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Characteristic parameters of xenon near its liquid-gas critical point
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- Institut de Chimie de la Matière Condensée de Bordeaux - UPR 9048,
Centre National de la Recherche Scienti�que - Université Bordeaux I - 87,

avenue du Docteur Schweitzer, F 33608 PESSAC Cedex, France
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The mean crossover functions estimated from the bounded results of the Massive Renormalization
scheme applied to the Φ4

d (n) model in three dimensions (d = 3) and scalar order parameter (n = 1)
are used to represent the singular behaviors of the isothermal compressibility of xenon along the
critical isochore in the homogeneous domain and the vapor-liquid coexisting densities of xenon in
the nonhomogenous domain. The validity range and the Ising nature of the crossover description
are discussed in terms of a single scale factor whose value can be analytically estimated beyond the
Ising-like preasymptotic domain.

PACS numbers: 64.60.Ak., 05.10.Cc., 05.70.Jk, 65.20.+w

1. INTRODUCTION

It seems now well-established that the universal fea-
tures of the one-component �uids close to their vapor-
liquid critical point are Ising-like in nature [1, 2], i.e.,
conform with the estimated universal features close to
the non-trivial �xed point of the so-called φ4

d=3 (n = 1)
model [2, 3] (d and n are the dimensions of the space
and the order parameter density, respectively). The up-
dated leading singular behaviors [4] are then governed
by the universal values [5] of two independent critical
exponents, while the contribution of the con�uent cor-
rections to scaling is governed by the universal lowest
value ∆ ' 0.502 [5] of the con�uent exponents. These
Ising-like universal features only related to the contribu-
tions of two relevant scaling �elds and a single irrelevant
scaling �eld [6, 7] are strictly valid within the Ising-like

preasymptotic domain, i.e., a domain where each com-
plete Wegner-like expansion [8] can be approximated by
its restricted (two-terms) form [9]. Such an exact Ising-
like asymptotical behavior appears as the essential tool to
provide accurate determination of only three amplitudes
(two leading amplitudes and one con�uent amplitude)
that characterize each Ising-like critical �uid [7].

However, as shown by a large set of results reported
in the literature, the observed crossover behavior in one-
component �uids needs to use higher-order terms in the
Wegner-like expansions to �t carefully the measurements
performed at �nite distance to the critical point. In such
an extended asymptotic domain covered by the �tting
analysis, the above three-parameter characterization of
each Ising-like �uid is not easy to probe carefully. For ex-
ample, the uniqueness of the temperature-like crossover
parameter (noted ϑ in the following) that complement
the determination of two independent leading amplitudes
has never clearly been demonstrated to de�ne the physi-
cal temperature range of validity of the three-parameter
characterization. The main goal of the present paper ad-
dresses to the explicit calculation of this single crossover
parameter made beyond the Ising-like preasymptotic do-

main of xenon, using the crossover functions estimated
in Refs. [9] and [10].

For xenon case, a relatively complete data set of lead-
ing amplitudes exists that is precisely conform to the
two-scale-factor asymptotic universality [11, 12]. We give
herafter the related analytic determination of the xenon
value of a scale factor (noted ϑL in the following), which
characterizes the singular behavior along the critical iso-
chore. Our ϑL-determination maintains the conformity
with the Ising-like universal features accounted for by
the theoretical crossover functions calculated in the mas-
sive renormalization scheme of the φ4

d=3 (n = 1) model
[3, 4]. We strictly avoid adjusting any xenon-dependent
parameter by a minimization of �tting errors over the
experimental temperature range, as initially performed
in Ref. [13]. Alternatively, only using the critical coor-
dinates of the xenon critical point, we correlate ϑL to
the e�ective values [14] of the exponent and amplitude
of a pure power law de�ned at a well-known �nite tem-
perature distance (T − Tc) to the critical temperature
(Tc), largely beyond the Ising-like preasymptotic domain.
We can then found ϑL from the tangent envelop of any

continuous function fP

(
∆τ∗ = T−Tc

Tc

)
that �t the data

measurements of the singular property P over a limited
temperature range ∆τ∗min ≤ ∆τ∗ ≤ ∆τ∗max. To calculate
each corresponding local value of ϑL (∆τ∗), we use as two
illustrative examples, the �tting results of Guttinger and
Cannell [15] for the susceptibility data and the �tting
results of Narger and Balzarini [16] for the symmetrical
order parameter density data. That allows us to ver-
ify the uniqueness of the ϑL value and its exact match-
ing with the Ising asymptotic value ϑ when ∆τ∗ → 0.
We simultaneously estimate the upper temperature limit
of the extended asymptotic domain, providing thus the
complete comparison between experimental results and
crossover theories in a relative temperature range cover-
ing more than four decades above or below Tc. Moreover,
as expected from the de�nition of the master crossover
functions valid for the one-component �uid subclass [10],
this comparison is made de facto without any adjustable
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parameters when four critical coordinates of xenon are
known.
The paper is organized as follows. Section 2 gives a

brief recall of the useful notations and de�nitions with
the objective to obtain the three-parameter characteri-
zation of xenon within the Ising-like preasymptotic do-
main. The three-parameter characterization of xenon be-
yond the Ising-like preasymptotic domain is de�ned in
Section 3 analyzing the crossover behavior of the correla-
tion length and performing both related applications of
the crossover functions for the isothermal compressibility
case and the order parameter density case. In Appendix
A, we recall the main literature sources to estimate the
critical coordinates of the vapor liquid critical point of
xenon. In Appendix B, we give an illustration of the
analytic determination of the local value of the crossover
parameter ϑL, based on the useful (pure power law) func-

tion fκT (∆τ∗) = Γe (∆τ∗)−γe to represent the e�ective
singular behavior of the isothermal compressibility be-
havior in a restricted temperature range.

2. XENON CHARACTERIZATION WITHIN

THE ISING-LIKE PREASYMPTOTIC DOMAIN.

2.1. Description of the Ising-like preasymptotic

domain

In the following we consider three singular prop-
erties along the critical isochore: the correlation
length ξ∗expt (∆τ∗) and the isothermal compressibility
κ∗T,expt (∆τ∗) in the homogeneous domain (∆τ∗ > 0),
and the order parameter density ∆ρ̃LV,expt (|∆τ∗|) in the
nonhomogeneous domain (∆τ∗ < 0).

∆τ∗ =
T − Tc
Tc

(1)

is the reduced temperature distance. Within the Ising-
like preasymptotic domain, the singular behaviors of the
�uid properties can be approximated by the two-term
restricted forms of the complete Wegner-like expansions,
i.e.,

ξ∗expt (∆τ∗) = ξ+ (∆τ∗)−ν
[
1 + a+

ξ (∆τ∗)∆
]

(2)

κ∗T,expt (∆τ∗) = Γ+ (∆τ∗)−γ
[
1 + a+

χ (∆τ∗)∆
]

(3)

∆ρ̃LV,expt (|∆τ∗|) = B |∆τ∗|β
[
1 + aM |∆τ∗|∆

]
(4)

In Eq. (2), ξ∗expt = ξexpt
αc

and ξ+ = ξ+
0
αc
, where

αc =
(
kBTc
pc

) 1
d

= (βcpc)
− 1
d (5)

with d = 3 and

(βc)
−1 = kBTc (6)

αc and (βc)
−1

are the length and energy units, respec-
tively (subscript c refers to a critical parameter). p (pc) is
the pressure (critical pressure). The superscript star la-
bels dimensionless quantities obtained only using αc and
(βc)

−1
when the thermodynamic properties are normal-

ized per particle [17�19]. On the other hand, in Eq. (4),

∆ρ̃LV,expt =
ρL − ρV

2ρc
(7)

is the practical (symmetrical) dimensionless form of the
order parameter density. ρL (ρV ) is the density of the liq-
uid (vapor) coexisting phase, while ρ (ρc) is the (critical)
mass density. Equation (7) introduces the dimensionless
form ρ̃ = ρ

ρc
of the (mass) density [20, 21]. Correspond-

ingly, the dimensionless ordering �eld is de�ned as

∆µ̃ = µ̃ρ − µ̃ρ,c (8)

where ∆µ̃ is also written using a practical dimensionless
form µ̃ = µρρc

pc
[20, 21] of the chemical potential. µρ

(µρ,c) is the (critical) chemical potential per mass unit.
The subscript ρ distinguishes the thermodynamic quan-
tities which are expressed per mass unit. The related
practical dimensionless variables using critical parame-
ters such as ρc and

ρc
pc

are then decorated by a tilde. The

de�nition of µ̃ρ introduces another unit
pc
ρc
∼
[
energy
mass

]
for

(speci�c) energy. This latter critical ratio di�ers from

(mp̄βc)
−1

by the factor Zc. mp̄ is the (molecular) mass
of the �uid, while the subscript p̄ now recalls for thermo-
dynamic quantities expressed per particle. Correlatively,
the total mass unit (M = 1) of a one-component �uid sys-
tem introduces the critical speci�c volume vc,M=1 = 1

ρc
,

which di�ers from vc,I = kBTc
pc

= (αc)
d
, i.e., the volume

of the critical interaction cell [17]. That provides alterna-
tive choice between two energy units and two length units
which originate from thermodynamics normalized, either
per particle, or per mass unit. However, the comparison
between the two volumes re�ects the extensive nature of
the �uid: at critical density, the amount of matter

mp̄
Zc

is
contained within the microscopic interaction cell of vol-

ume vc,I = (αc)
d
, which is thus �lled with 1

Zc
particles.

Only vc,I = (αc)
d
takes physical meaning in terms of the

short ranged molecular interactions between the 1
Zc

�uid
particles, leading to the appropriate understanding of the
correlation length value, measured in unit of αc.
For ξ∗expt (∆τ∗), κ∗T,expt (∆τ∗), and ∆ρ̃LV,expt (|∆τ∗|), we

expect to de�ne the amplitudes of Eqs. (2) to (4) from
the corresponding two-term restricted forms of, either the
mean crossover functions given in Ref. [9], or the master
crossover functions, as described in Ref. [10]. There-
fore, among the three leading amplitudes ξ+, Γ+ and B,
only two are �uid dependent [22], while among the three
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con�uent amplitudes a+
ξ , a

+
χ , and aM , only one is �uid

dependent. Selecting for example the amplitude set [9]

SA,f =
{
a+
χ ; ξ+; Γ+

}
(9)

to characterize each one-component �uid f , the remain-
ing amplitudes can then be calculated using the following
universal amplitude ratios and combinations

(
ξ+
)−d Γ+

B2
=

RC(
R+
ξ

)d (10)

a+
ξ

a+
χ

= 0.67919 (11)

aM

a+
χ

= 0.9 (12)

with RC = 0.0574 and R+
ξ = 0.2696 [5]. Now, in or-

der to determine the values of SA,Xe =
{
a+
χ ; ξ+; Γ+

}
for

the xenon case, we apply the mean and master theoret-
ical crossover descriptions given in Refs. [9] and [10],
respectively. A mean crossover function valid for any
three-dimensional (uniaxial) Ising-like system refers to a
complete crossover function estimated in Ref. [9] (noted I
in the following). A master crossover function only valid
for any one-component �uid refers to the modi�cation of
this complete function as proposed in Ref. [10] (noted II
in the following).

2.2. Asymptotic characteristic parameters of xenon

The minimal material needed to calculate all xenon
amplitudes is provided by the set of four critical coordi-
nates

Qminc,ap̄ =
{
Tc; pc; vp̄,c; γ

′

c

}
(13)

which localizes the xenon critical point on the phase sur-
face of equation of state Φpap̄ (p, vp̄, T ) = 0. We have

�xed the value Λ∗qe (xenon) = 1 (see Ref. [23] for detail)
to neglect the quantum e�ects at the microscopic length
scale. In Qminc,ap̄ or Φpap̄ , the subscript ap̄ recall for the
thermodynamic description starting from the Helmholtz
free energy of the xenon particle, while vp̄ = mp̄

ρ = 1
n

is the molecular volume and γ
′

c is the common critical
direction at the critical temperature of the critical iso-
choric line and the saturation pressure curve in the p;T
diagram. The selected critical coordinates of xenon are:

Tc = 289.733K,
pc = 5.84007MPa,
ρc = 1113 kgm−3 or vp̄,c = 0.19596 nm3,

γ
′

c = 0.1197MPaK−1,
withmp̄ = 2.1805× 10−25 kg.

