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L

∏

i=1

Pλ(Xi = xi),
ß ø å

î ?;>@4&>
Pλ(Xi = x) = (1 − ρ)ρx, î 6�<&? ρ 
����=

λ

µ
.

ÿ�ç <=?;>LA;>@< î3Q 4=õ´6 M J@7 Q5M >rC ß <&?;>¢7 BNM < � :(>@:;>L6 M J Q A;A;>rJ$<&>jC�< Q <&?;>�ë�4 M < Q A;>�68A½<&?;>4=68A O O > Q Û�>@<=4&2 å ì)<&?;>@Aý>@ÝGÞ;4=> M=M 6 Q A ß ø å 4&>@Û B 68A M í B 786»Caì î 6é<=?ý<=?;>�J Q A M <&4 B 6éA5<�<=? B <<=?;>�< Q < B 7-Ao:;Û�ïg>@4 Qzç J@7é68>@A5< M ∑L
i=1 Xi

6 M ë(Ýo>rC ê�ÿ Aý<=?(6 M J BNM >Nì λ
J B Aýï�>�J_? Q5M >jA

B 4&ï;6�<&4 B 4=68782Eì BEM 7 Q A O�BEM > B J_? � :;>@:;>�68A�6 M=Q 7 B <&6 Q A�4&>@Û B 68A M >j4 ONQ C;68J ê
ÿ <�J B A�ïg> M ? Q�î A±> BEM 6é782¥ð8øEø
ò;<=? B <jì çÁQ 4 B Þ;7 B 68A àEá�âjã;ä´Q A B 4&6éA O ì�<&?;> M 6 � > QEç <&?;>ü B Û M 6 M�BEM 2oÛ�ÞG< Q <=6»J B 78782 B�O > Q Û�>
<&4=6»J¢4 B A(C Q ÛÃí B 4&6 B ï;7é> î 6é<=?æÞ B 4 B Û�>
<&>@4 ρ ßÁî ?(>@A

N = kL
ì
k = 1, 2 . . . å$ê/ÿ A <&?;> Q Þg>@A O > Q Û�>
<&4=2Nìg<=?;> B 4=4&6éí B 7�4 B <&>�6 M�B A*>@Ýo<=>@4&A B 7
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µ2 µ2
µ0

µ0
µ2µ1 µ2

µ1

���
	 ���;� ��hj«5«N���5¤¢b@ºvZ[¡5d¹¯jh@\[��h@­5 �d&��]I«Gd_d$� 
��������¢Z[b�hmZPh@�o�Nd&i���Y5d_YNd
Þ B 4 B Û�>
<&>@4 î ?;68J_?*J B A ï�> M >
<¢ï�>@< î >j>@A 0 B A(C µ ê�� ?(>@A 6é<¢ï�>rJ Q Û�> M J Q Û�Þ B 4 B ï(7é>< Q <=?(> M >j4=ío6»J
>¹4 B <=>Nì�6 ê > êzî ?(>@A ρ ' 1

ì�7 B 4 O > � :;>j:;> M Û B 2 çÁQ 4&Û B A�C B 4 B A(C Q Û î¹B 78õë(4 M <¹<=68Û�>L4&>
<&:;4&A�J B 78J@:;7 B <=6 Q A�2o6é>j78C M�B 4&> B 786 M <&68J M J B 786éA O ïg>@? B ío6 Q 4 çÁQ 4¹<&?;>¢7é6 ç >
<&6éÛ�>CG6 M <=4&68ï;:G<=6 Q A QEç ü B Û M ð �|ò
P (t) ' t−3/2.

ÿ A Q :;4�Û�:;7é<=6éF M Þg>@>jC±>
Ý;J@7é: M 6 Q A�Þ(4 Q J
> M=M ì|Þ B 4=<=6»J
78> M�B 4=> O : B 4 B A5<=>@>rC�ïo2�J Q A M <=4&:(J$F<=6 Q A�< Q�çÁQ 4=Û�J@7é: M <=>j4 M�î 6é<=?±? Q Û QEO >@A;> Q : M�M Þg>@>rCaì B A(C�<=?;>-Û B Þ;Þ(6éA OLQzç >@Û�ÞG<[2 M 6�<&> M< Q � :(>@:;> M 6 MmM :;6é< B ï;7é> ß 9�6 O(ê��Nå
ê Ú ?(>±A;> î ç > B <=:;4&>±6 M <=? B <m<&?;> M >@4&ío68J@>�4 B <=> Ri
QEç

