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ON THE COARSEST TOPOLOGY PRESERVING CONTINUITY

Nicolas Bouleau∗

juin 2006

Résumé. Nous étudions sur un espace de fonctions une topologie, appelée topologie
collante, qui a la propriété d’être la moins fine parmi celles qui préservent la continuité.
Considérée dans les cadres convenables, cette topologie conserve le caractère borélien,
l’intégrabilité locale, le caractère càdlàg et d’autres propriétés. Elle est moins fine que
la convergence uniforme locale et elle s’accommode du phénomène de bosse glissante
ainsi que nous le montrons sur des exemples. Nous établissons des critères de relative
compacité pour cette topologie et nous envisageons quelques extensions.

Abstract. We study a topology on a space of functions, called sticking topology,
with the property to be the weakest among the topologies preserving continuity. In
suitable frameworks, this topology preserves borelianity, local integrability, right con-
tinuity and other properties. It is coarser than the locally uniform convergence and
it allows the presence of gliding humps as we show on examples. We prove relative
compactness criteria for this topology and we consider some extensions.

I. Introduction.

There exists a topology between the point-wise and the locally uniform conver-
gences, which shares with the second one the property to preserve continuity. We call
it the topology of sticky convergence or sticking topology. It is the coarsest topology
preserving continuity in the sense that its restriction to the set of continuous functions
coincides with the point-wise convergence.

We study some features of this topology and show that it preserves several prop-
erties generally damaged by point-wise convergence (borelianity, local µ-integrability,
right continuity, càdlàg or làdlàd functions, etc.). Let us say right now that to the
natural question whether this topology may yield efficient tools to provide weak con-
vergence criteria for laws of stochastic processes, up to now the answer is disappointing.
The sticking topology seems to be too closed to the point-wise convergence to bring
not yet available significant information. For instance, a set of continuous functions
is relatively compact in the set of all functions for this topology if and only if it is
relatively compact for the point-wise convergence and any cluster point in continuous.
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In order to be as concrete as possible and to give quickly the main ideas, we
consider first the case of R

R+ the space of real functions on [0,+∞[ (Part II). The
sticky convergence is defined by its neighbourhoods. As the point-wise convergence it
is not metrizable. We prove its relations with point-wise convergence and its properties
with respect to continuity.

The next part is devoted in the same setting to the properties preserved by the
sticky convergence. Several qualitative properties are preserved, some quantitative
properties yield continuous or lower semi-continuous functionals.

Part IV presents some examples. The peculiar feature of sticky convergence is to
allow situations usually considered as pathological and to be excepted. A sequence
fn may converge for the sticking topology to a constant although the number of up-
crossings Na,b(fn) of the interval [a, b] becomes unbounded. This is due to the possi-
bility of gliding humps which prevent equicontinuity but allow the continuity of the
limit. Our aim here is just to give some non obvious examples of the gliding humps
phenomenon which is for a long time a central concept in analysis. It appears espe-
cially in connection with Schur’s lemma on the equivalence between weak and strong
convergence for sequences in ℓ1 (cf. [12] p 122), with the Hellinger-Toeplitz theorem
saying that infinite matrices sending ℓ2 in ℓ2 are norm continuous and with the Vitali-
Hahn-Sachs theorem. Gliding humps techniques have generated specific arguments
gathered in a genuine theory (cf. [11]) that we dont tackle here.

The fifth part restores all their generallity to the ideas by showing that the sticky
convergence may be defined on the space of applications from a topological space to
an other topological space. It comes from a uniform structure when the second space
is uniform. We take this opportunity (prop. 9) to correct an omission in [1].

Some ways of constructing relatively compact sets for the sticking topology are
given in part VI. We introduce in particular the notion of a set “equicontinuous after
the humps” which possesses similar features as an equicontinuous set but allows the
presence of humps. On the space of càdlàg functions the Skorohod topology shares with
the sticking topology the property to be coarser than the locally uniform convergence
but it is not comparable with point-wise convergence. The same happens for the
pseudo-paths topology studied by Meyer and Zheng [9] and the S-topology introduced
by Jakubowski [7]. On the other hand, these topologies possess sufficient (Meyer-
Zheng) or necessary and sufficient (Jakubowski) criteria of relative compactness well
adapted to the stochastic calculus on semi-martingales (see e.g. in [6] comments to
this question).