(14)

The data sources and references are given in Appendix
A. From Eqs. (14), (5) and (6), we obtain the following
critical values of the energy and length units:

(βc)
−1 = 4.0003× 10−21 J (15)

αc = 0.881498 nm (16)

The values of the scale factors Yc and Zc are :

Zc = pcmp̄
ρckBTc

= 0.28602
Yc = γ

′

c
Tc
pc
− 1 = 4.93846

(17)

Following the results of II and Eqs. (15) to (17), the
xenon values of the dimensionless amplitudes of the char-
acteristic set SA,Xe are:

SA,Xe =


a+
χ = (Yc)

∆Z1,+
χ = 1.23709

ξ+ = (Yc)
−ν Z+

ξ = 0.209338
Γ+ = (Zc)

−1 (Yc)
−γ Z+

χ = 0.0578238


(18)

where the master amplitude set

S{1f}A =


Z1,+
χ = 0.555
Z+
ξ = 0.5729
Z+
χ = 0.11975

 (19)

characterizes the master asymptotic singular behavior of
the {1f}-subclass. The notations are de�ned in II. The
value of the dimensional amplitude ξ+

0 is

ξ+
0 = αcξ

+ = 0.184531 nm (20)

In addition, Eqs. (10) to (12) lead to

B = 1.46762
a+
ξ = 0.840217

aM = 1.11338
(21)

which closes the amplitude de�nitions of Eqs. (2) to (4)
for the xenon case.
Now introducing the scale factor set S

{1f}
SC that char-

acterizes the master {1f}-subclass:

S{1f}SC =

 Θ{1f} = 4.288× 10−3

L{1f} = 25.585
Ψ{1f} = 1.75505× 10−4

 (22)

and the equations:

ϑ (Yc)
−1 = Θ{1f}

g0αc = L{1f}

ψρ (Zc)
1
2 = Ψ{1f}

(23)

where αc, Yc and Zc are given by Eqs. (16) and (17), we
can calculate the scale factor set of xenon

S
{MR}
SF,Xe =

 ϑ = 0.0211752
g0 = 29.0245 nm−1

ψρ = 3.28165 10−4

 (24)
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The scale factors Θ{1f}, ϑ and Yc are de�ned through
the following linear relations betweeen the theoretical (t),
the master (T ∗), and the physical (∆τ∗) temperature-like
�elds

t = Θ{1f}T ∗ = Θ{1f}Yc∆τ∗ = ϑ∆τ∗ (25)

when t → 0, T ∗ = Yc∆τ∗ → 0 and ∆τ∗ → 0, along the
critical isochore (zero value of the magnetic-like �elds)
[3, 6]. Similarly, the scale factors Ψ{1f}, ψρ and Zc are
de�ned through the following linear relations betweeen
the theoretical (h), the master (H∗), and the physical
(∆µ̃) magnetic-like �elds

h = Ψ{1f}H∗ = Ψ{1f}Zc∆µ̃ = ψρ∆µ̃ (26)

when h → 0, H∗ = Zc∆µ̃ → 0 and ∆µ̃ → 0, along
the critical isotherm (t = T ∗ = ∆τ∗ = 0) [3, 6]. The
third (dimensional) scale factor g0 is the adjustable crit-
ical coupling constant of the Φ4 term having a correct
wave number dimension [3] to be introduced in the �t-
ting equation

`th (t) = g0ξexpt (∆τ∗) (27)

The inverse wave number (g0)−1
acts as the physical ad-

justable length in the link between the theoretical dimen-
sionless correlation length (`th) and the physical correla-
tion length (ξexpt) of each one-component �uid. Then,
by exchanging Eq. (27) and the following dimensionless
equation

`th (t) = L{1f}ξ∗expt (∆τ∗) , (28)

we retrieve [see Eq. (23)]

L{1f} = αcg0 (29)

L{1f} links both critical length units de�ned for
{t = 0;h = 0} and {∆τ∗ = 0; ∆µ̃ = 0}, respectively.
Equations (5), (6) and (29) are guarantee for uniqueness
[7] of the length and energy units in the dimensionless sin-
gular behaviors of thermodynamic and correlations func-
tions (whatever the one-component �uid).
After all, mth → 0 and ∆ρ̃ → 0 in the non-

homogeneous domain are related by the equation

mth =
(
L{1f}

)−d
(ψρ)

−1 ∆ρ̃LV,expt, (30)

where mth is the theoretical magnetization-like order
parameter. Accordingly, the theoretical susceptibility
χth (t) =

(
∂mth
∂h

)
t
and the experimental isothermal sus-

ceptibility χ̃T,expt (∆τ∗) =
(
∂∆ρ̃
∂∆µ̃

)
∆τ∗

for �uids, are re-

lated by the equation

χth (t) =
(
L{1f}

)−d
(ψρ)

−2
κ∗T,expt (∆τ∗) , (31)

with χ̃T,expt (∆τ∗) ≡ κ∗T,expt (∆τ∗) when ∆ρ̃ = 0 (see

above). The (three) �tting Eqs. (28), (30) and (31) close

the (three) parameter characterization of the Ising-like
preasymptotic domain since they provide the unambigu-
ous determination of ϑ, L{1f} (or g0), and ψρ , and con-
sequently, a+

χ , ξ
+, and Γ+. Thus, we can also retrieve

the results given in Eqs. (18), using the following set of
equations

a+
χ = ϑ∆Z1,+

χ

ξ+ =
(
L{1f}

)−1
ϑ−ν

(
Z+
ξ

)−1

Γ+ =
(
L{1f}

)d
(ψρ)

2
ϑ−γ

(
Z+
χ

)−1

(32)

where the theoretical amplitude set (see I)

S{MR}
A =


Z1,+
χ = 8.56347(

Z+
ξ

)−1

= 0.471474(
Z+
χ

)−1 = 0.269571

 (33)

characterizes the universal asymptotic singular behavior
of the Φ3(1)-class.
However, we note the top-down hierarchy of Eqs. (32)

that link the amplitude set SA =
{
a+
χ ; ξ+; Γ+

}
and the

scale factor set S
{MR}
SF =

{
ϑ; L{1f} (or g0) ;ψρ

}
for each

one-component �uid. The top equation shows that ϑ
characterizes the lowest order of the �uid con�uent cor-
rections to scaling in an unequivocal manner. Then the
medium equation de�nes the dimensionles number L{1f},
which relates the �uid microscopic wavelength g0 and the
�uid thermodynamic length scale αc through Eq. (29).
Finally, the bottom equation introduces the scale factor
ψρ of the order parameter density. ψρ can be estimated
using any leading amplitude chosen among the ones of
the extensive singular properties, as here above Γ+ in
the isothermal compressibility case. When the dimen-
sionles number L{1f} takes its master value of Eq. (22),
the �uid scale factors ϑ and ψρ are well unequivocally
related to the �uid scale factors Yc and Zc respectively,
as shown by Eqs. (23) and (22).

2.3. Extension of the Ising-like preasymptotic

domain of xenon

The most important result is that the value of ϑ en-

ables the estimation of the extension LfPAD of the Ising-
like preasymptotic domain of the one-component �uid f .
In the xenon case we obtain:

LXePAD '
LIsingPAD

ϑ (Xe)
' 0.9× 10−4 (34)

with

LIsingPAD '
(

0.033
S2

)2

∼= 1.9× 10−6 (35)

In Eq. (35), LIsingPAD corresponds to the extension of the

Ising-like preasymptotic t ≤ LIsingPAD, with S2 = 22.9007



5

(see I). Obviously, this important result can can be re-
treived from the following master extension of the Ising-
like preasymtotic domain of the {1f}-subclass

L{1f}PAD =
LIsingPAD

Θ{1f}
∼= 4.7× 10−4 (36)

using then the relation

LXePAD '
L{1f}PAD

Yc (Xe)
(37)

The crucial problem to de�ne the temperature range of
validity of Eqs. (2) to (4) is solved and Eq. (34) [or
(37)] provides an essential tool for analyzing experimen-
tal data.
In xenon case, the Ising-like preasymptotic domain cor-

respond to the temperature range

T − Tc . TcLXePAD = 26mK (38)

However, in this small temperature range, the experimen-
tal control of the above three parameters characterization
of xenon cannot easily performed for two main reasons:
i) accurate measurements of the singular properties are

generally made in a temperature range which does not
reach the Ising-like preasymptotic domain (anticipating
the results of the next section);
ii) data �tting beyond the Ising-like preasymptotic do-

main generally use a Wegner-like expansion whose valid-
ity is questionable (see I).
As a result, the Ising-like equivalence between the three

independent amplitudes of Eqs. (18) and the three inde-
pendent scale factors of Eqs. (24) is generally obtained
without the suitable precision. Therefore, a more appro-
priate analysis of the experimental results beyond the
Ising-like preasymptotic domain, needs to introduce ad-
ditional �scaling rules� which implicitely account for the
asymptotic (three-parameter) characterization only valid
inside the Ising-like preasymptotic domain. In the next
section, we pay special attention to an analytic method of
determination of the local value of a crossover parameter
that introduces the contribution of the theoretical leading
power law in conformity with the two-scale-factor univer-
sality, when it is applied beyond the Ising-like preasymp-
totic domain.

3. XENON CHARACTERIZATION BEYOND

THE ISING-LIKE PREASYMPTOTIC DOMAIN

3.1. Ising-like nature of the dimensionless

characteristic parameters of xenon

The description of a xenon singular property P ∗ (∆τ∗)
by using a mean crossover function FP (t) (de�ned in I)
in the reduced temperature range ∆τ∗ > LXePAD must
involve contributions of the correction-to-scaling terms
higher than the �rst one. As a consequence, the value

of ϑ introduced by the asymptotical analytic relation
t = ϑ∆τ∗, is associated to an unknown relative tempera-
ture extension LXeEAD, which de�nes the extended asymp-
totic domain such as ∆τ∗ ≤ LXeEAD. In such a �nite �in-
termediate� range LXePAD < ∆τ∗ ≤ LXeEAD, we are not able
to evaluate the e�ective in�uence of the numerous cor-
rections neglected in the massive renormalization scheme
of the φ4

d=3 (n = 1) model (see I for details). We must
solve new correlative di�culties concerning the e�ective
number (which thus can be greater than three) and the
nature (which can originate from the neglected analytical
and con�uent e�ects in the critical massive renormaliza-
tion scheme) of the �uid-dependent parameters.
Therefore, in the absence of information concerning the

extended asymptotic domain for an actual �uid labeled
f , it was proposed [4, 10] to use the following �tting
equation of P ∗ (∆τ∗):

P ∗ (∆τ∗) = P∗0,LZP (∆τ∗)−eP ΠP

(
tD(t)

)
(39)

where the two adjustable parameters are the prefactor
P∗0,L and a single e�ective crossover parameter ϑL intro-
duced through the linear relation:

t = ϑL∆τ∗ (40)

In Eq. (39), each function ΠP

(
tD(t)

)
is given in the form

of a three-term product of the variable tD(t). The expo-

nent function D(t) = ∆MFS2
√
t+∆

S2
√
t+1

is independent of P ∗

and express the crossover of the e�ective con�uent expo-
nent which varies between ∆ and ∆MF = 1

2 in the com-
plete range t = {0,∞}. Among the prefactors P∗0,L, only
two (noted below L∗0,L, X∗0,L), are �uid-dependent to be
conform with the two-scale-factor asymptotic universal-

ity. ϑL is thus only characteristic of the extension LfEAD
of the critical crossover. For the three singular properties
P ∗ =

