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Geometrial LanguagesB. Blanpain, J.-M. Champarnaud and J.-P. DubernardLITIS, University of Rouen, Frane{jean-mar.hamparnaud,jean-philippe.dubernard}�univ-rouen.frAbstratOur aim is to introdue and generalize a lass of languages usedin o�-line temporal validation of real-time softwares. Computing thefeasibility of an appliation onsists in heking whether there existsa sequene of exeution whih allows eah task to run without anytime error. This an be done with a model based on automata andlanguages. Beause of ertain properties of these languages, a modelbased on disrete geometry an also be used to make the omputingtime smaller. In this paper, we develop the link between languagesand geometry, by de�ning a new lass of languages, whih we allgeometrial languages. The main result is an algorithm that hekswether a given regular language is geometrial or not, by means ofequations with positive integer variables.Keywords: Finite automata, languages, disrete geometry, real-time appliations, temporal validation.1 IntrodutionReal-time appliations are omposed of both periodi and sporaditasks. Periodi tasks an share resoures and ommuniate. Sporaditasks are independent from others. Time spei�ations of a real-timetask have been de�ned in [8℄. A periodi task τ is omposed of fourtemporal harateristis:
• r, the �rst ativation date, is the date of reation of τ ;
• D, the ritial delay, is the delay between the ativation date ofan instane of τ and its deadline (later possible ompletion date);
• C, the omputation time, is the total CPU owning time neededby eah instane of τ to end its exeution;1



• T , the period, is the delay between the ativation dates of twoinstanes of τ .The problem of omputing the feasibility of an appliation (on agiven arhiteture) onsists in heking whether there exists a sequeneof exeution whih allows eah task to run without any time error. Thisquestion is not an easy one, beause the number of proessors of thearhiteture should be onsidered, as well as the fat that the tasksan share resoures.A �rst well-known model, based on �nite automata, an be used toahieve these omputations [5℄. The temporal behavior of one perioditask is desribed by the following language over the alphabet {a, •}:
•r · ((aC

x•D−C) · •T−D)
∗where the symbol a (resp. •) is oding a time unit where the task isative (resp. the task does not own a CPU). We an then build theautomaton orresponding to this language (see Figure 1).
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Figure 1: Automaton assoiated with a periodi task (drawn from [7℄).Then, a homogeneous produt [7℄ of all the automata orrespond-ing to the periodi tasks of the appliation, gives us an automatonwhih represents all the possible simultaneous exeutions of the peri-odi tasks. In�nite paths in the automaton represent valid sequenesof exeution of the appliation.The main problem in this model is that the omputation of thehomogeneous produt takes a lot of time, beause of a ombinatorialexplosion. Computing an automaton model takes at least two hoursfor a real appliation.Another model based on disrete geometry [7℄, has been designedto ahieve these alulations. Sine the automaton assoiated to a taskhas a partiular pattern, we an transform it into a geometrial �gure2



(see Figure 2). Moreover, the homogeneous produt on automata isequivalent to the onstrution of a n-dimension geometrial volume1.The number of trajetories in this volume is omputed, and the appli-ation is delared valid if and only if it is greater than zero. This newmodel is very e�ient in time. The tests realized by G. Largeteau [7℄show that a set of tasks an be evaluated in one seond, whereas themodel based on automata takes two hours.
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Figure 2: Automaton -> Geometrial �gure.Representing a language with a geometrial �gure allows us to with-draw the transitions. This is possible with the languages involved bytemporal validation beause these languages have good properties, aswe an see on the Figure 1. Two points that are lose together in dis-rete geometry orrespond to two states linked by some transition inthe automaton. Moreover, in a geometrial �gure, all the points orre-spond to �nal states, whih �ts with the fat that temporal validationlanguages are pre�x languages. We an then use binary matrixes torepresent suh automata.In this artile, we study the languages that an be represented bygeometrial �gures. In the next setion, we reall some importantnotions onerning automata and languages. In the third setion wede�ne a lass of languages, whih we all geometrial languages, and wepresent some of its properties. In the fourth setion we give neessaryand su�ient onditions for a language to be geometrial. In the lastsetion, we fous on methods to hek whether a given regular languageis geometrial or not.2 PreliminariesLet us review basi notions and terminology onerning �nite automataand regular expressions. For further details, [4, 9℄ are exellent books.Let Σ be a non-empty �nite set of symbols, alled the alphabet.A word over Σ is a �nite sequene (x1, x2, ..., xn) of symbols, usually1Notie that, real-time temporal validation adresses �nite volumes, whose size dependson the lowest ommon multiple of the periods of the tasks.3



