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ABSTRACT
Physiological evidence using Infrared Video Microscopy
during the uncaging of glutamate has proven the existence
of excitable calcium ion channels in spine heads, high-
lighting the need for reliable models of spines. In this
study we compare the three main methods of simulating ex-
citable spines: Baer & Rinzel’s Continuum (B&R) model,
Coombes’ Spike-Diffuse-Spike (SDS) model and paired
cable and ion channel equations (Cable model). Tests are
done to determine how well the models approximate each
other in terms of speed and heights of travelling waves.
Significant quantitative differences are found between the
models: travelling waves in the SDS model in particular are
found to travel at much lower speeds and sometimes much
higher voltages than in the Cable or B&R models. Mean-
while qualitative differences are found between the B&R
and SDS model over realistic parameter ranges. The cause
of these differences is investigated and potential solutions
proposed.
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1 Introduction

Dendritic Spines are small protrusions that branch off neu-
ronal dendrite. They come in a diverse range of shapes
and sizes which are known to quickly change with synap-
tic input [1]. Spines receive most of the excitatory synaptic
inputs in the human forebrain and occur in huge numbers
on the majority of neurons. They consist of a very thin
neck approximately 0.15 microns wide and 0.5 microns
long with a bulbous head on the distal end [2]. Recent
advances in imaging techniques along with increased use
of two-photon glutamate uncaging have lead to a wealth
of new discoveries; we now know that there are voltage-
dependant sodium [3], potassium [4] and calcium [5] chan-
nels in the spine heads.

The discovery of calcium channels in spine heads lead
to the theory that spines can detect the temporal coinci-
dence of pre- and post-synaptic activity. This is due to
the significant delay between back propagating action po-
tentials invading the spine head and the diffusion of the
calcium generated by them; the process termed calcium

compartmentalization. This hypothesis was furthered when
Holthoff discovered that spines can use different methods
to diffuse calcium [6].

Another theory proposed for spine function is that
they allow neurons to adaptively regulate their synaptic in-
put by up- or down-regulating spine density and morphol-
ogy; this follows from the observation that spine density in-
creases after pharmacological blockades of particular post-
synaptic receptors [7]. Various attempts have been made to
use computational experiments to test these ideas. Notably
in [8] a modified B&R model of excitable spines is used to
explore the outputs of dendritic branches with the ability to
change spine density and neck length. Given recent work
on calcium signalling and proteomic models of synapses it
is likely that there will soon be an increased demand for
accurate and reliable spine models.

In most models of spines excitable properties are
overlooked and compartments passive properties are sim-
ply adjusted to account for the additional volume. How-
ever, various works such as [9] have suggested this is not
appropriate when there are known to be excitable ion chan-
nels in the spine head. There are numerous methods that
have been used for modelling spines. Some approaches
model each spine as additional two compartments: one for
the spine neck, the other for the head. The later compart-
ment may have been endowed with voltage gated ion chan-
nels, which adds to the heavy computational burden of this
method.

The Baer & Rinzel continuum model was introduced
to resolve this problem, the central idea was that as spines
attached to each compartment would all receive the same
input voltage, there is no necessity to model each one as
the value can be computed for an individual spine and mul-
tiplied by a spine density coefficient, n̄ [10]. A further sim-
plification is made by reducing the spine neck to a lumped
ohmic resistance Rss defined by the equation

Rss = (4Rilss)/(πdss) (1)

where Ri is specific cytoplasmic resistivity and lss and dss

are neck length and diameter respectively. The voltage in
the spine heads in the model is given by

Csh
δVsh

δt
= −Iion − Iss − Isyn(X, t) (2)



where Csh is the spine head capacitance, Iion represents
the voltage-dependent ionic channel currents, often mod-
eled as the HH equations, Isyn represents the synaptic in-
put function (treated throughout as an alpha synapse with
gmax = 0.037) and Iss is the current between the dendrite
and spines according to

ISS = − (Vsh − Vd)
RSS

(3)

The actual voltage in the dendrite is given by a modi-
fied cable equation

τ
δVd

δt
=
δ2Vd

δX2
− Vd + n̄(X)R∞Iss (4)

where X is the electrotonic distance x/λ (where λ is the
length constant (Rmd/4Ri)1/2), τ is the membrane time
constant and R∞ is the input resistance of the semi-infinite
branch (Rm/πλd) and n̄(X) gives the spine density at X .

