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❈❡ tr❛✈❛✐❧ ❞❡ t❤ès❡ ❝♦♥❝❡r♥❡ à ❧❛ ❢♦✐s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡s ❞❛♥s

❧❡s ét♦✐❧❡s ❡t ❧✬♦❜t❡♥t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉r ❝❡s ♣r♦❝❡ss✉s✳ ❯♥❡ ♣❛rt✐❡ ✐♠♣♦rt❛♥t❡ ❞✉

♠é♠♦✐r❡ ❡st ❝♦♥s❛❝ré❡ à ❧✬ét✉❞❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ét♦✐❧❡s✳ ▲❛

♠é❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❝❡s ❡✛❡ts ❡st ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ✐❞❡♥t✐✜é❡ ❝♦♠♠❡ ❧✬✉♥ ❞❡s ♣r✐♥❝✐♣❛✉① ♦❜st❛❝❧❡s à ❧✬✐♥✲

t❡r♣rét❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s ♦❜s❡r✈é❡s ❞❛♥s ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❏❡

❞é❝r✐s ✐❝✐ ❧❛ ♠✐s❡ ❛✉ ♣♦✐♥t ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s

♥♦✉✈❡❧❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ❛✉ ♠♦②❡♥ ❞❡ ❝❡ ❝♦❞❡✱ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡s ♣r♦♣r✐étés ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡

t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❡t ❝♦♠♠❡♥t ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s ♣♦✉r ✐♥t❡r♣rét❡r ❧❡s s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡s

♦❜s❡r✈és✳ P♦✉r ❝♦♥str✉✐r❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✱ ❥✬❛✐ été ❛♠❡♥é à ♠✬✐♥tér❡ss❡r ❛✉ ❝❤❛♦s q✉❛♥t✐q✉❡ ✭♦✉

❝❤❛♦s ❞✬♦♥❞❡✮✱ ✉♥❡ t❤é♠❛t✐q✉❡ q✉✐ ❡st ✐ss✉❡ ❞❡ ❧✬ét✉❞❡ ❞❡s ♣r♦♣r✐étés s❡♠✐✲❝❧❛ss✐q✉❡s ❞❡s s②stè♠❡s q✉❛♥✲

t✐q✉❡s ♠❛✐s q✉✐ ❝♦♥❝❡r♥❡ ❡♥ ❢❛✐t ❧❛ ♣❤②s✐q✉❡ ❞❡s ♦♥❞❡s ❡♥ ❣é♥ér❛❧✳ ▲❛ ❞❡✉①✐è♠❡ t❤é♠❛t✐q✉❡ ❝♦♥❝❡r♥❡ ❧❡

♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ✭❞❡ t②♣❡ ❇ t❛r❞✐❢ ❡t ❞❡ t②♣❡ ❆✮ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳

❈✬❡st ✉♥ s✉❥❡t r❡❧✐é ♠❛✐s ❞✐st✐♥❝t ❞❡ ❝❡❧✉✐ ❞❡ ♠❛ t❤ès❡ ❞❡ ❞♦❝t♦r❛t q✉✐ ét❛✐t ❝♦♥s❛❝ré à ❧❛ ♠♦❞é❧✐s❛t✐♦♥

❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❝❡s ét♦✐❧❡s ❞❛♥s ❧❡✉r ♣❤❛s❡ ♣ré✲séq✉❡♥❝❡✲♣r✐♥❝✐♣❛❧❡✳ ■❧ s✬❛❣✐t ✐❝✐

❞✬♦❜s❡r✈❛t✐♦♥s s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s q✉✐ r❡♥♦✉✈❡❧❧❡♥t ❛ss❡③ ❧❛r❣❡♠❡♥t ♥♦tr❡ ✈✐s✐♦♥ ❞✉ ♠❛❣♥ét✐s♠❡ ❞❡

❝❡s ét♦✐❧❡s✳ ❉✬❛❜♦r❞✱ ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬✉♥❡ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ à ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ❞❡s ét♦✐❧❡s ❆♣✴❇♣

❛ ♣❡r♠✐s ❞❡ ♣r♦♣♦s❡r ✉♥ ♥♦✉✈❡❛✉ s❝é♥❛r✐♦ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡s✱ ❧❛ s❡✉❧❡ ❝❧❛ss❡

❞✬ét♦✐❧❡s ♠❛❣♥ét✐q✉❡s ❝♦♥♥✉❡ ❥✉sq✉✬❛❧♦rs ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❍❘✳ P✉✐s✱ ❧❛ ❞é❝♦✉✈❡rt❡ ❞✬✉♥

❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ très ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ❱é❣❛ ❛ ♠♦♥tré ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♥♦✉✈❡❛✉

t②♣❡ ❞❡ ♠❛❣♥ét✐s♠❡ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡✳ ▲❛ tr♦✐s✐è♠❡ t❤é♠❛t✐q✉❡ ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞❡s ♠♦✉✈❡♠❡♥ts t✉r✲

❜✉❧❡♥ts ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✱ ❞✬✉♥❡ ♣❛rt ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧❡✉r ❝♦♥tr✐❜✉t✐♦♥ ❛✉ tr❛♥s♣♦rt ❞❡s

é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡ ❡t ❞✬❛✉tr❡ ♣❛rt ❧✬♦r✐❣✐♥❡ ❞❡s str✉❝t✉r❡s ❝♦❤ér❡♥t❡s
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❆✶✳ ▲✐❣♥✐èr❡s ❋✳✱ ❘✐❡✉t♦r❞ ▼✳✱ ❘❡❡s❡ ❉✳✱ ✏❆❝♦✉st✐❝ ♦s❝✐❧❧❛t✐♦♥s ✐♥ r❛♣✐❞❧② r♦t❛t✐♥❣ ♣♦❧②tr♦♣✐❝ st❛rs ❀
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❆✷✳ ❘❡❡s❡ ❉✳✱ ▲✐❣♥✐èr❡s ❋✳ ❛♥❞ ❘✐❡✉t♦r❞ ▼✳✱ ✏❆❝♦✉st✐❝ ♦s❝✐❧❧❛t✐♦♥s ✐♥ r❛♣✐❞❧② r♦t❛t✐♥❣ ♣♦❧②tr♦♣✐❝
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♦❢ ♣❡rt✉r❜❛t✐✈❡ ♠❡t❤♦❞s✧✱ ❛❝❝❡♣té ♣♦✉r ♣✉❜❧✐❝❛t✐♦♥ ❞❛♥s ❆✫❆✱ ✷✵✶✵ ✭♣r❡♣r✐♥t ❛r❳✐✈ ✿✶✵✵✺✳✵✷✼✺✮

