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Abstract— This paper presents the geometrical calibration
of the four-degree-of-freedom parallel manipulator Par4 using
a laser tracker. After a brief presentation of Par4 and the
measuring system, a simple inverse geometrical model suitable
for robot control is derived. This model includes a minimal
number of parameters thanks to the contraction of the traveling
plate (end-effector) in a simple bar. Then, a calibration method
based on distance measurement is explained and the simulation
results are presented. Finally, the experimental results illustrate
the benefits of the calibration.

I. INTRODUCTION

Nowadays, Parallel Kinematic Mechanisms (PKM) are
still not used as often as serial ones. However, since the
first parallel mechanism attributed to Gough [1], many others
have been developed. In spite of recent research on the use of
these mechanisms for machine tools, their main industrial ap-
plication is packaging. Moreover, the most common parallel
robot in industry is Delta robot, developed by Clavel at EPFL
[2], whose main application is pick-and-place. This kind of
task requires Scara motions 1 (four degree-of-freedom (dof)).
From the Delta mechanism and the concept of the articulated
traveling plate, new architectures have been introduced: H4
[4], I4L [5], I4R [6] and finally Par4 [7].

This paper presents the calibration of this last mechanism.
Indeed, robots are controlled with a model based on their
nominal geometrical parameters. However, during the manu-
facturing and the assembly of robot elements, dimensioning
errors appear between the real and nominal geometries.
These errors cause positioning and orientating errors of the
end-effector. In this context, geometrical calibration, which
consists in an estimation of the real geometrical parameters,
improves the accuracy of robots. Intensive research works
have already been done on this subject [8] [9] [10] [11].
We can note that non-geometrical parameters also influence
accuracy of robots like gear backlashes, static and dynamic
elastic deformations [12] [13] [14] [15] [16]. However, this
influence can generally be neglected in comparison with
geometrical parameters. So, this paper only focuses on the
identification of these last parameters.
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1Motions produced by a Scara robot [3].

Fig. 1. Prototype of Par4

This paper presents the geometrical calibration of the
four dof parallel manipulator Par4. This parallel manipulator
belongs to the same family as H4 and I4 architectures which
have already been calibrated by vision [17] [18]. In the
following part, we recall the description of Par4 and we
introduce the measurement system. In a second part, the
geometrical and identification error models for the calibration
are developed. Then, the calibration method is detailed and
the simulation results are presented before a conclusion is
reached with the experimental results.

II. DESCRIPTION OF PAR4 AND LASER TRACKER

A. Description of Par4

Par4 is a four dof robot dedicated to pick-and-place ma-
nipulations like Delta robot (three translations, one rotation).
Its architecture is almost similar to that of H4 and I4 from
which it derives. Only the traveling plate is different. Built
like a variable parallelogram, the articulated traveling plate
produces, via an amplification system, a rotational motion
about vertical axis (see (b) in Fig. 1). The natural rotation
of the traveling plate lets to obtain a quarter of turn (± π

4 )
whereas the amplification system allows to obtain a complete
turn (±π). The kinematic modeling of Par4 is similar to the
H4 one presented in [4]. Nevertheless, a minimal model has
been developed for the calibration and it is presented in the
following part.
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(a) Articulated head (b) Reflector

Fig. 2. Laser Tracker

Fig. 3. Corner cube on the traveling plate

B. Description of a laser tracker

The system of measurement used to calibrate the robot
Par4 is a laser tracker, a fast and accurate three-dimensional
Coordinate Measuring Machine (absolute accuracy: about
15 μm). It is composed of an interferometric laser oriented
along two directions by two motorized perpendicular rotation
axes (see (a) in Fig. 2). The measured point is materialized by
a reflector (see (b) in Fig. 2). The Cartesian coordinates of the
measured point are obtained from the spherical coordinates
given by the distance measured by the interferometer and the
two angles of actuators.

The reflector (so-called corner cube) is realized by three
mirrors included in a sphere. These mirrors create a corner
cube which is located precisely at the center of the sphere.
This reflector can be located via a magnetic support any-
where as long as the laser beam is not cut by an obstacle. In
our case, the reflector is located on the Par4 traveling plate
as shown in Fig. 3.

III. MODELING

A. Inverse Kinematic Model

In this part, the Inverse Kinematic Model used for the
control of Par4 will be explained.

