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Abstract

An efficient and accurate method for the representation of particle size distributions in
atmospheric models is proposed. The method can be applied, but is not necessarily
restricted, to aerosol mass and number size distributions. A piecewise log-normal ap-
proximation of the number size distribution within sections of the particle size spectrum5

is used. Two of the free parameters of the log-normal approximation are obtained from
the integrated number and mass concentration in each section. A third parameter is
prescribed. The method is efficient in a sense that only relatively few calculations are
required for applications of the method in atmospheric models.

Applications of the method to observed size distributions and simulations of nucle-10

ation, condensation, gravitational settling, and wet deposition with a single column
model are described. The accuracy of the method is considerably higher than the
accuracy of the frequently used bin method in these tests.

1. Introduction

Models such as atmospheric general circulation models (AGCMs) and air quality mod-15

els often lack the ability to predict aerosol size distributions mainly because of the large
computational costs that are associated with a prognostic treatment of aerosol dynami-
cal processes. Instead, parameterizations of aerosol chemical and physical processes
are commonly based on highly idealized size distributions, for example, with constant
size parameters. However, aerosol size distributions are considerably variable over a20

wide range of spatial and temporal scales in the atmosphere (Gilliani et al., 1995; von
Salzen et al., 2000; Birmili et al., 2001). Unaccounted variability in size distributions is
a primary source of uncertainty in studies of aerosol effects on clouds and climate (e.g.
Feingold, 2003).

Consequently, accurate and computationally efficient numerical methods are re-25

quired for the representation of aerosol size distributions in aerosol models.
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Observed aerosol number size distributions can often be well approximated by a
series of overlapping modes, with the size distribution for each mode represented by
the log-normal distribution, i.e.,

n(Rp) =
dN

d ln
(
Rp/R0

) =
N

√
2π lnσ

exp

−
[
ln
(
Rp/R0

)
− ln

(
Rg/R0

)]2
2 ln2 σ

 ,

with particle radius Rp, mode mean particle radius Rg, total number of particles per unit
volume (or mass) N, and geometric standard deviation σ (e.g. Whitby, 1978; Seinfeld
and Pandis, 1998; Remer et al., 1999). R0 is an arbitrary reference radius (e.g. 1 µm)
that is required for a dimensionally correct formulation.

The so-called modal approach in aerosol modelling is based on the idea that aerosol5

size distributions can be approximated using statistical moments with idealized proper-
ties (Whitby, 1981; Binkowski and Shankar, 1995; Whitby, 1997; Wilck and Stratmann,
1997; Ackermann et al., 1998; Harrington and Kreidenweis, 1998; Wilson et al., 2001).
Typically, a number of overlapping log-normally distributed modes (e.g. for nucleation,
accumulation and coarse mode) are assumed to account for different types of aerosols10

and processes in the atmosphere. An important variant of the modal approach is the
quadrature method of moments, QMOM (McGraw, 1997; Wright et al., 2001; Yu et al.,
2003), which is not necessarily constrained to log-normally distributed modes.

In practice, the log-normal distribution often yields good approximations of size dis-
tributions with clearly distinct modes under ideal conditions. However, it has been15

recognized that non-linear dynamical processes, such as aerosol activation and con-
densation, can lead to substantially skewed or even discontinuous size distributions
(e.g. Kerminen and Wexler, 1995; Gilliani et al., 1995; von Salzen and Schlünzen,
1999b; Zhang et al., 2002).

Size distributions with non-ideal features can be well approximated with the bin ap-20

proach, also often called “sectional” or “discrete” approach (Gelbard and Seinfeld,
1980; Warren and Seinfeld, 1985; Gelbard, 1990; Seigneur, 1982; Jacobson, 1997;
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Lurmann et al., 1997; Russell and Seinfeld, 1998; Meng et al., 1998; von Salzen and
Schlünzen, 1999a; Pilinis et al., 2000; Gong et al., 2003). According to the bin ap-
proach, a range of particle sizes is subdivided into a number of bins, or sections, with
discrete values of the size distribution in each bin.

Several studies compared results of the modal and bin approaches based on a lim-5

ited number of simulations of aerosol dynamical processes (e.g. Seigneur et al., 1986;
Zhang et al., 1999; Wilson et al., 2001; Zhang et al., 2002; Korhonen et al., 2003).
According to the studies, the modal approach performed well in terms of computa-
tionally efficiency and is able to reproduce important features of the size distributions.
However, results with this approach were noticeably biased in simulations of coagu-10

lation and condensational growth in some of the studies. On the other hand, the bin
approach produced acceptable results for a relatively large number of bins or in com-
bination with techniques that minimize the numerical diffusivity that is associated with
this approach (Lurmann et al., 1997, e.g.). Computational efficiencies were generally
lower for this approach compared to the modal approach.15

Both approaches have certain constraints that are problematic for the development
of parameterizations in models.

The bin approach is typically used in models to represent the time-evolution of
aerosol mass size distributions. Aerosol number concentrations and other moments
of the distribution are obtained from diagnostic relationships that are based on the20

predicted mass size distribution. Owing to the lack of a prognostic treatment, the di-
agnosed quantities do not generally satisfy the continuity equation and can violate
fundamental mathematical constraints, such as inequality relations and positive defi-
niteness (Feller, 1971). These can be significant problems if an insufficient number of
bins is used. However, a large number of bins potentially leads to considerable compu-25

tational costs. For example, simulations of advection and horizontal diffusion cause an
overhead of about 4% in CPU time for each additional prognostic tracer in the current
operational version of the Canadian Centre for Climate Modelling and Analysis (CC-
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Cma) AGCM3 (McFarlane et al., 20051). Simulations of aerosol dynamical processes
may lead to further and disproportional increases in CPU time.

A disadvantage for application of the modal approach in general atmospheric models
is the need to account for varying degrees of overlap between different modes. Aerosol
dynamical processes often lead to changes in overlap and shape of modes. Relatively5

complicated treatments of aerosol dynamical processes have been proposed to allow
distinct modes to merge into a single mode, for example (e.g. Harrington and Kreiden-
weis, 1998; Whitby et al., 2002).

