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Abstract. One of the main challenges in ’real-life’ object recognition applica-

tions is keeping some invariance properties such as: translation, scaling, and rota-

tion. However, trying to maintain such invariants can impair recognition capabili-

ties, especially when the family of objects of interest has a large shape variability.

We present a general family of shape metrics that generalizes Procrustes metric

and within this framework learns the desired shape metric parameters from la-

beled training samples. The learnt distance retains invariance properties on one

hand and emphasizes the discriminative shape features on the other hand. We

show how these metrics can be incorporated in multi-class classification kernel

SVMs. We demonstrate the merits of this approach on multi-class facial expres-

sions recognition using the AR dataset. The results address some questions and

cautions regarding the interpretation of classification results when using still im-

ages datasets collected in a controlled lab environment and their relevance for

’real-life’ applications.

1 Introduction

In recent years both academia and industry have shown growing interest in the devel-

opment of computer vision systems that can locate human faces and recognize their

expressions. One of the challenges of computer vision is to make computers that in-

teract with humans in a natural way, as humans interact with each other. Since spoken

language, as one of the most natural ways of humans to interact, is ambiguous, hu-

man interaction is also based on body gestures and facial expressions, which transmit

implicit information and help to interpret the explicit information.

The context and the information provided implicitly are extremely important for

computers to get a full understanding of what is actually transmitted in a conversation.

There are many practical uses of recognizing facial expressions, such as:

• Detecting boredom, fatigue or stress while driving a vehicle and providing appro-

priate alerts will help to prevent many accidents from happening. Facial expression

recognition systems, among others, may contribute to the development of various

accident-prevention safety on-road systems.

• Automated detectors of fatigue, depression and anxiety could form another step

towards personal wellness technologies. Automating such assessment becomes in-

creasingly important in an aging population to prevent medical practitioners from

becoming overburdened.
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• Monitoring and interpreting facial signals can also provide important information

to lawyers, police, security and intelligence agents regarding deception and true

attitudes. Automated facial reaction monitoring could form a valuable toll in law

enforcement as now only informal interpretations are typically used. Systems have

the capability of alerting the appropriate authorities to cases of recognition of un-

friendly or aggressive faces.

• Recently, facial expression recognition becomes relevant in interactive video games

as well. In order to enhance the interaction and attractiveness of the games - recog-

nition of facial expressions, such as happiness, anger, fear, surprise and others pro-

vides an interpretation of the player’s mood and uses it to adjust the game corre-

spondingly.

Many methods have been applied to expression recognition such as sequence based

methods and frame based methods. Sequence based methods use temporal informa-

tion extracted from a sequence of frames and frame based methods do not use tem-

poral information and rely on a single frame. The facial features are usually divided

into two categories: geometric feature-based methods and appearance-based methods.

Geometric facial features are usually expressed as locations of fiducial points (around

the mouth, eyes, brows, and nose). Appearance-based methods usually apply Gabor

wavelets to either specific regions in the face or to the whole face. For more details

see [1]. As stated above, machine analysis of facial expressions attracted the interest

of many researchers. However, although humans detect and analyze faces and facial

expressions in a scene with little or no effort, development of an automated system that

accomplishes this task is rather difficult. In addition, one of the main problems of auto-

matic recognition of facial expression in real-life is the inhomogeneity of scale, orien-

tation or translation of the visual stimuli. In this paper we describe a general framework

that deals with shape classification in general and apply it to facial expressions recog-

nition in particular.

The paper is organized as follows: in the following section we describe a generalized

form of the Procrustes distance for landmark-based shapes. In section 3 we describe

a metric learning approach for shapes. Section 4 describes Procrustean inner product

kernels to be used by kernel machines. Experimental results are described in sections 5.

Finally, in section 6 we draw conclusions.

2 Shape Metric

A natural choice of landmarks is of salient points which can be identified by computer

and humans. In the general case, there is a considerable loss of information by extract-

ing only certain points, and the transformed shape cannot be restored in details from the

landmarks. Yet, many essential characteristics may remain in such representation. A set

of k ordered points in 2D plane can be represented as a 2k-dimensional vector. Com-

paring two shapes can be based on corresponding points which are termed homologies.

The term of distance (or similarity) between two shapes can be easily defined when

using 2k-dimensional vectors by taking only their coordinates as attributes. It is ob-

vious that the order of the points matters. Another convenient representation is called
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planar-by-complex and uses complex values to represent each 2-dimensional point, so

the whole shape is represented as an k×1 complex vector. The configuration matrix is a

k×m matrix of real Cartesian coordinates of k landmarks in an m-dimensional Euclid-

ian space. In a planar-by-complex representation the configuration is a k dimensional

column vector of complex entries. From now on we will assume that all the shapes we

deal with are two-dimensional and are given in the planar-by-complex representation.