B�O 68íE>@A � :;>@:(>½J B A³J_? B A O > î 6é<=?°<&6éÛ�> � 6�<±6 M C;4 B|î A*4 B A(C Q Û´782 ç 4 Q Û B CG6 M <=4&68ï;:GF<=6 Q A î 6é<=? J
:;Û±:;7 B <=68íE>*CG6 M <=4&68ï;:G<=6 Q A F î ?;>@A¿<&?;>Üë(4 M <�J@: M < Q Û�>j4 B 4&4&6éíN> Mjêªÿ <�6 M
BEM&M :;Û�>rC�<=? B <�<&?;>@4&>m>@ÝG6 M < M-B Û�6éA(6éÛ B 7 M >@4&ío68J@>�4 B <=> µ0 > 0 M :(J_?.<&? B < F (µ0) = 0 ê
ρ0 = λ/µ0 ≤ 1

6 M <=?;>j4=> çÁQ 4&>3<&?;>�Û B ÝG68Û B 7oÞ Q5M=M 6éï(7é>�7 QNB C ê Ú ?;> M < B <&>-6 M CG>@<=>j4=Û�68A;>jCï52½<=?;>�Þ B 6é4 (X, R) B A�C½<&?;>�Þ Q5M=M 68ï;7é>L<&4 B A M 6é<=6 Q A M�B 4&> BNM-çÁQ 787 Q�î�M��

(X = x, R = µ)
λ �
ø
{x>0}−−−−−−→ (X = x + 1, R = µ),

(X = 0, R = µ)
λF (dµ′)−−−−−→ (X = 1, R = µ′),

(X = x, R = µ)
µ �
ø
{x>0}−−−−−−→ (X = x − 1, R = µ).

÷o6éA�J
>L<=?;> M >¢<&4 B A M 6�<&6 Q A M3çÁQ 4&Û B <=4&>@> ß�M >@>�9�6 O(ê
	gß�BNå=å ì;> B J_? � :(>@:;>�68A�6 M=Q 7 B <&6 Q A6 M�B 4&>@íN>@4 M 68ï;78>mH B 4=õ Q í.Þ;4 Q J@> M&M-B A(C�6�< M�M < B <&6 Q A B 4&2½CG6 M <&4=68ï;:G<&6 Q A�4&> B C M��

Pλ(X = x, R ∈ dµ) = Pλ(X = 0)F (dµ)

(

λ

µ

)x

,

î 6�<&?
Pλ(X = 0) =

(
∫ ∞

µ0

F (dµ)
µ

µ − λ

)−1

.

Ú ?;>�CG6 M <&4=68ï;:G<&6 Q A Qzç <&?;>�Ao:;Û±ï�>j4 Qzç J@: M < Q Û�>@4 M 68Aæ<=?(> � :;>@:(>�6 M <=?(>@4&> çÁQ 4&>�A Q7 Q A O >j4 O > Q Û´>@<=4&68J �
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µ

0 �

x

1

3

2

µ

0

����� ���	�

x

1

3
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\[d-\[d_«E\[d_]Id_��Z[d$��­z¨­N �hjePÀ´�EbjZ[]ªhj�5�±ZI\Phj�N]I�©Z[��bj�5]ª­�¨±h@\I\[b$®ª]_²

Pλ(X = x) =

∫ ∞

µ0

Pλ(X = x, R ∈ dµ) = Pλ(X = 0)

∫ ∞

µ0

F (dµ)

(

λ

µ

)x

. ß ñ å
ö�>@íN>@4=<=?;>j7é> M=M ìa<&?;>¥Þ;4 Q CG:(J
< çÁQ 4&Û >
ÝGÞ;4&> M&M 6 Q A ß ø å¢çÁQ 4�<&?;>¥68Aoí B 4=6 B A5<�Û�> BEM :;4=>4=>jÛ B 6éA M í B 786»Cýïg>jJ B : M > Qzç <&?;>�4=>jíE>j4 M 6éï(6é786�<[2 Qzç <&?;>�6éA(C;6éío6»CG: B 7 � :;>j:;> M < B õE>@A 6éA6 M=Q 7 B <&6 Q A ß�M >@> BEONB 6éA¿ð �|ò å$ê Ú ?;> M < B <=6 Q A B 4=2*CG6 M <&4=68ï;:G<&6 Q A Qzç <&?;> L

