
appor t  


de  r ech er ch e 


IS
S

N
02

49
-6

39
9

IS
R

N
IN

R
IA

/R
R

--
59

68
--

F
R

+
E

N
G

Thème SYM

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Perturbations and Vertex Removal
in Delaunay and Regular 3D Triangulations

Olivier Devillers — Monique Teillaud

N° 5968

Septembre 2006





Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

���������	��
��
��������������������������������� ��!"��#
���%$&�'#���������()���*�+�,�'-.�*#����,/
$ 01�2������-��*#3�4���������

57698;:�8;<>=@?*<A:�896;69<>=CB>DFEHGJI289KML2<ONP<>8;696RQSL2T

U�VXWCY@Z.[>\"]_^`[badcfegW3Y@Zhc�cfabYjiSkAlnmpo>qXZCc
rFsgkutvZ�ePw"Z3kAY@Z�egsxmpy3z

{�z}|X|~kusge��dZ
sxZCy�VXZCsxy�VXZ��J���}�A�u��^)[bZC|degZCY.iXsxZ��}�u�A�
^��A��|�zu�uZhc

�	���C�3���X�u�u� U�VXkuq��uV��PZCl�zuqX��z�a�zu���1sgZC�uqXlpz}s4exsgmpz}���uqXlpz�exmnkA��c
z}sxZ@�uZ3sxaO��Z3l�lF b�Xk��'�¡�uZCkuY@Z�exsgmpy@�Xz�e�z¢cvexsgq�y�egqXsxZCcC£MexVXZ
|Xsxkui�lnZCY¤ku¥~exVXZ�sxkuiXqScve¦sxZ3Y@k���z}l�k}¥Mz4�uZCsfexZ�§jm��	z"exVXsgZCZ�¨©�dm�YªZC��cgmnkA��z}ldexsgmpz}���uqXlpz�exmnkA�ªmpc¦zAy«exq�z}l�lnaªz
|XsxkuiXl�Z3Y¬m��­|XsxzAy«exm�y3Zu®
¯1Z4|XsgkA|Sk>cfZ4zªcfm�Y@|XlnZ4Y@Z�exVXkd�°exV�z�ePzulnl�k���c¦egk@sgZCY@k��uZ�zu�ba­�uZ3sgegZ3§°Z3�AZ3�	�'V�Z3�*egVXZ4|~kum��Ae�c'z}sxZ�m����uZ3sxa°�dZC�uZ3��Z3s�z�egZ

y3ku�d±��AqXs�z�egm�ku�Sc3®2U�VXZ�cgkul�qdegm�ku��m�c'z���zumnlpz}iXl�Z4mn�O²J³M´�µ
∗
®

¶¢·>¸J¹gºj» ��¼��u� ��Z3lpz}q���z�au£dsxZ3�AqXl�zus�egsxm�zu�X�uqXlpz�exmnkA�M£d�dZ3�AZ3�XZCsxzAy�m�ZCc

½¿¾�ÀM½ÂÁ¢Ã�Ä«Å�Ã¦ÆÈÇÊÉ¦ËhÌ;ÍvÎÈÆÈÏ'ÆÈÐ�É�Ì¿Ñ�Ò�ÍvÌÓÇ9ÆÈÔ«Ð�Ô�ÕbÖ;×�Í�ØvÙ�ÌÓÌ;ÍvÐ�Ö�Ì;ÍvË}Ô«ÌÓÖfÚ�Ö;×�ÆÈÇJÐ�Í©Û*Ò�ÍfÌÓÇ9ÆÈÔ«ÐPÜ«ÍvÐ�ÍvÌ9É�ÎÈÆÈÝvÍvÇÊÕ�ÌÓÔ«ÏßÞ�ÍvÎàÉ�Ù�Ð�ÉvÑ'Ö9Ô¦ÌÓÍfÜ«ÙhÎàÉ�ÌJÖ9ÌÓÆàÉ�Ð�Ü«Ù�É�Î Ö;ÆÈÔ«Ð
É�Ð�á4Ü«Æ Ò�ÍvÇMË�ÌÓÍfØvÆÈÇ;ÆÈÔ«Ð�Ç�Ô«Ð�ØfÔ«Ð�Ò�Í©â"×3Ù�ÎÈÎAÏ�É�Ð�É�Ü«ÍvÏ'ÍfÐ�Öfã

∗ ä�å«å�æ�ç¿è«ègé«é«é�êÓëgì�í�îbê¿ïxð«ì



���������	��
��
�������%�������������2�'�����3��� ��� ���.� � ���
������� �*��� �����3���*-.�*#��
�������+���'-.�*#���������/
$

��� �	��
 � ��� mnZC�jo>qXZ¦lpz'exsgmpz}���uqXlpz�exmnkA���dZ���Z3lpz}q���z�a�Z3e�lpz'exsgmpz}���uqXlpz�exmnkA�
s�
C�uqXl�mnWCsgZ cfkAmnZC�Ae2�dZCc2cfegsxq�y«exqXsxZCcMi�mnZC�jy�kA�X�bqXZCcC£
cgqX|X|Xsxm�YªZCs'qX�7|SkAmn�>eP�dZ4Y­z}��mnWCsgZ4sxkuiXq�cfegZ4sxZCcfegZ4qX�7|XsxkuiXl�W3Y@Z
��
Clnmpy3z}e�ZC�7|Xsxz}egmpo>qXZu®

�Pkuq�cj|Xsxku|~kAcgku��c
q��XZ	Y�
�exVXkd�dZ7cfm�Y@|XlnZ*|SkAqXsªl�z cfqX|�|XsgZhcgcgm�ku�ß��� qX�ß|~kum��>e@�Xzu��c�q��XZ	exsgmpz}���uqXlpz�exmnkA���u�,s�
C�uqXl�mnWCsgZ
kAq �XZO�PZCl�zuqX��z�aßo>qXm'¥¿kA��y«exmnkA�X�XZO�Xzu��cªegkAq�c@lnZhc°y3zAc3£ Y��3Y@Z7egsxWCc°��
3��
C��
3s�
CcC®���z�cgkul�qdegm�ku� ZCcfe°�dm�cg|~ku�Xm�iXl�ZO�Xz}��c°l�z
iXm�iXl�mnkuegVXWho>qXZj²J³M´�µ

†
®

� » �C� ¹ ��� � �*� �PZCl�zuqX��z�aA£begsxm�zu�X�uqXlpz�exmnkA�	s�
3�AqXlnm�W3sxZu£X��
3��
C��
3sxZCcxy�ZC��y�Zhc

† ä�å«å�æ�ç¿è«ègé«é«é�êÓëgì�í�îbê¿ïxð«ì



�����������
	��
���������������������������
������������� �
	�� �

! " �j���2�­���$#¦�������

��Z�e4q�c�±�sxcfe4iXsgm�Z�%Sa�sxZCyCz}l�l�exV�z�e"egV�Z@��Z3lpz}q���z�a�egsxm�zu�X�uqXlpz�exmnkA�¢k}¥ z�cgZ�e
S
k}¥ |SkAmn�>exc"m����AZ3�XZCsxzul�|~kAcgm exmnkA��m��

R
3
mpcPexVXZ

|�zusfexm exmnkA�@k}¥~egVXZ�y3ku�b�uZ3§.VbqXlnl�k}¥~egVXZ'|~kum��>excFy3ku��cgm�cfegm��X�4k}¥~egV�Z�egZ�exsxzuVXZC�Xsxz"�'VXk>cfZ'y�m�s�y�qXY­cxy�sxmniXm��X�4i�zulnlX�dkbZhc��Xk}e¦y3ku�>exzumn�
zu�>a	|SkAmn�>e�k}¥

S
mn��mnexc'm��>egZ3sxm�kush®

U�VXZ.sgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku�7mpcPz­�AZ3�XZCsxzulnm�&Cz}egm�ku��k}¥2egV�Zj��Z3lpz}qX��z�a	egsxm�zu�X�uq�l�z}egm�ku�7�'VXZ3�7exVXZjcgmnegZCcPmn�
S
z}sxZ�cf|XV�Z3sxZCc

' z}lpcfk­y3zulnl�ZC�)(*�+�,��-����/.102	����3� 4�5«®�w"mn�AZ3��¥¿kuq�s�cfmnegZhc ' cg|XVXZCsgZhc65�m��
S
£���Z
y�ku�Scfmp�dZ3s�exVXZ3m�s�kAsfexVXku�Aku��zulJcg|XVXZCsgZ

B
®

B
m�cPcgzum��

exk.i~Z87 �+9:0;� <�=�m ¥�z}�baªcgmnegZ
s
m��

S
mpc Z3mnegVXZCs��dmpcÓtvkum��Ae�k}¥

B
kus egVXZ"z}�X�AlnZ�m��	�'V�m�y�V

s
zu���

B
m��>egZCsxcgZCy�e¦m�c�cgY@zulnl�Z3s kus�ZCo>q�zul

exk π
2

' ��Z.cgz�a°egV�z}e
s
zu���

B
z}sxZ�4/�3>+?@	����A-2	6�B	��C���ED~cgm�Yªm�lpz}sxlnaA£X� Z��XZ�±��XZ�egVXZ
exZ3sxYF	�GH�+��?@	����A-2	6�I	��C����¥¿kusPzu�X�ul�ZCc��AsgZhz�exZ3s

kAs'ZCo>q�z}lJexk π
2

5«® w"m��uZC��zjexZ�egs�z}V�ZC�dsxku�
T
�'V�kAcgZ"�AZ3sgegmpy�Zhc�zusgZ"exVXZ�y�ZC�AexZ3s�c�k}¥�¥¿kuqXs�cgm exZCc'ku¥

S
£�� Z��dZ3±��XZ4exVXZJ4�02-2�+����	LK

T
zuc�exVXZ�cf|�VXZ3sxZ4kusgegVXkA�uku�Sz}l~egkªegV�ZCcgZ4¥¿kuqXs�cgm exZCcC®NM egZ3egs�z}VXZh�dsgkA�*�'V�kAcgZ4cg|XVXZCsgZ4mpc'Z3Y@|deva	m�c�cxz}mp�	egk­i~ZO�������������«®FU�VXZ
sxZ3�AqXl�zus�egsxm�zu�X�uqXlpz�exmnkA�

RT (S)
m�c'¥¿kusxYªZh�	iba	zulnl�sgZC�uqXlpz}s egZ3egs�z}VXZh�dsxz�®

U�VXZ­�AZ3�XZCsxzul2|Sk>cfmnegm�ku�¡zucxcfq�Yª|Xegm�ku�¡cve�z�egZhc"egV�z}e��Xk7¥¿kuq�s�cfmnegZhc4V�z��uZ­y�kA|Xlpz}��zus4y3Z3�>egZCsxc4zu���1�Xk�±��uZ­cgm exZCc�zA�dY@m e.z
y3kuY@Y@ku��kusgegVXkA�uku�Sz}lÊcf|�VXZ3sxZu®
¯ VXZC�

S
mpc��Xk}ePm����AZ3�XZCsxzulM|~kAcgm exmnkA�M£�exVXZ@cf|XV�Z3sxZ�k}¥¦z­sxZ3�AqXlpz}s'exZ�egs�z}V�ZC�dsxku�

T
yCz}�Ozu�XYªmne4k}egV�Z3sPkAsfexVXku�Aku��zulMcfmnegZhc

exV�z}��egV�Z
¥¿kuqXs�cfmnegZhc'�dZ�±���mn�X�
T

' �'VXm�y�V7mpc�z@�dZ3�AZ3�XZCsxzAy�a25«£bexVXZ3�¢mne�mpc�y3zulnl�ZC�)(*�/�QP��R<S�������������«®TM�egZ3egs�z}VXZh�dsgkA�
T
�'VXk>cfZ

cg|XVXZCsgZ�mpcPcfegsxmpy«egl�a7cfqXiX¨9kAsfexVXku�Aku��zulJegk	zulnl�k}egV�Z3sPcgm exZCcPk}¥
S
mpc�yCz}l�lnZh��4�����	������,<8�������������«®�U�VXZ�¥Ózuy�Z3excPk}¥Fz­sxZ3�uq�l�zus ' sxZCcg|M®