This framework can be extended to 3D objects in a straight forward manner, though

extracting landmarks from 3D objects is more complicated.

2.1 Procrustes Shape Metric

A desired distance measure between two planar point based shapes should be insensitive

to translation, scaling and rotation. Consider a configuration x = (x1,x2, . . . ,xk) ∈
Ck, a centered configuration x satisfies x∗1k = 0, which is accomplished by: x →
x − 1

k
1T

k x1k, where x∗ denotes the complex conjugate of x.

The full Procrustes distance between two configurations x and y is given by:

dF (x,y) = inf
β,ϑ,a,b

∥∥∥∥
y

‖y‖
−

x

‖x‖
βeiϑ − a − bi

∥∥∥∥ =

(
1 −

y∗xx∗y

x∗xy∗y

) 1

2

. (1)

The full Procrustes mean shape µ̂ of a set of configurations {wn
i=1

} is the one that

minimizes the sum of square full Procrustes distances to each configuration in the set,

i.e.

µ̂ = arg inf
µ

n∑

i=1

d2

F (wi, µ). (2)

It can be shown that the full Procrustes mean shape, µ̂, is the eigenvector corresponding

to the largest eigenvalue of the following matrix:

S =

n∑

i=1

wiw
∗

i

w∗

i wi

. (3)

(see [2]). The eigenvector is unique (up to rotations - all rotations of µ̂ are also solutions,

but these all correspond to the same shape) provided there is a single largest eigenvalue

of S. In many morphometric studies several configurations are handled and pairwise

fitted to a single common consensus in an iterative procedure [3]. This process is called

generalized Procrustes analysis. Scatter analysis, using generalized Procrustes analysis

handles the superimposed configurations in an Euclidean manner and provides good

linear approximation of the shape space manifold in cases where the configurations

variability is small.

The Procrustes superimposition tends to obtain less extreme magnitudes of point shifts.

The fact that in least-squares superimposition points are treated uniformly irrespective

of their variance results in poor estimation, and reaches its extreme when all of the

shape variation occurs at a single landmark, which is known as the Pinocchio effect

[4]. Moreover, such variations affect the configuration’s center of mass and thus affect

translation as well.
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2.2 General Quadratic Procrustes Metric

A general quadratic distance metric, can be represented by a symmetric positive semi-

definite k×k matrix Q (we use the Q = A∗A decomposition and estimate A). Centering

a configuration x according to the metric induced by Q means that x∗Q1k = 0, and

this is done by: x → x − 1

k
1T

k Qx1k. For the rest of this section, we assume that all

configurations are centered according to the metric induced by Q.

The general quadratic full Procrustes distance, according to matrix Q = A∗A,

between two configurations x and y is given by:

d2

Q(x,y) = inf
β,ϑ,a,b

∥∥∥∥A
y

‖y‖Q

− A
x

‖x‖Q

βeiϑ − a − bi

∥∥∥∥ (4)

=

(
1 −

y∗Qxx∗Qy

x∗Qxy∗Qy

) 1

2

,

where ‖x‖2

Q = x∗Qx is the square of the generalized norm.

The general quadratic Procrustes mean shape µ̂Q, with a matrix Q = A∗A, of a set

of configurations {wi}
n
i=1

is the one that minimizes the sum of square generalized

distances to each configuration in the set, i.e.

µ̂
Q = arg inf

µ

n∑

i=1

d2

Q(wi, µ). (5)

Proposition 1 The general quadratic Procrustes mean shape is the eigenvector corre-

sponding to the largest eigenvalue of the following matrix:

SQ =

n∑

i=1

Awiw
∗

i A∗

w∗

i A∗Awi

, (6)

(the proof is similar to the Euclidean case).

3 Metric Learning

Many pattern recognition algorithms use a distance or similarity measures over the input

space. The right metric should fit the task at hand, and understanding the input features

and their importance for the task may lead to an appropriate metric. In many cases there

is no such prior understanding, but estimating the metric from the data might result in

a better performance than that achieved by off the shelf metrics such as the Euclidean

[5–7]. Fisher Linear Discriminant (FLD) is a classical method for linear projection of

the data in a way that maximizes the ratio of the between-class scatter and the within-

class scatter of the transformed data (see [8]).

Given a labeled data set consisting of 2D input configurations x1,x2, . . . ,xn where

xi ∈ Ck and corresponding class labels c1, c2, . . . , cn, we define between-class scatter
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and within-class scatter both induced by the metric Q. In a similar way to FLD the

desired metric Q is the one that maximizes the ratio of the generalized between-class

and within-class scatters.

