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Abstract. Motivated by visibility problems in three dimensions, we investigate the complexity and construction
of the set of tangent lines in a scene of three-dimensional polyhedra. We prove that the set of lines tangent to four
possibly intersecting convex polyhedra inR

3 with a total ofn edges consists ofΘ(n2) connected components in the
worst case. In the generic case, each connected component is asingle line, but our result still holds for arbitrarily
degenerate scenes. More generally, we show that a set ofk possibly intersecting convex polyhedra with a total ofn
edges admits, in the worst case,Θ(n2k2) connected components of maximal free line segments tangent to atleast four
polytopes. Furthermore, these bounds also hold for possiblyoccluded lines rather than maximal free line segments.

Finally, we present aO(n2k2 logn) time andO(nk2) space algorithm that, given a scene ofk possibly intersecting
convex polyhedra, computes all theminimal free line segments that are tangent to any four of the polytopes and
are isolated transversals to the set of edges they intersect; in particular, we compute at least one line segment per
connected component of tangent lines.
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1. Introduction. Computing visibility relations in a 3D environment is a problem cen-
tral to computer graphics and engineering tasks such as radio propagation simulation and
fast prototyping. Examples of visibility computations include determining the view from a
given point, and computing the umbra and penumbra cast by a light source. In many applica-
tions, visibility computations are well-known to account for a significant portion of the total
computation cost. Consequently a large body of research is devoted to speeding up visibility
computations through the use of data structures (see [14] for a survey).

One such structure, the visibility complex [16, 23], encodes visibility relations by parti-
tioning the set of maximal free line segments. The size of this partition is intimately related
to the number of maximal free line segments tangent to four objects in the scene; for a scene
of n triangles inR

3, the complex can have sizeΘ(n4) in the worst case [16], even when the
triangles form a terrain (see [11] or Figure 1.1). The complex is thus potentially enormous,
which has hindered its application in practice. However, there is evidence, both theoreti-
cal and practical, that this estimation is pessimistic. Thelower bound examples, which are
carefully designed to exhibit the worst-case behavior, areunrealistic in practice. For realistic
scenes, Durandet al. [15] observe a quadratic growth rate, albeit for rather small scenes. For
random scenes, Devillerset al. [12] prove that the expected size of the visibility complex is
much smaller; for uniformly distributed unit balls the expected size is linear and for poly-
gons or polyhedra of bounded aspect ratio and similar size itis at most quadratic. Also, in
2D, while the worst-case complexity of the visibility complex is quadratic, experimental re-
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FIG. 1.1.A terrain of size n withΩ(n4) maximal free line segments tangent in four points.

sults strongly suggest that the size of the visibility complex of a scene consisting of scattered
triangles is linear [10].

While these results are encouraging, most scenes are not random. In fact, most scenes
have a lot of structure which we can exploit; a scene is typically represented by many trian-
gles which form a much smaller number of convex patches. In particular, if a scene consists
of k disjoint convex polyhedra with a total ofn edges, then under a strong general position
assumption, the number of maximal free line segments tangent to four of the polyhedra is at
mostO(n2k2); this follows directly from the bound proved in [17] on the number of combi-
natorial changes of the silhouette map viewed from a point moving along a straight line, and
was also later proved in [8]. We present in this paper a generalization of these results. Af-
ter preliminary definitions, we give a detailed account of our results and then present related
previous work.

Preliminary definitions. We consider a scene that consists of a finite number of polytopes,
not necessarily disjoint, not necessarily fully dimensional, and in arbitrary position. The
definitions below are standard, yet carefully phrased in a way that remains valid in those
situations.

A polytopeis the convex hull of a point set. A plane istangentto a polytope if it intersects
the polytope and bounds a closed half-space that contains the polytope. A face, an edge, or
a vertex of a polytope inR3 is the 2, 1 or 0-dimensional intersection of the polytope with a
tangent plane. Note that, with this usual definition of polytopes, edges and faces are closed
and they are not subdivided in any way.

A line or segment istangentto a polytope (whether or not the latter is fully dimensional)
if it intersects the polytope and is contained in a tangent plane. In a given plane, a line is
tangent to a polygon if it intersects the polygon and bounds aclosed half-plane that contains
the polygon. With these definitions, given a polygon in a plane π, and a line contained inπ
that intersects the relative interior of this polygon, the line is tangent to the polygon when
considered as a polytope inR3, but not tangent to the polygon in the planeπ.

The set of lines inR3 has a natural topological structure, namely, that of Plücker space [25].
The set of lines tangent to at least four polytopes is a subspace, whoseconnected components
correspond to lines that can be continuously moved one into the other while remaining tan-
gent to at least four polytopes.1 A line or line segment isfree if it is tangent to each polytope
that its relative interior intersects;2 otherwise it isoccluded. A free line segment is amaximal
free line segmentif it is not properly contained into another free line segment. The space of

1The set of polytopes to which the line is tangent might change during the motion.
2When the polytopes are fully dimensional, a segment is free if itdoes not intersect the interior of any of them.

Our definition ensures that a segment is free also when it intersects and is coplanar with a two-dimensional polytope.
The endpoints of a free segment may also lie on the boundary of a polytope.
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 3

line segments also has a natural topological structure and theconnected componentsof maxi-
mal free line segments tangent to at least four among thek polytopes are defined similarly as
for lines.

A support vertexof a line is a polytope vertex that lies on the line. Asupport edgeof
a line is a polytope edge that intersects the line but has no endpoint on it (a support edge
intersects the line at only one point of its relative interior). A supportof a line is one of its
support vertices or support edges. The supports of a segmentare defined similarly. Notice
that it follows from the definition of polytopes that any linehas at most two supports in any
given polytope.

A line is isolated with respect toa set of edges and vertices if the line cannot be moved
continuously while remaining a common transversal to theseedges and vertices. Further-
more, we say that a setS of edges and verticesadmits an isolated transversalif these edges
and vertices admit a common transversal that is isolated with respect toS . Finally, a line is
isolatedif it is isolated with respect to a set of some, and hence all, of its supports.

Our results. In this paper we present two types of results, combinatorialbounds and algo-
rithms.

Combinatorial bounds.We generalize the result of [8, 17] in two ways. First, we consider
polytopes that mayintersect. We show that amongk polytopes of total complexityn, the
number of lines tangent to any four of them is in the worst caseeither infinite orΘ(n2k2).
The most surprising aspect of this result is that the bound (which is tight) is the same whether
the polytopes intersect or not. This is in sharp contrast to the 2D case, where the number
of tangents of two convex polygons is always 4 if disjoint, and could be linear in the size
of the polygons if they intersect. Second, we consider polytopes inarbitrary position : we
drop all general position assumptions. The polytopes may intersect in any way; they may
overlap or coincide. They may degenerate to polygons, segments or points. While four
polytopes in general position (as defined in [8]) admit a finite number of common tangents,
four polytopes in arbitrary position may admit an infinite number of common tangents which
can be partitioned into connected components.

Our main results are, more precisely, the following.
THEOREM 1.1. Given k polytopes inR3 with n edges in total, there are, in the worst

case,Θ(n2k2) connected components of maximal free line segments tangentto at least four
of the polytopes. This bound also holds for connected components of possibly occluded lines
tangent to at least four of the polytopes.

These results improve the trivial bound ofO(n4). Note that, whenk 6= 4, neither of
the two results stated in Theorem 1.1 implies the other sincea line tangent to at least four
amongk polytopes may contain many, but does not necessarily contain any, maximal free
line segments tangent to four polytopes.

Whenk = 4, Theorem 1.1 implies that there areΘ(n2) connected components of lines
tangent to the four polytopes, an improvement on the previously known upper bound of
O(n3 logn) which follows from the same bound on the complexity of the setof line transver-
sals to a set of polyhedra (here four) withn edges in total [1]. Moreover, we prove a tighter
bound when one of the four polytopes has few edges.

THEOREM 1.2. Given3 polytopes with n edges in total and one polytope with m edges,
there are, in the worst case,Θ(mn) connected components of lines tangent to the four poly-
topes.

We also prove the following result which is more powerful, though more technical, than
Theorem 1.1. Whereas Theorem 1.1 bounds the number of connected components of tan-
gents, Theorem 1.3 bounds the number of isolated tangents with some notion of multiplicity.
For example, the line in Figure 1.2 is counted

(k
2

)

times which is the number of minimal sets
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FIG. 1.2.A line tangent at a vertex of each of k polytopes.

of vertices that admit that line as an isolated transversal.Although neither theorem implies
the other, we will prove in Proposition 3.4 that the upper bound of Theorem 1.1 is easily
proved using Theorem 1.3.

THEOREM 1.3. Given k polytopes inR3 with n edges in total, there are, in the worst
case,Θ(n2k2) minimal sets of open edges and vertices, chosen from some of the polytopes,
that admit a possibly occluded isolated transversal that istangent to these polytopes.

Algorithm. We now turn our attention to the computation of all free segments that are iso-
lated transversals to their set of supports and tangent to the corresponding polytopes. Du-
rand et al. [16] proposed an algorithm for this problem with worst-casetime complexity
O((n3 + p) logn) wherep is the output size; this algorithm, based on a double-sweep,has
proven to be difficult to implement. Durandet al. also presented an algorithm withΘ(n5)
worst-case time complexity that incorporates interestingheuristics leading to reasonable per-
formance in practice [15]. We present an algorithm that uses, in the worst case,O(n2k2 logn)
time andO(nk2) space, is readily implementable, and uses only simple data structures. The
polytopes may intersect and be in arbitrary position. A preliminary version of this algorithm
was described for disjoint convex polyhedra in X. Goaoc’s Ph.D. thesis [19].

THEOREM 1.4. Given k polytopes inR3 with n edges in total, we can compute, in
O(n2k2 logn) time and O(nk) space, all the possibly occluded lines that are isolated transver-
sals to their set of supports and tangent to the corresponding polytopes. We can also com-
pute, in O(n2k2 logn) time and O(nk2) space, all the minimal free segments that are isolated
transversals to their set of supports and tangent to the corresponding polytopes.

It should be noted that our algorithm does not provide the endpoints (possibly at infinity)
of the maximal free segments. Computing the endpoints of each such segment can be done by
shooting rays inO(log2n) time per ray usingO((nk)2+ε) preprocessing time and storage [3].
Such ray-shooting data structures are not, however, readily implementable. Alternatively,
each ray-shooting query can be answered inO(k logn) time afterO(nlogn) preprocessing
time and using additionalO(n) space by applying the Dobkin-Kirkpatrick hierarchy on each
polytope [13].

