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SUMMARY

This paper describes the use of the eXtended Finite Element Method in the context of quadtree/octree
meshes. Particular attention is paid on the enrichment of hanging nodes that inevitably arise
with these meshes. An approach for enforcing displacement continuity along hanging edges and
faces is proposed and validated on various numerical examples (holes, material interfaces and
singularities) in both 2D and 3D.
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1. INTRODUCTION

Recently, much attention has been paid on adaptivity in the context of partition of unity
finite element methods [1]. Adaptivity allows to improve the accuracy of the numerical
solution at a lower computational cost. The objective is to obtain an efficient nodes
distribution (both for their number and location). Once the error distribution is known,
the mesh is refined, and the process is re-itered until the error falls below a threshold
value on the whole mesh. Various approaches have been developed for mesh adaptation
[2]: The adaptation may be global with the creation of an element-size specification
defined on a background mesh that is used to rebuild the whole (unstructured) mesh,
or it can be local if only the elements above the error threshold are locally subdivided.
In this contribution, we rely on a quadtree/octree data structure which is a simple, fast
and efficient approach for h-refinement. Quatree/octree data structures are based on
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a recursive decomposition of the elements that exceed the prescribed error tolerance.
However, this approach leads to so called ”hanging nodes” if an element and its neigh-
bors have not the same size. Various approaches have been proposed in classical finite
elements in order to enforce the compatibility of the approximation [3, 4, 5, 6]. Here,
we consider the case of the eXtended Finite Element Method [7]. This method is part
of Partition of Unity finite element methods [1, 7, 8], that generalize classical finite el-
ements by enabling to incorporate a priori informations on the nature of the solution.
The X-FEM was developed to overcome the necessity of geometrical conformity when
using the finite element method. Its first application was in the context of problems ex-
hibiting strong discontinuities such as fracture mechanics [7, 9]. From 2D linear elastic
fracture mechanics, the method was further extended to 3D [10, 11, 12] and non-linear
fracture mechanics [13, 14, 15, 16, 17]. The method was also developed to handle holes
[18], material interfaces [18, 19, 20] and flows [21, 22] independently of the finite element
mesh. Lately, problems involving stability conditions [15, 23, 24, 25] and error estimation
[26, 27, 28, 29, 30, 31] have been considered. Among partition of unity finite element
methods, one can cite also the Generalized Finite Element Method (GFEM) [32, 8] that
has been used for a wide class of applications. In particular, the use handbook functions
makes possible to enrich the approximation in the case where the enrichment functions
are not explicitly known [33, 34]. Even if the use of the X-FEM improves the accuracy
of the approximation in critical area, this does not eliminate the need for controlling the
error which implies remeshing.

Here, we investigate the coupling of the X-FEM and a quadtree/octree data struc-
ture for adaptive computation driven by the local error. The main issue still comes from
the appearance of hanging nodes in the approximation, and the way the corresponding
degrees of freedom have to be treated. In this context, Tabarraei and Sukumar [6, 35]
have proposed to consider the elements containing hanging nodes as counterpart of a
polygonal reference element through an iso-parametric mapping. This approach proved
to be effective for the examples the authors provided. One drawback is related to the inte-
gration of the stiffness matrix over arbitrary polygons: the authors proposed to split the
reference space in several simplices, and perform the integration on these sub-elements.
Recently, Natarajan et al. [36] proposed an alternative based on Schwarz-Christoffel
mapping which eliminated the need for two the successive mappings. However, the ex-
tension of this special mapping to 3D has not been discussed. Another strategy was
proposed by Alizada and Fries [37] which consists in creating special elements that al-
lows to associate explicitly degrees of freedom to the hanging nodes. This approach is
appealing in 2D, but seems difficult to extend in 3D because of all the special cases that
can occur, depending on the number of hanging nodes (in 3D, nodes can hang both on
faces or on edges). In this paper, a strategy based on the use of classical finite elements
is proposed. The continuity of the finite element field is ensured even on interfaces con-
taining hanging nodes. The idea consists in selecting the right degrees of freedom for the
enrichment, then properly constrain them to ensure the continuity of the finite element
field. The choice of the dofs to be enriched is obtained by virtually introducing com-
posite elements, that are practically treated using linear combination of classical shape
functions. Note that the spirit of the approach proposed here shares similarities with
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the work of Sukumar and Park [38] that deals with the enforcement of Bloch-periodic
boundary conditions.

The paper is organized as follows: In a first part, basic ingredients of quadtree/octree
data structure are presented with a particular focus on the approaches that can be used to
enforce the conformity of the field across interfaces containing hanging nodes. Then the
X-FEM is presented, and the case of holes, material interfaces and cracks is considered.
In a third part, an approach that ensures continuity of the enriched field across hanging
elements is presented, and validated on various numerical examples in both 2D and 3D.

