stochastic process (X, P;,).

Before studying BSDEs and some applications, we show that X is a
Dirichlet process in the sense of Follmer (See [F6llmer| 1981)) under Py, for
any starting point, that is X; = y + M; + V;, where M is a local martingale
and V; a term of zero-quadratic variation. This means that for any C' > 0,

k—1
li P _ . '2 —0
meshl(rl%ﬂo Y ;(%H—l ‘/;fz) > C 0
O={0<t1<--<t,<T'} =

Although X is not in general a semi-martingale, this result allows to define
the martingale part M of X, for which a martingale representation theorem
holds. However, there are different possibilities to characterize the process V:
See for example (Oshimal, [1992albt [Rozkosz, 20021 Our result uses an explicit
decomposition of X as

1 1 _
Xi=y+ §Mt + i(MTft — M)
1 ft ¢
— 5/ F_la-VF(s,y,r, Xr)dr+/ b(r,X,)dr, t € [s,T], Ps,, (2)

where M is a martingale with respect to the filtration generated by the
“future” of X;, that is o(X,,r € [t,T]). These results were already known
for processes generated by time-homogeneous divergence form operators: See
Rozkosz and Slominskil, [1998: [Lyons and Stoica, 1999, ... One of the main
interest of the decomposition (2]) is that it allows to define some stochastic
integrals driven by X: See [Rozkosz, [1996a); Rozkosz and Slominskil, 1998}
Lyons and Stoical, [1999} [Lejay, 2002b. As an application, we prove a linear
Feynman-Kac formula for the semi-group of the differential operator A =
L° + b0y, + ¢ — Oy, (d;-), where L = 20,,(a;;0,). Let (X, Pyy;(s,y) €
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[0,T] x RY) be the process generated by L°. Let (P, ;);>s be the semi-group
generated by A, with transition density function Y. Then for almost every z,

Ps,Tg(x) - /RN T(S,?J,t,l’)g(l’) dr = Es,y

exp (/T a 'b(r, X,) dM,
+ /ST a td(r, X,)dM, — ;/ST a'(b—d)-(b—d)(r,X,)dr
+/Tc(r,X,) dr+/TF_1d-VF(s,y,r,Xr) dr)g(XT)], (3)

where I is the transition density function of L°. This result extends the one
of Lunt et all 1998, where a formula was provided for [pn Psrg(x)f(z) dx.
The solutions of semi-linear PDEs of type

ot

Qulta) o Lt z) + h(t, z,ult, z), Vu(t,z)) =0, (t,z) € [0,T) x O, n
u(t,z) =0on [0,7) x 00 and w(T,z) = g(x) on O,

are generally weak solution, i.e., u(t, ) belongs to the Sobolev space H}(O).
But, it is still true that (Y, Z) = (u(t, Xy), Vu(t, X¢))se[s,r) is the solution of
the BSDE, P, ,-almost surely, for any ¢ € [s, t],

TNAT TNAT

Y= g(X)liren + [ R XYeZ)dr— [T Zam, (5)
where 7 is the first exit time of X from O. As Y is adapted to the filtration
generated by X, Y is deterministic and is equal to u(s, y). Then, the theory of
BSDEs may be applied to weak solutions of PDEs, and not only to classical
and viscosity solutions, as it was proved first, under additional regularity
assumptions, in Barles and Lesigne, 1997 and then in |Lejay, 2002a; Bally
et _al., 2005} [Stoical, 2003} [Rozkosz, 2003l In this article, we extend the results
of [Lejay, 2002al to time-inhomogeneous processes, but we also give some
precisions about the starting points (s, y) for which (&) holds, when h belongs
only to L2%(0,T’; ©). This could also lead to a better understanding of the It6
formula for processes generated by divergence form operators. Besides, we
prove that there exists a version @ of the solution of () such that ¢t — u(t, X3)
is continuous under P, , for almost every (s,y), although @ may fail to be
continuous. For time-homogeneous operators and elliptic PDEs, this could
follow from potential theory (quasi-continuity, ...): See [Fukushima et al.
(1994)) for example. Although our result is more restrictive than the ones
provided by potential theory, we do not need here to define some capacity.
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Afterwards, we explain how this result could be used for quasi-linear
PDEs, that is when the coefficients of L are themselves dependent on the
solution:

. 10 0
L=1L ey (aw(t z, u(t, :L‘))a

81’1'.

Ly

) b bt ult, ), Vu(t, )

In this case, it is almost immediate that a weak solution is also a mild solution,
that is

u(s,y) = Plrg(y +/ Py h(r, z,u(r, x), Vu(r, x)) dr

when (s,y) belong to set of points that depends only on A(-,-,0,0). We also
prove that a mild solution is a weak solution.

If L is a quasi-linear differential non-divergence form operator, then the
solution u(s,y) of (@), if it is unique, may be found as Y;, where (X,Y, 7)
is the solution of the Forward-Backward Stochastic Differential Equation
(FBSDE):

Xy=y+ [lo(rX,,Y,)dB, + [{b(r, X,,Y,, Z,)dr, 6

}/t :g(XT)_FftTh(T?XmK;Zr) dr—ftTZrdBfm ( )
for t € [s,T], Py, -almost surely Here B is a Brownian motion, oot = a,
and L" = %am(t,x,u(t,x))az o T bi(t, z, u(t, ), Vu(t,z)) 5. It is hopeless
to expect that such a representatlon holds for divergence form operators,
since X is in general not a semi-martingale.

Although it is possible to consider FBSDEs without any reference to
quasi-linear PDEs, using PDEs may be helpful. The book [Ma and Yong]
1999 contains a review of results on FBSDEs. At the best of our knowledge,
excepted in [Antonelli and Mal 2002 solutions of FBSDEs of type () have
always been considered as strong solutions. This means that, as for SDEs,
the Brownian motion B is given first, and then X, Y and Z are adapted to its
natural filtration. This requires some strong assumptions on the coefficients.
Mainly, (¢,z) — b(t,x,-,-) and (t,x) — h(t,z,-,-) shall be Lipschitz contin-
uous. A natural question is to know if there exists some non-trivial weak
solutions for (@), where only the distribution of the process (B, X,Y,Z) is
specified.

One may first think to apply the same methods as for proving the ex-
istence of weak solutions of SDEs. However, the martingale problem seems
not to be easy to state. The Girsanov theorem adds a drift term on each

part of the system. So, it could not be used in our case to add a drift
[ro(r, X, Yy, Z,) dr to X, otherwise it means that a term like [’ Z,b(r, X, Y,, Z,) dr
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is already present in the expression of Y. Moreover, a direct proof using some
approximations by strong solutions of FBSDE (See for example [Rozkosz and
Stominiskil (T991) for SDEs) is not easy to deal with, mainly because of the
lack of estimates on the process Z (see [Pardoux), 1999, Section 6, p. 535 for
a discussion).

In this article, we deal with a process that is generated by a divergence
form operator L which may also be written as a non-divergence form operator.
So, one could use a weak solution u of (@) to define some BSDE of type (H) by
identifying (Y3, Z;) with (u(t, Xt), Vu(t, X;)). Solving PDEs with divergence
form operators requires much less regularity on the coefficients than for PDEs
with non-divergence form operators. With a bit of regularity on the diffusion
coefficient, it is then possible to transform L into a non-divergence form
operator, so that X is also a weak solution of some SDE which involves
u(t, X;) and Vu(t, X;). Substituting Y; and Z; to u(t, X;) and Vu(t, X;)
allows to conclude. We have to note however that, when one transforms
quasi-linear differential divergence form operators into non-divergence form
operators, a term which is quadratic in Vu appears. But the PDE which is
involved may still be solved in a way that the solution remains in the space
in which we have developed our results on BSDEs. With this method, no
regularity is required on (t,z) — b(t,z,-,-) and to (¢,z) — h(t,z,-,-).

Notations

The set O will be either RY or a bounded, open set of RY with a smooth
boundary The Euclidean norm in R is denoted by ||||.

Throughout this article, we use the standard notations about functional
spaces. So, for 1 < p,q < oo, L?P(s,T; O) denotes the space of measurable

functions on [s, T1x O such that || f{|e.0(, 7.0y = (fST (Jo | f(t,2)|P da)?? dt)l/q
is finite. The notation W'?(O) denotes the space of functions in LP(O)
with weak derivatives in L”(O), equipped with its usual norm: || f{ly1s(0) =
£l (o) + >N |02 f | 1o (0y- The space H{(O) is the completion of the space

of smooth functions with compact support on O with respect to the norm

W12(0). Finally, for a Banach space X, we denote by LP(s, T; X) the space

of functions f on [s,T] with values in X, and such that [ || f||% is finite.
Besides, we say that g = (g1, . . ., g ) belongs to L2P(s, T; RY) if g; belongs

to L% (s, T;RY) for i = 1,..., N, and we denote by [|g|ys.»(, vy the norm

N 9 1/2
(Eizl HgiHLw(s,T;RN)) :

Given a stochastic process Y and a real s, we denote by FY = (.7:83/7]5)7525
the smallest filtration containing o(Y,;r € [s,t]) and satisfying the usual
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hypotheses. When the reference to s is not ambiguous, we write F¥ instead
of FY.