❆✹✳ ❘❡❡s❡ ❉✳✱ ▲✐❣♥✐èr❡s ❋✳ ❛♥❞ ❘✐❡✉t♦r❞ ▼✳✱ ✧❘❡❣✉❧❛r ♣❛tt❡r♥s ✐♥ t❤❡ ❛❝♦✉st✐❝ s♣❡❝tr✉♠ ♦❢ r❛♣✐❞❧②
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❆✺✳ ▲✐❣♥✐èr❡s ❋✳✱ ✧❆s②♠♣t♦t✐❝ t❤❡♦r② ♦❢ st❡❧❧❛r ♦s❝✐❧❧❛t✐♦♥s ❜❛s❡❞ ♦♥ r❛② ❞②♥❛♠✐❝s✧✱ ▲❡❝t✉r❡s ◆♦t❡s

✐♥ P❤②s✐❝s✱ ❇❡r❧✐♥ ✿ ❙♣✐♥❣❡r✱ s♦✉s ♣r❡ss❡
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❣r❛♥✉❧❡s ❛♥❞ t❤❡✐r r❡❧❛t✐♦♥ t♦ ♠❡s♦ ❛♥❞ s✉♣❡r❣r❛♥✉❧❛r ✢♦✇ ✜❡❧❞s✧✱ ❆✫❆ ✹✵✾✱ ✷✾✾✲✸✵✽✱ ✷✵✵✸✳
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■♥tr♦❞✉❝t✐♦♥

❆♣rès ✉♥❡ ♣rés❡♥t❛t✐♦♥ ❞✉ ❝♦♥t❡①t❡ ❛str♦♣❤②s✐q✉❡ ❞❡ ❧❛ t❤ès❡✱ ❧❡s ❞✐✛ér❡♥ts t❤è♠❡s ❞❡ r❡❝❤❡r❝❤❡

❛❜♦r❞és ❡t ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞✉ ❞♦❝✉♠❡♥t s♦♥t ♣ré❝✐sés ❞❛♥s ❧❛ ♣❛rt✐❡ ✧❝♦♥t❡♥✉ ❞❡ ❧❛ t❤ès❡✧✳

✶✳✶ ▼♦t✐✈❛t✐♦♥s ❛str♦♣❤②s✐q✉❡s

▲❡s ♠♦✉✈❡♠❡♥ts ♠❛❝r♦s❝♦♣✐q✉❡s ❞✉ ♣❧❛s♠❛ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s ♦♥t ✉♥ ❡✛❡t ✐♠♣♦rt❛♥t ❡t

♣♦✉rt❛♥t ❧❛r❣❡♠❡♥t ✐♥❝♦♠♣r✐s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✬é✈♦❧✉t✐♦♥

st❡❧❧❛✐r❡✱ ✐❧s s♦♥t ❡♥t✐èr❡♠❡♥t ♥é❣❧✐❣és ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❛❧♦rs q✉✬✐❧s s♦♥t ♠♦❞é❧✐sés ❞❡ ❢❛ç♦♥ tr♦♣

s✐♠♣❧✐✜é❡ ❞❛♥s ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s✳ ▼✐❡✉① ❝♦♠♣r❡♥❞r❡ ❡t ♠♦❞é❧✐s❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡s ♣r♦❝❡ss✉s ♠❛✲

❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡s s✉r ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s ❡st ❛✉❥♦✉r❞✬❤✉✐ ✉♥ ❞é✜ ♠❛❥❡✉r ❞❡ ❧❛ ♣❤②s✐q✉❡ st❡❧❧❛✐r❡✱

t♦✉t ❡♥ s❛❝❤❛♥t q✉❡✱ ❧❡s ét♦✐❧❡s ❝♦♥st✐t✉❛♥t ❧❡s ❜r✐q✉❡s ❞❡ ❜❛s❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❧❡s ♣r♦❣rès ❞❡ ❧❛ t❤é♦r✐❡

❞❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ r❡❥❛✐❧❧✐ss❡♥t ✐♠♠❛♥q✉❛❜❧❡♠❡♥t s✉r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧✬✉♥✐✈❡rs✱ ❞❡s ❣❛❧❛①✐❡s

❛✉① ❡①♦♣❧❛♥èt❡s✳

❇✐❡♥ q✉❡ ❧❡s ❧♦✐s ❞❡ ❧❛ ♣❤②s✐q✉❡ ré❣✐ss❛♥t ❧❡s ♠♦✉✈❡♠❡♥ts ❞✉ ♣❧❛s♠❛ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

s♦✐❡♥t ❜✐❡♥ ❝♦♥♥✉❡s✱ ♦♥ ♥❡ s❛✐t ♣❛s rés♦✉❞r❡✱ ❛♥❛❧②t✐q✉❡♠❡♥t ♦✉ ♥✉♠ér✐q✉❡♠❡♥t✱ ❧❡s éq✉❛t✐♦♥s ❛ss♦❝✐é❡s

❞❛♥s ❞❡s ❝♦♥❞✐t✐♦♥s st❡❧❧❛✐r❡s ré❛❧✐st❡s✳ ❈❡tt❡ ❞✐✣❝✉❧té ❧✐♠✐t❡ ♥é❝❡ss❛✐r❡♠❡♥t ❧❡s ❝❛♣❛❝✐tés ♣ré❞✐❝t✐✈❡s ❞❡s

♠♦❞è❧❡s ❞é❝r✐✈❛♥t ❝❡s ♠♦✉✈❡♠❡♥ts✳ ❈❡✉①✲❝✐ ❢♦♥t ❛❧♦rs ❣é♥ér❛❧❡♠❡♥t ❛♣♣❡❧ à ❞❡s ♣❛r❛♠ètr❡s ❧✐❜r❡s q✉✐

♥❡ ♣❡✉✈❡♥t êtr❡ ✜①és q✉✬❡♠♣✐r✐q✉❡♠❡♥t✳ ■❧ ♥✬❡st ❞♦♥❝ ♣❛s ♣♦ss✐❜❧❡ ❞❡ ♠♦❞é❧✐s❡r ❧❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦✲

❤②❞r♦❞②♥❛♠✐q✉❡s ✐♥t❡r♥❡s ❛✉① ét♦✐❧❡s s❛♥s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s✳ ❈✬❡st ❝❡ ❧✐❡♥ ❢♦rt ❡♥tr❡ ♠♦❞é❧✐✲

s❛t✐♦♥ ❡t ♦❜s❡r✈❛t✐♦♥ q✉❡ ♥♦✉s ❝❤❡r❝❤❡r♦♥s à ✐❧❧✉str❡r ❞❛♥s ❝❡tt❡ ✐♥tr♦❞✉❝t✐♦♥✳ ◆♦✉s ✈❡rr♦♥s ❡♥s✉✐t❡ q✉❡

✶
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❧❡ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❝❡tt❡ t❤ès❡ ❝♦♥❝❡r♥❡ à ❧❛ ❢♦✐s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❤②❞r♦❞②♥❛♠✐q✉❡s ❡t

❧✬♦❜t❡♥t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉r ❝❡s ♣r♦❝❡ss✉s✳

❆✉ ❞❡❧à ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞

P♦✉r ❧❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✱ ✉♥❡ ét♦✐❧❡ ❡st ✉♥ ❣❛③ ❛✉t♦✲❣r❛✈✐t❛♥t ❡♥ éq✉✐❧✐❜r❡ ❤②✲