{
ξ∗expt;κ

∗
T,expt; ∆ρ̃LV,expt

}
of present interest, the

new �tting equations thus read:

ξ∗expt (∆τ∗) = ξexpt(∆τ
∗)

αc
= L∗0,L

Z+
ξ (∆τ∗)νΠ+

ξ (tD(t)) (41)

κ∗T,expt (∆τ∗) = X∗0,L
Z+
χ (∆τ∗)γΠ+

χ (tD(t)) (42)

∆ρ̃LV,expt (|∆τ∗|) = M∗0,LZM (|∆τ∗|)β ΠM

(
|t|D(|t|)

)
(43)

where the Ising-like nature of the asymptotic universality
is maintained through the following combination of the
three prefactors :(

L∗0,L
)−d X∗0,L(

M∗0,L
)2 = 1, (44)

For each �uid f , the new (three-parameter) characteristic
set reads

S
{MR}
1CP,Lf =

{
ϑL; L∗0,L; X∗0,L

}
, (45)
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where the subscript 1CP,Lf recalls for the use of the
single crossover parameter ϑL that de�nes the Ising-like

extended asymptotic domain ∆τ∗ . LfEAD = LIsing
EAD

ϑL
of

the �uid. The set of Eq. (45) replaces the set S
{MR}
SF,f =

{ϑ; g0;ψρ} of Eq. (24), previously de�ned in the Ising-
like preasymptotic domain.
In comparison to the previous �tting Eqs. (28), (30),

and (31), the noticeable modi�cation of Eqs. (41) to (43)
appears in each leading term in which ϑL is no longer
involved in the asymptotic scaling part of the critical
behavior expressed in terms of the physical �eld ∆τ∗.
Moreover, X∗0,L and L∗0,L are two characteristic prefac-
tors of f , provided that the same length unit was used

to de�ne the dimensionless quantities of Eqs. (41) and

(42) [7]. Correlatively, ϑL is a pure crossover parameter,
with the same value above and below Tc, which exclu-
sively controls the magnitude of many correction terms
to scaling. In addition, ϑL can also integrate some ef-
fects of the neglected terms linked to the supplementary
con�uent exponents, such as ∆2 or ∆3, accounting for
practical numerical approximations such as ∆2 ≈ 2∆ or
∆3 ≈ 3∆. ϑL can also include the analytic contributions
when T replaces Tc in the energy unit or in the dimen-
sionless form of the temperature distance to the critical
temperature, and when we consider Massieu forms of the
singular thermodynamic potential. For each �uid f , the
determination of ϑL is then e�ectively equivalent to the

determination of LfEAD. Therefore, as suggested in Ref.
[4], from �tting of the correlation length, the suscepti-
bility, and the speci�c heat in the homogeneous and non
homogeneous domains, and �tting of the coexisting den-
sity measurements in the non-homogeneous domain, one
must verify the uniqueness of the ϑL value (along the
critical isochore). Considering all these properties allows

a consistent test for the determination of the set S
{MR}
1CP,Lf ,

in coherence with the basic hypotheses of the renormal-
ization group approach at the origin of the theoretical
crossover functions. To avoid this large task, �rst we
analyze in � 3.2 the Ising-like consequences of the hypo-
thetic existence of a single scale factor ϑL for the xenon
correlation length case in the homogeneous domain.

3.2. Experimental, master and universal singular

behavior for the dimensionless correlation length

case

The experimental precision of the correlation length
measurements along the critical isochore of xenon is not
su�cient to estimate accuratly the con�uent corrections
to scaling [24]. Accordingly, its singular behavior is of-
ten given as a pure power law [25�27] applied in a large
temperature range. However, in such a large tempera-
ture range, it is also clearly established that the con�uent
corrections have a signi�cant contribution to the singu-
lar behavior of thermodynamic properties of xenon, as in
the isothermal compressibility and order parameter den-

sity cases [15, 16]. Therefore, the universal values of the
amplitude ratios of Eqs. (11) and (12) are not accounted
for correctly and some inconsistencies are introduced in
the Ising-like universal features of xenon properties.
Nevertheless, using for example the Gut-

tinger and Cannell �tting result ξGC =
0.184 nm (∆τ∗)−0.63

[
1 + 0.55 (∆τ∗)0.5

]
[15], and

the value αc = 0.881508 nm of Eq. (16), we can
represent the experimental singular behavior of the
dimensionless correlation length ξ∗expt (∆τ∗) = ξGC

αc
in

the ξ∗; ∆τ∗ diagram of Fig. 1 (see continuous blue
curve labeled e) in the reduced temperature range
beyond the Ising-like preasymptotic domain. Now we
assume the existence of a single value of the xenon
crossover parameter ϑL, with t = ϑL∆τ∗, such as the
curve of Eq. (41) matches exactly the Guttinger and
Cannell curve in this experimental temperature range
LXePAD = $t∆

ϑL
< ∆τ∗ . LXeEAD < t∆

ϑL
. We will introduce

the de�nitions of t∆ and $t∆ below. Accordingly, we
have illustrated by the black segment labeled ED the
experimental domain where this hypothetic situation is
valid, which can be also measured in T −Tc values in the
upper axis of Fig. 1. Since the single value ϑL is assumed
known, only the additional knowledge of the prefactor
L∗0,L of Eq. (41 is needed to obtain any matching with

an experimental value of ξ∗expt (∆τ∗). The subscript L
recall here for the �non-asymptotic� character of the
two parameters ϑL and L∗0,L, i.e., for their hypothesized
existence beyond the Ising-like presaymptotic domain.
The latter, i.e. T − Tc . TcLXePAD = 0.026K of Eq. (38),
is schematized by the dotted arrow labeled PAD(Xe) in
the upper axis of Fig. 1). Selecting then the temperature
distance T − Tc = 1K as a typical value satisfying the
mandatory condition T − Tc � 0.026K, we will shown
below how ϑL and L∗0,L are involved in the geometrical
construction of the point Ae in Fig. 1, which corresponds

to ξ∗expt
(
∆τ∗ = 3.45× 10−3

)
= ξexpt

αc
' 7.8.

In the �tting Eq. (41), the Z+
ξ Π+

ξ

(
tD(t)

)
term is pro-

vided by the theoretical crossover function (see I)

`th (t) =
t−ν

Z+
ξ Π+

ξ

[
tD(t)

] (46)

In the `th; t diagram of Fig. 1, `th (t) is represented by
the full red curve u in the intermediate Ising-like univer-

sal domain LIsingPAD ≤ t ≤ t∆, which corresponds to the red
segment labeled ED (see also the ending vertical arrows

LIsingPAD and t∆). LIsingPAD is given by Eq. (35). t∆ is the
theoretical crossover temperature (see I) given by

t∆ '
(

1
S2

)2

∼= 1.9× 10−3 (47)

The universal function D (t) takes the e�ective mean
value D (t∆) = ∆+∆MF

2 at t∆. Then t∆ characterizes
the exchange between the prominent Ising-like nature of
the con�uent exponent due to the value ∆ = 0.50189
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Figure 1: (Color on line) Correlation lengths as functions of their respective thermal-like �elds (log-log scale). Full curves:
crossover functions. Tireted lines: corresponding asymptotic power laws of slope ν. Blue, e, 1, Ae, E : experimental (xenon)
case ξ∗expt (∆τ∗) [see Eq. (48)]. Red, u, 2, Au, U : universal case `th (t) [see Eq. (46)]. Green, m, 3, Am, M : master case

`∗ (T ∗) [see Eq. (63)]. Horizontal and vertical, red (ϑL,L∗L), green (Θ{1f},L{1f}), and blue (Yc) arrows: scale factors of Eqs.
(60), (61) and (62)]. Colored circles, crosses, right corners, and squares : in same geometrical correspondance. Horizontal blue
(label ED), red (UD) and green (MD) segments : intermediate crossover ranges of validity (see text). Vertical red arrow at
∆τ∗ = t = T ∗ = 1: metric parameter L∗0,L of Eq. (59). E, U, M, y-coordinates : respective prefactors parameters of Eqs. (48),
(46), and (63). For other symbols and labels see text. See also Figs. 1 in Refs. [28] and [10].

approaching the non-trivial �xed point [t � t∆], to
its prominent mean �eld-like nature due to the value
∆MF = 1

2 approaching the Gaussian �xed point [t �
t∆]. As shown in I by introducing the practical relation

LIsingPAD = $t∆ in Eq. (35), with $ ∼= 10−3, we separate,
either the Ising-like preasymptotic domain t . $t∆ [see
arrow labelled PAD(MR) in Fig. 1], or the intermediate
Ising-like crossover domain $t∆ < t . t∆ [see horizon-
tal red segment labeled UD in Fig. 1]. We observe that
`th ($t∆) = 1916, while `th (t∆) = 28.8. Therefore, the
Ising-like preasymptotic domain of interest in � 2 corre-
sponds to `th & 1900. Here we are concerned by approxi-
matively two-decades of the curve u, i.e., 2000 & `th & 20
and our following purpose concerns especially the point
Au on this theoretical curve. Obviously, from our above
hypothesized description, the experimental blue curve la-
beled e in Fig. 1 should be represented by the following
theoretical crossover function

ξ∗MR (∆τ∗) =
L∗0,L (∆τ∗)−ν

Z+
ξ Π+

ξ

[
(ϑL∆τ∗)D(ϑL∆τ∗)

] (48)

where the subscript MR recall for the massive renor-
malzation scheme. Equation (48) contains the implicit
geometrical link between the Ising-like theoretical point
Au and the experimental point Ae that is only depending
on ϑL and L∗0,L.
In Fig. 1, the relation t = ϑL∆τ∗ corresponds to the

horizontal red arrow AuN (with label ϑL) between the
x-coordinates of the points Ae and Au. The singleness
of ϑL implies the unequivocal determination of any �rst-
amplitude a+

P,L of con�uent corrections to scaling, using
the following independent equation:

a±P,L = − (ϑL)∆ Z1,±
P (49)

where Z1,±
P is given in I. A single irrelevant �eld respon-

sible of the con�uent corrections to scaling is then only
characterized by the non-asymptotic crossover parame-
ter ϑL, in conformity with the universal features calcu-
lated for the lowest exponent ∆. On the other hand, for
∆τ∗ → 0, the leading amplitude of the pure asymptotic
power law ξ∗MR (∆τ∗) = ξ+

L (∆τ∗)−ν can be calculated
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without reference to ϑL, using the equation:

ξ+
L = L∗0,L

(
Z+
ξ

)−1

(50)

The �metric� nature of L∗0,L is then shown in Fig. 1 by
the vertical arrow EU at t = ∆τ∗ = 1. The point E of
y-coordinate ξ+

L is located on the tireted blue line 1 of

experimental pure power law ξ∗MR (∆τ∗) = ξ+
L (∆τ∗)−ν .

