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Abstract: This work presents a class of methods by which one can translate, on a term-by-term
basis, an asymptotic ezpansion of a function around a dominant singularity into a corresponding
asymplotic ezxpansion for the Taylor coefficients of the function. This approach is based on contour
integration a la Hankel and Cauchy’s formula. It constitutes an alternative to either Darbouz’s
method or Tauberian theorems that appears to be well suited to combingtorial enumerations and a
few applications in this area are outlined.
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Résumé: On présente dans ce travail une classe de méthodes par lesquelles on peut traduire,
terme & terme, le développement asymptotique d’une fonction au voisinage d’une singularité domi-
nante en un développement correspondant pour les coefficients de Taylor de la fonction. L’approche
suivie est fondée sur I'utilisation de contours d’intégration 4 la Hankel et sur la formule de Cauchy.
Cete approche constitue une alternative tant 4 la méthode de Darboux qu’aux théorémes Taube-
riens et se trouve d’application commode dans les problemes de dénombrement combinatoire, dont
quelques exemples sont briévement traités.
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Abstract: This work presents a class of methods by which one can translate, on a term-by-term
basis, an asymptotic ezpansion of a function around a dominant singularity into a corresponding
asymptotic ezpansion for the Taylor coefficients of the function. This approach is based on contour
integration a la Hankel and Cauchy’s formula. It constitutes an alternative to either Darboux’s
method or Tauberian theorems that appears to be well suited to combinatorial enumerations and a
Jew applications in this area are outlined.

1. Introduction.

Several applications in analysis, especially combinatorics, necessitate determining the asymptotic
order of growth of coefficients of a function that is analytic at the origin. It has been recognized for
a long time that the function’s dominant singularities (the ones of smallest modulus) contain a great
deal of information on the coefficients. This paper describes a very general method based on earlier
works of ours ([Odlyzko 1982], [Flajolet, Odlyzko 1982]) that applies to functions of “moderate”

variation. We restrict attention to functions with a unique dominant singularity. (Functions with a
finite number of singularities on their circle of convergence can also be treated by a direct extension
of our methods, using composite integration contours.) By normalization, we may always assume
that the dominant singularity occurs at z = 1, and we consider functions that satisfy, for some

arbitrary real number a,
fz)=(1-2)* (z —=1).

Let f, be a sequence of numbers, with a generating function f(z) = }:n” Jnz™ that is
analytic at the origin. In non- elementary cases that we encounter in combinatorial analysis, the f,
are only accessible via f(z), and f(z) itself is either explicitly defined by a closed-form expression
or implicitly specified as the solution to a functional equation. (See for instance [Comtet 1974],
[Goulden, Jackson 1983], [Stanley 1986].) The problem is thus to obtain estimates for fu from
whatever analytic information is available on f(2).

For example, the generating function of 2-regular graphs [Comtet 1974] is
—z/"-—z /4
(Z) = _\/_——_——2_—’

t Work of the first author was done in part while visiting Stanford University, under support from NSF
grant CCR-8610181 and ONR grant N-00014-87-K-052.
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and the expansion of f(z) at z=1,

1-2

f(z) = e/ [\/-1_+\/1_—_z+] (1.1a) -

has a matching expansion for coefficients f, as n — oo,

e () () ]

=34 _1_+_c_+...]_
VIn \/71,3

Darboux’s method is one way of achieving the term-by-term transition from (1.1a) to (1.1b). (It
is succintly described, along with Tauberian methods, in Section 5.) The smoothness condition
ensuring its validity is that the expansion (1.1a) can be pushed till an error term, sufficiently
differentiable on the circle |z| = 1, is obtained [Henrici 1977], [Bender 1974], [Comtet 1974], [Olver
1974]. We present here a general method that ensures the validity of an expansion like (1.1b),
using only order-of-growth information on the remainder terms in the asymptotic expansion of f(z)
in a suitable domain of the complex plane. For instance, under suitable analytic conditions, an
expansion

(1.1b)

1 co a c ) 4

z) ~ + + +--- z—1) (1.2a

1z) V1- z(\/log(l —z)7T " log(1-2)~1 \/logs(l - z)1 ( ) (1:20)
“transfers” to coefficients as

1 Co ¢ ch )
~ e—] e———— — — vee . .2b
fa NZ3D (\/Iogn + logn + Vieg® n + (n — 0o} (1.26)

(where cb,c},... depend only on co,c¢1,...), but there is no way of achieving this by Darboux’s
method, since a remainder term introduced in (1.2a) cannot be differentiable at z = 1 unless the
expansion is trivial.