❞r♦st❛t✐q✉❡ ♦ù ❧❛ ❝❤❛❧❡✉r ❡♥❣❡♥❞ré❡ ❛✉ ❝❡♥tr❡ ♣❛r ❧❡s ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s ❡st tr❛♥s♣♦rté❡ ✈❡rs ❧❛ s✉r❢❛❝❡

s♦✐t ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t s❡✉❧✱ s♦✐t ♣❛r ❧❡ r❛②♦♥♥❡♠❡♥t ❡t ❧❡s ♠♦✉✈❡♠❡♥ts ❞❡ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡ s✐ ❧❡

tr❛♥s♣♦rt r❛❞✐❛t✐❢ ♥✬❡st ♣❛s ❛ss❡③ ❡✣❝❛❝❡✳ ▲❡s s✉❝❝ès ❞❡ ❝❡ ♠♦❞è❧❡ ♣♦✉r ❞é❝r✐r❡ ❧❡s ❣r❛♥❞❡s ❧✐❣♥❡s ❞❡

❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❡t ❧✬✐♥tér✐❡✉r ❞✉ ❙♦❧❡✐❧ ✭❝♦♥❢r♦♥té ❛✉① ❞♦♥♥é❡s ❞❡ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡✮ ✐♥❞✐q✉❡♥t q✉❡ s❡s

✐♥❣ré❞✐❡♥ts ❞❡ ♣❤②s✐q✉❡ ♠✐❝r♦s❝♦♣✐q✉❡✱ ❧❡s t❛✉① ❞❡ ré❛❝t✐♦♥s ♥✉❝❧é❛✐r❡s✱ ❧❡s ♦♣❛❝✐tés r❛❞✐❛t✐✈❡s✱ ❧❡s éq✉❛✲

t✐♦♥s ❞✬ét❛t✱ s♦♥t r❡❧❛t✐✈❡♠❡♥t ❜✐❡♥ ❝♦♥♥✉s✳ P♦✉rt❛♥t ❧❡s ❧✐♠✐t❡s ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ s♦♥t ❡❧❧❡s✲❛✉ss✐ ❜✐❡♥

❝♦♥♥✉❡s ✿ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ❛ ❢♦✉r♥✐ ❞❡s ✐♥❢♦r♠❛t✐♦♥s s✉✣s❛♠♠❡♥t ❞ét❛✐❧❧é❡s s✉r ❧❡ ❙♦❧❡✐❧ ✐♥t❡r♥❡ ♣♦✉r

♠♦♥tr❡r à ❧❛ ❢♦✐s ♥♦tr❡ ♠é❝♦♥♥❛✐ss❛♥❝❡ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡ ❞❡ s✉r❢❛❝❡ ❡t ❧❛ ♥é❝❡ss✐té ❞✬✐♥✈♦q✉❡r

❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ♥♦♥✲st❛♥❞❛r❞ ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s s♦✉s ❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ✭❈❤r✐st❡♥s❡♥✲

❉❛❧s❣❛❛r❞ ✷✵✵✷✮✳ ▲✬ét✉❞❡ ❞❡s ❛❜♦♥❞❛♥❝❡s ❝❤✐♠✐q✉❡s ❛✉ tr❛✈❡rs ❞✉ ❞✐❛❣r❛♠♠❡ ❍❘ ❛ é❣❛❧❡♠❡♥t ♠✐s ❡♥

é✈✐❞❡♥❝❡ q✉❡ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❤②❞r♦❞②♥❛♠✐q✉❡ s♦♥t à ❧✬♦❡✉✈r❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s

✭P✐♥s♦♥♥❡❛✉❧t ✶✾✾✼✮✳ ◆♦t❛♠♠❡♥t✱ ❧✬ét✉❞❡ ❞❡ ❧✬❛❜♦♥❞❛♥❝❡ ❞✉ ❧✐t❤✐✉♠ ❞❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ❛ ❢♦✉r♥✐

❞❡s ❝♦♥tr❛✐♥t❡s ❛ss❡③ ♣ré❝✐s❡s s✉r ❧✬ét❡♥❞✉❡ ❞❡s ❝♦✉❝❤❡s ♠é❧❛♥❣é❡s s♦✉s ❧✬❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ❞❡ ❝❡s

ét♦✐❧❡s✳ ❉❡ ♠ê♠❡✱ ❧❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥❞❛♥❝❡ ❞❛♥s ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s✱ ♥♦t❛♠♠❡♥t ❧❡s ❡①❝ès ❞✬❛③♦t❡ ❡t

❞✬❤é❧✐✉♠✱ ✐♥❞✐q✉❡♥t ✉♥ ❝❡rt❛✐♥ tr❛♥s♣♦rt ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ❡♥tr❡ ❧❡s ❝♦✉❝❤❡s ♣r♦❢♦♥❞❡s ❞❡ ❧✬ét♦✐❧❡

❡t ❧❛ s✉r❢❛❝❡ ✭▼❛❡❞❡r ✫ ▼❡②♥❡t ✷✵✵✵✮✳ ▼ê♠❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞❡ t②♣❡ ❆♠✱ ♦ù

❧✬❛t♠♦s♣❤èr❡ ❡st s✉✣s❛♠♠❡♥t st❛❜❧❡ ♣♦✉r q✉❡ ❧❡s ♣r♦❝❡ss✉s ❞❡ tr✐❛❣❡ ❣r❛✈✐t❛t✐♦♥♥❡❧ ❝ré❡♥t ❞❡s ❛♥♦♠❛❧✐❡s

❞✬❛❜♦♥❞❛♥❝❡ ♦❜s❡r✈é❡s✱ ✉♥ ♠é❧❛♥❣❡ ♥♦♥✲st❛♥❞❛r❞ ❞♦✐t ❛✉ss✐ êtr❡ ✐♥✈♦q✉é ♣♦✉r r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛✲

t✐♦♥s ✭▼✐❝❤❛✉❞ ✷✵✵✹✮✳ ▲❡ ♠♦❞è❧❡ st❛♥❞❛r❞ ♥✬❡①♣❧✐q✉❡ ♣❛s ♥♦♥ ♣❧✉s ❧✬♦r✐❣✐♥❡ ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s

st❡❧❧❛✐r❡s ❡t ❞❡s ♣❤é♥♦♠è♥❡s ❞✬❛❝t✐✈✐té ❛ss♦❝✐és✳ P♦✉rt❛♥t ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✐♥✢✉❡♥❝❡ ❧✬é✈♦❧✉t✐♦♥ st❡❧✲

❧❛✐r❡ ♥♦t❛♠♠❡♥t ❞❡ ❢❛ç♦♥ ✐♥❞✐r❡❝t❡ ♣✉✐sq✉❡ s♦♥ ❡✛❡t s✉r ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡s ét♦✐❧❡s