1 On processes generated by time-inhomogeneous

divergence form operators

1.1 Parabolic PDEs and fundamental solutions

By a divergence form operator, we mean an operator of type (), where the
coefficients a and b satisfy, for some positive constants A and A,

* a and b are measurable on [0, 7] x R, (Ta)
* a(t,x) = (a;j(t,x))ij=1,.n is a symmetric N x N-matrix, (7b)
* A& < ai (t,2)&&5, VE€RY, V(t,z) € [0,T] x RY, (7c)
* b(t,x) is a vector with values in RY, (7d)
* laij(t,z)] < A, |bi(t, )] <A, Vi,j=1,...,N, ¥(t,z) € [0,T] x RY,
(7e)
Throughout all this article, we use the convention that C, Cy, ... denote

some positive constants that depend only on A\, A, the dimension N and T
and some given positive reals p and q.
By a solution of the PDE

@(t,x) + Lu(t,z) = f(t,z) + 0g;

5 Bz, (t,x) with u(T,x) = h(z), (8)

we mean an element of L2(0,T; Hi(RY)) which is a weak solution, i.e., for
any smooth function ¢ on [0, 7] x RY with (0,-) =0,

/T %u@ x) dtdx+1/T/ aVuVo(t,z)dtdx
o Jrv Ot 2Jo Jry S
T T
—/ / bVup(t,z)dt de = —/ / fo(t,z)dtde
0 JrN 0 JrN

+/OT/RN9V%0(t’x)dtdx+/RN o(T, z)h(z) dz.

In fact, a version of u belongs to Wy r, where for any s € [0,7), Wsr =
C(s, T; L2(RM))NL2(s, T; HY(RY)). This means that ¢ — wu(t, -) is continuous
from [0,T) to L?(RY). This space Wj r is equipped with the norm

- 1/2
2 2
lullyy, . = ( sup ||u(t, ')”Lz(RN) +/ | Vu(t, ')||L2(RN) dt) )
’ s<t<T S

6
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The PDE () can be solved if i belongs to L2(RY) and if f and g1, ..., gn
belong to L2(0,T;L?(R"Y)). The norm of u in W, may be estimated from
that of g, f, h, the bounds of the coefficients and the constant of uniform
ellipticity:

N
2 2 2 2
lully, , < CollPllia@ry + Colf 2o rmey + Ca D llgillizaormyy - (9)
i=1

This inequality is called the energy inequality (See for example Theorem 3 in
Aronson), 1968, p. 639 or [Ladyzenskaja et al. 1968, Chapter III).

Besides, Equation (8) can also be solved if f belongs to L#?(0, T; RY) and
g1, - -, gn belong to L™ (0, T; RY), where p, ¢, r, m satisfy

N 1
2<p,q< o0, —+-<1, (10a)
2p g
N 1 1
and 1 <r,m <oo, —+ — < —. (10Db)

2r - m 2

In this case, there exists a version of u which is continuous on each compact
subset of [0,7) x RY: See [Aronson|, 1968, When a continuous version of u
exists, then u denotes in fact this continuous version.

It was shown in [Aronson, (1968 that the operator 0; + L has a funda-
mental solution I'; that is a function I'(s,y,t,x) such that d,I'(s,y,t, x) +
L,L(s,y,t,z) = 0 for any (s,y) € [0,¢) x RY and T'(s,y,t,z) converges
weakly to the Dirac d,_, as s increases to t. The solution u of (&) on [s, ]
with f = g1 = -+ = gy = 0 and the final condition u(t,z) = h(x) is given
by u(s,y) = fpnx [(s,y,t,2)h(x) dx for any (s,y) € [0,t] x RY.

Among the important features of I' are that there exist C;, Cs, C3 and
C4 such that

Cy Cslz — y|? Cs Cylz —y]?
Nj2 OXP <_t—3 <I(s,y,t,x) < wp P\ T ) (11)

This estimate (1)) is called the Aronson estimate. If p', ¢', " and m' are
respectively the Holder conjugates of p, g, r and m, where (g, p) satisfy (I0al)
and (m,r) satisfy (10D), then

HF(S,Z/, i ‘)Hquﬂpl(s,T;RN) S C’1 and HVF(Sa Y,y ')HLWIW’(s,t;RN) S 027 (12)

where VI'(s,y,t,x) denotes the derivative with respect to z. Finally, for any
(s,y) € [s,T)xRY and any § > 0, ['(s, v, -, -) belongs to L*(s+4d, T; H (RY)).
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1.2 Existence of a stochastic process

The fundamental solution also satisfies [pn I'(s,y,t,2)dz = 1 for any 0 <
s <t <T. With the upper bound of the Aronson estimate (ITJ), it is easily
proved that I' is a transition density function of a continuous, conservative,
strong Markov process (2, Foo, X4, Py, For;s € [0,T],t € [5,T],y € RY).
Here, Py, is such that P, [X; =y, 0 <t <s] = 1. For any probability
measure v on RY, we use the notation P, to denote the probability measure
Jv(dz)P,,. The filtration F = (Fst)i>s is the minimal filtration to which
(Xt)t>s is adapted and complete under Py, for any measure 4 (in particular
the filtration JF is right-continuous: See for example |Blumenthal and Getoorl,
1968 for the construction of the Markov process and the filtration F). By
construction, for any Borel set B,

P,,[X: € B|F,u] = /RN D(u, Xu, t, 2)15(2) dz.

One of the practical feature of the Aronson estimate is that

P2
< Cyexp ( thR >

(13)

IEDs,y l sSup |X7‘ - y| Z R

rE(s,t]

for any R > 0 and any ¢ € [s,T] (see for example Lemma I1.1.2 in [Stroockl,
1988in the time-homogeneous case). This estimate (I3]) is important because
it allows to use a localization argument.

Let O be an open bounded set of RY with a smooth boundary. We
assume that the coefficients a and b are only defined in O. The PDE ()
has still a solution in Wy = L2(0,T;Hy(O)) N C(0, T;L*(©O)). This means
that we consider that the solution, if it is smooth, satisfies u(¢,x) = 0 when
t € [s,T) and z belongs to the boundary of O. Except the lower bound
of the Aronson estimate ([[II), all the results given previously on PDEs on
[0, 7] x RY (energy estimate, continuity of the solutions, ...) are still true in
this case: On that topic, see for example Chapter III in |Ladyzenskaja et al.,
1968 The fundamental solution of (§)) is also denoted by I' and satisfies (I2))
and the upper bound in the Aronson estimate ({I]).

When the coefficients of the operator L are defined only on [0,7] x O,
then they are extended on [0, 7] x RY by setting a(t, ) = AId and b(¢,z) = 0
for any z € RV \ O and t € [0, T]. Any other function is extended to be zero
outside O, so including the boundary of O. This choice is not so arbitrary,
since we consider PDEs with a Dirichlet boundary condition equal to 0 on
00. Hence, the part of the trajectories of X after the first exit time from O
will not be taken into consideration.
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1.3 A convergence result

We assume that O = RY until Section 21

We call (a",b"),en a sequence of smooth approzimations of (a,b) if a™
and b" are smooth, satisfy (7al)—(7d) with the same constants A and A, and
a"(t,x) and b™(t,x) converges to a(t,x) and b(t,z) for any ¢ and for almost
every x in RV.

Let X be the process generated by L", where L" is the divergence form
operator ([Il), where a and b are replaced by a™ and b". Hence, one knows
that X™ converges in distribution to X (See for example [Rozkosz, [1996D)).

Lemma 1. Let (s,y) € [0,T] x RN be fized. Let (a™,0")nen be a sequence
of smooth approximations of (a,b), and let M™ be the martingale part of
the semi-martingale X™. Then there exists a square-integrable F-martingale

M such that, at least along a subsequence, Pg, o (X™ M™)~" converges in
distribution to Py, o (X, M)~ .

Remark 1. At this point, nothing allows to assert that the limit (X, M) is
unique nor it is independent from the choice of (a™,b"),cn. However, we
will see in Theorem [ that the limit is unique and does not depend on the
sequence (a”,b")en.

Let (v™)nen be a sequence of probability distribution, such that v™ con-
verges in distribution to v. Let also (f™) and (¢™) be some sequence of
functions. Let § > 0. We consider three distinct hypotheses:

(H-i) § > 0, f™ converges to f in L!([s + 6,T] x RY) and g™ converges to g
in L2([s + 6, T] x RY).

(H-ii) 6 = 0, f™ converges to f in L'([s,T] x RY), ¢g" converges to g in
L2([s,T] x RY) and v™ has a density which is bounded uniformly in n.

(H-iii) & = 0, f™ converges to f in L%P(s, T;RY) and g™ converges to ¢ in
L™ (s, T; RY), where (g, p) satisfies (I0a)) and (m,r) satisfies (IOD).

The proof of the next proposition relies on some standard arguments: See
for example [Rozkosz, 19964 [Lejay, 20024, ...

Proposition 1. Let s be fized. Let (V")nen be a sequence of probability
measures. Let (M™),en be a sequence of square-integrable FX" -martingales
on [s,T) such that

sup sup E,n[(M"™")p] < +oo0.
neNi=1,...,N
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We assume that P, o (X™, M™)™ converges to Po (X, M)~ for some distri-
bution P. Then, M is a square-integrable FX™ -martingale and, under either
(H-i), (H-ii) or (H-iii),

. . -1
Pano (Xm0 [ X0y, [ gt X7y any )
s+6 5446

. . -1
— Po (X, M,/ fr, Xr)dr,/ g(r, XT)dMT>
n—oo s5+4 s+48

in the space of continuous functions on [s + 6, T]. Moreover, Po X1 is P,
and if M is F*-adapted, then M is a square-integrable (P, F)-martingale.

Proof of Lemma[l Since a™ is uniformly bounded, ((M™)),¢n is tight, and so
is (M")pen. If (X, M) denotes the limit of a subsequence of (X™, M™),en, M
is a square-integrable F**™_martingale. Thanks to Proposition [ its cross-
variations are (M*, M7), = [!a;;(r, X,)dr, P, -almost surely. We have to
note that a priori, the distribution of (X, M) is an extension of P, ,, which
we still denote by Py ,. Without loss of generality, we assume that the whole
sequence (X", M"™),en converges in distribution to (X, M), and not only a
subsequence.