2. OCTREE / QUATREE DATA STRUCTURE

Quadtree (resp. Octree) is a spatial decomposition method that consists in subdividing
recursively the 2D (resp. 3D) bounding-box of the domain of interest (Ω) [2]. This box is
first subdivided into four equally-sized cells, each of which may be recursively subdivided
several times (until a stopping criterion is met). The subdivision of an element is called
its children whereas the subdivided element is called father. A cell that is not subdivided
is called a leaf, otherwise it is called internal cell. The level of an element corresponds
to the number of subdivisions required to obtain this cell from the bounding box. Note
that the level of the root cell is zero (no subdivision was needed to obtain it). Two cells
are called neighbor or adjacent if they share a common edge. If two adjacent cells do
not share the same level, then so-called hanging nodes appear. In order to manage mesh
gradation, the level difference between adjacent cells may not exceed one. This is also
called the 2:1 rule (any element have at most two neighbors along its edges).

One key aspect of quadtree/octree structures is that all the topological informations
can be stored as a tree. Using this structure, informations such as level, neighbors, an-
cestors and children of an element can be easily obtained. Note that the implementation
used in this paper is based on a linear encoding of the tree [2].

Quadtree/Octree were intensively used in the context of computer graphics or image
processing. They were first used in the context of finite elements by Yerry and Sheppard
[39]. An appealing feature in this context stems from the fact that all the elements are
geometrically homothetic: in 2D, the elementary stiffness matrix is the same for all the
elements and a unique computation is sufficient for the assembly of the whole global
stiffness matrix.

However, the finite element approximation is incompatible along the edges contain-
ing hanging nodes. Classically, hanging nodes are constrained to corner nodes [3], as
on these edges the coarsest element dictates the form of the approximation. Alterna-
tively, the mesh can be modified locally to enforce the compatibility (see for example
figure 2). In 2D, only five cases can occur, which makes possible mesh modification.
However, mesh modifications can be computationally expensive (finding elements con-
taining hanging nodes, inserting new elements), and the number of possible case increases
a lot in 3D. To overcome this issue, Schroeder et al. [40] proposed to generate on-the-fly
transitional elements near hanging nodes by mean of a local Delaunay triangulation.
Krysl et al. [4] proposed a hierarchical enrichment of the basis to obtain conformity
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Figure 1: A quadtree mesh (a) and its representative tree (b). Hanging nodes are high-
lighted by •. Note that in this case, the 2:1 rule is not verified.

along interfaces containing hanging nodes. The third class of approaches consists in
weakly imposing the conformity by mean of penalty, Lagrange multipliers or Nitsche.
Recently, new approaches have been proposed to obtain conforming approximations us-
ing quadtree meshes [5]. In particular Tabarraei and Sukumar [6] proposed the use of
polygonal interpolants to produce conforming approximations with hanging nodes.

Figure 2: Mesh modification.

In this contribution, an approach based constraining the degrees of freedom of the
hanging nodes is proposed in the context of the eXtended Finite Element Method. For
non enriched finite elements, it reduces to a classical constraining approach, and remains
usable for enriched finite elements despite of the difficulties that arise (see section 4).

3. GOVERNING EQUATIONS

In the following, 2D linear isotropic thermal problems are considered. Let ∂Ω be the
boundary of the domain Ω (see figure 3). Let ΓD and ΓN form a disjointed partition of

5



∂Ω. The scalar field T , solution of the problem, verifies the following equations :

λ ·∆T + r = 0 in Ω (1)

T = TD on ΓD (2)

λ · ∇T · n = g on ΓN (3)

where λ is the material conductivity, r is a volumic heat source, g is a prescribed flux
(Neumann boundary condition) and TD is the prescribed temperature on ΓD (Dirichlet
boundary condition).

Figure 3: Domain and boundary conditions

T is searched in a standard Sobolev space T = {T ∈ H1(Ω) |T = TD on ΓD}. For
numerical resolution, the problem is transformed into a weak form as: find T ∈ T so
that:

a(T, T ∗) = l(T ∗) ∀T ∗ ∈ T 0 (4)

where T 0 is similar to T with zero Dirichlet boundary conditions, a(·, ·) and l(·) are
respectively bilinear and linear forms defined as :

a(T, T ∗) = λ

∫

Ω
∇T · ∇T ∗ dΩ (5)

l(T ∗) =

∫

ΓN

g T ∗ dΓ−
∫

Ω
r T ∗ dΩ (6)

4. THE EXTENDED FINITE ELEMENT METHOD

As the previous problem is generally unsolvable analytically, the solution T is sought in
a finite dimensional space. Following the partition of unity framework [1], the classical
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finite element space is enlarged by mean of enrichment functions. The temperature field
T is searched in an approximation space TXFEM defined by :

T (x) =
n∑

α=1

Nα(x)


Tα +

ne∑

β=1

aαβ · φβ


 (7)

where 〈Nα〉 and Tα are respectively the set of shape functions and degrees of freedom
of the classical finite element approximation, 〈φβ〉 are enrichment functions and aαβ the
enriched d.o.f. associated to the node α and the enrichment function φβ .

Thanks to the enrichment functions, specific behavior (such as boundary effects,
voids, cracks, material interfaces for example) can be treated with a non-conforming
mesh. The enrichments are chosen according to the physical phenomenon they have
to represent. In this paper, three cases will be considered : cracks, holes and material
interfaces.