To emphasize the importance of considering intersecting polytopes, observe that com-
puter graphics scenes often contain non-convex objects. These objects, however, can be de-
composed into sets of convex polyhedra. Notice that simply decomposing these objects into
convex polyhedra with disjoint interiors may induce a sceneof much higher complexity than
a decomposition into intersecting polytopes. Moreover, the decomposition of a polyhedron
into interior-disjoint polytopes may introduce new tangents which were not present in the
original scene; indeed a line tangent to two polytopes alonga shared face is not tangent to
their union.
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 5

Worst-case Expected

free lines to a polyhedron Θ(n4) (trivial)
free lines above a polyhedral terrain O(n32c

√
logn) [20, 22]

free lines among disjoint homothetic polytopes Ω(n3) [4]
free lines among unit balls Ω(n2) [12], O(n3+ε) [2] Θ(n) [12]

max. free segments above a polyhedral terrain Θ(n4) [11]
isolated maximal free segments among
k generic disjoint convex polyhedra

Θ(n2k2) [17, 8]

max. free segments among unit balls Ω(n2) [12], O(n4) Θ(n) [12]
TABLE 1.1

Published bounds on the complexity of the set of free lines ormaximal free line segments among objects of total
complexity n. The expected complexities are given for the uniform distribution of the balls centers.

The importance of considering polytopes in arbitrary position comes from the fact that
graphics scenes are full of degeneracies both in the sense that four polytopes may admit in-
finitely many tangents and that polytopes may share edges or faces. There may actually be
more connected components of tangents when the objects are in degenerate position; this is,
for instance, the case for line segments [9]. Also, we could not find a perturbation argu-
ment that guarantees the preservation of all (or at least a constant fraction of) the connected
components of tangents and we do not believe that finding sucha perturbation is a simple
matter.

Related results. Previous results on this topic include those that bound the complexity of
sets of free lines or free line segments among different setsof objects. They are summarized
in Table 1.1.

Recently, Agarwalet al. [2] proved that the set of free lines amongn unit balls has
complexityO(n3+ε). Devillerset al. showed a simple bound ofΩ(n2) [12] for this problem,
and Koltun recently sketched a bound ofΩ(n3) (personal communication, 2004).

The complexity of the set of free line segments amongn balls is triviallyO(n4). Devillers
and Ramos showed that the set of free line segments can have complexity Ω(n3) (personal
communication 2001, see also [12]). When the balls are unit size, theΩ(n2) lower bound for
the set of free lines holds. A lower bound ofΩ(n4) that applies to either case was recently
sketched by Glisse (personal communication, 2004).

We mention two results for polyhedral environments. Halperin and Sharir [20] and Pelle-
grini [22] proved that, in a polyhedral terrain withn edges, the set of free lines has near-cubic
complexity. De Berg, Everett and Guibas [4] showed aΩ(n3) lower bound on the complexity
of the set of free lines (and thus free segments) amongn disjoint homothetic convex polyhe-
dra.

This paper is organized as follows. We prove the upper boundsof Theorems 1.1, 1.2,
and 1.3 in Sections 2 and 3, and the lower bounds in Section 4. In section 5, we present our
algorithm for computing free segments.

2. Main lemma. We prove in this section a lemma which is fundamental for the proofs
of the upper bounds of Theorems 1.1, 1.2, and 1.3. Consider four polytopesP, Q, R, andS
in R

3, with p, q, r, ands> 1 edges, respectively, and letebe an edge ofS.
MAIN LEMMA . There are O(p+q+ r) isolated lines intersecting e and tangent toP, Q,

R andSexcluding those that lie in planes that contain e and are tangent to all four polytopes.
The proof of the Main Lemma is rather complicated because it handles polytopes which

may intersect as well as all the degenerate cases. To assist the reader, we first give an overview
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e

le
Q

RΠt

P

Pt

RtQt

FIG. 2.1.PlaneΠt contains edge e and intersects polytopesP, Q, andR in polygons Pt , Qt , and Rt .

of the proof. We then state preliminaries and definitions in Section 2.2. In Sections 2.3 and
2.4, we bound the number of so-called “generic tangent lines”. In Section 2.5, we bound the
number of “non-generic tangent lines”. Finally, in Section2.6, we pull these results together
to conclude the proof of the Main Lemma.

2.1. Proof overview. The proof is inspired by a method which was, to our knowledge,
first used in [6] (and later in [5, 17, 8]). We present here an overview of the proof in which we
do not address most of the problems arising from degeneracies. In particular, some definitions
and remarks will require more elaboration in the context of the complete proof.

We sweep the space with a planeΠt rotating about the line containinge. The sweep plane
intersects the three polytopesP, Q, andR in three, possibly degenerate or empty, convex
polygons denotedPt , Qt , andRt , respectively (see Figure 2.1). During the sweep, we track
the bitangents, that is, the lines tangent toPt andQt , or to Qt andRt , in Πt . As the sweep
plane rotates, the three polygons deform and the bitangentsmove accordingly. Every time
two bitangents become aligned during the sweep, the common line they form is tangent toP,
Q, andR.

In any given instance of the sweep planeΠt , we consider the pairs of bitangents (one
involving Pt andQt , and the otherQt andRt ) that share a vertex ofQt (see Figure 2.1). The
isolated lines intersectingeand tangent toP, Q, R andSare isolated transversals with respect
to a tuple of supports that consists ofe and the supports of two such bitangents. We consider
all candidatesuch tuples of supports as the sweep plane rotates.

Such a tuple induced by an instance of the sweep plane changesas the plane rotates
only when a support of a bitangent changes. We definecritical planesin such a way that the
supports of the bitangents do not change as the sweep plane rotates between two consecutive
critical planes. As the sweep plane rotates, the supports ofa bitangent change if a support
starts or ceases to be swept, or if, during its motion, the bitangent becomes tangent to one of
the polygons along an edge of that polygon (see Figure 2.2). In the latter case, this means that
the bitangent crosses a face or contains an edge of one of the polytopes. We thus define two
types of critical planes: an instance of the sweep plane is critical if it contains a vertex of one
of the polytopes, or if it contains a line that lies in the plane containing a face of one of the
polytopes, and is tangent to another of the polytopes (see Figures 2.2 and 2.3). We will show
that the number of critical planes isO(p+q+ r).

When the polytopes intersect there may exist a linear number of bitangents in an in-
stance of the sweep plane (two intersecting convex polygonsmay admit a linear number of
bitangents, as is the case for two regularn-gons where one is a rotation of the other about
its center). Thus there can be a linear number of candidate tuples induced by any instance of
the sweep plane, and the linear number of critical planes leads to a quadratic bound on the
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 7

Πt−ε

Πt+ε

Πt

Qt+ε
Pt+ε

Pt−ε

Pt

Qt−ε

Qt

e

e

e

FIG. 2.2.A bitangent to Pt and Qt is tangent to Pt along an edge. The planeΠt is F-critical.

total number of distinct candidate tuples. In the detailed proof of the lemma, we amortize the
count of candidate tuples over all the critical planes to geta linear bound on the number of
distinct candidate tuples and thus on the number of isolatedlines intersectingeand tangent to
P, Q, R andS; this bound will however not hold for those isolated lines that lie in planes that
containe and are tangent to all four polytopes. Indeed, the number of such isolated tangent
lines can be quadratic, in degenerate cases; for instance, four polytopes such that a plane con-
tains edgeeand a face of linear complexity from each other polytope may admit in this plane
a quadratic number of such isolated tangent lines (one through each of a quadratic number of
pairs of vertices).

2.2. Preliminaries and definitions. We can assume without loss of generality thatP,
Q, R andS havenon-empty interior.Indeed, since the set of isolated tangent lines to the
four polytopes is zero-dimensional, there is always room toextend any polytope with empty
interior in such a way that none of the original isolated tangent lines are lost.

We say that a lineproperly intersects a polygon if it intersects its relative interior. In the
sequel, we use this definition only when the line and polygon are coplanar. Notice that a line
that contains a segment is tangent to the segment as well as properly intersects it.

Let le be the line containinge and letΠt denote the sweep plane parameterized byt ∈
[0,π] such thatΠt contains the linele for all t andΠ0 = Ππ. Each planeΠt intersects the
three polytopesP, Q, andR in three, possibly degenerate or empty, convex polygons,Pt , Qt ,
andRt , respectively (see Figure 2.1).

For anyt, abitangentto polygonsPt andQt is a line tangent toPt andQt in Πt (the line
may intersect the polygonRt in any way, possibly not at all). For anyt, let a(Pt ,Qt)-tuplebe
the unordered set of all supports inP andQ of one of the bitangents to polygonsPt andQt .
Note that a support inP may be identical to a support inQ, in which case the(Pt ,Qt)-tuple
does not contain duplicates. Also note that a(Pt ,Qt)-tuple consists of exactly one support inP
and one support inQ (possibly identical) except when the corresponding bitangent is tangent
to P (or Q) along a face (either intersecting the face properly or containing one of its edges);
then the(Pt ,Qt)-tuple contains two supports inP (or Q) instead of one. APQ-tupleis a set of
edges and vertices that is a(Pt ,Qt)-tuple for somet. We define similarly the(Qt ,Rt)-tuples
andQR-tuples.

We say that a(Pt ,Qt)-tuple is maximal for some tif it is not contained in any other
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Q

P

Pt

Rt

Πt

Q∩Ψ

Qt

e

le

R

FIG. 2.3. PlaneΠt is F-critical: it contains a line that lies in a planeΨ containing a face ofP such that the
line is tangent toQ∩Ψ at a point not on le.

(Pt ,Qt)-tuple, for the samet. Note that a(Pt ,Qt)-tuple is non-maximal for somet if and only
if all its supports intersectΠt in one and the same point, andPt andQt are not equal to one
and the same point (see Figure 2.5(b)).

For anyt, let a(Pt ,Qt ,Rt)-tuplebe the union of a(Pt ,Qt)-tuple and a(Qt ,Rt)-tuple that
share at least one support inQ. A (Pt ,Qt ,Rt)-tuple is maximal for somet if it is not contained
in any other(Pt ,Qt ,Rt)-tuple, for the samet. A PQR-tuple is a set of edges and vertices that
is a(Pt ,Qt ,Rt)-tuple for somet. Note that aPQR-tuple typically consists of three supports,
one from each polytope, and consists, in all cases, of at mosttwo supports inP, at most three
supports inQ, and at most two supports inR.

A line intersectinge and tangent toP, Q, R andS is called ageneric tangent lineif and
only if it intersectsSonly oneand is tangent toPt , Qt , andRt in some planeΠt . Otherwise it
is called anon-generic tangent line. A non-generic tangent line properly intersects a face of
Sor properly intersectsPt , Qt , or Rt in some planeΠt . In the latter casePt , Qt , or Rt is a face
or an edge ofP, Q, or R lying in Πt ; thus a non-generic tangent line is (in both cases) tangent
to P, Q, R andS in a plane containing a face or two edges of these polytopes, adegenerate
situation.

In the following three subsections, we bound the number of generic and non-generic
tangent lines. It is helpful to keep in mind that, as observedearlier, two convex polygons in a
planeΠt (such asPt andQt) may admit a linear number of tangents if they intersect.