✭❢r❡✐♥❛❣❡ ♣❛r ✈❡♥t ♠❛❣♥ét✐q✉❡✱ tr❛♥s♣♦rt ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ✐♥t❡r♥❡✮ ♠♦❞✐✜❡ ❧❡ ♠é❧❛♥❣❡ ✐♥❞✉✐t ♣❛r ❧❛

r♦t❛t✐♦♥✳ ❈❡s ❧✐♠✐t❡s ❞✉ ♠♦❞è❧❡ st❛♥❞❛r❞ s❡ tr❛❞✉✐s❡♥t ♣❛r ❞❡s ✐♥❝❡rt✐t✉❞❡s ✐♠♣♦rt❛♥t❡s s✉r ❧✬é✈♦❧✉t✐♦♥

❞❡s ét♦✐❧❡s ❡t ♣❛r ❝♦♥séq✉❡♥t s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s ❞♦♠❛✐♥❡s ❞❡ ❧✬❛str♦♣❤②s✐q✉❡ q✉✐ ❡♥ ❞é♣❡♥❞❡♥t ✭❝♦♠♠❡

♣❛r ❡①❡♠♣❧❡ ❧✬é✈♦❧✉t✐♦♥ ❝❤✐♠✐q✉❡ ❞❡ ❧✬✉♥✐✈❡rs✱ ❧❛ ❢♦r♠❛t✐♦♥ ❡t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❣❛❧❛①✐❡s ♦✉ ❧✬ét✉❞❡ ❞❡s

s②stè♠❡s st❡❧❧❛✐r❡s ✲ ét♦✐❧❡s ✰ ❡①♦♣❧❛♥èt❡s✮✳
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▼♦❞é❧✐s❡r ❧❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦✲❤②❞r♦❞②♥❛♠✐q✉❡s

P♦✉r r❡♣r♦❞✉✐r❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s à ♣❛rt✐r ❞❡ ♠♦❞è❧❡s ♣❤②s✐q✉❡s✱ ✐❧ ❢❛✉t ❛♠é❧✐♦r❡r ❧❛ ❞❡s❝r✐♣t✐♦♥ ❞❡s

♠♦✉✈❡♠❡♥ts ♠❛❝r♦s❝♦♣✐q✉❡s ❡t s✉rt♦✉t ❞❡ ❧❡✉r ❡✛❡t s✉r ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡ ❧✬ét♦✐❧❡✳ ❈❡s ♠♦✉✈❡♠❡♥ts

♣❡✉✈❡♥t êtr❡ ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛t✐♦♥ ❞❡ ❧✬ét♦✐❧❡✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❞❡s ✐♥st❛❜✐❧✐tés ❞❡ ❧❛ str✉❝✲

t✉r❡ ❤②❞r♦st❛t✐q✉❡ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡✱ ❧❛ ❝♦♥✈❡❝t✐♦♥ ❞♦✉❜❧❡✲❞✐✛✉s✐✈❡ ♦✉ ❧❡

κ ♠é❝❛♥✐s♠❡✳ ❈✬❡st ✉♥ ❞é✜ ♠❛❥❡✉r ❝❛r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦✲❤②❞r♦❞②♥❛♠✐q✉❡s ❞❛♥s

❞❡s s②stè♠❡s ♥❛t✉r❡❧s ❞❡ ❣r❛♥❞❡ ❞✐♠❡♥s✐♦♥ ❡st ♥♦t♦✐r❡♠❡♥t ❝♦♠♣❧❡①❡✱ ❧❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té✱ é❣❛❧❡♠❡♥t

r❡♥❝♦♥tré❡ ❞❛♥s ❞✬❛✉tr❡s ❜r❛♥❝❤❡s ❞❡ ❧❛ ♣❤②s✐q✉❡✱ ♣r♦✈❡♥❛♥t ❞✉ ❝❛r❛❝tèr❡ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡s éq✉❛t✐♦♥s

❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❞❡ ❧❛ ♠é❝❛♥✐q✉❡ ❞❡s ✢✉✐❞❡s✳ P❛r ❡①❡♠♣❧❡✱ ❝❡s ♥♦♥✲❧✐♥é❛r✐tés ❞♦♥♥❡♥t ❧✐❡✉ à ❧❛

t✉r❜✉❧❡♥❝❡ q✉✐ ♦♣èr❡ s✉r ✉♥❡ très ❧❛r❣❡ ❣❛♠♠❡ ❞✬é❝❤❡❧❧❡s s♣❛t✐❛❧❡s ❡t t❡♠♣♦r❡❧❧❡s✳ P♦✉r ❛♣♣ré❤❡♥❞❡r ❝❡

t②♣❡ ❞❡ ♣❤é♥♦♠è♥❡s✱ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ♠✉❧t✐❞✐♠❡♥s✐♦♥♥❡❧❧❡ s✬❡st ❛✈éré❡ ✉♥ ♦✉t✐❧ ♣r✐✈✐❧é❣✐é ❞❡ ♠♦✲

❞é❧✐s❛t✐♦♥ q✉❡ ❝❡ s♦✐t ♣♦✉r ❧❡s é❝♦✉❧❡♠❡♥ts ❣é♦♣❤②s✐q✉❡s✱ ❛str♦♣❤②s✐q✉❡s ♦✉ ❞❡ ❧❛❜♦r❛t♦✐r❡✳ ◆é❛♥♠♦✐♥s✱

♠ê♠❡ s✐ ❧❡s ❝❛♣❛❝✐tés ❣r❛♥❞✐ss❛♥t❡s ❞❡s ♦r❞✐♥❛t❡✉rs ♣❡r♠❡tt❡♥t ❞❡ t❡♥✐r ❝♦♠♣t❡ ❞✬✉♥ ♥♦♠❜r❡ ❝r♦✐ss❛♥t

❞✬é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❡t ❞✬❡s♣❛❝❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s✱ ❧❛ rés♦❧✉t✐♦♥ ❞✐r❡❝t❡ ❞❡s éq✉❛t✐♦♥s ✢✉✐❞❡s ❛✈❡❝ ❞❡s

♣❛r❛♠ètr❡s ré❛❧✐st❡s ♥✬❡st ❡♥✈✐s❛❣❡❛❜❧❡ ♥✐ à ❝♦✉rt t❡r♠❡ ♥✐ à ♠♦②❡♥ t❡r♠❡✳ ❉✬❛♣rès ❧❛ ❧♦✐ ❞❡ ▼♦♦r❡ q✉✐

❞é❝r✐t ❧❛ ❝r♦✐ss❛♥❝❡ ❡①♣♦♥❡♥t✐❡❧❧❡ ❞❡ ❧❛ ♣✉✐ss❛♥❝❡ ❞❡ ❝❛❧❝✉❧✱ ✐❧ ❢❛✉❞r❛ ❛tt❡♥❞r❡ ✷✵✼✵ ♣♦✉r rés♦✉❞r❡ t♦✉t❡

❧❡s é❝❤❡❧❧❡s ❞②♥❛♠✐q✉❡s ❞✬✉♥ é❝♦✉❧❡♠❡♥t à ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❞❡ Re = UL/ν = 108✱ t②♣✐q✉❡ ❞❡ ❧❛

