
HAL Id: hal-00197375
https://hal.science/hal-00197375

Submitted on 14 Dec 2007

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Rheology of living materials
Roxana Chotard-Ghodsnia, Claude Verdier

To cite this version:
Roxana Chotard-Ghodsnia, Claude Verdier. Rheology of living materials. F. Mollica - L. Preziosi - K.
R. Rajagopal. ”Modeling of biological Materials”, Birkhäuser, pp.1-31, 2007, Modeling and simulation
in science, engineering and technology. �hal-00197375�

https://hal.science/hal-00197375
https://hal.archives-ouvertes.fr


1

1

Rheology of living materials

R. Chotard-Ghodsnia

Laboratoire de Spectrométrie Physique, UJF-CNRS, UMR 5588

BP87, 140 avenue de la Physique

F-38402 Saint-Martin d’Hères, France

and

C. Verdier

Laboratoire de Spectrométrie Physique, UJF-CNRS, UMR 5588

BP87, 140 avenue de la Physique

F-38402 Saint-Martin d’Hères, France

Abstract.

In this chapter, the properties of biological materials are described both
from a microscopic and a macroscopic point of view. Different techniques
for measuring cell and tissue properties are described. Models are presented
in the framework of continuum theories of viscoelasticity. Such models are
used for characterizing experimental data. Finally, applications of such
modeling are discussed in a few situations of interest.

1 Introduction

1.1 What is rheology ?

Rheology (in greek, rheos: to flow, –logy: the study of) is a pluridisci-
plinary science describing the flow properties of various materials, i.e. the
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study of the stresses that are needed to produce certain strains or rate of
strains within a given material. It consists of different approaches which are
all needed to understand the complexity of fluids or materials possessing
viscoelastic or viscoplastic properties. The main approaches are :

• Measurements of the rheological properties in simple flows (shear and
elongation)

• Simultaneous description of the underlying microstructure as a func-
tion of deformation

• Constitutive modeling using generalized continuum or molecular mod-
els based on the previous observations

• Applications to real situations (complex flows and geometries)

• Numerical simulations when analytical works are not possible

Typical fluids or materials under investigation in the framework of rheol-
ogy can be polymers (including polymer solutions, rubbers, polymer emul-
sions), suspensions of particules or deformable objects (e.g. blood cells),
and other complex systems (foams, gels, tissues, etc.) as described by
Larson [LAa].

1.2 Importance of rheology in the study of biological materials

Biological materials (see Textbook by Fung [FUa] or review paper by
Verdier [VEa]) start at the cell level (order of a few microns) and can reach
sizes up to the size of an assembly of cells or tissue (a few millimeters).
Rheology is important for describing such materials since they are usually
made of the above mentioned systems. The cell (Fig.1), to start with,
possesses an elastic nucleus, a viscous or viscoplastic cytoplasm, and is
surrounded by an elastic membrane made of a lipid bilayer, where adhesion
proteins coexist [ALa].

An example of a biological fluid is blood, which is a suspension of pro-
teins (i.e. Polymers) and cells (erythrocytes, as well as various white blood
cells) inside a fluid (plasma). Another example is the one of a biological
tissue. It contains an assembly of cells connected to each other by the
extra-cellular matrix (ECM) and adhesion proteins. These complex sys-
tems lead to viscoelastic properties due to the presence of fluids (viscous
effects), and the presence of elastic components (particles, inclusions with
interfacial tensions, elastic membranes). Several rheological models can
already predict such behaviors. The complexity of the biological tissue
or fluid relies on the fact that such media are active, and can rearrange
their microstructure to produce different local (or non local) properties or
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Figure 1: Sketch of a cell modifying its contacts and microrheology to
undergo migration, at velocity V

stresses in order to resist, or to achieve a precise function, in other words,
they are intelligent materials.

In this chapter, we will describe a few rheological models useful for
modeling complex media. Then a brief description of biological media will
be presented. Measuring techniques to investigate the properties of cells
and tissues will then be explained. Finally, we will present a few examples
of predictions achieved through rheological modeling.

2 Rheological models

In this section, a simple 1D viscoelastic model, the Maxwell model, and
a viscoplastic 1D one, the Bingham model, are presented. These models
are quite interesting to start with and can provide valuable information
for the interpretation of simple experiments. Then a generalization of such
models will be made in three dimensions.

2.1 One-dimensional models

The Maxwell fluid

We consider a simple viscoelastic 1D model, which is depicted in Fig. 2
where a spring (spring constant G) and dashpot (viscosity η) are assembled
in series. The resulting stress, τ , is the same in the two elements whereas
the deformation γ, is the sum of the deformations in each element. This
leads to the following constitutive equation :
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Figure 2: Schematic representation of the Maxwell element

λ τ̇ + τ = η γ̇ (2.1)

where λ = η
G

is the relaxation time, and γ̇ is the rate of deformation.
This form is the differential form of the Maxwell model. It leads to a
decrease in stress τ(t) = τ0 exp (− t

λ
), when motion is stopped, where τ0 is

the initial stress.

Limiting cases of elastic and viscous materials can be recovered:

• When t≪ λ (short times), τ = Gγ ⇒ The material is elastic (G = η
λ
).

• When λ≪ t (long times), τ = ηγ̇ ⇒ The material is Newtonian.

Equation (2.1) has an exact solution which is :

τ(t) =

∫ t

−∞
Ge−

(t−t
′)

λ γ̇(t′) dt′ (2.2)

Relation (2.2) is the integral version of the Maxwell model. It has the
advantage to show that the stress is a function of the history of deformation,
and shows also that stress and rate of strain are related via this integral form
with a Kernel G(t) = Gexp (− t

λ
). This function is called the relaxation

function. Similarly, a relation between the strain γ(t) and the stress τ(t)
can be obtained in integral form through another Kernel J(t) = 1

G
+ t

η

which is called the compliance.

Remark 2.1 The other simple model considered in the literature is the
Kelvin-Voigt model consisting of a spring and dashpot in parallel. This
model exhibits a constitutive equation of the type τ = Gγ + η γ̇. In this
case G(t) = G and J(t) = 1

G
(1 − exp (− t

λ
)) , where λ is defined similarly

but is a retardation time.
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A generalization to multiple mode Maxwell models can easily be made
through the use of the following distribution (Gi, λi) appearing in the re-
laxation function, corresponding to the use of several Maxwell elements in
series:

G(t) =
n

∑

i=1

Gi e
− t

λi (2.3)

This is sometimes enough to obtain a good idea of the dynamic mod-
uli, often used in oscillatory rheometry [BIc]. Otherwise, one may use a
continuous distribution of relaxation times:

G(t) =

∫ ∞

0

H(λ)

λ
exp (− t

λ
) dλ (2.4)

Such formulae have been used successfully for predicting the dynamic
rheology of molten polymers, in particular Baumgaertel and Winter [BAc]
who used two specific empirical formulae for H(λ) for small times and long
times.

