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Abstract: In this paper we propose two analytically tractable
stochastic models of non-slotted Aloha for Mobile Ad-hoc NE-
works (MANETS): one model assumes a static pattern of nodes
while the other assumes that the pattern of nodes varies over
time. Both models feature transmitters randomly located in
the Euclidean plane, according to a Poisson point process thi
the receivers randomly located at a fixed distance from the
emitters. We concentrate on the so-called outage scenariwhere
a successful transmission requires a Signal-to-Interferece-and-
Noise Ratio (SINR) larger than a given threshold. With Raylégh
fading and the SINR averaged over the duration of the packet
transmission, both models lead to closed form expression®rf
the probability of successful transmission. We show an extient
matching of these results with simulations. Using our modsl
we compare the performances of non-slotted Aloha to slotted
Aloha studied in [6]. We observe that when the path loss is not
very strong both models, when appropriately optimized, exibit
similar performance. For stronger path loss non-slotted Abha
performs worse than slotted Aloha, however when the path Ias
exponent is equal to 4 its density of successfully receivedagkets
is still 75% of that in the slotted scheme. This is still much
more than the 50% predicted by the well-known analysis where
simultaneous transmissions are never successful. Moreayen
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always lead to a collision. This assumption is well adapted
to wired networks but is not adequate for wireless networks
wherespatial reuseis generally present.

In this paper we analyze Aloha in a wireless network
model featuring transmitters randomly located in the Elgdin
plane, according to a Poisson point process, with the receiv
randomly located at a fixed distance from the emitters. We
assume the SINR coverage context, which is that where each
successful transmission requires that the receiver beredve
by the transmitter with a minimum SINR. We adopt a path loss
model with a power-law mean signal-power dedéy) = u”
on the distance: and we assume some random independent
fading model. Whereas the analysis of slotted Aloha in such a
MANET model has been done in [5], in this paper we propose
an analysis of non-slotted Aloha.

As themain theoretical contributiorof this paper we build
two analytically tractable stochastic models of non-gdtt
Aloha We believe one of these models to be very close to the
reality of a relatively static MANET, while the other asswsne

any path loss scenario, both schemes exhibit the same energythat the pattern of nodes is different at each transmis¥igifn

efficiency.

Index Terms—Medium Access Control; MANET,; slotted and
non-slotted Aloha; Poisson point process, shot-noise, SR\
stochastic geometry

|I. INTRODUCTION

Rayleigh fading, and when the interference is averageden th
SINR packet reception constraint, both models lead to dlose
form expressions for thprobability of successful receptions

The formula derived in the static MANET requires numerical
processing while the formula derived in the other model is
more explicit. Moreover, we find an excellent matching of the

Aloha is one of the most common examples of a multiplealues obtained for these two analytical models.

communication protocol; it is presented in many widely used We also conduct extensive simulations of non-slotted Aloha
books on data networks such as [7, 14]. A main characterisioth with averaged and maximal interference in the SINR
of Aloha is its great simplicity: the core concept consists iconstraint. We show an excellent matching of both analltica
allowing each source to transmit a packet and back-off forodels with the simulations in the mean interference con-
some random time before the next transmission independerstiraint case.

of other sources. This, of course, leads to collisions amdeso Using our models we also compare the performances of

packets have to be retransmitted. In order to evaluate &ue frslotted and non-slotted Aloha. Theain findings of this
tion of packets that are transmitted successfully, a sirapte analysisshow that:
widely used model assumes that simultaneous transmissione When the path loss exponept is small (close to its

are never successful. When the aggregate packet trangmissi
process follows a Poisson distribution, the analysis o$ thi
pure (ornon-slotted Aloha model shows that on average the
fraction 1/(2¢) ~ 18.4% of successful transmissions can be
attained, when the scheme is optimized (tuning the mean-backe
off time). It also shows that this performance can be muépl

by 2 inslotted-Alohawhen all the nodes are synchronized and
can send packets only at the beginnings of some universal
time slots. This analysis, which is very often taught to well
exemplify the protocol’s performance, is however basecdhen t
simple collision model where two simultaneous transmissio e

lower theoretical boungs = 2) slotted and non-slotted
Aloha (non-slotted with the mean interference constraint)
when appropriately optimized, offer a similar space-time
density of successful transmissions.

For larger values of3, the optimized non-slotted Aloha
gives a smaller density of successful transmissions than
the optimized slotted Aloha, with the ratio asymptotically
going t0 0.5 (6 — oo) — the value predicted by the
widely used simplified model. However, fgr = 4 this
ratio is still 75%.

When optimized, both slotted and non-slotted models
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exhibit the same energy efficiency (the mean number pfecisely we first introduce the geometric model of the net-
successful transmissions per unit of energy spent) if omerk. We then present the access schemes: slotted and non-
ignores the energy spent for maintaining synchronizatiaotted Aloha and the mathematical models used to represent
in the slotted scheme. these schemes. We also model the fading process and the
The rest of this paper is organized as follows. In thexternal noise. For n_on_-slo_tted Aloha, we propose a sec_ond
remaining part the current section we recall some previoli?del whose analysis is simpler. At the end of this section
studies of Aloha. Section Il introduces the network model arfe Show how to relate different model parameters to make a
our two models for non-slotted Aloha. Section Il contaihe t fair comparison of their performance.
gﬂ&sﬁg(xfsgcpae?%ﬁ?;iugf tzfethrf)rl?irl)oet;.eg il?)%?'zzn % Location of Nodes — The Spatial Poisson Bipolar Network
optimized and compare it to the optimized slotted Aloha. Ou odel
conclusions are presented in Section VI. In the Appendix we We consider &oisson bipolar network modei which each

present proofs of our mathematical results. point of the Poisson pattern represents a node of a Mobile Ad
hoc NETwork (MANET) and is hence a potential transmitter.
A. Related Work Each node has an associated receiver located at distance