It is argued here that certain advantages offered by the modal approach (e.g. ob-
served aerosols are often nearly log-normally distributed in parts of the size spectrum)10

and the bin approach (e.g. flexibility and simplicity) can be exploited for the develop-
ment of a hybrid method with considerably improved performance.

The mathematical framework of a new method that is based on a combination of
the bin and the modal approach is described in Sect. 2. An application of the method
to observed size distributions and in simulations with a single column model of the15

atmosphere are described in Sects. 3 and 4.

2. Formulation of the approximation method

2.1. Approximation of the aerosol number distribution

Without any loss of generality, an approximation of an aerosol number distribution may
be expressed as a series of orthogonal functions, i.e.,

n(ϕ) =
∑
i

ni (ϕ) , (1)

1McFarlane, N. A., Scinocca, J. F., Lazare, M., Verseghy, D., Li, J., and Harvey, R.: The
CCCma third generation atmospheric general circulation model (AGCM3), Atmosphere-Ocean,
in preparation, 2005.
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for the dimensionless size parameter ϕ ≡ ln(Rp/R0).
The following set of functions in Eq. (1) is proposed:

ni (ϕ) = n0,i exp
[
−ψi

(
ϕ −ϕ0,i

)2]H (ϕ −ϕi−1/2
)
H
(
ϕi+1/2 −ϕ

)
, (2)

where n0,i , ψi , and ϕ0,i are fitting parameters that determine the magnitude, width,
respectively mean of the distribution (Sect. 2.2). H(x) denotes the Heaviside step
function, i.e.

H(x) =


0 if x < 0 ,
1
2 if x = 0 ,
1 if x > 0 .

so that ni=0 outside each section i with the size range ϕi−1/2≤ϕ≤ϕi+1/2. Log-normal
distributions with varying properties between sections are used as basis functions in
each section (Eq. 2). Hence, Eqs. (1) and (2) define a piecewise log-normal approxi-
mation (PLA) of the aerosol number distribution.5

As will be demonstrated in the following sections, Eqs. (1) and (2) can be directly
used for the approximation of observed size distributions and development of parame-
terizations in models.

Note that similar to the traditional bin approach (e.g., which can be obtained for
ψi=0), the approach in Eq. (2) ensures that n (ϕ)≥0 for any given value of ϕ. This10

is not necessarily the case for other potential prescriptions, e.g. a representation of
the basis functions in terms of polynomials. Additionally, the PLA method presented
here has the advantages that the method is exact for strictly log-normally distributed
aerosol number concentrations and that it is straightforward to calculate any higher
moment of the approximated size distribution. The latter is particularly important for15

potential applications of the method to the development of parameterizations. Finally,
approximated size distributions generally converge to the exact solution for a sufficiently
large number of sections for appropriate choices of the fitting parameters.
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2.2. Determination of the fitting parameters

The fitting parameters n0,i , ψi , and ϕ0,i in Eq. (2) can be obtained in various ways.
Here it is proposed to prescribe one of these parameters and to calculate the other
two parameters for given integrated number (Ni ) and mass (Mi ) concentrations in each
section. This approach leads to a self-consistent representation of these quantities in5

numerical models and also leads to expressions that are relatively straightforward to
evaluate.

First, it is useful to introduce the kth moment µki of the size distribution in section i ,
i.e.

µki ≡
∫ ϕi+1/2

ϕi−1/2

Rkn (ϕ) dϕ .

Using Eqs. (1) and (2) it follows that

µki = R
k
0 n0,i Iki ,

with

Iki =
1
2

√
π
|ψi |

fki exp

(
kϕ0,i +

k2

4|ψi |

)
,

and

fki =

{
erf
(
aki+1/2

)
− erf

(
aki−1/2

)
if ψi > 0 ,

erfi
(
aki+1/2

)
− erfi

(
aki−1/2

)
if ψi < 0 .

The arguments of the error function erf(x) and imaginary error function erfi(x) in fki are
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given by:

aki+1/2 = −
√
|ψi | (∆ϕi −∆ϕ?) −

k sgn (ψi )

2
√
|ψi |

,

aki−1/2 = −
√
|ψi |∆ϕi −

k sgn (ψi )

2
√
|ψi |

,

with sgn(x) = 2H(x) − 1,

∆ϕi ≡ ϕ0,i −ϕi−1/2 , (3)

and section size ∆ϕ?≡ϕi+1/2−ϕi−1/2.
Consequently, the integrated number (k=0) and mass (k=3) concentrations in each

section are:

Ni = n0,i I0i , (4)

Mi =
4π
3
ρp,iR

3
0 n0,i I3i , (5)

where ρp,i is the particle density,
As shall be seen, it is useful for the calculation of the fitting parameters to also

introduce the dimensionless size ratio

ri ≡
ϕ̂i −ϕi−1/2

∆ϕ?
, (6)

where

ϕ̂i ≡ ln

[
1
R0

(
3

4πρp,i

Mi

Ni

)1/3
]
.
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is an effective particle size.
ri (Eq. 6) characterizes the skewness of the approximated size distribution within

each section. For example, consider two populations of aerosol particles that have the
same total number of particles but different total mass concentrations within a given
range of particle sizes. This can only be the case if the population with the higher5

mass concentration includes fewer of the small and more of the big particles compared
to the other population. Hence, the number size distribution of the former aerosol
population is skewed towards larger particle sizes relative to the other number size
distribution. Any meaningful values of Ni and Mi require that 0≤ri≤1. Mathematically,
the boundary of the manifold that contains the solutions to Eqs. (4) and (5) is given10

by delta-distributed particle number concentrations for minimum and maximum particle
sizes in the given size range (i.e. corresponding to the section boundaries).