Let f be a smooth function with compact support. and u" be the solution
of duu™(t, )+ L™u"(t,xz) = f(t,z) on [s,T] x RY with a given final condition
u(T, z) = 1 (x), where ¢ is a smooth function in L2(RY). Let us fix a positive
0. According to the It6 formula, for any t > s+ 4,

¢ t

W XP) = (s 8, X0 + [ fr Xy dr [ T (e X7 dy. (14)
s+0 540

Let u be the weak solution of dyu(t,z) + Lu(t,x) = f(t,z) on [s,T] x RY

and the final condition u(7T, x) = v(z). This solution u belongs to W; r and

|lu —u"ll,y, . converges to 0 (See for example Theorem III.4.5 in [LadyZen-

skaja et al) 1968, p. 166). For any ¢ > s + §, the Aronson estimate (ITI)
yields

Esvy [ ‘un(t7 Xf) - U(t7 XZ])H é /RN F(Sv Y, ta :L‘)|Un(t, iL') - U(t, ZE)| dz
Cro o
< 58z lu™(t, ) — wlt, ) lr2@y) -
Since 1) is smooth, u is continuous on [s,T] x RY (See for example The-
orem III.7.1 and Theorem III.10.1 in [Ladyzenskaja et al., 1968, p. 181 and

p. 204). So, u(t, X{*) converges in distribution to u(t, X;), and then u™ (¢, X}*)
converges in distribution to u(t, X;) for any ¢ > s+ 0. On the other hand,

10
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the right-hand side of (I4]) converges in the space of continuous functions on
[s+8,T) tot — u(s+08, Xeys)+ [Los Fr, Xo) dr + [L s Vu(r, X,) dM,. Again
using the continuity of u, it is easily established that PP, ,-almost surely, for
any t € [s+0,T],

t t
u(t, X¢) = u(s + d, Xsi5) + / S f(r, X,)dr + / S Vu(r, X,) dM,.
S+ S+

It follows that for any § > 0, [, .5 Vu(r, X;)dM, is F-adapted.

Now, let p be a smooth function with compact support, such that p =1
on a bounded, open set Q of RY. Let us set gf(t,x) = %p(m)am(t,x) and
filt,z) = p(x)b;(t,x) for i,5 =1,..., N. Let u; be the unique weak solution
of Qyu;(t, x) + Lu,;(t,x) = f; + ('ngf (t, ) with the final condition u;(T,x) =
p(z)x;. Let (g™, f7) be a sequence of smooth functions converging to (g7, f;)
in L%([s,T] x RY)2. Let u? be the solution of du? + Lu? = &ngg’” + fr
with the final condition u}'(T, ) = z;p(z). Again, |lu —u"[],,,  converges to
0, and then N = [, s Vu}(r, X,)dM, converges in the space of continuous
functions on [s + 9, T] in L?(P,,) to N = [, s Vu;(r, X,) dM,, which is then
a JF-martingale, since it is F;-adapted. For that, the Jensen inequality for
conditional expectation implies that for any s <r <t < T,

Eey [ (Bay[ NP = Ny | F])?] S Eay [ (N7 = NP | —= 0,
So, Egy[ NJ* | F] = NI converges in L*(Pg,) to Eg,[ N | ] which is equal
to N,.

The functions gf and f; are such that w;(r,z) = x; and Vu,;(r,z) = e; if

x € Q, where (ey, ..., ey) is the canonical basis of RY. Thus, ft+5 Vu(r, X,)dM, =

S

M} — M s on {t <}, where 7 is the first exit time from Q. As

s

Mti/\r = (Mti/\T o M(is+6)/\r) + (M(is+6)/\r - M;)

and E, , [( s — M;)Q} < 40, M, is the limit in L?(Pg ) of F;-measurable
random variables, and is itself F;-measurable.

By localization, and since Ej, {supte[s’ﬂ ]Mt|2} is finite, M is in fact a
square-integrable F-martingale. A consequence is that M may defined on the
probability space (2, oo, Ps,) on which X is defined, and not necessarily on
an extension of this probability space. Il

1.4 Time reversal of a diffusion

For a function f: [s,T] x RY — R, we set f(t,z) = f(T +s—t,x).

11
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Let us fix a point (s,y) € [0,T) x RY. We denote by I'(¢,z) the function
['(s,y,t,x). We assume in a first time that a and b are smooth. Let L be the
divergence form operator

— 1 0 =2 0 T
L=————\a,tx)["(t,x)=— | — bi(t,x
et CICE LT oy B

0
8:61-

defined for (¢,7) € [s,T) x RY. This operator L may be rewritten
10

F_1o (. 0 a;;(t,x) T (t,x) -\ O
L= 2 0z (az’j(t’x)ax) + ( b oz,

If @ and b are smooth, it follows from the results in [Haussmann and
Pardoux, 1986/ that X = X7 ,_. defined on [s, T] is a diffusion process whose
infinitesimal generator is L. We have to remember that the initial distribution
of X is T'(s,y, T, x) dx, and it is conditioned to be at y at time T'. Of course, X

= — b

F(t,.f) al’j

is adapted to (Fs)f;)tZS, which is the minimal admissible filtration satisfying
the usual hypotheses and where F.% contains o(X,;r < t) = o(X;;r >
T+ s—t).

Let us denote by M the martingale part of X under Py,. For any ¢ > 0,

this martingale is a (F2,

ot )tels,r—s)-martingale with cross-variations

- t T

(T MY, = / @, (r, X,)dr = /T+ (X)) dr, t€[s.T—0). (15)
As a is bounded, one obtains that for i = 1,..., N, sup;c(s 71 Esyl (M'),] <
+o00. Hence, from the L? theory for martingales, M is well defined, and M
is a continuous, square-integrable martingale on [s, T'].

Now, let (a™,b")nen be a family of smooth approximations of (a,b). Let
M" be the martingale part of the diffusion X = X2, . Using the bounded-
ness of a and (IF), the sequence ((M")),e is clearly tight, and so is (M )ex.
It follows that (P,, o (X", M™ M") '),y is tight and converges, at least
along a subsequence, to P, ,o(X, M, M), where M is one of the possible lim-

its of (M™),,en, and M is a continuous process. As sup,,cy Es [supte[s’T] |M; | } <
+o00, M is a square-integrable ]:Y’M—martingale whose cross-variations are
also given by (I5). It will be proved in Theorem [l that M is also unique and

is in fact a FX-martingale.

1.5 The decomposition theorem

vl

We consider now a triple (X, M, M) corresponding to a limit of (X", M™, M "),
as defined at the end of the previous section.

12
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For a smooth function g = (g1, ..., gy) with compact support, we set for
s < S S S1 S T7

W, (9) = /

T+s—s1

Viper(9) = [ T7'g- VL0 X,)

T+s—sg

(@ '9)(r. X,) dM, + [ :1<a—lg><r, X,)dM,,

In fact, we will see below that one could set s; = s. The main theorem of
the Section is the following.

Theorem 1. (i) The martingales M and M are respectively F and F*-
martingales and are unique.

(ii) Under P, for any (s,y) € [0,T] x RY, the process X is a Dirichlet
process with decomposition X; =y + My + V; with

1 1, 1t !
V, = —§Mt — §(MT — Mrys—t) — 5/ I la-VI(r, X,)dr +/ b(r, X;) dr.

o)
(iii) Let u be a continuous function on on [s,T] x RN such that for some
p>NA2,

sup [[Vu(t, sy and sup [|0u(t, z)|| oy are finite.
te[0,T] t€[0,T]

Let (s,y) belongs to [0, T] xRN Then, under Py, t — u(t, X;) is a Dirichlet
process and fort € [s,T),
u(t, Xi) = u(s, Xs) = Wi i(g9) — Vsi(9)
t ¢
+ [ S X ar+ [Vl X, da,, (17)

where fori=1,..., N,

1 ou(t, x) ou(t,x)  Oul(t,x)
gi(t,x) = za;;(t, ) o, oz, + prans

2
Remark 2. Using this Theorem, there should be no real difficulty to extend
to time-inhomogeneous processes generated by divergence form operators the
results relying on some stochastic integrals of type [ f(X)dX, whose def-
initions use the decomposition (I6]) for time-homogeneous processes: See
Rozkoszl, [1996a); [Lyons and Stoical, [1999; |Lejayl 2002bl for example.

and f(t,x) = b;(t, ) (18)

Lemma 2. For any so € [s,T), the process t € [so,T] — Vs, +(g) is a
continuous process of finite variation defined for g € L*?P(s, T;RY) where
(q,p) satisfies (I0al). Moreover, if (gn)nen converges to g in L24%(s, T;RY),
then t — Vs 1(gn) converges in probability to t — Vs ,(g) uniformly in the
space of continuous functions.

13
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Proof. Let us remark that

T T
B | [ 0 re 1| < [ [ ot o) 1900 0] dra

< ||g||L2q72P(57T;RN) ||VFHL(%)’,(%)/(S,T;RN) <Ci ||g||L2qv2P(s7T;RN) :

This yields that [;' T'a - VI'(r, X,)dr for any s < so < 51 < T is well
defined almost surely, that ¢ — U, ,(g) is continuous on [s,T] and that the
convergence of g, to g in L2#% (s, T;RY) implies that of U(g,) to V(g). O
Lemma 3. The process (2Wy,,(9))uwvels 1) s defined for g in L24%P (s, T;RY)
where (q,p) satisfies ([10a) and t — W, ,(g) is continuous. Moreover, if g,
converges to g in L2%% (s, T;RY), then t — 2, ,(g™) converges tot — W, ,(g)
uniformly on [s,T] in probability under P, for any (s,y) € [0,T] x RY.

Proof. We remark that if g belongs to L?%?P(s, T; RY), then

o | [ ot X0 ar | = [ [ 002 gt 2 ara

2 2
< HFHLq’,p’(S,T;RN) H9HL2qV2p(S7T;RN) <G ||g||L2q,2p(5,T;1RN) . (19)

Hence, [, g(r, X,)dM, is a square-integrable (F,P;,)-martingale. In addi-
tion, since M is continuous, for any ¢ > s, [ 15 9(r, X;) dM, converges almost
surely to [! g(r, X,) dM,..