Aloha and Time Division Multiple Access (TDMA) are Thlljor;ce?;ecr.;;notspsrt t(;]feﬂ;sn:(;ll.sss;no??:‘tgrtr;]gcf)rpocl)?ts'o.nt
the oldest multiple access protocol. Aloha, which is the precisely, using ' y ot pol

“mother” of random protocols, was born in the early Sevemtieprocesses, we will say that a snapshot of the MANET can

. o . . be represented by an independently marked Poisson point
the seminal work describing Aloha [1] being published mrocess (Pp.p% = {(X:,y:)}, where thelocations of nodes

1970. Aloha is very simple and also extremely widesprea@.: {X;} form a homogeneous P.p.p. on the plane, with an
Another very amazing characteristic of Aloha is that it has a S . A '

; . o ?ntensny of A nodes per unit of space, and where the mark
extremely simple analysis which is widely taught (cf. e.g [ enotes the location of the receiver for nole We assume

4.2]). However this analysis is only valid in the rough mod q . .
) ) y . y. . 9 ehere that no two transmitters have the same receiver and that
where two simultaneous transmissions necessarily lead to.a

collision. Surprisingly, although Aloha was primarily dgsed 9'V&" ¥ the vectors(X; —y;} are i.i.d with |X; —y,| = r. *
to manage a wireless n(_etwork, the first models for Alohg A;oha Models — Time Added
were more adapted to wired networks. To the authors’ best ) ) ) ] .
knowledge the first contribution in which Aloha was expligit Ve will now consider two time-space scenarios appropriate
studied in a wireless context is the paper by Nelson af@f slotted and non-slotted Aloha. In both of them the planar
Kleinrock [13]. The propagation model of this paper is Verﬁc_aﬂons of MANET nodes and their receivd@gemain fixed
simple and it was only in 1988 that the widely referenceld iS the medium access (MAC) status of these nodes that
paper [12] was published, in which the first reasonable AloN4!l e\(olve differently over time depending on which of the
model for wireless network with spatial reuse was proposé@!lowing two models is used.
However, even in that paper the spatial analysis of the podto 1) Slotted Aloha:In this model we assume that the time
remained simplified. More recently, in [8] a more refinedp discrete, i.e. divided into slots of length (the analysis
spatial Aloha model was studied with local interactions tired Wil not depend on the length of the time-slot) and labeled by
simplified collision model (where simultaneous transnaissi integersn € Z. The nodes ofP are perfectly synchronized
always lead to collisions). A little earlier in [5], one euated t0 these (universal) time slots and send packets according
the probability of capture for Aloha in the SINR outagd® the following slotted Aloha: each node, at each time slot
context with Rayleigh fading, showing a direct link betweeifidependently tosses a coin with some hiawhich will be
the probability of capture and the Laplace transforms of ttigferred to as the medium access probability (MAP); it sends
thermal noise and of the interference (also called shate)oi the packetin this time slot if the outcome is heads and béftks o
The key factor of this analysis is the explicit formula of thétS transmission otherwiseThis evolution of the MAC status
Laplace transform of the interference created by a Poissgheach nodeX; can be formalized by introducing its further
pattern of nodes. This analysis of slotted Aloha was coradlet(multi-dimensional) marKe;(n) : n € Z), wheree;(n) is the
in [6]. medium access indicator of nodeat time n; e;(n) = 1 if

The main contribution of the present paper is the extensifRdei is allowed to transmit in the time slot considered and 0
of the analysis of [5, 6] to pure (non-slotted) Aloha allogin Otherwise. Following the Aloha principle we assume hat)

for a fair comparison of both schemes in the wireless MANE§T® hence i.i.d. (im and:) and independent of everything else,
context. with P(e;(n) = 1) = p. We treatp as the main parameter to

There are many publications on the stability of Aloha and, ) ) o
1The fact that all receivers are at the same distance from tfagismitters

more generally, random back-off protocols. This problem IS a simplification. There is no difficulty extending what iestribed below

not addressed in the present paper. to the case where these distances are independent anctadigndiistributed
random variables, independent of everything else. A funplossible extension
assumes that the actual receivers are selected from soyn@osson, process
of potential receivers, common for all MANET nodes, takihg hearest point
. . to,the emitter. A more involved model assumes that the tratess of the
In this section we present comparable models of SIOtt%NET choose their receivers in the original setof nodes of the MANET;

and non-slotted Aloha for wireless ad-hoc networks. More [3, Chapter 17] for precise descriptions and the asabfsslotted Aloha.

II. NETWORK AND ALOHA MODELS
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be tuned for slotted Aloha. We will call the above cdabe characteristics such as the density of successful trasgEmis
slotted Aloha model the mean progress, etc.

