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On a nonlinear system of PDE’s arising in

free convection

Bernard BRIGHI − Senoussi GUESMIA

1 Introduction

In this paper, we consider a model problem introduced in [2], and derived from a coupled
system of partial differential equation arising in the study of free convection about a
vertical flat plate embedded in a porous medium. In [2], some existence result has been
obtained under very constraining hypothesis. Here, we come back to the weak formulation
of this problem, and prove that there is one and only one weak solution, under reasonable
hypotheses on the data.

Details about the physical background can be found, for example, in [13], [14], [15],
[16], [19] and [22]. In these papers, the authors assume that convection takes place in a
thin layer around the plate. This allows to make boundary-layer approximations, and to
get similarity solutions by solving the ordinary differential equation

f ′′′ +
m + 1

2
ff ′′ − mf ′2 = 0

on the half line [0,+∞), with the boundary conditions f(0) = a, f ′(0) = 1 (or f ′′(0) = −1)
and f ′(t) → 0 as t → +∞. These boundary value problems have been widely studied,
and mathematical results about them can be found, for example, in [1], [3], [4], [5], [6],
[7], [8], [9], [10], [11], [12], [17], [18], [20] and [21].

Let us state now the problem we are interesting in. Let Ω be a bounded domain of
R

2 with sufficiently smooth boundary Γ. Let Γ1 and Γ2 be two parts of Γ, such that
mes (Γ1) 6= 0 and

Γ1 ∪ Γ2 = Γ, Γ1 ∩ Γ2 = ∅.

In Ω, we consider the boundary value system defined by

−∆Ψ +K.∇H = F (1)

−λ∆H + ∇H. (∇Ψ)⊥ + ∇Θ. (∇Ψ)⊥ = 0 (2)
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with mixed boundary conditions for Ψ

Ψ = 0 on Γ1 and
∂Ψ

∂ν
= 0 on Γ2, (3)

and for H
H = 0 on Γ, (4)

where −→ν is the unit outward normal vector on Γ and (∇Ψ)⊥ = (∂yΨ,−∂xΨ). The
unknown functions are Ψ and H. The functions F , Θ and K are given, and we suppose
that

F ∈ L2 (Ω)

and that the function Θ belongs to H2(Ω) and satisfies

∆Θ = 0 in Ω. (5)

Let us notice that H2(Ω) ⊂ C0(Ω). For the coefficients K = (k1, k2), it is assumed that

K ∈ L∞(Ω) × L∞(Ω). (6)

See [2] for details on the derivation of the problem (1)-(4). In the following, we will
denote by (·, ·) the L2 (Ω)-scalar product, and by ‖·‖ (resp. |·|2 , |·|∞ and |·|∞,Γ) the norm

of H1(Ω) (resp. L2 (Ω), L∞(Ω) and L∞(Γ)). We also denote by H1
0 (Ω,Γ1) the subset of

functions of H1(Ω) that vanish on Γ1.

2 Weak formulation

In order to define a variational formulation of the previous problem, let us assume that Ψ
and H are classical solutions of (1) and (2) in Ω, such that the boundary conditions (3)
and (4) hold. Multiplying (1) and (2) by test functions u ∈ H1

0 (Ω,Γ1) and v ∈ H1
0 (Ω),

and integrating on Ω, we get

∫

Ω

∇Ψ.∇u dx+

∫

Ω

uK.∇Hdx =

∫

Ω

Fu dx

and

λ

∫

Ω

∇H.∇v dx+

∫

Ω

v∇H. (∇Ψ)⊥ dx+

∫

Ω

v∇Θ. (∇Ψ)⊥ dx = 0. (7)

If now, we only assume that Ψ ∈ H1
0 (Ω,Γ1) and H ∈ H1

0 (Ω), the third integral in the
latter equality is still well defined (this is due to the fact that Θ ∈ H2(Ω)), whereas, a
priori, it is not anymore the case for the second one.
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Let us clarify this point. To this end, for u, v, w ∈ H1 (Ω) such that u∇v.(∇w)⊥ ∈
L1 (Ω), let us set

a (u, v, w) =

∫

Ω

u∇v. (∇w)⊥ dx =
(

u∇v, (∇w)⊥
)

and let us show the following results.