written x1x2...xn. The length of a word u, denoted |u|, is the numberof symbols in u. The empty word, denoted by ε, has a length equalto zero. If u = x1x2...xn and v = y1y2...ym are two words over thealphabet Σ, their onatenation u · v, usually written uv, is the word
x1x2...xny1y2...ym. A language L is a set of words. We denote by
w−1L and we all left residual of L by the word w, the set of words
u ∈ Σ∗ suh that wu ∈ L.An automaton is a 5-tuple ( Q, Σ, δ, I, F ) where Q is the set ofstates, δ is a subset of Q×Σ×Q whose elements are alled transitionsof the automaton, and where I and F are subsets of Q, whose elementsare respetively alled initial states and �nal states of the automaton.An automaton A is said to be �nite if Q is �nite. It is said to bedeterministi if it has a unique initial state and if for any q ∈ Q andany a ∈ Σ, δ(q, a) ontains at most one element. If the automaton isdeterministi, we an use the notation p.a instead of δ(p, a).A path in A is a sequene of transitions: (q0,a1,q1),(q1,a2,q2)...,(qn−1,an,qn).The word a1a2...an is alled the label of this path. A path is said tobe a suessful path if q0 ∈ I and qn ∈ F . The language reognized by
A is the set of words that are labels of suessful paths.The left language of a state q is the set of words w suh that thereexists a path in A whose �rst state is initial, whose last state is q, andwhose label is w. Symmetrially, the right language of a state q is theset of words w suh that there exists a path in A whose �rst state is q,whose last state is �nal, and whose label is w. We denote by ←−L q theleft language of q, and by −→L q its right language.A deterministi automaton A is said to be minimal if any twodistint states of A have distint right languages. A given language Lhas a unique minimal automaton (up to isomorphism).The set of regular languages is the set ontaining ∅, {ε}, and {a} forevery a in the alphabet, and whih is losed under �nite onatenationand union, and star. Any regular language an be denoted by a regularexpression, formed by the atoms ∅, a ∈ Σ, and the operations ofonatenation (·), union(∪) and star (∗). Kleene's theorem says that alanguage is reognized by a �nite automaton if and only if it is regular.The shu�e of to words u and v in Σ∗, denoted by u x v, is the setof words de�ned as follows:
u x v =