2) Poisson-renewal Model of Non-slotted Alohin this An exact analysis of the Poisson-renewal non-slotted Aloha
non-slotted Alohamodel all the nodes oft independently, model, albeit feasible, does not lead to similarly closeinfo
without synchronization, send packets of the same duratiexpressions. To improve upon this situation, in what foow
B and then back off for some random time. This can bge propose another model for the non-slotted case. It allows
integrated in our model by introducing marks (n) : n € Z), for the results as explicit as these of [6], which are moreove
where T;(n) denotes the beginning of theth transmission very close to these of Poisson-renewal model.
of node X; with T;(n + 1) = T;(n) + B + E;(n), where
E;(n) is the duration of theﬁh_ back-off time of the _n_ode D. Poisson Rain Model for Non-slotted Aloha
X;. The non-slotted Aloha principle states tligin) are i.i.d.

(in i andn) independent of everything else. In what follows The main difference with respect to the scenario considered
we assume thafs;(n) are exponential with meam/e and above is that the nodes; and their receiveg; are not fixed in
will consider the parameter as the main parameter to betime. Rather, we consider a time-space Poisson point pgoces
tuned for non-slotted Aloha (given the packet emission tim# = {(X;,7;)} with X; € R? denoting the location of the
B). More precisely, the lack of synchronization of the MAGMitter which sends a packet during time interi@| T’ + B)
mechanism is reflected in the assumption that the tempoti@idexing by is arbitrary and in particular does not mean
processesT;(n) : n € Z) are time-stationary and independenguccessive emissions over time). We may think of nade
(for different ;). Note also that these processes are of tfieorn” at time 7,, transmitting a packet during tim& and
renewaltype (i.e., have i.i.d. increment§(n + 1) — T;(n)). “disappearing” immediately after. Thus the MAC state of the
For this reason we will call the above case Busson-renewal node X; at (real) timet € R is simply e;(t) = 1(T; <t <
model for non-slotted Aloharhe MAC state of the nod&; T; + B).

at (real) timet € R can be described by the on-off process We always assume thak is homogeneous (in time and

erenewal(t) = 1(T;(n) < t < T;(n) + B for somen € Z). space) P.p.p. with intensity,. This parameter corresponds to
. _ the space-time frequency of channel ac¢ess the number of
C. Fading and External Noise transmission initiations per unit of space and time. Thenpoi

We need to complete our network model by some radfet:> i) of the time-space P.p.g are marked by the receivers
channel conditions. We will consider the followirfading ¥: In the same manner an described in Section II-A; i.e, given
scenario channel conditions vary from one transmission to a¢» {Xi — v:} are i.i.d random vectors withX; — y;[ = r.
other and between different emitter-receiver pairs, botaie  Moreover, they are marked Hy; = (F} : j), with F/ denot-
fixed for any given transmission. To include this in our modeind the fading in the channel frony; to they; (meaningful
we assume a further multidimensional mai;(n) : n € z) Only if Xi, X; coexist for a certain time). We assume that
of node X; whereF;(n) = (F/ (n) : j) with F/(n) denoting Fy (n).are ii.d. (mz‘,_j) and qf everythlng else, wnh the same
the fading in the channel from node; to the receivery; of ~9generic random fadmg«“ as in Section 1I-C. We will call the
nodeX; during then th transmission. We assume thiat(n) above model theE’0|ss_0n rain model for npn-slotted Alohia
are i.i.d. (ini, j, n) and independent of everything else. Let u§an be naturally motivated kstrong mobility of nodes
denote byF' the generic random variable of the fading. We
always assume that < E[F] = 1/u < oo. In the special E. Choice of Parameters for the Fair Comparison of the
case of Rayleigh fadingi’ is exponential (with parametes). Models
(see e.g. [15, pp. 50 and 501]). We can also consider no
exponential cases, which allow other types of fading to b
analyzed, such as e.g. Rician or Nakagami scenarios orygim
the case without fading (wheR = 1/ is deterministic).

r’\n order to achieve a fair comparison of the performance
the above models, we have to assume the same offered
raffic in all the protocols. Regarding slotted and renevai-n

slotted protocol, we observe that tbleannel-occupation-time-

In addition to fading we consider vectof®/;(n) : Z); . . : )
. 9 : . of Z(n.) ne )i fraction per nodg(i.e., the average fraction of time each node
of non-negative random variables, independent amd of ®, . : oy :
is authorized to transmity is equal top in the former and

(Fi(m : i,n), modeling an external (thermal) noise. MoreB/(B+1/e) in the latter one. Thus a fair comparison between
precisely,W;(n) models the power of the external noise at tht%ese o models requires

receivery; at timen. We assume thal;(n) are identically q

distributed, and denote by (s) = E[e~*"] the Laplace . _ B
transform of the generic noise varialifié. We do not assume “PTBY 1/e

any particular temporal correlation of the noise. In pailic, 5 e will considep, 7 as the main parameters to optimize
our analysis is valid for the two extreme cases: of NOisfie performance of the respective Aloha models. To compare
Wi(n) = W;(0) that is constant in time and nois&i(n) he poisson rain model the other two models we assume
that is independently re-sampled for each time slat Z. the samespace-time density of channel occupati@e., the

The slotted Aloha model described above, when considerg)gpected total channel-occupation-time by all the nodes; e
in a given time slot, coincides with the Poisson Bipolar mModg 5ieq per unit of space and time):

with independent fading considered in [6]. It allows an &ipl
evaluation of the successful transmission probability attner AsB = AT (2.2)