The last part proposes some extensions of the peculiar idea of the sticky con-
vergence: proximity on a neighbourhood after possible humps. On ℓ∞ the sticky
convergence at infinity defines a metrizable topological vector space. By isomorphism
thanks to a Schauder basis or directly, some topologies may be defined on Banach
spaces allowing humps.

With respect to [1] where appeared the initial idea, the present article attempts to
go further to make this kind of arguments more popular.
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II. The sticking topology.

In the whole article topological spaces are supposed to be Hausdorff (in particular
uniformizable spaces are completely regular). We consider first the case of the space
X = R

R+ of functions from [0,∞[ into R.
An elementary neighbourhood of f ∈ X is defined as a set of the form

Eε
t1,...,tk

(f) = {g : ∃η > 0, ∀t ∈ ∪k
i=1]ti − η, ti + η[ |f(t) − g(t)| < ε}(1)

An open set is a set containing an elementary neighbourhood of each of its points.
This defines a topology called topology of sticky convergence or sticking topology.
Comparing neighbourhoods gives immediately :

Proposition 1. The sticking topology is Hausdorff, finer than the point-wise conver-
gence and coarser than the locally uniform convergence.

A net (fα), α in a directed set (D,≻) (cf. Choquet [4]), converges sticky to f if

∀t ∈ R+, ∀ε > 0, ∃α ∈ D, ∀β ≻ α, ∃Vt neighbourhood of t, ∀s ∈ Vt |fβ(s) − f(s)| < ε.

Proposition 2. a) The set C([0,∞[,R) of continuous functions is closed in X equipped
with the sticking topology.
b) On C([0,∞[,R) the sticking and point-wise topologies are equivalent.

Proof. a) If h belongs to the sticky closure of C([0,∞[,R), in every Eε
t1(h) there

are continuous functions. Let g be some of them, there exists η1 > 0 such that
|t− t1| < η1 ⇒ |h(t)− g(t)| < ε. Now g being continuous there exists η2 > 0 such that
|t−t1| < η2 ⇒ |g(t)−g(t1)| < ε. So that for |t−t1| < η1∧η2 we have |h(t)−h(t1)| < 2ε,
proving h is continuous at t.

b) Let fα ∈ C([0,∞[,R) be a net point-wise converging to the continuous function
f . Let us consider a sticky neighbourhood Eε

t1,...tk
(f) of f . By the point-wise con-

vergence there is an α such that maxi=1,...,k |fα(ti) − f(ti)| < ε/3. By the fact that
both f and fα are continuous, there is η > 0 such that ∀t ∈ ∪i]ti − η, ti + η[ holds
|fα(t) − f(t)| < ε. This proves fα ∈ Eε

t1,...tk
(f). �

The following remarks up to the end of this part, might be done for filters, se-
quences are just used for the sake of simplicity. There exists for the sticking topology
a criterion of convergence which, as the Cauchy criterion, does not involve the limit.
Let us denote Ao the interior of the set A.

Proposition 3. A sequence (fn) converges sticky iff

∀t, ∀ε > 0, ∃N, ∀n > N, ∃Vt, ∀s ∈ Vt, ∃M, ∀m > M, |fm(s) − fn(s)| < ε.(2)

where Vt is a neighbourhood of t. This property may also be written

∀ε > 0, lim inf
n

(lim inf
m

{s : |fm(s) − fn(s)| < ε})o = R+.(3)
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The proof is quite similar to that of proposition 2. Let us remark that if we drop
the interior operator (.)o in (3) we obtain a weaker condition

∀ε > 0, lim inf
n

lim inf
m

{s : |fm(s) − fn(s)| < ε} = R+(4)

which says that ∀s ∈ R+ (fn(s)) is a Cauchy sequence, i.e. point-wise convergence.
We can observe also that the locally uniform convergence may be written

∪N (∩n≥N ∪M ∩m≥M{u : |fm(u) − fn(u)| < ε})o = R+(5)

which is indeed stronger than (3) since (∩nAn)o ⊂ ∩nA
o
n.