First of all, Fig. 4 illustrates the parametrization of the
traveling plate. Points Bi represent the centers of the joints
which link the forearms together with the traveling plate.
Points Ci are the centers of the revolute joints located
between the two main parts (see (1, 2) in Fig. 4) and two
rods (see (3, 4) in Fig. 4). In order to optimize the number
of parameters, the geometry of the traveling plate can be
simplified (see (5) in Fig. 4). This simplification does not
change the mechanism kinematics but avoids to take into

Fig. 4. Simplification of the traveling plate

(a) Top view (b) Side view

Fig. 5. Par4 geometrical parameters

account the geometrical parametrization of the traveling plate
[19]. The translation of vector

−−→
BiB′i applied to the traveling

plate must be applied to the positions of the motors too.
These choices let to an optimal set of parameters that are all
identifiable.

Moreover, the parallelograms of the forearms are consi-
dered as perfect. They are modelized as simple bars which
are linked, in their first extremity, to the arms by universal
joints and, in their second extremity, to the traveling plate
by spherical joints.

In order to derive the model of the mechanism, the
following frames have been defined (Fig. 5):

• R0(O0,
−→x0 ,−→y0 ,−→z0 ): the frame located on the base, −→x0 is

along the side of the main part (see (1) in Fig. 4), −→z0

is normal to the plane motion of the traveling plate, −→y0

is normal to −→x0 and −→z0 .
• RPi(Pi,

−→ui ,
−→vi ,

−→wi): the frame located on the centers of
the actuated joints Pi,

−→wi is along −→z0 , −→vi represent the
rotation axis of the motors, −→ui is normal to −→vi and −→wi .

The geometrical parameters used to derive the Par4 inverse
position relationship are presented in Fig. 5. One can note
(i ∈ [0,3]):

• xpi ,ypi ,zpi : the positions of the motor centers Pi in R0,
• αi: the orientation of motor axes around −→z0 ,
• qi: the positions of the actuators,
• li: the length of arms,
• Li: the length of forearms,
• h: the length of the parallelogram of the traveling plate.
Vector K including the twenty nine geometrical parameters

is defined as follows:

K =
[

xp0 ,yp0 ,zp0 ,α0,q0, l0,L0,xp1 ,yp1 ,zp1 ,α1,q1, l1,L1,
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xp2 ,yp2 ,zp2 ,α2,q2, l2,L2,xp3 ,yp3 ,zp3 ,α3,q3, l3,L3,h
]T

(1)
Their nominal values will be defined by vector K0 accor-

ding to the following relation:

K = K0 + δK (2)

The controlled point B′
0 (or B′1) position and the traveling

plate orientation are given by x = [X ,Y,Z,θ ]t in R0. θ
represents the natural rotation angle of the traveling plate
i.e. without the amplification system. The positions of the
actuators are given by q = [q0,q1,q2,q3]t .

The position relationships between the controlled point x
and the actuated joints values q, are obtained from closing
loops equations:

‖−−→AiBi‖2 = l2i (3)

Points Pi are given by the matrix:

P =

⎡
⎣ xP0 xP1 xP2 xP3

yP0 yP1 yP2 yP3

zP0 zP1 zP2 zP3

⎤
⎦ (4)

The column i represents the coordinates of points Pi. This
convention is used here for points but also for vectors.

Vectors −→ui and −→vi of frames RPi are defined by the
matrices:

U =

⎡
⎣ cosα0 cosα1 cosα2 cosα3

sinα0 sinα1 sinα2 sinα3

0 0 0 0

⎤
⎦ (5)

V =

⎡
⎣ −sinα0 −sinα1 −sinα2 −sinα3

cosα0 cosα1 cosα2 cosα3

0 0 0 0

⎤
⎦ (6)

Points Ai represent the centers of joints which link the
arms together with the forearms. They can be defined in
frames RPi as follows:

A =

⎡
⎣ l0cosq0 l1cosq1 l2cosq2 l3cosq3

0 0 0 0
−l0sinq0 −l1sinq1 −l2sinq2 −l3sinq3

⎤
⎦ (7)

So, points Ai expressed in frame R0 are given by:

A = P+

⎡
⎣ l0cosq0cosα0 l1cosq1cosα1

l0cosq0sinα0 l1cosq1sinα1

−l0sinq0 −l1sinq1

l2cosq2cosα2 l3cosq3cosα3

l2cosq2sinα2 l3cosq3sinα3

−l2sinq2 −l3sinq3

⎤
⎦

(8)

Points B′i can be expressed in R0 as follows:

B′ =

⎡
⎣ X X X−hsinθ X−hsinθ

Y Y Y +hcosθ Y +hcosθ
Z Z Z Z

⎤
⎦ (9)

It is now possible to use the hypothesis (3). The system
of equation can be written as follows:

Iisinqi + Jicosqi +Ki = 0 (10)

where

Ii =−2l(
−−→
PiBi.