{v} if u = ε

{u} if v = ε

a · (u′
x v) ∪ b · (u x v′) if u = a · u′, v = b · v′, a, b ∈ Σ

,The shu�e of two languages L and M is: LxM = {uxv/u ∈ L, v ∈
M}. 4



We say that u in Σ∗ is a pre�x of w in Σ∗, and we denote u ∈ Pref(w)if there exists v in Σ∗ suh that uv = w. By extension we denote
Pref(L) the set of pre�xes of the words of the language L.3 Geometrial LanguagesWe all geometrial �gure F of dimension d, a set of points of oordi-nates in Nd, that is F ⊆ Nd. For instane, F = {(0, 0), (0, 1), (1, 0), (1, 1)}(Figure 3) is a 2-dimension geometrial �gure.
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6Figure 3: F = {(0, 0), (0, 1), (1, 0), (1, 1)}.Let 1 6 k 6 d. We denote ~uk the oordinate vetor (0, 0, ..., 1, ...0),where 1 is in the k-th position. For instane, in 3-dimension ~u2 =
(0, 1, 0). We denote O the point (0, 0, ..., 0), the zero vetor. In whatfollows, we an denote P = ~OP . For instane, P = (3, 2).A trajetory t of length n in the d-dimension �gure F is a sequeneof points (Pi)06i6n, suh that:- ∀i, 0 6 i 6 n, Pi ∈ F ,- P0 = O- for 0 6 i 6 n− 1, ∃k, 1 6 k 6 d suh that Pi+1 = Pi + ~uk.We denote by Traj(F ) the set of trajetories of F .In what follows, we only onsider d-dimension geometrial �gures,with d �nite. Moreover, every point of a geometrial �gure is reahablefrom a trajetory. One de�ned these notions, we have to onnetthem to those of words and languages. We use a �nite alphabet Σ =
{a1, a2, ..., ad}, and we assoiate the letter ai to the dimension i. Firstwe introdue a way to assoiate a word to a trajetory t = (Pi)06i6nof the �gure F . We assoiate to t the word w of length n, suh that
∀i, 0 6 i 6 n − 1, wi+1 = ak, where Pi+1 = Pi + ~uk. We denote by
word(t) = w and we denote traj(w) the set of points in the trajetoryassoiated to w.We also de�ne the fution c : Σ∗ −→ Nd, assoiating to a word wthe vetor (|w|a1

, |w|a2
, ..., |w|ad

). This vetor is alled the oordinatevetor of w. Notie that c is a morphism: c(ε) = (0, ..., 0) = O, and
c(u.v) = c(u) + c(v). 5



We an now assoiate a geometrial �gure to the language L. Wedenote this �gure F(L) ⊆ Nd, and we de�ne it by
F(L) =

⋃

w∈Pref(L)

traj(w)For example, in Figure 3, F = {(0, 0), (0, 1), (1, 0), (1, 1)} is the�gure assoiated to the langage L = {ab, ba}. Notie that for anylanguage L, F(L) = F(Pref(L)).It is easily heked that two di�erent languages L and L′ (L 6= L′)an have the same geometrial �gure: F(L) = F(L′). For instane,if Pref(L) = Pref(L′), then F(L) = F(L′). But two languagesan have the same geometrial �gure without having the same set ofpre�xes. For example, L = {ab, ba} and L′ = {ab, b} have the same�gure (see �gure 3) but have not the same set of pre�xes.Now we de�ne a way to assoiate a language to a geometrial �gure
F ⊆ Nd. We denote by L(F ) the language assoiated to F and de�nedby

L(F ) =
⋃

t∈Traj(F )

word(t)We now introdue the main objet of this study. Geometrial lan-guages are those of whih the set of pre�xes is exatly the set wordshaving a trajetory in the �gure, as stated by the following de�nition:De�nition 3.1 (Geometrial language) Let L ⊆ Σ∗ be a lan-guage. L is said to be geometrial if and only if Pref(L) = L(F(L)).For every language L, Pref(L) ⊆ L(F(L)). But some languagesare suh that L(F(L)) * Pref(L). It is the ase of {a, ba} whih isnot geometrial, whereas {ab, ba} is geometrial.Notie that, aording to our de�nition, a geometrial languagean be in�nite. Temporal validation languages are examples of regulargeometrial languages. But we an also �nd geometrial languages inother lasses of Chomsky's hierarhy.Example 3.2 The Dyk language, whih is formed by the words withproperly balaned parentheses, is ontext-free [2℄ and is geometrial. Ifwe look at its geometrial �gure (see Figure 4), we an see that everytrajetory orresponds to a word with properly balaned parentheses.Reiproally, every word of the Dyk language has a trajetory in the�gure.
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Figure 4: The Dyk language is geometrial.4 Charaterization of Geometrial Lan-guagesOur aim is to state neessary and su�ient onditions for a language tobe geometrial. We �rst adress the general ase, and then the regularase.4.1 General CaseProposition 4.1 Let Σ = {a1, a2, ..., ad} and L ⊆ Σ∗. The two fol-lowing onditions are equivalent:
(1) L is geometrial.
(2) ∀u, v ∈ Pref(L), ∃k, 1 ≤ k ≤ d, c(u) + ~uk = c(v)