III. Properties preserved by the sticky convergence.

A property P is said to be preserved if the set of f in X satisfying P is closed, i.e.

(∀t, ∀ε > 0, ∃Vt, ∃g ∈ P, (|f − g| < ε on Vt)) ⇒ f ∈ P.

We saw already that continuity is preserved.

Proposition 4.Let τ = (tk) be a sequence of real numbers tending to t. The function-
als Sτ (f) = lim supk f(tk) and Iτ (f) = lim infk f(tk) with values in R are continuous
for the sticking topology.

Proof. A net (fα) which converges sticky to f satisfies

∀ε > 0, ∃α, ∀β ≻ α, ∃Vt : |fβ − f | < ε on Vt.

It follows that

lim sup
k

f(tk) − ε ≤ lim sup
k

fβ(tk) ≤ lim sup
k

f(tk) + ε

hence limα Sτ (fα) exists and is equal to Sτ (f) and similarly for Iτ . �

Proposition 5.The following properties are preserved :
a) lower and upper semi-continuity,
b) right continuity, to be càg, càd, làg, làd, càdlàg, etc.
c) local boundedness,
d) borelianity, F-measurability (F σ-field on R+ containing the Borel sets), local

µ-integrability (µ measure on R+), approximate continuity at a ∈ R+,
e) continuity (resp. càd, etc.) on a dense Gδ set, continuity (resp. càd, etc.)

outside a µ-negligible set.

Demonstration. The points a) b) c) are similar to the argument for continuity.
The properties of point d) are in general related to sequences, they are valid here
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because the starting space R+ is locally compact. Let us consider for instance the
F -measurability. Let f be such that

∀t, ∀ε > 0, ∃Vt, ∃g F -measurable and (|f − g| < ε on Vt).

Let K be a compact set in R+, K being covered by finitely many Vt’s, there exists gK,ε

F -measurable such that |f − gK,ε| < ε on K, hence f is F -measurable.
Let us recall that h approximately continuous at t means that there exists A ⊂ R+

Lebesgue negligible such that h(a) = limx→a,x∈/A h(x). If hα is a net converging sticky
to h, by the above argument there exists a countable family (hβ) ⊂ (hα) such that

h belongs to the sticky closure {hβ}
s

of {hβ}. Then, if Aβ are the corresponding
Lebesgue negligible sets, taking A = ∪βAβ, the property follows from the preservation
of continuity.

Similarly if f ∈ A
s

there is a countable subset of A, say A0, such that f ∈ A0
s
.

Then the property concerning Gδ sets comes from the fact that R+ is a Baire space
(cf. Choquet [4]). �

Remarks. 1. Right continuity is preserved the topology of R+ being the usual one.
This is of course also true when R+ is equipped with the right topology whose open
sets are generated by intervals [a, b[, the new sticking topology is coarser than the
preceding one.

2. Let (Ω,A,P) be a probability space with an increasing family of σ-fields Ft, and
let Xn(t) be a sequence of real stochastic processes. If P-almost surely Xn converges
sticky to X, (or even if there are modifications of a subsequence of the Xn’s which
converge sticky to X) then, if the Xn’s are respectively adapted, càdlàg, progressively
measurable, then X has almost surely the same property.

3. Let us consider the number of up-crossings of the interval [a, b] on [0, 1].

Na,b(f) = max{k : 0 ≤ t1 ≤ · · · ≤ t2k ≤ 1 f(t2i−1) < a < b < f(t2i) ∀i}

the property (Na,b(f) < ∞ ∀a < b) which means that f is làdlàg is preserved. The
functional Na,b(f) is lower semi-continuous for the point-wise convergence and there-
fore also for the sticking convergence. Now when the fn are continuous and fn → f
sticky, the number Na,b doesn’t remain bounded in general.