More generally, we provide sufficient conditions for the validity of the implications

f(z) = O(g(z)) = fa= O(Qn) (Tl)
f(2) = o(g(2)) = fn = 0(gn) (T2)
f(z)N g(z) == fa ™~ gn. (T3)

The conditions are that g(z) should belong to a well defined asymptotic scale S, and that the
asymptotic form for f should be valid in a suitable domain of the complex plane, this usually
requiring analytic continuation of f(z) outside its circle of convergence. The asymptotic scale S
we consider here contains functions of z of the form

9(2) = A( ) with  A(u) ~ v?(logu)(loglogu)® as (v — o)

N

1
whose coefficients will be later prov




We observe from this last equation that larger singular functions at z = 1 have larger Taylor
coefficients. Thus, again under suitable conditions on f(z), we are justified in applying the transfer
principle from the first equation to the second equation in the pair

f(2) ho(z) + ha(2) + -+ - + hi(2) + O(g(2)) with ho(2)> ---> hi(2) > g9(z) (2—1)

fﬂ = hO,n + hl,n 4o+ hk,n + O(Qn) with hO,n > > hk,n > gn (n "'E';%))
when the hj(z) and g(z) are in S. Asymptotic expansions in a large class translate term-by-term
in a direct way.

From now on, we shall call transfer theorems of type T1, T2, T3, T0, by the more suggestive
names of O-tranfers, o-transfers, ~-transfers and X-transfers (read as “big O, “little 0”, “sim”
and “sigma” transfers!). The most basic transfers are O-transfers. A refinement of the proof of
a O-transfer will usually lead to a o-transfer. As a direct consequence of o-transfers, we obtain
~-transfers since

f(2) ~ g(2) is equivalent to  f(z) = g(2) + o(g(2)).

As indicated in the previous paragraph, X-transfers follow directly from O-transfers for expansions
with an O(.) remainder term as in (70) and there is an obvious analogue for o-transfers where we
have an o(.) remainder term. A side issue to be considered is the determination of coefficients of
standard singular functions (here, the scale §). Fortunately, that task can itself be carried out by
methods rather similar to the proofs of transfer theorems.

Several of our statements are inspired by Tauberian theorems, most notably the Hardy-
Littlewood theorem [Hardy, Littlewood 1914], though our analysis is quite different since it is
based on contour integration. It is clearly less deep, but it has the advantage of great techni-
cal simplicity. Tauberian theorems impose no condition on the function, but they require a priori
“side conditions” on the coefficients (positivity, monotonicity, etc) [Titchmarsh 1939}, [Hardy 1949,
[Postnikov 1980]. Our method imposes conditions on the function in the complex domain, but no
a priori condition on the coefficients. That approach is therefore quite adequate for obtaining ex-
pansions of the X-type, for which Tauberian methods tend to be of little help (side-conditions are
hard to establish on error terms). Furthermore, in the context of combinatorial enumerations, large
classes of generating functions are expected to be analytically continuable since they are obtained
as combinations of analytic functionals applied to entire functions. In that context, our conditions
are seldom a limitation.

The paper is organized as follows. In Section 2, we start with a restricted scale Sy that contains
only functions of the form (1 — 2)*, where a is any (positive or negative) real number. The O-
transfer theorem (Theorem 1) that covers all values of a requires analytic continuation of f(z) in an
angular domain outside its circle of convergence, and validity of the asymptotic expansions there.
It is proved — as are all other results in this paper — by choosing a suitable contour (reminiscent of
Hankel contours) in Cauchy’s integral formula for coefficients of analytic functions, and “integral
splitting”. A modification of the proof gives us o-transfers (Corollary 1), from which we deduce
~-transfers (Corollary 2) and a variety of Z-transfers of which Corollary 3 is only a typical example.
These results, though later generalized, are treated in some detail, as they serve to introduce basic
techniques without unnecessary complications.