In the case of cracks, two enrichments are used [7]: (i) A discontinuous enrichment
based on a heaviside function to model crack opening across finite elements completely
cut by the crack, and (ii) a singular enrichment to take into account the influence of the
crack tip for node whose support contains the tip. The case of holes was addressed in [41]
and [18]. It consists in an integration of the weak form only in the material part of the
domain. Concerning material interfaces, the enrichment must account for the gradient
jump across the interface. In [18], a distance function was used but it was shown that
the convergence rate was degraded with respect to conforming finite elements, unless
the approach proposed by [20] is used. Here, the so called ridge function is used (see
fig.4). This function was introduced in [19] and allows to recover numerically the same
convergence rate as classical finite elements.

Figure 4: Ridge function for 1D and 2D problems

As presented in equation (7), the use of the X-FEM introduces enriched degrees of
freedom in the approximation. In the context of octree meshes, enriched dofs could be
associated to hanging nodes. For the classical dof associated to hanging nodes, strategies
such as those presented in section 2 can be applied directly. However, the way enriched
hanging nodes have to be taken into account is an open issue that is considered in the
following section.

7



5. FIELD CONTINUITY ALONG HANGING EDGES / FACES

As stated in the previous section, it is not clear how do hanging nodes have to be
managed in the case of X-FEM (especially their enrichment). In this section, a strategy
is proposed in order to ensure the continuity of the enriched field even in the case of
hanging nodes.

5.1. The case of classical finite elements

First, the case of classical finite elements is presented: Consider a cell whose neighbor’s
level is higher, as depicted in figure 5. Node H is hanging along the edge defined by
parent nodes P1 and P2. Classically, the degrees of freedom associated to the hanging
nodeH are tied to parent nodes P1 and P2 by mean of the following well known condition
which holds for linear finite elements:

TH =
1

2

(
TP1 + TP2

)
(8)

By mean of this constraint, the continuity of the finite element field is ensured across
edge P1P2. In fact, this condition can be viewed either as a constraint on the degrees

P1

P2

H
B

C

A

e1

e2

1 2

4 3

1 2

4 3

Figure 5: FEM hanging node. A, B, C, P1, P2: Global numbering. 1, 2, 3, 4: Local
numbering.

of freedom, either as the construction of new shape functions for parent nodes P1 and
P2 if the dof associated to the hanging node is eliminated (which amounts to merge
elements e1 and e2). Indeed, the interpolation of the field in the two elements (e1 and
e2) containing the hanging node can be written as:

T(x)|Ωe1
∪Ωe2

=

n∑

α=1

Nα Tα (9)

Where n stands for the number of nodes involved in elements e1 and e2. The relation
above involves the dofs associated to nodes P1, P2, H, A, B, and C (see figure 5 for the
label of the nodes). The interpolation can be written as:
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T(x)|Ωe1
∪Ωe2

= N1

e1
TP2 +N2

e1
TA +N3

e1
TB (10)

+N4

e1
TH +N1

e2
TH +N2

e2
TB +N3

e2
TC +N4

e2
TP1

Figure 6: Shape functions associated to the composite element e12. From left to right
and top to bottom: Individual shape functions associated to nodes C, B, A,
P2, P1 and five shape functions superimposed on the element.

By mean of condition (8), the dof associated to the hanging node can be eliminated,
defining new shape functions N̂P1 and N̂P2 associated to the parent nodes:

N̂P1 = N4

e2
+

1

2

(
N4

e1
+N1

e2

)
(11)

N̂P2 = N1

e1
+

1

2

(
N4

e1
+N1

e2

)
(12)

Now, elements e1 and e2 can be considered as a unique composite finite element e12
with five nodes (the hanging node was condensed at the composite element level). The
shape functions corresponding to this new element are depicted in figure 6. Thanks to
this alternative way for writing the one half constraint on the dofs, continuity along edge
P1P2 and partition of unity are automatically ensured. These new shape functions are
considered in the context of the X-FEM in the next section. Finally, note that shape
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functions NA, NB and NC of the composite element exhibit a discontinuous gradient.
This can be overcome by integrating the weak form separately on elements e1 and e2.
This approach, based on replacing a shape function by linear combination of master
shape functions is similar to the one proposed by Sukumar and Pask [38] in the context
of periodic boundary conditions. The authors proposed to enforce periodic and Bloch-
periodic conditions by mean of the replacement of a set of Neumann shape functions by
a linear combination of the other shape functions. Two approaches were proposed to
apply this condition in practice: either by enforcing the linear combination during the
assembly, or after the assembly by row/column matrix operations and deletions. In this
paper, the former approach was considered due to its simple implementation within our
X-FEM code. However, the latter could also bee applied.