��ZCzu >l�a7sgZC�uqXlpz}sh£ÊcvexsgkA�X�ul�a�sgZC�uqXlpz}s�5�exZ�egs�z}V�ZC�dsxku��zusgZªy3zulnl�ZC��sgZC�uqXlpz}s ' sxZCcg|M®���ZCz} bl�a7sgZC�uqXlpz}sh£~cfegsxku���ul�a�sxZ3�AqXlpz}s�5«®
U�VXZ
cgZ�e�ku¥�cfegsxku�X�Alna­sxZ3�AqXl�zus�egZ�exsxzuVXZC�Xsxzjm�c���k}ePzjegsxm�zu�X�uq�l�z}egm�ku�M£bmnePy3z}��i~Z4y3kuY@|Xl�Z�exZC��mn�7cgZ3�uZCsxzulJ��z�adc�iba	z@cfqXiScfZ3e�ku¥�exVXZ
��ZCzu >l�a°sxZ3�AqXl�zus¦exZ�exsxzuVXZC�ds�zX®

¯ VXZC��z7�uZ3sgegZ3§
v
mpc4sgZCY@k��uZC�O¥¿sgkAY&exVXZ­sgZC�uqXlpz}s"exsgmpz}�X�AqXlpz�egm�ku�

RT (S)
k}¥

S
£�exVXZ@egZ3egs�z}VXZh�ds�z	m���y�mp�dZC�Ae
exk

v
z}sxZ

sxZ3Y@k��uZh�Ê£2�'VXmpy�V y�sxZCz}egZCcjzO|~kul�abVXZC�ds�z}l�VXkAlnZA£Fz}���¡exVXZ�mn�>egZCsgm�kusjk}¥'exVXm�cª|~kul�abVXZC�dsxku�
H
Y.q�cfeªi~Z°exsgmpz}���uqXlpz�exZC���'mnegV

sxZ3�AqXl�zus@egZ3egs�z}VXZh�dsxz�®�U�sxmpz}�X�AqXl�z}egm��X�
H
m�c­Z3§Xzuy«exlnaßegVXZOm��b�uZCsxcgZ*kA|SZCsxz}egm�ku� k}¥4mn�ScfZCsfexmn�X�

v
mn�

RT (S \ {v})
®UM'¥ÂexZ3s

exVXZjsxZ3Y@k���z}l9£XexVXZªsgZC�uqXlpz}s'exsgmpz}���uqXlpz�exmnkA�¢m�cPegVXZ.egsxm�zu�X�uq�l�z}egm�ku�7egVSz�e4� kAqXl��7VSz��uZ�i~Z3ZC��kuiXexz}m��XZh�¢m ¥
v
V�zA�¢�XZC�uZ3s�iSZCZ3�

m���cgZ3sgegZC�M®
¯ VXZC���dZC�uZ3��Z3s�zuy�m�ZCc�kbyCy�qXsh£Szu�ba*ku¥�egVXZj|Sk>cgcgmni�lnZ�sxZ3�AqXlpz}s'exsgmpz}�X�AqXlpz�egm�ku�Sc'k}¥�exVXZjcgZ�ePku¥¦y�k>cf|XV�Z3sxm�yCz}lM|~kum��>exc"y3z}�¢i~Z

sxZ�exqXsg��ZC�Ê®
U�VXZO�Xm,V°y�q�l eva z}sxm�cgZCcª�'VXZC� exVXZ3sxZ¢z}sxZ¢z�e°l�ZCzucfe@¥¿kuqXs°cgmnegZCc

s1, s2, s3, s4

�'VXk>cfZ¢y3Z3�>egZCsxc
p1, p2, p3, p4

l�mnZ7kA� exVXZ
i~kuqX�S�Xz}sxa.ku¥

H
£AegVSz�eFV�z��AZ�z
y�kuY@Y@ku�@kAsfexVXku�Aku��zulbcg|XVXZCsgZ'zu���@�'VXkAcgZ'y�ZC�AexZ3s�cFz}sxZ�y�kA|Xlpz}��zusC®XW©�S�dZ3Zh�Ê£Am��@egV�m�cFyCzucgZu£u¥¿kus

zu�>a°cgmnegZ
s5

�'VXk>cfZ4y�ZC�AexZ3s�mpc kA�
H
£>exVXZP±S�uZ4cfmnegZhc

s1, s2, s3, s4, s5

VSz��uZ�zªy�kAY@YªkA�°kusgegV�ku�ukA��z}l~cf|�VXZ3sxZu£dz}�S�­egV�Z3sxZ"zusgZ
ev��kj|~kAcxcgmniXl�Z�exsgmpz}���uqXlpz�exmnkA��c¦ku¥MegV�m�c�cgZ�e�k}¥�cgm exZCcC£Xy�kAsgsxZCcg|SkA���dm��X�
exk�egV�Z�ev��kj�Xm,YJZ3sxZ3�>e'y�VXkumpy�ZhcF¥¿kAs exVXZ4�dm�zu�ukA��z}l~k}¥MexVXZ
y3ku�b�uZ3§.|SkAlnab�Aku�

p1, p2, p3, p4

�'VXmpy�V­m�cFz"¥ÓzAy�Z3e¦k}¥
H

' kAs¦z
cfq�id¨;¥ÓzAy�Z3eFmn�@exVXZPy3zAcfZ��'VXZC�@egVXZCsgZ�zusgZ'Y@kAsgZ�exV�z}�ª¥¿kuq�s¦cfmnegZhc
�'VXk>cfZjy�Z3�>exZ3s�c'z}sxZ�y�ku|�l�zu��z}sPzu����V�z��bmn���°z­y�kuY@Y@ku�¢kAsfexVXku�Aku��zulÊcf|XV�Z3sxZ�5«®'��Z3|~Z3���Xmn�X�	ku�7egV�m�c�y�VXkumpy�ZA£X� Z.�'mnl�l��AZ�e�z
�dm�YJZ3sxZ3�>ePexsgmpz}�X�AqXlpz�egm�ku�¢ku¥2egVXmpc�¥ÓzAy�Z3eC®ZW©�O¥Ózuy«eh£�exVXZ3sxZ.mpc��Xk	y�VXkAm�y3Z�['cfm���y3Z
egVXZjkuqde�cfmp�dZjk}¥

H
mpc�zulnsxZCzA�da°exsgmpz}�X�AqXlpz�egZh�Ê£

exVXZ4egsxm�zu�X�uq�l�z}egm�ku��c�k}¥�z}l�lJegV�Z4¥Ózuy�Z3exc�ku¥
H
z}sxZ4�um��uZ3�7z}�S�	Yjq�cve�i~Z
sxZCcg|SZhy«egZh�Ê®

�Pk}egZ	egV�z}eªzOcgm�Yªm�lpz}s.|�sgkAiXlnZCY yCz}�X��k}e.kdy3y3qXs.m���exVXZ	|Xlpz}�Sz}sjyCzucgZu£2cfm���y3Z°egV�Z	VXkAlnZ	y3sgZhz�exZC�¡iba1egVXZ*sgZCYªk���zulFk}¥Pz
�AZ3sgegZ�§­mpc zj|~kul�a>�Aku�M£bcgk�£>Z3�uZC�°m��°egV�Z"yCzucgZP�'VXZC�°egV�m�c�|~kul�a>�Aku�­V�zAc y3kul�lnm��XZhz}s��uZ3sgegmpy�Zhc3£AegV�Z3sxZPmpc ��kjy�VXkAm�y3Z�egkjiSZ"Y­zu�dZI[
exVXZ�Zh�d�uZhcFku¥ÊegVXZ"|SkAlnab�Aku�°z}sxZ�qX��m�o>qXZClna­�dZ3egZ3sxY@mn��ZC�­ibaªegVXZ�kus��dZ3s k}¥ÊexVXZ"y3kul�lnm��XZhz}sF�AZ3sgegmpy�ZCc¦ku�­exVXZ"lnm��XZ�exV�z�e�y�kA�Ae�z}m���c
exVXZ3Y7®*MP�>a°egsxm�zu�X�uqXlpz�exmnkA�*ku¥�exVXZ
mn�>exZ3sxmnkAs�ku¥�exVXZ
|~kul�a>�Aku�*�'mnl�lMV�z��AZPexVXZ�cgzuY@Z"Zh�d�uZhc�ku�*egVXZ
|~kul�ab�ukA�M®
U�VXZ4|Xsxkui�lnZCY�y3zu��i~Z�cgZ3Z3�7zuc'z@cg|SZhy�mpz}lÊm���cfexz}�Sy�Z4k}¥�egVXZ4¥¿kAlnl�k��'m��X�ªo>qXZhcvexmnkA�X[

\�4]���^���R(*��<H4_02	�4/4/�
>+���`�E	ba6	�9:0;�����`�c��������?
�����d�����
���������������
	��]	LKJ�J����G��+�e02	��R<Q-2�/.��6	��

H f(g-3	H4+�hK���a/��� 4d���6��(*�/�QP��R<O��������������i
' ��5

W©�jegVXmpc2|�zu|SZCsC£���Z�cgVXk���exV�z�eh£�egV�kuqX�AV�egV�m�c2�AZ3�XZCsxzul>o>qXZhcvexmnkA�.V�zAc�zP�XZC�Az}egm��uZ zu��cg� ZCsC£hegV�Z�Y@kAsgZ�sgZhcvexsgmpy«exmn�AZ m���cfexzu��y�Z
ku¥ÊegVXZ�|XsgkAiXl�Z3Y¬|Sk>cfZh�@i>ajegV�ZP�uZCsfexZ�§@sgZCY@k���zuld¥¿sxkuY z �u� sgZC�uqXlpz}s2exsgmpz}���uqXlpz�exmnkA�°y3z}�­i~Z�cgkul��uZh�ªmn�	z.cfm�Y@|XlnZ���z�aA£uZC�uZ3�
m��¢�dZ3�AZ3�XZCsxz}egZ4cfmnegq�z}egm�ku��cC®

jlknm1oXpcqsr*oXp�r:tLoXu

M�¥ÂegZ3s
cgkuY@ZªsgZCY@zusg dc�z}i~kuqde"|XsgZC�bmnkAq�cP��kusx  ' [bZhy«egm�ku�¡��5�£~m��1[dZCy«exmnkA� �	� Z@�dmpcgy3q�cgc"z}l��ukAsgmnegV�Yªmpy�mpcxcfqXZhc�zu���¢Y@k}exmn��z}egZ
kAqXs"y�V�kumpy�ZCcPzuy�VXm�Z3�bm��X�°sxkuiXq�cfeg��ZCcxc'egk��dZ3�AZ3�XZCsxzAy�m�ZCc�zu���¢�AZ3�XZCsgmpy�mneva*ku¥�egVXZªy�kd�dZj�'VXmnl�Z.|�sgZhcfZCsg�bm��X�°z°�Ak>kd�7Z+V­y3mnZC��y�aA®
[bZhy«exmnkA�¢�.¥¿kdy�qScfZhc�ku�7cfabY.i~kul�mpy�|~Z3sgegq�sgi�z}egm�ku��cC£X�dZhz}l�mn�X�@�'mnegV¢z}l�lMy3zAcfZhc�mn�Sy�l�q��dm��X�@egVXZ
|~kum��>exc�kA�	exVXZ�y�kA�>�AZ�§°VbqXl�l;®

À�À,Ð�v3w�x«Ä�y



� �d�+GQ���������/4����3�+���������3.