We denote the general quadratic Procrustes mean shape of the members of class j by

µ̂
Q
j , and the full general quadratic Procrustes mean shape of all configurations by µ̂

Q
.

Denote

∆Q
k,l =

(
xl

‖xl‖Q

β̂Q
k,le

ibϑQ

kl

)
− µ̂

Q
k (7)

and

∆Q
k = µ̂

Q
k β̂Q

k eibϑQ

k − µ̂
Q

(8)

where β̂Q
k,l, β̂

Q
k are the scaling solutions of eq. 4 for the l-th configuration towards the

mean of class k, and scaling of the k-th mean configuration towards the global mean

respectively. The angles ϑ̂Q
kl, ϑ̂

Q
k are those which satisfy eq. 8 for rotation the l-th con-

figuration towards the mean of class k, and rotation of the k-th mean configuration

towards the global mean correspondently (the translations equal to zero if all configu-

rations are previously centered).

The within class scatter according to a matrix Q is:

sQ
W =

m∑

j=1

n∑

i=1

rijd
2

Q

(
wi, µ̂

Q
)

=

m∑

j=1

n∑

i=1

rij

(
∆Q

j,i

)
∗

Q∆Q
j,i (9)

where

rkl =

{
1 xl ∈ Class k
0 Otherwise

(10)

and m is the number of classes.

The between class scatter according to a matrix Q is:

sQ
B =

m∑

k=1

nk

(
∆Q

k

)
∗

Q∆Q
k , (11)

where nk is the number of samples belong to class k.

The desired metric Qopt is the one that maximizes the ratio of the between-class scatter

and within-class scatter:

Qopt = arg max
Q

sQ
B

sQ
W

. (12)

Contrary to the standard FLD, the suggested objective function f may have many local

maxima. Thus, maximizing the objective function should be carried out carefully, and

only a local maximum is guaranteed.

An example of the differences between the classic Procrustean metric and a learnt

one is shown in Figure 1. This delineation uncovers discriminative landmarks in facial

configurations means. The general quadratic Procrustes mean shape of females’ faces is

fitted using the learnt metric (general quadratic Procrustes fit) onto the general quadratic
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Procrustes mean shape of males’ faces. It is evident that the learnt metric reveals dif-

ferences between the two classes. The males’ mandibles tend to be larger, and their

forehead hairlines tend to be higher than those of females. These differences are not

revealed when using the standard Procrustes metric.

Fig. 1. Superimpositions of mean facial configurations: females (solid line) and males (dashed

line) according to the full Procrustes metric (left) and the learnt Procrustes metric (right). The

mean shapes are of 78 females and 32 males.

4 Procrustes Distance Based Classifiers

One of the goals of distance learning is the enhancement of the performance of clas-

sifiers. In recent years, many studies have dealt with the design and analysis of kernel

machines [9]. Kernel machines use inner-products functions where the decision func-

tion is not a linear function of the data. Replacing the predefined kernels with ones

that are designed for the task at hand and are derived from the data itself, is likely to

improve the performance of the classifier considerably, especially when training ex-

amples are scarce [10]. In this section we introduce new kernels based on the general

quadratic full procrustes distance where the learnt metric can be plugged in to produce

new kernels with improved capabilities of shape classification.

4.1 General Quadratic Procrustes Kernels

Certain condition has to be fulfilled for a function to be a dot product in some high

dimensional space (see Mercer’s theorem [9]). Following the polynomial and radial

basis function (RBF) kernels, we propose the following kernels.

Proposition 2 The following function is an inner product kernel for any positive integer

p:

k(x,y) =

(
y∗Qxx∗Qy

x∗Qxy∗Qy

)p

(13)
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For proof outline see appendix A.

Proposition 3 The following function is an inner product kernel for any positive semi-

definite matrix Q and any positive γ:

k(x,y) = exp

(
−γ

(
1 −

y∗Qxx∗Qy

x∗Qxy∗Qy

))
(14)

For proof see appendix B.

It should be emphasized that using Procrustean (classic or learnt) metric is not equiva-

lent to aligning the configurations to some consensus configuration first and then using

Euclidean distance, since such operation does not preserve all pairwise Procrustes dis-

tances among all the configurations at once.