F M < BEO >.< B A(CG>jÛ
� :(>@:;>¢< B õE> M <=?;> çÁQ 4=Û

Pλ(S) =

L
∏

i=1

Pλ(Xi, Ri),

çÁQ 4 B Ao2 M > � :;>jA(J
> S = {(Xi, Ri), i = 1, . . . , L} ê � ?;6878>�> B J_? � :;>@:;>3? BEM�B CG6éôv>@4&>@A5<
M >j4=ío6»J
>�4 B <&> B < BmO 68íE>jA�<=68Û�>Eì B 7é75<=?(> � :;>j:;> M ? B íN> O 7 Q ï B 787é2L<&?;> M=B Û´>¹CG6 M <&4=68ï;:G<&6 Q A ê
ó :;4�Û Q CG>j7�6 M <&?;>@4&> çÁQ 4=>�>@A(J Q CG>jCX6éAX<=?(> M 68A O 78> � :;>j:;> M < B <&6 Q A B 4&2³CG6 M <=4&68ï;:G<=6 Q A
Pλ(Xi, Ri)

ê

������Ò �$Ë�Ø�Ó �§ÉÈÒ�Ø�Í��§Ì.Ó�Î ���ªÙ��§É
 �M¹B A;A Q :;A(J@>jC¥6éA�÷o>jJ
<=6 Q A øNì î >m<=:;4&A¥A Q�î <=?;> ç :;A(C B Û�>@A5< B 7)CG6 BzO 4 B Û ß ����å ìo<=? B <6 M <&?;>æÛ�> B A ��Q�î Qzç íE>j?;6»J
78> M Þ;7 Q <=<=>jC BEONB 68A M <±<&?;>æ<&4 Bzè J�CG>jA M 6�<[2 ê 	 2ýA B <&:;4&>Eì<=?;> � :(J$<&: B <&6 Q A M 6éA.<&?;> � � B 4&> BEM&M=Q J@6 B <=>rC�< Q <&?;>ªü B Û çÁQ 4=Û B <=6 Q A ê ÷GJ_?;>@Û B <=6»J B 78782Eì<=?;4&>@>�Û B 6éA¥C;6 M <=68A(J$<-4=> O 68Û�> M§Q 4ª<=4 B�è J�Þ(? BEM > M ? B íE>�ïg>@>jA½68C;>@A5<=6éë(>jC½ï52´>@Û�Þ;684&68J B 7
M <&:(CG68> M ð��jò �aQ A;> çÁQ 4L< Q�ç 4&>@>
F �(Q�î ì B A(C < î-Q J Q A O > M <=>jC M < B <=> M ìg<&?;>�� M 2oA(J_?;4 Q A;6 � >rC
�(Q�î��¢B A(C½<&?;>�� î 68CG>¢Û Q ío6éA O ü B Û �_ê

ÿ A�<&?;>±J BEM > Qzç <=?;>�ï BEM 68J àNá�âjã;ä ì(6é<m6 M�î >@787/õoA Q�î A)ì B A(C�4&6 ONQ 4 Q : M 7é2.Þ(4 Q íN>jC�6éA
MPQ Û´>�J BEM > M ì)<&? B < B Aý?o2GCG4 Q CG2oA B Û�6»J.7é68Û�6�<�J B Aýï�> Q ïG< B 68A;>jC°ïo2°4&> M J B 7868A O ï Q <=?<=?;> M Þ B <=6 B 7Lí B 4&6 B ï;7é> x = i/N B A(C <&?;>½ü[:(Û´Þ(6éA O 4 B <=> B J@J Q 4_CG68A O < Q µ(N) =
NV0

ì î ?;>@4&> N
6 M±B 4=> M J B 786éA Oæî ?;68J_? î >�7é>@<�< Q ∞ B A(C V0

6 M´B J Q A M < B A5< ê Ú ?;>J Q 4&4&> M Þ Q A(CG68A O J QNB 4 M > O 4 B 6éA;>rC�C;>@A M 6�<[2 ρ M=B <=6 M ë�> M <=?;>�68Aoío6 M J
6»C 	 :;4 O >j4-> � : B <&6 Q A
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∂ρ

∂t
= V0

∂

∂x

[

ρ(1 − ρ)
]

.