For comparison with the locally uniform convergence we have

Proposition 6. a) Let (fn) be a sequence of continuous functions. If there are
continuous functions gn which converge locally uniformly to g∞ and if

lim sup
n

{fn 6= gn} = ∅

then the sequence (fn) converges sticky to g∞.
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b) If the fn’s are no more supposed to be continuous, with the same hypotheses on
the gn’s, if

lim sup
n

{fn 6= gn} = ∅

then fn converges sticky to g∞.

Proof. a) The hypothesis means that for every t, fn(t) = gn(t) for sufficiently large
n. So limn fn(t) = g∞(t) and g∞ is continuous, the result follows from prop 2.

b) Taking the opposite sentence, the hypothesis means that for every t, t is in all
the sets {fn = gn}

o except possibly finitely many, hence

∃N, ∀n ≥ N, ∃Vt (fn(s) = gn(s) on Vt).

Now, if V ′
t is a relatively compact neighbourhood of t,

∃M, ∀m ≥ N, ∀s ∈ V ′
t |gn(s) − g∞(s)| < ε

so that on Vt ∩ V
′
t we have |fn − g∞| < ǫ, and fn → g∞ sticky. �

IV. Examples.

Sticky convergence without local uniformity will be essentially related to humps
phenomena.

1. Let ξ be a continuous function on R+ vanishing at zero and at infinity. The sequence
(fn) defined by fn(t) = ξ(nt) converges sticky to zero.

Let us consider a signal η(t) perturbed by infinitely many humps

ηn(t) = η(t) +
∑

k

αkξk(n(t− tk))

where the functions ξk satisfy the same hypotheses as ξ, and tk are points in R+.
Supposing |ξk| ≤ 1 and

∑
k |αk| < +∞, as easily seen using the dominated conver-

gence in the sum, we have ηn → η sticky as n → ∞. The convergence is not locally
uniform already when there is only one hump.

2. Let ξ ∈ S(R) the set of infinitely differentiable rapidly decreasing functions, and
suppose ξ(0) = 0 and

∫
R
ξ(s)ds = 0.

If ψN(t) =
∑N

n=−N ξ(nt) then ψN → ψ∞ sticky and ψ∞ is continuous at zero.

Indeed, if t 6= 0 the convergence is uniform on a neighbourhood of t. In t = 0, let
us put ξ̂(u) =

∫
eiuxξ(x)dx. The Poisson summation formula gives for s 6= 0

∑
n

ξ(sn) =
1

s

∑
m

ξ̂(
2πm

s
).

6



Letting s → 0, since ξ̂(0) = 0, and ξ̂ being rapidly dedreasing
∑

n ξ(ns) → 0. The
hypotheses on ξ may be of course weakened. �

3. Let η be a function such that
∫ 1

0
η(s)ds = 0 and vanishing outside the unit interval.

We put
ηn(t) = αn n η(nt)

with |αn| → +∞ and we consider the convolution operators Rn defined by

Rn(f) = f ⋆ ηn f ∈ C(T).

On the Baire space C(T) the norm of Rn is |αn|
∫ 1

0
|η(s)|ds, thus by the Banach-

Steinhaus theorem there are f ∈ C(T) such that Rn(f) does not remain bounded.
Let us show on an example that among these functions, there are in general some

such that Rn(f) → 0 point-wise.
Let us take η(t) = 2(1[0, 1

2
[ − 1[ 1

2
,1[) and define ζ t0

k (t) = 0 outside ]t0 −
1
k
, t0 + 1

k
[ and

ζ t0
k (t0) = k, ζ t0

k being affine on [t0 −
1
k
, t0] and on [t0, t0 + 1

k
]. Then as easily verified

Lemma. For n ≥ k ≥ 4, ‖ζ t0
k ⋆ ηn‖∞ = k2

2n
|αn|. This maximum is reached at t0 and

the support of ζ t0
k ⋆ ηn is contained in [t0 −

1
k
, t0 + 1

k
+ 1

n
].

We construct functions fn by induction putting f0 = β0ζ
1

2

4 and fi = βiζ
ti
ki

in such a
way that the points ti ↓ 0 and the supports of the fi do not overlap and be separated
by open intervals. Then we put f =

∑
i fi. We have f ∈ C(T) as soon as βiki → 0,

we have also f ⋆ ηn(0) = 0, and f ⋆ ηn =
∑

i fi ⋆ ηn goes to zero at every t 6= 0 as soon

as |αn|
n

→ 0.