Our next objective, in Section 3, is to extend these theorems to the larger class S that has
logarithms and iterated logarithms. We first establish (Theorem 2 and Corollary 4) general O- and
o-transfer results for that class. More precise asymptotic estimates require us to characterize the
growth of Taylor coefficients of functions that belong to the scale § (Theorem 3). This is done by
using Hankel contours and modifications of the integral splitting techniques employed in our earlier
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proofs. Of the variety of conceivable ~-transfers and I-transfers, we only state Corollaries 5 and
6, which correspond to functions with a descending expansion involving powers of logarithms or
iterated logarithms.

Section 4 discusses various possible extensions. When a < -1, so that f(2) =~ (1 - 2)* is
“large” at its singularity, the conditions on the function to be analyzed can be weakened somewhat
(Theorem 4). Also, a superset of § that includes functions of “slow variation” towards infinity is
shown to be amenable to transfer methods.

Section 5 is a brief discussion of the relation to Darboux’s method and Tauberian theorems. We
finally conclude, in Section 6, by sketching the transfer part of a few applications to combinatorial
enumerations and the analysis of algorithms.

Relation to other works. The Hankel contours are classical tools in the study of the Gamma
and Zeta functions [Whittaker, Watson 1927]. They appear to be well suited to extract asymptotic
information on coefficients of analytic functions. They have been used in combinatorial applications
in [Odlyzko 1982] and [Flajolet, Odlyzko 1982], and in another context (enumeration of polynomials
over finite fields) by Car [Car 1982], {Car 1984]. Some results similar to ours, but requiring different
analytic conditions, have been derived by [Wong, Wyman 1974].

In analytic number theory, Hankel contours are useful in the study of Dirichlet series with
algebraic singularities by means of Perron’s formula, a typical example being the sudy of the
coefficient of [n7°] in (C(s))!/? [Selberg 1954], [Hardy 1978, p. 62). They are also useful in the
inversion of Laplace or Mellin transforms with algebraic or logarithmic singularities [Doetsch 1955,
p. 158]. Techniques of Sections 2 and 3 also bear some resemblance to the Watson-Doetsch lemma
for Laplace transforms [Henrici 1977, p. 389].

2. A Basic Transfer Theorem.

We let Sp be the class of functions go(2) = K(1 — z)* for a a real number and K a constant. The
Taylor coefficients of any member of Sy are known both exactlyt

(] — 2)@ = n—-a-1y  T(n-a)
-2 _( n )_I‘(—a)I‘(n-i-l) (2.1)

and asymptotically from Stirling’s formula (a ¢ {0,1,2,...}):

n o mnoe1 e(a+1)  ala+1)(a+2)3a+1),
[e"](1 = 2)% ~ I'(-a) [1 + 2n 24n? N
al(a+1)2(a+2)(a+3) N a(a + 1)(a + 2)(a + 3)(a + 4)(15a3 + 30a? + 5a — 2)
48n3 5760n% el

+

+

(2.2)
Thus the binomial coefficients (2.1), as well as their main asymptotic equivalents in (2.2), form an
asymptotic scale. There is in fact a general form of (2.2).
ProrosiTioN 1. The binomial coefficients expressing [z"](1 — 2)* have an asymptotic expansion
as n — o,

n—a—l e(a)
[z"](1 - 2)* ~ e (1 + ,; _ﬁ"_) , aé{0,1,2,.. .},' (2.3)

t We let as usual [2"]f(2) denote the coefficient of 2™ in the Taylor expansion of f(z): If

f(2) = 32, faz™, then [2")f(2) = fa.



where

2k
) = DD (et D(@+2) - (a+l)  with Y ekt = ef(1+0t)7 7Y (2.4)
I=k k420

Proposition 1, though it would probably follow by close inspection of Stirling’s formula, is most
easily proved by techniques introduced in Section 3, so that we delay the proof till then. We also
observe incidentally that in (2.1),(2.2),(2.3), @ may be complex: If @ = o + it, we have

n—a—l
o= [ cos(tlogn) — isin(tlogn)].
In that case, the main term in (2.2), (2.3) is of order n~°~! and it is multiplied by a periodic
function of log n.