5.2. The X-FEM case

The case of enriched approximations is now considered. Figure 7(a) depicts such a
case. If elements e1 and e2 are considered as a unique element e12 that verifies the

P1

P2

B

C

A1 2

3

5 4

P1

P2

H
B

C

A

e1

e2

1 2

4 3

1 2

4 3

(a) (b)

Figure 7: Enriched hanging node. (a) Composite element; (b) Two classical finite ele-
ments plus hanging node.

partition of unity, the approximation can be enriched following the approach presented
in section 4. The only difference stems from the fact that the supports of the shaped
functions associated to the parent nodes P1 and P2 extend on both element e1 and e2
(see figure 7(a)). The enrichment of the approximation is now trivial as the hanging
node was eliminated from the approximation. However for practical purpose, we would
like to treat the composite element as two elements with classical shape functions (see
figure 7(b)). This is why the implementation of the strategy described above is done as
follows:

1. Select the enriched degrees of freedom based on the composite element e12 (see
figure 7(a)).

2. Consider the composite element as two classical finite elements (see figure 7(b))
with a proper constraint on the dofs for the assembly process.
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Considering the composite element as two classical finite elements plus additional
constraints on the hanging dofs enables minimal modifications in the finite element code:
no special elements have to be considered in the assembly. Thus, no special mapping has
to be defined in order to map the composite parent element on the physical one: this
makes the extension of this approach to the 3D setting straightforward as there is no
need to use different composite elements depending on the number of hanging nodes on
an element (unlike [37]). Note also that this approach can still be applied if the elements
of the mesh are converted to simplicies.

After enriching the composite element, the approximation is written as:

T(x)|Ωe1
∪Ωe2

=
5∑

α=1

Nα Tα +
5∑

α=1

Nα




ne∑

β=1

aαβ φβ(x)


 (13)

The shape functions associated to the parent nodes can be re-expressed in term of
the shape function of the hanging node (equations (11) and (12)), then separated on
their initial element. Thus, relation (13) can be written separately on elements e1 and
e2:

T(x)|Ωe1
∪Ωe2

=

4∑

α=1

Nα
e1

Tα +

4∑

α=1

Nα
e1




ne∑

β=1

aαβ φβ(x)


 (14)

+
4∑

α=1

Nα
e2

Tα +
4∑

α=1

Nα
e2




ne∑

β=1

aαβ φβ(x)




where:

TH =
1

2

(
TP1 + TP2

)
(15)

aHβ =
1

2

(
aP1

β + aP2

β

)
(16)

This shows that the only special treatment that is needed for hanging nodes in
the case of X-FEM is to constrain their value to one half of the parents nodes, for
both classical and enriched dofs. In fact, one additional requirement has to be taken
into account to make this approach work in all cases. Consider the continuity of the
interpolated field across edge P1P2: On the coarse element side, the approximation is:

T(x)|Ωe
= NP1 TP1+NP2 TP2+NP1




ne∑

β=1

aP1

β φβ(x)


+NP2




ne∑

β=1

aP2

β φβ(x)


 (17)
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On the fine side, the approximation is:

T(x)|Ωe
=ÑP1 TP1 + ÑP2 TP2 + ÑH TH+ (18)

+ ÑP1




ne∑

β=1

aP1

β φβ(x)


+ ÑP2




ne∑

β=1

aP2

β φβ(x)


+ ÑH




ne∑

β=1

aHβ φβ(x)




Where Ñ (resp N) stands for the shape functions associated to the fine (resp coarse)
elements: Ñ i = N i

e1
on element e1 and Ñ i = N i

e2
on element e2. Writing the continuity

of the field across the hanging edge requires equality between eqns (17) and (18). This
condition can be split in two sets of equations: One related to the classical part of the
approximation and one related to the enriched one:

NP1 TP1 +NP2 TP2 = ÑP1 TP1 + ÑP2 TP2 + ÑH TH (19)

φβ(x)
(
NP1aP1

β +NP2aP2

β

)
= φβ(x)

(
ÑP1aP1

β + ÑP2 aP2

β + ÑHaHβ

)
(20)

where equation (20) must be written for β = 1 · · ·ne. Equation (19) is automatically
verified, thanks to constraint (15). Thus, continuity will be ensured across edge P1P2

if equation (20) is verified. One can notice that both lhs and rhs of this equation are
in fact equation (19) times φβ(x). Thus, it will be also automatically verified thanks
to condition (16) provided that φβ(x) is continuous across edge P1P2. This is true for
the majority of classical enrichment functions used in the literature (voids [18], fracture
mechanics [7]), but not in the case of material interfaces treated by the ridge function, as
the support of the ridge is different in the coarse and in the fine elements (see figure 8).
This has an impact on the way material interfaces are taken into account: this aspect is
thus considered separately in the following section.