(2.1)
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[1l. SUCCESSFULTRANSMISSION or [mean = fTH-B I,(t) dt for the Poisson-renewal or
A. Path-loss Model the rain model, respectively; this condition corresponds
to a situation where some coding with repetition and

Assume that all emitters, when authorized by Aloha, emit . . . o
y interleaving of bits on the whole packet duration is used.

packets with unit signal power and that the recejyenf node
X; receives a power from the node locatedXat (provided More precisely, we will say that imon-slotted Aloha with
this node is transmitting) equal tEZ/l(|X yi|), where| - | maximal interference constraink’; can be successfully re-
denotes the Euclidean distance on the planelams the path ceived byy; (in time slotn in the case of the Poisson-
loss function. An important special case consists in taking renewal model), if condition (3.2) holds with(n) replaced
by I7#*(n) or I’ in the Poisson-renewal or the Poisson rain
I(u) = (Au)? for A >0 andj > 2. 31 model, respectlvely

Other possible choices of path-loss function avoiding thiep ~ Similarly, we will say that imon-slotted Aloha with average
at u = 0 consist in taking e.gmax(1,!(u)), I(u + 1), or interference constraink; can be successfully received by
I(max(u, ug)). (in time slotn in the case of the Poisson-renewal model),
B. SINR Condition if condition (3.2) holds withI;(n) replaced byI] (n)

or I***" in the Poisson-renewal or Poisson rain model,
1) Slotted Aloha :It is natural to assume that transmlttefespecuvew

Xi coversits receivery; in time slotn if In what follows we will be able to express in closed form

Fi(n)/1(1X: — wil) expressions the coverage probability for both the Poisson-
>T, (3-2) renewal and the Poisson rain model when the average in-

Wi(n) + L;(n) — FOI A ) ¢
) ) terference constraint is considered. The maximal interfee
where T" is some SINR threshold and whei(n) is the consiraint case is studied by simulations in Section V-B.
interferenceat receiverny; at timen; i.e., the sum of the signal

powers received by; from all the nodes ind'(n) = {X; €
® : ej(n) =1} exceptX;, namely,

SINR;(n) =

C. Coverage Probability

; In slotted Aloha and the Poisson-renewal model of non-
Li(n) = Z _ _Fj (n)/1(X; = wil) - (3.3) slotted Aloha letE®? denote the expectation with respect to
X;€D1(n), j#i the Palm probabilityP? (cf. [2, Sec. 10.2.2]) of the P.p.@.

When condition (3.2) is satisfied we say tha} can be Under this distribution, the nodes and their receivers are
successfully receivedy y; or, equivalently, thaty; is not in located abU{(X, = 0,yo0)}, whered is a copy of the original
outagewith respect taX; in time slotn. (stationary) marked P.p.p., and wheyg is independent of

2) Non-slotted AlohaWhen transmissions are not synchro®, distributed like the other receivers. Moreover undrt
nized (as is the case for non-slotted Aloha) thterference all other marks of points irP and X, (MAC status, fading,
(defined, as previously, as the sum of the signal powepacket emission renewal processes in the renewal model) are
received by a given receiver from all the nodes transmiti.d. and have their original distributions. UndBf, the node
ting in the network except its own emittempay vary dur- X, at the origin is called théypical node (For more details
ing a given packet transmissioindeed, other transmissionson Palm theory cf. e.g. [2, Sections 1.4, 2.1 and 10.2].)Heurt
may start or terminate during this given transmission. loonditioning on the time scale, in the case of the slotted
our Poisson-renewal model of Section 1I-B2 this interferAloha model denote byP%<=1{.} = PY{.|¢y = 1} the
ence procesd;(n,t) during thenth transmission to node conditional probability ofP® given the nodeX, emits at time
y; can be expressed using (3.3) with'(n) replaced by n = 0.
P, () = {X; € & : e*"(t) = 1}. Similarly, in the  In the Poisson-renewal model we denote BY70()=0 =
Poisson rain model of Section II-D, the interference prece®{ .| Ty(0) = 0} the probabilityP® given the nodeX, = 0
denoted byl;(t), during the (unique) transmission of node starts transmitting at tim@. Formally this means that the
admits the above representation (3.3) with(n) replaced by renewal process of transmission tini&gn) of node X, = 0

Ul(t) = {X; € U:e;(t) = 1}, and F}(n) replaced byF. is so called zero-delayed (and we denote by 0 the transmissio
Below we propose two different ways of taking into accounhat starts at time 0). By the independence (lack of synchro-
this varying interference in the SINR condition (3.2): nization) other node transmission times are not affected by

« To take themaximal interference valuduring the given this conditioning.
transmissionZ}**(n) = maxe r, (n),7;(n)+5) li(n,t) OF  Finally let us denote by, the probability Pc0(=1 of
I = maxye(r, 1,45 1i(t) for the Poisson-renewal or the successful transmission of the nodgat the time 0 given
the Poisson rain model, respectively; this choice corrgg-is selected by the Alohd.e., the that the condition (3.2)
sponds to the situation where bits of information semiolds fori = 0 at timen = 0. Similarly, denote bypce”
within one given packet are not repeated/interleaved ge probability P%7°()=0 of the successful transmission, with
that theSINR condition needs to be guaranteed at aryie average interference constraint, of the nodg started at
time of the packet transmissidfor all symbols) for the time 0 given it is selected by the Aloha
reception to be successful. In the case of the Poisson rain model we consider the Palm
« To take theaveraged interference valuever the whole (istributionP%:° of the space-time P.p.f given a pointX, =

packet duration//**"(n) = 1/B jTT((:)HB] Ii(n,t)dt 0,7, = 0 and denote by”<%" the probability P%- that the

rawm
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transmission fromX started at timel, = 0 is successful with used then
the average interference constraint mean ,