Similarly,

T _
. | [l X 1P

<y HQHEQMP(S,T;RN) : (20)

So, [.g(r, X,) dM, is a square-integrable (FX, P, )-martingale and the limit
of [T70g(r, X,) dM, exists almost surely and is equal to [T g(r, X, ) dM,..
The continuity of ¢ — 20, 4(g) is clear from the continuity of M and M.
From (I9) and (20) and the Doob maximal inequality, it is also clear that
if g, converges to g in L%?P(s, T;RY), then 2(g,) converges to W(g) in
probability. O

Lemma 4. For any g € L?%%(s, T;RN) where (q,p) satisfies ([[0al), W,,(g)
has zero quadratic variation.

Proof. We assume that p < oo and g < co. Let (¢"),en be a family of smooth
functions converging to g in L2% (s, T;RY). Hence, if s <t; <--- <t <t
is a partition in [s, T,

k—1 k—1

k—1
Z ]Es,y {wtiyti+1 (9)2] S Z E&y [%ti,tiﬂ (g - gn)g}_‘_z Es,y [Qnti,twrl (gn)2} .
=1

i=1 i=1

14
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But we remark that for any h in L2%%(s, T; RY),

E., [20,.(h?] < CiE., { / Rl (X, dr]—l—C&Es,y l /TT

S—vU

81 (r. X»dr] |

so that

k-1

T
> By [Bilo — 7] <208, | [ g o7 X 0

=1
<Cyllg— gnHi?qv?P(s,T;RN) :

Using (21]), we know that 20(¢") is a process of integrable variation, hence
of zero quadratic variation. This proves the Lemma.

If p= 00 or ¢ = oo, then let ¢° be a function in L2¢%(0, T; RY) with
compact support such that ¢‘(t,z) = g(t,z) on [s,T] x B(y,{) and |g —
g‘ZHLQQ,zp(S’T;RN) p— 0, where B(y,{) is the ball centered on y and with
radius ¢ for some integer ¢. Let 7¢ be the first exit time of X from this ball.
For any C' > 0,

k—1

S Psvy [Z Qntiﬂful (96)2 >C

i=1

k—1
P&y [Z Qnti7ti+1(g)2 >C + P&y [TZ < T] .

i=1

With ([I3), Ps, [Té <T } decreases to 0 with £. The previous argument on g
proves that fact that 20(g) has zero quadratic variation. O

Proposition 2. Let g = (g1,...,9n) be a function in L29%(s, T;RY) and
such that divg belongs to L4P(s, T;RY) for (q,p) satisfying (I0al). Then,
P, -almost surely,

W1 (9) + Vaos(9) = = [ divg(r, X,) do. (21)
S0

forany s < sqg < sy <T.

Proof. We assume that a and b are smooth, and that ¢ is also smooth and

has compact support. Using the Ito formula both for X and X, one remarks
that for any s < sg < s1 < T,

Mriesg — Mryys, = My, — M,, — / {(0Ya- VT + Va)(r, X,) dr. (22)
0

Let h = (hy,...,hyx) be a smooth function with compact support with

values in RY. By definition, fg:ss__;lo h(r,X,)dM, is the limit in probability

15
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of Y5V h(t;, Xy,)(My,,, — M,,) when the mesh of the partition 7'+ s — s; <
t) <--- < tp <T+ s — sy decreases to 0. Hence, it is easily proved that

T+s—sg __ o _ s1
/ h(r, X,)dM, = — / hr, X,) dM,

T+s—s1 S0

— / 1 [hi(F’lam&%F) + a@j@xjhi + hiawjai,j](r, Xr) dr. (23)
S0

We note that div(ah) = 3_(a;;0s,hi + hiOy,a:5). Thus, if g = ah, @23)
becomes (2I)). Up to now, we have assumed that s, > s. But in fact, ([2I))
also holds if sg = s as the previous Lemmas on ¥ and 20 prove it.

If @ and b are not smooth, we use a sequence of smooth approximations
(@™, b")pen of (a,b). Proposition [ is easily extended to take into account
the convergence of M, the martingale part of X . So, 207 (g) converges
in distribution to 2U;.(g), where 20" is defined with respect to X™ instead
of X. A similar result holds for 2. Finally, using the hypotheses on ¢ and
Proposition [l [ div g(r, X*) dr converges in distribution to [ div g(r, X,.) dr
jointly with the other convergences. So, (2I)) holds also when a and b are
not smooth. Finally, again using Proposition [l there is no difficulty to prove
that (1) is true under the assumption that g is only weakly differentiable. [

Proof of Theorem . We prove first (iii), then (ii) and (i).

Proof of (iii). We assume in a first time that v has compact support. It is
clear that u is a weak solution to

ou(t, )
ot

Due to the hypotheses on u, both f and g; belong to L4P(s, T;RY) with
p,q < 00. Let (f")neny and (g"™)nen be some smooth approximations of f and
g. Let u™ be the weak solution of du™ + Lu™ = divg" + f™ on [s,T] x RY
with the final condition u"(T, x) = w(T, z). For any integer n and any ¢ > 0,
the It6 formula, which has already been proved in the proof of Lemma [I]
yields that P, ,-almost surely,

+ Lu(t,z) = divg(t,z) + f(t, ).

t t
Wt X,) = u™ (546, X5+5)+/ (divg"+f")(r, X)) drt [ Vut(rX,) dM,
s+ s+

for any ¢ € [s 4+ 6, T]. With the help of (21]), for any § > 0,

u"(t, Xi) = u"(s + 0, Xoys5) — st+6,t(9n) - Qns%,t(gn)

¢ ¢
—i—/ f(r, X,)dr + Vu'(r, X)) dM,. (24)
s+0 s+6

16
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We have seen that 20 .(g,) and Us.(g,,) converges to Ws.(g) and V.(g)
in probability. Since u has a compact support, f and ¢ also belong to
L*?(s, T;RY).  Hence, it follows from standard results that |lu —u"|,,
converges to 0. Using Proposition [l and the same arguments as in the proof
of Lemma [I], P, ,-almost surely,

u(t, Xi) = u(s + 6, Xsts) — Bsys6(9) — Werse(9)
t t
+ / Flr, X,) dr + / Vau(r, X,)dM,. (25)
s+0 s+0

for any t € [s + §,T], As u is continuous on [s,T) x RN, u(s + §, X,,5)
converges to u(s,y) as § — 0. We also know that [/ s f(r, X,) dr, Vsis:(9),
W, 1s.:(g) converge almost surely to Us+(g) and Ws,(g) as § decreases to 0.

Finally, E,, [fST IVul® (r, X, dr} is finite, so that [; Vu(r, X,)dM, is
well defined as a square-integrable P, ,-martingale. It follows that [ s Vu(r, X,)dr
converges almost surely to [’ Vu(r, X,) dM, for any ¢ € [s, T]. It means that
([28) is valid even for 6 = 0.

Now, if u has not compact support, then let (Of)reny be a sequence of
increasing open sets of RY such that UyenOr = RY. Let 7% be the first
exit time from . Let also be p; some smooth functions with compact
supports and such that pp(z) = 1 for x € O. We denote by ¢* and f*
the functions given by (I8) when w is replaced by pru. So, —2Ws:(g) —
B, (9)+ [ f(r, X)) dr+ [F Vu(r, X,) dM, is equal to —20,,(g*) —V,+(¢*) +
[EfEr, X)) dr + [PV (pew) (r, X,) AM, = u(t, X,) — u(s,y) on {T <7k } As
7% increases almost surely to infinity with k, (I7) is true even if u has not
compact support.

Proof of (ii). The result is clear with w(z) = z; for i = 1,..., N, whose
derivatives belong to L>®(RY).

Proof of (i). We already know that M is a F-martingale. In fact, M is
unique since X; =y + M; + V; is a Dirichlet process and this decomposition
is unique.

Using a smooth sequence of approximations of (a,b) and the It6 formula,
for any smooth function u such that Vu belongs to L2(RY), [ Vu(X,) dM,
is F3\,,_,-measurable when ¢ > s. Using a proof similar to that of Lemmal]
but between times ¢ and 7" and not s 4 ¢ and 7', one obtains easily that for
any v in H5(RY), [ Vu(X,)dM, is F¥_,_,-measurable.

Let u(t, ) = u(x) be a smooth function with compact support, such that
u(z) = x; on the open ball B(y, k) with center y and radius k. Equality (I7)

17
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written between 7'+ s — ¢t and 7' yields that

1 /T T
/ Vau(X - / Vu(X,)dM, — b-Vu(r, X,) dr
2 T+s—t TH+s—t
+ 5 I 'aVu-VI(r, X,)dr +u(T, X7) — u(T + s —t, X1is_t).
TH+s—t

It follows that [; Vu(X,)dM, is FX_adapted. Let 7* be the first exit time
from B(y, k) for X. It is a F¥-stopping time. Thus, M, is a square-
integrable F¥-martingale. But

P, [?k < t} <P, {?k < T} <P, [Y remains in B(y, k) on [s,T”

But the later probability is also equal to P, [ X remains in B(y, k) on [s,T]],
which is known, according to (I3]), to decrease to 0 as k increases to infinity.

AsEg, [SUPsgth \Wﬁ] < 400, M is also a FX-martingale. The uniqueness
of the decomposition (I8]) proves the uniqueness of M. Il

Let us denote by D the space of weak solutions of d;u + Lu = f and
u(T,xz) = 0 when f is a continuous function with compact support. In fact,
for such a function f, there exists a version of u which is continuous on
[0,7] x RY, and it is this solution we consider. Let us denote by R the
application which maps u € D from f.

Lemma 5. For any smooth function u with compact support on [0, T] x RY,
there exists a sequence of functions (u™)nen such that u™ belongs to D N
C([0,T] x RY) and u™(t,x) converges to u(t,z) for any (t,x). Moreover,
SUD,en SUD ¢ z) lu™(t, z)| < +oo.