Ú ?;> ���°B <¹<=?;6 M�M J B 7é>¢6 M CG>
<&>@4&Û´68A;6 M <&68JEì M 6éA(J@>

J(ρ) = V0ρ(1 − ρ),

B A(C M 2oÛ´Û�>@<=4&68J î�ê 4 ê < ê ρ = 1/2
ï�>rJ B : M > QEç <&?;>�Þ B 4P<&68J@7é>@FT? Q 78> M 2oÛ�Û´>@<=4&2 ê V0

4=>jÞGF
4=> M >jAN< M <=?;> ç 4&>@>¢íN>@7 Q J@6�<[2 QEç J B 4 M ì î ?;>jA�<=?;>�CG>jA M 6�<[2½6 M íN>@4&2.7 Q�î�ê

ÿ A Þ;4 B J$<&68J@>Eì-Þ Q 6éA5< M Þ;7 Q <=<=>rC¿6éAÅ>
ÝGÞg>@4&6éÛ�>@A5< B 7 � � M <&:(CG68> M�B 4&> Q ïG< B 6éA;>rC¿ïo2
B íE>@4 BzO 6éA O C B < B�ç 4 Q Û M < B <&68J�7 QoQ Þ±CG>
<&>jJ$< Q 4 M/Q íN>@4 B�ç > î Û´68Ao:G<=> M3ßxM >j>3> ê O�ê ð��rò å$ê Ú ?;6 M6 M CG6 è J@:;7�<�< Q C Q�î 6�<&? Q :;4 � :(>@:;>@FTï BNM >rCLÛ Q CG>j7xì çÁQ 4 î ?(68J_? B�M Þ B J
> B íE>j4 BEO >�6 M Û�:(J_?> BEM 68>@43< Q´Q ïG< B 68A ê Ú ?;>m> � :;6éí B 7é>jA(J
>Lï�>@< î >j>@A¥<=68Û´> B A(C M Þ B J@> B íN>@4 BzO 68A O 6 M A Q < B A
Q ïoío6 Q : M�BNM=M :;Û�ÞG<=6 Q A/ì�ï;:;< M 68A(J
>�ü B Û MmB 4=>±Û Q í568A O ì M Þ B J@> B A�Cæ<=68Û�>´J Q 4&4=>j7 B <=6 Q A M
B 4&>½J Q Û±ï;68A;>jC°68A M=Q Û�> î-B 2Xð �zò B A(C î >�J Q A M 6»CG>@4�<=?;6 M±BNM=M :;Û�ÞG<&6 Q A°< Q ïg> � :;6é<=>
M=Bzç > ê;ÿ A î ? B < çÁQ 787 Q�î�M ì î > î 68787)<=?(>@4&> çÁQ 4&>�J Q Û´Þ(:G<=>¢<&?;> ��� ïo2�J Q A M 68CG>j4=68A O >@6é<=?(>@4<=?;>¹ü Q 6éA5<�Þ;4 Q ï B ï;687é6é<[2.Û�> BEM :;4&> Pλ(d, φ) çÁQ 4 B A Q Þ�>jA M 2 M <=>@Û�ì Q 4¹<=?;>�J Q A(CG6é<=6 Q A B 7Þ;4 Q ï B ï(6é786�<[2¥Û´> BEM :;4&> Pλ(φ|d) çÁQ 4 B J@7 Q5M >rC M 2 M <&>@Û�ì î ?;>@4&>











d =
N

N + L
,

φ =
Φ

N + L
,

î 6�<&?