The point U of y-coordinate
(
Z+
ξ

)−1

is located on the

tireted red line 2 of theoretical pure power law `th (t) =(
Z+
ξ

)−1

t−ν (for clarity only a limited part of the lines

of slope ν is represented).
However, we can also re-introduce the scale factor na-

ture of ϑL in the pure asymptotic description. The new
asymptotic parameter L∗L is thus de�ned by the equation

L∗L =
[
L∗0,L (ϑL)ν

]−1
(51)

A better understanding of the role of L∗L, needs to de�ne
simultaneously the dimensional prefactor L0,L, the lead-
ing amplitude ξ+

0,L, and the �microscopic� wave number
g0,L of xenon by the following equations

L0,L = αcL∗0,L, (52)

ξ+
0,L = L0,L

(
Z+
ξ

)−1

, (53)

g0,L = (L0,L)−1 (ϑL)−ν =
[
αcL∗0,L (ϑL)ν

]−1
. (54)

where the subscript L recalls for the non-asymptotic
origin of these new parameters that are ϑL- and L∗0,L-
dependent. Accordingly, the dimensional power law
ξMR (∆τ∗) = ξ+

0,L (∆τ∗)−ν is known, while the �tting

equation (with t = ϑL∆τ∗)

ξMR (∆τ∗) = (g0,L)−1
`th (t) (55)

is valid on the complete temperature range ∆τ∗ . LXeEAD.
Then, Eq. (51) can be complemented as follows

L∗L = g0,Lαc =
αc

ξ+
0,L

[
Z+
ξ (ϑL)ν

]−1

=
[
ξ+
LZ+

ξ (ϑL)ν
]−1

(56)
When αc is known and the singleness of ϑL hypothesized,
the parameter L∗L can be substituted to the parameter
L∗0,L by using Eq. (56). The two dimensionless parame-

ters {ϑL; L∗L} take a similar asymptotic scale factor na-

ture to
{
ϑ; L{1f}

}
de�ned in SSF of Eq. (24)], except

that their subscript L recalls for the non-asymptotic hy-
pothesized introduction of ϑL and L∗0,L, which was made
considering the experimental range beyond the Ising-like
preasymptotic domain. On other words, the extrapo-
lated pure power laws illustrated by the tireted blue

and red lines within the Ising-like preasymptotic do-
main are obtained without any reference to experimen-
tal measurements performed in the temperature range
T − Tc ≤ TcLXePAD = 0.026K. In Fig. 1, this (non-
asymptotic) �scale factor� nature of ϑL and L∗L is illus-
trated by the horizontal and vertical red arrows corre-
sponding to the ratios of x- and y-coordinates of the
points Ae and Au of the curves e and u, beyond the
Ising-like presymptotic domain. Obviously, in these in-
termediate Ising-like crossover domains, the same match-
ing occurs for all points of the full curves e and u due to
the singleness of ϑL and the scale factor nature of ϑL
and L∗L, as illustrated for example by the corresponding
crosses, righ corners, and squares. The crosses corre-
spond to the borderline of the Ising-like preasymptotic
domains, while the right corners and squares de�ne the
conditions ξ∗MR ' 2.7 and ξ∗MR = 1, respectively, which
will be discussed below.
The missing geometrical link with our previous descrip-

tion of the Ising-like preasymptotic domain made in Sec-
tion 2, can be provided by the master description of the
correlation length of any one-component �uid [28]. As
a matter of fact, if the xenon scale factor L∗L takes the

master value L{1f} of Eq. (29), thus the �tting Eq. (28)
is true and the identity ϑL ≡ ϑ is valid. In that addi-
tional hypothetic situation for xenon, our previous de-
scription of the correlation length by the two-term Eq.
(2) is valid within the Ising-like preasymptotic domain.
The comparison with the �tting Eq. (55) obtained from
measurement data beyond the Ising-like preasymptotic
domain shows immediately that both non-asymptotic pa-
rameters ϑL and (g0,L)−1

must be unequivocally related
to the critical parameters Yc and αc respectively, through
the equations

ϑL
Yc

= Θ{1f} (57)

L∗L = g0,Lαc ≡ L{1f} (58)

As a correlative result, the prefactor L∗0,L must be
also unequivocally related to the critical parameter Yc
through the equation (see II):

L∗0,L = Z+
ξ Z+

ξ (Yc)
−ν

= 1

[L{1f}×(Θ{1f})ν ] (Yc)
−ν (59)

Finally, by assuming the singleness of ϑL and the iden-

tity L{1f}L ≡ L{1f}, we observe that the initial hypothetic
�non-asymptotic� parameters ϑL and L∗0,L are only de-
pendent of Yc. But Yc is a parameter strictly de�ned at
the critical point that implies a pure �Ising-like� nature of
the con�uent corrections to scaling due to a single irrel-
evant �uid �eld. Indeed, in the scale dilatation method
[19], the scale factor Yc has been obtained from a physical

quantity expressed in units of
[
kB

(αc)
d = pc

Tc

]
, which intro-

duces a characteristic value of the entropy per particle
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[29]. Yc is then only dependent of our selected critical
length unit of Eq. (5). For the correlation length mea-
sured in unit of the thermodynamic length unit αc, the
con�uent corrections to scaling are governed by a single
characteristic parameter of the critical interaction cell of

volume vc,I = (αc)
d
, �lled by nc,I = ρc

kBmp̄
(αc)

d = 1
Zc

particles. In other words, the asymptotic master contri-
bution of the con�uent corrections for the {1f}-subclass
is well due to the master properties of the critical interac-
tion volume only characterized by the two dimensionless

numbers Yc and Zc (see also II). Our present hypothetic
introduction of ϑL and L∗0,L to describe the xenon corre-

lation length by Eq. (48) is then Ising-like equivalent to
our previous introduction (see II) of the two dimension-
less parameters Θ{1f} and L{1f} to obtain the asymp-
totic matching between (two-terms) master and universal
crossover functions for correlation length.
However, the fact that Θ{1f} of Eq. (23) is also a mas-

ter constant for all pure �uids is already contained in our
previous hypothesis that L{1f} is a master constant for
all pure �uids. The single needed material is the unique-
ness of the length unit to express the correlation func-
tions and the thermodynamic functions in dimension-
less forms. Accordingly, the identity ϑL ≡ ϑ is strictly

Ising-like equivalent to any other identity L{1f}L ≡ L{1f},
L∗0,L ≡ L∗0 or L0,L ≡ L0. That gives fundamental interest
to recall that the following interrelated variable rescalings

ξ∗expt → `th = L{1f}ξ∗expt
∆τ∗ → t = ϑ∆τ∗

(60)

ξ∗expt → `∗ ≡ ξ∗expt
∆τ∗ → T ∗ = Yc∆τ∗

(61)

`∗ → `th = L{1f}`∗
T ∗ → t = Θ{1f}T ∗ (62)

provide the asymptotic theoretical matching of the ex-
perimental, universal and master singular behavior of the
correlation length within the Ising-like preasymptotic do-
main, as described in � 2.
Therefore, accounting for Eqs. (60) to (62), Fig. 1 can

be complemented by the full green curve (labeled m) of
master crossover equation [28]

`∗ (T ∗) =
Z+
ξ (T ∗)−ν

Π+
ξ

[(
Θ{1f}T ∗

)D(Θ{1f}T ∗)
] (63)

applied in the intermediate Ising like crossover domain
of present interest (with Λ∗qe = 1 in the xenon case
[23]). Accordingly, we have located the point Am of

coordinates
{
T ∗ = Yc∆τ∗;

ξexpt(∆τ
∗)

αc

}
, while the tireted

green line (labeled 3) corresponds to the pure power law

`∗ = Z+
ξ (T ∗)−ν . The respective master �scale factor�

role of L{1f} and Θ{1f} is illustrated by the vertical and

horizontal green arrows corresponding to the ratios of y-
and x-coordinates of the points Am and Au of the curves
m and u. The phsyical �scale factor� role of Yc is given
by the horizontal blue arrow corresponding to the ratios
of x-coordinates of the points Am and Au. As previously
mentioned, the same matching occurs for the correspond-
ing crosses, righ corners, and squares of the three curves.
In an equivalent manner, at t = T ∗ = 1, the respective
�metric� nature of the prefactors of Eqs. (46) and (63)
is given by the y-coordinates of the points M and U on
lines 3 and 2, respectively. The intermediate Ising-like
master crossover domain corresponds to the correlation
length range 70 . `∗ (T ∗) . 1 de�ned for the tempera-
turelike range such as $t∆

Θ{1f}
. T ∗ . t∆

Θ{1f}
(see the green

segment labeled MD in Fig. 1).
Therefore, the Ising-like equivalence between the ex-

pected identities ϑL ≡ ϑ, L{1f}L ≡ L{1f}, or L∗0,L ≡ L∗0 is
given in Fig. 1 as a geometrical form of length equal-
ity between horizontal and vertical segments such as:
PAu = AeAm + NAe, NAu = PAm, or EM = EU + UM
[see Eqs. (66) to (68)]. Obviously, the results of Ref.
[28] have shown that the Ising-like nature of these scale
factors and prefactors is valid in the master extended
temperature-like range T ∗ . 0.15 − 0.2 which satis�es
the condition `∗ (T ∗) & 2.5 − 3. The right corners in
the three curves representing the di�erent forms of the
singular correlation length are representative of these
Ising-like extended asymptotic domains. For the xenon
case, the corresponding Ising-like extended asymptotic
domain is such that ∆τ∗ . LXeEAD ' 2 × 10−2, i.e.,
T −Tc . TcLXeEAD ' 5.5− 6K, as illustrated in the upper
horizontal axis of Fig. 1. In the next � 3.3, we discuss the
Ising-like equivalent nature of the experimental and the-
oretical crossovers until the critical-to-classical crossing
temperatures (square symbols).

3.3. Critical-to-classical crossing temperatures

As a direct consequence of the unequivocal link be-
tween ϑ ≡ ϑL and Yc, the identity

`th (t)
L{1f}

≡ ξexpt (∆τ∗)
αc

(64)

occurs with t = 0.0211752∆τ∗ for the xenon case. There-
fore, the condition ξexp (∆τ∗) ∼ αc, where the xenon
correlation length is of the order of the molecular in-
teraction range in �uids [17], corresponds to the condi-
tion `th (t) ∼ L{1f} ' 25.7. This latter value is of the
same order as `th (t = t∆) ' 28.8 at the crossover tem-
perature t∆. As shown in I, t∆ is a convenient sensor
to localize the t-range of the critical-to-classical crossing
temperatures where the e�ective theoretical exponents

eP,e,th (t) = −∂Ln[FP (t)]
∂Ln(t) [14] crosse their mean crossover

value eP, 12

(
te
P, 12

)
= eP+eP,MF

2 (see Figure 4 in I). For the

correlation length and susceptibility cases, tν 1
2

∼= 3×10−3
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and tγ 1
2

∼= 4 × 10−3, respectively, with `th

(
tν 1

2

)
= 22.2

and `th

(
tγ 1

2

)
= 18.8. Therefore, the Ising-like promi-

nent nature of FP (eP,th), de�ned by the equivalent condi-

tions `th (t) & L{1f} or eP,e,th (t) ⊂
{
eP , eP, 12

}
, is similar

to the Ising-like prominent nature of the con�uent func-
tion D(t) in the temperature-like range t . t∆. Accord-
ingly, the experimental condition ξexpt (∆τ∗) & αc, or the
measured e�ective exponents such as 0.63 > νe & 0.57
and 1.24 > γe & 1.12, can be well-understood as related
to the Ising-like prominent nature of the crossover be-
havior. Therefore, Eq. (64), with t = 0.0211752∆τ∗,
provides a useful tool to analyze the singular behavior
of a xenon properties expressed, either as a function of
∆τ∗ (using for example an horizontal (lower) axes), or
as a function of `th (t) (using for example an horizon-
tal (upper) axes) in a same diagram. Anticipating for
example the discussion of the isothermal compressibil-
ity case given in � 3.4 and Appendix C, we can im-
mediatly undestand that the e�ective exponent value
γe,expt = 1.206 measured by Güttinger and Cannell [15]
implies that the equation γe,th (t) = γe,expt (∆τ∗) is satis-
�ed for t ∼= 9.08×10−5 where `th (γe,th = 1.206) ∼= 174.7,
leading to match the experimental correlation length

value
ξexpt
αc

= `th
25.7

∼= 6.77 at ∆τ∗ ∼= 4.3 × 10−3, i.e.,
T − Tc ∼= 1.25K. In Appendix B, we will con�rm that
the e�ective value γe,expt = 1.206 is precisely observed in
the Güttinger and Cannell experiment at this tempera-
ture distance.

More generally, the asymptotic scale factor nature of
L{1f} in Eq. (64) implies that the uniqueness of the
critical length unit is a necessary condition for a better
understanding of the extension range of the Ising-like uni-
versality. Indeed, the Ising-like asymptotic matching of
the di�erent expressions of the correlation length implies
equivalent Ising-like asymptotic matching of any other
forms of each singular thermodynamic property, by virtue
of hyperscaling. In other words, from the hypothesis of a
single crossover parameter and the use of a single length
unit, all pure �uid crossover functions are �Ising-like� uni-
versal:

i) only over the temperature range where the crossover

parameter is unique;

ii) only for a common dimensionless critical length
L{1f} of all �uids which obeys to this single parameter
crossover description.