We can proceed in such a way that (f ⋆ ηn)(ti) = βiαn
k2

i

2n
and βiki → 0, αn

n
→ 0

allows to have nevertheless ‖f ⋆ ηn‖∞ → +∞. �

Similarly, for Fourier series, if we put Sn(f) =
∑n

−n f̂(k)e2iπkt =
∫

T
Dn(t−s)f(s)ds

the Dirichlet kernels Dn are not bounded in L1(T) and there are continuous functions
whose Fourier series Sn(f) converges to f point-wise, ‖Sn(f)‖∞ being unbounded.

Remark 4. When fn → f sticky, fn continuous as in the preceding examples, if tk is a
sequence converging to t∞, the point P = f(t∞) has the property to be a double cluster
point to the double sequence σij = fi(tj), in the sense that every neighbourhood V
of P meets infinitely many columns along infinitely many points and infinitely many
rows along infinitely many points.

From the sticky convergence we have indeed

∃N, ∀n > N, ∃K, ∀k > K, fn(tk) ∈ V.

what shows that after N the row σnj meets V for j sufficiently large. Now f is
continuous and fn → f point-wise, so that

∃K, ∀k > K, ∃N, ∀n > N, fn(tk) ∈ V

7



and this shows that after K the column σik meets V fot i sufficiently large.
We shall come back to this remark in Part VI.

V. General setting.

Let E and F be topological spaces and F(E,F ) the set of applications from E to
F . A basis of neighbourhoods of f ∈ F(E,F ) for the sticking topology is given by
VG1,...,Gk

x1,...,xk
, xi ∈ E, Gi neighbourhoods of f(xi) in F , defined by

VG1,...,Gk
x1,...,xk

= {g : ∃Vx1
, . . . , Vxk

neighbhds of x1, . . . , xk resp. s. t. (g(x) ∈ Gi ∀x ∈ Vxi
)}

So defined the sticking topology is finer than the point-wise convergence. If the topol-
ogy of F is induced by a uniform structure with entourages W , the sticking topology
is induced by the uniform structure whose entourages are

WW
x1,...,xk

= {(f, g) : ∃Vx1
, . . . , Vxk

s. t. ((f(x), g(x)) ∈W ∀x ∈ ∪iVxi
)}.

It is coarser than the locally uniform convergence.
The space C(E,F ) of continuous functions is sticky closed and the restriction of

sticky convergence is equivalent on C(E,F ) with that of point-wise convergence. It
follows that when F is a complete uniform space, Fs(E,F ), i.e. F(E,F ) with the
sticking topology, is never complete except in obvious cases where C(E,F ) is point-
wise closed.

Proposition 7. Suppose F be a complete uniform space. Let (D,≻) be a directed set
and (fα)α∈D a net. In order that (fα) be sticky convergent it is necessary and sufficient
that

∀W entourage of F, ∀x ∈ E, ∃α ∈ D, ∀β ≻ α
∃Vx neighbourhood of x s. t. ∃γ ∈ D, ∀δ ≻ γ

(fβ , fγ) ∈W

We refer to [1] prop 5. for the proof. When F is only sequentially complete (e.g. a
reflexive Banach space equipped with the weak topology, the space of radon measures
on a locally compact space, the space of distributions) a necessary and sufficient con-
dition holds for sequences.

Proposition 8. Let F be sequentially complete. A sequence (fn) is sticky convergent
iff

∀W entourage of F, ∀x ∈ E, ∃N, ∀n ≥ N,
∃Vx neighbourhood of x s. t. ∃M, ∀m ≥M, (fm, fn) ∈W on Vx.