� ������!­���.�*��� ���	�


���
 ������� p3t�������� �
U�VXZ­�dZClnZ3egm�ku�1k}¥��uZ3sgegmpy�ZhcPm�� ev� k7�dm�YªZC��cgmnkA��z}l�egsxmpz}�X�AqXl�z}egm�ku��c"V�zAc"iSZCZ3�1�'m��dZClna cvexq��dm�ZC��¥¿sgkAY iSkuegV1egVXZCkusxZ�exm�yCz}l2z}���
|Xs�zuy�egmpy3zul�|~kum��Ae�c¦ku¥M�bmnZC�
®nM �dZ3�AsgZCZ

k
�AZ3sgegZ�§

v
yCz}�°i~ZPsxZ3Y@k��AZC�@m��°ku|dexmnY­zul

Θ(k)
egm�Y@Z����A£b� �R£biXqde�mn�	|XsxzAy«exm�y3Z�|SZCku|Xl�Z

ku¥ÂegZ3�7q�cgZ�cgqXid¨Rku|dexmnY­z}lMcgkul�qdexmnkA��c�mn�
O(k2)

kAs
O(k log k)

egm�Y@Z!� �"�R®
W©� VXmn�AVXZ3s
�dm�Y@Z3��cgm�ku��cC£JegVXZ@|Xsxkui�lnZCY V�zuc�sgZhy�ZCmn�AZC�Ol�ZCcxc4z�egegZ3�>exmnkA� cgmn��y3Z.exVXZ­y�kAYª|�lnZ3§bmneva7k}¥ egVXZªsgZhcfq�l e�y3zu�OsxZCzuy�V

Ω(k2)
®
U�VXZ@cgk}¨©y3z}l�l�ZC� �/���J��� �I	�������-�9#���h�d£M�$�¦y3zu��i~ZªqScfZh�Oexk*sxZ3Y@k��uZªz	�AZ3sgegZ3§¢¥¿sgkAY egVXZ­��Z3lpz}qX��z�a7exsgmpz}���uqXlpz�exmnkA�M®�U�VXZ

VXkAlnZ
H
mpc'z­cfm�Y@|XlnZ4|~kul�abVXZC�dsxku� DbegVXZ
�AZ3�XZCsxzul~mp�dZhzjku¥�exVXZ�z}l��ukAsgmnegV�Y m�c�exk°zu�X�*�XZ3� egZ3egs�z}VXZh�ds�z.kA�XZ4i>a	ku�XZ4m��7zª��z�a

exV�z�e"Z3��cgqXsxZCc'exV�z�ePegVXZjVXkul�Zjcfexz�adc�cgmnY@|Xl�Z�DÊcgq�y�VOz@exZ�egs�z}V�ZC�dsxku�7mpcPy3zulnl�ZC��z}�]�/���«®PU�V�Z3sxZ.z}sxZ4ev� k	 >m����Xc�k}¥�Zhz}s�c+[ ZCz}s�c
¥¿kAsgY@ZC� iba¢ev��k	exsgmpz}�X�AlnZhcPkA��exVXZ@iSkAqX���Xzusga�k}¥¦exVXZ@VXkul�Zu£MegV�z}e
cgV�zusgZ@z}� ZC�d�AZu£�zu����Zhz}s�c�¥¿kAsgY@Zh��iba¢exVXsgZCZ.exsgmpz}���ul�ZCc
m���y�mp�dZC�Ae'exk°zª�uZ3sgegZ3§­egV�z}e�V�zuc'�XZ3�usxZ3Z �ªku�*egV�Z
iSkAqX���Xzusga°ku¥�exVXZ
VXkul�Zu®

M�e°Zhzuy�V cfegZC|M£�egVXZCsgZ7Y­z�aßi~ZOcfZC�uZCsxzul�Zhz}s�c@cgz}egmpcv¥¿abm��X�1egVXZO��Z3lpz}qX�Sz�aßy�sxm exZ3sxmnkA�XD��PZC�bmnl�lnZCsxc@|�sgk��AZCc.egV�z}e­egVXZ¢Zhz}s
¥¿kAs"�'V�m�y�V�egVXZ@sxZ3Y@k��uZh�¢|SkAmn�>e4V�zuc�exVXZ­cfY­z}l�l�ZCcfe"|~k�� ZCs��'mnegV sgZhcf|~ZCy�e�exk�egVXZ@y�m�sxy3qXY­cgy3sgm�iXm��X�*cg|XVXZCsgZªi~Z3l�ku�X�>cPexk	exVXZ
��Z3lpz}qX�Sz�a
egsxm�zu�X�uq�l�z}egm�ku�%� �"�R£uzu���ªVXZ�|XsgkA|Sk>cfZhc�egk�y�VXkbkAcgZ egVXmpc�ZCzusC® � a�Y­z}m��Ae�z}m��Xm��X�
z�|�sgm�kusxm eva�o>qXZCqXZ�k}¥~egVXZ�yCz}���Xm��Xz}egZ
Zhz}s�c3£bexVXm�c�a>m�Z3lp�Xc'zjegV�Z3kusxZ�exm�yCz}lMy3kuY@|Xl�Z�§dm eva	k}¥

O(f log k)
£d�'VXZCsgZ

f
m�c�exVXZ
�bqXY.i~Z3s'ku¥�exZ�egs�z}V�ZC�ds�z�exk­iSZ�y3sgZhz�exZC�Ê®

U�VXmpc¦zu|X|XsxkAzAy�V@yCz}�­i~ZP�AZ3�XZCsxzulnm�&3Zh�.exk.sxZ3�AqXl�zus2egsxm�zu�X�uq�l�z}egm�ku��cC£Acgmn�Sy�Z'exVXZP|Xsxkbk}¥Óc zuy«exq�z}l�l�ajsxZ3l�ajkA�@egVXZPegs�z}��cf¥¿kusxY­z�¨
exmnkA��i~Z�ev��Z3ZC� �A� ��Z3lpz}qX��z�a°egsxm�zu�X�uqXlpz�exmnkA��c�z}����y�kA�b�uZ�§°VbqXl�lpc'mn� � �j£X�'VXmpy�V¢z}lpcfkªVXkAl��Xc�¥¿kAs'sgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku�Sc3®


��&
 jloXp��('Zp�)Zk*�2t �,+.- o0/1� + t�2�':o0� �
M��AZ3�XZCsxzulJzu|X|XsxkAzAy�V­egk°cgkul��uZ�egVXZ��XZ3�uZC�XZ3s�z�exZ"yCzucgZCc�mpc�egVXZ
q�cgZ4k}¥�cfabYjiSkAlnmpy"|SZCsfexqXsgiSz�egm�ku�Sc3���$4b£M�C�d£Ê�h�$�R®FU�VXZ
�uZC�XZ3s�z}l
mp�dZCz@mpc�egk@Y­z} AZ"egVXZ
|Xsxkui�lnZCY��dZ3|~Z3�S�dZ3�>e�k}¥�zª|�z}s�z}Y@Z3egZ3s

ε
cgq�y�V�egVSz�eQ[

5 egVXZCsgZ4Z3§bmpcfexc ε0 > 0
cgq�y�V	exV�z�e'exVXZ
|�zusxzuYªZ3egZCsgm�&3Zh�°|XsxkuiXl�Z3Y�m�c'm��7�uZC�XZ3s�z}lJ|~kAcgm exmnkA�	¥¿kAs

ε ∈ (0, ε0]
£

5 m ¥"egV�Z¢kusxmn�Amn��zul�|XsgkAiXl�Z3Y�mpc­m�� �AZ3�XZCsxzul�|Sk>cfmnegm�ku�M£ egV�ZOcfkAlnqdexmnkA� ku¥�exVXZ¢|�zusxzuYªZ3egZCsgm�&3Zh�ß|XsxkuiXl�Z3Y�egZ3�S�Xc@egk¡exVXZ
cfkAlnqXegm�ku��k}¥�exVXZ
kusxm��um���z}lJ|XsxkuiXl�Z3Y��'VXZ3�

ε
�Ak>Zhc�egkO&CZ3sxk�£

5 m ¥"egV�Z¢kusxmn�Amn��zul |�sgkAiXlnZCY�mpc­�Xk}e­m�� �uZ3��Z3s�z}l�|Sk>cfmnegm�ku��£FegV�ZOcfkAlnqdexmnkA� ku¥PexVXZ¢|�z}s�z}Y@Z3egZ3sxm�&3ZC� |XsxkuiXl�Z3Y exZ3����cªegk
cfkAY@Z�egV�mn�X�@sxZ3l�Z3��z}�>e'�'VXZC�

ε
�ukbZCc egkO&CZ3sxkjiba*|Sk>cfmnegm��uZ4��z}l�qXZCcC®

]¢kAsgZ
|�sgZhy�mpcfZClnaA£Xm ¥
S
mpc���k}e�m��¢�uZ3��Z3s�z}lM|~kAcgm exmnkA�M£dexVXZ.sxZ3�AqXl�zus�egsxm�zu�X�uqXlpz�exmnkA�7m�c'��k}ePqX��m�o>qXZClna7�dZ�±S�XZC�¢zu����egVXZjz}m�Y�k}¥

z@|~Z3sgegqXsxi�z}egm�ku�°exZCy�VX��m�o>qXZ
mpc�egk°cgZ3l�ZCy�e�kA�XZ4k}¥�egVXZ
|~kAcxcgmniXl�Z4sgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku�Sc3®
��m,YJZ3sxZ3�>e�|~Z3sgegqXsxi�z}egm�ku��YªZ3egVXkd�Xc'yCz}�7i~Z
q�cfZh�	m���egV�z}ePy3zAcfZI[�ZCm exVXZ3s�exVXZ
m��X|Xqde�ku¥�exVXZ
|XsxkuiXl�Z3Y�yCz}��iSZ
|~Z3sgegq�sgi~ZC�

kAs�egVXZ��dZ3±��Xmnegm�ku�7k}¥�egVXZ
|�sgkAiXlnZCY�y3zu�7iSZ
cglnm��uV>egl�a	y�V�zu�X�uZh�Ê®
¯ VXZC�Oq�cgmn���*z°|~Z3sgegq�sgi�z}egm�ku�M£JcgkuY@Z�|Xsxku|~Z3sgegm�ZCc�y3z}��iSZjlnk>cve"mn�¢exVXZªsgZhcfqXlneQ[�exk*y�VXZhy� *�'VXZ3egVXZCsPexVXZ3aOzusgZjcgz}egmpcv±�Zh�Ê£

��Z
Y.q�cfe
¨ y�V�ZCy� @egVSz�e'egV�Z
|�z}s�z}Y@Z�exZ3sxm�&CZC�*cfkAlnqdexmnkA��cxz�exm�cf±�Zhc�egVXZ
|Xsxku|~Z3sgegm�ZCc
¨ y�V�ZCy� @egVSz�e'egV�Z
|XsgkA|SZCsfexmnZhc'z}sxZ"cfegm�l�lÊegsxqXZ�z�e�exVXZ
lnm�Y@m eh®
r2Z3sgegq�sgiXm��X� egVXZ1mn��|XqdeOy3zu��V�z��uZ �uZCsga cgZ3sxmnkAq�c	�ds�z��'i�zAy� bcQ[¡m ¥jegVXZ1|~kum��Ae�c�Yªk��AZ��'mnegV

ε
� � �R£�egVXZC� zß��ku� %~z�e

exZ�egs�z}V�ZC�dsxku�OyCz}�¢i~ZCy�kAY@Z1%Sz�e4z�e�exVXZ.l�m�YªmneC® � a76 ����exZ�egs�z}V�ZC�dsxku�M£S� Z.YªZhz}��z­egZ�exsxzuVXZC�XsgkA���'V�kAcgZ
¥¿kuqXs��uZCsfexm�y3ZCc�zusgZ
y3ku|Xlpz}��zusC®nMPc�Z�§d|Xlpz}m��XZC�*mn�O[bZhy«exmnkA� � £X� Z4��z}�>e�egk­z��ukAm��°egVXmpcC®