Beyond the preasymptotic domain, we can thus use
an alternative facet of the Ising-like universality of each
mean crossover function FP (t). Indeed, we can intro-
duce the e�ective universal behavior of its local expo-
nent eP,th (t) to asymptotically transform each thermo-
dynamic property P ∗ (∆τ∗) into its theoretical univer-
sal function FP (eP,th). Our following approach of the
crossover universality beyond the preasymptotic domain
illustrates this transformation in a self-consistent manner
for the susceptibility case, using the universal and exper-
imental e�ective amplitudes attached to the local power

laws with e�ective exponents, as initially introduced by
Kouvel and Fisher in Ref. [14] and already used in II.

3.4. E�ective crossover beyond the Ising-like PAD:

the compressibility case as a typical example

The local values of the e�ective exponent γe,th (t) and
e�ective amplitude Z+

χ,e (t) can be estimated by the equa-
tions

γe,th (t) = −∂Ln [χth (t)]
∂Lnt

(65)

Z+
χ,e (t) =

χth (t)
t−γe

(66)

where χth (t) is given in I. Eliminating t [then si-
multaneously eliminating the scale factor ϑL (or ϑ),
since t = ϑL∆τ∗], the theoretical classical-to-critical
crossover is characterized by a �universal� theoreti-
cal curve Z+

χ,e (γe,th) over the complete range γMF ≤
γe,th (t) ≤ γ (see the mixed red curve labeled Φ3 (1)-MR
in Fig. 2).
Our present interest is restricted to the Ising-like range

γe,th (t) ≥ γ 1
2

= γ+γMF

2 (see � 3.3 and the corresponding

Ising-like behavior de�ned in the upper part of Fig. 2).
The theoretical Ising-like limiting point takes universal

coordinates
{
γ;
(
Z+
χ

)−1
}
(upper cross in Fig. 2). The

small extension γ − γe,th . Z1,+
χ ∆

(
LIsingPAD

)∆

≈ 0.006
of the Ising-like preasymptotic domain is magni�ed in
the insert of Fig. 2. On the other hand, the curve aT
corresponds to the asymptotic singular behavior of the

derivative
(
∂Z+

χ,e

∂γe

)
γe→γ

of equation

(
∂Z+

χ,e

∂γe

)
γe,th→γ

=
(
Z+
χ

)−1

1 +
(
γ−γe,th
∆|Z1,+

χ |

)−( γ−γe,th∆

)

(
1− log

[
γ−γe,th
∆|Z1,+

χ |

])(
γ−γe,th

∆

)}
(67)

The vertical double arrow with label (1) indicates the log-

arithmic divergence of
(
∂Z+

χ,e

∂γe

)
γe,th→γ

[see Eq. (67) and

II]. We note the signi�cant di�erence between the curve
aT and the curve (S) which results from �analytic� error-

bar correlation between the Ising values of γ and
(
Z+
χ

)−1
.

As a matter of fact, the curve (S) corresponds to the lin-

earized slope ζ+
χ,0 = (Z+

χ,max)
−1−(Z+

χ,min)
−1

γmin−γmax = 0.007171
0.0025875 '

2.8 between the respective bounded coordinates of points
A and B (see inserted table in Fig. 2 and Ref. [4] for data
sources).
Since only two parameters (X∗0,L and ϑL) are free in

�tting Eq. (42), Fig. 2 illustrates how the adjustable
(metric) prefactor X∗0,L contributes to localize the �uid
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Figure 2: (Color on line) E�ective dimensionless amplitudes - exponent diagram for the susceptiblity case. Upper mixed red
curve labeled Φ3 (1)−MR : theoretical crossover function, see I and Eqs. (65) and (66). Lower full blue curve labeled Xe−GC4

: experimental (xenon) �tting function, see Eqs. (69) to (71) [15]. Lower dotted red curve labeled Xe − MR: theoretical-
experimental matching equation of the Ising-like behavior (γ 1

2
< γe<γ) in xenon case, see Eq. (42) and text. Vertical double

arrays: two-parameter transformation fγe
(
X∗0,L, ϑL

)
from upper (T) and lower (P) points (circles) at constant γe 6= γ and

one-parameter transformation fγ
(
X∗0,L

)
for the Ising-like limiting points (crosses) at γe ≡ γ. Curve labeled aT (aP ) : e�ective

Ising-like behavior of Eq. (67) beyond the Ising-like preasymptotic domain (experimental case). Insert : details of the singular
(logarithmic) behavior (vertical double array labeled (1)) of Eq. ((67)) within the Ising-like preasymptotic domain of thickness

LIsingPAD (see text). For other symbols and labels see text. Se also Fig. 4 in Ref. [10].

Ising point of coordinates
{
γ; Γ+ = X∗0,L

(
Z+
χ

)−1
}
. This

latter point is represented by the lower cross in Fig. 2 at
the exact Ising value of the exponent for the critical xenon
case. The amplitude tansformation fγ

(
X∗0,L

)
≡ X∗0,L is

schematized by the double array between the two crosses
at the x = γ coordinate. Therefore, the introduction of
the true value Γ+ = Z+

χ (Zc)
−1 (Yc)

−γ
, as calculated in

Eq. (18), �xes the value of the xenon prefactor using the

following equation (see II)

X∗0,L = Z+
χ Z+

χ
(Yc)

−γ

Zc

=
(
L{1f}

)d (
Ψ{1f}

)2 (
Θ{1f}

)−γ (Yc)
−γ

Zc

(68)

The value of X∗0,L depends on the three asymptotic scale

factors ϑ, L{1f} (or g0), and ψρ. Here X∗0,L governs the
universal matching of the Ising-like limiting point and
acts in a equivalent manner to L∗0,L in our previous anal-
ysis of the correlation length case. However, in this pre-
vious case, the value of L∗0,L only depended on ϑ and

L{1f} (or g0), while L{1f} was a master constant which
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has �xed g0 knowing αc. Therefore, ϑ and ψρ (the lat-
ter being implicitly contained in X∗0,L only, due to the

extensive nature of the susceptibility) are the two �uid-
dependent parameters satisfying the two-scale factor uni-
versality. In principle, the critical divergence in the initial
slope at the limiting points provides the second �Ising-like
constraint� to determine unambiguously the true asymp-

totic scale factor ϑ [through the relation ϑ =
(
a+
χ

Z1,+
χ

) 1
∆
of

Eq. (32), as previously mentioned in � 2.2]. Nevertheless,
our previous description of the Ising-like preasymptotic
domain and its above geometrical illustration underline
the challenging (theoretical and experimental) di�culties
to provide the exact characterization of the asymptotic
scaling when a property reaches the Ising-like limiting
point along a curve of universal, but in�nite, slope for all
the physical systems.
On the other hand, the description of the γe-variation

in the range γ − γe & 0.015 (i.e., in a temperature
range signi�cantly beyond the Ising-like preasymptotic
domain), can be explicited in terms of universal but �nite
quantities. As already noted in our Introduction, that
only needs to correctly �t the isothermal compressibil-
ity data by any continuous function κ∗T = f (∆τ∗) over

the restricted temperature range LIsingPAD ≤ ∆τ∗ ≤ ∆τ∗max
covered by the experiments. In Appendix C for exam-
ple, we will consider the useful case of an e�ective power
law f (∆τ∗) = Γ+

e (∆τ∗)−γe which was commonly used
in data analysis at large distance from Tc. Hereafter we
use the Güttinger and Cannell's susceptibility data �tted
by the (four terms) Wegner-like expansion (labeled GC4,
see also Appendix B].

κ∗T,expt (∆τ∗) = Γ+ (∆τ∗)−γ
[
1 + a+

1χ (∆τ∗)∆ +

a+
2χ (∆τ∗)2∆ + a+

3χ (∆τ∗)3∆
] (69)

The critical exponents γ = 1.241 and ∆ = 0.496 [30]
were �xed to the theoretical values calculated at the time
by Le Guillou and Zinn-Justin from the renormalization-
group approach. The values of the adjustable parameters
were Γ+ = 0.0577 (±0.0001), a+

1χ = 1.29 (±0.03), a+
2χ =

−1.55 (±0.2), a+
3χ = 1.9 (±0.5) (the error bars quoted

are one standard deviation allowing for the correlation
between parameters, with an uncertainty of ±0.5mK on
the Tc value, see Appendix B). We can then de�ne the
following e�ective exponent by :

γe,expt (∆τ∗) = −
∂Ln

[
κ∗T,expt (∆τ∗)

]
∂Ln (∆τ∗)

(70)

and its attached e�ective amplitude by :

Γ+
e (∆τ∗) =

κ∗T,expt (∆τ∗)

(∆τ∗)−γe,exp
(71)

The resulting single curve Γ+
e (γe,expt) is illustrated in

the lower part of Fig.2 (see the full blue curve labeled

Xe − GC4). The expected (two parameter) transfor-
mation f

(
X∗0,L, ϑL

)
schematized by a double array be-

tween the two points T and P on curves of well-de�ned
�nite slope, insures that the �xenon� theoretical curve
(see the dotted red line labeled Xe −MR) matches the
Xe−GC4 curve. This transformation must contain both
constraints needed to satisfy the (point) position and the
related (tangent) direction. Therefore, the scaling na-
ture of the matching beyond the Ising-like preasymptotic
domain is signi�cantly di�erent in the �tting procedure
which either eliminates or accounts for the contribution
of the leading term. In the latter situation, we can then
replace the prefactor X∗0,L by the true leading amplitude

Γ+, as seen below.
In the �rst case without contribution of the leading

term at large temperature distance, the �t procedure
based on Eq. (42) is mainly equivalent to a predominant
constraint in �position� given by the following relation
between the two e�ective exponents:

γe,expt (∆τ∗) ≡ γe,th [ϑL (∆τ∗)] (72)

We numerically solve Eq. (72), using Güttinger and Can-
nell's �tting results given by Eq. (69), then providing the
γe (∆τ∗) and ϑL (∆τ∗) values as a function of ∆τ∗. Both
results are shown by the curve labeled GC4 in Fig. 3a
[γe as a function of ∆τ∗], and the curve labeled 1 in Fig.
3b [ϑL as a function of ∆τ∗], respectively.
In the second case, to account for the contribution of

the leading term, it is necessary to use the following scal-
ing relation between the two e�ective amplitudes

Γ+
e = (ϑL)γ−γe X∗0,LZ+

χ,e (73)

Now, the transformation

fγe
(
X∗0,L, ϑL

)
= X∗0,L (ϑL)γ−γe (74)

is explicit in Eq. (73). Its takes an e�ective power law
form of the crossover parameter ϑL, while the prefactor
X∗0,L has (as expected above) the same value whatever

the γe (= γe,expt = γe,th) value is. Equation (74) distin-
guishes the metric nature of X∗0,L and the scale factor

nature of ϑL (as in our previous analysis of the correla-
tion length case). The both constraints in �position and
direction� are correctly taken into account. Therefore,
we can use the following equation

Γ+ = X∗0,L
(
Z+
χ

)−1
(75)

to eliminate X∗0,L and to introduce the true asymptotic

amplitude [which constraints the position of the Ising-
like limiting point of the experimental curve in Fig. (2)].
That infers the pure ϑL-dependence of the righ-hand-side
of equation

Γ+
e

Γ+
= (ϑL)γ−γe

Z+
χ,e(

Z+
χ

)−1 (76)
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Figure 3: (Color on line) Ising-like crossover behaviors (xenon

case) of γe (a), ϑL (b), and R% (ϑL)ϑ = 100
(
ϑL
ϑ
− 1
)
(c),

with ϑ = 0.021175 of Eq. (24), as a function of ∆τ∗ (lower
horizontal axis) and `th (upper horizontal axis). Part (a):
black curve labeled MR: crossover function of Eq. (65); red
curve labeled GC4: Güttinger and Cannell [15] �tting Eq.
(69); right corner and square: γe at temperature distances
de�ned in Fig. 1; right side colored arrows : local values of the
classical-to-critical crossing conditions de�ned in text. Parts
(a) to (c), blue points : corresponding results at ∆τ∗γe,th =