Combination of an expression for Mi/Ni from Eqs. (4) and (5) with Eq. (6) conve-
niently eliminates n0,i , i.e.

f3i
f0i

= exp
[

3 (ri∆ϕ? −∆ϕi ) −
9

4|ψi |

]
. (7)

The only unknown parameters in this equation are ∆ϕi and ψi if Ni and Mi and the
section boundaries are given. It is suggested to prescribe ψi so that this equation can
be used to determine ∆ϕi . Subsequently, Eq. (3) can be used to determine the value15

of the fitting parameter ϕ0,i .
An example for ∆ϕi from the solution of Eq. (7) is shown in Fig. 1 for a section size

∆ϕ?=
1
3 [ln(1.75)− ln(0.05)] (i.e. similar to the application in Sect. 3).

Note that Eq. (7) does not have any solution for ∆ϕi within a certain range of values
of ψi and ri . Therefore, ψi is selected such that ψi is equal to an arbitrarily prescribed
value ψm,i inside the region for which a solution of Eq. (7) exists. Outside that region,
a different value than that is selected in order to ensure that a solution exists. In that
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case, ψi should be as close as possible to ψm,i . Therefore,

ψi =

{
min
(
ψm,i , ψl

)
if ψm,i < 0 ,

max
(
ψm,i , ψl

)
if ψm,i > 0 ,

(8)

where ψl represents a threshold for which a solution of Eq. (7) can be found (i.e. as
indicated by the green line in Fig. 1). This algorithm can be applied to 0≤ri≤1 and
−∞≤ψm,i≤∞ for

lim
ri→0,1

ψl =

{
+∞ if ψi > 0 ,
−∞ if ψi < 0 .

In practice, it should be sufficient to create a look-up table for ∆ϕi as a function of
ψi and ri and to use this result to obtain the complete set of fitting parameters from
Eqs. (3) and Eq. (4) or (5). Although not necessary, it is convenient to assume that all
sections have the same size so that only one look-up table is required.

The algorithm described above is summarized in Fig. 2. It provides the fitting param-5

eters for each section in Eq. (2) for given values of the number and mass concentrations
in the same section.

While the accuracy of the approximation of a size distribution in terms of log-normal
size distributions according to Eq. (2) depends on the values of ψm,i , no attempt is
made here to calculate ψm,i as part of the algorithm. Tests with the method under10

various conditions give evidence for a relatively weak dependency of the errors of the
method on ψm,i within a substantial range for this parameter (e.g., Sects. 3 and 4).

The accuracy of the transformations from Ni and Mi to log-normal size distributions
according to the algorithm (Fig. 2) and vice versa (Eqs. 4 and 5) depends on the accu-
racy of the tabulated data for ∆ϕi . However, for typical applications, (e.g. in the exam-15

ples presented in the following sections) sufficient accuracy can usually be achieved for
reasonably small table sizes. If necessary, the accuracy can be additionally increased
by directly solving Eq. (7) instead of (or in addition to) the table look-up step.
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2.3. Computational costs of the method

For applications of the PLA method in numerical models it is useful to consider the
computational costs that are potentially associated with the method. In a model, the
calculations of ri and n0,i in Fig. 2 would likely be the most expensive steps because
of the need to evaluate the functions ln(x) and erf(x) (respectively erfi(x)) for each5

section according to Eqs. (6) and (4). In comparison, the costs associated with the table
look-up are relatively minor for a typical Fortran 90-implementation on an IBM pSeries
390 system with POWER4 microprocessor architecture at the Canadian Meteorological
Centre (i.e. ≈1/3 of the total costs of the method). These costs are considerably
smaller than the costs that would typically be associated with parameterizations of bulk10

aerosol processes in atmospheric models.

3. Application to observed size distributions

As a first test of the PLA method, the method was used to approximate aerosol size dis-
tributions that are based on observational results from the New York City (NYC) Urban
Plume Experiment that took place between 1 to 28 July 1996 (Kleinman et al., 2000).15

In this experiment, aerosol number size distributions were determined from an aircraft
that was equipped with a Passive Cavity Aerosol Spectrometer Probe (PCASP) with 15
particle size classes in the diameter range from 0.1 to 3.5 µm. The PCASP dries the
sampled aerosol by heating so that the aerosol size distributions are representative for
solid aerosol particles.20

The observed number size distributions were first fitted using cubic interpolating
splines for each one of the 7818 samples in order to obtain continuous distributions
(nspl). Secondly, nspl was used to calculate the corresponding mass size distribution

for an arbitrary particle density of ρp=1 g cm−3. Average results for the original data
and interpolated number and mass size distributions for this experiment are shown in25

Fig. 3. Also shown are the results of the bin and PLA methods for 3 equally-sized
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sections for the total particle diameter range from 0.1 to 3.5 µm.
Results in Fig. 3 for the number and mass size distributions according to the bin

approach (blue lines) were obtained from

nbin,i =
1

∆ϕ?

∫ ϕi+1/2

ϕi−1/2

nspl (ϕ) dϕ ,

mbin,i =
4π
3

ρp
∆ϕ?

∫ ϕi+1/2

ϕi−1/2

R3nspl (ϕ) dϕ ,

for each section (i=1,2,3). As an alternative to the results for mbin,i , the mass size
distribution has also been diagnosed based on the number size distribution, i.e.

m̂bin,i =
4π
3
ρpR

3
c,inbin,i ,

where Rc,i is the radius in the centre of the sections (green line in Fig. 3b).
For the PLA method, nspl was integrated over each section to determine the number

and mass concentrations which were used to obtain the fitting parameters in Eq. (2)
according to the procedure described in Sect. 2.2.5

Results obtained with the PLA method are much closer to the reference size distri-
bution in comparison to the bin approach in Fig. 3. Although both approaches produce
the same mean number and mass concentrations for each section (per definition), the
statistical properties of the size distributions, e.g. skewness, are apparently much bet-
ter captured with the PLA method (red vs. blue lines in Fig. 3). Furthermore, the bin10

approach leads to significantly biased results for the mass size distribution if the inte-
grated number concentration in each section is the only available statistical information
for the fit (green line in Fig. 3). This illustrates that it may be problematic to use a diag-
nostic relationship between aerosol number and mass size distributions in an aerosol
model if the size distribution is not well resolved.15