︸ ︷︷ ︸

(∗)

⇒ u·ak ∈ Pref(L)Example 4.2 Σ = {a, b}, L = {a, ba, bb}, u = a, v = ba. Here,
c(u) + (0, 1) = c(v) (ondition (∗)). The proposition tells that, if Lwas geometrial, then ab would be in L. We onlude that L is notgeometrial.Proof

(1)⇒ (2) Let L be a language and u, v ∈ Pref(L), suh that (∗)is satis�ed. We have u, v ∈ L(F(L)) and onsequently there exist atrajetory (Ui)06i6|u| and a trajetory (Vi)06i6|v| in the �gure F(L).From ondition (∗) there exists k suh that 1 6 k 6 |Σ| and c(u)+~uk =
c(v). Thus there is a trajetory (Wi)06i6|v| in the �gure F(L), suhthat ∀i, 0 6 i 6 |v|−1,Wi = Ui, and W|v| = V|v|. The word assoiatedto this trajetory is uak, thus uak ∈ L(F(L)). Consequently, if L isgeometrial, it holds uak ∈ Pref(L).7



(2) ⇒ (1) Let us assume that L is not geometrial. Then thereexists a word w suh that w ∈ L(F(L)) and w 6∈ Pref(L). Let ube the longest pre�x of w suh that u ∈ Pref(L) and ak the symbolsuh that v = uak is the pre�x of length |u| + 1 of w. Notie that uand ak are well de�ned sine ε ∈ Pref(L) and w 6∈ Pref(L). Sine
v is a pre�x of w we have v ∈ L(F(L)) and onsequently there exists
v′ ∈ Pref(L) suh that c(v′) = c(v). Sine c(v) = c(u)+ ~uk the words
u and v′ satisfy the ondition (∗) but uak is not in Pref(L). Henethe ontradition.The following notion is useful to prove the proposition 4.5.De�nition 4.3 (Semi-geometrial language) A language L is semi-geometrial if and only if ∀u, v ∈ Pref(L) suh that c(u) = c(v), wehave u−1Pref(L) = v−1Pref(L).Proposition 4.4 If a language is geometrial then it is semi-geometrial.ProofLet L ⊆ Σ∗ be an arbitrary language. Let u, v ∈ Pref(L) with
c(u) = c(v). Let w be a word of Σ∗ suh that vw ∈ Pref(L). Thenthere exists a trajetory (Ui)06i6|u| assoiated to u and a trajetory
(Pi)06i6|vw| assoiated to vw in the �gure F(L). Sine c(u) = c(v)there exists also a trajetory (Qi)06i6|uw|, suh that ∀i, 0 6 i 6

|u|, Qi = Ui, and ∀i, |u| 6 i 6 |uw|, Qi = Pi. The word assoiated tothis trajetory is uw, thus uw ∈ L(F(L)). If L is not semi-geometrialthen there exists suh a word w satisfying uw 6∈ Pref(L), whih im-plies L(F(L)) 6= Pref(L). Finally, if L is not semi-geometrial then
L is not geometrial.4.2 Regular CaseNotationLet p be a state of an automaton. We denote by Ep the regularexpression of the left language of p.Proposition 4.5 Let L ⊆ Σ∗, and A = (Q,Σ, δ, q0, T ) the minimalautomaton of Pref(L). L is geometrial if and only if

∀p, q ∈ T, (p, ak, q) 6∈ δ ⇒ ∃u ∈
←−
Lp and ∃v ∈ ←−Lq suh that

c(u) + ~uk = c(v).ProofFirst the impliation (⇒), by ontraposition:Let us assume that ∃u ∈ ←−Lp and ∃v ∈ ←−Lq suh that c(u)+~uk = c(v).Thus c(u · ak) = c(v), but sine (p, ak, q) 6∈ δ, we have q0 · uak 6= q0 · v.8