8¦�XZ3lpcfiXsxqX�X��Z3s zu���@]:9�y� AZ��'sgmnegZ�exV�z�e q�cfm��X�
exVXZ3m�s¦|~Z3sgegq�sgi�z}egm�ku�ªegZhy�VX�Xmpo>qXZ'¥¿kus��PZCl�zuqX��z�a.egsxm�zu�X�uqXlpz�exmnkA��c2mpc¦z<;fsgZhz}l
|�zumn�(=�z}���ªcgqX�u�AZCcfe�egk4q�cgZ egVXZ�egs�z}�Scv¥¿kAsgY­z�exmnkA��m��ªy3ku�b�uZ3§4VbqXl�ldm��jkA�XZ��XmnY@Z3�Scfm�ku�ªVXm��uVXZCs2zu����|~Z3sgegq�sgijegVXZ'y3kuY@|Xqde�z�egm�ku�
ku¥�exVXZ�y�kA�>�AZ�§°VbqXl�l����C�$�R®
¯1Z�|Xsxku|~kAcgZ�z­��z}sxm�zu�>e'egV�z}e�y�kA��cfmpcfexc'm��Oy�V�z}���um��X�­ku�Xl�a*egVXZ�s�zu�XmnmMku¥2egVXZ �u� cgmnegZCcC£��'V�m�y�V¢|~Z3sgegqXsxi�c�egVXZ�|~kum��>excPmn�

� ��mn��exVXZ
�uZCsfexm�yCz}lÊ�dm�sgZhy«egm�ku��ku��lnaA®
> �XZ*mnY@|~kusgexzu�Ae­zu�X��zu�>exz}�AZ°mpc.exV�z�eªegV�Z �A�,|~kum��>excª�dk1�Xk}e@Y@k��uZu£�exV>qScjmn¥"zOegZ3egs�z}VXZh�dsgkA�ßi~Z3l�ku�X�>c�exkOegV�Z*l�mnY@mne

cgkul�qdegm�ku��£�egVXZ�cxz}Y@Z¢exZ�exsxzuVXZC�dsxku� mpc°sxZ3�AqXl�zus@¥¿kus�z�cfZ3e	k}¥
�XkA���dZ3�AZ3�XZCsxz}egZOcgm exZCc°�'mnegV cgzuYªZOy3Z3�>egZCsxc°iXqde��Xm,YJZ3sxZ3�>e
��Z3m��uV>excC£AegVbq�c egVXmpc egZ3egs�z}VXZh�dsgkA�­m�c��XkA�O%Sz}eC®@?XkAqXs�cgmnegZCc��'mnegV�y�ku|�l�zu��z}s�y�Z3�>exZ3s�c¦kA�­egVXZ �u� y�kA�b�uZ�§@VbqXl�l~�'m�l�lJcfegm�l�l~i~Z"mn�
�dZC�uZC�XZ3s�z�exZ�|Sk>cfmnegm�ku� z�¥ÂegZCsPexVXZ.|~Z3sgegq�sgi�z}egm�ku�M£Jcgmn��y3Z�exVXZ3a¢z}sxZ.zAcgcgkdy�mpz�egZh�7�'m exV z­�AZ3sgegmpy3zulM¥Ózuy3Z�e"mn� � � exV�z�e4�'m�lnl2cve�z�a
�AZ3sgegmpy3z}l9£diXqde���Z4�'mnl�l�cgVXk��Hm��¢[bZCy�egm�ku�O�d® �jegV�z}e�exVXmpc�y3zAcfZ
y3zu��cfegm�l�lMiSZ
VSz}���dl�ZC�M®

?�kus�z	�PZCl�zuqX��z�a*egsxm�zu�X�uqXlpz�exmnkA�M£XexVXZ.|~Z3sgegq�sgi�z}egm�ku�¢sxZC�dqSy�ZCc'egk*y3kuY@|Xqdexmn���­egVXZjsgZC�uqXlpz}s�egsxm�zu�X�uqXlpz�exmnkA��¥¿kus�z*cfZ3ePk}¥
cgm exZCc¦�'m exV°� ZCmn�AV>e¦�ukAmn�X�4exk�&3ZCsgk
�'V�Z3�

ε
�ukbZCc2exk�&3ZCsgkS®�U�V�m�c¦m�c z}�°z}�Sz}l�ku�uaj�'m exV@egVXZ�;fcgl�mn�AZ3sFZ3§bqS�Xz�exmnkA�A=�Y@Z3egVXkd�:� � £ �$�

½¿¾�À�½ÂÁ



�����������
	��
���������������������������
������������� �
	�� �

exV�z�e�y�kA��cgm�cfexc mn�7zucxcgkby3m�z}egm��X�.��Z3m��uV>e�cFexkj|~kum��>excC£Xy�VXkAcgZ3�	cgkjegV�z}e�exVXZO���R9O	H4��T%Sz�e�egZ3egs�z}VXZh�dsxz�egV�z}e�z}sxZPqX��z��Akump�Xz}i�lnZ�mn�
zj�PZCl�zuqX��z�a�exsgmpz}���uqXlpz�exmnkA�°�dm�cxz}|�|SZhz}sFm��­egV�ZPsxZ3�uq�l�zus�egsxm�zu�X�uq�l�z}egm�ku�M® W©�­kuqXs�y3zAcfZA£uexVXZ�exZ�egs�z}V�ZC�ds�z
z}sxZ��Xkue z}l�Y@kAcfeN%Sz�eh£
iXqXe�sxZCzulnl�a %~z�eC£AegV�Z���Z3m��uV>exc z}sxZ�cfabYjiSkAlnmpy}£bz}���­egVXZ�egsxm�zu�X�uq�l�z}egm�ku�@� Z"y�kAYª|�qdegZ�m�c�z���Z3lpz}qX��z�ajegsxmpz}�X�AqXl�z}egm�ku�­�'mnegVXkAqde
zu�>a�%Sz}e¦exZ�egs�z}V�ZC�dsxku�M®nMH�Xsxz��'i�zAy� .ku¥ÊegVXZ"Y@Z�egV�kb�°m�c¦egV�z}e�|�sgkA|SZCsfevajegV�z}e mpc cxz�exm�cf±�Zh�­ibaª��Z3lpz}qX�Sz�ajexsgmpz}���uqXlpz�exmnkA��c�k}¥
�XkA�d¨©�dZ3�AZ3�XZCsxz}egZ�cgZ�e�c�k}¥�cgm exZCcC£biXqde'�Xk}e'iba@sgZC�uqXlpz}s egsxmpz}�X�AqXl�z}egm�ku��cC£>Yªm��uV>e��Xk}e�i~Z4cxz�exm�cf±�Zh�°iba@egVXZ4l�mnY@mne�cfkAlnqdexmnkA� ' ZA® �S®
� �"�A5«®

MP�Xk}exVXZ3s¦¥¿ZCz�exqXsxZ�k}¥JegV�Z�egZhy�VX�Xmpo>qXZ�mpc�egVSz�e¦exk.zucxcgmn�A�jexk�ZCzAy�V°cfmnegZ�z4¥¿qX��y�egm�ku�°ku¥
ε
zuc¦sxzA�dm�q�c3£A� ZP�XZ3Zh�­z
ku�XZ3¨;exk}¨Rku�XZ

Y­z}|¡i~Z�ev��Z3ZC�ßcfmnegZhc�z}��� ¥¿qX�Sy«egm�ku�Sc3£��'VXmpy�V1mpc
q�cgq�zulnl�a zAy�VXmnZC�uZh��iba�m����dZ3§dmn�X�7exVXZ	cgm exZCcC®°¯1Z°�'mnl�l cgVXk�� egV�z}e.mn�1¥ÓzAy«e
��ZªyCz}�OsxZ3|�l�zAy�Z
exVXZjm����dZ3§dmn�X��iba¢z}��kAsx�XZ3sxmn�X�­ku¥FegV�Zªcgm exZCcC®
{'Z3l�abmn�X�*ku�1z}�Om����dZ3§bm��X�*kus"kus��dZ3sxmn���°k}¥ cgmnegZCc�mpc�i~k}exV z
�ds�z��'i�zAy� �zu����zu��zu�d��zu�Ae�z}�AZ�['mne"mpc4z	�ds�z��'i�zuy� �i~ZCy3zuq�cgZ�egV�ZjsxZCcgqXlne4�dZC|SZC���Xc"k}¥¦egV�z}e"kAsx�dZCsgm��X� DSmne
m�c"z}�1zu�d��z}�>e�z}�uZ
i~ZCyCz}q�cgZ"egVXZ
kAsx�dZCsgm��X�@y3zu�*i~Z�y�VXkAcgZ3�*¥¿sxZ3Z3l�a­exk@±Xe�k}exVXZ3s'|Xq�sg|~kAcgZCcC®

/ � #�-��
�2�����7� ��# �������*�'�

����
 � knp k ����� p3t��������
U�VXZ�zuln�Akusxm exVXY ��zuc'o>qXmpy� >l�a	cgqXY@Y­z}sxm�&CZC�*mn�¢[bZCy�egm�ku�O�d®��}®

W©�OkAsx�XZ3s�exk*y3ku|~Z.�'mnegV �XZ3�uZC�XZ3s�zuy3mnZhc3£~�PZC�bmnl�lnZCsxc �~YªZ3egVXkd��� kAqXl��7��Z3ZC� z°|~Z3sgegqXsxi�z}egm�ku�¢k}¥¦egVXZªy�kuY@|�zusgmpcgku�¢k}¥�exVXZ
|~k�� ZCsxc�k}¥¦z*�um��uZC�¢|SkAmn�>e4�'m exV sxZCcg|~ZCy«e�egk7�dm�Y~ZCsgZC�Ae"ZCzusxcC®"U�V�ZCcgZj|~k�� ZCs�y3kuY@|�z}sxmpcfkA��c�V�z��AZ�VXm��uVXZCs"zuln�AZ3iXs�z}mpy��dZC�usxZ3Z
exV�z}�¢exVXZ�|XsxZC�Xm�yCz�egZhc�egVSz�e"zusgZ
sxZCzulnl�a	��Z3ZC�XZC�7iba	exVXZjy3kuY@|Xqde�z�exmnkA��ku¥2egVXZjsgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku��£���zuYªZClna	egVXZl	����
�+�3�
zu���*egVXZ8	�����-3	��B	��;���R����<	|XsxZC�Xm�yCz�egZhc ' cgZ3Z.[bZhy«exmnkA�¢��5«®*M�|~Z3sgegq�sgi�z}egm�ku��k}¥�egVXZhcfZ
|~k���Z3s'y�kAYª|Sz}sxm�cgku��c���kuqXlp�*V�z��uZ"egk­i~Z
y3kuY@|�z�exmni�lnZ
�'mnegV�egV�Z
|SZCsfexqXsgiSz�egm�ku��k}¥�egVXZ8	�����-3	��B	��;���R����<	|�sgZh�dm�yCz�exZu£d�'VXmpy�V*��kuq�l��*iSZ�o>qXmnegZ
m��b�ukAln�AZC�Ê®
]¢kAsgZCk��uZCsC£X��Z3�bm�lnl�Z3s�c��~z}l��ukAsgmnegVXY�mpc��Xkue�sxZCz}l�l�a*cgqXm e�z}iXl�Z�¥¿kAs�z­�AZ3�XZCsxzulM|XqXsx|~kAcgZ�lnm�iXs�z}sxa*cgq�y�V�zAc�²J³M´�µ3['U�VXZjzuln�Ak}¨