Figure 4 shows root mean square (rms) differences between the approximated and
spline interpolated size distributions as a function of the number of sections. For the
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PLA method, ψm,i (Eq. 8) was determined by minimizing the rms differences (red
lines, for ψm,i=2.9, -0.2,1.8). Additional tests with ψm,i=1 (cyan lines) and ψm,i=4
(green lines) for all sections are also shown in the figure. The rms errors for the PLA
method with the various choices for ψm,i are systematically lower than those for the
bin method, especially at larger number of sections. The PLA method for 3 sections5

produces roughly the same rms differences as the bin approach for 10 sections. When
15 sections are employed for the PLA method, about 7 times the number of sections
is required to obtain the same accuracy in the bin method. Errors caused by non-
optimal choices for ψm,i=1 for the PLA method are small compared to the errors that
are associated with the bin method.10

4. Single-column model simulations

As an application and further test of the PLA method, the method has been used in the
development of parameterizations for particle nucleation (i.e. the formation of new par-
ticles from the gas-phase), condensation of sulphuric acid (H2SO4), and gravitational
settling. These processes are strongly dependent upon particle size. Consequently,15

simulations of these processes are sensitive to the numerical representation of the
particle size distribution.

The parameterizations of nucleation, condensation, and gravitational settling are de-
scribed in the Appendix. The basic physical and chemical equations have been dis-
cretized using the PLA and bin methods in two different versions of the model. This20

allows a direct comparison of both methods. Different numerical techniques are used
for both methods depending on the different information that is available about the
aerosol size distribution in each method. The numerical approach that is used for the
bin approach is similar to the approach that is typically used in aerosol models.
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4.1. Model description

The parameterizations of nucleation, condensation, and gravitational settling have
been implemented in the CCCma single column model (SCM4). This model uses
the same physics and chemistry parameterizations as in CCCma’s fourth generation
AGCM (von Salzen et al., 2005). The aerosol concentrations, i.e. Mi for the PLA and5

bin approaches and Ni for the PLA approach, are carried as fully prognostic tracers in
SCM4.

The model domain extends from the surface up to the stratopause region (1 hPa,
approximately 50 km above the surface). This region is spanned by 35 layers. The mid
point of the lowest layer is approximately 50 m above the surface at sea level. Layer10

depths increase monotonically with height from approximately 100 m at the surface to
3 km in the lower stratosphere. The vertical discretization is in terms of rectangular
finite elements defined for a hybrid vertical coordinate as described by Laprise and
Girard (1990). Although the single column model does not resolve any processes that
occur in the horizontal direction, results are meant to represent the mean situation in15

an area similar in size to a typical AGCM grid cell, e.g. for horizontal grid sizes on the
order of hundreds of kilometers.

The model time step in SCM4 is 20 min. The discretization in time is based on the
leapfrog time stepping method.

In addition to the newly introduced processes, the aerosol tracers are subject to ver-20

tical transport and wet deposition in the model. For simplicity, wet deposition is treated
as a size-independent process based on the parameterizations that are available for
bulk sulphate aerosol in SCM4 (Lohmann et al., 1999; von Salzen et al., 2000). The
diurnally varying photochemical production of H2SO4 is calculated at each time step for
climatologically representative concentrations of the hydroxyl radical (OH) and sulphur25

dioxide (SO2) from previous simulations with AGCM4.
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4.2. Experiment setup

The simulations were performed for the Southern Great Plains (SGP) site (at
36◦37′ N 97◦30′ W) of the U.S. Department of Energy Atmospheric Radiation Measure-
ment Program (ARM). The simulation period is from 1–31 May 2003, which overlaps
with the ARM May 2003 Aerosol Intensive Operations (IOP) period (e.g. Feingold et5

al., 20052).
The model has been used to simulate the time evolution of the ammonium sulphate

[(NH4)2SO4] aerosol size distribution at the SGP site for a particle radius range from
0.05 to 1.75 µm. Different numbers of sections have been used in different simulations
to test the convergence of the numerical solutions for increasing numbers of section,10

similar to the comparison in the previous section.
For the present study, the winds were prescribed based on hourly large-scale anal-

ysis results. Temperature and humidity in SCM4 were forced using hourly analyzed
advective tendencies for temperature and humidity. Results for temperature and hu-
midity were additionally nudged towards analyzed temperature and humidity profiles.15

The analysis of meteorological results is based on numerical weather prediction prod-
ucts with additional constraints from surface and top-of-the-atmosphere measurements
(Xie et al., 2004).

Analysis results were not available for initialization or forcing of chemical tracers
in the present study. Horizontal transport processes were therefore neglected in the20

simulations. An iterative approach was employed in order to minimize the impact of the
model spin-up period on the results. The model was repeatedly integrated for the same
time period. Each simulation was initialized with concentrations from a previous model
integration. This procedure was repeated for a total simulation period of 5 months until
the aerosol concentrations were nearly in equilibrium. Only the results of the last month25

2Feingold, G., Furrer, R., Pilewskie, P., Remer, L. A., Min, Q., and Jonsson, H.: Aerosol
Indirect Effect Studies at Southern Great Plains during the May 2003 Intensive Operations
Period, J. Geophys. Res., submitted, 30 Nov 2004.
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of the simulations were analyzed.

4.3. Results

Figure 5 shows the integrated (NH4)2SO4 aerosol number and mass concentrations
in the particle radius range 0.05 to 1.75 µm from a simulation with the PLA method
with 40 sections for the aerosol number and mass concentrations (i=1, ..., 40). In the5

simulation, the highest aerosol number concentrations occur in the upper troposphere.
Favourable conditions, such as low temperatures and high relative humidities, lead
to high nucleation rates at these levels (e.g. Seinfeld and Pandis, 1998). However,
aerosol particles at these levels are relatively small so that very little mass is associated
with these particles. The maximum in aerosol mass concentration occurs in the lower10

troposphere where concentrations of SO2 are high and condensation leads to efficient
growth of the particles.