5.3. The case of Material Interfaces

As stated above, the ridge enrichment is not continuous across the hanging edge (see
figure 8), and the methodology presented above cannot be applied. Multiple possibilities
could be considered to deal with this issue. First, the classical “abs” enrichment function
[18] could be considered. In this case, the continuity of the enrichment function is ensured
across edge P1P2 as the support of the function is not compact. However, it has been
observed that the convergence rate with this function is not optimal [18, 19]. One can
overcome this issue with the use of the so-called “corrected X-FEM” approximation
from Fries [20]. One could also define the enrichment function independently of the
mesh. This solution would allow the construction of a continuous enrichment function
across P1P2, but would also lead to difficulties in the integration of the weak form if it
exhibits gradient discontinuities inside the finite elements (not only on the interface).
In the case of the ridge function, one could extend the support of the ridge so that
it is continuous along edge P1P2, like in [42]. However, the choice on the size of the
support should evolve along the interface depending on the size of edge P1P2 (this
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Figure 8: The case of material interfaces.

size must be at least the distance P1P2): This issue should lead to difficulties in 3D.
Alternatively, one could define a ridge function that is built by mean of the composite
shape functions: this approach would lead to a a continuous ridge function across edge
P1P2. This last approach is illustrated in appendix A, but was not considered hereunder:
We rather follow an alternative path which has drawn a lot of attention lately: the
approximation is made discontinuous across the material interface by mean of a Heaviside
enrichment, then it is “glued“ to ensure continuity a posteriori. The Heaviside function
is continuous across P1P2, which means that the strategy presented in section 5 can be
applied. However, imposing the continuity is not an easy task: penalty can be considered,
but the approach is not consistent so that the penalty parameter has to tend to infinity
with mesh refinement. Moreover the value of this parameter is user dependent. The
most rigorous approach consists in the use of Lagrange multipliers along the interface.
Lot of work has been published lately on this topic [23, 24, 43, 25, 44], which shows that
the choice of the proper Lagrange multipliers space is a complex issue. Here, there is an
additional complexity because of hanging nodes. This is why we will focus on the use
of the Nitsche approach which can be seen as a consistent form of the penalty approach
[45, 46], or as a stabilized Lagrange multipliers approach [47]. Here, we follow [46] to
write the gluing along the interface. In the following, Γ denotes the interface between
the two materials and JT K denotes the jump in the approximation field (which has to
vanish). Furthermore, < • > stands for the mean of • across Γ. The Nitsche approach
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introduces a parameter β in order to impose the condition along Γ. The formulation of
the problem is written as:

∫

Ω
λ ∇T ·∇T ∗ dΩ+

∫

Γ
βJT KJT ∗K dΓ

−
∫

Γ
JT K < λ ∇T ∗ · n > dΓ (21)

−
∫

Γ
< λ ∇T · n > JT ∗K dΓ

=

∫

∂ΩN

gT ∗ dΓ ∀T ∗ ∈ H1
0 (Ω)

With this approach, β must be chosen in order to ensure the coercivity of the bilinear
form. It is also possible to obtain the limit value for β that ensures stability by mean of
a global eigenvalue problem proposed by Griebel [48], or a local one proposed by Embar
et al. [49]. In the following, β will be set to a given value that ensures the stability of
the approach.

6. NUMERICAL EXAMPLES

In this section, numerical examples are proposed in order to validate the approach. The
validation will be carried out by mean of error driven mesh adaptation, with known
analytical solution. The adaptation will be driven by the exact relative error (defined
by equation (22)), imposing refinement when the error within an element exceed a given
threshold.

εΩe
=

√∫
Ωe
(∇T −∇T ex)λ(∇T −∇T ex) dΩ∫

Ω∇T exλ∇T ex dΩ
(22)

This approach does not lead to optimal meshes in term of error distribution, but
is sufficient to validate the approach. In practice, the adapted mesh is monitored in
order to check that the error does not localize near the hanging nodes. Moreover, the
adaptation process is compared to results obtained by a mesh modification approach
that eliminates the hanging nodes (see figure 2). Finally, note that in the following each
active cell of the quadtree is split into two triangular elements to build a simplex mesh.

6.1. Holes

Consider a [−1, 1] × [−1, 1] plane domain containing a hole at its center with a radius
R = 0.4 (see fig.9). The external boundaries are submitted to Neumann boundary
conditions and the hole is free. The domain is submitted to an internal heat source such
that the exact solution is:

T (r, θ) = e−(R−r)2 sin(θ) (23)
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Figure 9: Geometry, initial mesh and solution for the hole’s example

The initial mesh is built from a level 3 quadtree grid (8×8×2 elements, see figure 9).
The maximum error contribution allowed is fixed to 5.10−4. The procedure is run until
none of the elements needs to be refined. The final meshes with and without hanging
node are given in figure 10.