- If q0 · uak ∈ T , then L is not semi-geometrial, sine c(uak) =
c(v), uak, v ∈ Pref(L) and q0 · uak 6= q0 · v, thus uak

−1Pref(L) 6=
v−1Pref(L). Consequently L is not geometrial.- Else (q0 · uak = shaft). Then u, v ∈ Pref(L), uak 6∈ Pref(L),then by the proposition 4.1, L is not geometrial.Now let us prove the onverse (by ontraposition):Let us assume that L is not geometrial. ∃u, v ∈ Pref(L),∃k, 1 ≤
k ≤ |Σ|, suh that c(u) + ~uk = c(v), but uak 6∈ Pref(L).Let p = q0 · u ∈ T and q = q0 · v ∈ T .If we had (p, ak, q) ∈ δ, then we would have q0 ·uak = p·ak = q ∈ T ,thus uak ∈ Pref(L), ontraditing uak 6∈ Pref(L).Then (p, ak, q) 6∈ δ, that ends the proof.5 Cheking wether a given regular lan-guage is geometrial or notTo answer the question "Is a given regular language geometrial ?",we propose a method based on equations systems. Let us �rst extendthe funtion c that assoiates to a word w its oordinates vetor, andthen introdue our algorithm.5.1 Coordinates of a languageIf L is a language, then let c(L) be the set of oordinates of the wordsof L.

c(L) =
⋃

w∈L

c(w)To represent a set of oordinates, we use a vetor x of arithmetiexpressions, added with onstraints on some of the integer variablesthat our in expressions.Example 5.1 The set {(0, 4), (1, 3), (2, 2), (3, 1), (4, 0)} is representedby the pair x = (n1, n2), where n1, n2 ∈ N, with the onstraint n1+n2 =
4. This notation is expeted to simplify our alulations on regularlanguages, as illustrated by the following examples.Example 5.2 Here are several regular expressions, and the x-representationof the assoiated set of oordinates:

x(a∗ · b) = (n, 1), n ∈ N. Any word of a ∗ b has n a and one b.9



x((ab)∗ · b∗ · a) = (n1 + 1, n1 + n2), where n1, n2 ∈ N.
x(a + ab) = (n1 + n2, n2), where n1, n2 ∈ N and n1 + n2 = 1.
x((aa + ab)∗) = (2n1 + n2, n2), where n1, n2 ∈ N.Here is the indutive de�nition of x. Let R and S be regular ex-pressions, representing two languages on Σ = {a1, a2, ..., ad}.

x(ε) = (0, 0, ..., 0) = O

x(ak) = ~uk, where ak ∈ Σ

x(R · S) = x(R) + x(S)

x(R + S) = n1x(R) + n2x(S), where n1, n2 ∈ N, n1 + n2 = 1

x(R∗) = n1x(R), where n1 ∈ NExample 5.3 Here is a detailed alulation orresponding to a bottom-up traversal of the syntax tree of the expression E = ((b + ab)b)∗:
x(b) = (0, 1)

x(a) = (1, 0)

x(b) = (0, 1)

x(ab) = (1, 1)

x(b + ab) = (n2, n1 + n2) with n1 + n2 = 1

x(b) = (0, 1)

x((b + ab)b) = (n2, n1 + n2 + 1)

x(((b + ab)b)∗) = (n3n2, n3(n1 + n2 + 1))This result an be simpli�ed by onsidering the two variables n′
2 =

n3n2 and n′
1 = n3n1. It omes x(((b + ab)b)∗) = (n′

2, n
′
1 + n′

2 +
n3)) with n′

1 + n′
2 = n3.In order to diretly obtain simpli�ed expressions, x(E) an be om-puted through a topdown parsing of E aording to the following rules(with n ∈ N):

nx(ε) = (0, 0, ..., 0) = O

nx(ak) = n~uk, where ak ∈ Σ

nx(R · S) = nx(R) + nx(S)

nx(R + S) = n1x(R) + n2x(S), where n1, n2 ∈ N, n1 + n2 = n

nx(R∗) = nn1x(R), where n1 ∈ N10



Example 5.4 Here is a detailed alulation:
x(((b + ab)b)∗) = n1x((b + ab)b)