2.3. Generic tangent lines.
LEMMA 2.1. The set of supports inP, Q, andR of a generic tangent line is aPQR-

tuple.
Proof. Any generic tangent linèis tangent inΠt to Pt , Qt , andRt for some valuet. Thus

the set of supports of̀ in P andQ (resp. inQ andR) is a (Pt ,Qt)-tuple (resp. a(Qt ,Rt)-
tuple). Moreover the(Pt ,Qt)-tuple and the(Qt ,Rt)-tuple contain the same supports inQ, and
thus their union is a(Pt ,Qt ,Rt)-tuple, hence aPQR-tuple.

We now define thecritical planesΠt in such a way that, as we will later prove, the set
of (Pt ,Qt ,Rt)-tuples is invariant fort ranging strictly between two consecutive critical values.
We introduce two types of critical planes: theV-critical andF-critical planes.

A planeΠt is V-critical if it contains a vertex ofP, Q, or R, not onle. (The constraint
that the vertex doesnot lie on le ensures that the number of V-critical planes is finite even in
degenerate configurations.) A planeΠt is F-critical relative to an ordered pair of polytopes
(P,Q) if (see Figure 2.3) it contains a linèsuch that
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 9

Ψ

m= Πt∗ ∩Ψ

Πt∗+ε ∩Ψ

Πt∗−ε ∩Ψ

edge ofQ in Ψ

face ofP in Πt∗

Πt∗

le

m= Πt∗ ∩Ψ

Qt∗Pt∗

Πt∗−ε

le

Πt∗−ε ∩Ψ

Qt∗−ε

Pt∗−ε

Πt∗+ε

le

Πt∗+ε ∩Ψ

Qt∗+ε
Pt∗+ε

edge ofP
edge ofP

le face ofP in Ψ

FIG. 2.4.PlaneΠt∗ contains a line m such that (i) m lies in a planeΨ 6= Πt∗ containing a face ofP, and (ii) m
is tangent to polygonP∩Ψ at some point not on le; however m is not tangent toQ∩Ψ. If the definition of F-critical
planes was not considering such planeΠt∗ to be F-critical then Lemma 2.3 would not hold. Indeed the setu of
supports of lineΠt∗−ε ∩Ψ is a maximal(Pt ,Qt)-tuple for some but not all t in any open neighborhood of t∗, and,
althoughΠt∗ is V-critical, there exists no V-critical event(t∗,v) such that u contains v or an edge with endpoint v.

(i) ` lies in a planeΨ 6= Πt containing a face ofP, and
(ii) ` is tangent inΨ to polygonQ∩Ψ or P∩Ψ, at some point not onle.

For simplicity, we do not require that` is tangent toP; this leads to overestimating the number
of common tangents toP, Q, R, andSbut only by an asymptotically negligible amount. Note
that not all lines inΨ tangent toQ are tangent to the polygonQ∩Ψ when that polygon is a
face or edge ofQ lying in Ψ. Note also that we defineΠt to be F-critical wheǹ is tangent to
P∩Ψ at some point not onle only for handling the very degenerate case whereQ∩Ψ is an
edge ofQ and there exists a line inΨ that properly intersectsQ∩Ψ and is tangent toP∩Ψ
along an edge that has an endpoint onle (see Figure 2.4). Note finally that if` ∈ Πt satisfies
(i) and is tangent, inΨ, to P∩Ψ at some point not onle then polytopeQ plays no role and
thusΠt is F-critical relative to(P,Q) for all polytopesQ.

F-critical planes relative to(Q,P), (Q,R), and(R,Q) are defined similarly. A planeΠt

is F-critical if it is F-critical relative to pairs of polytopes(P,Q), (Q,P), (Q,R), or (R,Q).
The values oft corresponding to critical planesΠt are calledcritical values. We call

V-critical andF-critical eventsthe ordered pairs(t,o) wheret is a critical value ando is a
vertex or line depending on the type of critical event. In a V-critical event,o is a vertex ofP,
Q, or R that belongs toΠt \ le. In an F-critical event,o is a line lying in some planeΠt and
satisfying Conditions (i-ii) above. Acritical eventis a V-critical or F-critical event.
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10 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

Πt

Qt

e

Pt

Πt Qt

Pt

e

(a) (b)

x
x

FIG. 2.5.Lines through x inΠt and tangent to Pt and Qt .

LEMMA 2.2. There are at most23(p+ q+ r) V-critical events and8
3(p+ 2q+ r) F-

critical events.
Proof. The number of V-critical events is at most the total number of vertices ofP, Q,

andR, and hence is less than two thirds the total number of edges ofP, Q, andR. We now
count the number of F-critical events relative to polytopes(P,Q). LetΨ be a plane containing
a face ofP, and suppose that for some planeΠt , line ` = Πt ∩Ψ satisfies Conditions (i-ii).
PlaneΨ does not containle because otherwise bothle and` lie in the two distinct planesΨ
andΠt , so` = le but theǹ cannot satisfy Condition (ii). Furthermore` andle intersect or are
parallel since they both lie inΠt . Thus if Ψ∩ le is a point theǹ contains it, and otherwise
Ψ∩ le = /0 and` is parallel tole.

If Ψ∩ le is a point, there are at most four candidates for a line` in planeΨ going through
Ψ∩ le and tangent toQ∩Ψ or P∩Ψ at some point not onle. Likewise, if Ψ∩ le is empty,
there are at most four candidates for a line` in planeΨ that is parallel tole and tangent to
Q∩Ψ or P∩Ψ. In either case, each candidate line is contained in a uniqueplaneΠt , for
t ∈ [0,π], since` 6= le (` contains a point not onle). Hence, a face ofP generates at most four
F-critical events relative to(P,Q). Therefore the number of critical events relative to(P,Q)
is at most83 p since the number of faces of a polytope is at most two thirds the number of its
edges. Hence the number of critical events relative to(P,Q), (Q,P), (Q,R) and(R,Q) is at
most 8

3(p+2q+ r).
The following lemma states that the critical planes have thedesired property. Letue be

the set of supports ofle in P andQ and letu denote some(Pt ,Qt)-tuple.
LEMMA 2.3. Let t∗ be the endpoint of a maximal interval3 throughout which u6= ue is

a maximal(Pt ,Qt)-tuple. Then t∗ is a critical value. Moreover, there exists a V-critical event
(t∗,v) or a F-critical event(t∗,m) such that u contains v or an edge with endpoint v, or u is
contained in the set of supports of m.

The proof of this lemma is rather long and intricate; we postpone it to Section 2.4. Note
that, as stated, this lemma only applies under the assumptions thatu is maximal and distinct
from ue. These assumptions are made in order to simplify the proof ofLemma 2.3; we don’t
suggest that the lemma is false without them.

LEMMA 2.4. Any edge or vertex ofP or Q is in at most2 PQ-tuples that are maximal
(Pt ,Qt)-tuples for all t in any given non-empty interval3of R/πZ.

Proof. Let t̃ be an element of a non-empty intervalI of R/πZ andx be an edge or vertex
of P or Q. If x does not intersectΠt̃ then no(P̃t ,Qt̃)-tuple containsx. If x intersectsΠt̃ in
one point then there are, in general, at most two lines inΠt̃ going throughx and tangent to
P̃t andQt̃ (see Figure 2.5(a)); in all cases there are at most 3(P̃t ,Qt̃)-tuples containingx (see
Figure 2.5(b)), however at most 2 of them are maximal. Ifx intersectsΠt̃ in more than one
point, x is an edge lying inΠt̃ . Then any line inΠt̃ intersectingx and tangent toP̃t andQt̃
contains an endpoint ofx and thusx belongs to no(P̃t ,Qt̃)-tuple.

3Such an interval could be open or closed, a single point or an interval of positive length.
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 11

Hence at most 2PQ-tuples containx and are maximal(Pt ,Qt)-tuples fort = t̃, and thus
at most 2PQ-tuples containx and are maximal(Pt ,Qt)-tuples for allt in I .

LEMMA 2.5. There are at most O(p+q+ r) PQR-tuples.
Proof. In order to count the number of distinct(Pt ,Qt , Rt)-tuples, we charge each max-

imal (Pt ,Qt ,Rt)-tuple to a critical event. We then show that each critical event is charged at
most a constant number of times. It then follows from Lemma 2.2 that there areO(p+q+ r)
distinct maximal(Pt ,Qt ,Rt)-tuples. A maximal(Pt ,Qt ,Rt)-tuple consists of at most two sup-
ports inP, at most three supports inQ, and at most two supports inR, and thus contains
at most(22 − 1)(23 − 1)(22 − 1) distinct subsets with at least one support in each ofP, Q
andR. Each maximal(Pt ,Qt ,Rt)-tuple thus contains at most a constant number of distinct
(Pt ,Qt ,Rt)-tuples, which implies the result.

Let sbe a maximal(Pt ,Qt ,Rt)-tuple and letI be any maximal connected subset ofR/πZ

such thats is a maximal(Pt ,Qt ,Rt)-tuple for allt ∈ I . Let u be a maximal(Pt ,Qt)-tuple and
u′ a maximal(Qt ,Rt)-tuple such that the union ofu andu′ is sand such thatu andu′ share at
least one support inQ.

First, suppose thatI = R/πZ. Thenu is a maximal(Pt ,Qt)-tuple for allt ∈ R/πZ. Thus
each support inu intersectsΠt for all t ∈ R/πZ and thus intersectsle; moreover each support
in u intersectsΠt only on le for all t ∈ R/πZ except possibly for one value oft. SinceP
andQ have non-empty interior,Pt ∪Qt is not reduced to a point for allt in some interval of
positive length. For allt in such an interval, sinceu is maximal, the union of the supports in
u intersectsΠt in at least two distinct points. These at least two distinct points lie onle for
some values oft by the above argument. Thus, for these values oft, le is the only line inΠt

whose set of supports containsu. Henceu is the set of supports ofle. The same property
holds forv and thuss is also the set of supports ofle. We can thus assume in the following
thatI 6= R/πZ, and only count the maximal(Pt ,Qt ,Rt)-tuples that are not the set of supports
of le.

IntervalI is thus a non-empty interval ofR/πZ; it can be open or closed, a single point
or an interval of positive length. Letw0 andw1 denote the endpoints ofI 6= R /πZ.

If s contains a vertexv, or an edge with endpointv, such thatv lies in Πwi \ le, for i = 0
or 1, then we charges to the V-critical event(wi ,v). Otherwise, we charges to an F-critical
event(wi ,m) wherem is a line inΠwi whose set of supports containsu or u′. Such a V-critical
or F-critical event exists by Lemma 2.3.

We now prove that each critical event is charged by at most a constant number of distinct
maximal(Pt ,Qt ,Rt)-tuples. As mentioned before, that will imply the result.

Consider a V-critical event(t∗,v) that is charged by a maximal(Pt ,Qt ,Rt)-tuples. By the
charging scheme,scontains a supportx that isv or an edge with endpointv, ands is a maximal
(Pt ,Qt ,Rt)-tuple for allt in at least one of three intervals,{t∗} and two open intervals having
t∗ as endpoint; denote these intervals byI1,I2,I3.