(6)

As a consequence of this criterion, we have
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Proposition 9. Let (fn) be a sequence of continuous functions from E into a Banach
space (B, ‖.‖).

a) If the series
∑

k ‖fn(x)‖ converges to a continuous function, the series
∑

n fn(x)
converges in B to a continuous function.

b) If ‖
∑n

k=0 fk(x)‖ ≤ A(x), A(x) being locally bounded, if εn(x) is a sequence of
continuous real functions converging point-wise to zero and such that

∑
n |εn+1(x) −

εn(x)| converges to a continuous function, then
∑

n εn(x)fn(x) converges to a contin-
uous function.

c) If fn converges to a continuous function and if (gn) is a sequence of continuous
functions satisfying

‖gp(x) − gq(x)‖ ≤ K(x)‖fp(x) − fq(x)‖ ∀p, q > N(x) ∈ N

where K is locally bounded, then gn converges to a continuous function.

Proof. The point a) comes from the criterion and the inequality ‖
∑q

p fn(x)‖ ≤∑q
p ‖fn(x)‖. The point b) is proved as the Abel rule for real series. For c) let V o

x be a
neighbourhood of x where K(y) ≤ K0, and let ε′ = ε

K0
. Then

∃N, ∀p > N, ∃Vx, ∀y ∈ Vx, ∃M, ∀q > M ‖fp(y) − fq(y)‖ < ε′.

On Vx ∩V
o

x we have therefore ‖gp(y)− gq(y)‖ < ε and the criterion applies to the gn’s.
�

VI. Relative compactness.

Let Fs(E,F ) [resp. Fp(E,F )] denote the space F(E,F ) equipped with the sticking
[resp. point-wise] topology.

1. Compactness, continuous functions and sequences.

Proposition 10. Let be H ⊂ C(E,F ). H is relatively compact in Fs(E,F ) iff
a) ∀x H(x) is relatively compact in F ,
b) H

p
⊂ C(E,F ),

where H
p

denotes the closure of H in Fp(E,F ).

Demonstration. 1) The condition is sufficient because the restrictions of Fs(E,F )
and Fp(E,F ) coincide on C(E,F ).

2) Let H be relatively compact in Fs(E,F ). The map f 7→ f(x) is continuous from
Fs(E,F ) to F , hence a) is fulfilled. Let H

s
be the closure of H in Fs(E,F ), H

s
⊂ H

p

and since the identity map from Fs(E,F ) into Fp(E,F ) is continuous, H
s

is compact
in Fp(E,F ), hence closed, then H ⊂ H

s
⊂ H

p
gives H

s
= H

p
, so that H

p
⊂ C(E,F ).

�
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Remark 5. Let us note that the subsets H of C(E,F ) satisfying conditions a) and
b) of prop 10 are exacly the sets which in the topological space (C(E,F ), point-wise)
are relatively compact.

Proposition 11. Let E be a countable union of compact sets (E is a Kσ), and suppose
F metrisable. Then if f0 is a cluster point of A in Fs(E,F ) there exists a countable
subset A0 of A such that f0 ∈ A0

s
.

Demonstration. Let d be a distance generating the structure of F . Let K be a
compact subset of E. For m,n ∈ N, let us show that there exists a finite part AK

m,n of
A such that

∀x1, . . . , xm ∈ K, ∃Vx1
, . . . , Vxm

, ∃f ∈ AK
m,n : d(f0, f) ≤

1

n
on ∪i Vxi

.(7)

By f0 ∈ A
s

we have

∀(t1, . . . , tm) ∈ Km, ∃ open neighbourhoods Vt1 , . . . , Vtm

∃f ∈ A s. t. d(f0, f) ≤ 1
n

on ∪i Vti .
(8)

The open sets Vt1 × · · · × Vtm for (t1, . . . , tm) ∈ Km cover the compact set Km. There
exists a finite sub-covering denoted

Gi = Vsi,1
× · · · × Vsi,m

i = 1, . . . , N

thus ∀(t1, . . . , tm) ∈ Km there is Gi with (t1, . . . , tm) ∈ Gi and then there is f ∈ A
such that d(f0, f) ≤ 1

n
on ∪iVsi,j

. The N functions involved constitute a finite set AK
m,n

satisfying (7).
Now since E is a Kσ the conclusion follows. �

Remark 6. If E is compact, since Dirac masses are particular cases of measures, on
C(E,R) the weak topology σ(C(E,R),M(E)) is finer than the point-wise topology.
Actually if H satisfies conditions a) and b) of prop. 10 and is uniformly bounded, then
H is weakly relatively compact ([5] thm 5). On such a set the weak, sticking and
point-wise topologies coincide.

