
HAL Id: hal-00207546
https://hal.science/hal-00207546

Preprint submitted on 17 Jan 2008

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

L∞-UNIQUENESS OF GENERALIZED
SCHRÖDINGER OPERATORS

Ludovic Dan Lemle

To cite this version:
Ludovic Dan Lemle. L∞-UNIQUENESS OF GENERALIZED SCHRÖDINGER OPERATORS. 2007.
�hal-00207546�

https://hal.science/hal-00207546
https://hal.archives-ouvertes.fr


ha
l-

00
20

75
46

, v
er

si
on

 1
 -

 1
7 

Ja
n 

20
08

L
∞-UNIQUENESS OF GENERALIZED
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Abstract

The main purpose of this paper is to show that the generalized Schrödinger
operator A

V f = 1

2
∆f + b∇f − V f , f ∈ C∞

0 (Rd), is a pre-generator for

which we can prove its L∞
(

R
d, dx

)

-uniqueness. Moreover, we prove the

L1(Rd, dx)-uniqueness of weak solutions for the Fokker-Planck equation
associated with this pre-generator.

Key Words: C0-semigroups; L∞-uniqueness; generalized Schrödinger opera-
tors; Fokker-Planck equation.

1 Preliminaries

Let E be a Polish space equipped with a σ-finite measure µ on its Borel σ-
field B. It is well known that, for a C0-semigroup {T (t)}t≥0 on L1(E, dµ),
its adjoint semigroup {T ∗(t)}t≥0 is no longer strongly continuous on the dual

topological space L∞(E, dµ) of L1(E, dµ) with respect to the strong dual topol-
ogy of L∞(E, dµ). In [10] Wu and Zhang introduce on L∞(E, dµ) the topol-

ogy of uniform convergence on compact subsets of (L1(E, dµ), ‖ . ‖1), denoted
by C(L∞, L1), for which the usual semigroups in the literature becomes C0-
semigroups. If {T (t)}t≥0 is a C0-semigroup on L1 (E, µ) with generator L, then

{T ∗(t)}t≥0 is a C0-semigroup on
(

L∞(E, dµ), C
(

L∞, L1
))

with generator L∗.

Moreover, on can proove that
(

L∞(E, dµ), C
(

L∞, L1
))

is complete and that

the topological dual of
(

L∞(E, dµ), C
(

L∞, L1
))

is
(

L1(E, dµ), ‖ . ‖1

)

.
Let A : D −→ L∞(E, dµ) be a linear operator with its domain D dense in
(

L∞(E, dµ), C
(

L∞, L1
))

. A is said to be a pre-generator in
(

L∞(E, dµ), C
(

L∞, L1
))

,

if there exists some C0-semigroup on
(

L∞(E, dµ), C
(

L∞, L1
))

such that its gen-

eratorL extends A. We say that A is an essential generator in
(

L∞(E, dµ), C
(

L∞, L1
))

∗Institut Camille Jordan UMR 5208 (CNRS), Université Claude Bernard Lyon1, 69622
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(or
(

L∞(E, dµ), C
(

L∞, L1
))

-unique), if A is closable and its closure A with re-

spect to C
(

L∞, L1
)

is the generator of some C0-semigroup on
(

L∞(E, dµ), C
(

L∞, L1
))

.
This uniqueness notion was studied in Arendt [1], Eberle [3], Djellout [2],
Röckner [6], Wu [8] and [9] and others in the Banach spaces setting and Wu

and Zhang [10] and Lemle [4] in the case of locally convex spaces.

2 L
∞-uniqueness of generalized Schrödinger op-

erators

In this note we consider the generalized Schrödinger operator

AV f :=
1

2
∆f + b∇f − V f , ∀f ∈ C∞

0 (Rd) (1)

where b : R
d → R

d is a measurable and locally bounded vector field and
V : R

d → R is a locally bounded potential. In the case where V = 0, the
essential self-adjointness of A := 1

2∆ + b∇ has been completely charaterized in
the works of Wielens [7] and Liskevitch [5]. L1-uniqueness of this operator
has been introduced and studied by Wu [9], its Lp-uniqueness has been studied
by Eberle [3] and Djellout [2] for p ∈ [1,∞) and by Wu and Zhang [10]
for p = ∞.
Our purpose is to find some sufficient condition to assure the L∞(Rd, dx)-
uniqueness of (AV , C∞

0 (Rd)) with respect to the topology C(L∞, L1) in the
case where V ≥ 0.
At first, we must remark that the generalized Schrödinger operator (AV , C∞

0 (Rd))
is a pre-generator on L∞(Rd, dx). Indeed, if we consider the Feynman-Kac semi-
group

{

PV
t

}

t≥0
given by

PV
t f(x) := E

x1[t<τe]f(Xt)e
−

t
∫

0

V (Xs) ds

(2)

where (Xt)0≤t<τe
is the diffusion generated by A and τe is the explosion time,

then by [10, Theorem 1.4] it follows that
{

PV
t

}

t≥0
is a C0-semigroup on L∞(Rd, dx)

with respect to the topology C(L∞, L1). By Ito’s formula on can prove that
f belongs to the domain of the generator LV

(∞) of C0-semigroup
{

PV
t

}

t≥0
on

(L∞(Rd, dx), C(L∞, L1)).
The main result of this note is

Theorem 2.1. Suppose that there is some mesurable locally bounded function

β : R
+ → R such that

b(x)x

|x|
≥ β(|x|) , ∀x ∈ R

d, x 6= 0. (3)

Let β̃(r) = β(r) + d−1
2r

. If the one-dimensional diffusion operator

AV
1 =

1

2

d2

dr2
+ β̃(r)

d

dr
− V (r) (4)
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is L∞(0,∞; dx)-unique, then
(

AV , C∞
0 (Rd)

)

is L∞(Rd, dx)-unique.

Moreover, for any f ∈ L1(Rd, dx) the Fokker-Planck equation

{

∂tu(t, x) = 1
2∆u(t, x) − (div b + V )u(t, x)

u(0, x) = f(x)
(5)

has one L1(Rd, dx)-unique weak solution given by u(t, x) = PV
t f(x).
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