−→x0cosαi +
−−→
PiBi.

−→y0sinαi) (11)

Ji = 2l
−−→
PiBi.

−→x0 (12)

Ki = L2− l2−‖−−→PiBi‖2 (13)

Using the variable change ti = tan( qi
2 ), we obtain the

polynomial system:

(Ii− Ji)t2
i +2Iiti +(Ji +Ki) = 0 (14)

We deduce
Δi = I2

i −K2
i + J2

i (15)

If all Δi are positive, the traveling plate position is acces-
sible, and actuated joint unknowns are given by:

qi = 2atan

(−Ii±
√

Δi

Ki− Ji

)
(16)

A quick geometrical study permits to eliminate one of the
two solutions for each variable. Indeed, qi is obtained using:

qi = 2atan

(−Ii−
√

Δi

Ki− Ji

)
(17)

B. Forward Kinematic Model

As described in [19] , the analytic calculation of direct
position relationship for this type of robot is impossible.
But, in this case, it is possible to use Newton iterative algo-
rithm. This iterative algorithm permits to obtain approached
solution of absolute coordinates by using Jacobian Matrix J
(presented in [7]) and the inverse position relationship:

xn+1 = xn + J(xn,qn).[qd −qn] (18)

IV. CALIBRATION

A. Experimental Set-up

Fig. 6 shows the experimental set-up. The laser tracker
is installed at about 2.5 meters to ensure that the Par4
workspace is within the volume of measurement of the laser
tracker. The reflector is stuck on the traveling plate via a
magnetic support as shown on Fig. 3. The laser tracker allows
to take a lot of measurements in the whole Par4 workspace.
The calibration method, explained below, is independent
of the measuring frame, so the location of laser tracker
in relation with the robot is not important [20]. In an
industrial context, this is very interesting since the set-up of
the measurement system is fast and easy.

B. Calibration Method

First of all, the calibration method is based on distance
measurement rather than absolute position measurement.
Indeed distances are independent of any frame, so the laser
tracker can be located anywhere like explained previously.
Moreover, this method allows to avoid errors which could
arise from the transformation between the laser tracker
frame and the robot frame. Calibration methods based on
distance measurements are presented in [20] or [21], but
these methods rely on an artefact. So, a little part of the
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Fig. 6. Experimental set-up

workspace is used whereas, with the laser tracker, we have
measurements in the whole workspace of the robot and thus
we have a better signature of the robot parameters.

The calibration method consists in minimizing the
quadratic errors between N nominal distances Dn and N
real distances Dr. These distances are calculated from N
couples of points defined in advance. For correct calibration,
N must be larger than the number of identified parameters.
Estimation of the errors on the geometrical parameters δK
is obtained from a least square minimization of an error
function as described below:

min
δK

N

∑
i=1

(Dn
i −Dr

i )
2 (19)

This non-linear optimization is achieved by using the
Levenberg-Marquardt algorithm. Then, we use (2) to esti-
mate the real geometrical parameters.

C. Hypothesis for the Calibration

Several hypotheses on Par4 geometry are made in order
to simplify the model:

• (i) the traveling plate is considered always parallel to a
plane whose normal is −→z0 ,

• (ii) the motor axes are supposed to be perpendicular to−→z0 ,
• (iii) they are supposed to be perpendicular between them

(αi = π
4 +(3− i)π

2 ),
• (iv) the forearm parallelograms are assumed perfect

(Fig. 1).