= n1x(b + ab) + n1x(b)

= n2x(b) + n3x(ab) + (0, n1) with n1 = n2 + n3

= (0, n2) + (n3, n3) + (0, n1)

= (n3 , n1 + n2 + n3)If w ∈ ((b + ab)b)∗, then ∃n1, n2, n3 ∈ N, with n1 = n2 + n3 and suhthat |w|a = n3 and |w|b = n1 + n2 + n3.Notie that we an also deal with regular expressions extended tothe shu�e:
nx(RxS) = nx(R) + nx(S)5.2 Our algorithmWe give an algorithm whih assoiates the Proposition 4.5 and thefuntion x, to hek wether a given regular language is geometrial:- Build the minimal automaton reognizing Pref(L).- For eah state p, ompute Ep.- For eah pair (p, q) ∈ (Q\shaft)2, and for eah ak ∈ Σ, if (p, ak, q) 6∈

δ, then hek that c(Ep) + ~uk = c(Eq) has no solution.Example 5.5 L = (aab + baa)∗. We will hek if L is geometrial.Notie that L is semi-geometrial. First we build an automaton reog-nizing L (�gure 5). Then we ompute:
E2 = (aab + baa)∗a and E5 = (aab + baa)∗ba.
c(E2) = (2n1+2n2+1, n1+n2) and c(E5) = (2n3+2n4+1, n3+n4+1).To simplify, we an write n1 := n1 + n2 and n3 := n3 + n4, to obtain:
c(E2) = (2n1 + 1, n1) and c(E5) = (2n3 + 1, n3 + 1).Sine the transition (2, b, 5) does not exist, let us verify if c(E2) +
(0, 1) = c(E5) has solutions. We obtain the following system:

{

2n1 + 1 = 2n2 + 1

n1 + 1 = n2 + 1This system has an in�nite number of solution (take n1 = n2). Thatmeans, by the last proposition, that L is not geometrial. These solu-tions orrespond to the words ab and ba.
11
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Figure 5: Minimal automaton for Pref((aab + baa)∗).6 ConlusionOur aim in this paper was to introdue and haraterize a new lassof languages, that we alled "geometrial languages", and a methodbased on equations systems to hek whether a given regular languageis geometrial.These results are just a part of a dissertation done for a researhdegree [3℄. In this report, some others approahs are developed tostudy the nature of geometrial languages. The ases of �nite andontext-free languages are also studied.No doubt this work an be arried on with pratial and theoritialpurposes.Referenes[1℄ A. Arnold, M. Nivat, Comportements de Proessus, olloqueAFCET, Paris, 1982.[2℄ J.-M. Autebert, Langages Algébriques, Masson, 1987.[3℄ B. Blanpain, Automates, Langages et Géométrie, Mémoire deDEA, université de Rouen, 2006.[4℄ S. Eilenberg, Automata, Languages and Mahines, Vol.A andB, Aademi Press, 1976.[5℄ D. Geniet, Validation d'Appliations Temps-Réel à ContraintesStrites à l'Aide de Langages Rationnels, Real Time Systems,Teknea, 2000.[6℄ D. Geniet, J.Ph. Dubernard, Sheduling Hard Sporadi Taskswith Regular Languages and Generating Funtions, TheoritialComputer Siene 313, 2004, 119-132.[7℄ G. Largeteau, Quanti�ation du taux d'invalidité d'appliationstemps-réel à ontraintes strites, Thèse de l'université de Poitiers,2004. 12



[8℄ C.L. Liu et J.W. Layland, Sheduling Algorithms for multipro-gramming in real-time environment, Journal of the ACM, 1973,pp. 46-61.[9℄ J. Sakarovith, Eléments de théorie des automates, VuibertInformatique, 2003.
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