Similar notationp™®* with *+ = ren,rain will be used Pliin’ = exp(=ABriT*PK'(8)), (3:8)
for the probability of successful transmission for norntteld where
Aloha with the maximal interference constraint. A [0

1) Slotted Aloha:For the sake of completeness we recall K'(8) = ?/ w711 —ulog(1+u™"))du. (3.9)
first a result for slotted Aloha (cf [6]). 0

Proposition 3.1: Assume the slotted Aloha model of Sedhe successful transmission probabiliy;;." can also be
tion 1I-B1 with Rayleigh fading ¥ exponential with mean effectively evaluated in the case of a general fading distri
1/p). Then bution F'; see Appendix.

Pstor = Lw (1Tl(r)) oo (3.4) Remark: We consider the Poisson-rain model to be a simpli-
X exp{ — 27T,\p/ v du}_ fied model for non-slotted Aloha. In particular it has onlyeon
o 1+1(u)/(T(r)) parameter\; (time-space density of transmission initiations)
In particular if W = 0 and that the path-loss model (3.1) isthat does not allow us to distinguish between the spatial
used then density A of nodes and the channel-occupation-time-fraction
per node. However, in Section V-A we validate this model by
Dstot = eXp{_)‘pTQTg/ﬂK(ﬂ)} ’ (3-5) comparing the probability of successful transmisgigij" to
where prea™ under equality (2.2) with = B/(B+1/¢). We will see
27T(2/8)T(1 - 2/8) 92 a very good matching. Given this observation we can use (3.7)
= = — . (3.6) with \,B = A7 to express the basic performance metric of
B Bsin(2m/f) the non-slotted Aloha (probability of successful transiais)
We remark that the successful transmission probability; in terms of all the parameters of the (real) non-slottedesyst
can also be evaluated in the case of a general fading distrilbu the case ofi¥’ = 0 and the path-loss function (3.1) this

K(B)

tion F'; cf [6, Prop. 2.2]. relation has the following simple form
2) Non-slotted Aloha, Poisson-renewal Modditere we A 2712 /B gt
present our result for non-slotted Aloha in the Poissorene Pns = exp{—mr T""K (ﬂ)} : (3.10)
model. Its proof, as well as all other proofs is given in the
Appendix. E. Slotted Versus Non-slotted Aloha — First Comparison
Proposition 3.2: Assume the Poisson-renewal non-slotted
Aloha model of Section [I-B2 with Rayleigh fading' Ex- Note that the expression in (3.8) has exactly the same form
ponential with meari /u). Then as that for the slotted Aloha in (3.4), provided (2.2) holids.

when the both schemes exhibit the same space-time density

Pren" = EW(“TZ(T)ZO of channel occupation, with the only difference being in the
~ exp{_%)\/ u<1 __1 « (e—eB path-loss dependent constaiit(3). This observation allows

0 1+eB for an explicit comparison of several performance metrits o

B ee” s the slotted and non-slotted Aloha. The simplest one cansist
/0 m ds in comparing the blocking probabilities,;.; to p,s given the

Bi(u) same tuning of both systems.

B t —€s
+/ Bet - / ce - dsdt)) du}. Result 3.4: Assume the same density of nodestrans-
0 14 BWIM) —)Ti(r) mission distancer, and the same channel-occupation-time-

0
Bl 70 1+ g _ : )
As we can see, the above expression for the successf%Ftlon per noder (2.2). In the case of Rayleigh fading the

L . . - non-slotted Aloha offers
transmission in the Poisson-renewal model, albeit nuraltyic

tractable, is not very explicit. In the following section we Prs  100% = e~ E'B)=KB)*T 7 1 00%
show that the Poisson rain model leads to much more tractable Pslot
results. of the good-put (frequency of the successful transmisgpmers

node of the slotted Aloha.

D. Non-slotted Aloha — Poisson Rain Model In Figure 1, the ratio2z= x 100% is shown for different

Here we present our main result for this model. values of the path-loss g?éﬁon@and SINR threshold". For
Proposition 3.3: Assume the Poisson Rain model for norether parameters we take= % = 0.05, A = 0.001, r =
slotted Aloha of Section II-D with Rayleigh fading’ €xpo- /1000. ForT = 10 and close t02.5 slotted and non-slotted

nential with meant/u). Then Aloha have similar performances. For higher valueg ofon-
mean __ slotted Aloha offers a good-put ranging frara% to 80% of
Prain = £w (WTU(r) o I 1T 3.7) this of slotted Aloha. Note that the above comparison career
X exp{ — 470\33/ u(l — % log(l + 1(8) ) d } performance of the non-optimized (jnand 7) schemes. We
0

compare both models under their respective optimal tuning i
In particular if W = 0 and that the path-loss model (3.1) iswhat follows.
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Ratio of throughput non-slotted/slotted Aloha Ratio of throughput non-slotted/slotted

100 T 100
'» T=10 ——
95 | T=5 1 95
= g J— =
2 . a2 90
g.) 90 \\‘ L s St S A (:J)
S) | o 85
= 85 R — S S— <
o g F— K=}
= \ — 3 75
75 70
\
70 65
2.5 3 3.5 4 4.5 5 55 6 2.5 3 3.5 4 45 5 5.5 6

Path loss exponent 3 Path loss exponent 3

Fig. 1. The ratio (in %) of the good-put offered by the noritsid Aloha with
respect to the slotted one, as a function of the path losshexpp@, for various
choices of the SINR threshol@’; other parameters are = —— = 0.05,

1+e€
A =0.001, r = +/1000.