4.347×10−3 (see Appendix B). Parts (b) and (c), curve 1: Eq.
(72); curve 2: Eq. (84); Curve m: mean value of curves 1 and
2. Part (c) : residual isoclines of Eq. (B7) with δΓ+

e = ±0.2%
and δΓ+

e = ±0.02% (see Appendix B). For other symbols and
labels see text.

and leads to the unequivocal determination of ϑL when
Γ+, γe and Γ+

e are known, through the equation

ϑL =
(

1
Z+
χZ+

χ,e
× Γ+

e

Γ+

) 1
γ−γe

(77)

Eq. (77), applied in the extended asymptotic domain
∆τ∗ . LXeEAD, has equivalent Ising-like meaning as the

Figure 4: (Color on line) Ising-like crossover behaviors (xenon

case) of βe (a), ϑL (b), and R% (ϑL)ϑ = 100
(
ϑL
ϑ
− 1
)

(c), with with ϑ = 0.021175 of Eq. (24), as a function of
|∆τ∗| (lower horizontal axis) and `th estimated in the non-
homogeneous domain (upper horizontal axis); Part (a); curves
labeled MR and NB: similar to Fig. 3 considering Narger and
Balzarini �tting Eq. (78); right corner and square: values
of βe at (absolute) temperature distances de�ned in Fig. 1;
right side colored arrows : di�erent classical-to-critical cross-
ing conditions de�ned in text. Parts (b) and (c), curve 1: Eq.
(72); curve 2: Eq. (84); Curve m: mean value of curves 1 and
2. For other symbols and labels see text.

equation ϑ =
(
a+
χ

Z1,+
χ

) 1
∆
[see Eq. (32)] applied within the

Ising-like preasymptotic domain ∆τ∗ . LXePAD. We have
numerically solve Eq. (77), with Γ+ = 0.057824 [see Eq.
(18)], by the appropriate combination between Güttinger
and Cannell's �tting results and the mean crossover func-
tion for susceptibility. The resulting value ϑL (∆τ∗) cor-
responds to the curve labeled 2 in Figure 3b.
The available part of the curves 1 and 2 must be
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restricted to the experimental temperature range illus-
trated by the segment labeled GC (while the calibration
temperature of the Güttinger and Cannell's data is in-
dicated by the vertical arrow labeled ∆τ∗or). As pre-
viously mentioned, the upper horizontal axis gives the
corresponding value of the theoretical crossover function
`th (t), for t = ϑ∆τ∗ > 0 and ϑ = 0.0211752 in xenon
case. For the values of the e�ective exponent γe indicated
by the black, red and brown horizontal arrows, respectiv-
ley, which correspond to the speci�c values ∆ 1

2
, ν 1

2
, and

γ 1
2
, the values of `th (t) are given by the respective col-

ored vertical arrows in the range `th ' 20−30. The right
corner and square symbols on the MR curve are indica-
tive of the extension of the Ising-like extended asymp-
totic domain where `th ' 2.7L{1f} ' 70 and the mas-
ter crossover temperature where the correlation length is
of the order of the size of the �microscopic interaction�
`th ' L{1f} ' 25.6, respectively (see the corresponding
symbols in Fig. 1).

3.5. The order parameter density case

The above approach for the susceptibility case can be
easily duplicated to the order parameter density case. In
this latter case, we consider the vapor-liquid coexisting
density data measured by Närger and Balzarini [16] in
two di�erent samples of xenon, which were �tted by the
following (three term) Wegner-like expansion:

∆ρ̃LV,expt (|∆τ∗|) = B |∆τ∗|β
[
1 + a1M |∆τ∗|∆ +

a2M |∆τ∗|2∆
]

(78)
For the �ts, the exponents β = 0.327 and ∆ = 0.5 were
held �xed. For sample No. 1, the corresponding values
of the adjustable parameters are B = 1.479 (±0.011),
a1M = 1.15 (±0.19), a2M = −2.6 (±1.0) (with an uncer-
tainty of ±1mK on the Tc value). This �tting result is
labeled NB3a. For sample No. 2, the �t results are B =
1.470 (±0.010), a1M = 1.20 (±0.17), a2M = −2.8 (±1.1)
(with an uncertainty of ±2mK on the Tc value), and the
label is NB3b.
We do not report here the complete descriptions of

the e�ective power laws ZM,e |t|βe and Be |∆τ∗|βe . We
merely recall that they allow us to construct the theo-
retical and experimental curves of respective equations
ZM,e (βe) and Be (βe). The latter equations introduce
the two-parameter transformation

fβe
(
M∗0,L, ϑL

)
= M∗0,L (ϑL)βe−β , (79)

which is similar to the one fγe
(
X∗0,L, ϑL

)
=

X∗0,L (ϑL)γ−γe for the susceptibility case [see Eq.

(74)]. Thus the only needed material to obtain ϑL
concerns the universal feature of the matching between
the Ising-like limiting points at βe = β. Here, the
limiting transformation reads fβ

(
M∗0,L

)
≡ M∗0,L. The

corresponding value of the xenon prefactor M∗0,L can be

obtained using the following relations (see II)

M∗0,L = ZM
ZM

(Yc)
β

(Zc)
1
2

=
(
L{1f}

)d
Ψ{1f}

(
Θ{1f}

)β (Yc)
β

(Zc)
1
2

(80)

which satisfy the two-scale factor universality through
its analytical combination [see Eq. (44)] with L∗0,L of

Eq. (59) and X∗0,L of Eq. (68). The implicit asymp-
totic dependence of the scale factors ϑ and ψρ is thus
properly accounted for, i.e., in conformity with the two-
scale factor universality of pure scaling. In that pure
power law asymptotical scheme, the introduction of the

true value B = ZM (Zc)
− 1

2 (Yc)
β
to replace the pref-

actor M∗0,L = B
ZM complements our previous introduc-

tion of Γ+ = Z+
χ (Zc)

−1 (Yc)
−γ

to replace the prefactor

X∗0,L = Γ+Z+
χ [see Eq. (75)]. We can also retrieve these

amplitudes using the following equations

Γ+ =
(
L{1f}

)d (
Z+
χ

)−1 (ψρ)
2
ϑ−γ (81)

B =
(
L{1f}

)d
ZMψρϑβ (82)

Adding the fact that the prefactor L∗0,L leads to ξ+ =(
L{1f}

)−1
(
Z+
ξ

)−1

ϑ−ν , we can easily verify the validity

of the Ising-like universal value of the amplitude combi-
nations of Eq. (10). Accordingly, we can formulate two
matching equations for βe and ϑL, similar to the ones for
γe [see Eq. (72)] and ϑL [see Eq. (77)]. In the �rst case
using the single constraint in �position�, we numerically
solve the following equation between the two e�ective ex-
ponents:

βe,expt (|∆τ∗|) ≡ βe,th [ϑL (|∆τ∗|)] (83)

The resulting curves βe [(|∆τ∗|)] and ϑL (|∆τ∗|) are re-
ported in Figs. 4(a) (with the label NB3) and (b) (with
the label 1), respectively (the case NB3a corresponds to
the full line, while the case NB3b corresponds to the
dashed line). In the second case using both constraints
in �direction and position�, the pure ϑL-dependence is
obtained solving numerically the equation

ϑL =
(

ZM
ZM,e

× Be
B

) 1
βe−β

(84)

The curves ϑL (|∆τ∗|) of Eq. (77) are labeled 2 in Fig.
4(b) (with a full line for the NB3a case and a dashed line
for the NB3b case). Then the parts (a) and (b) of Fig.
4 for the order parameter density case are similar to the
ones of Fig. 3 for the isothermal compressibility case. In
Fig. 4, the available (experimental) temperature range
is also illustrated by a segment (here labeled NB).
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As the theoretical crossover function of the correla-
tion length in the nonhomogeneous domain is not given
in Ref. [4], we have used the realistic approximation

`th (t < 0) = `th(t>0)
1.96 to label the upper horizontal axis

of Fig. 4. For the values of the e�ective exponent βe
indicated by the black, red and brown horizontal arrows,
respectively, which correspond to ∆ 1

2
, β 1

2
(order parame-

ter density case), and γ−1
2
(susceptibility case in the non-

homogenous region labeled with the minus superscript),
the values of `th (t) are given by the respective colored
vertical arrows in the range `th ' 10 − 60. As in previ-
ous Fig. 3, the right corner and square symbols on the
MR curve are indicative of the extension of the Ising-like
extended asymptotic domain where `th ' 2.7L{1f} ' 70
and the master crossover temperature where the correla-
tion length is of the order of the size of the �microscopic
interaction� `th ' L{1f} ' 25.6, respectively (see the cor-
responding symbols in Fig. 1). Here we observe that the
crossing temperature for the susceptibility case is slightly
greater than the extension temperature of the Ising-like
extended asymptotic domain.

3.6. Comparison between ϑL and ϑ

The relative comparison between ϑL and ϑ values of
xenon is made in parts (c) of Figs. 3 and 4, using
the residuals R% (ϑL)ϑ = 100

(
ϑL
ϑ − 1

)
(expressed in

%). The reference is the Ising-like asymptotic value
ϑ = 0.0211752 of Eq. (18). In each �gure the resid-
uals refer to ϑL obtained as a local numerical solution
of Eqs. (72) and (83) (curves labeled 1) and Eqs. (77)
and (84) (curves labeled 2) respectively. The curves la-
beled m correspond to the respective local mean value
between curves 1 and 2. For both properties, the ϑL-
changes are given as a function of ∆τ∗ within the exper-
imental temperature range. In the range ∆τ∗ < 10−2, a
noticeable increase of the residuals is observed approach-
ing the critical temperature. That re�ects the di�er-
ence between the Ising values of the critical exponent
(γ = 1.241, β = 0.327) used in experimental �ttings
and the ones (γ = 1.2395935, β = 0.3257845) used in
the massive renormalization scheme. The abrupt in-
crease of the residuals at large temperature range [i.e.,
∆τ∗ > 10−1 in Fig. 3(c) and ∆τ∗ > 2 × 10−2 in Fig.
4(c)] is visible (especially for curves 1). That corre-
sponds to the upper limit of the �tting agreement us-
ing a single crossover parameter. The expected identity
ϑ ≡ ϑL in xenon case, is here observed in the green area
on each �gure. These underlined areas correspond to an
error-bar of ±15% observed for the restricted tempera-
ture ranges 1.5 × 10−2 . ∆τ∗ . 10−1 in Fig. 3(c) and
2 × 10−3 . ∆τ∗ . 7 × 10−3 in Fig. 4(c), which is es-
pecially narrowed in the order parameter density case.
Such large values of ∆τ∗ are at least one and a half order
of magnitude larger than the extension of the Ising-like
preasymptotic domain de�ned by Eq. (34). The scaling

Ising-like nature of Eqs. (77) and (84) is well-accounted
for. Moreover, as clearly visible on both �gures, the con-
dition LXeEAD < ∆τ∗4 demonstrates the Ising-like nature
of the extended asymptotic domain for critical xenon.
Such a temperature range where the exponent di�er-

ences γ − γe and βe − β reach signi�cant values (i.e. &
0.02), was largely investigated in the seventies [31], when
the scaling approach of the �uid universality was based
on the e�ective �universal� values of the critical expo-
nents [as for example γe,EOS = 1.19, and βe,EOS = 0.355
[21, 31] involved in e�ective rescaled formulation of a
parametric equation of state]. In that e�ective form of
the universal features observed at �nite distance of the
critical point, the Ising-like nature of the �uid f was
then accounted for by introducing only two adjustable
parameters in the equation of state. The number of
�uid-dependent parameters was then conforms to our
present analysis in the intermediate temperature range