The uniformly bounded subsets of the first Baire class behave also well with respect
to measures (cf. [10]).
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2. Relatively compact subsets of Fs(E,F ).

Let us come back to the case where E is a general topological space.
If F is a topological vector space, it is easily seen that if A and B are relatively

compact in Fs(E,F ) then so is A+B. In particular if A ⊂ F(E,F ) is equicontinuous
and if A(x) is relatively compact in F for any x ∈ E, then if (fn) is a sticky convergent
sequence, the set

B = {f + fn : f ∈ A, n ∈ N}

is sticky relatively compact. Therefore, if the fn are continuous [resp. càd if E = R,
etc.] any sequence (or filter) in B possesses a cluster point in Fs(E,F ) which is
continuous [resp. càd, etc.], hence any point-wise convergence sequence (or filter) in
B converges to a continuous [resp. càd, etc.] limit.

If we focuse on continuous functions, a criterion of relative compactness in Fs(E,F )
reduces to conditions on a set H in order that any point-wise limit of functions in H
be continuous.

For this the Eberlein-Grothendieck criterion is sufficient in a quite general frame-
work and also most often necessary (cf. [5]).

Definition 1. A set H ⊂ C(E,F ) satisfies the Eberlein-Grothendieck criterion if there
exists E1 dense in E such that for any sequence (fn) in H and any sequence (xi) in
E1, there exists y ∈ F double cluster point of the double sequence fn(xi), in the sense
that any neighbourhood of y meets infinitely many columns each along infinitely many
points and the same for rows.

Prposition 12.(Grothendieck) If H ⊂ C(E,F ) satisfies the Eberlein-Grothendieck
criterion, then any point-wise limit (sequence or filter) of elements of H is continuous.

(Therefore if H(x) is relatively compact for any x ∈ E, H is relatively compact in
Fs(E,F ).)
Demonstration. It is remarkable that by the properties of completely regular spaces
(Hausdorff uniformizable spaces) the problem may be reduced to the case where F = R,
we refer to Grothendieck [5] for this reduction.

If f ∈ H
p

is not continuous at x0 ∈ E, there is ε > 0 such that for any neighbour-
hood V of x0 there is an x ∈ V ∩E1 such that |f(x0) − f(x)| ≥ ε. Then by induction
we can construct a sequence of functions (fi) in H and a sequence (xj) in E1 such that

a) |fn(xi) − f(xi)| ≤
1
n

∀i = 0, . . . , n− 1
b) |fi(xn) − fi(x0)| ≤

1
n

∀i = 0, . . . , n
c) |f(xn) − f(x0)| ≥ ε

now this is easily seen to be in contradiction with the existence of a double cluster
point to the double sequence fi(xj). �
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We can express the criterion in a different way. Let us come back to the case
E = R+, F = R, for the sake of simplicity.

Definition 2. A double real sequence σij will be said “flat on the edges” is there is an
application κ from N to N such that the following limit exists

lim
i, j → ∞

|i− j| ≥ κ(i ∧ j)

σij

As easily seen the limit of a double sequence flat on the edges is a double cluster
point for this sequence, so we have:

Corollary. Let be H ⊂ C(E,F ), if for any sequence (fn) in H and any sequence (xm)
in E, the double sequence fi(xj) is flat on the edges, then any point-wise limit of H is
continuous.

The Eberlein-Grothendieck criterion uses a property to be fulfilled by any sequence
(fn) in H and says roughly that it cannot point-wise converge to a discontinuous func-
tion. A more quantitative sufficient criterion easier to verify is the following:

For C countable in F(E,F ) we define for s, t ∈ R+

ρC(s, t) = inf
J finite
J ⊂ C

sup
f∈C\J

|f(s) − f(t)|

with the convention sup ∅ = 0, and for any A ⊂ F(E,F ) we put

eA(s, t) = sup
C countable
C ⊂ A

ρ(s, t)

Definition 3. H ⊂ F(E,F ) will be said “equicontinuous after the humps” if ∀t ∈ E
ther exists B ⊂ H equicontinuous at t such that

lim
s→t

eH\B(s, t) = 0.