L
Ao:;Û�ïg>@4 QEç � :;>j:;> M

N =

L
∑

i=1

Xi
Ao:;Û�ïg>@4 QEç íN>@?;6»J
78> M

Φ =

L
∑

i=1

Ri �
ø
{Xi>0}

6éA5<&> O 4 B <&>jC �(Q�î

B 4&> M Þ B <=6 B 7 B íE>j4 BEO >rC � : B A5<=6é<=68> M-B A(C.4&>@Þ(4=> M >jAN<34=> M Þg>jJ
<=68íE>@782±<=?;>¢CG>@A M 6é<[2 B A(C�<&?;><=4 B�è J �(Q�î�ê � >½Þg>@4 çÁQ 4&Û <=?(> B A B 7é2 M 6 M 68A°<=?;>¥4=68A OæO > Q Û�>
<&4=2 � <&?;6 M±B í Q 68C M >rC O >>
ôv>jJ$< M ì/ë;ÝG> M <&?;>½Ao:;Û±ï�>j4 M N QEç íN>@?;6»J
78> M�B A(C L QEç � :;>j:;> M ì B A(CÜë(A B 78782ÜÛ B õN> M
M >jA M > BEM�B Aæ>
ÝGÞg>@4&6éÛ�>@A5< B 7 M >
<=<=68A O(ê�ÿ Aæ<=?(> M < B <&6 M <=6»J B 7/Þ;?o2 M 68J M Þ B 4&7 B A(J@>Eì;<&?;> ç�B J$<<=? B < N

6 M ë;ÝG>jC¥Û�> B A M <&? B < î > B 4&> î-Q 4&õo6éA O�î 6�<&?½<&?;>�J B A Q A;6»J B 7(>@A M >jÛ�ï;78> ê  �M¹B4=> M :;7é<)<&?;6 M J Q A M <=4 B 68AN<)2o68>@7»C M <&?;> çÁQ 7é7 Q�î 6éA O¹çÁQ 4&Û QEç <=?;>aü Q 6éA5<�Þ;4 Q ï B ï(6é786�<[2mÛ�> BEM :;4&> �

P (S) =
1

ZL[N ]

L
∏

i=1

Pλ(xi, µi),

î 6�<&?�<&?;>�J B A Q A(68J B 7vÞ B 4=<=6é<=6 Q A ç :;A(J
<=6 Q A

ZL[N ] 
 ���=
∑

{xi}

L
∏

i=1

Pλ(xi)δ
(

N − ∑L
i=1 xi

)

.

Ú ?;> M >m>@ÝGÞ;4=> M=M 6 Q A B 4=> B J$<&: B 78782´68A(CG>jÞ�>jA(CG>jAN< QEç λ
6éA�<=?(6 M¹M Þ�>rJ
6éë�J�4&68A O±O > Q Û´>@<=4&2 êÚ ?;>�CG>@A M 6é<[25F �(Q�î J Q A�CG6�<&6 Q A B 7aÞ(4 Q ï B ï;68786�<[2½CG6 M <=4&6éï;:;<=6 Q A�< B õE> M <&?;> çÁQ 4&Û

P (φ|d) =
ZL[N, Φ]

ZL[N ]
, ß �Nå
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î 6�<&?










N =
d

1 − d
L,

Φ =
φ

1 − d
L,

B A(C

ZL[N, Φ] 
����=
∑

{xi}

∫

· · ·
∫ L

∏

i=1

Pλ(xi, dµi)δ
(

N −
∑L

i=1 xi

)

δ
(

Φ −
∑L

i=1 µi �
ø
{xi>0}

)

.

ö Q <&> ß ïo2 M 6éÛ�Þ;78>�68A M Þg>jJ
<=6 Q A)ì M >j>L> ê O�ê ð �zò å <&? B < P (φ|d)
6 M 68A(CG>jÞ�>jA(CG>jAN< QEç λ ê