❝♦✉❝❤❡ ❧✐♠✐t❡ ♣❧❛♥ét❛✐r❡✱ ❡t ✷✶✷✵ ♣♦✉r ❧❛ ❝♦♥✈❡❝t✐♦♥ s♦❧❛✐r❡ à ❘❡❂1014 ✭❱♦❧❧❡r ✫ P♦rté✲❆❣❡❧ ✷✵✵✷✮ ✦ ◗✉❡

❢❛✐r❡ ❡♥ ❛tt❡♥❞❛♥t ❄ ❙✐ ♦♥ ♣r❡♥❞ ❧✬❡①❡♠♣❧❡ ❞❡s ♠♦❞è❧❡s ♠été♦r♦❧♦❣✐q✉❡s ♦✉✱ s✉r ❞❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s

♣❧✉s ❧♦♥❣✉❡s✱ ❞❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ ❞❡s ❝❧✐♠❛ts✱ ❧❛ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡ ♥❡ ♣❡r♠❡t ❞❡ ❝♦♥s✐❞ér❡r

q✉❡ ❧❡s ♣❧✉s ❣r❛♥❞❡s é❝❤❡❧❧❡s ❞✉ ♠♦✉✈❡♠❡♥ts ✭s✉♣ér✐❡✉r❡s à ∼ ✶✵✵ ❦♠ ♣♦✉r ❧❡s ♠♦❞è❧❡s ♠été♦r♦❧♦❣✐q✉❡s

❣❧♦❜❛✉①✮ ❛❧♦rs q✉❡ ❧❡s ♣❤é♥♦♠è♥❡s q✉✐ ♦♥t ❧✐❡✉ ❛✉① é❝❤❡❧❧❡s ✐♥❢ér✐❡✉r❡s à ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ s♦♥t

❞é❝r✐ts ♣❛r ❞❡s ♠♦❞è❧❡s q✉✐ ♣r❡♥♥❡♥t ❧❛ ❢♦r♠❡ ❞❡ t❡r♠❡s s✉♣♣❧é♠❡♥t❛✐r❡s ❞❛♥s ❧❡s éq✉❛t✐♦♥s ❞❡ ❧✬❤②✲

❞r♦❞②♥❛♠✐q✉❡✳ ▲❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝❡s ♣❤é♥♦♠è♥❡s ❞✐ts ❞❡ s♦✉s✲♠❛✐❧❧❡ ❡st très ❞✐✣❝✐❧❡ ❡t ❝♦♥t✐❡♥t ❞❡s

♣❛r❛♠ètr❡s ❧✐❜r❡s q✉✐ ❞♦✐✈❡♥t êtr❡ ❝❛❧✐❜rés ♣❛r ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝✱ s♦✐t ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞❡s s②stè♠❡s

♥❛t✉r❡❧s ét✉❞✐és✱ s♦✐t ❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❧❛❜♦r❛t♦✐r❡s ♦✉ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞é❞✐é❡s✳ P❛r ❝♦♥sé✲

q✉❡♥t✱ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ t❤é♦r✐❡ ❞❡s ♣❤é♥♦♠è♥❡s ♥♦♥✲❧✐♥é❛✐r❡s ❞❛♥s ❧❡s ✢✉✐❞❡s ❡t ❞✉ ❢❛✐t ❞❡s ❧✐♠✐t❛t✐♦♥s ❞❡s

s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❧❡s ♠♦❞è❧❡s ❞❡ tr❛♥s♣♦rt ❤②❞r♦❞②♥❛♠✐q✉❡✱ ❛✉ss✐ s♦♣❤✐st✐q✉és s♦✐❡♥t✲✐❧s✱ ❞♦✐✈❡♥t

s✬❛♣♣✉②❡r s✉r ❞❡s ❝♦♥tr❛✐♥t❡s ❡♠♣✐r✐q✉❡s✳ ➚ ❧✬✐♥tér✐❡✉r ❞❡s ét♦✐❧❡s✱ ❧✬❡①❡♠♣❧❡ ❧❡ ♣❧✉s é✈✐❞❡♥t ❡st ❝❡❧✉✐ ❞✉

tr❛♥s♣♦rt ❞❡ ❧❛ ❝❤❛❧❡✉r ❞❛♥s ❧❡s ③♦♥❡s ❝♦♥✈❡❝t✐✈❡s ♦ù ❧❛ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ ❡st ✉♥ ♣❛r❛♠ètr❡ ❧✐❜r❡ q✉✐ ❛
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❞✬❛❜♦r❞ été ❝❛❧✐❜ré s✉r ❧❡ ❙♦❧❡✐❧✳ ▲❛ s✐t✉❛t✐♦♥ ❡st ❞✬❛✐❧❧❡✉rs ✐❞❡♥t✐q✉❡ ♣♦✉r ❧❡s é❝♦✉❧❡♠❡♥ts t✉r❜✉❧❡♥ts ❧❡s

♣❧✉s s✐♠♣❧❡s ♣✉✐sq✉❡ ❧❡ tr❛♥s♣♦rt ❞❡ q✉❛♥t✐té ❞❡ ♠♦✉✈❡♠❡♥t ❡♥tr❡ ❧❡s ❞❡✉① ♣❛r♦✐s ❞✬✉♥ ❝❛♥❛❧ ♦ù ❞❡ ❧✬❡❛✉

s✬é❝♦✉❧❡ à ❣r❛♥❞❡ ✈✐t❡ss❡ ❢❛✐t ❛✉ss✐ ❛♣♣❡❧ à ✉♥❡ ❝❛❧✐❜r❛t✐♦♥ ❡♠♣✐r✐q✉❡✳ ❯♥❡ ❝❛r❛❝tér✐st✐q✉❡ ❡ss❡♥t✐❡❧❧❡ ❞❡

❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ♠❛❣♥ét♦✲❤②❞r♦❞②♥❛♠✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❡st ❞♦♥❝ q✉✬❡❧❧❡ ❡st

❧❛r❣❡♠❡♥t tr✐❜✉t❛✐r❡ ❞❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞✐s♣♦♥✐❜❧❡s✳

❊♥ ♣r✐♥❝✐♣❡✱ ❧❛ ❞é♠❛r❝❤❡ à s✉✐✈r❡ s❡r❛✐t ❧❛ s✉✐✈❛♥t❡ ✿ ✭✐✮ ♠♦❞é❧✐s❡r ❧❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦✲❤②❞r♦❞②♥❛♠✐q✉❡✱

❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥ ét❛♥t ❜❛sé❡ ❛✉t❛♥t q✉❡ ♣♦ss✐❜❧❡ s✉r ✉♥❡ ❝♦♠♣ré❤❡♥s✐♦♥ ♣❤②s✐q✉❡ ♣r♦❢♦♥❞❡ ❞❡s ♣❤é♥♦✲

♠è♥❡s✱ ✭✐✐✮ ✐♥té❣r❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝❡s ♣❤é♥♦♠è♥❡s ❞❛♥s ✉♥ ♠♦❞è❧❡ ❞❡ str✉❝t✉r❡ ✐♥t❡r♥❡ ❡t ❞✬é✈♦❧✉t✐♦♥