Proof. Let us set g;(t,z) = 1a;;0,,u(t,z) and f(t,z) = du(t,z) + b0y, u.
Then g; belongs to L24%(s, T;RY) and f belongs to L¢P(s, T;RY). There
exists some sequences (g")nen and (f™),en of smooth functions with compact
support such that g" converges to g; in L?%?(s, T; RY) and f™ converges to
fin LeP(s, T;RY). Let us denote by u™ the weak solution of dyu™ + Lu™ =
[0y, 97 and u™(T, ) = 0. By definition, u™ belongs to D and is continuous.
According to Theorem 5 in [Aronsonl (1968, p. 656, u™ is equal to

"(s,y) L(s,y,t,z)f"(t,x) de dt— VT(s,y,t,x)-g"(t, z)dzdt.
- L. [

Of course, a similar representation holds for u. Using the estimates in (I2),
the result is clear. Moreover, with (I2), [u" (¢, )| is smaller than C1(||g(|1 2020 (s 7y +
£l Las s mm) for any (¢,2) in [s, T] x RY. 0
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We say that a distribution P satisfies the martingale problem at (s,y) if for
any function u = (9, + L)~ f in D, MY, = u(t, X;) —u(s, Xs) =[5 f(r, X,) dr
is a P-martingale and P[X, = y] = 1. We note that the boundedness of u
and f implies that M. is a square-integrable martingale on [s, T7.

Lemma 6. For any (s,y) € [0,T) x RY, the distribution Py, is the unique
solution to the martingale problem at (s,y).

Proof. 1t is clear that [P, is a solution of the martingale problem. Let P be
another solution of the martingale problem at (s, y).

The operator a—0; — L is invertible for any o > 0 on the image of 0,+ L of
D. Moreover, (a—8;—L)™' = —e*R(e™ "), where R is the inverse of 9;+L on
D. So, using the martingale property, it is standard that that if u belongs to
D, both Gy = [ e *E,, [u(t, X;)] dt and G, = [ e K [u(t, X,)] dt
are equal to the inverse of @« — 0; — L and are consequently equal for any
a > 0. So, E,, [u(t,X;)] = E[u(t, X;)]. With Lemmal5, this is also true for
any smooth function u with compact support. Hence, Po Xt = P, 0 Xy L
The standard proof for the uniqueness of the martingale problem (see for
example 5.4.E in [Karatzas and Shrevel, 1991) p. 325) is easily adapted to

prove that P = P . O

Theorem 2. A martingale representation theorem holds with respect to the
martingale part M of X with respect to FX under Py, for any (s,y) €
[0, 7] x RV,

Proof. This theorem follows from the uniqueness of the solution of the mar-
tingale problem: See for example Lejay|, [2002al O

1.6 Application: The Feynman-Kac formula

Let us consider the operator A = L+ c¢—0,,(d;-), where c and dy, ...,dy are
measurable functions on [0, 7] x RY. We assume that ¢ and d are bounded
by A. Accordingly, ¢ and d belong to L4?(0,T;RY) for p = ¢ = oo, and then

(p, q) satisfies (I0al) and (IQH).

Proposition 3. The linear Feynman-Kac formula (3l) is valid for any (s,y) €
[0,7) x RN and any g € L*(RY), where (X,Ps,; (s,y) € [0,T] x RY) is the
process generated by L° = %&ci(ai,j@%) with a transition density function T'.

Proof. Let (d"),en be a family of smooth functions. Let also A™ be the
operator A" = L + ¢ — a%i(df-). On [0,7) x RY, any solution u™ of dyu™ +
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AMu™(t,z) = 0 and u"(T,z) = g(x) for some ¢t < T is also solution to the
PDE

ou"(t, ) ou™

Er + Lu"(t,x) + c(t, z)u"(t,x) — d; . (t,z) — div(d™)u"(t,x) = 0,

with the final condition (T, x) = g(z) € L*(RY) on [0,T) x RY.
We assume that (X, P ,; (s,y) € [0,T) x RY) is the process generated by

0

%8 (a” o ) Its transition density function is I'. Let (s, y) be a fixed point

in [0,7) x RY.

We assume that «™ is the version of u” given by u"(s,y) = [gnv YT"(s,y, T, x)g(z) dz,
where T™ is the transition density function of A™. There is no difficulty to

adapt in our context the results in [Chen and Zhao, 1995 (See also Lejay],

2000, Proposition 0.8, p. 40) to prove that u"(s,y) is given by the following
Girsanov theorem and the Feynman-Kac formula:

un(s’ y) = Es,y [eXp<Vn)g(XT)]
with
T 1 [T
V= / aL(b— d")(r, X,) AM, — 5/ aL(b— d")(b— d")(r, X,) dr
’ 7 T
+/ c(r, X,)dr — / divd"(r, X,)dr. (26)
Using (21), one obtains that

with
T T
:/ r=td"-vI(r, X,)dr +/ c(r, X,) dr, (27)
T _
N = / “Lp(r, X,) AM, + / 4" (r, X,) dM, (28)
- = / Yo — d) (b — d)(r, X,) dr (29)

Let us define V., N and W by (26]), (28) and (29]) by replacing d" by d.

We assume that d" = p, *x d, where (p,)nen is a family of mollifiers.
Hence, (d"),en converges to d in the sense that for every bounded, open
set O, [|d" — dllpp(o 1.0y converges to 0, where (g, p) satisfies (LOD). With a
localization argument and the proofs of Lemma 2] and Lemma [3 it is clear
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that V" converges in probability under P,, to V. Moreover, d"(¢,x) con-
verges also to d(t,x) almost everywhere. Hence, we know that u"(s,y) =
Jev Y"(s,y, T, x)g(x) dz converges to u(s,y) = [gnv Y(s,y,T,2)g(x), where
T is the transition density function of A (See for example [Aronson|, T96S;
Rozkosz,[1996D). So, to obtain formula (3)), it remains to prove that E; ,, [exp(V")g(X7r) |
converges to Eg, [exp(V)g(Xr)]. For that, we have only to prove that
(exp(V™)g(X7))nen is uniformly integrable. If we assume in a first time
that g is bounded, this is true for example if sup,,cy Es,, [exp(4V")] is finite.
With the Cauchy-Schwarz formula,

E,, [exp (4N" — 32W" 4+ 28W" + 4U") |
< E,, [exp (8N™ — 64W" + 8U™)]V/* K, , [exp(58W™) /2.
But W™ is bounded by A2A%T, and the first expectation in the right-hand

side of the previous equation is equal to [ ST ©"(s,y,T,z)dz, where O™ is the
transition density function of the differential operator

10 ) ) o

The Aronson estimate is still true for differential operators with terms of any
order. Hence, sup,,cy [Fem(s,y, T,z)dz is finite.

We assume now that g belongs only to L?(O). Let (¢"),en be a family of
smooth functions converging to ¢ in L*(O). Hence,

By [exp(V)lg(Xr) — 9" (X1)]]

< By lexp(V)]* ([ M0 Ta)lg = g"(a) do)

1/2

Since V" converges to V' in probability and sup,, .y Es , [exp(4V™) ] is finite, it
is clear that E; , [exp(2V")] converges to E; , [exp(2V') | which is then finite.
Moreover, [en [(s,y,T,2)|g — ¢"|*(z) dz converges to 0. The Proposition is
then proved. O

2 Non-linear PDEs and BSDEs

2.1 BSDEs and semi-linear PDEs

We are now interested in semi-linear PDEs of type

?;Z(t, x)+ Lu(t,x) + h(t,z,u(t,z), Vu(t,z)) =0 (30)
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with the final condition u(T,z) = g(x) on the cylinder [0,7] x O, where
O is either an open, bounded subset of RY or RY. Of course, L is still
a divergence form operator, whose coefficients satisfy ([7al)—(7e]). Moreover,
we do the following assumptions on h and g: For any (¢,z,y,y,2,2') in
[0,T] x O x R x R x RY x R¥, there exist some constants C' and C’ such
that

w
—
=)

* (t,x,y,2) — h(t,z,y, z) is measurable, (31a
* |h(t7x7y7z)_h(t7x7y/72)| Sc‘y_y/L (

x |h(t,z,y,2) — h(t,x,y,2")| < C" ||z = 2], (
* h(t,x,0,0) € L**(0,T;0), (31d
* g € L*(0). (3le

We remark that with these hypotheses, if u belongs to Wy r, then (¢, z) —
h(t,z,u(t,z), Vu(t,z)) belongs also to L2%(0,T; O).
Let N (h) be the set of points of [0,7) x O such that

AT
Esy [/ |h(t, X,0,0)>dt | = +o0,

where 7 is the first exit time from O of the process X. The Lebesgue measure
of N'(h) is zero, since for any smooth, positive function ¢ with [, ¢(z)dz =1,
the Aronson estimate ([I]) implies that

T
L L[ eyt 0.0 dtdyde < Gy |Al o)

Moreover, N (h) could be empty, since, according to (I2)), for any f in
L%%(s,T; O) where (g,p) satisfies (I0a), [, [] T'(s,y,t,2)|f(t,2)]>dzdt <
2
Cr || flIz2020 (s 7.0)-

Proposition 4. There exists a constant C' depending only on X\, A, T and
N such that N'(h) C N*(h) where N*(h) is the set of points (s,y) for which

T 1 Clz —y|? 2

is infinite. This set N*(h) does not depend on T.

Proof. This proof is immediate using the upper bound of the Aronson es-
timate (II). The fact that N*(h) does not depend on T is immediate,

since for any & > 0, [ s [o(t — s)™V/?exp (—C‘%syrz) |h(t,2,0,0)*dzdt <
67N/2 Hh(a '70a0>||L2»2(s,T;(9)' U
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With the martingale representation theorem (theorem [2), one knows that
if (s,y) € N'(h), then there exists a unique solution (Y, Z) to the BSDE (see
for example [Pardouxl, [1999)

TAT
Vi = g(Xr)Lirary + [ b0 X, Yy Z,) dr
t/éj/\‘r
— [ z.aM,, te [s,T), Py,
o (52)
By | sup [WP+ [ 1ZI7 dt| < +oc,

te(s, TAT]

Y and Z are F; .-progressively measurable,

where 7 is the first exit time from O of the process X.