����� �§Ð5ÒÅÍGÙ��§ØmÐ5Î[Í;Î[×�Ø ��ØmÓ Öv×�ØmÓ�Ò/ØmÐ ��Í;Î[×3Ø�É Ò/Ö � �§Ø�Î=ÐoÉ
Ú ?;>-J Q A;A(>jJ$<&6 Q A�ïg>
< î >@>jA M Þ Q AN< B A;> Q : M/çÁQ 4&Û B <&6 Q A Qzç ü B Û M�B A(C�<&?;> 	 Q5M >@F � 6éA M <=>j6éAJ Q A�CG>@A M&B <&6 Q A°? BEM ïg>@>jA B A B 7é2 � >jC*6éA M=Q Û�> M Þ�>rJ
6éë�J.Û Q CG>@7Tì î 6é<=? > ê O(ê � :;>jA(J_?;>jCCG6 M=Q 4_CG>j4ªð � ò î ?;>j4=>§Þ B 4=<=6»J
78> M)B 4=>�C;6 M <=68A O :(6 M ? B ï(7é> î 6é<=?�C;6�ôv>@4&>@A5</ï;:;</ë;ÝG>jC¢? Q Þ;Þ;68A O4 B <=> M�B <P< B J_?;>jC�< Q <&?;>@Û êzÿ A´<=?(>-Þ(4=> M >jAN< M 6�<&: B <&6 Q A)ì B 787GÞ B 4P<&68J@7é> M§B 4&>36»CG>@A5<&68J B 7Tì�ï;:G<? Q Þ;Þ(6éA O 4 B <=> M Û B 2 � :(J
<=: B <=>Eì î ?;6»J_?�6 M 4=>j7 B <=>rC�< Q�B A(A;> B 7é>rCLC;6 M=Q 4_CG>@4/6éA M < B <=6 M <&68J B 7Þ;?o2 M 6»J Mjê Ú ?(>*J Q A(CG>jA M&B <=6 Q A¼Û´>rJ_? B A(6 M Û çÁQ 4 � >j4 Q 4 B A O >ÜÞ;4 Q J@> M&M > M½î 6é<=?;68A¼<&?;>J B A Q A;6»J B 7G>@A M >@Û±ï;7é>�? BEM ïg>@>@A½J@7 B 4=6éë(>rC�68A MPQ Û�>-4&>jJ@>@A5< î-Q 4&õ.ð 	 ò ê K/>
<�: M <=4 B A M 7 B <=>6éA Q :;4 M >
<P<&6éA ONM <=?;>¹Û B 68A ç > B <&:;4=> M�Qzç <&?;>�J Q A�CG>@A M&B <&6 Q A�Û�>jJ_? B A;6 M Û ê  �M&M :(Û´>3<=? B <<=?;>�Ao:;Û±ï�>j4 Qzç J
786é>jAN< M X QEç�B A�6 M=Q 7 B <=>rC � :;>j:;>¢? BEM�B 7 Q A O Fx< B 687é>rC�C;6 M <=4&6éï(:G<=6 Q A

P (X = x) ∝
x�1

1

xα
, α > 1.

Ú ?;>�>@Û�Þ;684=6»J B 7aÛ�> B A � :;>@:(> M 6 � >�4&> B C M

X̄ =
1

L

L
∑

i=1

Xi,
B A(C

EX̄ = Eλ(X) 
 ���=

∫ ∞

µ0

F (dµ) µ2

(µ−λ)2
∫ ∞

µ0

F (dµ) µ
µ−λ

6 M <=?;>±>
ÝGÞ�>rJ$<&>jCæAo:;Û±ï�>j4 Qzç J@7é68>@A5< M�Qzç�B Aæ6 M=Q 7 B <&>jC � :;>@:(>Eì î ?;>@Aæ<&?;> B 4=4&6éí B 7)4 B <=>6 M λ ê � 6é<=?;68A�<=?;>�J B A Q A(68J B 7v>@A M >@Û±ï;78> X̄
6 M ë(Ýo>rCaì î ?;6878> çÁQ 4¹<=?;> O 4 B A(C¥J B A Q A;68J B 7>@A M >@Û±ï;7é> Q A(7é2�<&?;>�>
ÝGÞ�>rJ$< B <=6 Q A

E(X̄)
6 M ë;ÝG>jC êvÿ A ï Q <&?*J BEM > M ì çÁQ 4 α > 2

<&?;>@4&>
>
ÝG6 M < M X̄c

M :(J_? <&? B <rì î ?(>@A X̄ > X̄c
ß
E(X̄) > X̄c

68A <=?(> O 4 B A(C J B A Q A;68J B 7>@A M >@Û±ï;7é> å ì Q A;> QEç <&?;> � :;>j:;> M J Q A(C;>@A M > M ì;6 ê > ê J B 4=4&68> M�B Û B J@4 Q5M J Q Þ;6»J�Ao:;Û±ï�>j4 QEçÞ B 4=<=6»J
78> Mjê � ?(>@A α > 2
ìj<=?;>j4=>36 M�B J Q A�CG>@A M&B <&> î 6é<=?�Þ(4 Q ï B ï;68786�<[2 î >j6 O ?5< O(L1−α) êÚ ?;6 M J Q A�CG>@A M&B <&6 Q A¿J Q 4&4&> M Þ Q A(C M < Q B³M >jJ Q A(C Q 4&CG>j4.Þ;? BNM >�<&4 B A M 6é<=6 Q A/ì B A(C