4.2 Kernel design for Multi-Class Classifiers

The general framework of the general quadratic Procrustes metric was designed for

many purposes. For classification tasks it has been demonstrated so far only by classi-

fying binary classes using the pre-designed learnt kernels with SVM. The SVM classi-

fier is basically designed for binary classification with a clear geometrical meaning of

discriminating one class from another by a hyperplane that maximizes the margin. A

crucial point is the choice of combining multi-class learnt metric into a kernel designed

for dichotomies. Several approaches were suggested for the multiclass case where the

implementation is done by combining several binary SVMs. Many studies have shown

the superiority of the one vs. one based versions of multi-class SVMs over one vs. all

versions. The one vs. one approach constructs one binary classifier for every pair of dis-

tinct classes. For each pair a distinct metric can be learnt and the classification is done

according to the majority (or weighted majority) of votes of all M(M −1)/2 classifiers

([11],[12]) .

5 Experiments and Results

The performance of the Procrustes kernels was evaluated using the AR Face Database

[13]. This database contains over 4,000 images corresponding to 126 individuals (70

men and 56 women). Images include frontal view faces with different facial expres-

sions, illumination conditions, and occlusions (sun glasses and scarf). For our current

study, we selected 904 images of four facial expressions: neutral, anger, smile and

scream (226 images for each expression). Figure 2 shows examples of the four ex-

pressions. A relatively small number (36) of crucial landmarks were chosen as the size

of datasets is small (the landmarks were chosen according the ease of accurate mark-

ing). The chosen landmarks are: 6 points for each eyebrow, 4 points for each eye, 16

points for the mouth (the landmarks are shown in fig. 3). The extraction of the land-

marks from the facial images was done by the Bayesian Tangent Shape Model (BTSM

[14]) followed by a manual correction. Six metrics (matrices) for six binary classifiers,

denoted by Akl, were learnt for k 6= l where k, l ∈ {smile, scream, anger, neutral} and

Akl = Alk. The matrices learning was limited to diagonal matrices.
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(a) (b)

(c) (d)

Fig. 2. The four facial expressions of the AR dataset: (a) smile, (b) scream, (c) anger, and (d)

neutral

Fig. 3. The 36 facial landmarks
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5.1 Experiment A

The performance of three classifiers was evaluated in this experiment:

• SVM with standard RBF kernel with square Euclidean distance in the exponent.

The configurations (complex vectors) were centered and normalized but remained

in their original inclination (it should be noticed that the original dataset was pre-

pared in a way where all faces have similar size and similar inclination).

• SVM with full Procrustes distance based RBF kernel (Q = I).

• SVM with learnt Procrustes distance based RBF kernel (learnt Q).

The error rates were evaluated by 4-fold cross validation. The results are given in con-

fusion matrices (Tables 1- 3).

Table 1. SVM classification results using Radial Basis Function Kernel with Euclidean distance.

The mean error rate: 13.9 ± 2.4%.

Actual\Predicted Smile Scream Anger Neutral

Smile 99.6% 0% 0% 0.4%

Scream 0.4% 99.6% 0% 0%

Anger 0% 0% 68.3% 31.7%

Neutral 1.8% 0% 21.4% 76.8%

Table 2. SVM classification results using Procrustes Kernel (Q = I). The mean error rate:

12.8 ± 1.3%.

Actual\Predicted Smile Scream Anger Neutral

Smile 99.6% 0% 0% 0.4%

Scream 0.4% 99.6% 0% 0%

Anger 0% 0% 75.2% 24.8%

Neutral 1.3% 0% 24.3% 74.4%

Table 3. SVM classification results using learnt Procrustes Kernel. The mean error rate: 10.4 ±
1.3%.

Actual\Predicted Smile Scream Anger Neutral

Smile 99.6% 0% 0% 0.4%

Scream 0% 100% 0% 0%

Anger 0% 0% 77.4% 22.6%

Neutral 1.7% 0% 16.9% 81.4%
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It can be observed that the Procrustes kernel (Q = I) does not have a significant

advantage over the Euclidean based RBF kernel. Three possible explanations for this

are: (i) The photographs were taken in advance in artificial conditions where the loca-

tion and size of the heads are similar. This fact does not provide significant advantage

to the Procrustes invariance properties. (ii) It is possible that in the anger expression

case people tend to tilt their heads a little bit more frequently than in the neutral case.

This cue is lost in the Procrustean approach, but remains in the Euclidean RBF kernel.

However, in a more realistic scenario the head’s inclination is not a reliable feature.

(iii) The anger and the neutral expressions are very similar (even human subjects have

identification difficulties when looking at the full detailed images).

The classic Procrustes alignment tends to align the configurations in a way that min-

imizes the landmark distances and make the configurations to look more similar. The

Procrustes learnt kernel is preferable over the two other kernels. Though it loses infor-

mation conveyed by rotation (which is usually not helpful in real-life applications) it

still has strong abilities to discriminate landmark based configurations.