LfPAD ≤ ∆τ∗ ≤ ∆τ∗∆. However, the main reason to
explain this result is not the two-scale factor universal-
ity but the uniqueness of the scale factor which char-
acterizes the single irrelevant scaling �eld. Indeed, for
the isothermal compressibility case in the homogeneous
domain, we will show in Appendix B that the useful
power law function fκT (∆τ∗) = Γ+

e (∆τ∗)−γe de�ned
for ∆τ∗min ≤ ∆τ∗ ≤ ∆τ∗max can be revisited to provide
the local slope of the crossover function which matches
the e�ective slope γe at a single temperature-like value
t (γe) = ϑL∆τ∗ (γe). Γ+ being known [see Eq. (18)],
by using Eq. (76) or (77) we obtain an unequivocal
relation between Γ+

e and ϑL. In Fig. 5 of Appendix
B we have illustrated this local behavior corresponding
to γe,�t = 1.205879, thanks to the high relative pre-
cision of the Güttinger and Cannell measurements be-
tween ∆τ∗min = 9.115 × 10−4 and ∆τ∗max = 1.95 × 10−2

(i.e., 0.26K ≤ T − Tc ≤ 5.65K). In Fig. 3(a), the
e�ective slope γe,�t = 1.205879 should be observed at
∆τ∗γe,th=γe,�t

= 4.347×10−3 (see the vertical dotted pink

line), while the values of ϑL = ϑe,cor = 0.022556 [see Eq.
(B3)] and R% (ϑe,cor)ϑ = +6.5% [see Eq. (B7)] are rep-
resented by the full blue points in parts (b) and (c) of
Fig. 3, respectively.
More generally, the e�ective non asymptotic form of

any parametric equation of state with only two-�uid de-
pendent parameters can be used to provide the local ap-
proximation of the crossover functions for each value of
the e�ective exponent. The only needed Ising-like condi-
tion is that the correlation length satis�es the condition

`th & 70 ' 2.7L{1f}, i.e., ξexptαc
& 2.5 − 3, as analyzed in

Refs. [28, 32�34].

4. CONCLUSION

Using xenon as a standard critical �uid, and the mean
crossover functions for both the susceptibility in the ho-
mogeneous domain and the order parameter density in
the nonhomogeneous domain as illustrative examples, we
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have estimated the values of the �uid-dependent parame-
ters which are compatible with the universal features pre-
dicted by the massive renormalization scheme. A special
mention for the three (dimensionless) parameter char-
acterization within the Ising-like preasymptotic domain
was given only using a four parameter localisation of the
xenon critical point.
We have shown that, when Tc and αc are known, the

mean crossover functions take a convenient explicit form
to determine analytically a single crossover parameter ϑL
in a temperature range beyond the Ising-like preasymp-
totic domain. We have also clearly shown that the value
of this crossover parameter is entirely governed by the
data measurements at the largest distance to the critical
point. The Ising-like nature of this crossover parame-
ter is then revealed using the dimensionless master value
of a single characteristic length. Finally, the magnitude
of the resulting deviations and the range of temperature
where these deviations become signi�cant to invalidate
the uniqueness of the crossover parameter are exactly
accounted for.
From this Ising-like standard situation provided by

critical xenon, the real extension and amplitude of the
singular behavior of the �uid properties can be esti-
mated for any one-component �uid for which the vapor-
liquid critical point is localized in the pV T phase surface,
thanks to the use of the master crossover functions given
in II.

Appendix A: XENON CRITICAL COORDINATES

The xenon critical temperature was �xed to the value
Tc = 289.733 ± 0.002K recently recommended by Gillis
et al [26, 27] from their critical temperature determi-
nation of the stirred xenon �lling its acoustic resonator
cell submitted to a ramp of temperature downward (in
this experiment the absolute temperature precision is
±15mK from reference to the ITS-90 temperature scale).
This value agrees with the two respective values Tc =
289.731 ± 0.0053K and Tc = 289.734 ± 0.003K mea-
sured (with an absolute precision of ±50mK) by Berg
and al [25] from observation of the vapor-liquid menis-
cus appearance and disappearance in the �Critical Vis-
cosity of Xenon (CVX)� experiment. These central val-
ues, and their relative uncertainties essentially due to
the thermostat temperature control, compare well with
Tc = 289.740± 0.003K obtained by Schneider et al from
pV T measurements [35] and density measurements of co-
existing liquid and vapor phases [36]. This latter value
was generally used as a xenon critical temperature in
previous review analyses [17, 20, 21] using the ITS-68
temperature scale. Indeed, the agreement was notice-
able with Tc = 289.747 ± 0.010K obtained by Can-
nell et al [37] from measurements of Brillouin spectrum,
and Tc = 289.736 ± 0.002K obtained by Smith et al
[38] from light scattering intensity measurements. How-
ever, the Gillis et al's central value disagrees with some

other values of similar relative precision (as for example:
Tc = 289.765 ± 0.005K from Baidakov et al's [39, 40];
Tc = 289.790± 0.001K from Güttinger and Cannell [15];
Tc = 289.752±0.001K and Tc = 289.789±0.002K from
Balzarini et al's [16]).

Our calculated critical pressure pc = 5.84007 ±
0.00050MPa accounts for thermodynamic continuity on
pressure measurements crossing the critical temperature
along the critical isochore. In such a calculation (see Ref.
[41] for details), the Habgood and Schneider's isotherm
p (ρ) at (Tc)HS = (273.15 + 16.59) K was used as the
critical isotherm of xenon to estimate our above value of
the critical pressure.

Our selected value of ρc = 1113 kgm−3 has an uncer-
tainty of ±5 kgm−3 (∼ ±0.5%), which accounts for the
ρc values of Schneider et al's (ρc = 1105 ± n.a. kgm−3

and ρc = 1099 ± n.a. kgm−3) [35, 36], Cornfeld and
Carr's (ρc = 1111.2+1.9

−3.4 kgm
−3 for three di�erent estima-

tions) [42], Baidakov et al's (ρc = 1112.8 ± n.a. kgm−3)
[39], and Balzarini et al's (ρc = 1099 ± n.a. kgm−3 [43],
ρc = 1116.0 ± 1.7 kgm−3 and ρc = 1114.7 ± 1.7 kgm−3

[16]).

The value γ
′

c = 0.1197 ± 0.0006MPaK−1 (∼ ±0.5%)
was recently estimated [41] from the joint analysis of the
pV T measurements of Habgood and Schneider [35] and
Michels et al [44], to account for the small di�erences on
the critical density values. As a matter of fact, in spite of
numerous values reported in the seventies literature, the
determination of this �nite critical derivative was never
accurately analysed in xenon case [17]. We recall that, at

the late sixties, the knowledge of the derivative
(
∂p
∂T

)
ρ
in

the vicinity of the critical point was mandatory needed
when the objectives were to de�ne the scaled forms of
the equation of state (see Refs. [45�50]) and to test their
related computations of the thermophysical property sin-

gularities (since the dimensionless quantity T
pc

(
∂p
∂T

)
ρc

appears in many thermodynamic relations). In xenon

case, the dimensionless value Tc
pc
γ
′

c = 6.02 was initialy ob-

tained by Vicentini-Misssoni et al [47] from their �tting of
the pV T measurements of Habgood and Schneider (with
pc = 5.83MPa, Tc = 289.75K, and ρc = 1110 kgm−3,
as xenon critical coordinates). The related uncertainty

on the dimensional value γ
′

c = 0.1211MPaK−1 was not
given, in spite of the fact that this value was higher
(∼ +1.8%) than the one γ

′

c = 0.1189MPaK−1 initially
found by Habgood and Schneider from a self-consistent

analysis of the derivative
(
∂p
∂T

)
ρ
graphically deduced

from their pV T measurements. Subsequently, several
published values [such as γ

′

c = 0.11916MPaK−1 from

Cannell and Benedek [37], γ
′

c = 0.12027MPaK−1 from

Smith et al [38], γ
′

c = 0.1196MPaK−1 from Swinney and

Henry [51], γ
′

c = 0.1192±0.0012MPaK−1 from Garrabos
[17]] were obtained from these Habgood and Schneider's
data source and same xenon critical parameters. On the
other hand, Badaikov et al have determined two values,
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γ
′

c = 0.1865MPaK−1 [39], and γ
′

c = 0.1977MPaK−1

[40], from their vapor pressure data below Tc. Berg and

al [25, 52] have used the dimensionless value Tc
pc
γ
′

c = 5.65
(with an uncertainty of ±2.9%), in their viscosity data
analysis of the CVX experiment with ρc = 1110 kgm−3.
Their related value γ

′

c = 0.113686MPaK−1 is signi�-
cantly lower (' −5.%) than a selected value in the range

γ
′

c = 0.1195 − 0.1197MPaK−1. More recently, Gillis
et al, selecting the �highest� value ρc = 1116 kgm−3 of
the critical density, have used the dimensionless value
Tc
pc
γ
′

c = 5.9253 calculated by Swinney and Henry for the

�presumable� critical isochore at ρ = 1110 kgm−3, at-
tributing then an uncertainty of 0.2% on the correspond-
ing value γ

′

c = 0.1195MPaK−1. Therefore, still today,
the largest uncertainty in the xenon critical coordinates
of Eq. (14) comes from the determination of γ

′

c , which
is then dependent of the selected value for the critical
density. In the future, a better estimation of γ

′

c needs

that the two derivatives
(
∂p
∂T

)
ρ
and

[
∂
∂ρ

(
∂p
∂T

)
ρ

]
T

to be

determined simultaneously in the vicinity of the critical
point in order to account correctly for the contribution
of the relative uncertainty in the ρc value.
Two conclusive remarks can be formulated.
(i) The values of Eq. (14) are in remarkable agreement

with the ones de�ned by Gillis et al [26] in their recent
analysis of the sound attenuation (in the frequency range
100 < f (Hz) < 7500) by thermoacoustic layers between
solid surfaces and xenon at critical density.
(ii) The values of Eq. (14) are of basic interest using

the scaled forms of the equation of state of xenon [45�
50, 53, 54]. Especially in the linear-model parametric
equation of state [48, 50] and the Ho and Lister's [48] re-
stricted cubic model of the equation of state, the singular
behavior of each �uid is characterized by only two dimen-
sionless numbers (k and a in standard notations). Now
we are able [10] to estimate the xenon parameters k and
a only from our above values of the critical point coordi-
nates. However, we recall that these parametric models
are not quantitatively exact in regards to the Ising-like
universal combinations of the leading amplitudes [55].