The Bingham fluid

Bingham fluids are an example of the so–called viscoplastic materials.
A Newtonian fluid can flow under the action of any stress but it is unlikely
that a Bingham fluid will do the same. Indeed, it usually requires that
a certain stress, i.e. the so–called ”yield stress”, is applied. For example,
under the action of its weight alone, a fluid element might or might not flow.
This relies on the fact that the typical stress (shear, elongation) dominates
the effect of the Yield stress. Yield stresses are due to complex interactions
taking place at the microscopic level, which link the material particles. A
solution of F–actin (essential component of the cytoplasm), as an example,
can flow only if the actin concentration is not too large. If it is large, then
interactions between the actin proteins are such that temporary links exist
throughout the fluid, showing the existence of a Yield effect.

The simplest 1D model (in the case of shear) is the Bingham fluid [MAa],
given by :

τ ≤ τs γ̇ = 0 or τ = Gγ

τ ≥ τs τ = τs + η γ̇
(2.5)

This relation explains that a certain stress, τs, needs to be overwhelmed
by the shear stress (τ) to achieve flow. Under this threshold, no flow is
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obtained, but a simple elastic relation can be verified generally. Above
this threshold, the material exhibits a Newtonian behavior with viscosity
η. Other viscoplastic relations exist, like the Casson model (useful for
describing the behavior of blood, at different hematocrit contents), or the
Herschel-Bulkley model [MAa]. Finally, note that the cell cytoplasm may
be modeled using the Bingham model or Herschel-Bulkley model, based on
the constituents in presence. Another model introduced by He and Dembo
[HEa], is the sol–gel model: it has been found to be successful to predict
cell division. Sol-gel models can help predicting transitions from a liquid
state (”sol”) to a quasi–solid state (”gel”) when a certain constituent’s
concentration is reached.

2.2 Three-dimensional models

To start with, we recall the principle relations used in classical fluid
mechanics and elasticity, before presenting the 3D viscoelastic models. Let
us define the total stress tensor Σ with an isotropic part, and an extra
stress τ :

Σ = −p I + τ (2.6)

where p is the pressure, and I is the identity tensor. To define constitu-
tive equations and generalize the 1D ones in the previous section, we need to
define laws valid for all observers (principle of material frame-indifference).
Indeed, two observers in given reference frames should be able to measure
the same material properties or laws. Consider a motion ~x = ~x(~X, t) and
stress tensor Σ = Σ (~X, t). Another observer with clock t∗ = t − a, in

a frame defined by ~x∗ = ~x∗(~X, t∗) = ~c(t) + Q ~x(~X, t), should observe a

stress Σ∗ = Q(t) Σ QT(t), following Malvern [MAd] for example. In the

previous relations, a, ~c and Q are respectively any constant, vector and

orthogonal tensor. Σ is said to be frame–indifferent.

General fluids

For the classical Newtonian fluid, the extra stress is expressed in terms
of D, the symmetric part of the velocity gradient tensor, which is frame–
indifferent. This defines the isotropic Newtonian fluid:

Σ = −p I + λ tr(D) I + 2ηD (2.7)

where η and λ are the viscosity and second viscosity coefficient respec-
tively. For incompressible fluids, the equation simply reduces to Σ =
−p I + 2ηD.
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More general fluids can be defined, such as the Reiner-Rivlin fluid, where
one makes use of the fact that an expansion of the stress in terms of the
powers of D is also a good model and can be reduced to powers of D and
D2 only.

Σ = − p I + 2 ηD + 4 η2 D2 (2.8)

where η2 is considered to be a second viscosity, but has different units
(Pa.s2). In equation (2.8), the constants η and η2 depend on the invariants
of D, in particular IID. Note that the first invariant ID is 0 for incompress-
ible materials. Equation (2.8), associated with the assumption that η2 = 0,
has been used extensively to predict the shear thinning (and thickening)
behavior of polymer solutions and suspensions [MAa].

Elastic materials

Similarly to fluids, the constitutive equation of an isotropic elastic ma-
terial gives the stress Σ in terms of the linear part of deformation ǫ (sym-

metric part of ~grad ~u, where ~u = ~x − ~X is the displacement between the

initial and present position, in Lagrangian coordinates) :

Σ = λ tr(ǫ) I + 2µ ǫ (2.9)

where λ and µ are the Lamé coefficients (in Pa). The generalization
of this relation to large deformations is made possible through the use of
the frame–indifferent strain tensor B = FFT , where F is the deformation
gradient. Again, by assuming the stress to be a polynomial function of B,
and making use of the Cayley–Hamilton theorem, we obtain a relation for
large deformations, the so–called Mooney–Rivlin model (MR):

Σ = α I + 2C1 B − 2C2 B−1 (2.10)

where C1 and C2 are constants in the MR model but may also be func-
tions of the invariants of B. α is a constant which needs, like a pressure,
to be determined, for example through boundary conditions.

More generally, any function of the invariants of B can be used, via a
strain energy function W (IB, IIB). Here, for an incompressible material
IIIB = 1. This defines a more general hyperelastic material:

Σ = α I + 2
∂W

∂IB
B − 2

∂W

∂IIB
B−1 (2.11)
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Viscoelastic materials

If one wants to generalize the case of the Maxwell element in equation
(2.1), it is natural to replace the 1D stress τ by the tensor τ , then to
replace γ̇ by its tensor form 2D. Still one needs to be careful about the
generalization of τ̇ , because τ̇ is not frame–indifferent. In fact, there is a
limited number of frame–indifferent derivatives [MAd], such as the following
upper and lower convected derivatives given by, respectively:

∇
τ = τ̇ − ~grad~v τ − τ ( ~grad~v)T (2.12)

△
τ = τ̇ + τ ~grad~v + ( ~grad~v)T τ (2.13)

The corotational derivative is also another one,
◦
τ = 1

2
(
∇
τ +

△
τ ), as well

as other linear combinations of the above two. Note that we are now using
the extra stress τ .

Following this, we obtain the upper convected Maxwell model, as the
generalized differential form of (2.1):

λ
∇
τ + τ = 2 ηD (2.14)

There is also an integral version of this equation:

τ(t) =

∫ t

−∞
M(t− t′) (B(t, t′) − I) dt′ (2.15)

where M(t) = η
λ2 exp (− t

λ
) = −dG

dt
, and B(t, t′) is the relative defor-

mation tensor. Formula (2.15) is called Lodge’s formula and can include
general functions G(t), for example such as the ones in (2.3), or more gen-
erally decreasing convex functions which have a finite value for G(0).