Hanging nodes No hanging nodes

Figure 10: Final mesh after adaptation

In both cases, the refinement stabilizes after some iterations. No focus of refinement
is observed around the enriched elements. The final meshes are nearly the same, which
validates the method. Moreover, the error distribution is also similar (see fig.11), even if
it is smoother without hanging nodes because of the smoother gradation of the mesh size.
We remark also that the computation with hanging nodes needs more iterations to meet
the tolerance (8 iterations versus 5 without hanging nodes). In fact, when hanging nodes
are considered, iterations 6, 7 and 8 only affect classical elements away from the hole.
This stems from the difference of size between two neighbors with different level which
makes them sensitive to pollution errors and extend the refinement on some isolated
elements.
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Hanging nodes No hanging nodes

Figure 11: Error distribution

6.2. Singular field

Consider a [−1, 1] × [−1, 1] plane domain containing a singularity at its center (see
figure 12). The analytical solution of this problem is:

T (r, θ) =
√
r sin(θ/2) (24)

The solution is singular near the center of the domain, and discontinuous along the
line (−1, 0)− (0, 0). The X-FEM approximation is enriched with the Heaviside function
for the nodes whose support is crossed by the discontinuity line, and with a near-tip
asymptotic function

√
r sin(θ/2) for nodes whose support contains the center of the

domain.

ex

ey

M

θ
r

~φex

~φex

~φex
~φex

Figure 12: Singular field example

The process begin with a mesh composed of 128 elements of level 3, and the threshold
for refinement is set to 1.10−3 for the relative error. First, a mesh with center at (0, 0)
is considered. The final mesh is given in figure 13. It took ten adaptations to obtain
this mesh both with or without hanging nodes. It can be seen that the refinement
level is the same for the two approaches which validates the proposed approach in this
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case: no localization of the error was observed, and a close-up is necessary to see some
discrepancy between the two solutions (see figure 14). Concerning the error distribution,
it is consistent between the two approaches, even if it is smoother without hanging
nodes, thanks to a smoother mesh gradation (see figure 15). Remark that when using
a geometrical enrichment of radius 0.2 (see [50, 51]), only 5 iterations were necessary to
get an error below the 1.10−3 threshold.

Hanging nodes No hanging nodes

Figure 13: Final mesh after adaptation

Hanging nodes No hanging nodes

Figure 14: Final mesh after adaptation (zoom near the singularity)

The case of an non-centered domain is now considered. The domain bounding box
is now [−1.1, 0.9]× [−1.1, 0.9], which enables the discontinuity to cross the elements. A
geometrical near-tip enrichment of radius 0.2 is considered, and exact fluxes are imposed
on the boundaries. The conclusions are similar to those of the centered mesh. One can
also remark some orphan refinement areas in figure 17 for the mesh with hanging nodes,
but also for the mesh without hanging nodes. The error distribution is presented in
figure 18 and is similar in the two cases. Finally, note that it took 7 iterations to the
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Hanging nodes No hanging nodes

Figure 15: Final error after adaptation

process to meet the 1.10−3 relative error tolerance in this case (with and without hanging
nodes).

Hanging nodes No hanging nodes

Figure 16: Final mesh after adaptation (shifted case). The iso-zero and subelements of
the plane defining the singularity are shown.

6.3. Material Interfaces

Consider a [−1, 1] × [−1, 1] plane domain that contains a circular inclusion of radius
a = 0.7 at its center (see figure 19). The thermal conductivity of the matrix is set to
1.0, whereas it is set to 10.0 for the inclusion. The analytical solution of this problem is
given by the following expression:
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Hanging nodes No hanging nodes

Figure 17: Final mesh after adaptation (shifted case, zoom near the singularity). The
iso-zero and subelements of the plane defining the singularity are shown.

Hanging nodes No hanging nodes

Figure 18: Final error after adaptation (shifted case). The iso-zero and subelements of
the plane defining the singularity are shown.
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T (r, θ) = r2 for r < 0.4 (25)

T (r, θ) =
5r3a2 − 4r2a2 − 10r2a3 + r2 + 9ra3 + 5ra4 − 2ra+ a2

5a2
otherwise (26)

The solution exhibits a discontinuity in its gradient at the material interface Γ (see
figure 20). The numerical solution is obtained, as presented in section 5.3, with the use
of a Nitsche parameter β = 105. This value was selected after a sensitivity study on the
convergence rate with respect to β. The results are reported in figure 21 and show no
influence of the value of β in the range [103, 107].

Inclusion

Matrix

Γ

ex
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θ
r

~φex

~φex

~φex
~φex

Figure 19: Bimaterial example

Figure 20: Bimaterial example

The error threshold is set to 1.10−3, and the initial mesh is a uniform level 3 mesh.
Like in the previous examples, the adapted mesh is compared with and without hanging
nodes: it can be seen in figures 22 and 23 that the meshes have exactly the same shape,
and it took exactly the same number of iterations to meet the error requirement (5
iterations). Concerning the error fields, they have the same shape (no error peak near
the interface with hanging nodes), and the error with hanging nodes is still smoother
due to a more graded mesh.

If the value of β is changed, the shape of the adapted mesh is changed, as the
strength of the imposition of the continuity constraint across the interface is modified.
This is why the discrepancies appear near the interface (see figure 25).
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Figure 21: Influence of β on the convergence

Hanging nodes No hanging nodes

Figure 22: Final mesh after adaptation

Hanging nodes No hanging nodes

Figure 23: Final mesh after adaptation (zoom near the interface)
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Hanging nodes No hanging nodes

Figure 24: Final error after adaptation
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Figure 25: Influence of β on the adapted mesh
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Finally, the adaptation process is applied on a pure quadtree mesh (without splitting
the quadrangles into two triangular elements) for illustrative purpose. Parameter β is
still set to 105 (after a convergence study to monitor the influence of the parameter). It
took 5 iterations to meet the 10−3 tolerance, like in the previous examples. The adapted
mesh is depicted in figure 26: the shape of this mesh is consistent with the one obtained
with simplices.