While the B&R model captures spine dynamics in a
continuum model it still is not analytically tractable; the
Spike-Diffuse-Spike model was created to address this. In-
stead of using the continuum approximation the model con-
sists of a passive dendrite coupled to excitable spines at dis-
crete points. Membrane dynamics in the spines are mod-
elled using integrate and fire processes. The spike events
are modelled in a discrete fashion with the wave form con-
ventionally represented as a rectangular function. The volt-
age in the dendrite is given by

δVd

δt
= D

δ2Vd

δX2
− Vd

τ
+DRip(X)Iss (5)

where D denotes the diffusion coefficient of the cable
(λ/τ ) and p(X) is a discrete set containing the locations
of the spines. Spine head voltage is not given explicitly
in the same way as in the B&R model, there is instead a
spike generator equation which resets itself after crossing a
parametric threshold. This is given as

Csh
δUn

δt
= − Un

Rsh
+ Iss − Cshh

∑
m

δ(t− Tm
n ) (6)

where n is the index of current spine, Rsh is the spine head
resistance (TΩ), h is the firing threshold (mV). The δ(t)
represents the delta function and the term in which it is
included is used to reset the spike generator after a spike
event occurs. A spike is generated when Un reaches h and
the spike time is added to the mth position of Tm

n , a dis-
crete set of spike times

Tm
n = inf{t|Un(t) ≥ h, t > Tm−1

n + τR} (7)

where τR is an absolute refractory time period.
A pseudo spine head voltage is obtained by converting

the spiking events into a voltage that can be passed to the
dendrite. We obtain as

Vsh(Xn, t) =
∑
m

η(t− Tm
n ) (8)

wherem is an iterator over the spikes which have occurred.
It should be clear that if no spikes have occurred then the
spine head can be considered to be at resting potential. In
all the published work done using the SDS model the shape
of an action potential has been given as a rectangular pulse
η(t) = n0H(t)H(τs − t), where η0 and τs are its strength
and duration and H(t) is the Heaviside step function.

In [11] an attempt is made to validate the SDS model
against the B&R model. A method for comparison was
established which has also been used in this paper. The
method investigates how a common characteristics mea-
sured in simulation of both models changes as a function of
spine density. Part of the current work involves extending
this approach to a range of other characteristics leading to
a comparison of the B&R model to a compartmental spine
model which is treated as a control. Automated search of
model parameters allows us to characterize systematically
the differences in their behaviour and analyse the relation-
ship between the parameter ranges.

2 Method

The original Baer & Rinzel model predicted that local ex-
citatory synaptic input into spine heads could cause a chain
reaction of spine firings along a branch, known as a travel-
ling wave. Its physiological basis is the opening of voltage
gated ion channels in one spine leading to increase of the
voltage at the neighbouring spine to such a level that it too
can spike thereby initiating a chain reaction. This sustained
wavelike response is possible for a certain range of realis-
tic spine densities and electrical parameters. On a uniform
cable with constant parameters the travelling waves can be
said to have a specific speed and voltage; these are the val-
ues compared most frequently throughout this study.

An effect of the simplifications made in the SDS
model is that most of the parameter space also leads to
periodic travelling waves. These occur when the residual
voltage from the last wave is sufficient to trigger the gen-
eration of a second wave. Without external input this will
continue for infinity with measurable periodicity. The oc-
currence of periodic travelling waves has never been ob-
served in the B&R or Cable models. We seek to confirm
that these models do not produce such periodic waves un-
der realistic parameter ranges. A set of parameters for the
SDS model which exclusively produce non-periodic travel-
ling waves across a realistic parameter set is also sought us-
ing first trial-and-error then a multiple objective optimiza-
tion. A sub-model termed F-SDS is created which treats
two of the free variables as dependant on spine density, this
allows it to only generate non-periodic travelling waves.

To run the simulations, the SDS and B&R model
have been written as mod files for the NEURON simula-
tion package [12]. The B&R model is setup as a distributed



mechanism and inserted into cables, typically with a num-
ber of compartments comparable to the number of spines
that would be on the cable for the given density. The SDS
model is setup as a point-process and spines are inserted in-
dividually to specific compartments within the cable. The
cable model, which takes each spine to be two compart-
ments, generates the required number of spines and con-
nects the neck compartment to the desired locations on the
dendrite.

All the simulations involve an unbranched dendritic
segment where stimulations are initialised with a single
EPSP from an AlphaSynapse with gmax = 0.037nS lo-
cated at the beginning of the dendrite (dend(0) - dendrite
locations in NEURON are indexed by the cable name—
here dend—and the distance along is an argument between
0 and 1). The cable parameters are kept constant through-
out all the simulations so their effects on the model do
not interfere. The values for the cable are: Length =
360µm, diam = 0.36µm, Ra = 70Ωcm, Cm = 1µF/cm2,
Rm = 0.0004Ωcm2 and the temperature = 22 degrees cel-
sius; this gives an electrotonic length of two. Though bet-
ter estimates for the kinetics and densities of ion channels
extant within the dendrites have now been published, for
these experiments only the standard Hodgkin-Huxley ion
channels are used, with the base densities of ḡna = 120,
ḡk = 30 and gl = 0.3, as this allows for better validation
against existing results in the literature.