Finally, a generalization of Lodge’s model, as well as ideas developed in
the previous part on elasticity, in particular equation (2.11), lead to another
more general form, known as the K–BKZ equation (factorized form):

τ(t) =

∫ t

−∞
M(t−t′) [2

∂W

∂IB
(IB , IIB) B(t, t′) − 2

∂W

∂IIB
(IB , IIB)B−1(t, t′)] dt′

(2.16)
This model has been used quite a lot for predicting the elongational

properties of polymers or polymer solutions, and gives excellent agreement
[WAa]. On the other hand, it is not so good for predicting shear data [BIc].
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Viscoplastic models

The generalization of Equation (2.5) to a tensor form gives:

IIτ ≤ τs D = 0 or τ = GB

IIτ ≥ τs τ = 2 (η + τs√
II2D

)D
(2.17)

where IIτ = 1

2
(tr(τ)2− tr(τ2)) is the second invariant of the extra stress

tensor τ . This way of defining the inequality implies that all components
of the stress may contribute to overwhelm the Yield effect. Other possible
models (Herschel–Bulkley, Papanastasiou, Casson [MAa]) can be used, in
particular using the fact that the viscosity η in (2.17) may be taken to be a
function of the invariants of D, in particular IID. As an example, models
that characterize blood will be described in the part concerning rheological
modeling of tissues and biofluids.

3 Biological materials

The response of a material to applied loads depends upon its inter-
nal constitution and interconnections of its microstructural components.
Biological tissues are composed of the same basic constituents: cells and
extracellular matrix.

3.1 Cells

Cells are the fundamental structural and functional unit of tissues and
organs. It has been known over the last two decades that many cell types
change their structure and function in response to changes in their mechan-
ical environment. A typical cell consists of a cell membrane, a cytoplasm
and a nucleus [ALa].

The cell membrane consists of a phospholipid bilayer with many em-
bedded proteins that function as: channels, receptors for target molecules
and anchoring sites.

The cytoplasm is a fluid containing the cytoskeleton and dispersed
organelles.

The cytoskeleton is a network of protein filaments extending through-
out the cytoplasm. The cytoskeleton provides the structural framework of
the cell, determining the cell shape and the general organization of the
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cytoplasm. The cytoskeleton is responsible for the movements of entire
cells and for the intracellular transport. It is formed by three structural
proteins: actin filaments, intermediate filaments and microtubules. Actin
filaments are extensible and flexible (5-9 nm in diameter). Intermediate
filaments are rope-like structures (10 nm in diameter). Microtubules are
long cylinders (25 nm in diameter) with a higher bending stiffness than
the other filaments. These three primary structural proteins perform their
functions through interactions with accessory cytoskeletal proteins, such as
actinin, myosin and talin.

The organelles play various roles. For example the Golgi apparatus
plays a role in the synthesis of polysaccharides and in the transport of
various macromolecules. The endoplasmic reticulum is the site for the
synthesis of proteins and lipids.

The extracellular matrix consists of proteins (collagens, elastin, fi-
bronectin, vitronectin, ...), glycosaminoglycans and water. Collagen, the
most abundant protein in the body and a basic structural element for soft
and hard tissues, and elastin, the most linearly elastic and chemically sta-
ble protein, are primary structural constituents of the extracellular matrix,
from a mechanical point of view. The extracellular matrix has many func-
tions. It serves as an active scaffold on which cells can adhere and migrate.
It serves as an anchor for many substances (growth factors, inhibitors) and
provides an aqueous environment for the diffusion of nutrients between the
cell and the capillary network. It maintains the shape of a tissue giving
it strength and mechanical integrity. To resume, the extracellular matrix
controls cell shape, orientation, motion and function.

3.2 Tissues

A tissue is a group of cells that performs a similar function. There
are four basic types of tissues in the human body: epithelium, connective
tissue, muscle tissue and nervous tissue [FAb].

Epithelium is a tissue composed of a layer of cells. It can line inter-
nal (e.g. endothelium which lines the inside of blood vessels) or external
(e.g. skin) free surfaces of the body. Functions of epithelial cells include
secretion, absorption and protection.

Connective tissue is any type of biological tissue with extensive ex-
tracelllular matrix which holds everything together. There are several basic
types:

• Bone: contains specialized cells, osteocytes, embedded in a mineral-
ized extracellular matrix and functions for general support, protection
of organs and movements. It is a relatively hard and light-weight com-
posite material. It is formed mostly of calcium phosphate which has
relatively high compressive strength through poor tensile strength.
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While bone is essentially brittle, it has a degree of elasticity con-
tributed by its organic components (mainly collagen).

• Loose connective tissue: holds organs in place and attaches epithelial
tissue to other underlying tissues. It also surrounds blood vessels and
nerves. Fibroblasts are widely dispersed in this tissue and secrete
strong fibrous proteins (e.g. collagen and elastin) and proteoglycans
as an extracellular matrix.

• Fibrous connective tissue: has a relatively high tensile strength due
to a relatively high concentration of collagenous fibers. This tissue is
primarily composed of polysaccharides, proteins and water and does
not contain many living cells. Such a tissue forms ligaments and
tendons.

• Cartilage: is a dense connective tissue primarily found in joints. It is
composed of chondrocytes which are dispersed in a gel-like extracel-
lular matrix mainly composed of chondroitin sulfate.

• Blood: is a circulating tissue composed of cells (hematies, leukocytes
and platelets) and fluid plasma (its extracellular matrix). The main
function of Blood is to supply nutrients (e.g. glucose, oxygen) and
to remove waste products (e.g. carbon dioxyde). It also transports
cells and different substances (hormones, lipids, amino acids) between
tissues and organs.

• Adipose tissue: is an anatomical term for loose connective tissue com-
posed of adipocytes. It provides cushioning, insulation and energy
storage.

Muscle is a contractile form of tissue. Muscle contraction is used to
move parts of the body and substances within the body. There are three
types of muscles:

• Cardiac muscle.

• Skeletal muscle (or ”volontary”): attached to the skeleton and used
for movement.

• Smooth muscle (or ”involontary”): found within intestines, throat
and blood vessels.

The nervous tissue has the function of communication between parts
of the body. It is composed of neurons, which transmit impulses, and the
neuroglia, which assist the propagation of the nerve impulse and provides
nutrients to the neurons.
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4 Measurements of rheological properties of cells and tissues

4.1 Microrheology

Conventional rheological measurements are not always adapted to bio-
logical materials because they require large quantities of rare materials and
provide an average measurement and do not allow for local measurements
in inhomogeneous systems. Microrheological methods address this issue by
probing the material on a micrometer length scale using microliter sample
volumes. Two microrheological approches can be found in the litterature:
active tests and passive test.

Active tests

In this class of microrheological measurements, the stress is locally ap-
plied to the material by active manipulation of the probe through the use
of electric or magnetic fields or micromechanical forces. Then, the resultant
strain is measured to obtain the local shear moduli. We will describe three
active manipulation techniques in the following paragraphes.