By Lemma 2.4, at most 2PQ-tuples containx and are maximal(Pt ,Qt)-tuples for all
t in Ii . Moreover, each of thesePQ-tuples contains at most 2 supports inQ, and each of
these supports belongs to at most 2QR-tuples that are maximal(Qt ,Rt)-tuples for allt in Ii .
Thus at most 8PQR-tuples containx and are maximal(Pt ,Qt ,Rt)-tuples for allt in Ii , for
eachi = 1, . . . ,3. Hence any V-critical event(t∗,v) is charged by at most 24 distinct maximal
(Pt ,Qt ,Rt)-tuples.

Consider now an F-critical event(t∗,m) that is charged by a maximal(Pt ,Qt ,Rt)-tuple
s, and define as beforeu andu′. By the charging scheme, the set of supports ofm containsu
or u′ (or both); suppose without loss of generality that it containsu. The set of supports ofm
contains at most two supports inP and at most two supports inQ. Sinceu contains at least
one support inP and at least one support inQ, there are at most 32 choices foru.
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12 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

By the charging scheme,s is a maximal(Pt ,Qt ,Rt)-tuple for allt in at least one of 3 in-
tervals,{t∗} and two open intervals havingt∗ as endpoint; denote byI1,I2,I3 these intervals.
It follows from Lemma 2.4 that, for each supportx of Q in u, at most 2QR-tuples containx
and are maximal(Qt ,Rt)-tuples for allt in Ii . There are at most 32 choices foru (as shown
above), 2 forx, 3 for i and 2 for theQR-tuples containingx. Hence any F-critical event(t∗,m)
is charged by at most 22×33 distinct maximal(Pt ,Qt ,Rt)-tuples.

Therefore each critical event is charged by at most a constant number of distinct maximal
(Pt ,Qt ,Rt)-tuples, which concludes the proof.

COROLLARY 2.6. There are at most O(p+q) PQ-tuples.
Proof. ReplaceR by a copy ofQ in Lemma 2.5. AnyPQ-tuple is also aPQQ-tuple, and

there are at mostO(p+q+q) = O(p+q) of these.
PROPOSITION2.7. There are O(p+q+ r) isolated generic tangent lines.
Proof. A generic tangent line is transversal toe and to the edges and vertices of aPQR-

tuple, by definition and Lemma 2.1. An isolated generic tangent line is thus an isolated
transversal with respect to a set of edges and vertices that consists of aPQR-tuple and either
edgee or one or both of its endpoints. The number of such sets is fourtimes the number
of PQR-tuples, which is inO(p+q+ r) by Lemma 2.5. The result follows since each such
set consists of at most eight edges and vertices (at most two supports from each of the four
polytopes) and thus admits at most eight isolated transversals [9].

2.4. Proof of Lemma 2.3.Recall thatue denotes the set of supports ofle in P andQ,
and that Lemma 2.3 states the following.

Let t∗ be the endpoint of a maximal interval throughout which u6= ue is a
maximal(Pt ,Qt)-tuple. Then t∗ is a critical value. Moreover, there exists a
V-critical event(t∗,v) or a F-critical event(t∗,m) such that u contains v or
an edge with endpoint v, or u is contained in the set of supports of m.

We can assume thatu contains no vertex v and no edge with endpoint v, such that v lies
onΠt∗ \ le because otherwise(t∗,v) is a V-critical event such thatu containsv or an edge with
endpointv, which concludes the proof.

We prove a series of lemmas that yields Lemma 2.3. Indeed, we prove the existence of
a linem in Πt∗ whose set of supports containsu (Lemma 2.10) such that (i)m lies in a plane
Ψ 6= Πt∗ containing a face ofP (Lemma 2.11), and (ii)m is tangent inΨ to polygonQ∩Ψ or
P∩Ψ, at some point not onle (Lemma 2.12). This proves thatΠt∗ contains a linemwhose set
of supports containsu and such that(t∗,m) is an F-critical event, which concludes the proof.

By hypothesis, for any sufficiently small open neighborhoodN of t∗ whose endpoints
are denoted byt0 andt1, u is not a maximal(Pt ,Qt)-tuple for somet ∈ N andu is a maximal
(Pt ,Qt)-tuple fort = t∗ or for all t ∈ (t∗, t1) (or by symmetry for allt ∈ (t0, t∗)).

We only consider in the following supports inP and inQ; polytopeR plays no role. We
start by proving two preliminary lemmas.

LEMMA 2.8. Each support in u intersectsΠt in exactly one point (possibly on le), for all
t in any sufficiently small open neighborhoodN of t∗.

Moreover, the union of all supports in u intersectsΠt in at least two distinct points for
all t 6= t∗ in N . This property also holds for t= t∗ if u is a maximal(Pt∗ ,Qt∗)-tuple.

Proof. Sinceu is a (Pt ,Qt)-tuple for somet in every open neighborhood oft∗, each
support inu intersectsΠt for somet in every open neighborhood oft∗. It thus follows from the
assumption thatu contains no vertexv and no edge with endpointv, such thatv lies onΠt∗ \ le,
that each support inu intersectsΠt for all t in any sufficiently small open neighborhoodN

of t∗. It follows that each support inu either lies inle or intersectsΠt in exactly one point for
all t ∈ N . However, no edge ofu lies in le because otherwise, ifx denotes such an edge of,
say,P, then any line tangent toPt in Πt and intersectingx contains an endpoint ofx which is
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 13

a vertex ofP; thus, by definition,u does not containx but one of its endpoints. Hence each
support ofu intersectsΠt in exactly one point for allt ∈ N .

We now prove that the union of the supports inu intersectsΠt in at least two distinct
points for anyt ∈ N such thatu is a maximal(Pt ,Qt)-tuple. Suppose for a contradiction that
the union of the supports inu intersectsΠt in one single pointv for somet ∈ N such that
u is a maximal(Pt ,Qt)-tuple. Then polygonsPt andQt are both reduced to pointv because
otherwiseu is not maximal (otherwise, a line inΠt tangent toPt andQt at v can be rotated
aboutv until it becomes tangent toPt or Qt at some other points). Thusv= Pt = Qt is a vertex
of P and ofQ because the polytopes have non-empty interior. Henceu = {v} because each
support inu containsv. It follows thatv lies onle since each support inu intersectsΠt for all
t ∈ N . Moreover, sincePt andQt are both reduced to pointv = le∩P = le∩Q, the setue of
supports ofle is u, contradicting the hypotheses of Lemma 2.3.

Thus, if u is a maximal(Pt ,Qt)-tuple for all t ∈ (t∗, t1), the union of the supports inu
intersectsΠt in at least two distinct points for allt ∈ (t∗, t1) and thus for allt 6= t∗ in any
sufficiently small open neighborhood oft∗. Also, if u is a maximal(Pt ,Qt)-tuple for t = t∗,
the union of the supports inu intersectsΠt in at least two distinct points fort = t∗ and thus
for all t in any sufficiently small open neighborhood oft∗.

LEMMA 2.9. If u is a maximal(Pt∗ ,Qt∗)-tuple then u consists of at least three supports.
Proof. Note that it follows from Lemma 2.8 thatu contains at least two supports. Suppose

for a contradiction thatu consists of only two supports. By Lemma 2.8, they intersectΠt in
exactly two distinct points for allt in any sufficiently small open neighborhoodN of t∗. Thus
there exists for allt ∈ N a unique linemt in Πt whose set of supports containsu; moreover
mt is continuous in terms oft. Sinceu is a maximal(Pt∗ ,Qt∗)-tuple, the set of supports ofmt∗

is u. Thus, for allt in any sufficiently smallN , the set of supports ofmt is u. Thus the set of
supports ofmt is invariant fort ∈ N and sincemt∗ is tangent toPt∗ andQt∗ , line mt is tangent
to Pt andQt for all t ∈ N .

Hence, for allt ∈ N , line mt , whose set of supports isu, is tangent toPt andQt in Πt .
Thusu is a maximal(Pt ,Qt)-tuple for allt ∈ N . Moreover,mt is the unique line inΠt whose
set of supports containsu, thusu is a maximal(Pt ,Qt)-tuple for allt ∈ N , contradicting the
hypotheses of the lemma.

LEMMA 2.10. There exists a line m inΠt∗ whose set of supports contains u that is
tangent to Pt∗ and Qt∗ along an edge of one of them, say of Pt∗ .

Proof. Consider first the case whereu is a maximal(Pt∗ ,Qt∗)-tuple. There exists in
Πt∗ a linem tangent toPt∗ andQt∗ whose set of supports isu. By Lemma 2.9, the setu of
supports ofm contains at least three supports, and hence at least two supports inP (or in Q).
Furthermore, the supports ofm in one polytope intersectΠt∗ in distinct points (by definition
of supports). Thusm intersectsPt∗ (or Qt∗) in at least two distinct points and is tangent toPt∗

andQt∗ . The result follows sincePt∗ (andQt∗) is convex.
Consider now the case whereu is a maximal(Pt ,Qt)-tuple for all t ∈ (t∗, t1). Then, for

all t ∈ (t∗, t1), there exists a line inΠt tangent toPt andQt and whose set of supports isu.
Moreover, by Lemma 2.8, this line is unique for eacht ∈ (t∗, t1) and varies continuously in
terms oft ∈ (t∗, t1). Whent tends tot∗, the line tends to a linemt∗ in Πt∗ which is tangent to
Pt∗ andQt∗ and whose set of supports containsu. If its set of supports strictly containsu then
mt∗ is tangent toPt∗ andQt∗ along an edge of one of them because the polygons are convex,
and hence we can choosem = mt∗ to complete the proof. Otherwise,u is a(Pt∗ ,Qt∗)-tuple.

We can suppose thatu is a non-maximal(Pt∗ ,Qt∗)-tuple since we already treated the case
whereu is maximal. There exists inΠt∗ a line tangent toPt∗ andQt∗ whose set of supports
is u. Sinceu is non-maximal this line is tangent toPt∗ andQt∗ at a shared vertex, and can be
rotated about this vertex inΠt∗ until it becomes tangent toPt∗ andQt∗ at some other points,
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14 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

Πt∗

m= Πt∗ ∩Ψ

Pt∗

le

face ofP in Ψ
Qt∗

FIG. 2.6.Line m is tangent toP along a face in planeΨ 6= Πt∗ .

which must occur becauseu is non-maximal; letm denote the resulting line. The set of
supports ofmcontainsu andm is tangent toPt∗ andQt∗ along an edge of one of them because
the polygons are convex.

LEMMA 2.11.Line m lies in a planeΨ 6= Πt∗ containing a face ofP.
Proof. By Lemma 2.10,m contains an edge ofPt∗ ; see Figure 2.6. This edge either

intersects the relative interior of some face ofP in which case we takeΨ to be the plane
containing that face, or it is an edge ofP in which case we takeΨ to be a plane, different
from Πt∗ , containing one of the two faces ofP incident to that edge.

Let mt be the lineΨ∩Πt for all t in any sufficiently small open neighborhoodN of t∗;
line mt is well defined sinceΨ∩Πt∗ is linem by Lemmas 2.10 and 2.11.