sxm exVXY­c
|Xsxku|~kAcgZC� iba¡²J³M´�µ¢z}sxZ@|�z}s�z}Y@Z�exZ3sxm�&CZC��i>a1z)� �������
4Sa+���H4/4	�dZ3±��Xm��X�7egVXZ­iSzucgm�yª�uZCkuY@Z�exsgmpyªku|~Z3s�z�exmnkA��c"�XZ3Zh�dZC�
iba7egV�Zªzuln�Akusxm exVXY­c3®
U�VXZªq�cgZ3s4y3z}��|Xsgk��bmp�dZCcPegV�Zªzuln�Akusxm exVXY­c��'mnegV1VXm�c���V�Z3s"k��'�¢egs�z}mnexc"y�lpzucxc3®
U�VXZCsgZ3¥¿kusxZ.��Z.�XZCZC�Oegk
 AZ3Z3|OegVXZªsgZho>qXmnsxZ3Y@ZC�Ae�c'¥¿kAs�egV�Z.exsxzum e�c�y3l�zAcgcPYªm��Xm�Y­z}l9®"��Z3�bm�lnl�Z3s�c��Jz}l��ukAsgmnegV�Y,��kuqXlp�7sxZCo>qXm�sgZ.zu��zu���dm exmnkA��z}l�|XsxZC�dmpy3z}egZ
¥¿kAs"y3kuY@|�z}sxm��X�@egVXZª|~k�� ZCsxc'ku¥¦z°|~kum��>e��'mnegVOsxZCcg|SZhy«e�egk°ev��k	cg|XVXZCsgZhc3£SegV�z}e�mpcP��k}e���ZCy�Zhcgcxz}sxa°¥¿kAsPexVXZjy3ku��cfegsxq�y�egm�ku�¢k}¥
exVXZ�sxZ3�AqXlpz}sFexsgmpz}���uqXlpz�exmnkA�M® U�Vbq�cC£}exVXkuq��uV°exVXmpc�zuln�Akusxm exVXY y�kuq�l��­i~Z4y�kd�dZC�	�uZCsgaªZ�V°y�m�Z3�>exlna°zAc zjcve�z}���b¨©z}l�ku��Z�|Xsxku�us�z}Y7£
mnexc'm��>egZC�us�z�egm�ku�	mn�O²J³M´�µªkAs'mn�7z}�ba­l�mni�sxzusga­|Xsxk��bm��Xmn�X�j�uZC�XZ3sxm�y3m eva°zu���*sgkAiXq�cfeg�XZhcgc�mpc'cfkAYªZCVXk�� |XsxkuiXl�Z3Y­z}egmpy}®nWRePcfZCZ3Y­c
exk­iSZ
i~Z�egegZ3s�egk­q�cgZ
ku�Xl�a­exVXZ
|XsxZC�dmpy3z}egZCc�exV�z�ePzusgZ4m��>egsxmn��cgmpyPexk@egVXZ
sxZ3�AqXlpz}s�egsxm�zu�X�uq�l�z}egm�ku�M£d��zuY@Z3l�a­egVXZ8	�����-3	��B	��;���R����<
zu���*egVXZ8	����
��� ��|�sgZh�dm�yCz�exZCcC£bzu���*egk­z��ukAm��*z}�ba	y3ku��cfegsxq�y«exmnkA�M®

���&
 � k p tLk + �
{�z}egVXZCsªegV�zu� q�cgm��X��exVXZ7|XsxZ3�bmnkAq�cªz}l��ukusxmnegVXY7£���Z�y3kuqXlp� qScfZ7z���ku�d¨Rku|dexmnY­zul���zusgmpz}�>e.exV�z�e°y3ku��cgm�cfexcjm�� Y­z}m��>exzumn�Xm��X�
�dab��zuY@m�yCz}l�lna�zjl�mpcvePku¥2yCz}���Xm��Xz}egZ4ZCzusxc'zu���*egZhcvexmn�X�­mn¥2egVXZCmnsPkusgegVXkA�uku�Sz}l~i�z}l�lMmpc'Z3Y@|deva�iba	z}|X|�lnabm��X�@egVXZ8	�����-3	��B	��;���R����<
|XsxZC�Xm�yCz�egZ"exk������X�A-2��4�������4
k}¥�exVXZ
VXkAlnZA®
¯ VXZC�¢z}��ZCz}s'mpc�¥¿kuq����*egk­i~Z3l�ku�X�ªegk

RT (S \ {v})
£bexVXZ3��egV�Z4V�kul�Z4zu���*egVXZ
l�mpcve'k}¥�y3zu���dmp�Xz�exZ4ZCz}s�c�z}sxZ4qX|~��z�egZh�Ê®

WR¥ÊexVXZPsxZ3�AqXl�zusFexZ�egs�z}V�ZC�ds�z
z}sxZPzu���dZC�­ibaªmn�Sy�sxZCzucgm��X��|~k�� ZCsxcC£}exVXZ3�­exVXZ3a­zusgZ�Zhz}s�cFkA�@egVXZ"VXkul�ZPz}e¦egV�ZPY@kuY@Z3�>e egVXZCa
zusgZ­zu���dZC�Ê®JW©� egVXZ­��zusgmpz}�>eC£MegVXZªegZ3egs�z}VXZh�ds�z*zusgZ­zu���dZC� mn��z7�dm�Y~ZCsgZC�>e4kAsx�XZ3sh® ��Z�e�q�c
�dZC�Xk}exZ

H∗

egVXZ­VXkAlnZ­z}e
cgkuY@Z
cfexzu�uZ�ku¥�exVXZ.zuln�Akusxm exVXY,zu���

T
egVXZ.sgZC�uqXlpz}s'exZ�exsxzuVXZC�dsxku�7ku¥�cgY­z}l�lnZhcve�|Sk���Z3s'm���cgm��dZ

H∗

® WR¥���Z.y�kA��cfmp�dZCs
HT

egV�Z.VXkAlnZ
i~Z�¥¿kAsgZ@exVXZ	zu���dm exmnkA�¡k}¥

T
m��¡egVXZ­kAsgm��um���zulFz}l��ukusxmnegVXY exVXZ3�

T
mpc�z}�¡ZCzus
k}¥

HT

£�egVbq�c
T
mpc�z}lpcfk¢zu�1Zhz}s
ku¥

H∗

cgmn�Sy�Z
H∗ ⊂ HT

£S�'VXmpy�V*|Xsxk��uZhc�egV�z}e'egVXZCsgZ
mpc�z}e�lnZhzucfe�kA�XZ
sxZ3�uq�l�zus exZ�exsxzuVXZC�dsxku�
T
�'VXm�y�V7mpc�z}�7Zhz}sh®¦[bk�£Xm��Oz}l�lMy3zAcfZhc3£bexVXZ3sxZ

�'m�lnl�Z�§dm�cfe�sxZ3�uq�l�zus Zhz}s�c�mn�*egVXZ
l�mpcve�ku¥2yCz}���dmp�Xz}egZ4ZCzusxc�z�e�Zhzuy�V�cve�z}�uZA®
U�VXZ@�bqXYjiSZCs
k}¥�yCz}���Xm��Xz}egZhc
�dqXsxmn�X�*egV�Z­�'VXkul�Z­z}l��ukusxmnegVXY mpc

O(f)
£�egVXZªexZCcfe
exz} AZCc

O(k)
¥¿kAs
ZCzuy�V ZCzusC£ÊexVbq�c"egVXZ

�'VXkAlnZ4y�kAY@|XlnZ3§dm eva­mpc
O(fk)

£d�'VXZCsgZA£dzuc�mn�7[bZCy�egm�ku�7�d®��}£
k
m�c egV�Z4�XZ3�usxZ3Z�k}¥MexVXZ4sgZCY@k��uZC�°�uZ3sgegZ3§°z}���

f
m�c egV�Z��bqXYjiSZCs

ku¥2y3sgZhz�egZh�°exZ�exsxzuVXZC�ds�zX®
[bm���y3Z i~k}exV

f
z}�S�

k
z}sxZ cgY­z}l�l>y3ku��cfexzu�>exc�mn�j�uZ3��Z3s�z}l9£3exVXm�c�Y@Z�exVXkd���'m�lnlbi~Z�o>qXmnegZ�Z�V°y3mnZC�Ae2m��.|Xs�zuy�egmpy�Zu®*?XkAs�Z3§dzuY@|XlnZA£

exVXZ�Z3§d|SZhy«egZh�­��z}l�qXZPku¥
k
�'VXZ3�°egVXZ"mn��|Xqde |~kum��>exc¦¥¿kul�lnk�� z.r�kAm�cxcgku�°�dmpcvexsgm�iXqdexmnkA�°m�c

96

70
π2 +2 ' 15.5

zu���@exVXZPZ3§b|~ZCy�egZh�
��z}l�qXZ
ku¥

f
m�c

72

35
π2 ' 20

���h� �R®

����� 	 o u t +<� k ����� p3t������
M_��z}m��uZ�zuln�Akusxm exVXY y3ku��cgmpcve�c°m��Hcfm�Y@|Xl�a y3kuY@|Xqdexmn�X�ßegVXZ sgZC�uqXlpz}s­exsgmpz}���uqXlpz�exmnkA� ku¥
egVXZ cfmnegZhc	ku¥"exVXZ�V�kul�Z

H
£'exVXZ3�

sxZ3Y@k��bmn���4¥¿sgkAY exVXm�c cfY­zulnl�egsxm�zu�X�uqXlpz�exmnkA�.exVXZ�exZ�exsxzuVXZC�ds�z"egVSz�e zusgZ'kAqdexcgm��XZ
H
z}���ª±S��z}l�lna
7�4+��( �����2=MegVXmpcFexsgmpz}���uqXlpz�exmnkA�

m��	exVXZ4VXkul�Zu®�U�VXkAqX�uV	egVXmpc'z}|�|Xsgk>zuy�V°l�ZCzA�Xc egk@zª� kAsxcfef¨©y3zAcfZPzAcfabY@|dexk}egmpy�ku|dexmnY­z}lÊzuln�Akusxm exVXY7£>mne'Y.q�cfe�iSZ4�Xkuegmpy�ZC�	egVSz�e
�Xkue"kA�Xl�a*exVXZªVXkul�Z.mpc�exsgmpz}���uqXlpz�exZC�Ê£~iXqde"egVXZª�'VXkAlnZªy�ku�b�AZ�§7V>q�lnl2k}¥�exVXmpc�V�kul�Zu£ÊcfkS£SY­zu�>a�exZ�egs�z}V�ZC�ds�z°z}sxZjy3ku��cfegsxq�y�egZC�

À�À,Ð�v3w�x«Ä�y



� �d�+GQ���������/4����3�+���������3.

zu���*egVXZC���dZClnZ3egZh�Ê£X�'VXmpy�V7m�c�q�cgZ3l�ZCcxc�Y@Z3Y@kusxa­Y­z}��zu�uZCYªZC�>e���kusx J®�[begm�lnl9£degV�m�c'Y@Z3egVXkd�*��zAc�|Xsgk��AZC�°egk@|SZCsf¥¿kAsgY�iSZ3efegZCs
exV�z}�@exVXZ���z}sxm�zu�>e2ku¥SexVXZ�Zhz}sFz}l��ukAsgmnegV�Y |XsxZCcgZ3�>egZh�jm��°cgZCy«exmnkA� �X®È�b£Acgk�£Am e¦mpc2exVXZ�Y@Z�exVXkd�.exV�z�e m�cFy3qXsxsgZC�AexlnajmnY@|Xl�Z3Y@ZC�AexZC�
m���²~³�´�µ�®