Optical tweezers. Optical tweezers consist of a focused laser directed
at a micrometer-scale dielectric object, such as beads or organelles, and
used to control their position [ASa]. For typical object sizes (0.5-10µm in
diameter) used, the force (limited to the pN range) is generated by the re-
fraction of the laser within the bead coupled with the differences in photon
density from the center to the edge of the beam. Very small objects do
not trap well because the trapping force decreases with decreasing object
volume. By moving the focused laser beam, the trapped particle is forced
to move and applies a local stress to the sample. The resultant particle
displacement reports strain from which rheological properties can be ob-
tained. Elasticity measurements are possible by applying a constant force
with the optical tweezers and measuring the resultant displacement of the
particle. Membrane elastic modulus of red blood cells were measured using
this approach [HEc]. Frequency-dependent rheological properties can be
measured by oscillating the laser position with an external steerable mirror
and measuring the amplitude of the bead motion and the phase shift with
respect to the driving force. Microrheology of soft materials was studied
using this approach [HOa].
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Magnetic tweezers and magnetic twisting. Magnets are used to
apply either a linear force (magnetic tweezers) or a twisting torque (mag-
netic twisting) to embedded magnetic particles. The resultant particle
displacements measure the rheological response of the surrounding mate-
rial. Particle selection is critical because its magnetic contents influence
the applied force. Ferromagnetic beads can generally exert large forces but
they retain a part of their magnetization each time they are exposed to a
magnetic field. Paramagnetic beads are less susceptible to magnetization
but they exert smaller forces (typically 10 pN to 10 nN). Videomicroscopy
is used to detect the displacements of the particles under applied forces.
The spatial resolution is typically in the range of 10-20 nm and the tem-
poral range is 0.01-100 Hz. Three modes of operation are available: 1) a
viscometry measurement by applying a constant force, 2) a creep response
measurement by applying a pulse-like excitation: using this method Bausch
et al. found linear three-phasic creep responses consisting of an elastic do-
main, a relaxation regime and a viscous flow behavior for different cell types
[BAd, BAe], 3) a measurement of the viscoelastic moduli in response to an
oscillatory stress: using this method Fabry et al. [FAa] suggested that cy-
toskeleton may behave like a soft glassy material [BOa, SOa], existing close
to a glass transition, rather than like a gel.

Atomic force microscopy. The atomic force microscope [BIb] has
been widely used to study the structure of soft biological materials, in ad-
dition to imaging information about the surface topology. A soft cantilever
is pushed into the sample surface. The cantilever deflection is measured by
a laser detection system (reflecting laser beam off the cantilever and po-
sition sensitive photodetector). Knowing the cantilever’s spring constant,
the cantilever deflection gives the force required to indent a surface and
this has been used to measure the local elasticity and viscoelasticity of thin
samples and living cells. For elasticity measurements [RAa, ROa], a modi-
fied Hertz model is used to describe the elastic deformation of the sample
by relating the indentation and the loading force. Elastic mapping of cells
was possible using this technique [AHa]. A common source of error for
very thin or soft materials is the contribution of the elastic response of the
underlying substrate, on which the sample is placed. This contribution is
higher for higher forces and indentations and can be reduced by using a
spherical tip. This increases the contact area and allows to apply the same
stress to the sample with a smaller force [MAb].

For viscoelastic measurements, an oscillating cantilever tip is used [AHa,
MAb, ALb, MAc]. A small amplitude (5-20 nm) sinusoidal signal is ap-
plied normal to the surface around the initial indentation position at fre-
quencies ranging from 20 to 400 Hz. Using this test, Mahaffy et al. [MAc]
characterized the lamellipodium of fibroblast cells and obtained a rubber
plateau-like behavior. Smith et al. [SMa] characterized the microscale vis-
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coelasticity of smooth muscle cells with AFM indentation modulation in
their fibrous perinuclear region. They found that the complex shear modu-
lus, measured in response to nanoscale oscillatory perturbations, exhibited
soft-glassy rheology. The elastic (storage) modulus of these cells scaled as
a weak power-law and their loss modulus scaled with the same power-law
dependence on frequency.

Passive tests

In this class of microrheological measurements, the passive motion of the
probes, due to thermal or Brownian fluctuations, is measured [MAe]. In
this case, no external force is applied to the material. Phenomenologically,
embedded probes exhibit larger motions when their local environments are
less rigid or less viscous. Both the amplitude and the time scale are impor-
tant for calculating the mechanical moduli. The mean squared displace-
ment (MSD) of the probe’s trajectory is measured over various lag-times
to quantify the probe’s amplitude of motions over different time scales. In
purely viscous materials, MSDs of probes vary linearly with lag-times. In
purely elastic materials, MSDs are constant regardless of lag-times. A vis-
coelastic material can be modeled as an elastic network that is viscously
coupled to and embedded in an incompressible Newtonian fluid. A nat-
ural way to incorporate the elastic response is to generalize the standard
Stokes-Einstein equation for a simple, purely viscous fluid with a complex
shear modulus to materials that also have a real component of the shear
modulus [MAf]:

G̃(s) =
kBT

πas < ∆r̃2(s) >
(4.1)

where s is the complex Laplace frequency, kB is the Boltzmann’s con-
stant, T is the absolute temperature, a is the radius of the probe and
< ∆r̃2(s) > is the unilateral Laplace transform of the two-dimensional
MSD < ∆r2(t) >. To compare with bulk rheology measurements, G(̃s)
can be transformed into the Fourier domain to obtain the complex shear
modulus G∗(ω).

For most soft materials, the temperature cannot be changed signifi-
cantly. Thus, the upper limit of the measurable elastic modulus depends
on both the size of the embedded probe and on our ability to resolve small
particle displacements. The resolution of detecting particle centers depends
on the particle tracking method and ranges from 1 to 10nm. This allows
measurements with micron-sized particles of materials with an elastic mod-
ulus of 10 to 500Pa. This is smaller than the range accessible by active
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tests but sufficient to study many soft materials. Moreover, passive mea-
surements have the advantage of dealing with the linear viscoelastic regime
because no external stress is applied.

To use the generalized Stokes-Einstein relation (4.1) to obtain macro-
scopic viscoelastic shear moduli of a material, the medium should be treated
as a continuum material around the embedded particle. Thus, the size of
the embedded particle must be larger than any structural length scales of
the material. Moreover, this relation is valid for a large frequency range
(10Hz − 100kHz) which is much higher than traditional methods where
inertial effects become significant around 50Hz. The MSD of embedded
particles should be measured with a very good temporal and spatial reso-
lution to take full advantage of the range of frequencies and complex moduli
measurable in a passive microrheology test. The MSD can be obtained from
methods that directly track the particle position as a function of time or
from light-scattering experiments.

The rheological properties of living cells have been measured using par-
ticle tracking microrheology. Yamada et al. [YAa] showed that the cy-
toplasmic viscoelasticity of kidney epithelial cells varied within subcellu-
lar regions and was dynamic. At low frequencies, lamellar regions (820 ±
520 dyne/cm2) were more rigid than viscoelastic perinuclear regions (330±
250 dyne/cm2) of the cytoplasm, but the spectra converged at high fre-
quencies (> 1000 rad/s).