IV. OPTIMAL TUNING OF NON-SLOTTED ALOHA

In what follows we are interested the following MANET

performance metrics introduced in [6}p.( denotespg;,:, OF

Pns iN the slotted or non-slotted Aloha case, respectively):

o (space-time) density of successful transmissibns =
ATPe,
e Mmean progresgrog = 7 pe.

Fig. 2. The ratio (in %) of the good-put offered by the nonisid Aloha
with respect to the slotted one, when both are optimized g0 &smaximize
the density of successful transmissions as a function opd#tie loss exponent
3. This ratio does not depend on any other parameter.

does not take into account the energy spent to maintain
synchronization in the slotted scheme.

The following result compares the optimal density of trans-
mission in slotted and non-slotted Aloha.

Result 4.2: Under the assumptions of Result 4.1, for a
given density of nodes non-slotted Aloha with the optimal
tuning 7,,,4.. Offers

Tmaxan(TmaX) K(/B)
pmaxpslot(pmax) K/(ﬁ)
Assume), 7 to be fixed. A good tuning of the non-slottedof the good-put of the optimally tuned slotted Aloha.
Aloha renewal parameter (or equivalently ofr, given B) |n Figure 2 we present this good-put ratio for the optimized
should find a compromise between the average number sgktems in function of (note that it does not depend on other
concurrent transmissions per unit area and the probability parameters like\, 7, 7). We observe that for small values of
a given authorized transmission will be successful. To fi"tﬂath-loss exponent (close to2 the performances of slotted
such a compromise, one can e.g. maximize the time-spaggi non-slotted Aloha are similar but for large valueg oion-
frequency of successful transmissiods,.. The following slotted Aloha performs significantly worse than the slotiad.
result follows immediately from (3.10). In fact, more extensive numerical computations (not preesen
Result 4.1: Assume no nois# = 0, Rayleigh fading and here) allow us to conjecture thaitms o, K(8)/K'(8) =
path-loss (3.1). Givenr, the maximum value of the density; gand limg 0o K(B)/K'(8) = 0.5. The second part of this
of successful transmissioms,. = 1/(eK’(8)r*T%”) in the conjecture means that the good-put ratio for the optimized
non-slotted Aloha is attained for the space-time density &fstems only asymptotically, wheh — oo, goes t00.5 —
channel accesar = 1/(K'(8)r*T?/7). Moreover, given the the value predicted by the widely used simplified model with
spatial density of nodes the optimal mean channel-accessthe simplified collision model (see [7, Section 4.2]). Hoerv

x 100% = x 100%

A. Optimal MAC for the Density of Successful Transmissions

time-fractionr per nodery,,x for ds,. is equal to

1
Tmex = NKI(B)r2T2/8

e.g. for 8 = 4 this ratio is still 75% and even for3 = 6 the
ratio still remains significantly larger tha0%.
When trying to explain the above asymptotic value of 50%,

_ , — ) one may argue that in the presence of a very strong path-
if A>1/(K'(8)r"T*") and oo (interpreted as no back-off; |oss the only significant interferers are those, closer ® th

i.e., immediate retransmission) otherwise. given receiver than its own emitter, and that their impact is
Remark: Recall from [6] that similar optimal value of the same as if they were all located in an immediate vicinity
dswe = 1/(eK(B)r2T?/#) for slotted Aloha is attained for to the receiver. This makes the channel between a givenegmitt
Apmax = 1/(K(B)r2T?/%). Since K'(8) > K(83) we have and its receiver compatible with the classical, “geomesgt
Pax > Tmax, Which means that optimally tuned non-slotted0del-

Aloha occupies less channel than optimally tuned slotted . . . .

Aloha. However, both schemes exhibit the same energy effi- Optimal Transmission Distance Given MAC

ciency. Indeed if one assumes that each transmission esquir We assume now that the density of nodesas well as

a unit energy, the number of successful transmissions per wsome tuning of MAC f) is given. We are interested in
of energy spent isl/e. Remark that the latter comparisorfinding the transmission distaneethat maximizes the mean
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Fig. 3. Density of successful transmissions versus ﬁ. Comparison Fig. 4. Density of successful transmissions versus- %1/5 for mean
of the Poisson-renewal and the Poisson rain model to simolagsults. and maximal interference constraint; simulation results.

progressprog in the network. The following result follows

immediately from (3.10). . S
Result 4.3: Assume no nois®#” = 0, Rayleigh fading and models and.the simulation is perfect. FOr = 3 the FWO .
path-loss (3.1). Given\ and 7, the maximum mean progressmodels prowde the same results vyhereas the S|m_ulat|oas giv
prog in the non-slotted Aloha is attained for the transmissioﬁ larger denS|t.y of throughput. Th|s.c§m be explalned.by the
distance _act_ the a_nalyt|cal models regar_d |_nf!n|te—plane modelsilavh
1 in simulations the network area is finite, and the borderceffe