The simulated concentrations are quite variable in time. Most of the variability in
the concentrations arises from intermittent wet deposition events. Simulated wet de-
position rates are particularly high during the time period 14–24 May (Fig. 6). A large15

fraction of the precipitation results from moderate and deep convection in the simula-
tion.

Variations in the magnitudes of the sources and sinks of aerosols are also con-
nected to variations in the sizes of the aerosol particles (Fig. 7a). A single size mode
is simulated, corresponding to the particle accumulation mode in the atmosphere. The20

deposition of aerosols does not directly lead to any noticeable changes in particle size.
However, the model typically predicts increases in particle size during the time pe-
riods following large wet deposition events. This is presumably partly caused by a
reduced total aerosol surface area. Consequently, the condensation of H2SO4 onto
the aerosol particles that have not been removed by wet deposition is more efficient25

compared to the time period before the event. Additionally, the reduction in total sur-
face area leads to increased nucleation rates during the time period following large wet
deposition events (see Eq. A3) which eventually leads to the re-establishment of an
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accumulation mode that more or less resembles the mode that existed prior to the wet
deposition event.

As already mentioned, the primary purpose of the simulations is to test the perfor-
mance of the PLA method and to compare results from this method with results from
the bin approach. Results in Fig. 7 serve as an illustration of the approach in this study.5

The most accurate simulations of the aerosol processes were obtained from control
simulations with a total of 80 aerosol tracers for the PLA (Fig. 7a) and the bin (Fig. 7b)
method, corresponding to 40 sections for the PLA and 80 sections for the bin method.
Results of the control simulations agree well with each other in terms of concentrations
and sizes of the particles. However, results of the comparison in Sect. 3 indicate that10

the accuracy of the bin approach is systematically lower than the accuracy of the PLA
method, even at these relatively large number of sections (e.g. Fig. 4). This explains
why results using the bin approach are characterized by slightly weaker maxima of the
aerosol mass size distribution compared to the results of the PLA method.

The accuracy of the PLA method depends only weakly on the number of sections15

in the simulation. Results for 3 sections (i.e. 6 tracers) with the PLA method are very
similar to the results of the control simulation (Fig. 4c). The main differences are slightly
weaker maxima and broader size spectra.

In contrast, there is a marked reduction in the quality of the results of the bin ap-
proach for a decreased number of sections. A simulation with 10 aerosol tracers pro-20

duces much broader size distributions and therefore reveals very little about the tem-
poral evolution in particle size as apparent in the control simulation (Fig. 4d compared
to Fig. 4b). The simulated size distribution is also shifted towards much smaller parti-
cle sizes compared to the control simulation. Artifacts such as these are typical of the
upstream method, which has been used for the bin approach (see Appendix A.2). This25

method is only first-order accurate and thus tends to produce strong numerical diffu-
sion (e.g. Bott, 1989). The introduction of higher-order schemes may potentially lead
to improvements in these results (e.g. von Salzen and Schlünzen, 1999a). However,
these methods would typically only be useful for relatively well resolved size distribu-
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tions and none of them would lead to conservation of aerosol number in simulations of
condensation.

Results of the bin approach for 10 sections (Fig. 4d) have an appreciably lower ac-
curacy than the results of the PLA method for 3 sections (Fig. 4c). This gives evidence
that aerosol dynamical processes lead to higher order errors than what might be ex-5

pect from the basic analysis of the discretization method in Sect. 3. Comparisons in
that section showed that PLA and bin methods performed about equally well at these
numbers of sections.

Figure 8 shows rms differences for a number of simulations with the PLA and bin
methods. Similar to Fig. 4, the accuracy of the results of the PLA and bin methods10

generally increases with increasing number of sections. The PLA method produces
a systematically higher accuracy than the bin method. The difference in accuracy
between both methods is more apparent for the aerosol number concentration than
it is for the aerosol mass concentration. However, the aerosol number concentration
is a purely diagnostic quantity in the context of the bin method (Eq. A5) whereas it is15

predicted in the simulations with the PLA method.
Similar to the conclusion in Sect. 3, the accuracy of the results with the PLA method

is only weakly sensitive to the choice of ψm,i (Fig. 8).
Finally, it is interesting to compare the results of the simulations in (Fig. 7) to ob-

servations at the SGP site during the ARM Aerosol IOP. An optical particle counter20

(OPC, Particle Measuring Systems Model PCASP-X) provided size distribution data in
31 size classes for particle diameters between 0.1 and 10 µm (Sheridan et al., 2001).
The aerosol sample stream that enters the OPC is heated to a relative humidity of 40%
(or less) so that the effect of aerosol water is negligible. This allows a direct compari-
son between the observed and simulated size distributions. For the current study, the25

observed aerosol number concentrations in each size class were converted into an
aerosol mass size distribution based on the assumption of spherical particles with a
density of 1.769 kg m−3.

Observations are available for limited time periods during the IOP. Hourly average
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results for these time periods are shown in Fig. 9.
Similar to the simulations (Fig. 7), a single particle mode has been observed in the

range from 0.1 to 1 µm. Also, the maxima in the aerosol size distribution occur at similar
particle sizes. However, the observed size distributions are considerably broader and
more variable. It is likely that at least part of the differences are caused by the omission5

of horizontal transport of aerosols. Other likely causes are the omission of aerosol
in-cloud production, coagulation, contributions of non-sulphate aerosols, as well the
simplified treatments of wet deposition and photochemical production of H2SO4 in the
simulations. Although the parameterized physics is incomplete, the results in Fig. 8 give
evidence that the PLA method provides a much more accurate and efficient platform10

for aerosol modelling than the bin method.

5. Conclusions

Aerosol physical and chemical processes generally depend on aerosol number, mass,
and other moments of the aerosol size distribution. Currently, models typically predict
aerosol mass or number based on numerical approaches that do not guarantee con-15

tinuity of these quantities at the same time. Additionally, considerable computational
costs are often incurred from traditional treatments of aerosol dynamical processes for
sufficiently accurate results.