The decisions about spine parameters were based on
two main studies. The first of these analysed spines from
a region of the basal dendrites from layer III cells from the
Temporal and Occipital cortex of mice and men [2]. In the
second study [13], the distribution of spine densities across
single cells was explored in neurons from layers 2/3 and 5
of the rat cortex. The studies noted a lack of correlation
between a majority of spine structural parameters. No ex-
plicit attempt has been made to account for stubby spines
in selecting the parameter ranges, however it may be as-
sumed that investigating lower spine densities than those
used would account for this.

One key experimental setup formed the basis of the
majority of simulations in this study. All the spine param-
eters bar one, as well as the dendrite parameters are fixed,
the independent parameter is then varied over a range and
the number of resultant waves and their speed and voltage
is recorded. For parameter sweeps this is of course done
across multiple parameters at a time. A further element
of the study involved the use of automatic parameter esti-
mation techniques, as discussed in [14] and [15] to further
compare the models. Here, initial attempts are made to get
SDS on an unbranched cable to constrain its free parame-
ters based on simulations of B&R and Cable models.

3 Results

The first step was to confirm that only SDS produces pe-
riodic travelling waves under realistic parameter ranges. A
parameter search confirmed that this was indeed the case as

they occurred in the B&R model under an extreme and un-
realistic low density of the potassium channel. Therefore,
subsequently we sought the free parameters for the SDS
model which would exclusively produce non-periodic trav-
elling waves for any physiologically-based spine parame-
ters.

The regions of the parameter space of the SDS model
resulting in non-periodic travelling waves were identified.
By constructing functions linking the spike shape function
parameters to spine density at the parameter space points
where the travelling waves occurred, a form of SDS, re-
ferred to as F-SDS, was created with some of the free vari-
ables removed. In this sub-model the height of the spike
function and the length of the refractory period are treated
as dependant on the values of the stimulus length and spine
density. As a result, non-periodic travelling waves were
generated in F-SDS model throughout a range of spine den-
sities from 0–500 spines per electrotonic length. However,
the effect of such spine density variation upon wave speed
and voltage, exhibited by all the other models, is greatly
diminished. This formed the basis for further investigation
of the parameter space aimed to find parameter values for
SDS which could match B&R’s wave speed and voltage at
various values of spine density.

Figure 1. Wave speed in a uniform cable as a function of spine head
area (left) and spine neck resistance (right). In both we see B&R operates
at significantly higher speeds than SDS and that variation in F-SDS is
dampened. Dependence of the speed on the spine neck resistance in B&R
is qualitatively different than in the other two models.(right)

Subsequently, the difference in wave speed and volt-
age between models was examined for variation in single
variables. Several sets of values were chosen as representa-
tive of the realistic parameter ranges, and where applicable
the values were set to be the same for all three models. The
most important results are depicted in Figure 1. The B&R
model always resulted in much higher speeds than the other
models, while SDS always seems to be slower than the ca-
ble model. In terms of voltage, over much of its parameter
space the SDS model is prone to excessive excitation and
rapidly reaches unrealistically high voltage values.

Interestingly, while many of the qualitative character-
istics of the models were the same, variation in spine neck
resistance causes the speed of waves in the B&R model to
increase, in contrast to all the other models. By running the



same simulations for variation in Rss over a greater—and
hence unrealistic— range of values it is revealed that the
appropriate qualitative behaviour is recovered. This sug-
gests that rather than an outright flaw in the model its re-
sponse to change in neck resistance is reduced which al-
lows greater insight to the problems cause. Further simu-
lations involving comparison with the cable model and in-
formed by the above results were aimed at validating the
assumption behind the B&R and SDS approach to model
spine neck. This was performed by treating neck length
and diameter as variables dependent on Rss and record-
ing resultant speeds. The results suggested that the lumped
ohmic resistance in its given form was an inappropriate way
to represent the spine neck.

4 Conclusion

These results have confirmed the need for further inves-
tigation into reliable spine models. Neither the SDS nor
B&R model form a close approximation to the cable model,
which seems to be the closest match to biophysics. Both
the simplified models produce significant quantitive differ-
ences and also exhibit peculiar qualitative phenomena not
shared by other models. Further simulations will be carried
out in order to investigate whether more complex models
of spine neck can better account for the biologically be-
haviour of a model of dendrites with active spines, while
still easing computational complexity.

The discrepancies found between these models are
all the more important when one considers why some-
one would be likely to perform a study including excitable
spines. The most likely reason for this would be to examine
the effects of calcium transients on synaptic potentiation.
For this the arrival time and voltage of back propagating
waves would be of exceptional importance, especially so
if an attempt was to be made to infer parameters from this
model. Furthermore, numerous studies have looked at how
dynamic variation in spine shape affects calcium process-
ing; if free variables need tweaking for even minor pertur-
bations of shape parameters then almost any result desired
could be obtained from this kind of modelling.

References

[1] Anna Dunaevsky, Richard Blazeski, Rafael Yuste,
and Carol Mason. Spine motility with synaptic con-
tact. Nat Neurosci, 4(7):685–686, 2001.

[2] Ruth Benavides-Piccione, Inmaculada Ballesteros-Yá
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