❞❡s ét♦✐❧❡s ❞❡st✐♥é à êtr❡ ❝♦♠♣❛ré ❛✉① ♦❜s❡r✈❛t✐♦♥s✱ ❝❡ ♠♦❞è❧❡ ♣♦✉✈❛♥t êtr❡ ✶❉ ♦✉ ✷❉✱ ✭✐✐✐✮ ♦❜t❡♥✐r ❞❡s

❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉✣s❛♠♠❡♥t ♣ré❝✐s❡s ♣♦✉r t❡st❡r ❡t ❝❛❧✐❜r❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s

♠❛❣♥ét♦✲❤②❞r♦❞②♥❛♠✐q✉❡s✳

◆♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s

▼ê♠❡ s✐ ❧❡s ♦❜s❡r✈❛❜❧❡s tr❛❞✐t✐♦♥♥❡❧❧❡s ❞❡s ét♦✐❧❡s✱ q✉❡ s♦♥t ❧❛ ❧✉♠✐♥♦s✐té ❛♣♣❛r❡♥t❡✱ ❧❛ ♣❛r❛❧❧❛①❡✱ ❧❛

❣r❛✈✐té ❞❡ s✉r❢❛❝❡✱ ❧❛ t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✱ ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡ ❞❡ s✉r❢❛❝❡ ❡t ❧❛ ✈✐t❡ss❡ éq✉❛t♦r✐❛❧❡

♣r♦❥❡té❡ s✉r ❧✬❛①❡ ❞❡ ✈✐sé❡✱ ♦♥t ♣❡r♠✐s ❞❡ ❝♦♥str✉✐r❡ ♣✉✐s ❞❡ ♠❡ttr❡ ❡♥ é✈✐❞❡♥❝❡ ❧❡s ❢❛✐❜❧❡ss❡s ❞✉ ♠♦❞è❧❡

st❛♥❞❛r❞✱ ❡❧❧❡s ♥❡ ❢♦✉r♥✐ss❡♥t q✉❡ ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❣❧♦❜❛❧❡s s✉r ❧❡s ♣r♦❝❡ss✉s ❤②❞r♦❞②♥❛♠✐q✉❡s✳ ❉❡ ❝❡

♣♦✐♥t ❞❡ ✈✉❡✱ ❧❛ ❞ét❡❝t✐♦♥ ❞❡s ♦s❝✐❧❧❛t✐♦♥s à ✺ ♠✐♥✉t❡s ❞✉ ❙♦❧❡✐❧ ❛ été ❧❡ ❞é❜✉t ❞✬✉♥❡ ré✈♦❧✉t✐♦♥✳ ❊♥ ❡✛❡t✱

❝❡s ♦s❝✐❧❧❛t✐♦♥s s❡ s♦♥t ré✈é❧é❡s ❝♦rr❡s♣♦♥❞r❡ à ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❛❝♦✉st✐q✉❡ ❞✉ ❙♦❧❡✐❧ ❞♦♥t

❧❛ ❢réq✉❡♥❝❡ ❞é♣❡♥❞ ❞✐r❡❝t❡♠❡♥t ❞❡s ♣r♦♣r✐étés ❞✉ ✢✉✐❞❡ st❡❧❧❛✐r❡ ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ❞✉ ♠♦❞❡✳

▲✬❤é❧✐♦s✐s♠♦❧♦❣✐❡ ❛ ❛✐♥s✐ ♣❡r♠✐s ❞✬❡①tr❛✐r❡ ❞❡ ❝❡s ❢réq✉❡♥❝❡s ✭❡t ❞❡s ❞✐③❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡ ❢réq✉❡♥❝❡s

❞ét❡❝té❡s ❞❡♣✉✐s✮ ✉♥❡ ✐♥❢♦r♠❛t✐♦♥ ❞ét❛✐❧❧é❡ s✉r ❧❡s ♣r♦❝❡ss✉s ❤②❞r♦❞②♥❛♠✐q✉❡s à ❧✬✐♥tér✐❡✉r ❞✉ ❙♦❧❡✐❧

✭♥♦t❛♠♠❡♥t ❧❡s ✈✐t❡ss❡s ❞❡ r♦t❛t✐♦♥ ✐♥t❡r♥❡✮✳ ▲❡s ét♦✐❧❡s ♣✉❧s❛♥t❡s ❝♦✉✈r❛♥t ❧❡s ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❞✉

❞✐❛❣r❛♠♠❡ ❍❘✱ ❧❛ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡ ❡st ❞♦♥❝ ♥❛t✉r❡❧❧❡♠❡♥t ❛♣♣❛r✉ ❝♦♠♠❡ ❧✬✐♥str✉♠❡♥t ♣r✐✈✐❧é❣✐é

♣♦✉r ét✉❞✐❡r ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❝❡s ♣r♦❝❡ss✉s s✉r ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ▲✬❡①♣ér✐❡♥❝❡ s♣❛t✐❛❧❡ ❈❖❘❖❚ ❛ été

♣r♦♣♦sé❡ ❞❛♥s ❝❡tt❡ ♦♣t✐q✉❡ ✭r❛♣♣❡❧♦♥s q✉❡ ❧✬❛❝r♦♥②♠❡ ♦r✐❣✐♥❛❧ ❞❡ ❈♦r♦t ✲ ét❛✐t ❈❖♥✈❡❝t✐♦♥ ❡t ❘❖❚❛t✐♦♥✮

❛✈❛♥t ❞✬✐♥❝❧✉r❡ ❧❛ r❡❝❤❡r❝❤❡ ❞✬❡①♦♣❧❛♥èt❡s ♣❛r tr❛♥s✐t q✉✐ ❡st ❛✉❥♦✉r❞✬❤✉✐ ❧✬♦❜❥❡❝t✐❢ ♣r✐♥❝✐♣❛❧ ❞❡s ♠✐ss✐♦♥s

s♣❛t✐❛❧❡s ❑❊P▲❊❘ ❡t P▲❆❚❖✳ ❈❡s ♠✐ss✐♦♥s ❛❧❧✐❛♥t ❤❛✉t❡ s❡♥s✐❜✐❧✐té ♣❤♦t♦♠étr✐q✉❡ ❡t ❧♦♥❣✉❡ ❜❛s❡ ❞❡

t❡♠♣s ❢♦✉r♥✐ss❡♥t ❞❡s ❞♦♥♥é❡s ❞✬✉♥❡ q✉❛❧✐té ✐♥é❣❛❧é❡ s✉r ❧❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s ❞❡s ét♦✐❧❡s✳

▲❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ q✉✐ ❡st ✉♥ ✐♥❣ré❞✐❡♥t ❡ss❡♥t✐❡❧ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞✉ ✢✉✐❞❡ st❡❧❧❛✐r❡✱ ♥✬❡st ♣❛s