If h(-,-,0,0) belongs to L*2(0,7;0), then u is not necessarily contin-
uous. Yet if (Y*¥ Z*¥) is the unique solution of the BSDE (B2]) under
P, for (s,y) ¢ N(h), then we set u(s,y) = Y. If h(,-,0,0) belongs
to LeP(0,7T; O), where (q,p) satisfies ([I0al), then @ denotes the continuous
version of u.

Proposition 5. Let u be the solution in Wy r of the semi-linear PDE (30),
and U be constructed as previously. Then U is a version of u. Moreover, for

any (s,y) € N(h), Ps,, if (Y, Z) is the solution of the BSDE (32)), then
forany t € [s,T], Yy =u(t, X;) and Z; = Vu(t, X) (33)
with the convention that u(t, X;) = 0 and Vu(t, X;) =0 when t > 7.

In fact, the identification of Z; with Vu(¢, X}) is not clear because g;‘v be-

longs only to L22(s, T; RY). But what is really proved is that [T ||Vu(r, X,) — Z,||> dr =
0. Then, the martingales [, Vu(r, X,) dM, and [, Z,. dM, are indistinguish-
able on [s, T'|. Moreover, [, h(r, X,,u(r, X,), Vu(r, X,))dr and [; h(r, X,,Y,, Z,) dr
are also indistinguishable on [s, T7].
If h(-,-,0,0) belongs to L*2(0, T; O) but not to L&?(0, T; RY), it is imme-
diate from (33)) that there exists a version u of the solution u of (B0) such
that ¢ € [s,7) +— u(t, X;) is continuous P; ,-almost surely for (s,y) & N(h),
since Y; = u(t, Xy) and t — Y} is continuous.

Remark 3. The previous Proposition proves also the 1t6 formula for time-
inhomogeneous processes generated by divergence form operators: If u €
Wo,r is such that f = %%+ Lu belongs to L*>*(0,T; O), then for any (s, y) ¢
N(f), Ps,-almost surely.

tAT

tAT
wlt A, X = uls,y) + [ Fn X dr+ [ V(X dM,, - (34)

for any ¢ € [s,T].
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Remark 4. The problem of starting points for which the BSDE (82)) may
be solved is also discussed in Bally et al| (2005) in a more general setting
for a time-homogeneous process. Yet, our approach is more elementary but
relies on the same underlying idea: the Ito formula under a distribution Q is
equivalent in some sense to a representation theorem under Q.

Proof. We may assume without loss of generality that © = RY. We assume in
a first time that g and h(-,-,0,0) are bounded. Let (a™,b"),en be a sequence
of smooth approximations of (a,b), and (h"),en be a sequence of smooth
approximations of h(t,z,u(t,z), Vu(t,z)) which belongs to L?%(0,T;RY).
Let u" be the solution of the linear PDE 6“7;(tt’x) + L™u"(t,x) = —h"(t,x)
with the final condition ™ (7T, x) = g(x).

The proof given in [Lejayl, 2002a, which relies on Proposition [ is easily
extended to time-inhomogeneous operator with a differential first-order term.
Hence, for any measure v with a bounded density, one obtains that P ,-
almost surely, for any ¢ € [s, T],

T T
ult, X;) :g(XT)+/ h(r,Xr,u(r,XT),Vu(r,XT))dr—/ Vau(r, X,) dM,.
¢ ¢ (35)
Let (s,y) belongs to [0,7) x RY. For any § such that s < s +6 < T,
the Markov properties implies that (30) defined under Py, with v(dx) =
I'(s,y,s + 6,x)dz is also valid under Py ,, but only for ¢t € [s + d,7]. The
boundedness of h(t, z,0,0) and g implies that u is bounded. So, E;,, {supte[sﬂ lu(t, X;) |2}

is finite and then By, | sup,e(, g7 [u(t, X)|? | is finite. Also, By, [ S5 | Vult, X,)|* dt]
is finite.
However, using the martingale representation theorem 2 one knows that
there exists a unique solution (Y, Z)c[s¢ to the BSDE (82) under P, ,,. Hence,
using the continuity of u and that of Y, u(t, X;) =Y, for any ¢ € [s + 0, T].
Besides, E,, [fsjjr(s IVu(t, X;) — Z|? dt} = 0. As w is continuous, u(s +

d, Xs+5) converges to u(s, y) as § decreases to 0. Moreover, E; , {fST 1Z,|? dt}
is finite. So, fi; Vu(r, X,) dM, converges almost surely to fST Z.dM, =

JEVu(r,X,)dM, as § decreases to 0, and [, Vu(r, X,)dM, is a square-
integrable martingale under P, ,. Similarly, as ¢ decreases to 0, fsTJr(; h(r, X, u(r, X,), Vu(r, X,.)) dr
converges to [ h(r, X,,u(r, X,), Vu(r, X,.)) dr and (BF) is valid under P, for
any t € [s,T].
For a term h(-,-,0,0) in L?2(0,T;RY), one has simply to combine this
argument with the one given in [Lejay, 2002a: Let (s,y) be a point in [0, T x
RY such that there exists a unique solution (Y, Z) to the BSDE (32).
We set h(t,z) = h(t,z,u(t,z), Vu(t,z)) and h"(t,z) = (—n) V h(t,z) An.
Let (Y™, Z™) be the solution of the BSDE (B2), where h is replaced by h".
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It follows from the Gronwall Lemma that for any ¢ € [s,T], Y, converges in
L?(Ps,) to Y; and Eg, {ftT |z — Z,|? dr} decreases to 0 if

T T
/N/ D(s,y,t, )" —h[2(t, ) dt dz = E, , [/ " — h2(t, X)) dt] S}
R s n—00

(36)
But fpn [T T(s,y,t,2)|h(t, z)|? dt dz is finite, and h™(t,z), which is bounded
by |h(t,x)|, converges almost surely to h"(t,z). By the Lebesgue Domi-
nated Convergence Theorem, (B0]) holds. Besides, h" also converges to h in
L22(s, T;RY), and, if u™ is the solution of the PDE %L: + Lu™ + h"™ = 0 with
the final condition g, then u"(¢, X;) converges to u(t, X;) in L?(P;,) for any
t € [5,T), while % [|Vu" — Vul*(r, X,) dr converges in L*(P,,) to 0 for
any 0 > 0. As previously, Z; may be identified with Vu(t, X;). Concerning
Y}, one remarks that for any ¢ > s, u(t, X;) = Y; P, ,-almost surely.

Since u™(s, z) converges in L?(RY) to u(s, z), a subsequence of (u"(s, -))nen
converges almost everywhere to u(s,-). On the other hand, since u™ is contin-
uous, u"(s,y) = Y*Y, where (Y™*¥ Z™*Y) is the solution of (32)) under P,
with A replaced by A™. From standard computations, Y™*¥ converges to Y *¥,
where (Y*¥, Z*Y) is the solution of ([B2) under Py,. So, y — Y = (s, y)
is a version of u(s,-). Finally, it is standard that P, ,-almost surely, for any
telsT], Y= Y;t’X:’y, so that Y*Y = a(t, X;"Y), where X*¥ denotes the
process X under P .

For a general final condition g € L2(RY), the proof is similar. O

2.2  Quasi-linear PDEs

For a function w in W, 1, we define by L* the divergence form operator by

0
833'1'7

10

Lt= -

(am-(t, x, u(t, .7:))(,%) + bi(t, z,u(t, x), Vu(t, z))

where a and b satisfies: For any (t,z,y,2) € [0,T] x O x R x RV,

x a(t,z,y) is a N x N-symmetric matrix and b(t, z,y,2) € RY,  (37a

)
x (U, 2y, 2") — Yt 2y, 2') is measurable for ) = a, b, (37b)
« A2l < alt,w,y)z - 2, (37¢)
* a;j(t,x,y) <A, (37d)
*x (¢, ") — (t,x,y, 2") is continuous with ¢ = a, b, (37e)
* ||b(t, 2.y, )| < A (37f)

25



A. Lejay / Divergence Form Operators and FBSDE

We are now interested by solving in W r,

?;Z(t, x) + L*u(t,z) + h(t, z,u(t,z), Vu(t,z)) =0 (38)

with the final condition u(7,x) = g(x). The conditions on h and g are still
(B1al)-(BId).

Theorem 3. We assume that O is bounded. Under the Hypotheses ([37al)—
BT and [BIa)-BId), there exists a weak solution to the parabolic PDE (38)).

This Theorem is proved in |Ladyzenskaja et al., 1968, Theorem V.6.7,
p. 466, using the Leray-Schauder fixed point theorem. The Lipschitz as-
sumption on (y, z) — h(t, x,y, z) is too strong here, but is used when dealing
with BSDEs. This Theorem does not provide uniqueness of the solution,
unless one assumes that the coefficients are more regular.

If u belongs to Wy r, it is clear that the coefficients of L" satisfies ([7al)—
((Ze)). So, this differential operator L" generates a continuous semi-group

(Pg;)t>s and a strong Markov process X*.

Theorem 4. (i) Let u be a weak solution in Wy r of the quasi-linear PDE (38)).
Then, for any (s,y) € N'(h), the unique solution (Y;*, Z*) of the BSDE (32)

where X is replaced by X™ and M by the martingale part M* of X", is equal
to (u(t, Xy), Vu(t, X)) on [s,T]. Moreover, u is also a mild solution of (35,

i.e.,

u(s, ) = Plpg(x) + /ST Ph(r, z,u(r, x), Vu(r, x)) dr (39)
for any (s,x) € N(h).

(ii) Let v be a function in Wy such that the process X" satisfies for any
(s,y) € N(h), Py, -almost surely,

T'ANT
ot AT XE0) = 9O L rery + [ B X2 0(r, X2), Vol X2) dr
tAT

TAT
- Vo(r, X))dM?, t € [s,T], (40)

tAT

where MV is the martingale part of X". Then, v is a weak solution of (B8]).
The proof of (ii) relies on the following result.