X

Y

Z X

Y

Z

Figure 26: Final mesh after adaptation, pure quadtree case

6.4. Extention to 3D

The proposed approach can be directly applied in the 3D setting by mean of proper
combination of 3D shape functions. This extension is first illustrated through simple
examples that focus on the quality of the enriched field. Finally, an adaptive example
is proposed. Only the case of material interfaces is addressed here, as the case of holes
involves no enrichment and singularities share similar difficulties with material interfaces.

6.4.1. Quality of the enriched field

The quality of the enriched field is monitored through the example proposed in figure 27.
It consists in a domain composed of two materials (λ1 = 1.0, λ2 = 10.0) that is subjected
to imposed (and unit) external fluxes along two of its boundaries. The resulting tem-
perature field is linear over the two parts of the domain. The exact solution is extracted
from a [2× 2]3 cube (dashed in figure 27), and applied on the boundaries of the [2× 2]3

mesh depicted in figure 28. It can be seen on this figure that this mesh exhibits hanging
nodes. Four (arbitrary) cases are considered depending on the location and the orienta-
tion of the computational domain (see figure 29). Depending on the case, hanging nodes
and their parents may be naturally enriched, or enriched through the approach proposed
in section 5. Moreover, the value of the enriched dofs of the parents may be constant
(case 1. and case 2.) or may depend on their position (case 3. and case 4.). In all the
cases, Nitsche’s parameter is set du 105. The iso temperatures corresponding to these
four cases are depicted in figure 30: It can be seen that the iso surfaces are perfectly
planar, even when hanging nodes are enriched. Moreover, the error with respect to the
analytical temperature field is close to machine precision (in the order of 10−12 - 10−15),
which validates the approach in 3D.
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Figure 27: 3D bimaterial example (dashed cube = computational domain).

Figure 28: Computational mesh.
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case 1 case 2

case 3 case 4

Figure 29: Four computational cases.
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case 1 case 2

case 3 case 4

Figure 30: Computation results.
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6.4.2. 3D adaptation

A 3D adaptive example is finally presented: Consider a [2×2]3 cube containing a spher-
ical inclusion of radius 0.7 at its center. The thermal conductivity of the matrix is set
to 1.0 whereas the conductivity of the inclusion is set to 10.0. A volume heat source is
imposed in the domain so that the exact temperature takes the same expression as in
section 6.3 (see equations (25) and (26)). One fourth of the domain is considered, sym-
metry conditions and exact fluxes are imposed on the boundaries of the mesh, whereas
the temperature is prescribed to zero at the center of the inclusion. Nitsche param-
eter is set to 105, target error is set to 2.10−3 and 5.10−4 and the initial mesh is a
6× (8×8×8) tetrahedral mesh (level 3). For the 2.10−3 threshold, the adaptive process
requires 5 iterations to get an acceptable solution, whereas it took 6 iterations for the
5.10−4 threshold. The final mesh levels are depicted in figure 31 and show no localiza-
tion of the refinement near enriched hanging nodes when the threshold is decreased (see
figure 32). The final iso-temperatures for both cases are depicted in figure 33, and it can
be seen that the iso-surfaces are very smooth, even near the interface (especially for the
5.10−4 threshold).

2.10−3 5.10−4

Figure 31: Final mesh levels

7. CONCLUSION

In this paper, we proposed a strategy to use quadtree and octree meshes in the context
of partition of unity finite element methods. Rather than modifying the mesh, introduc-
ing special finite elements or using polygonal finite elements, constraining the degrees
of freedom was considered. By rearranging the shape function, it was possible to define
composite elements whose shape functions are enriched. Practically, the shape functions
were re-expressed on the initial elements which lead to a proper definition of the con-
straint that has to be imposed for the hanging dofs. This approach enables to treat the
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Figure 32: Finest mesh level (5.10−4 threshold)

2.10−3 5.10−4

Figure 33: Iso-temperatures for final meshes
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composite element as a classical element, which makes the use of this approach straight-
forward, even in the 3D setting. The condition that is obtained for the enriched hanging
dofs shares similar features with the projection operator proposed by Rannou et al. [52]
in the context of extended multigrid methods. However, in [52] the operator was based
on a collocation approach. On the contrary, exact continuity along the hanging edges is
obtained here. Moreover, we tackled the case of incompatible enrichment which intro-
duced high order error in [52]. The proposed approach was validated in the case of holes,
material inclusions and singularities in both 2D and 3D. An alternative approach was
proposed in the case of material interfaces to be able to use the proposed strategy. This
approach is based on a discontinuous approximation across the material interface, and
the use of the Nitsche approach to make the jump in the approximated field vanish. In
2D, a comparison of the results with a mesh modification strategy showed no significant
difference between the two approaches in term of final mesh, and very little differences in
term of error distribution. These differences could be related to the fact that the meshes
obtained with the modification strategy were more graded than the quadtree ones. In
3D, the analytical solution of a simple problem could be recovered, even with enriched
hanging nodes, and the results obtained on a fully 3D examples exhibited very smooth
solutions and consistent refinement pattern.