LEMMA 2.12.Line m is tangent toP∩Ψ or to Q∩Ψ, at some point not on le.
Proof. We assume for a contradiction that linemdoes not satisfy the lemma, i.e.,m is not

tangent toP∩Ψ or to Q∩Ψ at any point other than onle. We prove that the set of supports
of m is u and is a maximal(Pt ,Qt)-tuple for allt in any sufficiently small neighborhood oft∗,
contradicting the hypotheses of Lemma 2.3 and thus proving Lemma 2.12.

Sincem is tangent toQ (by Lemma 2.10),m is tangent toQ∩Ψ only on le (see Fig-
ure 2.7(a)), orm properly intersectsQ∩Ψ which is then a face or an edge ofQ (see Fig-
ure 2.7(b))4. Similarly m is tangent toP∩Ψ only on le, or m properly intersects it; however
P∩Ψ is necessarily a face ofP by Lemma 2.11.

The following Lemmas 2.13 and 2.14 imply that the set of supports ofmt is invariant and
equal tou for all t in any sufficiently small open neighborhoodN of t∗. Moreover, sincemt

varies continuously witht andm= mt∗ is tangent toPt∗ andQt∗ (by Lemma 2.10), linemt is
tangent toPt andQt for all t ∈ N . Henceu is a (Pt ,Qt)-tuple for all t ∈ N . We now prove
thatu is a maximal(Pt ,Qt)-tuple for allt ∈ N .

As we have seen before,m= mt∗ is tangent toP in at least two points (by Lemma 2.10),
thusmt∗ intersects its supports in at least two distinct points. Moreover the set of supports of
mt∗ is u. Thus there is a unique line inΠt∗ whose set of supports containsu. Henceu is a
maximal(Pt∗ ,Qt∗)-tuple.

By Lemma 2.8,mt is the unique line inΠt whose set of supports containsu for all t 6= t∗

in N . Thusu is a maximal(Pt ,Qt)-tuple for allt 6= t∗ in N .
Henceu is a maximal(Pt ,Qt)-tuple for allt ∈N , contradicting the hypotheses of Lemma 2.3

and thus concluding the proof of Lemma 2.12.
LEMMA 2.13. The set of supports of mt is u for some t in any sufficiently small open

neighborhoodN of t∗.
Proof. We first prove that the supports inu are supports ofmt for all t ∈ N . A support

vertex inu lies on le by Lemma 2.8 and thus lies inΠt for all t. A support vertex inu also

4Note that in these two situations, two edges of two distinct polytopes are then coplanar (in the first case an edge
of Q andeare coplanar, and in the later case a face ofP is coplanar with a face or an edge ofQ). Hence proving this
lemma is straightforward under some general position assumption that excludes such situations.
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 15

Ψ

m= Πt∗ ∩Ψ

Πt∗+ε ∩Ψ

Πt∗−ε ∩Ψ

le
face ofP in Ψ

face ofQ in Ψ

(a) (b)

Ψ

m= Πt∗ ∩Ψ

Πt∗+ε ∩Ψ

Πt∗−ε ∩ΨQ∩Ψ

le
face ofP in Ψ

FIG. 2.7.m is tangent toP along a face inΨ and (a) toQ∩Ψ only on le or (b) toQ along a face inΨ.

lies onm by Lemma 2.10 and thus lies in planeΨ by Lemma 2.11. Hence, for allt ∈ N , the
support vertices inu lie onmt , and thus are supports ofmt .

In order to prove that the support edges inu are supports ofmt , it is sufficient (by
Lemma 2.10) to prove that the support edges ofm are supports ofmt . The support edges
of m in P lie in planeΨ (see Figure 2.7(b)) becauseΨ containsmand a face ofP (indeed ifm
intersects an edge ofP not inΨ thenmcontains one of its endpoints, and thus the edge is not
a support). Thus all the support edges ofm lie in Ψ andmcontains none of their endpoints (by
definition). Sincemt lies inΨ for all t andmt∗ = m, line mt intersects all the support edges of
m and contains none of their endpoints for allt in any sufficiently small open neighborhood
N of t∗. Hence the support edges ofm in P are supports ofmt for all t ∈ N .

Consider the case whereQ∩Ψ is a face or an edge ofQ. Similarly as forP, the support
edges ofm in Q lie in planeΨ, and thus are supports ofmt for all t ∈ N .

Consider now the case wherem is tangent toQ∩ Ψ only on le at, say, pointv (see
Figure 2.7(a)). Thenv lies in Ψ (sincem⊂ Ψ by Lemma 2.11) and also lies inΠt for all
t (sincele ⊂ Πt for all t). Hencemt containsv for all t ∈ N . Moreover,mt is tangent to
Q∩Ψ only atv for all t in any sufficiently small open neighborhoodN of t∗. Hence the set
of supports ofmt in Q is invariant for allt ∈ N .

We have so far proved that the set of supports ofmt containsu for all t ∈ N .
We now prove that the set of supports ofmt is u for somet ∈ N . Consider first the case

whereu is a maximal(Pt∗ ,Qt∗)-tuple. Then, by Lemma 2.8, the union of the supports inu
intersectsΠt∗ in at least two distinct points, thusmt∗ = m is the only line inΠt∗ whose set of
supports containsu. Moreover, sinceu is a (Pt∗ ,Qt∗)-tuple, there exists a line inΠt∗ whose
set of supports isu. Hence the set of supports ofmt∗ is u.

Consider now the case whereu is a maximal(Pt ,Qt)-tuple for allt ∈ (t∗, t1). By Lemma 2.8,
for all t ∈ (t∗, t1), the union of the supports inu intersectsΠt in at least two distinct points,
thusmt is the only line inΠt whose set of supports containsu. For all t ∈ (t∗, t1), sinceu is a
(Pt ,Qt)-tuple there exists a line inΠt whose set of supports isu. Hence the set of supports of
mt is u for all t ∈ (t∗, t1).

LEMMA 2.14. The set of supports of mt is invariant for t ranging in any sufficiently
small open neighborhoodN of t∗.

Proof. First if m= le thenmt = le for all t ∈N becauseΨ containsm= le (by Lemma 2.11)
andΠt containsle for all t (by definition). Thus the set of supports ofmt is invariant for all
t ∈ N . We now assume thatm 6= le.

Line m is tangent to polygonPt∗ along an edge by Lemma 2.10. Thusm is tangent toP
in at least two points. Hence, sinceP∩Ψ is a face ofP andm lies in Ψ, eitherm properly
intersectsP∩Ψ or m is tangent toP∩Ψ along one of its edges. In the later case, the edge
does not lie inle sincem 6= le, thusm is tangent toP∩Ψ at some point not onle, contradicting

in
ria

-0
01

03
91

6,
 v

er
si

on
 1

 - 
19

 N
ov

 2
00

7



16 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

our assumptions. Hencem properly intersects the face ofP in Ψ.
It follows that, if m contains a vertex ofP, then this vertex is an endpoint of a support

edge ofmt for all t in any sufficiently small open neighborhood oft∗ (indeedmt lies in Ψ
and tends tom whent tends tot∗). By Lemma 2.13, the set of supports ofmt is u for some
t in any sufficiently small open neighborhood oft∗. Hence, ifm contains a vertex ofP, this
vertex is an endpoint of a support edge inu. By assumptionu contains no edge with endpoint
on Πt∗ \ le, thusm contains no vertex ofP except possibly onle (sincem lies in Πt∗). It thus
follows that the set of supports ofmt in P is invariant fort ranging in any sufficiently small
open neighborhood oft∗ (sincemt ⊂ Ψ tends tomwhent tends tot∗ and all supports ofm lie
in Ψ).

Now consider the case wherem properly intersectsQ∩Ψ which is a face or an edge of
Q. Similarly as forP, m contains no vertex ofQ except possibly onle and thus the set of
supports ofmt in Q is invariant fort ranging in any sufficiently small open neighborhood of
t∗.

Finally, consider the case wherem is tangent toQ∩Ψ only on le. Then, as in the proof
of Lemma 2.13, the set of supports ofmt in Q is invariant for allt ranging in any sufficiently
small open neighborhood oft∗, which concludes the proof.

2.5. Non-generic tangent lines.We count here the number of non-generic tangent
lines. Note that, as mentioned before, there are no such lines under some adequate general
position assumption.

PROPOSITION2.15. There are at most O(p+q+ r) isolated non-generic tangent lines
except possibly for those that lie in planes that contain e and are tangent to all four polytopes.

Proof. An isolated non-generic tangent line lies in planeΠt for somet and contains (at
least) two distinct points, each of which is a vertex ofP, Q, R, or S, or a point of tangency
between the line and one of the polygonsPt , Qt , andRt ; indeed, otherwise the line can be
moved inΠt while keeping the same supports.

We count first the isolated non-generic tangent lines that contain two distinct points of
tangency with two of the polygonsPt , Qt , andRt in Πt for somet. Consider such a linè
tangent to, say,Pt andQt in Πt . Line ` is non-generic and thus properly intersects a face of
S or a face or an edge ofR lying in Πt . If ` properly intersects a face ofS or a face or an
edge ofR lying in Πt but not entirely contained inle, thenΠt is one of the at most four planes
tangent toR or S. There areO(p+q) lines tangent toPt andQt in two distinct points in each
of these planes and thusO(p+q) such lines in total. Otherwise,Πt intersects each ofR and
S in an edge contained inle. The supports of̀ are thus the union of aPQ-tuple, and of, in
each ofR andS, the edge lying inle or one (or both) of its endpoint. It follows that at most a
constant number of such isolated non-generic tangent linescontain a givenPQ-tuple in its set
of supports. Hence the number of such lines is at most the number of PQ-tuples, which is in
O(p+q) by Corollary 2.6. It follows that there are at mostO(p+q+ r) isolated non-generic
tangent lines that contain two distinct points of tangency with two of the polygonsPt , Qt , and
Rt in Πt for somet. We obtain similarly that there are at mostO(p+ q+ r) isolated non-
generic tangent lines that contain two distinct points of tangency with only one the polygons
Pt , Qt , andRt .

We now count the isolated non-generic tangent lines that contain a unique vertex ofP,
Q, R, or S and a unique point of tangency with the polygonsPt , Qt , andRt in Πt for somet.
Each vertexv of P, Q, R, or S that does not lie onle is contained in a unique planeΠt and
there are, in that plane, at most six lines throughv and tangent toPt , Qt , or Rt . There are thus
O(p+q+ r) such lines in total. Consider now a line` through a vertexv on le and tangent to
Pt atw 6= v in Πt for somet. We can suppose that each ofQt andRt is either tangent tò atw
or is properly intersected bỳ; indeed otherwisè is tangent to two polygons in two distinct
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 17

points. IfQt (or Rt ) is a face ofQ (resp.R) or an edge not contained inle thenΠt is one of
the at most two planes tangent toQ (resp.R) and, in each of these planes, there are at most
two lines throughv and tangent toPt . If Qt (or Rt ) is tangent tò at w such that the support
edges of̀ in P and inQ (resp.R) are not collinear theǹ goes through a vertex ofP, Q, R,
or S that lies onle, and through a vertex of the intersection of two of these polytopes. There
are at most eight vertices ofP, Q, R, andSon le andO(p+q+ r) vertices on the intersection
of two of these polytopes. There are thusO(p+q+ r) such lines in total. Otherwise,Qt (and
Rt ) is an edge contained inle or is tangent tò at w such that the support edges of` in P and
in Q (resp.R) are collinear; theǹ is not isolated.