Proposition 6. A mild solution of [B8), i.e., a function uw € Wy satisfy-
ing B9), is also a weak solution of (B]).
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Proof. Let (P);>s be the semi-group generated by L*, for some u € Wy r.
If w belongs to HY(O) and if f € L*?(0,T;O) is continuous on [0,7] x O,
then the function s — (P, f(t,-),w) is differentiable on (0,%) for almost
every s, and its derivative is L(P}, f(t,-),w), where L, is the bilinear form

on H}(O) x H{(O) defined by

Ls(v,w) = ;/Oa(s,x,u(s,x))Vv(z) -Vw(z)dz

— /Ob(s,:v,u(s,:p),Vu(s,x)) - Vo(z) w(z) dz.

We set u(s,r) = Prg(z) + Jr P f(t, x)dt.
Let w be a function in H}(O), and s be a real in (0,7'). Hence,

aas (u(s,-), w) = 8‘1 (Plrg,w) + aas /ST (PLf(t,),w) dt

= Lu(Prgyw) + [ LPES( ) ) de— (s, ) )
= ‘Cs(u<8> ')7w) - <f(57 ')7w> :

By density, this is true for any function f in L*2(0, T; O), and we may use this
result for f(¢t,xz) = h(t,z,u(t,z), Vu(t,x)). This is true for almost every s €
[0,7"), and then u is weak solution to (38)). O

Proof of Theorem [} The first assertion is a direct consequence of Propo-
sition Bl If (s,y) & N (h), then E,, [fTAT | Vul|? (r, X dr} is finite and

S

[T Vau(r, X®) dr is a martingale. As Y* is equal to u(s,y). So,
TAT
u(s,y) =Es, [9(X7); T < 7]+Es, [/ h(r, X u(r, X), Vu(r, X)) dr] :

The Fubini theorem applied to the last equation leads to (B9), since by defi-
nition Py, [ f(X{);t < 7] = P f(y).

The proof of (ii) is immediate since applying the expectation E,, on
each side of (@0) implies that v is a mild solution and then, according to
Proposition [ a weak solution of (B8]). O

3 Weak solution of FBSDE

We have seen, and this is not surprising, that it is possible to associate a
BSDE to a quasi-linear PDE. However, the weakness of this representation
with respect to the representation by FBSDEs is that the process X itself
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depends on the choice of a solution w. With Theorem [, it is possible to
assert that (X,Y,Z) is the solution of some FBSDE, but this equation in-
volves the transition density function I' of the process itself and two Brownian
motions, one being adapted to F, but the other to F*X. Thus, we are now
interested in processes generated by divergence form operators, but which
are also solutions of some SDE. For that, the diffusion coefficient shall be
differentiable.

We will first see what happens when we transform a quasi-linear PDE
with a divergence form to a PDE with a non-divergence form operator, and
we introduce the notion of weak solution of FBSDEs.

In a second part, we proceed according to an inverse method: we start first
from a quasi-linear PDE with a non-divergence form operator, and transform
it to the solution of a quasi-linear PDE. A quadratic term in the gradient
of the solution appears. However, there are some cases where the solution u
remains in W r, so that our previous results may be applied.

3.1 Weak solution of FSBDE
If the coefficient a is smooth enough, and if u is differentiable, then

Oa; ;(t,z,u(t,x)) Oa;;  Oa;; Ou
ox; Ox; + dy Ox; (t @, u(t, z).

So, one may transform a divergence form operator into a non-divergence form
operator.

In addition to (BTa)-(BI€) and ([B7a)-(B1l), we assume that:

* a; ;(t,,-) € Wh(O x R), Vt € [0,7), (41a)

*xy — a(t,z,y) € CY(R) for any (t,z) € [0,T) x O, (41b)

* h(t,x,0,0) is bounded, (41c)
8(11'7‘ 8@1'7‘

* €8S Sup(t,m,y)G[O,T]XOX]R (ax:> ag/) | (ta L, y) < 400, (41d)

*x g € W2 (0) N H(0). (41e)

Remark 5. The previous hypotheses on the coefficient a imply that it is Lip-
schitz in x,y, uniformly in each of its variables.

Remark 6. The assumption that g is weakly differentiable and in Wh>(Q)
is to avoid the explosion of Vu(t,z) as t increases to T

Proposition 7. Under the hypotheses ([31al)—(B31e), B7a)-B7l) and ([@Ial)-
@Id), the gradient Vu of the solution u of [BS) is bounded on the cylinder

[0, 7] x O. Furthermore, 2% and aféaq“;, belong to L*%(0,T;O).
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Proof. Let O be a bounded open set with a smooth boundary. Let X" be
the process generated by L*. With ({#Id), N'(h) = 0, and then the solution
(Y, Z") of the BSDE (82)) with respect to X* is defined for any (s,z) €
[0,7) x O. For a given point (s,z) € [0,T) x O, standard computations on
BSDEs (See for example Proposition 2.2 and Theorem 4.1 in [Pardoux], [1999]
p. 509 and p. 526) implies that u(s,z) = Y* is bounded by some constant
that depends only on 7" and on the bounds of (¢,z) — h(t,x,0,0) and g. So,
u is globally bounded on O.

Theorem V.4.1 in Ladyzenskaja et al| 1968, p. 443, proves the bound-

edness of Vu, and the fact that % and 85-25;- are in L2%(0,T;O). But for

simplicity, this theorem is proved for classical solutions in C'2([0,T] x O).
However, there is no difficulty to prove the result for generalized solutions.
Once u is given, we freeze the coefficients of the quasi-linear PDE as previ-
ously, so that « is the solution of a linear PDE

du
ot

with f(t,z) = h(t,z,u(t,x), Vu(t,z)) € L*?*(0,T;0). We consider now a
regularization of the coefficients a(t, z,u(t,x)) and b(t, x, u(t, z), Vu(t, z)) of
L", and a regularization of f. Then, the solution u™ to the corresponding
PDE is a classical solution. By Theorem V.3.1 in Ladyzenskaja et al.l [1968],
p. 437, the upper bound of Vu" is bounded by some value C' depending only
on the constants that appear in the hypotheses ([BIa))-(B1d), (37a)-(Bf) and
(ATa)—(@TIe), some geometric properties of the boundary of O, and the upper
bound of u (which itself depends only g and h). So, |Vu"(t,z)| < C for any
n >0 and any (¢,x) € [0,T] x O. But Vu" converges to Vu in L*%(0,T; O).
Hence |Vu(t,z)| < C for any (t,z) € [0,T] x O.

We assume now that O = RY, Let B(y, R) be the ball of radius R and
centered on y, and Q%" = [0,7] x B(y, R). In this case, H@u/atHLz(QyT,R)

and sup, . our [[Vu(t, z)|| depend only on the bound of u on Q2R the ra-
) T

(t,x) + L'u(t,z) + f(t,x) = 0,

dius R, the constants of the hypotheses, and the bounds of g and its derivative
on Q%*%. However, by (@Ie), both g and Vg are globally bounded, and we
have seen that u is globally bounded. So, it is now clear that Vu is also
globally bounded, since its bound on Q%’R does not depend on y.

Similarly, the norms in L*?(0,T; O) of Baitn and a?;g; are also bounded
by some values that depend only on the constants of the ilypotheses and the
geometry of O, and so are their limits. m

Remark 7. The solution w is continuous, and its derivative Vu is itself Holder
continuous on every subdomain of the cylinder [0,7] x O separated from its
boundary by a positive distance. But u is in general not of class C2.
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It is now time to give a definition of weak solutions, which is similar to
the notion of weak solution of SDEs. Definition [l below concerns FBSDE
like the following one:

tAT IAT
X, :;H/ o(r, X, Y,) dB,.+/ b(r, X,, Y, Z,) dr,

Vi = g(X7)l{r<ry +/t

A

TAT T'NT

h’<r7 XT7}/7'7ZT) dr — ZTO-<r7 XT?K") dBT7

tAT
(42)
where B is a Brownian Motion and o satisfies

*x o(t,z,y) is a m x N-matrix for any (¢,z,y) € [0,7] x O x R, (43a)
xa(t,z,y)o(t,z,y)" = alt,z,y) for any (t,2,y) € [0,T] x O xR, (43b)

* o is measurable. (43c)

Definition 1. A weak solution of the FBSDE ([42]) is a family of probabilities
(Q,QOOJP’S,y,S € [O,T),y € O) with a filtration (gsy.)se[o’T] = (gs,t)ogsgtST
and some stochastic processes B, X, Y, Z such that under Py ,, for any (s,y) €
[0,7) x O,

* B, XY, Z are G, -progressively measurable, (44a)

* B is a m-dimensional G, .-Brownian motion, (44b)

* X, Y;, Z, take their values in RY, R and RY, (44c¢)

x*7=inf{t>s|X; € O} is a G, -stopping time, (444)

* By [ sup  (1X)° + |Yi?) + /TAT||Zt||2dt < +oo,  (dde)
s<t<TAT s

* Py ,~almost surely, ([@2)) holds for any ¢ € [s, T. (44f)

Proposition 8. Let us consider o satisfying ([43al)-[{3d), and such that a =

ool, b, h and g satisfy Hypotheses (B1a)~(31d), (37a)-B7L) and ([A1a)-{HId).
Then there exists a weak solution to the FBSDE ([A2) with

~ 18&]“' 18ak,i

2, + bi] (t,z,y, 2).

Proof. Let u be a solution of (38]). The operator L* generates a stochastic
process (£, Foo, Fepy X1, Psy;0 < s <t < T,y € RY) (We have to remember
that the coefficients of L* are extended to RY, so that X is conservative).