2K'(B)T?/ Pt (4.1) have stronger impact for small values ©f

for 5 = 5 and 5 = 3. For g = 5 the matching of the two

Tmax =

Recall from [6] that the similar optimal tuning efin slotted
Aloha is equal to (4.1) withK’(8) replaced by (53). It is thus
larger than this for non-slotted Aloha. Here is the comueris
of the mean progress in both systems. . . : .
Result 4.4: Under the assumptions of Result 4.3 the non- In this section we show the impact of the assumption

: ; o : on maximum interference constraint in the SINR on the
slotted Aloha with the optimal transmission distance affer " L
probability of a successful transmission.
mean progress

In Figure 4 we compare,.%* to pyiee™ for A = 0.001,
Progns(Tmax) _ VEK(B) r = /1000, T = 10 and 3 = 4. The loss in performance
— 7 x 100% = Y——= x 100% . . . .
Progsiot (Tmax) VE'(B) when the SINR is computed with the maximum interference
of the mean progress in the slotted Aloha with the optimgﬂaln b_e Igrge _and may be u_p46%. But wher! the throughput
IS optimized ine, the loss in performance is onB6%. We

transmission distance and the same tunmg of M”f‘e.p' observe that the throughput is optimized in both cases fr th
The curve corresponding to this result is very similar to the

N . .~ same value ofBe ~ 0.045, this value is also optimal for the
one presented in Figure 2. In particular fér= 4, the ratio . . . -
) Poison rain model. The density of successful transmissions
of the mean progress is close 88%.

for non-slotted Aloha when the SINR is not averagedi$;

V. FURTHER NUMERICAL RESULTS that of slotted Aloha. In this case, the comparison is close t
those of the 'standard’ model of slotted/non-slotted Alaima

i i ) i ) a wired network.

In th'.s section we validate our Poisson rain rggdel bY I Figure 5 we compare the density of successful trans-
comparing the succ_:egsfglntransmssmn prob.abybiﬁﬁ@ ©  missions for slotted Aloha and non-slotted Aloha when the
the same characterisige;,™ evaluated numerically with theerv?aximum or average SINR is considered. For slotted Aloha

e

en
formula of Proposition 3.2 for our Poisson-renewal model use the analytical model and optimize the density of
ughput inp. For non-slotted Aloha we use simulation

non-slotted Aloha. We use the same numerical assumptions[@r%
previously:A = 0.001, r = V1000, T' = 10 and 5 = 4. We o1t and the Poison rain model to optimize the schemes in
= 7. We observe that fof < 4 non-slotted Aloha with

also compare the results of these two models with simulation g
. . : 14+1/€ X .
carneq outin a sqgare. Of. 1(.)00 " 10.00 m with the same the averaged SINR providé®)% more throughput than with
numerical assumptions; this is shown in Figure 3. We obserye . .

X . . . the maximum SINR. Fo3 > 5 non-slotted Aloha with the
an excellent matching of the two models with simulations

the differences being almost imperceptitlée perform the dveraged SINR provides only arouad more throughput

; . .than with the maximum SINR. When we compare slotted
same comparison between the two models and the smulaﬂg\qgha with non-slotted Aloha with maximum SINR, we find

2The error bars in all simulation results correspond to a denfie interval that slotted Aloha offer§6% more throthpUt fo = 3 and
of 95%. 100% for B = 6.

B. Mean Versus Maximum Interference Constraint in SINR

A. Validation of the Poisson Rain Model
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Density of successful transmissions

0.045 whereF andW are the generic variables representing, respec-

g slotted'Aloha - tively, fading and external noise, and wheris the appropriate
g 004 nonslotted Aloha (maxinter) interference (maximum or averaged during the receptiohef t
€ non-slotted Aloha (mean inter) ' : )
& 0.035 given packet in the non-slotted case; cf. Section IlI-B2ju§,
£ o003 S in the case of Rayleigh fading, we have.
2 0.025 B Mﬁ“ Fact A.1: Assume exponentid with meanl/u (Rayleigh
é 6 0 e Jxat fading). Then
g 0.015 ”*:: et ) pe = Ele #TOUIAWI) — £ (uT1(r) L1 (uTL(r))
2 001 *“ e where £;(§) is the Laplace transform of the interference in
§ 0.005 L - the respective model.
3 3.5 4 45 5 5.5 6 The above formula was used for the first time in [5] in the
Path loss exponent B case of slotted Aloha. The following result proved in [6]r(fo

o 5. Densitv of ol b o t Ineponent slotted Aloha) allows the analysis to be extended to the case
ig. 5. ensity of successful transmissions versus pa onen : }
3. Slotted Aloha and non-slotted Aloha (mean and maximalrfietence of a general fadlngF. It follows from the Plancherel-Parseval
constraint) are tuned to maximize the density of successinsmissions. theorem (see e.g. [9, Th. C3.3, p.157]).