5.2 Experiment B

The purpose of this experiment is to evaluate the contribution of the rotation feature (ϑ

or ϑ̂Q as in eq. 1 and 4 correspondently). Two kernels were evaluated:

• SVM with a kernel constructed of a product of full Procrustes distance based RBF

kernel (Q = I) and a kernel that is based on the rotation angle between configura-

tions: k1(x,y) = exp
(
−γ1d

2

F (x,y)
)
· exp

(
−γ2 (ϑxy)

2

)
.

• SVM with a kernel constructed of a product of a learnt Procrustes distance based

RBF kernel (learnt Q) and a kernel that is based on the learnt metric rotation angle

between configurations: k2(x,y) = exp
(
−γ1d

2

Q(x,y)
)
· exp

(
−γ2

(
ϑ̂Q
xy

)2
)

.

γ1 and γ2 are kernel hyperparameters. The error rates were evaluated by 4-fold cross

validation. The results are given in confusion matrices (Tables 4 and 5).

Table 4. SVM classification results using Procrustes Kernel (Q = I) with rotation feature. The

mean error rate: 11.1 ± 1.3%.

Actual\Predicted Smile Scream Anger Neutral

Smile 99.6% 0% 0% 0.4%

Scream 0.4% 99.6% 0% 0%

Anger 0% 0% 77.9% 22.1%

Neutral 1.3% 0% 19.9% 78.7%

Indeed, the relative rotation angle between two configurations convey some cues

regarding the class membership. The modified kernels accomplish significant additional

improvement.
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Table 5. SVM classification results using learnt Procrustes Kernel with rotation feature. The mean

error rate: 9.0 ± 1.2%.

Actual\Predicted Smile Scream Anger Neutral

Smile 99.6% 0% 0% 0.4%

Scream 0% 100% 0% 0%

Anger 0% 0% 80.3% 19.7%

Neutral 1.3% 0% 14.6% 84.1%

6 Conclusions

In this paper we have introduced a general framework of shape distances. Aligning con-

figurations according to the learnt metric enables a visualization that uncovers the dis-

criminative landmarks. Improvement in classification performance was demonstrated

by using multi-class kernel SVM with a data driven kernel design. The main contri-

bution of the learnt metric is the meaningful alignment - it is of particular importance

in cases where the training sets are small. Classifiers with Euclidean distance based

kernels must hold much more samples of each facial expression as they are not tak-

ing into consideration some variations in head position in space. Procrustes distance

(learnt or classical) kernel based classifiers are insensitive to translation, scaling and

rotation, which is a key factor in recognizing facial expressions both in still images and

video sequences in ’real-life’ environment. The comparison between Procrustes metric

(Q = I) and Euclidean metric discovers a discriminative feature - the head’s angle -

which is helpful when using input images taken in lab environment, but might be useless

in ’real-life’ conditions where there is a large variability in the face position within the

frame. This property should be taken into consideration when dealing with ’real-life’

systems designed by training sets produced in lab conditions.
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Appendix A.

Proof outline: First we show that the following function is an inner product kernel for

any positive integer p:

k(x,y) =

(
y∗xx∗y

x∗xy∗y

)p

(15)

We have to show that this kernel satisfies Mercer’s theorem. This is done by proving

that: ∫ ∫ (
y∗xx∗y

x∗xy∗y

)p

g(x)g∗(y)dxdy ≥ 0 (16)

for any function g with finite l2 norm.

Each term of the multinomial expansion has a non-negative value:

(r1, r2, . . . , l1, l2, . . . , )!

∥∥∥∥∥

∫ (
xr1

1
, xr2

2
· · ·xl1

1
, xl2

2
· · ·

‖x‖
2p

)
g (x) dx

∥∥∥∥∥

2

≥ 0 (17)

and hence the integral is non-negative.

Showing that:

k(x,y) =

(
y∗Qxx∗Qy

x∗Qxy∗Qy

)p

(18)

Satisfies Mercer’s theorem is done in a similar way by using eigen-decomposition the

non-negativity of Q’s eigenvalues.¥

Appendix B.

Proof:

k(x,y) = exp

(
−γ

(
1 −

y∗xx∗y

x∗xy∗y

))
= exp (−γ) exp

(
γ
y∗xx∗y

x∗xy∗y

)
. (19)

The first factor on the right side is positive and the second factor can be arbitrarily

close approximated by polynomial of the exponent with positive coefficients, thus using

proposition 3 we have a sum of semi-definite functions, which is also a semi-definite

function.¥