We finally bound the number of isolated non-generic tangent lines that contain no point
of tangency with the polygonsPt , Qt , andRt in Πt for any t (and thus contain at least two
vertices ofP, Q, R, andS). Consider such a linèthat lies in planeΠt for somet. Line ` is
tangent toP, Q, andR and thus properly intersectPt , Qt , andRt in planeΠt which is tangent
to P, Q, andR. If planeΠt is not tangent toS, ` goes through an endpoint ofe (since` is
tangent toS) and there areO(p+q+ r) such lines̀ that go through an endpoint ofe and at
least another vertex ofP, Q, or R. If planeΠt is tangent toS, line ` lies in a planeΠt tangent
to P, Q, R, andS, which concludes the proof.

Note that there can beΩ(n2) isolated non-generic tangent lines that lie in a plane tangent
to all four polytopes. Consider, for instance, four polytopes that admit a common tangent
plane containing edgee, an edgee′ of P, and two faces ofQ andR of linear complexity such
that all the lines through a vertex of each face intersecte ande′. All these lines are isolated
non-generic tangent lines.

2.6. Proof of the Main Lemma. Proposition 2.7, which handles the isolated generic
tangent lines, and Proposition 2.15, which handles the isolated non-generic tangent lines,
directly yield the Main Lemma.

3. Upper bounds. We prove in this section the upper bounds of Theorems 1.1, 1.2, and
1.3. The lower bounds are proved in Section 4. Considerk pairwise distinct polytopesP1,. . . ,
Pk with n1,. . . ,nk edges, respectively, andn edges in total.

LEMMA 3.1. For any edge e ofPi , there are O(n j +nl +nm) sets of open edges, chosen
from Pi , P j , Pl , andPm, that admit an isolated transversal that intersects e and istangent to
these four polytopes.

Proof. Any isolated transversal to a set of edges is isolated with respect to the set of all its
supports. It is thus sufficient to bound the number of sets of open edges, chosen fromPi , P j ,
Pl , andPm, that are intersected by an isolated line that intersectseand is tangent to these four
polytopes. The Main Lemma states that there areO(n j +nl +nm) isolated lines intersecting
e and tangent toPi , P j , Pl , andPm, excluding those that lie in planes that containe and are
tangent to all four polytopes. Any of theseO(n j + nl + nm) isolated lines intersects at most
two open edges in any polytope. Thus there areO(n j +nl +nm) sets of open edges (chosen
from Pi , P j , Pl , andPm) that are intersected by one of these isolated lines. Now consider any
isolated line that lies in a plane that containseand is tangent to all four polytopes. This plane
contains all the open edges that are intersected by the isolated line. Thus these edges (and
any subset of them) admit no isolated transversal.

LEMMA 3.2. A minimal set of open edges and vertices that admit an isolated transversal
consists of (i) two vertices, (ii) one vertex and one or two edges, or (iii) two, three, or four
edges.

Proof. Consider a minimal set of open edges and vertices that admits an isolated transver-
sal. The elements are necessarily distinct because the set is minimal. If the set contains two
vertices, it contains no other element since the two vertices admit a unique transversal.
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18 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

Suppose now that the set contains one vertex. None of the openedges contain the vertex
because otherwise such an edge would be redundant. Thus, thevertex and any segment
define either a line, and thus admit an isolated transversal,or they define a plane. If none
of the other edges intersect that plane in a unique point, thevertex and all open edges admit
zero or infinitely many common transversals, a contradiction. Thus there exists an edge that
intersects the plane in a unique point. Hence, the vertex andtwo open edges admit a unique
transversal, and the minimal set contains no other element.

Suppose finally that the set only contains open edges. The characterization of the transver-
sals to a set of line segments [9] shows that either two, threeor four of these line segments
admit at most two transversals, or that the set of common transversals to all the open line
segments can be parameterized by an open set of parameters inR

2, R or R/πZ. In the lat-
ter case, the edges admit no isolated transversal, a contradiction. Hence, the minimal set of
edges consists of two, three or four edges. (Note that two or three edges may admit an isolated
transversal if that transversal contains one or two of the edges.)

We can now prove the upper bound of Theorem 1.3.
PROPOSITION3.3. There are O(n2k2) minimal sets of open edges and vertices, chosen

from some polytopes, that admit an isolated transversal that is tangent to these polytopes.
Proof. We bound the number of minimal sets depending of their type according to

Lemma 3.2. First, there areO(n2) pairs of vertices, pairs of edges, and sets of one vertex
and one edge. Hence, at mostO(n2) such pairs admit an isolated transversal.

Consider a minimal set of one vertex and two open edges, chosen from some polytopes,
that admit an isolated transversal that is tangent to these polytopes. The open edges do not
contain the vertex because otherwise they admit no isolatedtransversal. Thus the vertex and
each edge define a plane. For each of theO(n2) planes defined by a vertex and an open edge
not containing it, there areO(k) lines in that plane that are tangent to one of the polytopes
at some point other than the vertex. Hence there areO(n2k) sets of one vertex and two
edges, chosen from some polytopes, that admit an isolated transversal that is tangent to these
polytopes.

It is straightforward to show that three open edges admit an isolated transversal only if
the line containing one of the edges intersects the two otheredges. Since any line intersects
at most two open edges in any of thek polytopes, there areO(nk2) sets of three open edges
that admit an isolated transversal.

Consider now the case of four edges, chosen from at most threepolytopes, that admit an
isolated transversal that is tangent to these polytopes. The two edges chosen from the same
polytope belong to the same face, and the isolated transversal lies in the plane containing that
face. Each of the two other open edges intersects that plane in one point, because otherwise
the four open edges admit zero or infinitely many transversals. For each of theO(n) planes
containing a face of one of the polytopes, and each of theO(n) edges intersecting that plane
in exactly one point, there are at most 2k lines in that plane that contain this point and are
tangent to one of thek polytopes at some other point. Hence there areO(n2k) sets of four
open edges, chosen from at most three polytopes, that admit an isolated transversal that is
tangent to these polytopes.

We finally bound the number of sets of four edges, no two chosenfrom the same poly-
tope. By Lemma 3.1 and by summing over alln edgese of the polytopes, the numberT of
sets of four open edges, chosen from four polytopes, that admits an isolated transversal that
is tangent to these four polytopes satisfies

T 6 n ∑
j<l<m

C(n j +nl +nm),
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 19

whereC is some constant. Since eachni , 16 i 6 k, appears
(k−1

2

)

times in the sum, it follows
that

T 6 Cn ∑
16i6k

ni

(

k−1
2

)

= Cn2
(

k−1
2

)

soT is in O(n2k2) as claimed.
The above result implies the following upper bounds and in particular those of Theo-

rem 1.1.
PROPOSITION3.4. There are O(n2k2) connected components of maximal free line seg-

ments tangent to at least four of the polytopes. This bound also holds for connected compo-
nents of possibly occluded lines tangent to at least four of the polytopes. Furthermore, the
same bound holds for isolated such segments or lines.

Proof. We prove the proposition for possibly occluded lines tangent to at least four of the
polytopes; the proof is similar for maximal free line segments. By Proposition 3.3, there are
O(n2k2) minimal sets of open edges and vertices, chosen from some polytopes, that admit an
isolated transversal that is tangent to these polytopes. The bound on the number of connected
components thus follows from the fact that any connected component of lines tangent to four
polytopes contains an isolated line. Indeed, any non-isolated line can be moved while keeping
the same set of supports until (at the limit) the line intersects a new edge or vertex. During the
motion, the line remains tangent to all four polytopes sinceit keeps the same supports (except
at the limit); if the line has more than one degree of freedom,this can be repeated until the
line becomes isolated.

We now prove the upper bound of Theorem 1.2. We start by two preliminary lemmas.
LEMMA 3.5. Four possibly intersecting convex polygons inR

2 admit at most a constant
number of connected components of line transversals.

Proof. Consider the usual geometric transform where a line inR
2 with equationy =

ax+b is mapped to the point(−a,b) in the dual space (see e.g. [24, §8.2.1]). The transversals
to a convex polygon are mapped to a region bounded from above by a convexx-monotone
curve and from below by a concavex-monotone curve; such a region is called stabbing region,
and the curves are referred to as the upper and lower boundaries of the stabbing region. The
transversals to four polygons are mapped to the intersection of four stabbing regions. There
exists no transversal of a given slope if and only if the lowerboundary of a stabbing region
lies above the upper boundary of another stabbing region at that slope. Two such boundaries
intersect in at most two points, and thus the transversals tofour polygons form at most a
constant number of connected components of transversals.

As in Section 2, letP, Q, R, andSbe four polytopes inR3, with p, q, r, ands> 1 edges,
respectively, and letebe a closed edge ofS.

LEMMA 3.6. There are O(p+q+ r) connected components of lines intersecting e and
tangent toP, Q, R andS.

Proof. As in the proof of Proposition 3.4, any connected componentof lines intersecting
e and tangent toP, Q, R, andS contains an isolated line. The Main Lemma thus yields that
there areO(p+ q+ r) connected components of lines intersectinge and tangent toP, Q, R
andSexcept for the components that only contain isolated lines that lie in planes that contain
eand are tangent to all four polytopes.

We show that there are at most a constant number of connected components of lines
intersectinge and tangent toP, Q, R andS that lie in planes that containe and are tangent
to all four polytopes. There may be infinitely many such planes that intersectP, Q, R and
S only on le but all the lines tangent to the four polytopes in all these planes belong to the
same connected component. Besides these planes there are atmost two planes containinge
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FIG. 4.1.Lower bound examples for Lemmas 4.1 and 4.2.

and tangent to all four polytopes. In any such plane, the lines tangent to the four polytopes
are the transversals to the four polygons that are the faces,edges, or vertices ofP, Q, R, and
S lying in the plane. Lemma 3.5 thus yields the result.

We can now prove the upper bound of Theorem 1.2.
PROPOSITION3.7. Given3 polytopes with n edges in total and one polytope with m

edges, there are O(mn) connected components of lines tangent to the four polytopes.
Proof. Let S denote the polytope withm edges. First, ifS consists of a single point, it

is straightforward to show that there areO(n) connected components of lines tangent to the
four polytopes. Otherwise, by summing over all the edges ofS, Proposition 3.6 yields that
the number of connected components of lines tangent to the four polytopes isO(mn).

4. Lower bounds. We provide in this section the lower-bound examples needed for
Theorems 1.1, 1.2, and 1.3. The following proposition proves the lower bound of Theo-
rem 1.2.

LEMMA 4.1. There exist four disjoint polytopes of complexity n such that the number
of common tangent lines is finite andΩ(n2). There also exist two polytopes of complexity n
and two polytopes of complexity m such that the number of common tangent lines is finite and
Ω(mn).