The piecewise log-normal approximation method (PLA) that is proposed here ad-
dresses these concerns by combining a sectional representation of the size distribution20

with an analytical description of the size distribution. The basic idea is that a sectional
treatment is appropriate for large particle size scales (i.e. δϕ>∆ϕ?). However, unre-
solved features of the size distribution on smaller scales (i.e. δϕ<∆ϕ?) may be ap-
proximated in terms of analytical basis functions within each section. The advantage
of log-normal basis functions is that a wide range of conditions can be described and25

that it is straightforward to obtain any desired statistical moment of the distribution. The
latter is particularly important for applications of the PLA method to the development of
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parameterizations.
A computationally efficient method is proposed to compute two of the free param-

eters of the log-normal basis functions from the number and mass concentrations in
each section. A third parameter is taken to be constant. Although it should in principle
be possible to optimally specify the third parameter, this study gives evidence for a5

relatively weak dependency of the results of the method on the value of this parameter.
An application of the PLA method to the approximation of observed size distributions

gives evidence for high accuracy of the method for a wide range of the number of
sections. In this example, results of the PLA method are at least as accurate as the
results of the traditional bin approach for a three times larger number of sections in the10

bin approach.
Differences between the accuracies of the PLA and bin methods are even more

apparent in applications of the methods to prognostic simulations with a single col-
umn model. The processes included in these simulations are vertical transport, nucle-
ation, condensation, gravitational settling, and wet deposition for ammonium sulphate15

aerosol.
In the future, the PLA method will also be applied to the development of parameter-

izations of in-cloud aerosol production and coagulation of sulphate and non-sulphate
aerosols. These parameterizations will be subsequently implemented into the CCCma
Atmospheric General Circulation Model and tested.20

A: Parameterization of nucleation and condensation

The growth of aerosol particles due to condensation of sulphuric acid (H2SO4) and
ammonia (NH3) can be expressed using Fick’s law (e.g. Seinfeld and Pandis, 1998).
NH3 is typically highly abundant in the troposphere (e.g. Dentener and Crutzen, 1994).
Hence, it can be safely assumed that condensation of NH3 leads to nearly immediate
and complete reaction of H2SO4 to (NH4)2SO4 in the particles. Furthermore, the con-
centration of H2SO4 is approximately nil at the surface of the particles. This appears
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to be a good approximation owing to the very low volatility of H2SO4. Under these
assumptions, the time evolution of the particle radius Rpd for dry (i.e. solid) aerosol can
be expressed by

dRpd
dt

=
cgC

Rpd
, (A1)

with the concentration C of H2SO4 (in kg m−3) and

cg =

(
M(NH4)2SO4

MH2SO4

)
D F Ae∆ϕw

ρpd
.

M(NH4)2SO4
and MH2SO4

refer to the molecular weights of (NH4)2SO4 and H2SO4 (in

kg mol−1). ρpd denotes the density of the dry aerosol (in kg m−3). D represents the

diffusivity of H2SO4 in air (in m2 s−1). F and A are dimensionless and size-dependent
factors which account for non-continuum effects and imperfect surface accommoda-
tion (von Salzen et al., 2000). Note that unity is used for the mass accommodation
coefficient in A in this study. This value appears to be in qualitatively good agreement
with results of recent theoretical and laboratory studies (Kulmala and Wagner, 2001).
Finally, ∆ϕw refers to the difference between wet and dry particle size owing to the
aerosol water content, i.e.

∆ϕw = ln

(
Rpw
Rpd

)
, (A2)

for dry and wet particle radii, Rpd and Rpw . In this study, ∆ϕw has been determined
from thermodynamic equilibrium for mean concentrations in each section (Gong et al.,
2003).

3979

http://www.atmos-chem-phys.org/acpd.htm
http://www.atmos-chem-phys.org/acpd/5/3959/acpd-5-3959_p.pdf
http://www.atmos-chem-phys.org/acpd/5/3959/comments.php
http://www.copernicus.org/EGU/EGU.html


ACPD
5, 3959–3998, 2005

Piecewise log-normal
approximation

K. von Salzen

Title Page

Abstract Introduction

Conclusions References

Tables Figures

J I

J I

Back Close

Full Screen / Esc

Print Version

Interactive Discussion

EGU

The time evolution of the H2SO4 concentration due to gas-phase production, nucle-
ation, and condensation can be described by:

dC
dt

= P − kCs − 4πCD
∑
i

∫ ϕi+1/2

ϕi−1/2

F ARpw n (ϕ) dϕ . (A3)

In Eq. (A3), P represents the production of H2SO4 from oxidation of sulphur dioxide
by the hydroxyl radical (Stockwell and Calvert, 1983). The following term represents
the losses from binary homogeneous nucleation for H2SO4 and water vapour, with
temperature and humidity dependent parameters k and s (e.g. von Salzen et al., 2000).

The last term in Eq. (A3) represents the condensation of H2SO4. It follows from5

Eq. (A1) from integration over the size distribution. Rpw is calculated from ∆ϕw and the
dry particle size Rpd=R0 exp(ϕ) (Eq. A2). Note that the number size distribution in the
integral in Eq. (A3) is a function of the dry particle size with constant section boundaries
ϕi±1/2. This approach is sometimes used in aerosol models to increase the numerical
accuracy of simulations with varying aerosol water contents. With this approach, the10

concentrations of the total aerosol (including water) can be easily diagnosed based on
the results for the size distribution for dry particles and Eq. (A2).