Q JjJ
:;4 M�B < B J
4&6é<=6»J B 7�CG>@A M 6é<[2 dc
î ?(68J_? 6 M <&?;> M&B Û�>�68A�<=?;>±J B A Q A;6»J B 7 B A(C O 4 B A(CoFJ B A Q A;6»J B 7 çÁQ 4=Û B 7é6 M Û ê Ú Q CG>
<&>@4&Û´68A;> dc

ë(4 M <�J Q A M 6»CG>@4

d̄(λ) 
 ���=
Eλ(X)

1 + Eλ(X)
,
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Eλ(X)

6éA�J
4&> BEM > M Û Q A Q < Q A;68J B 787é2 î 6é<=? λ î ?(68J_? J B A;A Q <.>@ÝGJ@>@>rC µ0
ßxM >j>æÛ Q C;>@7CG>
ë(A(6�<&6 Q A�68A�÷G>jJ$<&6 Q A�ñ å$ê Ú ?;>j4=> çÁQ 4&>m6 ç

Eµ0
(X) = xc < ∞ <&?;>@A�<=?(>@4&>L>@ÝG6 M < M¹BJ
4&6�<&68J B 7)CG>jA M 6é<[2

dc =
xc

1 + xcM :(J_?�<=? B < çÁQ 4 d ≥ dc
Q A(> Qzç <&?;> � :;>j:;> M J Q A(CG>@A M > M@ê Ú ?;6 M 6 M 68A5<=>@4&Þ;4&>
<&>jC BEM/çÁQ 787 Q�î�M ì

Nc = Lxc
6 M <&?;>�Û B ÝG68Û B 7/Ao:;Û±ï�>j4 Qzç J@7é68>@A5< M <=? B <LJ B Aæïg>�6éA <=?;> � :;>j:;> M 6éA�<&?;>

� :;6»C±4&> O 6éÛ�>Nì B A(C�<=?;>¹78> M&M J QNM <=782 î¹B 2L< Q�B ï M=Q 4&ï�<&?;>�>
Ý;J@> M&M N−Nc
6 M < Q Þ;:G<ª6é<§6éA

Q A;> M 68A O 7é> � :;>@:;> ê K)>
<¹: M¹O 6éíN> B A�>
Ý B Û�Þ;78>Eìoïo2 M Þ�>rJ
6 ç 2568A O <=?;>-ü Q 6éA5<¹7 B|î <&?;4 Q : O ?

P (µ0 ≤ R ≤ µ0y) = F (µ0y) =
(y − 1

r − 1

)α

, 1 ≤ y ≤ r ß 	oå
î ?;>@4&> r > 1

6 M 4 B <&6 Q ïg>
< î >@>jA.<=?(>�?;6 O ?;> M < B A(C�7 Q�î > M < M Þg>@>rC ê5ÿ A.<=? B <-J BEM >EìE: M 68A O
ß ñ å-î >¢? B íE>m<=?(> çÁQ 787 Q�î 68A O.BEM 2oÛ´Þ;< Q <&68J BNM ξ → ∞

Pλ(X = x) ∝
( λ

µ0

)x
∫ r

1

(y − 1)α−1y−xdy ∼ 1

xα

( λ

µ0

)x

,

B A(C
Eµ0

(X) < ∞ î ?(>@A α > 2
ì î ?;68J_?³2o68>@7»C M <=?(>½Þ Q5M=M 68ï;6é786é<[2 Qzç J Q A(CG>jA M=B <=6 Q A