The hypothesis (ii) is conveyed by the following equation:

�vi.�z0 = 0 (20)

The hypothesis (iii) is expressed by this equation ( j ∈
[0,3]):

�vi.�v j = 0 i �= j (21)

Concerning assumption (iv), a method is presented in [22]
which makes it possible to compensate for the position errors

TABLE I

NOMINAL GEOMETRICAL VALUES AND THEIR SIMULATED ERRORS

Parameter nominal values Error values Unit

qi ∈ [−45◦,45◦] i ∈ [0,3]
δq0 =−0.1,δq1 = 0.2,

δq2 =−0.3,δq3 = 0.1
deg

xp1 = xp2 = 172.5

xp0 = xp3 =−172.5

δxp0 = 0,δxp1 =−1,

δxp2 =−2,δxp3 =−2
mm

yp0 = yp1 =−222.5

yp2 = yp3 = 222.5

δyp0 = 0,δyp1 =−3,

δyp2 =−3,δyp3 = 1
mm

zp0 = zp1 = zp2 = zp3 = 0
δ zp0 = 0,δ zp1 = 2,

δ zp2 =−1,δ zp3 = 3
mm

l0 = l1 = l2 = l3 = 350
δ l0 = 2,δ l1 = 3,

δ l2 = 3,δ l3 =−1
mm

L0 = L1 = L2 = L3 = 350
δL0 =−1,δL1 = 1,

δL2 = 1,δL3 =−3
mm

h = 100 δh = 1 mm

of the controlled point due to the geometrical errors of the
forearms parallelograms.

Finally, we assume that point P0 is well positioned in R0

(δx0 = δy0 = δ z0 = 0). Point P0 could be the origin of the
frame R0, but to keep the symmetry, O0 is located in the
theoretic barycenter of points Pi.

D. Simulation Results

This part presents the simulation validation of the cali-
bration method and the parameter choice. This simulation
consists in taking a random set of values of geometrical
errors and to identify it with the calibration method (see
TABLE I).

The simulated, measured points are taken near the boun-
dary of the workspace to get the best signature of the robot
parameters (N = 60). For each configuration, measurement
of complete position [X ,Y,Z] of the controlled point B ′

0 is
available. The traveling plate orientation is not measured.
Moreover, a Gaussian measuring noise with standard devia-
tion of 0.015√

3
mm is defined on each coordinates.

Fig. 7 shows the improvement obtained with the esti-
mation of the geometrical parameters. Before calibration
(blue points), the maximum distance errors (Dn

i −Dr
i ) reach

about 10 mm. After calibration (red cross), these errors are
almost null (< 10 μm). The parameters are identified with an
accuracy of 0.05 mm and 0.002◦. So, this simulation allows
to verify that the potential noise of measurement introduced
by the laser tracker does not skew the estimation of the
parameters.

It should be also noted that the repeatability of the robot
can intervene in a negative way in the identification of
the geometrical parameters. Indeed, the repeatability value
can be considered as an uncertainty of measurement. So, a
simulation with a uniformly distributed uncertainty of 0.4√

3
mm

on each coordinates is made. The maximum distance errors
reach about 0.3 mm, and the errors on the estimation of
the parameters are about 1mm and 0.1◦. So, the calibration
algorithm allows to estimate parameters which improve the
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Fig. 7. Error on the distance between two measured points

robot accuracy even if these parameters are not the real
geometrical parameters.

E. Experimental Results

1) Repeatability Test: Before calibration, the repeatability
of our Par4 prototype has been tested in order to know
perfectly the capabilities of the robot. The performed test
is a multi-directional repeatability test at the center of the
workspace. This test consists in reaching several times (in
our case 28 times), the same point following different tra-
jectories. The preliminary results show that the radius of the
position uncertainty sphere due to the repeatability of Par4
is about 0.4 mm. So, it is obvious that the absolute accuracy
of the robot cannot be better than 0.4 mm as shown by the
simulation. Moreover, the estimated parameters obtained by
the optimization will not be the real parameters.

Several effects can influence the Par4 repeatability: the
backlashes in the gear reducer, the friction in the spherical
joints. For example, a backlash of 1 ′ on the actuated joints
induced a motion of 0.1 mm at the extremity of the arms.

2) Parameter Identification: The experimental results pre-
sented in this part have been obtained thanks to the experi-
mental device shown in Fig. 3 and Fig. 6. 60 real distances
have been calculated corresponding to 120 measured points.
The nominal distances have been calculated with the forward
kinematic relationships from the measured actuated joint
values and compared with the real distances (see blue points
in Fig. 8).

Then, the identification is achieved thanks to the
Levenberg-Marquardt algorithm as explained previously. The
results obtained with the calibration methods are given in
TABLE II.

The errors on the geometrical parameters are large com-
pared to the values of manufacturing and assembly tolerances
which are, at least, lower than 1 mm. These error values
do not correspond to a physical reality but they make it
possible to improve the precision of the robot like one shown
simulations.