❞✐r❡❝t❡♠❡♥t ❝♦♥tr❛✐♥t ♣❛r ❧❛ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡✳ ▼❛✐s ❧❛ s♣❡❝tr♦♣♦❧❛r✐♠étr✐❡ st❡❧❧❛✐r❡ q✉✐ s✬❡st é❣❛❧❡♠❡♥t



✶✳✶✳ ▼❖❚■❱❆❚■❖◆❙ ❆❙❚❘❖P❍❨❙■◗❯❊❙ ✺

❢♦rt❡♠❡♥t ❞é✈❡❧♦♣♣é❡ ❝❡s ❞❡r♥✐èr❡s ❛♥♥é❡s ✭◆❆❘❱❆▲✱ ❊❙P❆❉❖◆❙✮ ❛ ♣❡r♠✐s ❞✬ét✉❞✐❡r ❧❛ t♦♣♦❧♦❣✐❡

❡t ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ♥♦♠❜r❡✉s❡s ét♦✐❧❡s ✭❉♦♥❛t✐ ✫ ▲❛♥❞str❡❡t ✷✵✵✾✮✳

❇❛sé❡ s✉r ❧❛ ♠♦❞✉❧❛t✐♦♥ r♦t❛t✐♦♥♥❡❧❧❡ ❞❡s r❛✐❡s s♣❡❝tr❛❧❡s✱ ❧✬✐♠❛❣❡r✐❡ ❉♦♣♣❧❡r ❡t ❩❡❡♠❛♥✲❉♦♣♣❧❡r ✭❇r♦✇♥

❡t ❛❧✳ ✶✾✾✶✮ ❢♦✉r♥✐t ❡♥ ♣❧✉s ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣r♦❝❡ss✉s ❞②♥❛♠✐q✉❡s ❞❡ s✉r❢❛❝❡ ✭r♦t❛t✐♦♥✱ r♦t❛t✐♦♥

❞✐✛ér❡♥t✐❡❧❧❡✮✳

▲✬✐♥t❡r❢ér♦♠étr✐❡ ❛ é❣❛❧❡♠❡♥t ♠♦♥tré q✉✬❡❧❧❡ ♣❡✉t ❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s ♦r✐❣✐♥❛❧❡s s✉r ❧❛ r♦t❛t✐♦♥

❞❡s ét♦✐❧❡s ❧❡s ♣❧✉s ♣r♦❝❤❡s ❡♥ ❞ét❡r♠✐♥❛♥t ❧✬❛♣❧❛t✐ss❡♠❡♥t ❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❧❡s é❝❛rts ❞❡ t❡♠♣ér❛t✉r❡

♣♦❧❡✲éq✉❛t❡✉r ✐♥❞✉✐ts ♣❛r ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ✭❉♦♠✐❝✐❛♥♦ ❞❡ ❙♦✉③❛ ❡t ❛❧✳ ✷✵✵✸❀ P❡t❡rs♦♥ ❡t ❛❧✳ ✷✵✵✻✮✳

❉❛♥s ❝❡ ♣❛♥♦r❛♠❛ ❞❡s ♥♦✉✈❡❛✉① ♠♦②❡♥s ❞✬♦❜s❡r✈❛t✐♦♥s s✉s❝❡♣t✐❜❧❡s ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❡s ♣r♦❝❡ss✉s ❤②✲

❞r♦❞②♥❛♠✐q✉❡s ❞❛♥s ❧❡s ét♦✐❧❡s✱ ❧❛ ♠✐ss✐♦♥ ●❛✐❛ ❥♦✉❡r❛ é❣❛❧❡♠❡♥t ✉♥ rô❧❡ ❡ss❡♥t✐❡❧ ❝❛r ❡❧❧❡ ♣ré❝✐s❡r❛

❧❡s ♣❛r❛♠ètr❡s ❢♦♥❞❛♠❡♥t❛✉① ❞✬✉♥❡ très ❣r❛♥❞❡ q✉❛♥t✐té ❞✬ét♦✐❧❡s ❡t ♣❡r♠❡ttr❛ ✉♥❡ ét✉❞❡ ❞ét❛✐❧❧é❡ ❞✉

❞✐❛❣r❛♠♠❡ ❍❘ ✭▲❡❜r❡t♦♥ ✷✵✵✵✮✳

◆♦✉✈❡❛✉① ♦✉t✐❧s ❞❡ ♠♦❞é❧✐s❛t✐♦♥

▲❡s ❡✛♦rts ❞❡ ♠♦❞é❧✐s❛t✐♦♥ s♦♥t st✐♠✉❧és ♣❛r ❝❡s ♥♦✉✈❡❧❧❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s✳ ■❧s ❧❡ s♦♥t

❛✉ss✐ ♣❛r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✱ ❝❡t ♦✉t✐❧ ♦✉✈r❛♥t ❞❡s ♣❡rs♣❡❝t✐✈❡s ❞❡ r❡❝❤❡r❝❤❡s

♦r✐❣✐♥❛❧❡s✳ ◆♦✉s ❛✈♦♥s ❞é❥à ♠❡♥t✐♦♥♥é ❧❡s ❧✐♠✐t❡s ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✬é❝♦✉❧❡♠❡♥ts ♥❛t✉r❡❧s

❧✐é❡s ❛✉① ✈❛❧❡✉rs ❡①trê♠❡s ❞❡s ♥♦♠❜r❡s s❛♥s ❞✐♠❡♥s✐♦♥ ♠❡s✉r❛♥t ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s t❡r♠❡s ♥♦♥✲❧✐♥é❛✐r❡s✳

▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s s♦♥t ❞♦♥❝ t♦✉❥♦✉rs ré❛❧✐sé❡s ❞❛♥s ✉♥ ré❣✐♠❡ ❞❡ ♣❛r❛♠ètr❡s ✐rré❛❧✐st❡ ❡t ❧❛

❝♦♠♣❛r❛✐s♦♥ ❞✐r❡❝t❡ ❡♥tr❡ ❧❡✉rs rés✉❧t❛ts ❡t ❧❡s ♦❜s❡r✈❛t✐♦♥s ❡st ❞♦♥❝ t♦✉❥♦✉rs s✉❥❡tt❡ à ❝❛✉t✐♦♥✳ ❯♥

❡①❡♠♣❧❡ ❞❡ ❝❡ t②♣❡ ❞❡ s✐t✉❛t✐♦♥ ❡st ❢♦✉r♥✐ ♣❛r ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✉ tr❛♥s♣♦rt ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❛♥s

❧❛ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ s♦❧❛✐r❡ ✭❇r✉♥ ✫ ❚♦♦♠r❡ ✷✵✵✷✮✳ ❊♥ ❛✉❣♠❡♥t❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❞❡s s✐♠✉❧❛t✐♦♥s✱

❧✬❛❝❝♦r❞ ❡♥tr❡ ❧❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s ❡t ❧❡s ♣r♦✜❧s ✐♥t❡r♥❡s ❞❡ r♦t❛t✐♦♥ ✐ss✉s ❞❡ ❧✬❤é❧✐♦s✐s♠♦❧♦❣✐❡

s✬❛♠é❧✐♦r❡ ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s ♣✉✐s s❡ ❞é❣r❛❞❡ à ♥♦✉✈❡❛✉ ♣♦✉r ❧❡s s✐♠✉❧❛t✐♦♥s à ♣❧✉s ❤❛✉t ♥♦♠❜r❡ ❞❡