Lemma 1 . — Let u, v ∈ H1 (Ω)∩L∞(Ω) such that one of them vanishes on the boundary

of Ω. For w ∈ H1 (Ω) we have

a (u, v, w) = −a (v, u, w) .

In particular, for every u ∈ H1
0 (Ω)∩L∞(Ω) and every w ∈ H1 (Ω) we have : a(u, u, w) = 0.

Proof. — For u, v ∈ H1 (Ω) ∩ L∞(Ω) and w ∈ H1 (Ω) the quantities a (u, v, w) and
a (v, u, w) are well defined. Since, moreover, uv ∈ H1

0 (Ω), we have :

a (u, v, w) + a (v, u, w) =
(

u∇v + v∇u, (∇w)⊥
)

=
(

∇(uv), (∇w)⊥
)

= −
(

div
(

(∇w)⊥
)

, uv
)

H−1(Ω),H1

0
(Ω)

= 0

because div
(

(∇w)⊥
)

= 0.

Lemma 2 . — Let u, v ∈ H1
0 (Ω). For w ∈ H2 (Ω) we have

a (u, v, w) = −a (v, u, w) .

In particular, for every u ∈ H1
0 (Ω) and every w ∈ H2 (Ω) we have : a(u, u, w) = 0.

Proof. — First, because H1(Ω) →֒ L4(Ω), the quantities a (u, v, w) and a (v, u, w) are
well defined for all u, v ∈ H1

0 (Ω) and w ∈ H2 (Ω). On the other hand, by Lemma 1, for
all ϕ, ψ ∈ D(Ω) and all w ∈ H2 (Ω), we have : a(ϕ, ψ,w) = −a(ψ, ϕ,w) ; the conclusion
then follows from the density of D(Ω) in H1(Ω).

Taking into account Lemma 1, we can replace the second integral in (7) by

−

∫

Ω

H∇v. (∇Ψ)⊥ dx

which is well defined, if H ∈ L∞(Ω). Having that in mind, we state the following defini-
tion.

Definition 3 . — We will say that a couple (Ψ, H) is a weak solution of the problem

(1)-(4), if Ψ ∈ H1
0 (Ω,Γ1) and H ∈ L∞(Ω) ∩H1

0 (Ω), and if the integral identities

(∇Ψ,∇u) + (K.∇H, u) = (F, u)

λ (∇H,∇v) − a (H, v,Ψ) + a (v,Θ,Ψ) = 0

hold for any u ∈ H1
0 (Ω,Γ1) and for any v ∈ H1

0 (Ω).
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3 Existence and uniqueness of a weak solution

3.1 A priory estimates

We will need the following lemma.

Lemma 4 . — Let Ψ ∈ H2(Ω). If H ∈ H1
0 (Ω) satisfies

∀v ∈ H1
0 (Ω), λ(∇H,∇v) − a(H, v,Ψ) = −a(v,Θ,Ψ), (8)

then

inf
Γ

Θ ≤ H + Θ ≤ sup
Γ

Θ (9)

and

inf
Γ

Θ − sup
Ω

Θ ≤ H ≤ sup
Γ

Θ − inf
Ω

Θ. (10)

In particular, we have H ∈ L∞(Ω) and |H|∞ is bounded independently of Ψ.

Proof. — The ingredients of the proof are in [2, Proposition 3.2] ; for convenience, and
because the hypotheses are slightly different, we write it here. Let us set l = supΓ Θ and
H+ = sup{H + Θ − l ; 0}. Since H+ ∈ H1

0 (Ω), then (5), (8) and Lemma 2 imply

λ(∇H+,∇H+) = λ(∇H,∇H+) + λ(∇Θ,∇H+) = λ(∇H,∇H+)

= a(H,H+,Ψ) − a(H+,Θ,Ψ)

= a(H,H+,Ψ) + a(Θ, H+,Ψ)

= a(H + Θ, H+,Ψ) = a(H+, H+,Ψ) = 0.

It follows that |∇H+|2 = 0 and hence H+ = 0. This gives the second inequality of (9).
To obtain the other one, we set l′ = infΓ Θ and H− = inf{H + Θ − l′ ; 0} and proceed in
the same way. The inequalities (10) follow immediately from (9).