Fact A.2: Assume that

« F'has afinite first moment and admits a square integrable

. density;
We have developed two stochastic models to analyze, Either 7 or W admit a density which is square inte-

non-slotted Aloha in SINR based scenarios. If we consider grgple3
Rayleigh fading, a power-law signal-power decay and th . o
interference to be averaged over the duration of the trar-lr 1en the probability of a successful transmission is eqoal t
mission slot, our two models lead to closed formulas fory,
the probability of capture and the density of throughput. [, —9ims) —
The formula of the Poisson rain model can be very simply=[  £1(2ixl(r)T's) Lw (2iml(r)T's) Lr(~2ins) 1
used to provide straightforward results whereas the Peison ~
renewal model requires more computational effort. The twihere (&) = E[e~¢F] is the Laplace transform of".
models also provide very close results, which are confirmddhe results of Propositions 3.3 and 3.2 follow now from
by simulations. The analysis can also be extended for a genéract A.1 and the particular form of the Laplace transform
fading F' using the Plancherel-Parseval theorem. of the correspondingveraged interferencé = 1™<*" of the
Our two models for non-slotted Aloha allow extensive petypical user transmission in the Poisson-renewal and Boiss
formance comparisons with slotted Aloha. We compare nofain model. We are unable to give an analytical expression
slotted and slotted Aloha both for a given value of transioiss for the successful transmission in either of the non-sibtte
attempts as well as when the two models are optimized. Slot#®loha models under thenaximal interference constraimue
Aloha does indeed offer better performances than noneslotto the fact that we are not aware of any explicit represeoati
Aloha but for realistic path-loss assumptions the ratioais fof the Laplace transform of the maximal interference in the
smaller than the “well-known” factor 2 obtained for Aloha inconsidered models.
the wired model, In what follows we develop expressions for the Laplace
Using the simulation results we have studied non-slottécinsforms of/™<2", We use the following result giving an
Aloha when the maximum value rather than the averageplicit formula for the Laplace transform of tlyeneric shot-
value of the interference is considered in the SINR condtrainoise.J = > v,en f(Gi,Y:) generated by some homogeneous
This change introduces a significant loss in the density Bbisson p.p. with intensity, theresponse functiorf(-, -) and
throughput but this loss is greatly reduced when the densityd. (possibly multi-dimensional) mark&; distributed as a
of successful transmissions is optimized. generic r.v.G. It can be derived from the formula for the
Laplace functional of the Poisson p.p. (see e.g. [10]).

Fact A.3: Consider the shot-noise random variable defined
In this section we prove Propositions 3.3 and 3.2, and sh@gve. Then

some extensions of these results.
£5(5) = Ble™) = exp{-a [ (1-Blexp({~s/(G.0)}) &}
A. General Approach A1)

We begin with the simple observation that the success{here the integral is evaluated over the whole state space of
transmission probability. can be expressed in all caseg which p.p.pll lives and the expectatidB in the exponent

considered in this paper (slotted Aloha, Poisson-renewdl g taken with respect to the distribution of the generic m@rk
Poisson rain, both with maximum or average interference

constraint) in therms of the followingndependentandom
variables

VI. CONCLUSION

ds,

2ims

APPENDIX

3The square integrability of the density of a given randomiaide (in
particular ofI) is equivalent to the square integrability of its Fouriemisform
pe=P{F>TI(r)(I+W)} (in particular to the integrability of£ 7 (is)|2 in the case of ); see [11, p.510].
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B. Interference in the Poisson Rain Model where the expectation is with respect(tB, S) — a generic
We begin with the simpler — Poisson-rain case. Recall th&0PY for (R;, S;) (the expectation with respect to the expo-
in this case, we have nentially distributed fading variableB, F’ has already been
taken into account in the formula).
According to renewal theory (see e.g. [4, eq. 1.4.3]), the

B
Jrmean — 1/3/ E FQ/Z(|Xj — ) dt joint distribution of (R, S) is given byP{—-R + S < B +
0 . J _ (e (B+s)e —es .
X, €W (1) j#0 a} fo Bii/c© ds for a > 0. From this formula we

derive first the marginal law aR that is with probabilityljfB
uniformly distributed on[— B, 0] and with probabilityﬁ
equal to—(B + e.) wheree. is an exponentially distributed
random variable of rate. Next, the conditional distribution of

considered under the Palm probabiliBf:° of the space-
time P.p.p ¥ given a pointX, = 0,7, = 0. By the stationarity
of U\ {X,} underP®° we can replace; by 0 in the above
formula. Moreover using the representatign (t) = {X; : X o
1 =e;(t) = 1(T; <t < T; + B)} for nodes that emit at time S given R can be glenved_. iR > -B f[he_nS_: B+ R+ec
t, changing the order of integration and summation we obta?ﬁ'dR = Ce otherW|se_. Using these distributions, the required
the following representation for (the distribution dfy*¢e” expectation can easily computed:

eB
1 Z) ER@X,D,  (A2)  Lomen (uTUr) = exp{ =X / -
X;,T;)EW

1 (B 1 ° e
whereV is the.s.tationar.y space-time_P.p.p. pf the Poisson rain XE/O 14 B-0TI0) /0 14 =7 T dsdt
model, F; are i.i.d. copies of the fading variable and Bi(Jz]) Bl(]z])

1 o ece”
B
I(s<t<s+B) , (B—|s)* - / ds)d:c} .
= = . 1 B (B—s)*Ti(r)
o) = | - e FBJy Ty ErT

where a* = max(0,q). Note that the random variable onAfter some simplifications and a change in polar variablés th
the right-hand-side of (A.2) is an example of the shot-noigives the result announced in Proposition 3.2.

random variable/, with respect to the P.p.pl on R? x R

with the response functiofi(F, (x,t)) = F h(t)/i(|z|). Using REFERENCES
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