Finally, other groups have used improved particle–tracking methods: in
particular, Crocker et al. [CRa] have developed a two–point microrheology
technique, based on cross correlation of the motion of two particles. Tseng
et al. [TSa], on the other hand, used multiple-particle-tracking microrhe-
ology to spatially map mechanical heterogeneities of living cells.

To resume, microrheological techniques allow to characterize complex
materials on length scales much shorter than those measured with macro-
scopic techniques. In an incompressible homogenous material, the response
of an individual probe due to an external force (active tests) or to thermal
fluctuations (passive tests) is an image of the bulk viscoelastic properties of
the surrounding medium. In heterogenous materials, the motion of individ-
ual probes gives the local properties of the material, while cross-correlated
motion of the probes gives its bulk properties. Moreover, viscoelastic prop-
erties can be measured in a larger frequency range (0.01Hz to 100kHz)
than in macroscopic measurements.

4.2 Macroscopic tests

There are different macroscopic tests that can be carried out with bio-
logical tissues. They will be classified here into two categories : the ones
giving access to shear properties (transient assays, steady shear, oscilla-
tions) such as pure shear and compression, or the ones giving access to
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tensile or elongational properties.

Shear

Classical definitions of shear experiments need to be given first. Usu-
ally, it is common to carry out experiments in a rotational rheometer,
when dealing with biological fluids or materials. This instrument allows to
have access to stresses (or torques) and strains while measuring strains and
stresses respectively. The basic idea is that operating in a circular geome-
try allows to keep the fluid (material) in the same device, whereas capillary
rheometry requires systems which push the fluid therefore they require a
larger amount of material. Usual rotational rheometers include different
geometries such as the plate–plate, cone–plate and Couette geometry (usu-
ally used for less viscous fluids). There is a different working formula for
each one.

Transient motions. In classical rheometry, one applies a steady shear
rate γ̇ (in fact start–up from 0 to γ̇) while the stress τ = σ12 is measured.
Then the transient viscosity η+(t, γ̇), the first and second normal stress
coefficients ψ+

1 (t, γ̇) and ψ+
2 (t, γ̇) can be determined :

η+(t, γ̇) =
σ12(t, γ̇)

γ̇
(4.2)

ψ+
1 (t, γ̇) =

(σ11 − σ22)(t, γ̇)

γ̇
(4.3)

ψ+
2 (t, γ̇) =

(σ22 − σ33)(t, γ̇)

γ̇
(4.4)

They are named the viscosimetric functions. If these behaviors cor-
respond to typical viscoelastic materials, one expects a rise of η+(t, γ̇),
ψ+

1 (t, γ̇), and ψ+
2 (t, γ̇), until a plateau is reached. The limiting values will

then be η(γ̇), ψ1(γ̇), ψ2(γ̇). When elastic effects are important at high
shear rates for example, there might be an overshoot in the time–evolution
of the previous functions [BIc] until a steady state is found.

Steady–state functions. As previously discussed, the steady–state
functions η(γ̇), ψ1(γ̇), ψ2(γ̇) are the limits of the time–dependent functions
as time becomes large. These limits are usually reached in times inversely
proportional to the velocity of deformation (shear rate γ̇ here). Materials
or fluids with a decreasing η(γ̇) are said to be shear–thinning whereas the
opposite is the shear-thickening behavior, as observed for certain suspen-
sions of particles. When the stress goes to a limit at small shear rates, the
material exhibits a Yield stress as explained previously for Bingham fluids.
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The first and second normal stress differences are quite important, since
they are related to elastic effects, not usually encountered with Newtonian
fluids. They correspond to the fact that the application of a shear in the 1–
2 plane can given rise to normal stresses σ22 and σ33 in the other directions
(rod–climbing effect, etc.).

Dynamic rheometry. This is the most common test used for charac-
terizing biological materials, when large quantities of materials are available
(collagen, actin solutions, etc.) and when such properties can be consid-
ered to be homogeneous, and not local. In shear, one applies a sinusoidal
deformation γ(t) = γ0sin(ωt). The stress τ is assumed, to vary like τ(t) =
τ0sin(ωt+ϕ). One of its components is in phase with γ (elastic response),
while the other one varies like γ̇ (viscous part). One defines respectively the
elastic and viscous moduli G′ et G”. They are defined by G′ γ0 = τ0 cosϕ
and G” γ0 = τ0 sinϕ. The loss angle, ϕ, is given by tanϕ = G”

G′ . In complex
variables, the complex modulus G∗ is: G∗ = G′ + iG” and the dynamic
complex viscosity is η∗ = G∗

iω
= η′ − iη” = G”

ω
− iG

′

ω
. Moduli G′ and G” are

determined for small deformations (linear domain), i.e. the domain where
they remain constant for small enough γ0. An example of the dependence
of G′ and G” vs. frequency ω is given in Fig.3.

Figure 3: Dependence of G’(Pa) and G”(Pa) on frequency ω(rad/s). At
low frequencies, the fluid exhibits Yield effects (dotted lines), such as in the
case of concentrated actin solutions [SCa] or decreases with slopes 2 and 1
respectively, like in the limiting case of the Newtonian fluid (solid lines).

As can be seen, two different behaviors can be obtained :

• Newtonian behaviors at low rates: Case of usual fluids with respective
slopes 2 and 1 for G′ and G”.

• Yield stress effects: G′ and G” have a limiting value (fluid with a
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yield stress).

At moderate frequency values, G′ exhibits a plateau value usually (case
of polymer solutions) and at high frequencies, G′ and G” increase similarly
as ωn, where n is about 0.5 − 0.7, until the solid–high frequency regime is
obtained.

Remark 4.1 The Maxwell model (Fig.2) has a complex modulus G∗ =

G iωλ
1+iωλ

therefore G′(ω) = G ω2λ2

1+ω2λ2 and G”(ω) = G ωλ
1+ω2λ2 . This allows to

recover the typical behavior at low frequencies corresponding to the slopes
of 2 and 1 for G′ and G”.

Extension

The extensional properties of viscoelastic biological materials have been
usually characterized using traction machines [FUa], or more subttle sys-
tems when biofluids are used. Usually constant rates of extension should be
used, although this is rarely the case. In a constant stretching experiment
at rate ǫ̇, the fluid element length increases exponentially, which is difficult
to achieve. The elongational stresses of interest are combined to elimi-
nate pressure effects in the form σ11 − σ22, and the transient elongational
viscosity is defined by:

η+
E (t, ǫ̇) =

σ11 − σ22

ǫ̇
(t, ǫ̇) (4.5)

If formula (4.5) has a limit for infinite times, then the elongational
viscosity ηE(ǫ̇) can be defined. This limit exists usually at small enough
elongational rates ǫ̇ < 1

2λ
(λ is the relaxation time defined previously), but

it happens (as in the Maxwell’s fluid) that there is no limit above this value.
Typical instruments for obtaining constant stretch experiments are the

traction experiment, the spinning fiber method, or the opposed jet method
and four-roll mill apparatus for less viscous fluids [MAa].