[z"](1 - 2)* ~

We now propose to prove a transfer condition of the O-type. We give the proof in some detail
for two reasons: first, the implied constants in the O’s are “constructive” and tight, a fact of
independent interest; second it serves as a guiding pattern for deriving later a variety of transfer
conditions. We let A = A(¢,n) denote the closed domain

A(gyn) ={z /|2l <1+, |Arg(z - 1)| 2 ¢}, (2.5)
where we take 7 > 0 and 0 < ¢ < 7- This domain has the form of an indented disk depicted on
Figure 1la.

THEOREM 1. Assume that, with the sole exception of the singularity z = 1, f(z) is analytic in the
domain A = A(¢,n), wheren > 0 and 0 < ¢ < 5. Assume further that as z tends to 1 in A,

f(2) =011 - 2|%), (2:60)
for some real number a. Then the n-th Taylor coefficient of f(z) satisfies
fa =[2"1f(2) = O (n7071). (2.6b)

ProOF. Since the modulus of (1 — z)* is bounded below by a constant > 0 in any compact set
in A that does not contain 1, and f(z) is analytic in such a set, the local condition (2.6a) of the
theorem is equivalent to assuming that for some constant K > 0, we have in the whole of A with
the possible exception of 2 =1,

lf() < K |1 - 2*. (2.7)
In the derivation, we assume that n > 2|a| + 4. We start from Cauchy’s formula
1
fn = % f( ) Z"+1 ’ (2'8)

where O™ is any positively oriented contour in A that encloses the origin, and we choose the
(positively oriented) contour C = 91 U2 U 3 U 74 depicted on Figure 1b, with

., lArg(z - 1)| 2 ¢}
={z / _Slz_ll’ 12|51+77, Arg(z—l):d)}
w={z [ lz=1=1+7, [Argz~1)| 2 ¢}

<lz=1], |o| <147, Arg(z 1) = ~¢}.

n={z/ lz-1=

S|—=

S|~

Ya={z /
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Figure 1. (a) The domain A(¢, 7). (b) The contour C used in the proof of Theorem 1.

We proceed to evaluate the contributions to f, due to each of the v; separately. So, we define

|dz]

f(J) = |f( )I lzln+1 ’

2z7r

and we have |fo] < fV + fO 4 (O 4 70,
1. Smaller circle. From (2.7), using trivial bounds on Cauchy’s integral, we find as soon as
n 2> 4,

1< () K- ) ()

<5-(Kn~*1). (2.9)

2. Rectilinear part. We next turn to the evaluation of f_.(f). By obvious symmetry consider-
ations, the same bound will hold for f(4) We set w = €*#, and perform the change of variable:
z =1+ %, The definition of f gives

f(2)<i En[{ 1&1_}.%_”-1@
- 27 n n n
. 4 -n-1 (2.10)
< (Kn=o1). 2—-/ |1+ = od dt.
T™Ji

Here E is defined so that 7, and -3 join: E is the positive root of |1 + Ee*?| = 1 + 1. We need to
prove that the last integral in (2.10) is bounded above independently of n. First observe that

t
‘1+-—t‘21+§t(:)—1+—cossb (2.11)
Thus, from (2.10) and (2.11), we find
00 -n
f®< 2']—;(1(11'“‘1) where  J, = / t* (1 + tczs ¢) dt (2.12)
. 1



It is now easy to see that as n — oo,
[e ]
Jn N / tae—tcos¢dt
1

and hence all the J,, are bounded above by some constant which depends only on a and ¢. In
summary, we have proved that

, . .
2 < M(I(n"“"l) where  J(a,¢)= sup / t (1 + tcosqS) dt  (2.13)
2m n>2lal+4 J1 n

The fact that ¢ is strictly less than 7, Whence cos ¢ > 0, is obviously crucial to this part of the
analysis.