A. CONSTRAINED RIDGE FUNCTION FOR
QUADTREE/OCTREE MESHES

As explained in section 5.3, one possible approach to deal with the continuity issue of the
ridge enrichment function across edge P1P2 (see figures 8 and 37 for notations) consists
in writing its definition in term of the composite shape functions. Recall the expression
of the ridge enrichment function:

R(x) =
∑

α

|φα|Nα(x)−
∣∣∣∣∣
∑

α

φαNα(x)

∣∣∣∣∣ (27)

where φi is the signed-distance function to the interface evaluated at the vertex of node
i. Rather than writing this expression on elements e1 and e2 separately, we choose to
write it on the corresponding composite element. Thanks to this approach, R(x) is
now continuous across edge P1P2. Like in the remaining of the paper, this condition is
considered practically as taking φH as 1/2(φP1 + φP2), and |φH | as 1/2(|φP1 | + |φP2 |)
in the equation above. The resulting function is illustrated in the case of a bimaterial
square depicted in figure 34(a). The square is made of two materials with different
conductivities: 10 for the upper phase and 1 for the other one. A unit flux is imposed
on the top and bottom faces of the mesh, which leads to a piecewise linear solution. The
classical ridge function is depicted in figure 34(b) and exhibits a discontinuity along the
hanging edges. In contrast, the ”constrained“ ridge function remains continuous over
the domain. The solution of this problem is depicted in figure 35: One can check that
the exact solution was recovered.
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(a)
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Z

(b) (c)

Figure 34: Simple bimaterial example: (a) Mesh and interface location. (b) Classical
ridge function and (c) ”Constrained“ ridge function.

Finally, this ”constrained“ ridge function is applied in the bimaterial case presented
in section 6.3. It took 5 iterations to meet the error threshold, and the corresponding
adapted mesh shown in figure 36 is consistent with the one obtained using Nitsche’s
method (see figure 22).

B. ILLUSTRATION OF THE PROPOSED APPROACH WITH
MORE THAN ONE HANGING NODE

The proposed approach is illustrated in the case where more than one hanging node
appears (see figures 37 and 38). In this case, new composite shape functions associated
to the composite element are naturally constructed. The shape functions that are built
from linear combination of the shape functions of the original elements (e1, e2, e3 and
e4) are depicted in figures 39 and 40 for the two cases of two and three hanging nodes.
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Figure 35: Simple bimaterial example: (a) Temperature field and (b) Gradient field.
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Figure 36: Circular inclusion example: (a) - (b) Adapted mesh and (c) Final error
distribution.
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Figure 37: (a) case with two hanging nodes H1 and H2; (b) composite elements obtained
by combining the shape functions
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Figure 38: (a) case with three hanging nodes H1, H2 and H3; (b) composite elements
obtained by combining the shape functions
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Figure 39: Shape functions associated to the composite element e123.

Figure 40: Shape functions associated to the composite element e1234.
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[24] E. Béchet, N. Moës, and B. Wohlmuth. A stable lagrange multiplier space for the
stiff interface conditions within the extende finite element method. International
Journal for Numerical Methods in Engineering, 78(8):931–954, 2009.

[25] Mourad H, Dolbow JE, and Harari I. A bubble-stabilized finite element method for
dirichlet constraints on embedded interfaces. International Journal for Numerical
Methods in Engineering, 69:772–793, 2007.

35



[26] M. Duflot and S. Bordas. A posteriori error estimation for extended finite elements
by an extended global recovery. International Journal for Numerical Methods in
Engineering, 76(8):1123–1138, 2008.

[27] S. Bordas and M. Duflot. Derivative recovery and a posteriori error estimate for
extended finite elements. Computer Methods in Applied Mechanics and Engineering,
196(35-36):3381–3399, 2007.

[28] T. Pannachet, L. J. Sluys, and H. Askes. Error estimation and adaptivity for
discontinuous failure. International Journal for Numerical Methods in Engineering,
78(5):528–563, 2009.

[29] J. J. Ródenas, O. A. Gonzàlez-Estrada, J. E. Tarancón, and F. J. Fuenmayor.
A recovery-type error estimator for the extended finite element method based on
singular+smooth stress field splitting. International Journal for Numerical Methods
in Engineering, 76(4):545–571, 2008.

[30] J. Panetier, P. Ladevze, and L. Chamoin. Strict and effective bounds in goal-oriented
error estimation applied to fracture mechanics problems solved with XFEM. Inter-
national Journal for Numerical Methods in Engineering, 81(6):671–700, 2010.

[31] Theofanis Strouboulis, Lin Zhang, Delin Wang, and Ivo Babuka. A posteriori error
estimation for generalized finite element methods. Computer Methods in Applied
Mechanics and Engineering, 195(9-12):852–879, 2006.
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