Proof. We consider four planar regular polygonsP, Q, R, andS, each withn vertices,
embedded inR3. P is centered at the origin and parallel to theyz-plane,Q is obtained fromP
by a rotation of angleπn about thex-axis, andRandSare obtained fromP andQ, respectively,
by a translation of length 1 in the positivex-direction (see Figure 4.1). We transform the
polygonsP and Q into the polytopesP and Q by adding a vertex at coordinates(ε,0,0).
Similarly, we transform the polygonsR andS into the polytopesR andS by adding a vertex
at coordinates(1+ ε,0,0).

For ε sufficiently small, the lines tangent toP, Q, R andS are the lines through a vertex
of P∩Q and a vertex ofR∩S. SinceP∩Q andR∩S have 2n vertices each, there are 4n2

tangent lines. Now, movingP andS by 2ε in thex direction ensures the disjointness of the
polytopes while preserving the existence of the tangents ifε is small enough.

ReplacingR andS in the above construction by regular polygons each withm vertices
yields theΩ(mn) lower bound in the case of two polytopes of complexityn and two polytopes
of complexitym.

We now prove the lower bounds of Theorems 1.1 and 1.3. The following proposition
directly yields these bounds since the number of isolated tangents to any four of the polytopes
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THE NUMBER OF MAXIMAL FREE LINE SEGMENTS TANGENT TO POLYTOPES 21

is less or equal to the number of sets of open edges and vertices in at most four polytopes that
admit an isolated transversal that is tangent to these polytopes.

LEMMA 4.2. There exist k disjoint polytopes of total complexity n such that the number
of maximal free line segments tangent to four of them is finiteandΩ(n2k2). Moreover these
segments lie in pairwise distinct lines.

Proof. The lower bound example is similar to the one with four polyhedra. For simplicity
suppose thatn andk are such thatnk and k

4 are integers. We first take ank -regular polygonA1

in the planex = 0. Next we consider a copy,B0, of A1 scaled by a factor of(1+ ε), and on
each edge ofB0 we placek

4 points. PolygonBi , 1 6 i 6
k
4, is constructed by taking theith

point on each edge ofB0. If ε is small enough, the intersection points ofA1 andBi are outside
the other polygonsB j for 1 6 j 6

k
4 andi 6= j. Now theAi , for 26 i 6

k
4, are constructed as

copies ofA1 scaled by a factor 1+ i
kε (see Figure 4.1). For the moment, all polygons lie in

planex = 0. We now construct 4 families ofk4 polygons each:
- Pi is a copy ofAi translated byiε in the negativex direction
- Qi is a copy ofBi translated byiε in the positivex direction
- Ri is a copy ofBi translated by 1− iε in the positivex direction
- Si is a copy ofAi translated by 1+ iε in the positivex direction

Any choice of four polygons, one in each familyPi , Q j , Rl and Sm, reproduces the
quadratic example of Lemma 4.1 with polygons of sizen

k and thus with total number of

tangents larger than
(

k
4

)4
4
(

n
k

)2
= n2k2

4 . Furthermore the lines tangent toPi , Q j , Rl andSm

are only occluded byPi′ andSm′ for i′ > i andm′ > m, that is, beyond the portion of the
tangents containing the contact points. Thek polygons can be transformed intok convex
polyhedra as in Lemma 4.1.

5. Algorithm. Using the sweep-plane algorithm outlined in Section 2.1, wecan com-
pute inO(n2k2 logn) time all minimal sets of open edges and vertices, chosen fromsome
of the polytopes, that admit a possibly occluded isolated transversal that is tangent to these
polytopes. Now, for some of these lines, the segment joiningthe contact points with the poly-
topes is free. We can use standard, but complicated, ray-shooting data structures in order to
determine which of theseO(n2k2) segments are free; this can be done inO(log2n)-time per
query usingO((nk)2+ε) preprocessing time and storage [3].

We present in this section a solution that usesO(n2k2 logn) time andO(nk2) space. We
adapt the algorithm outlined in Section 2.1 to directly compute the minimal sets of edges and
vertices admitting an isolated line transversal that contains a free segment tangent to their re-
spective polytopes. Our algorithm has better time and spacecomplexities than the previously
mentioned approach, and is readily implementable. Moreover, the space complexity drops to
O(nk) if no occlusion is taken into account. Precisely, we prove the following theorem which
is more powerful, though more technical, than Theorem 1.4 and directly yields it.

THEOREM 5.1. Given k polytopes inR3 with n edges in total, we can compute in
O(n2k2 logn) time and O(nk) space all the minimal sets of open edges and vertices, cho-
sen from some of the polytopes, that admit an isolated, possibly occluded, line transversal
tangent to these polytopes. We can also compute, in O(n2k2 logn) time and O(nk2) space, all
the minimal sets of open edges and vertices that admit an isolated line transversal containing
a maximal free segment that is tangent to these polytopes. Furthermore, the algorithm reports
which of the transversals contains such a free line segment.

For ease of presentation, we describe a simplified version ofthe algorithm in which we
assume that the polytopes are in generic position; see Section 5.2 for details. Using the same
techniques as in Section 2, it is straightforward though tedious to generalize the algorithm
for arbitrary situations. We also only detail the algorithmfor the case of minimal sets of
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22 BRÖNNIMANN, DEVILLERS, DUJMOVIĆ, EVERETT, GLISSE, GOAOC, LAZARD,. . .

four edges, no two chosen from the same polytope; the other sets of at most four edges and
vertices can be computed similarly.

5.1. Algorithm overview and data structures. The input to our algorithm is a set of
possibly intersecting polytopes structured in a standard way so that classic incidence queries
can be performed in constant time (see, for instance, [7, §9.1]).

We consider each polytope edge,e, in turn and sweep a plane around it between its two
incident faces. During the sweep we create and maintain the following objects.

Combinatorial polygons.The sweep plane intersects each polytope in a (possibly empty)
convex polygon whose vertices correspond to polytope edges. For each of these polygons,
we maintain the set of vertices, each represented by its corresponding polytope edge, in a
data structure that admits logarithmic-time vertex insertion, deletion and look-up operations,
as well as ray-shooting queries. This can be done with a balanced binary search tree (see [21,
§7.9.1]).

Combinatorial bitangents.The algorithm keeps track of the lines contained in the sweep
plane and tangent to two polygons. The polytopes properly intersected by such a bitangent
between its two supports are itsblockers. A bitangent is represented by (pointers to) its two
supports and a set of its blockers, ordered by polytope index, stored in a balanced binary
search tree.

Polytope edges.We associate with each polytope edge a list of pointers to thecombinatorial
bitangents it supports in the current sweep plane.

Critical events.The sweep stops at critical events at which time combinatorial polygons and
bitangents are updated. In addition to the V- and F-criticalevents defined in Section 2.3,
we introduce the following two new types of events at which the set of blockers of some
combinatorial bitangents may change. AT-critical event occurs whenever three bitangents,
supported by aPQR-tuple, become aligned (see Figure 5.1b). AnI-critical event occurs
when the sweep plane contains a point of intersection between an edge and a face of two
(distinct) polytopes (see Figure 5.2).

Each event is represented by a data structure providing pointers to the primitives that
define it: a vertex for a V-event, a bitangent and a face for a F-event, three bitangents for a
T-event, and a face and an edge for a I-event. In addition, fora T-event, we store a bit of
information specifying which of the line transversals tole and the three support edges defines
the T-event. Note that the critical value of each critical event can be computed in constant
time from the information associated with the event; it thusdoes not need to be explicitly
stored.

Finally, critical events are sorted in the order in which they appear during the sweep and
stored in anevent queuesupporting insertion and deletion in logarithmic time.

5.2. Generic position assumption.Our generic position assumption is thatthe ordered
set of events does not change under any arbitrarily small perturbation of the input polytopes.
This assumption corresponds to (i) the events are generic, and (ii) no two events occur in
the same sweep plane, except for F- and I-critical events induced by the same pair of edge
and face. The genericity of the events is ensured by (but not characterized by) the following
geometric conditions:

V-critical events:no vertex lies on a line containing another edge,
F-critical events:no two edges in two distinct polytopes are coplanar,
I-critical events: if an edge intersects a face of another polytope, it does so properly and

not on a line containing another edge,
T-critical events:any four lines containing polytope edges admit zero or two transversals.
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FIG. 5.1. (a) The sweep plane in which the combinatorial bitangent with support edges e1 and e2 is created.
(b) The sweep plane at a T-critical event induced by the threebitangents with support edges in e1, e2, and e3. (c-d)
A line ` that defines an F-critical event. (d) The F-event defined by` occurs simultaneously with an I-critical event.

5.3. Initialization. For each new sweep, we initialize the event queue and construct the
combinatorial polygons and combinatorial bitangents as follows.

Combinatorial polygons.Computing the combinatorial polygons in the initial sweep plane
can easily be done inO(n) time.

Combinatorial bitangents.The bitangent lines to two polygonsP andQ in the initial sweep
plane through a given vertex ofP can be computed by a binary search onQ in O(logn) time.
The blockers of a given bitangent can be found using one ray-shooting query per combina-
torial polygon, for a total time ofO(k logn). Altogether, theO(nk) combinatorial bitangents
can thus be computed inO(nk2 logn) time.

Event queue.There areO(n) V-critical events andO(nk) I-critical events, since an edge inter-
sects a polytope in at most two faces. TheO(nk) edge-face intersection points are computed
and stored once before the beginning of the first sweep; this computation can be done by using
brute force inO(n2) time, and withO(nk) space, since it is done once for all the sweeps. For
each sweep, all the V- and I-critical events can then be inserted inO(nklogn) time. For each
of the O(nk) combinatorial bitangents, we also insert F- and T-criticalevents inO(k logn)
time as explained in Section 5.4 (Lemma 5.2). In total, initializing the event queue takes
O(nk2 logn) time per sweep.

Thus, initializing all the combinatorial polygons, bitangents, and the event queue can be
done inO(nk2 logn) time per sweep plusO(n2) time overhead for a total ofO(n2k2 logn)
time as announced in Theorem 5.1.

5.4. Updating the event queue.Every time a new combinatorial bitangent is created,
we compute and insert into the queue new F- and T-events as described below. Lete1 ande2

denote the two support edges of a new combinatorial bitangent. Let Πt0 denote the critical
plane at which the new combinatorial bitangent is created.

New T-critical events.See Figure 5.1a-b. Consider all the bitangents havinge1 as support
edge and compute the set of support edges (distinct frome1 ande2) of all these bitangents.
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Compute the intersection of this set with the similar set fore2; this can be done inO(k logk)
time by ordering the edges by their indices. For each edgee3 in that set, insert a T-event for
each line transversal tole, e1,e2, ande3 if the transversal is tangent to the three polytopes
containinge1,e2, ande3; this test can be done in constant time. Each of the at mostk inser-
tions into the event queue takesO(logn). Thus computing and inserting the new T-critical
events takesO(k logn) time per new bitangent.