Usually, the cases of biological materials under investigation has lead to
results which give rise to hyperelasticity, as depicted by sharply increasing
stress-strain curves, but there is always a small effect due to the rate of
stretch [FUa] which is usually neglected, unlike with biofluids.

5 Applications of rheological models
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5.1 Cells

In this section, a few examples of successful predictions of cell modeling
corresponding to real situations are presented, in particular in the case of
cell motion under flow, and in the case of cell migration.

Cell behavior under flow

Basic ideas. Red blood cells have a very precise size (diameter 8 −
10µm) whereas Leukocytes are usually bigger (around 15µm). Cells are
able to travel through arteries or veins and also through small capillaries
which are of the order a few µm. They must therefore possess very special
rheological properties to achieve these features; sometimes they can also
migrate through the endothelial barrier (case of leukocytes or cancer cells).
Let us consider the case of a single cell travelling in a vessel, and assume
that the plasma is Newtonian. When subjected to an applied pressure,
it takes an equilibrium position depending on the viscosity ratio and on
the Capillary number (ratio of viscous forces over surface effects). For
leukocytes in capillaries for example, assuming the Reynolds number is
small, and that the viscosity ratio is usually larger than 1, the cell will
take an equilibrium position between the wall and the centerline, and its
deformation will basically depend on the Capillary number [FUa].

To model a cell, several possibilities exist. The first authors to model
cells used a membrane with a cortical tension surrounding a Newtonian
fluid [YEa]. This model is already a good one for red blood cells. Mem-
branes can also be considered to be linearly elastic or nonlinear elastic
sheets [SKa] (deriving from a strain energy function). They usually have a
large 2D–elastic modulus so that their surface is almost inextensible. They
only exhibit a bending energy [HEb]. Other possibilities (droplet–like mod-
els) like a Newtonian fluid surrounded by a cortical layer [YEa] are also
possible, and have proved to be efficient for describing micropipette exper-
iments for example. Finally, viscoelastic cells with a cortical tension have
been proposed recently [KHa], [VEb], and seem to be good candidates for
describing cell behavior under flow.

Usually, due to the constraints, or simply to the fact that cells do not
really travel in a linear fashion, they will eventually get close to the vascular
wall and interact with it. This is studied next.

Modeling cell interactions. Cells are known to exhibit proteins
(LFA–1, MAc–1, ICAM–1, etc.) on their surface, also named ligands
(ICAM–1, VCAM–1, etc.). These ligands might interact with receptors
present at the wall, on the endothelial lining. A simple reaction between a
ligand (L) and a receptor (R) can give rise to a bond (L–R) according to:
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L+R ⇀↽ L−R (5.1)

Assume that N0
L and N0

R are the initial concentrations of ligands and
receptors respectively, and that N is the number of bonds formed, then the
rate–equation for N is:

dN

dt
= kf (N0

L −N)(N0
R −N) − krN (5.2)

This is called a kinetics equation for cell–mediated adhesion. The solu-
tion of this equation starts at an initial prescribed value and then decreases
until a plateau is reached. This model (microscopic) can be coupled with
usual macroscopic equations describing the cell behavior [DEb], therefore
it is a way to couple the microscopic and macroscopic descriptions. In-
deed, the forward and backward constants kf and kr are respectively known
through:

kf = k0
f exp [−σts(xm − λ)2

2kBT
] (5.3)

kr = k0
r exp [

(σ − σts)(xm − λ)2

2kBT
] (5.4)

where k0
f and k0

r are constants, xm is the bond length, λ the equilibrium
length, kB is the Boltzmann constant and T is temperature. σ and σts

(transition state) are the spring constants.
Then the force within a bond is simply given by fB = σ(xm − λ), and

finally the macroscopic force FB is equal to the single force times the bond
density N : FB = NfB [DEb]. Other simple models may use a force FB

which is attractive and derive from a simple attractive potential [VEb].
Models combining cell viscoelasticity and interactions.

There is a limited number of studies devoted to the motion of cells close
to a wall. The most interesting ones are studies by Dembo et al. [DEb],
N’Dry et al. [NDa], Liu et al. [LIa], Jadhav et al. [JAa], Khismatullin et
al. [KHa] or Verdier et al. [VEb]. The first studies are 2D analyses of the
motion of cells close to walls using kinetic models described previously. Let
us discuss the cases of the works of Khismatullin et al. [KHa] and Jadhav
et al. [JAa]. dealing with 3D problems.

Khismatullin et al. [KHa] used a nonlinear viscoelastic model for the
cell description. This model is a Giesekus model which is the same as the
one in Eq.(2.14), except that the nonlinear term κ τ2 on the left hand side
has been added. Note that this type of nonlinear equation is useful for
predicting shear transient motions during start–up. The originality of the
work is also that a composite cell is considered. Indeed, the cell consists
of a viscoelastic nucleus and a viscoelastic cytoplasm. A kinetic law of
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attachment–detachment is used as previously described. Finally, cortical
tensions are imposed at the boundaries. The problem of the motion of a cell
close to a wall (with receptors) is considered in the presence of microvili.
Deformability of the cell is calculated under physiological conditions (shear
stresses of 0.8− 4Pa), as well as inclination angle, flow field, contact times
and microvili number of attachments. Typically, cells are deformed quite a
lot and exhibit a very small contact area.

Let us now compare this analysis with a quite different model [JAa],
where viscoelasticity is introduced through the combined effects of a non-
linear elastic membrane with a Newtonian cytoplasm. The same kinet-
ics of bonds formation is used but a stochastic process is used to model
receptor–ligand interactions. For example, the probability of bond forma-
tion P = 1−exp(−kon∆t), where kon is a formation constant, is introduced
and compared with a random number between 0 and 1. If it is larger, the
bond will form, otherwise not. Differences with the previous model are ob-
tained. Indeed, the cells are less deformed and exhibitit a round shape, but
adhere very strongly and form a much larger contact area, increasing with
decreasing membrane elasticity. This can be understood since the stronger
the membrane, the more spherical the cell, therefore the smaller number of
bonds are formed.

To compare the models, one needs to compute a Capillary number
Ca = ηV

σ
in the first case [KHa] (η is the viscosity of the carrying fluid

and V a typical stream velocity), and Ca = ηV
Eh

in the second one [JAa],
because the elastic component acting against the flow to stabilize the cell
shape is either the cortical tension σ or the elastic 2D modulus Eh (E is
the elastic modulus and h the membrane thickness). We find that the case
considered by Khismatullin et al. [KHa] leads to very large Capillary num-
bers, thus to large deformations whereas the model of Jadhav et al. [JAa]
has capillary numbers of order 1, thus smaller deformations. Still, the flow
field plays a role, as well as the model used and the other parameters. More
studies are still needed to understand such problems better; they might be
very important for understanding cancer cell extravasation, especially since
cancer cells are considered to be less rigid as compared to other cells.