B ï Q íE>m<=?;>�J@4=6é<=6»J B 7)CG>@A M 6é<[2

dc(α, r) =
(r − 1)α−2

α − 2 + (r − 1)α−2
. ß��Eå

��� Ë�É Ò)Ù(Î=Ö �§Ì�Ù;Ò/ÐoËmÌIÍ;Ð
Ú ?;> B A B 7é2 M 6 M±Qzç±ß �Nå 68A <&?;>�4=68A O*O > Q Û�>
<=4&2³J B A 68AXÞ;4&68A(J
68Þ;78>�ïg>�Þ�>j4 çÁQ 4=Û�>rCýïo2Û´> B A MmQzç-M=B C;CG78>�Þ Q 68AN<L<=>rJ_?;A;6 � :;> M ð 	 ì � ò î ?;68J_? î >±Þ Q5M <&Þ Q A;>�< Q�B A Q <&?;>@4 î3Q 4=õ ê
ÿ A M <&> B C î >LÞ(4=> M >jAN< B A5:(Û´>j4=6»J B 7 B Þ;Þ;4 QNB J_? � <=?;> ��� Þ;4=> M >jA5<=>jC¥6éA�9�6 O�ê��;ß�B5å F ß J å 6 M
Q ïG< B 68A;>jC�ïo2 M=Q 78í568A O <=?;>�4&>jJ@:;4 M 68íE>L4=>j7 B <=6 Q A

ZL[N, Φ] = Pλ(X = 0)ZL−1[N, Φ]+

N
∑

x=1

∫

Pλ(x, dµ)ZL−1[N−x, Φ−µ �
ø
{x>0}],

:;Þæ< Q�MPQ Û�>�í B 78:;> LMAX = 100 çÁQ 4�<&?;>�Ao:;Û±ï�>j4 QEç � :;>j:;> M ì î 6�<&? B ë;ÝG>rCæí B 78:;>Qzç λ < µ0
ê  7�<&? Q : O ?¼68A¼Þ(4=68A(J
68Þ;78> Q A;> B 4&ï;6�<&4 B 4=2ûí B 78:;> Qzç λ M ? Q :(78C M : è J@>Eì6éAÅÞ;4 B J$<&68J@>Eì3<=?;>*4=> M :(7�< M½çÁQ 4�C;6�ôv>@4&>@A5<�í B 7é:;> M�Qzç λ

? B íN>æ< Q ï�> M :;Þ�>j4=Þ QNM >jC 6éA<=?;>�CG6 BEO 4 B Û < Q O >
< M 6 O A;6éë�J B A5<�4=> M :(7�< M@ê ÷o68A(J
>.<&?;6 M 4&>jJ@:;4 M 6 Q A³6 M�Q A(7é2*<=4 B J
< B ï;7é>
î 6�<&? B ë(A(6�<&>�Ao:;Û±ï�>j4 Qzç Þ Q5M=M 6éï(7é>�íE>j7 Q J@6�<&6é> M ì�<&?;>æCG6 M <=4&68ï;:G<=6 Q A F

: M >rC ?(>@4&>�6 MJ Q A�J
>@A5<&4 B <=>jC¥< Q < î-Q í B 78:;> M µ0
B A(C µ1

ê Ú ?(>�Þ;4=> M >jA(J
> QEç�B CG6 M J Q A5<&6éAo:;6é<[2½68A�<&?;>
ç :;A(C B Û´>jA5< B 7;C;6 BEO 4 B Û çÁQ 4 M Û B 7é7Gí B 7é:;> M�Qzç η 
 ���= P (R = µ0)/P (R = µ1)

6 M§B ë(A;6é<=>
M 6 � >L>
ôv>jJ
<jì î ?;6»J_?�CG6 M=B Þ;Þg> B 4 M3î ?;>@A¥<=?;> M 2 M <=>jÛ M 6 � >m6 M 68A(J
4&> BNM >rC î ?;687é> η

6 M õN>@ÞG<ë;ÝG>jC ê ö�>jíE>j4P<&?;>@78> M&M ìr<&?;>-C;6é4&>jJ
< M 68Û�:;7 B <&6 Q A Qzç <=?;>¹J
7 QNM >jC L
F M < BzO >ª< B A�CG>@Û � :;>j:;> M ì

î 6�<&?�J Q A5<=68Ao: Q : M CG6 M <=4&68ï;:G<=6 Q A ß 	oå ì;68A(CG6»J B <=> M�BEM >@ÝoÞg>jJ
<=>rCaì B�M >rJ Q A(C Q 4&C;>@4¹Þ;? BNM >
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� :(>@:;>¥C;6 M <=4&6éï(:G<=6 Q A B <�<=?;>¥J@4=6é<=6»J B 7�CG>jA M 6é<[2 ßxM >j>¥9�6 O�ê �;ß C åPå
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