W©�¡exVXZ*cgZCo>qXZCl;£2��Z­¥¿kdy�q�c.ku�¡egV�Z	|~Z3sgegqXsxi�z�exmnkA��q�cgZC�1¥¿kusªcfkAln�bm��X�O�dZC�uZ3��Z3s�zuy�m�ZCc�sxz}egVXZCs
egV�zu�ßku�¡exVXZ	zuln�Akusxm exVXY@m�y
mpcgcgqXZhc3®

5 U�VXZ"|SZCsfexqXsgiSz�egm�ku�	YªZ3egVXkd�	|XsgZhcfZC�>egZC�°mn�7[bZCy�egm�ku���jy�kA��cgm�cfexc mn��zu�X�Xmn�X�ªz.cgabY.i~kul�m�y���z}l�qXZ�exk.exVXZ�s�zu�Xmnq�c k}¥�ZCzuy�V
cfmnegZA®NWReP�dkbZCc���k}ePy�sxZCz}egZ
z}�baO%~z�e'egZ3egs�z}VXZh�dsxku�M® M�l�l�k��'mn�X��%Sz}e'egZ3egs�z}VXZh�dsxzª��kuqXlp�*V�z��uZ
z}l�l�k�� Zh�°q�c�exk@q�cfZ
Y@kAsgZ
egsxmn�bmpz}l2z}l��ukAsgmnegVXY­cC£JiXqdeC£MzAcPY@ZC�AexmnkA�XZC��mn��[bZhy«egm�ku� � £Ê��Zjy�kA��cgm��dZCsPexVXmpc
zuc�qX��zuyCy�ZC|dexzuiXlnZjiSkuegV ¥¿kus�egVXZCkusxZ�exm�yCz}l
z}���*|Xs�zuy�egmpy3z}lÊsxZCzAcfkA��cC®

5 ¯ ZjsgZCY­z}sx ­egV�z}ePexVXZ�|~Z3sgegqXsxi�z�exmnkA�O�dZ�±S�XZCc�egVXZjsgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku�7qX��m�o>qXZClna7Z3�AZ3�7¥¿kAsP�dZ3�AZ3�XZCsxz}egZ�y3ku�d±��Aqd¨
sxz}egm�ku��cC®

U�VXZ7Y@Z�exVXkd� m�c­m�Y@|Xl�Z3Y@Z3�>egZh� mn��²J³M´�µ�® MPcª¥Ózus°zuc@��Z7 >��k��
£�²J³M´�µ¡m�cªexVXZ¢ku��lnaß|�qXiXl�m�y3lna z���zumnlpz}i�lnZ7cfku¥Âev��zusgZ
|Xsxku|~kAcgm��X�ªzª¥¿q�lnl�a*�dab��zuY@m�y �u� �PZCl�zuqX��z�a°z}�S�*sxZ3�AqXlpz}s egsxm�zu�X�uqXlpz�exmnkA��cC®

� � 
�������!"�4���������

�<��
 � oXm k tLp3t +<� ���Zo ��p3t@k +�� ' � k*��t � + � ' ����t��:o ���:o � �,� oct����Zt���/ ' � � �
��Z�e'q�c�y�kA��cfmp�dZCs�zªcvexsxzumn�AV>e�|XsxmpcfY

H
�'m exV	exsgmpz}�X�AqXlpz}s¦iSzucgm�c�cgq�y�V°exV�z�e'mnexc�cfmn§°�uZCsfexm�y3ZCc�z}sxZ"y3kAcg|XVXZCsgmpy3zul;®nMPcxcfq�YªZ�egVSz�e

mnexc�sxZCy�exzu�X�uqXlpz}s�¥Ózuy3Z�e�cFz}sxZ¦exsgmpz}���uqXlpz�exZC�ªzuc�cgVXk��'�.m��!?�m��uq�sgZ4�}® �MZ3e�q�c��Xk�� egsxa
egk"egsxmpz}�X�AqXl�z}egZ�egV�Z�m��>egZCsgm�kus�ku¥
H
®2U�VXZ

cgm §��uZCsfexm�y3ZCc�k}¥
H
z}sxZ"Z3§Xzuy«exlna	mn��egV�Z�cgzuYªZ�y3ku�d±S�uqXs�z�exmnkA�	sxZ3�Azusx�Xmn�X�.egVXZCmnsPmn��y3m��XZ3��y3ZCc'kA�

H
® U�zu uZ4ku�XZ4ku¥�exVXZ3Y7£�cxz�a

p
( ��	6�}£�egVXZC�*mnePy3zu�	ZCzAcfm�l�a­iSZ�cgZ3ZC�	exV�z�e�z}�ba­|~kAcxcfm�iXl�Z"egZ�exsxzuVXZC�XsgkA�	V�z��bm��X�.exVXmpc��uZ3sgegZ3§	z}����z}�ba­kuegVXZCs�egVXsxZ3Z"�uZCsfexm�y3ZCc
ku¥

H
�'mnl�lMV�z��AZ"zu�7ZC�d�AZ�exV�z�ePy3sgk>cgcgZCc�z}�7Z3§bmpcfegm��X�@ZC�d�AZ"kA�

H
®

p

?�mn�AqXsgZ@�I[ ' �Q5�V�zAc��XZ3�>z�exmn�AZ4zu��cg� ZCs

w"kAmn�X�ªi�zAy� @egkªegVXZ4�AZ3sgegZ�§°sxZ3Y@k���z}l~m���z��u��sxZ3�AqXlpz}s egsxm�zu�X�uqXlpz�exmnkA�M£>m ¥�egVXZ
cgZ�e'k}¥�egZ�exsxzuVXZC�Xsxzjmn�Sy�mp�dZ3�>e�egk­zj�uZ3sgegZ3§
v
¥¿kAsgY&egVXZ­|~kul�abVXZC�dsxku�

H
£MexVXZ3� egV�Z­|XsgZC�bmnkAq�c"sgZCY@zusg dc4cgVXk���egVSz�eC£��'VXZ3�

v
mpc
sgZCY@k��uZC�M£Ê�'V�z�exZ3�uZCs
y�VXkumpy�Zª�'mnl�lFi~Z

Y­zu�XZu£XsxZ�exsgmpz}�X�AqXlpz�egm��X�.egVXZ
VXkAlnZ
H
y�sxZCz}egZhc Zh�d�uZhc�egV�z}ePy�sxkAcxc�ZC�d�AZCc�k}¥�egVXZ4exZ�exsxzuVXZC�ds�zªkuqde�cfmp�dZ"egV�Z
VXkul�Zu®

M cvexsxz}egZC�ua­y�kAqXl��*y�kA��cfmpcfe m��	exsgabm��X��exk %�m�|*egZ�exsxzuVXZC�Xsxz.kuqde�cfmp�dZ
H
zuc�cgqX�u�AZCcfegZC�°i>a ��ZC�dkAqd§­Z�e�z}l9®��n� � �R®
	Pk�� ZC�uZCsC£

exVXZ %Smn|�c4y3kuqXlp�¢|Xsxku|�zu�Az}egZ
¥Ózus"z���z�a�zu���7exVXZj�'V�kul�Z�egsxmpz}�X�AqXl�z}egm�ku��y3kuqXlp�¢|~kAcxcfm�iXl�a7iSZªsgZhy�kAYª|�qdegZh�Ê£~¥¿kus"mn��cfexzu��y�Zjku�
m��X|Xqde"�Xz�e�z.exV�z�e���kuq�l���y�kA��cfmpcfe�ku¥��AlnqXm��X�ªegkA�uZ3egVXZCs'|SkAlnabVXZh�dsxzjl�mn AZ4egVXZ4|~kul�a>V�ZC�dsxku��k}¥@?�mn�AqXsgZ@�}®

½¿¾�À�½ÂÁ



�����������
	��
���������������������������
������������� �
	�� 4

�<�&
 � + /;p2o	� o + ��k ��� � + � ��p '�/ �2t � + �
M�e�±�sxcfePcgmn�AVAeh£XexVXZ�Z�§XzuYª|�lnZ�ku¥�?�m��uq�sgZ­�.cgZ3ZCY­c�egk°|�sgk��AZ�exV�z�e"z��ukump�dm��X�­cfqSy�V¢ZC�d�AZ�y�sxkAcxcfm��X�Ac�mpc�m�Y@|Sk>cgcgm�iXlnZA® W©�7¥Ózuy«eh£
exVXm�c¦y3zucgZ�y3z}���Xk}e�i~Z'iXqXm�l e�iba.z}�ªm���y�sxZ3Y@Z3�>e�z}lXz}l��ukAsgmnegV�Y y�kd�dZC�ªzuc�¥¿kAlnl�k���cQ[ MPc2Y@Z3�>exmnkA�XZC�Ê£}egVXZ'kA�Xlna.|XsgkAiXl�Z3Y­z�exm�y�y3zAcfZ
mpc��'VXZ3��exVXZ3sxZ
z}sxZ�Y@kusxZ�egV�zu� � cgm exZCc�V�z��bm��X�ªzªkAYªY@kA�*kAsfexVXku�Aku��zul~cg|XVXZCsgZ ' zu���	�'V�kAcgZ4y3Z3�>egZCsxc�zusgZ4y�kA|Xl�zu��z}s'z}e�exVXZ
cxz}Y@Z�egm�YªZH5«®�¯ VXZC��zªcgm exZ

s
mpc�m���cfZCsfexZC�Ê£>exVXZ
cfZ3e�ku¥�egZ3egs�z}VXZh�ds�z$a/	�� 6T�
a+�����B�­�'mnegV

s
' �dZ3±��XZh�*zAc¦exVXZ"egZ3egs�z}VXZh�dsxz.�'VXkAcgZ

cg|XVXZCsgZ
mpcPcfegsxm�y�egl�a*k��AZ3sg¨9kAsfexVXku�Aku��zulXexk
s
5'm�c��dZ�exZ3sxYªm��XZh�Ê£Szu����egVXZhcfZ�egZ�exsxzuVXZC�Xsxz@z}sxZ��dZClnZ3egZC��¥¿sxkuY�egVXZ�egsxm�zu�X�uqXlpz�exmnkA�M®

WR¥�egVXZ
zuln�Akusxm exVXY y�ku�Scfmp�dZ3s�c�zuc��XkA�d¨Ry3ku��%Sm�y�egm��X��exVXZ4egZ3egs�z}VXZh�dsxz.�'VXkAcgZ4cf|XV�Z3sxZ�mpc�kusgegVXkA�ukA��z}l�egk
s
£Xz}���°egVbq�c�mn¥�mneP�dkbZCc

�XkueP�dZ3l�Z�exZ4egVXZhcfZ4exZ�exsxzuVXZC�ds�zX£>exVXZ3�7��Z
�uZ�e�z@qX��m�o>qXZ�y3ku��cfegsxq�y«exmnkA�	ku¥2zªsxZ3�uq�l�zus exsgmpz}���uqXlpz�exmnkA�M®�U�VXm�c'egsxm�zu�X�uqXlpz�exmnkA�	mpc
qX��m�o>qXZ4¥¿kAs�zj�Amn�AZ3��kus��dZ3s�ku¥�exVXZ�cfmnegZhc3£di�qde�m eP�XZ3|~Z3���Xc�ku��egVXZ4kAsx�dZCs'k}¥�mn��cgZ3sgegm�ku��k}¥�egV�Z�cfmnegZhc3®