New F-critical events.Consider in turn each of the four faces incident to one of the two
support edges. Lete1 and f denote the considered edge and face. We compute a candidate
F-event, in constant time, as follows. Compute the line` (if any) that lies in the planeΨ
containing f and goes throughle ande2 (see Figure 5.1c). If̀ is tangent to the polytope
containinge2, ` defines an F-event. We reject this F-event if` does not intersecte1 (in such a
case, the edgee1 does not intersect the sweep plane at the F-event and thus thecombinatorial
bitangent toe1 ande2 would have been deleted at some V-event before the F-event).We also
discard this F-event if it occurs at the critical valuet0 where the (considered) bitangent is
created (that isΠt0 contains̀ ); we discard such F-events because when a bitangent is created
at an F-event, we do not re-insert the same F-event into the queue. We thus retain at most four
F-events, at most one for each of the four faces incident to one of the two support edges. If
no F-event is retained, the bitangent will be deleted at a V-critical event and no new F-critical
event is created. If more than one F-event is retained, we need only keep the first one, since,
as we shall see in Section 5.5.2, the combinatorial bitangent will be deleted at the first of
these events.

Again, let f denote the face incident to edgee1 that induces that F-critical event. If the
other support edge,e2, intersects facef (see Figure 5.1d), then this event will be treated as
an I-critical event and again we create no new F-event. Otherwise, we insert the F-event into
the queue inO(logn) time. We thus get the following lemma.

LEMMA 5.2. Each time a combinatorial bitangent is created, the event queue can be
updated in O(k logn) time.

5.5. Processing events.

5.5.1. V-critical events. Let v denote the vertex that induces a V-critical event. As the
sweep plane reachesv, all edges incident tov start or cease to be swept; we call the former
startingedges and the latterterminatingedges. LetQ denote the polytope to whichv belongs
and letΠt0 be the sweep plane containingv. When processing a V-event, we perform the
following operations.

Create and delete combinatorial bitangents.Suppose first that the critical plane throughv
properly intersectsQ. Consider in turn each combinatorial bitangent supported by a termi-
nating edge,et , incident tov and leth denote the other support edge of this bitangent. We
check all starting edges incident tov to find the edgees such that the line inΠt0+ε throughes

andh is tangent toQ for ε > 0 arbitrarily small. We create a new combinatorial bitangent and
delete the old one; in fact, we simply replaceet by es in the combinatorial bitangent, create
a pointer from edgees to the bitangent, and update the event queue. After handlingthe last
bitangent supported by edgeet , delete all the pointers fromet to the bitangents.

The critical plane throughv containsO(k) bitangents throughv, thus, by continuity, at
mostO(k) combinatorial bitangents are deleted and created. Each deletion and creation takes
linear time in the degree ofv plusO(k logn) time for updating the event queue (Lemma 5.2).
Hence, since the sum of the degrees of the vertices isO(n), this step takesO(nk2 logn) time
in total for all non-extremal V-events.

Suppose now that the critical plane throughv is tangent toQ and that all edges incident
to v are starting. For each edge not incident tov, we can decide in constant time whether
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FIG. 5.2. I-critical event.

it supports a bitangent throughv in the critical plane throughv. If so, we check, for each
edge incident tov, if the line in planeΠt0+ε that goes through these two edges is tangent to
Q for ε > 0 arbitrarily small. If so, we create a new combinatorial bitangent. By continuity,
O(k) bitangents are created in total timeO(n+ kd) whered is the degree ofv. For each of
these newly created bitangents, we compute its set of blockers in (brute force)O(n) time and
update the event queue inO(k logn) time (Lemma 5.2). This takesO(nklogn) time per event,
henceO(nk2 logn) time per sweep since there are at most two sweep planes tangent to any
polytope.

Finally, if all edges incident tov are terminating, we delete all theO(k) bitangents sup-
ported by these edges; for each bitangent, deleting its blockers and the pointer from the edge
not incident tov can be done inO(k) time. Hence, this takesO(k2) time per critical event and
O(k3) time per sweep.

Update the combinatorial polygon associated withQ. This takesO(logn) time per polytope
edge incident tov, thusO(nlogn) time in total for all V-events.

Hence, processing all V-events takesO(nk2 logn) time per sweep.

5.5.2. F-critical events.We process an F-critical event as follows. Letb and f denote
the bitangent and face associated with the event. Lete1 ande2 denote the two support edges
of b such thate1 is the edge that belong tof (see Figure 5.1c-d). By construction of F-events
(see Section 5.4),e2 does not intersect facef (see Figure 5.1c), thus the bitangentb is deleted
and a new combinatorial bitangent is created.

Bitangentb is removed from the lists of bitangents supported bye1 ande2 in O(k) time.
The support edges of the new bitangent aree2 and the edgee′1 6= e1 of f that is intersected
by the line in the planeΨ (containing f ) throughle ande2 (see Figure 5.1c). This edgee′1
is also one of the two edges adjacent toe1 in its combinatorial polygon. Edgee′1 can thus
be computed inO(logn) time. As usual, the new bitangent is added to the lists of bitangents
supported bye′1 ande2. We then compute all the blockers of this new bitangent by performing
one ray-shooting query per combinatorial polygon, for a total time ofO(k logn). We finally
update the event queue inO(k logn) time (Lemma 5.2).

There areO(k) F-events associated to each polytope face, thusO(nk) F-events per sweep.
Hence, the total time complexity for processing all F-events isO(nk2 logn) per sweep.

5.5.3. I-critical events. An I-event is associated with a facef of some polytopeP and
an edgee1 of some other polytopeQ. Let p denote the point of intersection betweenf ande1.
The sweep plane,Πt0, that containsp intersects the two polytopesP andQ in two polygons
Pt0 andQt0. See Figure 5.2. Pointp lies on an edge ofPt0; the two endpoints of this edge are
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the intersection of two edges ofP, saye0 ande2. These two polytope edges can be computed
in O(logn) time using the combinatorial polygon associated withP.

Create or delete combinatorial bitangents.If the two polygonsPt0 andQt0 are tangent atp
(see Figure 5.2a), the two combinatorial bitangents whose pairs of support edges are(e0,e1)
and(e1,e2) are either created or deleted at the I-event. If these bitangents appear in the list of
bitangents having edgee1 as support, we remove them from the list and delete them; thiscan
be done brute force inO(k) time. Otherwise we create these two combinatorial bitangents.
We compute their set of occluders inO(k logn) time by intersecting the bitangents with all the
polytopes using their associated combinatorial polygons.Finally, we update the event queue
in O(k logn) time.

Update sets of blockers.Consider now each of theO(k) bitangents havinge1 as a support edge
except for the two bitangents that might have just been created. We update its set of blockers
as follows. First, note that only polytopeP may have to be added to, or removed from, the
set of blockers. Two situations occur: either the geometricbitangent segment joining the two
support edges inΠt0 properly intersects polygonPt0, or not. In the first case (e.g., segment
pq in Figure 5.2), polytopeP was and remains a blocker of the bitangent. In the second
case (e.g., segmentpr in Figure 5.2),P has to be either removed from, or added to, the set
of blockers. This can be done inO(k logk) time by searching forP in the set (recall that
polytopes are ordered by their index in a binary search tree).

Processing an I-event thus takesO(k logn) time. Since any polytope edge intersects any
other polytope in at most two points, there areO(nk) I-events which can be processed in
O(nk2 logn) time in total per sweep.

5.5.4. T-critical events. Suppose that on the line transversal toe1, e2, e3 andle (the one
associated to the T-event) edgese1, e2, e3 are met in that order at pointsp1, p2, p3. Let Qi be
the polytope containingei , 16 i 6 3.

Update sets of blockers.Update the occluder set for the bitangent with support edgese1 and
e3 by either removingQ2 (if it appears in the set) or addingQ2 (if it does not appear in the
set); this can be done inO(logn) time.

Output.First determine if the segmentp1p3 is unoccluded by checking if the set of blockers
of the bitangent with support edgese1 ande3 is empty or reduced toQ2. If so and if the
segment intersects the reference edgee, then it is a free segment transversal to the four edges
e,e1,e2,e3. In order to report each such transversal exactly once, we report it only if the
reference edgee is smaller thane2 for some global ordering of all edges. This can be done in
constant time.

There areO(nk2) T-critical events per sweep (see the proof of Proposition 3.3), thus all
the T-events can be processed inO(nk2 logn) time per sweep.

5.6. Complexity. Note first that we assume a model of computation in which boun-
ded-degree algebraic polynomials may be evaluated in constant time. See [18] for a detailed
description of the predicates concerning line transversals that are used in this algorithm.

In this model of computation, we have described aΘ(n2k2 logn)-time algorithm for com-
puting all the minimal sets of edges, no two chosen from the same polytope, that admit an
isolated line transversal containing a free segment that istangent to all these polytopes. As
mentioned earlier, the sweep-plane algorithm can be easilymodified to report all types of
minimal support sets.

The space used by the algorithm isΘ(nk2) in the worst case. To see this, first notice
that storing the combinatorial polygons and the V-, F- and I-critical events usesO(nk) space.
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There are alsoO(nk) combinatorial bitangents in any sweep plane. Storing the combinato-
rial bitangents thus requiresΘ(nk2) space since, in the worst case,Θ(nk) of them may be
intersected byΘ(k) polytopes. Furthermore, there may beΘ(nk2) T-events in the queue since
each of theΘ(nk) bitangents may share a support withΘ(k) other bitangents. This yields the
bounds of Theorem 1.4 for computing minimal free segments.

Notice that, with a slight modification to the algorithm, andno increase in the time
complexity, we can reduce the storage requirement of the T-events toO(nk). To do this
we maintain the bitangents sorted by polar angle around eachvertex of the combinatorial
polygons, which can easily be done since the cyclic orderingchanges only at T-critical events
or when a bitangent is created or deleted. Since two bitangents become aligned only when
they are neighbors in this cyclic ordering, we only need to maintain the T-events for pairs of
consecutive bitangents and there can only beO(nk) of these at any one time.

Finally, the bounds of Theorem 1.4 that concern the computation of potentially occluded
isolated lines tangent to polytopes are obtained by noticing that we need not maintain the
sets of blockers of the bitangents which reduces the space requirements for the combinatorial
bitangents toO(nk).

6. Conclusion. We have presented a tight bound on thenumberof (connected com-
ponents of) lines and maximal free line segments that are tangent to at least four amongk
possibly intersecting polytopes in arbitrary position. A problem that we leave open is to
prove that the same bound holds for thecombinatorial complexityof the set of all maximal
free line segments amongk polytopes.

We have also shown how to compute in near-optimal worst-casetime all theminimal
free line segments that are isolated transversals to their set of supports and tangent to the
corresponding polytopes. We believe that our algorithm canalso be made to report all con-
nected sets of minimal free segments that are transversal tothe same set of edges. A problem
that we have not solved, however, is to compute in the same time and space complexities,
respectively, the polytopes supporting the endpoints of the correspondingmaximalfree line
segments.
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