Sensitivity tests give evidence for rapid adjustment of C toward equilibrium for a wide
range of atmospheric conditions that exist in large-scale atmospheric models. On the
other hand, changes of P , k, s, D, F , A, ∆ϕw , and n(ϕ) are typically much smaller15

compared to changes in C over a model time step (∆t≈30 min). Hence, Eq. (A3) is
integrated under the assumption of a constant aerosol size distribution during the time
step.
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A.1: Application of PLA method

In order to simplify the numerical approach for the PLA method, the size-dependence
of the term F A in Eqs. (A3) and (A1) is approximated by

F A ≈ (F A)i−1/2 +
(F A)i+1/2 − (F A)i−1/2

eϕi+1/2 − eϕi−1/2

(
eϕ − eϕi−1/2

)
for ϕi−1/2≤ϕ≤ϕi+1/2.

Equation (A1) is used to obtain a linearized expression for the change in dry particle
radius during a single model time step, i.e.

Rpd (t0 + ∆t) = Rpd (t0) +
cg(t0)

Rpd (t0)

∫ t0+∆t
t0

C dt , (A4)

where the integral results from integration of Eq. (A3) as described in the previous
section. This procedure ensures that the change in particle mass from condensation
of H2SO4 matches the change in H2SO4 concentration from integration of Eq. (A3).5

Calculations for each section according to Eq. (A4) are followed by a remapping
procedure so that the section boundaries for dry particles remain unchanged at each
time step in the model. The remapping procedure is a straightforward integration over
the size distribution for the particle radii after condensation (Eq. A4), based on Eqs. (4)
and (5).10

For the treatment of nucleation it is assumed that the size distribution of the freshly
produced particles is a delta-function for a particle size corresponding to the size of the
smallest particles in the first section i=1. The amount of those particles is determined
from integration of the nucleation term in Eq. (A3) over ∆t.
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A.2: Application of bin approach

For the application of the bin approach, it is assumed that the number size distribution
within each section can be approximated by

n (ϕ) ≈
Ni
∆ϕ?

,

for ϕi−1/2≤ϕ≤ϕi+1/2, with

Ni ≈
Mi

4π
3 ρpd R

3
0 exp

(
3ϕc,i

) , (A5)

and

ϕc,i = ϕi−1/2 +
1
2
∆ϕ? . (A6)

It is further assumed that

F ARpw ≈
(
F ARpw

)
i−1/2 +

(
F ARpw

)
i+1/2 −

(
F ARpw

)
i−1/2

eϕi+1/2 − eϕi−1/2

(
eϕ − eϕi−1/2

)
for ϕi−1/2≤ϕ≤ϕi+1/2.

Similar to the application of the PLA method, Eq. (A3) is integrated to obtain the
change ∆C in H2SO4 concentration over ∆t. Let ∆Ccnd be the contribution of con-
densation (i.e. from last term in Eq. A3) to ∆C. Mass continuity then implies that the
aerosol mass changes according to

∆Mi = −
(
M(NH4)2SO4

MH2SO4

)
∆Ccnd .
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for particles with ϕi−1/2≤ϕ≤ϕi+1/2 at the beginning of the time step. A change in
aerosol mass from condensation is accompanied by a change in particle size ∆ϕc,i .
∆ϕc,i can be obtained from Eq. (A5) under the assumption that Ni=const.:

∆ϕc,i =
1
3

ln
(

1 +
∆Mi

Mi

)
.

On the other hand, section boundaries are not allowed to change between time steps,
similar to the application of the PLA method. This requires a redistribution of mass be-
tween different sections. Hence, the mass concentration at time t=t0+∆t is calculated
from

M (t0 + ∆t) = T
[
M (t0) + ∆M

]
,

where M and ∆M are vectors with elements Mi , respectively ∆Mi . T is a matrix with
elements

ti j = H
(
∆ϕ−

(i−1/2)j

)
H
(
∆ϕ+

(i−1/2)j

) ∆ϕ+
(i−1/2)j

∆ϕ?

+ H
(
∆ϕ−

(i+1/2)j

)
H
(
∆ϕ+

(i+1/2)j

) ∆ϕ−
(i+1/2)j

∆ϕ?
,

with

∆ϕ−
(i±1/2)j

= ϕt,(i±1/2)j −ϕj−1/2 ,

∆ϕ+
(i±1/2)j

= ϕj+1/2 −ϕt,(i±1/2)j ,

and

ϕt,(i±1/2)j = ϕi±1/2 −∆ϕc,j .

Aerosol mass resulting from nucleation is inserted into the first section according the
change in H2SO4 concentration from nucleation over ∆t (Eq. A3).
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B: Parameterization of gravitational settling

The terminal settling velocity of a spherical aerosol particle is

vt =
2
9

R2
pw ρpw gCc

µ
, (B1)

with the gravitational acceleration g, density of the wet aerosol ρpw , and slip correction
factor

Cc = 1 +
λ
Rpw

[
1.257 + 0.4 exp

(
−

1.1Rpw
λ

)]
, (B2)

and mean free path of air λ (Seinfeld and Pandis, 1998).
In order to simplify the discretization and increase the efficiency of the numerical

solution, the approximation

exp

(
−

1.1Rpw
λ

)
≈ exp

(
−

1.1R0 e
ϕc,i+∆ϕw

λ

)
is used for ϕi−1/2≤ϕ≤ϕi+1/2 in Eq. (B2), with ϕc,i from Eq. (A6).