Proposition 13. Let be H ⊂ C(R+,R) equicontinuous after the humps, then if H(t)
is relatively compact for each t, then H is relatively compact in Fs(E,F ).

Proof. Let us first remark that eA(s, t) is increasing in A and that if H is equicon-
tinuous after the humps, so is any subset of H .

12



By prop. 10 and 11, it is sufficient to show that any sequence in H possesses a
continuous cluster point. Let (fn) a sequence in H and f a point-wise cluster point of
(fn). The subset S = {fn} is equicontinuous after the humps. Let t ∈ E, there is B
equicontinuous at t such that lims→t eS\B(s, t) = 0.

a) If f is a cluster point of B then f is continuous at t.
b) If f is a cluster point of S\B = {fnk

} by point-wise convergence

|f(s) − f(t)| ≤ lim supk |fnk
(s) − fnk

(t)|
= ρC(s, t) for C = {fnk

}
≤ eS\B(s, t) → 0

and f is also continuous at t in this case. �

If we restrict the setting to the Skorohod space D of càdlàg functions which is closed
in Fs(E,F ), a net converges sticky iff it converges sticky on the rational numbers. It
follows that the vector space D equipped with the sticking topology is metrizable (but
not Polish).

As a consequence if for any ε > 0, probability measures Pn are carried up to ε by
a compact set Kε ⊂ D and if the finite marginal laws converge to P, then Pn converge
weakly to P for the sticking topology, hence by a classical argument

∫
Φ dPn →

∫
Φ dP

for any bounded functional Φ from D into R whose set of dicontinuity points are
P-negligible.

But, the price to be paid for the fact that the sticking topology is the coars-
est preserving continuity is that there are very few such functionals, essentially
Φ(f) = limtk→t f(tk) or finite continuous combination of them.

VII. Extensions.

Let us add some comments around the preceding properties. The simplest case
where the sticking topology may be considered is on the set ℓ∞ of bounded real se-
quences. For u ∈ ℓ∞ let us put

‖u‖s =
∑

k

1

2k
|u(k)| + lim sup

k
|u(k)|

and define ℓs as the space of bounded sequences equipped with the norm ‖.‖s (sticking
convergence at infinity). As already seen ℓs is not complete but a sequence converges
in ℓs iff ‖ lim supm |um − un|‖s → 0 as n → ∞ (cf. prop 3). The classical spaces
ℓp, 0 < p ≤ ∞, c0, c are closed in ℓs. The dual space of ℓs contains ℓ1 and other
functionals obtained by the Hahn-Banach theorem. Let us recall that a Banach limit
is a linear form φ on ℓ∞ such that
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i) φ(u) = φ(θ(u)) where θ(u)(k) = u(k + 1)
ii) lim infk u(k) ≤ φ(u) ≤ lim supk u(k)

by ii) such a φ is continuous on ℓs.
The same happens for medial limits defined by Mokobodzki thanks to the contin-

uum hypothesis (cf [8]).

Starting with ℓs it is possible to transport the topology to Banach spaces using
a Schauder basis. For instance through the historical Schauder basis in C([0, 1]) we
obtain a topology on C([0, 1]) allowing humps (whose supports are getting smaller and
smaller) in which several usual spaces (Hölder spaces, etc.) are closed.

Now, directly without using ℓs, if we consider the space of bounded functions in
an open domain Ω ⊂ R

d with boundary ∂Ω, a metrizable uniform structure may be
defined by saying that a sequence fn converges if the convergence is locally uniform
inside Ω and for a decreasing sequence Up of neighbourhoods of ∂Ω

lim sup
p

‖(fn − f)|Up
‖∞ → 0 as n→ ∞.

In this setting the space of continuous functions up to the boundary is closed and
humps going toward the boundary are allowed.

REFERENCES

[1] Bouleau N. “Une structure uniforme sur un espace F(E,F ).” Cahiers Topologie
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