3. Larger circle. The majorization of f,(,s) gives an exponentially decreasing term:

o < 51— CKn*-(L+9) " (2r(1 + n))

T
na
<K o—"—.
(14

(2.14)

4. Collecting the results of Egs (2.9), (2.13), (2.14), we have proved, for all n > 2|a| + 4:

fn< (Kn""l‘) [5 + J(‘:r’ 9) + a Zan)" n““] . (2.15)

There is an effectively computable constant n; (only depending on a and ), such that, for all
n 2 ni,

n* a+1
——-(1 T U)"n <1. (2.16)

Thus, from (2.15), (2.16), we obtain our main bound,
fn < (Kn~o"1). [6 + Lo;,_iﬁl] for all n > n,, (2.17)

where ng = max(n,,2|a|+4). Equation (2.17) is a stronger form of the statement of the theorem. W

The idea of a contour that “goes away” from the singularity at an angle has the essential
feature of introducing, in Cauchy’s integral, a “kernel” (27" or (1 +t/n)~") that decreases very
fast along the contour, so that it captures the dominant contribution from an immediate vicinity
of the singularity.

The proof techniques of Theorem 1, slightly modified, will give us a transfer result of o-type,
from which we immediately deduce ~- and Z-transfers. The results that follow are not strictly
speaking corollaries of Theorem 1, but rather of the line of proof taken there.

COROLLARY 1. Assume that f(2) is analytic in A\ {1}, and that as z — 1 in A,

£(2) = o((1 - 2)°).

Then, as n — o0,

fa=o(n=>1),
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PROOF. The proof is an “c-§ exercise”. We use the same contour C as in Theorem 1. Observe again
that there exists a I > 0 such that in the whole of A, | f(2)] < K|1 — z|*. By the o hypothesis on
f(2), for each € > 0, there exists a § = é(¢) > 0 such that for z in A,

|z—1]< 6 == |f(2)] < €]l — 2|

We need to prove, with some fixed constant K’ > 0, that for any € > 0, there exists an ng = no(€)
such that
|fal < €K'n~>1 whenever 1 > mo(e).

In the following derivations, the constants depend on a and @, but we shall only indicate the
dependence on €. We choose a fixed (but arbitrary) ¢, with its associated § = 6(¢).

1. Smaller circle. For the part v, of the contour, we first choose n; = ny(€) such that 1/n; <
&(¢). This choice ensures that part ¥, of the contour is inside a domain where |f(2)] < €|l - 2[°,
and thus for n > n;, as in Equation (2.9),

M < 5(en—"1). (2.18)

2. Rectilinear part. Following the lines of Equations (2.10)-(2.11), with z = 1 4+ wt/n, we have
En -n
o<« = / ( tcf¢) dt (2.19)

n
We now decompose the integral in (2.19), and set f(z) = f(zl) + f,(.n), where

f+2 )

1 log’n 1 En
(21 _ a4 fo» -
I T or an I 27 /1082 n

We can choose ng; = ng(€) such that for all n > ny;, we have log? n/n < §(¢), and then 1 + wi/n
is in the “epsilon region” of f. Thus

1 [log’n (t)“( tcos¢)"‘ dt
(21) o - -
fal < 2r [ ¢ 7, ‘1+ no n

L oo toos g " (2.20)
< (en®71). —/ e (1+ - ) dt.
2r )i n
From the argument used for Eq (2.13), we find
729 < (enmom)L2:8), (221)
27
By similar devices, we get for f7(122) the bound
En -n
5 < (Knmo) o / (1+’c°s¢) dt. (2.22)
log?n n

The integrand in (2.22) is already exponentially small at ¢ = log? n. Without loss of generality, we
may assume (by taking 7 small enough) that E < 1/(4cos ¢). This guarantees u = tcos¢/n < 1/4,

S0 ‘H’\nf in tha osiven raneo Aaf valunace af 4 lacfl1 1Y~ 2219 and
AAL wvalN, & AL lullb\o Wi YL UTO Ul ‘l’ Lva\.‘. T “4) -~ wl & ULLAL

<1+ tCZSqS) >exp( cosqblog n)
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