3.2 A contraction

Let W = H1
0 (Ω,Γ1) ×H1

0 (Ω). On W we define the norm ‖ ‖W by

‖(Ψ, H)‖W = κ|∇Ψ|2 + |∇H|2

where κ > 0 is a constant that we will choose later.
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Let D = D(Ω,Γ1) × D(Ω) and let F : D → W be the application defined in the
following way. If (Ψ, H) ∈ D, then F(Ψ, H) = (Ψ̃, H̃) where Ψ̃ and H̃ are the unique
solutions of the linear problems

∀u ∈ H1
0 (Ω,Γ1), (∇Ψ̃,∇u) = −(K.∇H, u) + (F, u), (11)

∀v ∈ H1
0 (Ω), λ(∇H̃,∇v) − a(H̃, v,Ψ) = −a(v,Θ,Ψ). (12)

Let us notice that the coercivity on H1
0 (Ω) of the bilinear form

(H̃, v) 7→ λ(∇H̃,∇v) − a(H̃, v,Ψ)

follows from Lemma 2. If now (Ψ1, H1) ∈ D and (Ψ2, H2) ∈ D, then we deduce from (11)
and (12) that, for all u ∈ H1

0 (Ω,Γ1) and for all v ∈ H1
0 (Ω), we have

(∇(Ψ̃1 − Ψ̃2),∇u) = −(K.∇(H1 −H2), u),

λ(∇(H̃1 − H̃2),∇v) − a(H̃1, v,Ψ1) + a(H̃2, v,Ψ2) = −a(v,Θ,Ψ1 − Ψ2).

Let us choose u = Ψ̃1 − Ψ̃2 and v = H̃1 − H̃2. On one hand, using (6), we get

|∇(Ψ̃1 − Ψ̃2)|
2
2 = −(K.∇(H1 −H2), Ψ̃1 − Ψ̃2) ≤ |K|∞|∇(H1 −H2)|2|Ψ̃1 − Ψ̃2|2,

and hence
|∇(Ψ̃1 − Ψ̃2)|2 ≤ C|K|∞|∇(H1 −H2)|2 (13)

where C is the Poincaré’s constant of Ω. On the other hand, using Lemma 1, we can
write

λ|∇(H̃1 − H̃2)|
2
2 = a(H̃1, H̃1 − H̃2,Ψ1) − a(H̃2, H̃1 − H̃2,Ψ2) − a(H̃1 − H̃2,Θ,Ψ1 − Ψ2)

= a(H̃2, H̃1,Ψ1) − a(H̃2, H̃1,Ψ2) + a(Θ, H̃1 − H̃2,Ψ1 − Ψ2)

= a(H̃2, H̃1,Ψ1 − Ψ2) + a(Θ, H̃1 − H̃2,Ψ1 − Ψ2)

= a(H̃2, H̃1 − H̃2,Ψ1 − Ψ2) + a(Θ, H̃1 − H̃2,Ψ1 − Ψ2)

= a(H̃2 + Θ, H̃1 − H̃2,Ψ1 − Ψ2)

≤ |H̃2 + Θ|∞|∇(H̃1 − H̃2)|2|∇(Ψ1 − Ψ2)|2

and thanks to Lemma 4 we arrive to

|∇(H̃1 − H̃2)|2 ≤
1

λ
|Θ|∞,Γ|∇(Ψ1 − Ψ2)|2. (14)
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Now, the estimates (13) and (14) give

‖F(Ψ1, H1) − F(Ψ2, H2)‖W = κ|∇(Ψ̃1 − Ψ̃2)|2 + |∇H̃1 − H̃2|2

≤ κC|K|∞|∇(H1 −H2)|2 + 1
λ
|Θ|∞,Γ|∇(Ψ1 − Ψ2)|2

≤ max
{

κC|K|∞ ; 1
κλ
|Θ|∞,Γ

}

‖(Ψ1, H1) − (Ψ2, H2)‖W.

In order to have the best constant, we choose κ =
√

|Θ|∞,Γ

λC|K|∞
and we obtain

‖F(Ψ1, H1) − F(Ψ2, H2)‖W ≤

√

C|K|∞|Θ|∞,Γ

λ
‖(Ψ1, H1) − (Ψ2, H2)‖W.