M�cgcgqXY@mn����exV�z�e�exVXZ�y�kA�d±��AqXsxz}egm�ku�ªcfVXk��'�ªm��7?�m��uqXsxZ4�'V�zuc2i~Z3ZC�­y�ku�Scvexsgq�y�egZh�.iba
exVXm�cFmn��y3sgZCY@Z3�>exzulXz}l��ukusxmnegVXY l�ZCzA�Xc
exk*exVXZ­y�kA��y�l�q�cgmnkA�OegVSz�e
egV�ZªkAsx�XZ3s"k}¥ m���cgZ3sgegm�ku�1k}¥ egVXZ@|~kum��Ae�c4m�c4y3aby3lnmpy}£��'VXm�y�V1mpc4k}¥�y3kuqXs�cgZ.m�Yª|~kAcxcgmniXl�Zu®­[bkS£�cfqSy�V1z
y3ku�d±��AqXs�z�egm�ku��y3zu�X�Xk}e'kdy3y3qXs'm���kAqXs�y3zAcfZA®
]¢kAsgZCk��uZCsC£>egV�m�c'm���y3sgZCYªZC�>exz}l�y�ku�Scvexsgq�y�egm�ku�¢�dkbZCc��Xk}ePy3sgZhz�egZ
zu�>a8%Sz�e'exZ�exsxzuVXZC�dsxku� [ �MZ3e�q�cPy3ku��cgm��XZ3s�egV�Z.y3zAcfZ4k}¥Fz

��Z3lpz}qX�Sz�a�egsxmpz}�X�AqXl�z}egm�ku�M® WR¥JegVXZP|SkAmn�>e
p
exk�i~Z�mn�ScfZCsfexZC�@mpc¦y�kA|Xlpz}��zus��'m exV°z4egsxm�zu�X�ul�Z

t
egV�z}e¦m�c¦z4¥Ózuy3Z�e¦ku¥~exVXZP��Z3lpz}qX�Sz�a

exsgmpz}�X�AqXlpz�egm�ku��£begVXZC�7egVXZ
ev��kªegZ3egs�z}VXZh�dsxzªm���y�mp�dZC�AePegk
t
�'mnl�l�V�z��AZ"egVXZ�cxz}Y@Z�y�kA��%�mpy«ePcfexz}egq�c'�'mnegV¢sxZCcg|~ZCy«e'exk

p
£X�'VXmpy�V

Y@ZCzu��c�egV�z}e
Z3mnegVXZCs�exVXZ3a¢�'m�l�l�iSkuegV¡cve�z�au£Êz}���
t
�'m�lnl�cfegm�lnl�i~ZªegVXZCmns
y3kuY@Y@ku�O¥ÓzAy�Z3e"m���exVXZªqX|~��z�egZh�Oexsgmpz}���uqXlpz�exmnkA�M£Jkus

exVXZ3a¢�'m�lnl2i~k}exV�i~Zª�dZClnZ3egZh�Oz}���
t
�'mnl�l��dmpcgzu|X|SZhz}sh®�U�Vbq�cC£

p
�'m�lnl��Xk}e"¥¿kusxY zO%Sz}e�exZ�exsxzuVXZC�dsxku�7exku�AZ�egV�Z3sP�'mnegV

t
®
U�VXZ

|Xsxkbk}¥P�AZ3�XZCsxzulnm�&3Zhc
exk�exVXZ¢y3zucgZ	ku¥�z sgZC�uqXlpz}s.egsxm�zu�X�uqXlpz�exmnkA�X[@egV�Z7cg|XVXZCsgZhc�exV�z�e­z}sxZ�kusgegVXkA�uku�Sz}l�exk�exVXZ�ev� k1cf|XV�Z3sxZCc
B1

z}���
B2

k}¥¦egVXZªev��k°egZ3egs�z}VXZh�ds�z°m���y�mp�dZ3�>e4egk
t
¥¿kAsgY&z*|SZC��y�m�l

P
k}¥�cf|XV�Z3sxZCcC£Ê�'VXm�y�V m�c4zul�cgk°exVXZ@|SZC��y�m�l�k}¥ cg|XVXZCsgZhc

�AZ3�XZCsxz}egZC�7iba�egV�Z�egV�sgZCZjcgm exZCcPy3Z3�>egZCsgZh�Oz�ePegVXZª�uZCsfexm�y3ZCc'ku¥
t
DSexVXZ@cf|XV�Z3sxZCc�ku¥

P
zusgZjy�Z3�>exZ3sxZC�7ku�OegVXZj|Xl�zu�XZ.ku¥

t
£~zu���

Zhzuy�V7cf|XV�Z3sxZ4y3Z3�>egZCsgZh�	m���egVXmpc'|Xlpz}��Z4zu���*kusgegVXkA�uku�Sz}l~egk
B1

m�c'zul�cgk@kusgegVXkA�uku�Sz}lSegk
B2

®
> qXs2|Xsxkui�lnZCY y3z}�.egVXZC�@iSZ�Y@kusxZ |�sgZhy�mpcfZClna4sxZ3|XVXs�zucgZC�jzucQ[�zucxcgqXY@mn�X��egVSz�e2egVXZ�sxZ3�AqXl�zus�exsgmpz}���uqXlpz�exmnkA��m�c�y3ku��cfegsxq�y�egZC�

�'mnegV¡exVXZ­mn�Sy�sxZ3Y@Z3�>exzulFz}l��ukAsgmnegVXY y�ku�Scfmp�dZ3sxm��X�7ZCzuy�V1lpzucfe4m���cgZ3sgegZh�1cgmnegZ
s
zAc4�Xk}e.y3ku��%Sm�y�egm��X�¢�'m exV1egZ�exsxzuVXZC�Xsxz��'VXk>cfZ

cg|XVXZCsgZ7mpc­kusgegVXkA�ukA��z}l egk
s
£¦±S��� egVXZ¢sxZ3�AqXl�zusªegsxm�zu�X�uqXlpz�exmnkA� ku¥�exVXZ¢VXkul�Z�egV�z}e°� kAqXlp� V�z��AZ*i~Z3ZC� y�kuY@|XqXegZC� mn¥�exVXZ

sxZ3Y@k��uZh�°|~kum��>e�V�zu�*�XZ3�AZ3s'i~Z3ZC��m���cgZ3sgegZh�*zu����m ¥�egVXZ
kuegVXZCs'|SkAmn�>e�c�V�zu�*iSZCZ3�7m���cfZCsfexZC��m��	exVXZ�cgzuY@Z"kAsx�XZ3sh®

�<��� ������� u t +����!� k*� - o ��p2k@�:o �:p2k �
w"kAmn�X��i�zAy� 7egk�egVXZ@Z3§dzuY@|XlnZªm�� ?�m��uqXsxZ*�u£ÊegVXZ@�XZC�¤�XzAcfV�ZC�OZh�d�uZjegVSz�e
� kAqXlp�Oi~Z°y�sxZCz�exZC�7exk�egsxm�zu�X�uqXlpz�exZ�exVXZ@|XsgmpcgY
��kuqXlp�7y�sxkAcxc�z}�7ZC�d�AZ
k}¥�zjegZ�exsxzuVXZC�XsgkA�	exV�z�e�mpc'Z�§bexZ3sxmnkAs�egk@egV�Z
VXkul�Zu®¦U�V�Z4¥¿kuqXs��AZ3sgegmpy�Zhc�k}¥�egVXZhcfZ4ev��k­y�sxkAcxcfm��X�ªZC�d�AZCc
yCz}�¢i~Z.cfZCZ3�¢zucPz�%Sz�e�exZ�exsxzuVXZC�dsxku�*egVSz�e�y3kuqXlp��iSZªzu�X�dZh�*egk@egV�Z
egsxm�zu�X�uq�l�z}egm�ku�7mn�¢kAsx�XZ3s�egk­Y­zu uZ
mne�y�kAY.iXm���z�exkusxm�zulnl�a
��z}l�mp�Ê®

W©�¢exVXZjcxz}Y@Zj��z�aA£�mn¥FegVXZCsgZªz}sxZ
k ≥ 4

cgm exZCc��'m exV�z	y3kuY@Y.qX��kusgegVXkA�uku�Sz}lMcg|XVXZ3sxZjzu���¢�'VXk>cfZjy�Z3�>exZ3s�c�l�mnZjku��cgkuY@Z
¥ÓzAy�Z�e"k}¥�exVXZjV�kul�Z.y�sxZCz}egZC�7�'V�Z3�OsxZ3Y@k��bmn���	z­�uZCsfexZ�§7k}¥�exVXZ.sxZ3�AqXl�zus�exsgmpz}�X�AqXlpz�egm�ku��£XegV�Z.sxZ3�uq�l�zus'egsxm�zu�X�uq�l�z}egm�ku�¢k}¥�exVXZ
cgm exZCc�k}¥�exVXZjV�kul�Z.mpcP�Xkue�qX��m�o>qXZClna¢�dZ3±��XZC�M£Jzu���¢sxZ�exsgmpz}�X�AqXlpz�egm��X�°mne�Y­z�a7l�ZCzu��exk	ev��k	�dm�YJZ3sxZ3�>ePexsgmpz}�X�AqXlpz�egm�ku�Sc�k}¥�exVXZ
cxz}Y@Z@¥Ózuy3Z�e�[
ku�XZ­�Amn�AZ3�1i>a�egVXZ­m��>egZCsgm�kus4exZ�egs�z}V�ZC�ds�zX£�zu��� ku�XZ­�Amn�AZ3�1i>a�egVXZ­Z3§begZ3sxm�kus"egZ3egs�z}VXZh�dsxz�®OWRe�m�c�� ZClnlF b�Xk��'�
exV�z�e'z}�ba@egsxmpz}�X�AqXl�z}egm�ku�­m��°exVXZ4|Xl�zu�XZ�yCz}�*iSZ"kuide�z}m��XZC�°¥¿sgkAY z}�ba@k}egV�Z3s egsxm�zu�X�uqXlpz�exmnkA�°V�z��bm��X��exVXZ"cxz}Y@Z��uZ3sgegmpy�Zhc¦iba°z
cgZCo>qXZC��y�Zjk}¥

O(k2)
%Smn|�c�k}¥¦�Xm�zu�uku�Sz}lpc'k}¥¦y3ku�b�uZ3§�o>q�zu�Xsgm�l�z}egZCsxzul�c ��� �$� ' m��OexVXZjyCzucgZ�k}¥Fz*�PZCl�zuqX��z�a*egsxm�zu�X�uqXlpz�exmnkA�M£XexVXZ

k
�uZCsfexm�y3ZCc�z}sxZ�m��*y3ku�b�uZ3§@|~kAcgmnegm�ku�7z}���°egVXZ4�bqXY.i~Z3s�ku¥ %�m�|�c��ukbZCc��dk��'�	egk

O(k)
5�®�8¦zAy�V*cgq�y�V	Zh�d�uZ %�m�|*m��7�u��y3zu�	i~Z

cgZ3ZC��m�� �u� zuc'z�%Sz}e'egZ�exsxzuVXZC�XsgkA�	¥¿kAsgY@ZC��iba­exVXZ
¥¿kuq�s��La6	/0C�����C�����.�uZCsfexm�y3ZCc�k}¥�egV�Z.o>q�zu�dsxm�l�z}egZ3s�z}l9® M'�X�dm��X�@egV�Z
O(k2)%Sz}e'egZ3egs�z}VXZh�dsxzj��kuqXlp�	abm�Z3lp�7zªy3kuYjiXmn�Sz�egkAsgmpz}l�l�aª��zulnmp�*egsxm�zu�X�uqXlpz�exmnkA�M®