For any function f € Cy2([0, T]xO), L*f(t,x) = a,;(t, z, u(t, :L'))%Qggj)—l—
bi(t, x, u(t, z), Vul(t, x))% on [0, 7] x O. As Vu is bounded, it is clear that

be(t, z) = b(t, x, u(t,z), Vu(t,z)) is bounded. So, N(L*f) = () since L*f is
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bounded. It follows from the Ito formula (B4) applied to f(z) = x; that for
any (s,) € [0,T] xRN, Xipnr = y+ Mynr + [77 0%(r, X,.) dr, where M, is the
martingale with cross-variations (M*, M7), = [} a¥;(r, X,,)dr. Is is also clear
that E, {SUpogthAr ]Xt|2} is finite.

So, there exists an extension (Q,gm,ﬁ)svy) of the space (€, F,Psy), a
filtration Gs. and a (R,y,g&t;t > s)-Brownian Motion B (See for example
Proposition 5.4.6 in [Karatzas and Shrevel 1991 p. 315) such that M; =
[ro(r, X, u(r, X,))dB,, Iﬁ’s,y—almost surely. Moreover, M and X are also
G, -adapted, and 7 is an G,-stopping time (see Remark 3.4.1 in [Karatzas and
Shrevel, 19911, p. 169).

We set Y; = u(t, X;) and Z; = Vu(t, X;). With [Id), (Y, Z) is solution to
the BSDE (82)) under P, , for any (s,y) € [0,7] x O. So, the result is proved
by substituting Y; and Z; to u(t, X;) and Vu(t, X;) both in the expression of
X and in the BSDE that (Y, Z) solves. O

Remark 8. No continuity in (¢, ) is required for the first-order differential
term b nor the non-linear term h. This is why this result is different from
the results on strong solutions of FBSDEs, where Lipschitz assumptions in x
on o, b and h are crucial.

Remark 9. Even if it is known that the solution u of the quasi-linear PDE (38])
is unique, nothing proves us that the solution (B, X,Y,Z) of ({A2) is also
unique. Generally, when (X, Y, Z) is the solution of an FBSDE, it is an open
problem to know whether or not there exists a deterministic, measurable
function v on [0, T] x O such that Y; = v(t AT, Xyar) and Z; = Vo(tAT, Xinr).

Remark 10. The previous results may be extended to the case where a is
also non-linear in Vu. However, when one transforms the divergence form
operator into a non-divergence form operator, then one sees a term aigauxj
appearing. These terms generally belong to L2’2‘(O,T; O). Hence, we are

led to introduce supplementary terms of type U}’ = %&j(t,){t) for 1,7 =

1,...,N. Besides, t — aféaic‘ (t,x) is not necessarily bounded as t goes to T,
10T

so U7 is not necessarily defined under P, for any (s,y).

3.2 Weak solution of FBSDE for a non-divergence form
operator

The drift term b in Proposition [8 does not give us an entire satisfaction, since

it involves the term a. One might ask if, given o, b and h, it is possible to

assert the existence of a weak solution to the FBSDE (42]) using our previous
scheme. Under the condition of existence of weak solutions for quasi-linear
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PDE with a non-linear term in Vu having a quadratic growth, the answer to
this question is positive.

Proposition 9. Let us consider o satisfying [A3a)-{3d) and such that a =

oo, b, h and g satisfy Hypotheses ([B1a)-(B1d), (B7a)-B1f) and ([@1a)—-(@Id).
We assume that there exists a solution w in Wor NL>(]0,T) x O) to the
quasi-linear PDE

?)t (t,x) + L u(t, z) + h(t, z,u(t,z), Vu(t,z)) = 0 and u(T,z) = g(x) (45)
with

Tu 1 8 8 1 8&1'7]' @

L" = 201, (aw(t,x,u(t,x))a%> 3, (t,x,u(t,x))axi

~ 10a;; ou 0 0
> 0y (t,x, u(t,x))a—xj(t,x)a—xi + b (t, x, u(t, 31:))axZ

Then there exists a weak solution (B, X,Y, Z) to the FBSDE ([@2) with b = b.

Proof. Under the assumption that there exists a bounded solution to (4,
Theorem V.3.1 and Theorem V.4.1 in |Ladyzenskaja et al.; [1968 may still be
applied. If O is bounded with a smooth boundary, this means that Vu is

bounded on [0, T]xO. Hence, a’ (@, u(t, ))2% is bounded, and this means

that the coefficients of L* satisfy GEJ) (Zel). Let us denote by X the stochastic
process generated by L¥. For any (s,y), (Yi, Z) = (u(t, X,), Vu(t, X)) is
solution to (32) under Psy On the other hand, the infinitesimal generator
of X is Sa;;(t, , u(t,a:))dw o%; +b;(t, x, u(t, x), Vul(t, x))a%i. Thus, it remains
to conclude as in the proof of Proposition §]

Let us assume now that O = RY. Let (s,y) be fixed in [0,T] x RY. For
each R > 0, Theorem V.4.1 in Ladyzenskaja et all [1968| asserts that the
gradient Vu is bounded on each strip of type [0, T] x B(y, R). Let (X* PZ )
be the process generated by

(t,x,u(t,x)) 0

~ 10 0 10a; ;
8@-

LY = 5@71:1 (ai’j(t’x’u(t7x>)8xj 5 I,

10a; 8u 0 0
—1py.r ()2 o (t,z,u(t,x )>8:c]<t x)axi+b(txu(t x))axz

Let 77 be the first exit time from B(y, R). On {T <rh },
T
u(t, X = g(XF) —I—/ (r, XE u(r, X1, Vu(r, Xf))dr—/ Vu(r, X)) dME,
t
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where M is the martingale part of X®. On the other hand ]P’ffy {T < TR] =
PE, {supte[s’T] |X[E r— x| > R}. But X/ » = y+MfTR+fStATR b (r, X 1) dr

AN
with b%(r, z) = b(r, z, u(r,x), Vu(r, z)), which is bounded. Moreover, (M*?), <
At for i = 1,..., N. Using the boundedness of b* and that of (M®%) it is
standard that [P’ij [T < TR} decreases to 0 as R increases to infinity. So,
we can have let R increasing to infinity, which proves the result by using

localization techniques. Il

The hypotheses that there exists a weak solution u to (H]) in the space
WorNL>(]0,T) x O) seems unnatural at first sight. Generally, a polynomial
growth in the variable Vu of order p is sought in the space of functions whose
(p+ 1)-power are integrable.

On the other hand, we use PDE (43]) instead of the equivalent PDE with
a differential, non-divergence form operator % + %am#;xj + bia%i’ because
existence results for the last one generally require more regularity on the
coefficients such as being continuously differentiable in all its variables, and
the solution is not sought in the space W r.

In fact, there has been a large amount of work proving that there may exist
weak solutions of ([45]) in Wy r NL*([0,7) x O) (see for example Boccardo
et_al.l [1984] 1989: |Orsina and Porziol, 1992} |Grenonl, 1993} [Porrettal, 1999
and references within for parabolic or elliptic cases). Some of the existence
theorems rely on the existence of some sub-solutions and super-solutions,
but some of them are explicit. With more stringent assumptions, uniqueness
could be proved (see for example Kobylanski, 2000). The general question
of uniqueness of solutions of quasi-linear PDEs is far to be solved, unless the
coefficients are more regular. Any counter-example to uniqueness of solution
of ([AH) gives also a counter-example to the uniqueness of the solutions of
some FBSDE.

The general construction of solution of quasi-linear PDE with quadratic
growth is in general rather complicated. We give now a simple example of
conditions ensuring the existence of a weak solution to the system (45). This
result relies on the transformation of the PDE to another PDE known to have
a solutions, and that sort of approach is generally chosen to study solution
of PDE with quadratic growth (and also to study BSDEs with quadratic
growth: See [Kobylanskil 2000; [Gaudronl, 1999, for example).

Proposition 10. We assume that O is bounded and that N = 1. We also
assume that a(t,z,y) = a(y), h(t,x,y,2) = h(t,z,y) and the Hypotheses

BIa)-B1d), B7a)-BT) and [@lal)-EId) are satisfied. Then there exists a
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solution in Wy r to

ou 1 0*u ou
ot * 29022 - b(u)&r hlw)
ou 10 ou 1da [0u)? ou
~ o " 20n (ax> a4y (m) +Hu)gy + i =0, (46)

and there exists a weak solution to the FBSDE
¢ ¢
Xo=x+ [ o(v)dB, + [0 XV, d,
s T s T
Y;ﬁ = g<XT) + / h(?”, Xm Y;"> d?” - / ZTU(Y;“) dBr7
t t

where o(y) = \/a(y).

Proof. Let us denote by f the inverse of the increasing function y — [ a(y’)~* dy'.
This function f satisfies

S5 50) = 20 (ﬁyﬂy)) .

Hence, we remark that for an arbitrary differentiable function u(t, x),

of (u(t,z)) 1 0*f (u(t, x))
o + §a(f(u(ta$)))T

+0(t, z, f(u(t, x)))ﬁf(u(t,x))

_of Bu af

o+ bt fu(t, )
oy (0(:2)) 5 (2) + 5 (ult. )

10 ou
30, (atrea gy
of

otz o))+ (5] et ot x)))] .

As f is itself Lipschitz, our hypotheses on a, h and b imply that there
exists a weak solution u in Wy r to

1
Opult, ) + 50:(a(f(ult, )))dwu(t, z))
+b(t, @, f(u(t, 2)))Opult, x) + a(f(ult, 2)))h(t, z, f(u(t, x))) = 0.
Furthermore, with Proposition [, © and Vu are bounded, and % belongs to
L>%(0,T;0O).

So, f(u) is also in Wyr, Vf(u) is bounded, and 224 = o (u)2e. In

conclusion, f(u) is solution to (46) and Proposition [@ may be applied. O
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Remark 11. The results given in this article shall also be valid for quasi-linear
elliptic PDEs.

Acknowledgment. The author wishes to thank the referees for their careful
reading and for having suggested many improvements.
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