It follows that F : D → W is Lipschitz continuous, with the Lipschitz constant

β =

√

C|K|∞|Θ|∞,Γ

λ
.

Since D is dense in the Banach space W, the map F can be extended to F : W → W

which is still Lipschitz continuous, with the same Lipschitz constant β.

If now β < 1, then F is a contraction and hence has a unique fixed point, say (Ψ∗, H∗).
Let us show that (Ψ∗, H∗) is then the unique weak solution of the problem (1)-(4). By
density, there exists a sequence (Ψn, Hn) ∈ D such that (Ψn, Hn) → (Ψ∗, H∗) in W. In
other words, we have

Ψn → Ψ∗ and Hn → H∗ in H1(Ω) as n→ +∞. (15)

If we set (Ψ̃n, H̃n) = F(Ψn, Hn), then

∀u ∈ H1
0 (Ω,Γ1), (∇Ψ̃n,∇u) = −(K.∇Hn, u) + (F, u), (16)

∀v ∈ H1
0 (Ω), λ(∇H̃n,∇v) − a(H̃n, v,Ψn) = −a(v,Θ,Ψn). (17)

Since (Ψ̃n, H̃n) → F(Ψ∗, H∗) = (Ψ∗, H∗) in W, by taking the limits as n → +∞ in (16),
we obtain

∀u ∈ H1
0 (Ω,Γ1), (∇Ψ∗,∇u) = −(K.∇H∗, u) + (F, u). (18)

As n → +∞, we also have (∇H̃n,∇v) → (∇H∗,∇v) and a(v,Θ,Ψn) → a(v,Θ,Ψ∗), for
all v ∈ H1

0 (Ω). It follows that a(H̃n, v,Ψn) has a finite limit as n → +∞. To compute
this limit, let us extract from (H̃n) a subsequence (H̃nk

) such that

H̃nk
(x) → H∗(x) a.e. in Ω as k → +∞.

From Lemma 4, the sequence (H̃n) is bounded in L∞(Ω) by some constant c = c(Θ), and
thus H∗ ∈ L∞(Ω) and we have |H∗|∞ ≤ c. Therefore, on one hand, from (15), we have

|a(H̃n, v,Ψn − Ψ∗)| ≤ c‖v‖‖Ψn − Ψ∗‖ → 0 as n→ +∞,
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and, on the other hand, from the Lebesgue theorem, it holds

a(H̃nk
, v,Ψ∗) → a(H̃∗, v,Ψ∗) as k → +∞,

It follows that
a(H̃n, v,Ψn) → a(H̃∗, v,Ψ∗) as n→ +∞,

and (17) gives

∀v ∈ H1
0 (Ω), λ(∇H∗,∇v) − a(H∗, v,Ψ∗) = −a(v,Θ,Ψ∗). (19)

From (18), (19) and the fact that H∗ ∈ L∞(Ω), we obtain that (Ψ∗, H∗) is a weak solution
of the problem (1)-(4).

The uniqueness follows from the fact that any weak solution of (1)-(4) is a fixed point
of F. In fact, let (Ψ, H) be a weak solution of the problem (1)-(4), and (Ψn, Hn) ∈ D be
a sequence such that

Ψn → Ψ and Hn → H in H1(Ω) as n→ +∞.

Let us set (Ψ̃, H̃) = F(Ψ, H) and (Ψ̃n, H̃n) = F(Ψn, Hn). Arguing as above, we can take
the limits as n→ +∞ in (16)-(17), and we obtain

∀u ∈ H1
0 (Ω,Γ1), (∇Ψ̃,∇u) = −(K.∇H, u) + (F, u),

∀v ∈ H1
0 (Ω), λ(∇H̃,∇v) − a(H̃, v,Ψ) = −a(v,Θ,Ψ).

This immediatly gives that Ψ̃ = Ψ and H̃ = H.

To summarize, we have proved the following result.

Theorem 5 . — Let C be the Poincaré’s constant of Ω. If we have

C |K|∞ |Θ|∞,Γ < λ,

then problem (1)-(4) has one and only one weak solution.
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Laboratoire de Mathématiques, Informatique et Applications
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