U�Vbq�cC£�z}l�l�k��'mn�X��%Sz}e�egZ3egs�z}VXZh�ds�zj��kuq�l��7z}l�l�k�� q�c'egk­�uZ3e�z­cgmnY@|Xl�Z.cgkul�qdegm�ku��egk@exVXZ�|Xsxkui�lnZCY�® 	�k���Z3�AZ3sh£d� Z��dk­��k}e
y3ku��cgm��XZ3s�exVXmpcjzAc.z}�ßzAy3y3Z3|de�z}iXl�Z	cgkul�qdegm�ku�¡¥¿kAs.exVXZ7²J³�´�µ¢q�cgZ3s�cC®^W©���dZCZC�Ê£�egV�ZCcgZS%Sz}e.egZ3egs�z}VXZh�ds�z¢y�kusxsxZCcg|SkA���1�XZ3mnegVXZCs
�'mnegV egVXZ��dZ�±���m exmnkA� k}¥Pz�sgZC�uqXlpz}s�egsxm�zu�X�uqXlpz�exmnkA�M£�cfm���y3Z°egV�Z*cg|XVXZ3sxZ	ku¥Pzl%Sz}ejexZ�egs�z}V�ZC�dsxku�¡mpcj��k}ejq��Xm�o>qXZClna��dZ3±��XZh�Ê£
�XkAs­egk¡exVXZ¢q�cgq�z}lPmn�>egq�m exmnkA�M® ]¢kAsgZCk��uZCsC£Fm�� |Xs�zuy�egmpy�Zu£ egV�m�c­��kuq�l�� l�ZCzu� exkßz¡VXZCz��bm�Z3s­q�cgZ3s°y3kb�XZ�[Oi~Z�¥¿kAsgZOzu|X|Xl�a>m��X�
�AZ3kuY@Z3egsxm�y4kA|SZCsxz}egm�ku��c�exk	z@exZ�egs�z}V�ZC�dsxku�M£~cfqSy�VOzuc�y3kuY@|Xqdexmn�X�	m e�c�y3mns�y�qXY­y3Z3�>egZCsC£dexVXZ.qScfZCsP��kuqXlp��V�z��uZ4exk*y�VXZhy� °egVSz�e
exVXZ4egZ3egs�z}VXZh�dsgkA�*mpc��Xkue %Sz�eh®
[bm���y3Z
� Z
 b�Xk�� egV�z}ePz@sgZC�uqXlpz}s�exsgmpz}�X�AqXlpz�egm�ku���'mnegVXkAqde�z}�baO%~z�e'egZ3egs�z}VXZh�dsxku�7z}l���z�adc�Z�§dmpcve�c ' mne�yCz}��iSZ.y3kuY@|XqdexZC�

¥¿kAs'mn��cfexzu��y�Z4q�cgm��X�.exVXZ
m���y�sxZ3Y@Z3�>e�z}lÊy�kA��cvexsgqSy«egm�ku��cfZCZ3��mn�O[bZhy«exmnkA� � ® ��5�£dkuqXs'�AkAzulSmpc�egkª±����7zªY@Z�exVXkd�°exV�z�e��dkbZCc���k}e
y3sgZhz�egZ
zu�>aS%Sz�e�egZ3egs�z}VXZh�dsxku�M®

À�À,Ð�v3w�x«Ä�y



� �d�+GQ���������/4����3�+���������3.

� ���������	��
7���*- ���*���������	��
���
����������)�����'����#��4���

����
 - �:objloXp(��':p )Zk*�2t � +��
U�VXZ������ 4�02-3���6�
|XsxZC�dmpy3z}egZ�m�c egV�Z"iSzucgm�yP|XsgZh�dmpy3z�exZ�qScfZh�°�'VXZC�	m���cfZCsfexmn���.kus�sxZ3Y@k��bmn���.z.|~kum��>e�m��*zª��Z3lpz}qX��z�aªexsgmpz}�X�Aqd¨
lpz�exmnkA�M®

��Z�e
p0, p1, p2, p3

iSZ4¥¿kAqXs'�XkA�d¨Ry3ku|Xlpz}�Sz}s�|SkAmn�>exc�mn�
R

3
®

����� 4�02-3�����
(p0, p1, p2, p3, p4)

> 0
m ¥

p4

mpc�kuqXexcgm��dZ
= 0
m ¥

p4

mpc�ku�*egV�Z
iSkAqX���Xzusga°ku¥
< 0
m ¥

p4

mpc�m���cfmp�dZ







exVXZ
i�z}l�lMy�m�s�y�qXY­cxy�sxmniXm��X�
p0, p1, p2, p3.

?�kusjzOsgZC�uqXlpz}s4exsgmpz}�X�AqXlpz�egm�ku��£�zu���
s0, s1, s2, s3, s4

¥¿kAqXsjcg|XVXZCsgZhc
�'mnegVß�XkA�d¨©y�ku|�l�zu��z}s�y3Z3�>egZCsxcC£�egVXZ
	�����-3	��B	��;���R����<
|XsxZC�Xm�yCz�egZ4�AZ3�XZCsxzulnm�&3Zhc ����� 4 03-2�+���

	����A-2	6�B	��C���R����<
(s0, s1, s2, s3, s4)

> 0
m ¥

s4

mpc'cvexsgmpy«exlna�cfqXiX¨9kAsfexVXku�Aku��zul
= 0
m ¥

s4

mpc�kusgegVXkA�uku�Sz}l
< 0
m ¥

s4

mpc'cvexsgmpy«exlna*k��uZ3sg¨RkusgegVXkA�uku�Sz}l







egkªexVXZ�cf|�VXZ3sxZ4kusgegVXkA�uku�Sz}lSegk
s0, s1, s2, s3.

��Z�ePq�cP�Xk}exm�y3Z�cvexsxzumn�AV>exz���z�a@egV�z}eC£�mn¥2egVXZ.egsxm�zu�X�uq�l�z}egm�ku�7zu�dY@mnexc���kJ%Sz�e�exZ�exsxzuVXZC�dsxku��£degVXZC�7egVXmpc�|XsgZh�dmpy3z�exZ
�'mnl�l�i~Z
�XZCZC�dZh�¢ku��lna��'VXZ3�7exVXZ.|~kum��>exc

s0, s1, s2, s3

V�z��uZ�zAy«egqSz}l�lna��Xku�Oy3ku|Xlpz}�Sz}s�y�ZC�>egZ3s�cC£Sz}�S�7egV�z}eP�Xk	�XZ3�uZC�XZ3s�z�exZ�y3zAcfZ�VSzuc
exk�iSZ�y�ku�Scfmp�dZ3sxZC�jVXZCsgZI[��'VXZC�­mn�ScfZCsfexmn�X�
z
��Z3� cfmnegZ

s4

£Amne¦mpc�ku�Xl�a�exZCcfegZh�­z}�Azumn�Scve�exZ�egs�z}V�ZC�ds�z�egV�z}e z}sxZ�z}l�sgZhzu�da.Z�§dm�cfegm��X�
m��OexVXZ.exsgmpz}���uqXlpz�exmnkA�XD~egVXmpcPmpc4z}lpcfk°egVXZ@y3zAcfZj�'VXZ3�¢±Slnl�mn���	exVXZjV�kul�Z�¥¿kusxY@ZC�¢iba�egV�ZjsxZ3Y@k���z}l�k}¥ zu�Xk}exVXZ3s"cfmnegZA£ÊiSZhy3z}qScfZ
��Z�ku��lna¢y�kA��cgm��dZCs�ZCzusxc�k}¥�egV�Z�VXkul�Z�¥¿kAsgY@Zh�7i>a��XkA�Oy�ku|�l�zu��z}s'¥ÓzAy�Z3excC£~cgmn�Sy�Z
exVXZ.�AkAz}lMegsxm�zu�X�uqXlpz�exmnkA�¢�dkbZCc���k}e"y3ku�>exzumn�
zu�>aS%Sz�e'exZ�egs�z}V�ZC�dsxku�M®
U�VXZ��dZCy3m�cgm�ku�ß�'VXZ3egVXZCs.exk y3sgZhz�egZ	kusj�XZ3l�Z�egZ�z¢exZ�egs�z}V�ZC�dsxku�

(s0, s1, s2, s3)
m��ßexVXZ	sxZ3�AqXl�zus
egsxmpz}�X�AqXl�z}egm�ku��mpc.Zhzucga

�'VXZC�Oz}l�lÊegV�Z8	����A-2	6�I	��C���,��� <*egZhcve�c�z}�>z}m���cve�zulnl�cgmnegZCc
s4

�um��uZ
> 0
zu���

< 0
sxZCcgqXlnexcC®F¯ VXZC�

0
sgZhcfqXlnexc'zu|X|~ZCz}sh£��dZhy�mpcfm�ku�Sc

Yjq�cve�i~Z
Y­zu�dZ4q�cgm��X�@k}egV�Z3s�y�sxmnegZ3sxmpzX®
�Pk}egmpy�ZPegV�z}e�y3kb�Xmn�X��egVXZ�mn��cgZ3sgegm�ku�*zucFY@ZC�AexmnkA�XZC�°mn�*[dZCy«exmnkA� � ®È�b£>iba@y3ku��cgmp�dZ3sxmn���4egV�z}e¦egV�ZPlpzucfe m���cfZCsfexZC�°cgmnegZ�mpc¦��k}e

y3ku��%�mpy«exmn�����'mnegV egZ3egs�z}VXZh�ds�z	cgq�y�VOexV�z�e4egV�ZªsxZCcgqXlne"ku¥¦exVXZ^	����A-2	6�I	��C���,��� <¢exZCcfe
m�c
0

' m9® ZA®ªy3ku��cgm��XZ3sxmn�X�	egV�z}e4egVXZ­cgm exZjmpc
k��AZ3sg¨9kAsfexVXku�Aku��zuluexk�egV�Z�cg|XVXZ3sxZ�ku¥ÊegVXZPegZ�exsxzuVXZC�XsxzB5«£AyCz}�°i~Z�cgZ3ZC�°zuc¦q�cfm��X�ªz}�­m�Yª|�lnmpy�mne�cgabY.i~kul�m�yP|SZCsfexqXsgiSz�egm�ku��®gWRe��'mnl�l
i~Z�y�l�ZCzus'l�z}egZ3s�exV�z�e'exVXmpc�|SZCsfexqXsgiSz�egm�ku�7y�kAsgsxZCcg|~ku���Xc exkjexVXZ
|~Z3sgegqXsxi�z�exmnkA�*|�sgkA|Sk>cfZh�	m���egVXZ�cgZCo>qXZCl;®

WRe�mpc�� ZClnl� >��k��'�°egVSz�e'egV�Z8	����A-2	6�I	��C���,��� <	egZCcfePy3zu�*i~Z�y�kAY@|XqdegZh��mn��egV�Z4¥¿kul�lnk��'m��X�ª��z�a;[
	�����-3	��B	��;���R����<

(s0, s1, s2, s3, s4) =

4��,��� Det(s0, s1, s2, s3, s4)	����
��� �
(p0,1 , p2, p3)

�'VXZCsgZA£dm ¥�cgm exZ
si

VSzuc'y�ZC�>egZ3s
pi = (xi, yi, zi)

z}���*sxzA�dm�q�c
ri

¥¿kAs'ZCzAy�V
i
£

	����
�+�3�
(p0, p1, p2, p3) =

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 1
x0 x1 x2 x3

y0 y1 y2 y3

z0 z1 z2 z3

∣

∣

∣

∣

∣

∣

∣

∣

zu���

Det(s0, s1, s2, s3, s4) =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 1 1 1 1
x0 x1 x2 x3 x4

y0 y1 y2 y3 y4

z0 z1 z2 z3 z4

x
2
0
+y

2
0
+z

2
0

−r
2
0

x
2
1
+y

2
1
+z

2
1

−r
2
1

x
2
2
+y

2
2
+z

2
2

−r
2
2

x
2
3
+y

2
3
+z

2
3

−r
2
3

x
2
4
+y

2
4
+z

2
4

−r
2
4

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

U�VXZl4��,���
Det(s0, s1, s2, s3, s4)

|�sgZh�dm�yCz�exZ­mn�
R

3
y3z}�¡i~Z	cgZ3Z3��zAc�z}�¡kusxm�Z3�>exz}egm�ku�1|XsgZh�dmpy3z�exZ@mn�

R
4
£�m ¥'ZCzAy�V1cgmnegZ

s = ((x, y, z), r)
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