Cell migration

Principle of migration. Cell migration is a complex mechanism,
which involves both the adhesive properties but also the rheological proper-
ties of the cell, as depicted in Fig.1. Under chemotaxis or haptotaxis, a cell
can polarize and develop a lamellipodium which extends far to the front
[COb], in the case of a fibroblast on a rigid surface. Inside the cell, changes
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in the local actin concentration can generate changes in the microrheo-
logical properties, allowing the cell to deform and move. Actin filaments
can form cross–links at the front (like in a gel), whereas they become less
densely packed (sol) at the uropod (tail), in order to preserve the total
actin concentration. In order for the cell to move, it requires to generate
traction forces to pull itself forward. These forces are generated by focal
adhesion plaques, such as integrin clusters. Some cells can migrate very
fast like the neutrophils of the immune system (mm/hour) whereas other
cells, such as cancer cells, reach velocities of only a few tenth of µm/hour.
There is a complex machinery involving Actin binding proteins (ABP) to-
gether with myosin to form actin units. Other disassembly proteins are
also needed to break actin units. Integrins bind to the cytoskeleton which
is made of parallel bundles of actin filaments, thus creating a reinforced
structure, which allows the cell to generate tractions forces. Such traction
forces can be measured on deformable substrates in the case of fibroblasts
for example [DEa]. Other methods also exist based on wrinkle patterns on
deformable substrates as well [BUa] and provide interesting information in
the case of keratocytes.

Models of cell migration. In order to migrate efficiently, a cell must
develop strong traction forces, but they should not be too large, otherwise
they will be difficult to break at the rear. Indeed there is an optimal
velocity of migration [PAa] depending on the typical bond forces or cell–
substrate affinity. One way to model adhesion is through a distribution
of bonds, as seen previously. This idea comes from observations (RICM)
of adhering cells showing unattached cell parts. The model of Dickinson
and Tranquillo [DIa] assumes such a distribution of receptor-ligand bonds.
Adhesion gradients can also be considered which influence cell motility. A
stochastic model is assumed to show how migration is affected by the forces
and the distribution of ligands on the cell. Adhesion receptors undergo
rapid binding, and this results in a time–dependent motion. Mean speed,
persistence time, and random motility coefficients can then be obtained.
A bell-shape curve is finally obtained showing a maximum in velocity as
a function of the adhesion concentration factor, as shown experimentally
[PAa].

Another approach by DiMilla et al. [DIb] includes cell polarization, cy-
toskeleton force generation, and dynamic adhesion to create cell movement.
A model for cell viscoelastic properties (1D) is also included. Similar effects
for the velocity of migration as a function of force are obtained, but further
effects such as force, cell rheology as well as receptor–ligand dynamics can
be added. The maximum in the speed of migration is related to the balance
between cell contractile force and adhesiveness.

Cancer cell migration. Cancer cell migration is different from the
previous cells studied (fibroblasts, leukocytes). Friedl and coworkers [FRa]
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have shown that tumor cells develop migrating cell clusters. They also seem
to develop stronger interactions (and pulling forces) and are more polarized
(direction). Most cancer cells are usually bigger and slower than migrating
leukocytes. They are also capable of reorganizing the extra-cellular matrix
(ECM) easily. Therefore, cancer cell migration is still hard to model and
requires more experimental data.

5.2 Tissues

Biological tissues are complex structures subjected to a number of ex-
ternal stimuli (e.g. mechanical forces, electrical signals and heat). The
structure of these tissues determines their response to the stimuli. In addi-
tion, cells within the tissues can sense the stimuli and adapt or change the
tissue matrix structure. Biological tissues differ in many ways from typical
engineering materials. They are extremely heterogenous within a single
body and between individuals. They have always hierarchical structures
with many different scales. And they are able to change their structure in
response to external stimuli.

In this section, a few examples of connective tissue modeling such as
blood and soft tissues under physiological loads are presented.

Blood

Blood is a circulating tissue. It is a complex fluid composed of Red Blood
Cells (RBC or erythrocytes), White Blood Cells (WBC or leukocytes) and
platelets suspending in plasma (an aqueous solution of electrolytes and pro-
teins such as fibrinogen and albumin). Plasma is the extracellular matrix
of blood cells). Blood cells volumic concentration (hematocrit) is about
38-45% corresponding to 5.106/mm3 of RBC, 5.103/mm3 of WBC and
3.105/mm3 of platelets. Plasma behaves like a Newtonian fluid of 1.2 mPa.s
viscosity at 37◦C. The whole blood behaves like a non-Newtonian fluid.
Its viscosity varies with the hematocrit, with the temperature and with the
disease state [CHa].

When looking at blood flow in large vessels, it can be considered as a
homogenous fluid. This can be analyzed using a Couette-flow viscometer
where the width of the flow channel is much larger than the diameter of
blood cells. Using Couette-flow viscometry, Cokelet et al. [COa] found that
blood has a finite yield stress in shear. For a small shear rate (γ̇ < 10s−1)
and for hematocrit less than 40%, their data is approximately described by
Casson’s Law [CAa]:

√
τ =

√
τs +

√

ηγ̇ (5.5)
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where τ is the shear stress, γ̇ the shear rate, τs is the yield stress in shear
(≈ 5.10−3Pa) and η is a constant. At high shear rates (about 100s−1),
the whole blood behaves like a Newtonian fluid with a constant viscosity
(4−5mPa.s). The whole blood flow in a cylindrical tube follows a plug flow
profile [FUa]. This behavior can be explained by the fact that human RBCs
form aggregates (known as rouleaux) which are more important under low
shear rates. When the shear rate tends to zero the whole blood becomes
like a big aggregate with a solid-like behavior (a viscoplastic behavior as
described in §2.1). When the shear rate increases, the aggregates tend to
break and the viscosity of blood decreases. For further increase in shear
rate, RBCs become elongated and align with flow streamlines [GOa] induc-
ing a very low viscosity (3 − 4mPa.s) for such a concentrated suspension.

When looking at blood flow in capillaries, it can be considered as a
nonhomogenous fluid of at least two phases: blood cells and plasma. In-
deed in capillaries, whose diameter is in the range of blood cells diameter
(4− 10µm), blood cells have to squeeze and arrange themselves in a single
file [FUa]. Thus, mechanical properties of RBCs play a predominant role
in the microcirculation. These cells are nucleus-free deformable liquid cap-
sules enclosed by a nearly incompressible membrane which exibits elastic
response to shearing and bending deformation. As an application of rhe-
ological measurements to determine RBCs mechanical properties, we can
refer to the work of Drochon et al. [DRa]. They measured the rheological
properties of a dilute suspension of RBCs and interpreted their experimen-
tal data based on a microrheological model, proposed by Barthes-Bièsel
et al. [BAa]. This model illustrated the effect of interfacial elasticity on
capsule deformation and on the rheology of dilute suspensions for small
deformations. Thus, Drochon et al. determined the average deformability
of a RBC population in terms of the mean value of the membrane shear
elastic modulus.