Appendix B: EFFECTIVE POWER LAW

ANALYSIS

An useful mathematical function to �t the isothermal
compressibility data measured at �nite distance to the
critical temperature along the critical isochore is the sim-
ple power law:

κ∗T,�t = Γ+
e,�t (∆τ∗)−γe,fit , (B1)

with an adjustable non-Ising exponent γe,�t and an ad-
justable e�ective amplitude Γ+

e,�t. The values of γe,�t
and Γ+

e,�t are then associated to the limited experi-
mental temperature range ∆τ∗min ≤ ∆τ∗ ≤ ∆τ∗max
of the �t. For example, Güttinger and Cannell have

Figure 5: (Color on line) Residuals R% (κ∗T ) (expressed in %)
of κ∗T data from κ∗T,�t = 0.07551466 (∆τ∗)−1.205879. Segment
labeled FIT and underlined gray area: restricted ∆τ∗ range
and 1% error-bar of the �t (see text). Segment labeled GC:
full experimental temperature range of Ref. [15]. Red (full)
circles: experimental data points obtained from Ref. [15],
using ρc = 1113 kgm−3. Pink (full) curve labeled 1: Eq. (69),
with ρc = 1113 kgm−3 and a Tc shift of 0.5mK. Pink (dotted)
curve labeled 2: Eq. (69), with ρc = 1113 kgm−3. Black
(dotted) curve labeled GC4: Eq. (69) from Ref. [15], with
ρc,GC = 1110 kgm−3. Horizontal and vertical (pink) lines:
from reference to the local value Γ+

e,cor = 0.993× 0.07551466
at ∆τ∗γe,th = 4.347× 10−3 where γe,th = γe,�t = 1.205879 (see

text). Horizontal blue line labeled R%
(
Γ+
e,exact

)
: residual

for the �exact� local value Γ+
e,exact = 0.0747481 at ∆τ∗γe,th =

4.347×10−3 (see text); Other symbols, marks and labels: see
text and previous �gures.

claimed that the correction to scaling terms are impor-
tant by demonstrating in their Fig. 2 of Ref. [15], that
their susceptibility measurements of high relative pre-
cision (∼ ±0.2%) deviate systematically from a simple
power law behavior with γe,GC = 1.206 and Γ+

e,GC =

0.6390χT,ρ (∆τ∗or)
pc,GC(Tc)

−1.206

(ρc,GC)2 = 0.07867. Looking in

detail their �gure, we note that γe,GC ' 1.206 cor-
responds precisely to the slope of the tangent line to
the experimental behavior close to the relative temper-
ature distance ∆τ∗γe,GC=1.206 ' 4.35 × 10−3, i.e., the lo-
cal temperature value T ' Tc + 1.25K where we ob-
serve the extremum (around −4%) of the deviation curve.
Hereafter, we have magni�ed this observation consider-
ing the isothermal compressibility data which account
for our values of the critical density ρc = 1113 kgm−3
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and critical pressure pc = 5.84007MPa in the equation
κ∗T,expt = χT,ρ,expt

pc
(ρc)

2χT,ρ (∆τ∗or). Using Eq. (B1), we

have then �tted the twelve data covering the restricted
temperature range 9.115 × 10−4 ≤ ∆τ∗ ≤ 1.95 × 10−2

(i.e., 0.26K ≤ T − Tc ≤ 5.65K) de�ned by the segment
labeled FIT and the gray area in Fig. 5 (see also the
upper axis of Fig. 1). As expected, our �tting result

κ∗T,�t = 0.07551466 (∆τ∗)−1.205879

is not a�ected by the increasing level of realistic uncer-
tainties approaching Tc and shows excellent agreement
with the Güttinger and Cannell's one (the amplitude dif-
ference accounts for about −4% correction noted above
in this restricted temperature range). In Fig. 5, we have

reported the residuals %R (κ∗T ) = 100
(
κ∗T,
κ∗T,�t

− 1
)
(ex-

pressed in %) for each experimental data point κ∗T . In the
�tting temperature range, the data dispersion is lowered
at the ±1% level. Then, our Fig. 5, may be seen similar
to Fig. 2 of Ref. [15] with a −4% zero shift in the verti-
cal axis and a magni�cation of the high relative precision
(∼ 0.2%) of the Guttinger and Cannell's measurements in
the �tting temperature range. In addition the mean (ge-
ometrical) value 〈∆τ∗�t〉 =

√
∆τ∗min∆τ∗max = 4.215×10−3

of our selected temperature range is very close to the
temperature value of the extremum of the residuals (see
below). For easy link with our previous �gures, the lower
and upper horizontal axes are labeled in a similar man-
ner.
Since our �tting temperature range includes the value

〈∆τ∗or〉 = 4.215×10−3, it is now essential to show that the
uncertainty of the amplitude value Γe,�t = 0.07551466
remains only related to the error-bar (∼±1.5%) on the
calibration of the susceptibility data and the critical
density value. We have then estimated the residuals
for three di�erent �tting results, using Eq. (69) with
γ = 1.241, ∆ = 0.496, and the following set of pa-
rameters (i) Γ+ = 0.0577, a+

1χ = 1.29, a+
2χ = −1.59,

and a+
3χ = 1.9, i.e., the �tting parameters obtained by

Güttinger and Cannell with ρc,GC = 1110 kgm−3, which
leads to the dotted black curve labeled GC4 in Fig. 5;

(ii) Γ+ = 0.0577
(

ρc
ρc,GC

)2

and same values of a+
1χ = 1.29,

a+
2χ = −1.59, and a+

3χ = 1.9, leading to the full red curve
labeled 1 which account for the present critical density
value; (iii) the latter parameter set and a shift of 0.5mK
in Tc, illustrated by the dotted pink curve labeled 2,
which accounts for the realistic increase of the experi-
mental uncertainty near Tc. The relative di�erences be-
tween curves 1 and 2 increases approaching the critical
temperature, a result well-observed outside our tempera-
ture �tting range. The shape di�erences between curves
1 and GC4 combine the e�ects due to a di�erence on the
critical density values and a shift of 0.5mK in Tc. Finally,
the well-de�ned extremum of the deviation curves in Fig.

5 is the most important consequence of the high relative

precision of the Güttinger and Cannell's measurements.

That demonstrates that a well-de�ned local value (here

γe,�t = 1.205879) of the e�ective exponent can be mea-
sured at a well-de�ned local value of the temperature
distance to Tc (here ' Tc + 1.25K).
Now, we can re�ne the above power law analysis at

�nite distance to Tc, accounting thus for the theoretical
e�ective behavior Z+

χ,e (γe,th) illustrated in Fig. 2, with

γe,th (t) and Z+
χ,e (t) de�ned by Eqs. (65) and (66), re-

spectively. The condition γe,th = γe,�t = 1.205879 is
observed at tγe,th=1.205879 = 9.159× 10−5, while the cor-
responding value of the e�ective theoretical amplitude is
Z+
χ,γe,th

= 0.396926. Using then t = ϑ∆τ∗ [Eq. (25) ] and
the asymptotic Ising-like value ϑ = 0.0211752 de�ned in
�2, we expect that the local value of the e�ective expo-
nent must be observed at ∆τ∗γe,th=1.205879 = 4.347×10−3

(i.e., T − Tc ' +1.26K), in excellent agreement with
the reduced temperature position of the extremum of the

curve 1 in Fig. 5. From Γ+
γe,th

= Γ+ϑγ−γe,th
Z+
χ,γe,th

(Z+
χ )−1 [see

Eq. (76)] where we introduce the asymptotic Ising-like

values
(
Z+
χ

)−1 = 0.269571, Γ+ = 0.057824 previously
de�ned in � 2, the corresponding local value of the ef-
fective amplitude is Γ+

γe,th=1.205879 = 0.0747481, i.e., a
value only ∼ 1% lower than Γ+

e,�t. However, when the

e�ective power law of Eq. (B1) is directly use to obtain
the corresponding local value, hereafter noted ϑe,�t, of
the scale factor, we must underline the combined e�ects
of the temperature distance, here accounted for by the
exponent di�erence γ − γe,�t = 0.0337145, and the ex-
perimental uncertainty, here attached to the amplitude
value Γe,�t = 0.07551466. Rewriting then Eq. (77) in the
following form

ϑe,�t =

[(
Z+
χ

)−1

Z+
χ,γe,th

×
Γ+
e,�t

Γ+

] 1
γ−γe,�t

(B2)

we obtain ϑe,�t = 0.028466, i.e., a value ∼ 35% higher
than our asymptotic value ϑ = 0.0211752. Such impor-
tant discrepancy needs to complement our understanding
of the role of the experimental uncertainty on Γ+

e,�t in the
determination of ϑe,�t, thanks to the high relative preci-
sion of the light scattering experiment of Güttinger and
Cannell.
Indeed, a �tting procedure where the e�ective expo-

nent and amplitude are free in minimizing the mean de-
viations over a �nite temperature range is uncorrect. It
must be replaced by a local envelope representation of
the κ∗T (∆τ∗)-curve when the contribution (which conti-
nously increases with ∆τ∗) of the con�uent corrections to
scaling is only characterized by a single parameter. As a
practical result, the �tting value Γ+

e,�t of the e�ective am-

plitude is such as Γ+
e,�t 6= Γ+

γe,th=γe,�t
. For example, look-

ing now at the 0.2% deviation level reported in Fig. 5,
we can observe that the true tangent (pink) line of slope
γe,�t = 1.205879 has e�ectively an amplitude ∼ 0.7%
lower than the amplitude Γ+

e,�t used as a reference. More

generally, from Eq. (B2) and a careful analysis of the �t
deviation curve to estimate δΓe,�t at the extremum po-
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sition, we can write Γ+
e,cor = Γ+

e,�t (1 + δΓe,�t) and de�ne
the corrected value ϑe,cor related to the local envelope by
the equation

ϑe,cor = ϑe,�t

(
Γ+
e,cor

Γ+
e,�t

) 1
γ−γe,�t

' ϑe,�t
(

1 +
δΓe,�t
γ − γe,�t

)
(B3)

From the Güttinger and Cannell's results of Fig. 5
where δΓe,�t ' −0.007 and ϑe,�t ' 0.028466, we ob-
tain ϑe,cor ' 0.022556 which is now in better agreement
(+6.5%) with our asymptotic value ϑ ' 0.211752. As
previously underlined, the precise description by a local

exponent value de�ning the slope of the tangent line to

the singular behavior of the isothermal compressibility of

xenon at a well-de�ned temperature distance to Tc, is one
major point of interest of the Güttinger and Cannell's

results to validate the one-parameter crossover modelling

predicted by the massive renormalization scheme. More-
over, as indicated by the horizontal blue line correspond-

ing to the residual 100
(

Γ+
γe,th=1.205879

Γ+
e,�t

− 1
)

= −1.015,

the expected value, at ∆τ∗γe,th=1.205879 = 4.347 × 10−3,
of the extremum which corresponds to the asymptotic
value ϑ ' 0.211752, is well compatible with the realistic
experimental uncertainty.
Since the Güttinger and Cannell's results of highly

relative precision . 0.2% have illustrated the signi�-
cant role of the exponent di�erence γ − γe when the re-
stricted temperature range is selected outside the Ising-
like preasymptotic domain, we can also estimate the re-
lated temperature e�ect of the uncertainty level on the
value of ϑ (as calculated in Section 2). We consider thus
an e�ective �tting procedure which provides the values of
γe, Γ+

e , and ∆τ∗e , where it is assumed that the e�ective
amplitude Γ+

e is determined with a relative error-value
δΓe, such as Γ+

e,exact = Γ+
e (1 + δΓe). Here Γ+

e,exact is de

facto the exact value when it is de�ned such that

ϑ =

[(
Z+
χ

)−1

Z+
χ,e

×
Γ+
e,exact

Γ+

] 1
γ−γe

(B4)

In Eq. (B4), the value of Z+
χ , Γ+, γe,th ≡ γe, and

Z+
χ,e (γe,th) are known with zero uncertainty from the

mean crossover function for the susceptibility case. Using
then Eq. (B1) and (B4), we obtain

ϑe = ϑ

(
1

1 + δΓe

) 1
γ−γe

(B5)

For each value γe = γe,th estimated at ∆τ∗γe,th=γe =
tγe,th
ϑ

with ϑ = 0.0211752, we can easily calculate the isocline

ϑe,δΓe

(
∆τ∗γe,th=γe

)
at constant (small) value of δΓe, us-

ing the following approximation

ϑe,δΓe

(
∆τ∗γe,th=γe

)
' ϑ

[
1− δΓe

γ − γe

]
(B6)

The corresponding isocline of the residuals is thus

r%(ϑe,δΓe) = 100
(
ϑe,δΓe
ϑ
− 1
)

= − δΓe
γ − γe

(B7)

Two pairs of symmetrical isoclines of Eq. (B7) are illus-
trated in Fig. 4(c) for δΓe = ±0.2% (the relative preci-
sion of Güttinger and Cannell's data) and δΓe = ±0.02%,
respectively, thus evidencing the experimental challenge

to validate the equation ϑ = Yc

(
Z+,1
χ

Z+,1
χ

) 1
∆
at the %-level

when ∆τ∗ . 10−3. The needs for a �critical� increase
of the experimental precision when ∆τ∗ decreases is now
well quanti�ed by Eq. (B7) when the objective is to test
the asymptotic validity of linearized Eqs. (60) or (61).
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