3) Compensation and Validation: The geometrical para-
meters are updated with the estimated errors (see (2)) and
introduced in the robot command. Then, new series of
measurements are collected with the laser tracker to see an

TABLE II

ESTIMATED ERRORS ON THE GEOMETRICAL PARAMETERS

δq0 δq1 δq2 δq3 δxp1 δxp2 δxp3 δyp1

(deg) (deg) (deg) (deg) (mm) (mm) (mm) (mm)
-4.04 -4.84 -4.54 -3.86 -5.00 2.78 -0.72 5.76

δyp2 δyp3 δ zp1 δ zp2 δ zp3 δ l0 δ l1 δ l2
(mm) (mm) (mm) (mm) (mm) (mm) (mm) (mm)
-7.23 0.13 0.26 -1.25 -1.45 -4.21 -1.37 -7.71

δ l3 δL0 δL1 δL2 δL3 δh

(mm) (mm) (mm) (mm) (mm) (mm)
2.46 1.26 1.41 -1.61 4.04 -1.55
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Fig. 8. Error on the distance between two measured points

improvement in the accuracy of the robot. Fig. 8 shows the
improvement due to the calibration. Before calibration (blue
points), there are errors superior to 20 mm. After calibration
(red cross), the errors are about 0.6 mm.

A first validation consists in fixing the position of the
traveling plate and carrying out only one rotation from
θ = −45◦ to θ = 45◦.Before calibration, the traveling plate
moves of approximately 2 mm during rotation, and after
calibration, it moves only of 0.2 mm.

A second validation consists in verifying the straightness
of a software defined line. The chosen lines are along the
axes −→x0 , −→y0 and −→z0 . The length of these lines are respectively
800 mm, 800 mm and 500 mm and they pass through the
center of the robot workspace. TABLE III shows the im-
provement of the straightness obtained with the calibration.

The improvement in straightness along −→z0 is not large
compared to the other axes. This is explained by the fact
that the initial straightness along this axis was already low
(close to the repeatability value).

A third validation consists in verifying the absolute accu-
racy of Par4 in the laser tracker frame RL. For this validation,
a transformation between RL and R0 can be identified in order
to determine the absolute accuracy of Par4.

The position of a point 0P, defined in R0, can be defined
in the frame RL by (R denote the homogeneous matrix of
the rotation) :

LP = LT0.
0P (22)
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TABLE III

STRAIGHTNESS BEFORE AND AFTER CALIBRATION

Straightness Straightness Straightness

along −→x0 (mm) along −→y0 (mm) along −→z0 (mm)
Before calibration 5.48 5.62 0.91

After calibration 0.20 0.61 0.55

Gain 96% 89% 60%

TABLE IV

RESULTS ON VALIDATION POINTS

Mean error Max error

on distances (mm) on distances (mm)
Before calibration 7.3 15.2

After calibration 0.4 1.2

Gain 95% 92%

where

LT0 = R(�z,ϕ).R(�y,γ).R(�x,ψ).LO0 (23)

LO0 = [O0x,O0y,O0z]t (24)

The parameters ϕ , γ , ψ , O0x, O0y and O0z are estimated
from a least square minimization as described below:

min
ϕ,γ,ψ,Ox,Oy,Oz

N

∑
i=1

(
(Xn

i −Xr
i )

2+(Y n
i −Yr

i )2+(Zn
i −Zr

i )
2)

)
(25)

Xn, Y n, Zn are the nominal values of the coordinates of
controlled point in RL and Xr, Y r, Zr are the real values
of the coordinates of the controlled point in RL. Then, it is
possible to characterize the absolute accuracy of the robot in
the laser tracker frame. Results are presented in TABLE IV.

TABLE IV shows that the absolute accuracy is improved,
and becomes close to the repeatability value.

V. CONCLUSIONS AND FURTHER WORKS

In this paper, we have presented the geometrical cali-
bration of the pick-and-place robot Par4 based on a mini-
mization of an error function. The measuring system used
to measure the distances required for the calibration was
a laser tracker. After the presentation of the Par4 geome-
trical model, the calibration method was explained. Based
on distance measurements, it allows to calibrate the robot
without defining any reference frame. This calibration made
it possible to improve the accuracy of the robot of about 90%.
The influence of the repeatability on the calibration was also
highlighted and further work will concern the study of this
phenomenon.
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