Soft tissues

Most of biological tissues exhibit a time- and history- dependent stress-
strain behavior that is a characteristic property of viscoelastic materials.
Viscoelastic models for soft tissues can be divided into two groups: mi-
crostructural and rheological models.

Microstructural models are based on mechanical behavior of the
constituents of the tissue. The mechanical response of the components are
generalized to produce a description of the gross mechanical behavior of
the tissue. For example, Lanir introduced a microstructural model of lung
tissue [LAa]. He considered lung tissue as a cluster of a very large number
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of closely packed airsacks (alveoli) of irregular polyhedron shape, bounded
by the alveolar wall membrane. Lanir employed a stochastic approach to
tissue’s structure in which the predominant structural parameter is the
density distribution function of membrane’s orientation in space. Based on
this model, the behavior of alveolar membrane and its liquid interface was
related to general constitutive properties of lung tissue.

Another microstructural 2D model of lung tissue consisted of a sheet
of randomly aligned fibers of various orientations embedded in a viscous
liquid ground substance [BAb]. The fibers orientations constantly change
due to thermal motion. When the sheet is stretched, the fibers align in the
direction of strain and there is a net transfer of momentum between the
fibers and the ground substance, due to the constant thermal motion of the
fibers. This model also predicts that any stress generated within the tissue
will decay asymptotically to zero as the fibers reorient.

Microstructural models were applied to other tissues. Guilak and Mow
[GUa] modeled the articular cartilage based on a biphasic theory in which
the tissue is treated as a hydrated soft material consisting of two mechan-
ically interacting phases: 1) a porous, permeable, hyperelastic, composite
solid phase composed of collagen, proteoglycans and chondrocytes; and 2)
a viscous fluid phase, which is predominantly water and electrolytes. Both
phases are intrinsically incompressible and diffusive drag forces between
the two phases give rise to the viscoelastic behavior of the tissue. Such
models are well suited to study the connection between the structure and
the mechanical properties (stress, strain, fluid flow and pressurization).

Tensegrity models have been developped [FUb] based on the ideas of de-
formable structures (i.e. civil engineering) made of sticks and strings in ten-
sion or compression. They can be applied to cells [INa, INb], since the cell
cytoskeleton can be depicted as an assembly of rods and springs (various cy-
toskeleton filaments). Similar ideas have been developped at a higher scale,
by considering homogenization methods in the case of cardiomyocytes, as-
sumed to form discrete lattices [CAb] of bars linked together. When the
components are elastic, one can recover an elastic constitutive model, also
hyperelasticity can be obtained.

Rheological models describe the gross mechanical behavior of the
tissue in the simplest possible terms. Sanjeevi et al. [SAa] proposed a
1D–rheological model of viscoelastic behavior for collagen fibers. The qua-
silinear viscoelastic models (see for example Eq.(2.2)) have been useful to
describe various tissues such as the heart muscle [PIa, HUa] and the cer-
vical spine [MYa]. Bilston et al. [BIa] developped a constitutive model
which accurately reproduces the strain-rate dependence of brain tissue and
its linear stress-strain response in shear.

On the other hand, DeHoff [DEa] described the nonlinear behavior of
soft tissues by adapting a continuum-based formulation previously used
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to characterize polymers. Phan-Thien et al. [PHa] also used a nonlinear
Maxwell model to predict the behavior of kidney under large-amplitude os-
cillatory squeezing flow. They added a nonlinear stress–dependent viscosity
in front of D in Eq.(2.14). Nassiri et al. [NAa] developped a multi-mode
upper convected Maxwell (see §2) model with variable viscosities and time
constants for viscoelastic response, coupled to a hyperelastic response (see
Eq.(2.11)). In their model, the sum of the elastic and the viscoelastic
contributions were modified by a nonlinear damping function to control
the non-linearity of stress-strain profiles: 1) In the limit of small strain
(0.2%), the damping function reduced to unity and their model reduced
to a multi-mode Maxwell model with shear-rate dependent viscosities, 2)
In high strain rate loading, this model gave a rubber-like response. Their
model predicted well the rheological properties of the kidney cortex under
strain sweep, small amplitude oscillatory motion (dynamic testing), stress
relaxation and constant shear rate (viscometry) tests. They showed that
this tissue was highly shear thinning, and at higher strain amplitudes this
phenomenon was more significant. The damping function was strain de-
pendent and could be determined to match well various nonlinear features
of the shear tests.

6 Conclusions

In this chapter, we have made an attempt to investigate the rheological
properties of biological systems in a non exhaustive manner. There are at
the moment good methods for characterizing tissues and fluids, but also
cellular elements. Although these techniques are very promising, there is
still a lack of characterizations of tissues or cells, coupled with microscopic
observations, in particular the ones based on the use of fluorescence.

Some of these experimental procedures have been correlated successfully
with existing models, which have already been developped in the field of
classical rheology. It has also been shown that cell-cell interactions are very
important when modeling cell or tissue behavior.

What are still missing today are actual models including the active
response of the tissues or cells, which can in return induce changes to the
cell cytoskeleton or membrane. Some progress has been done recently but
there is a need for taking into account signalisation and its effects on the
rheological properties, in other words understanding mechanotransduction.
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[SOa] Sollich, P., Lequeux, F., Hébraud, P. and Cates, M.E., Rheology of
soft glassy materials, Phys. Rev. Lett., 78 (1997), 2020–2023.



32 Rheology of Living Materials

[STa] Stossel, T., On the crawling of animal cells, Science, 260 (1993),
1086–1094.

[TSa] Tseng, Y., Kole, T.P. and Wirtz, D., Micromechanical mapping of
live cells by multiple-particle-tracking microrheology, Biophys. J.,
83 (2002), 3162–3176.

[VEa] Verdier, C., Review: Rheological properties of living materials. From
cells to tissues, J. Theor. Medicine, 5 (2003), 67–91.

[VEb] Verdier, C., Jin, Q., Leyrat, A., Chotard-Ghodsnia, R. and Duper-
ray, A., Modeling the rolling and deformation of a circulating cell
adhering on an adhesive wall under flow, Arch. Physiol. Biochem.,
111 (2003), 14–14.

[WAa] Wagner, M.H., A constitutive analysis of extensional flows of poly-
isobutylene, J. Rheol., 34 (1990), 943–958.

[YAa] Yamada, S., Wirtz, D. and Kuo, S.C., Mechanics of living cells mea-
sured by laser tracking microrheology, Biophys. J., 78 (2000), 1736–
1747.

[YEa] Yeung, A. and Evans, E., Cortical shell-liquid core model for passive
flow of liquid-like spherical cells in micropipettes, Biophys. J., 56

(1989), 139–149.