B.1: Application of PLA method

Equation (B1) is used to calculate effective terminal settling velocities for particle num-
ber (vtn,i ) and mass (vtm,i ) in each section i from integration over the section, i.e.

vtn,i =
1
Ni

∫ ϕw,i+1/2

ϕw,i−1/2

vt n(ϕ − ∆ϕw ) dϕ ,

vtm,i =
1
Mi

4π
3
ρp,iR

3
0

∫ ϕw,i+1/2

ϕw,i−1/2

vt e
3ϕn(ϕ −∆ϕw ) dϕ ,

with ϕw,i±1/2 = ϕi±1/2 + ∆ϕw .5
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B.2: Application of bin approach

Effective terminal settling velocities are obtained for Mi from Eq. (B1) for
Rpw=R0 exp

(
ϕc,i + ∆ϕw

)
.
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ψi

Fig. 1. ∆ϕi [Eq. (3)] according to Eq. (7). No solution exists in the shaded area.
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Fig. 1. ∆ϕi (Eq. 3) according to Eq. (7). No solution exists in the shaded area.
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Specify ψm,i
Determine ψi (Eq. 8)

?
Input: Ni , Mi , ρp,i

?
Determine ri (Eq. 6)

?
Look up ∆ϕi in table (Fig. 1)

Determine ϕ0,i (Eq. 3)

?
Determine n0,i (Eq. 4 or 5)

?
Output: n0,i , ϕ0,i , ψi

Fig. 2. Summary of the algorithm to determine the fitting parameters in Eq. (2). In applications
of the algorithm in models, the steps in the box at the top should be part of the pre-processing
stage in the model. The inputs for the other steps may change at each time step in the model
and will generally have to be repeated once size distributions are updated in the model.
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Specify ψm,i

Determine ψi [Eq. (8)]

?

Input: Ni, Mi, ρp,i

?

Determine ri [Eq. (6)]

?

Look up ∆ϕi in table (Fig. 1)
Determine ϕ0,i [Eq. (3)]

?

Determine n0,i [Eq. (4) or (5)]

?

Output: n0,i, ϕ0,i, ψi

Fig. 2. Summary of the algorithm to determine the fitting parameters in Eq. (2). In applications of the algorithm
in models, the steps in the box at the top should be part of the pre-processing stage in the model. The inputs
for the other steps may change at each time step in the model and will generally have to be repeated once size
distributions are updated in the model.
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Fig. 3. Average observed (dashed line) and interpolated size distributions (full black lines) for aerosol number
(a) and mass (b) for all samples during the NYC Urban Plume Experiment. Blue lines refer to the corresponding
approximated results based on the bin approach, red lines to the PLA method for 3 sections. The green line in
(b) is for a diagnosed size distribution based on results of the bin method in (a) as described in the text.
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Fig. 3. Average observed (dashed line) and interpolated size distributions (full black lines) for
aerosol number (a) and mass (b) for all samples during the NYC Urban Plume Experiment.
Blue lines refer to the corresponding approximated results based on the bin approach, red
lines to the PLA method for 3 sections. The green line in (b) is for a diagnosed size distribution
based on results of the bin method in (a) as described in the text.
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Fig. 4. Mean rms differences between the approximated and spline interpolated size distributions for aerosol
number (a) and mass (b) for all samples from the NYC experiment. Blue lines refer to the bin approach and the
other lines to the PLA method for optimal choice of ψm,i (red), ψm,i = 1 (cyan), and ψm,i = 4 (green).

(a)

time (days)

( 109

m3 )

m
o
d
el

le
ve

l

(b)

time (days)

( µg

m3 )

m
o
d
el

le
ve

l

Fig. 5. Total aerosol number (a) and mass (b) concentrations in simulation for the ARM aerosol IOP, May 1-31,
2003. The model levels in the figure roughly correspond to pressure levels.
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Fig. 4. Mean rms differences between the approximated and spline interpolated size distribu-
tions for aerosol number (a) and mass (b) for all samples from the NYC experiment. Blue lines
refer to the bin approach and the other lines to the PLA method for optimal choice of ψm,i (red),
ψm,i=1 (cyan), and ψm,i=4 (green).
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Fig. 4. Mean rms differences between the approximated and spline interpolated size distributions for aerosol
number (a) and mass (b) for all samples from the NYC experiment. Blue lines refer to the bin approach and the
other lines to the PLA method for optimal choice of ψm,i (red), ψm,i = 1 (cyan), and ψm,i = 4 (green).
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2003. The model levels in the figure roughly correspond to pressure levels.
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Fig. 5. Total aerosol number (a) and mass (b) concentrations in simulation for the ARM aerosol
IOP, 1–31 May 2003. The model levels in the figure roughly correspond to pressure levels.
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Fig. 6. Sources and sinks of column-integrated aerosol number (a) and mass (b) concentrations during the
simulation. Sources are nucleation (pink lines), condensation (red line). Sinks are wet deposition (blue lines)
and gravitational settling (green lines).
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Fig. 6. Sources and sinks of column-integrated aerosol number (a) and mass (b) concentra-
tions during the simulation. Sources are nucleation (pink lines), condensation (red line). Sinks
are wet deposition (blue lines) and gravitational settling (green lines).
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Fig. 7. Aerosol mass size distribution in the first model layer near the surface. The left column (a and c) is for
results from simulations with the PLA method, the right column (b and d) is for results from simulations with
the bin approach. Simulations with the PLA method are for 40 (a) and 3 sections (c) for an equal number of
sections for aerosol number and mass. Simulations with the bin approach are for 80 (b) and 10 sections (d).
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Fig. 7. Aerosol mass size distribution in the first model layer near the surface. The left column
(a and c) is for results from simulations with the PLA method, the right column (b and d) is for
results from simulations with the bin approach. Simulations with the PLA method are for 40 (a)
and 3 sections (c) for an equal number of sections for aerosol number and mass. Simulations
with the bin approach are for 80 (b) and 10 sections (d).
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Fig. 8. Mean rms differences for simulated size distributions for aerosol number (a) and mass (b) in the first
model layer. The differences are relative to the results of the simulation with the PLA method for 40 sections.
Blue lines refer to the bin approach and the other lines to the PLA method for optimal choice of ψm,i (red),
ψm,i = 1 (cyan), and ψm,i = 4 (green).
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Fig. 8. Mean rms differences for simulated size distributions for aerosol number (a) and mass
(b) in the first model layer. The differences are relative to the results of the simulation with the
PLA method for 40 sections. Blue lines refer to the bin approach and the other lines to the PLA
method for optimal choice of ψm,i (red), ψm,i=1 (cyan), and ψm,i=4 (green).
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Fig. 9. Observed aerosol mass size distribution at the SGP site during the ARM aerosol IOP.
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Fig. 9. Observed aerosol mass size distribution at the SGP site during the ARM aerosol IOP.
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