❘❡②♥♦❧❞s✳ ❯♥❡ ❡①❝❡♣t✐♦♥ ♥♦t❛❜❧❡ ❝♦♥❝❡r♥❡ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❧♦❝❛❧❡s ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡

à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧✳ ❆❧♦rs q✉❡ ❧❡s ♣r♦✜❧s ❞❡ r❛✐❡s ❡♥ ❛❜s♦r♣t✐♦♥ ❞✉ s♣❡❝tr❡ s♦❧❛✐r❡ ♥✬ét❛✐❡♥t ♣❛s r❡♣r♦❞✉✐ts

❡♥ ❞ét❛✐❧ ♣❛r ❧❡s ♠♦❞è❧❡s ❞✬❛t♠♦s♣❤èr❡ ✶❉ ✭♠❛❧❣ré ❧✬✉t✐❧✐s❛t✐♦♥ ❞❡ ❞❡✉① ♣❛r❛♠ètr❡s ❧✐❜r❡s✮✱ ✉♥ ❛❝❝♦r❞ très

s❛t✐s❢❛✐s❛♥t ❛ ♣✉ êtr❡ ♦❜t❡♥✉ ❣râ❝❡ à ❝❡s s✐♠✉❧❛t✐♦♥s✳ ▼ê♠❡ s✐ ❧❡ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s

❡st ❛✉ss✐ très ✐rré❛❧✐st❡✱ ❝❡ s✉❝❝ès ❞♦✐t ♣r♦❜❛❜❧❡♠❡♥t êtr❡ ❛ttr✐❜✉é ❛✉ ❢❛✐t q✉❡ ❧❡ s♣❡❝tr❡ ♥✬❡st ♣❛s s❡♥s✐❜❧❡

❛✉① ❛s♣❡❝ts ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ q✉✐ s♦♥t ♠❛❧ ❞é❝r✐ts ❞❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s ✭◆♦r❞❧✉♥❞ ❡t ❛❧✳ ✷✵✵✾✮✳ ❈❡❧❛

❝♦♥❝❡r♥❡ é✈✐❞❡♠♠❡♥t ❧❡s é❝❤❡❧❧❡s ❞❡ s♦✉s✲♠❛✐❧❧❡ ♠❛✐s ❛✉ss✐ ❞✬❛✉tr❡s ❛s♣❡❝ts q✉❡ ❧✬♦♥ ♣❡✉t ♠❡ttr❡ ❡♥
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é✈✐❞❡♥❝❡ ❡♥ ❝♦♠♣❛r❛♥t ❝❡s s✐♠✉❧❛t✐♦♥s à ❧✬❛♥❛❧②s❡ ❞ét❛✐❧❧é❡ ❞❡s ✐♠❛❣❡s ❞❡ ❧❛ ♣❤♦t♦s♣❤èr❡✱ ♣❛r ❡①❡♠♣❧❡

❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❢❛♠✐❧❧❡s ❞❡ ❣r❛♥✉❧❡s ❡t ❧❡ tr❛♥s♣♦rt ❤♦r✐③♦♥t❛❧ ❞✬✉♥ s❝❛❧❛✐r❡ ♣❛ss✐❢ ✭❘♦✉❞✐❡r ✷✵✵✹✮✳

❊♥ rè❣❧❡ ❣é♥ér❛❧❡✱ ✐❧ ❡st ❞♦♥❝ ♣❧✉s ❛♣♣r♦♣r✐é ❞❡ ♣❛r❧❡r ❞✬❡①♣ér✐❡♥❝❡ ♥✉♠ér✐q✉❡ ❞♦♥t ❧❡ ♣r✐♥❝✐♣❛❧ ✐♥térêt

❡st ❞❡ t❡st❡r ❞❡s ♠♦❞è❧❡s ❡①✐st❛♥ts ♦✉ ❞✬❡♥ ❝♦♥str✉✐r❡ ❞❡ ♥♦✉✈❡❛✉①✳ ▲❡s ♠♦❞è❧❡s ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡s ❞❡

tr❛♥s♣♦rt ❤②❞r♦❞②♥❛♠✐q✉❡ s♦♥t ❜❛sés s✉r ❞❡s ❤②♣♦t❤ès❡s q✉✐ ❞♦✐✈❡♥t êtr❡ ✈ér✐✜é❡s ✭❞❡s❝r✐♣t✐♦♥ ❞✐✛✉s✐✈❡

❞✉ tr❛♥s♣♦rt t✉r❜✉❧❡♥t✱ ❞❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ❢♦r❝❡ é❧❡❝tr♦♠♦tr✐❝❡ t✉r❜✉❧❡♥t❡ ♣❛r ❧✬❡✛❡t α✱ ✳✳✳✳✮ ❡t ✐❧s ❞é♣❡♥❞❡♥t

❞❡ ♣❛r❛♠ètr❡s ❧✐❜r❡s q✉✐ ❞♦✐✈❡♥t êtr❡ ❝❛❧✐❜rés ❡♠♣✐r✐q✉❡♠❡♥t ✭♣r❡s❝r✐♣t✐♦♥ ❞❡ ❧❛ ✈✐s❝♦s✐té ♦✉ ❞❡ ❧❛ ❞✐✛✉✲

s✐✈✐té t✉r❜✉❧❡♥t❡✱ ❞❡ ❧❛ ✈❛❧❡✉r ❞❡ α✮✳ ❱✉ s♦✉s ❝❡t ❛♥❣❧❡✱ ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♥❡ ❝❤❡r❝❤❡♥t ♣❧✉s à

s✐♠✉❧❡r ❧✬ét♦✐❧❡ ❞❛♥s s♦♥ ❡♥s❡♠❜❧❡ s✉r ❞❡s t❡♠♣s ❞✬é✈♦❧✉t✐♦♥ ♥✉❝❧é❛✐r❡ ♠❛✐s s♦♥t ❛✉ ❝♦♥tr❛✐r❡ ❝♦♥✜❣✉ré❡s

♣♦✉r t❡st❡r t❡❧ ♦✉ t❡❧ ❛s♣❡❝t ♣❛rt✐❝✉❧✐❡r ❞✬✉♥ ♠♦❞è❧❡✳ P❛r ❡①❡♠♣❧❡ ♣♦✉r r❡♣r♦❞✉✐r❡ ❧❡s ♣r♦✜❧s ❞✬❛❜s♦r♣t✐♦♥

❞✉ s♣❡❝tr❡ s♦❧❛✐r❡✱ ✉♥ ❞♦♠❛✐♥❡ ❝❛rtés✐❡♥✱ ❝♦♠♣r❡♥❛♥t ❧❛ ♣❤♦t♦s♣❤èr❡ ❡t ✉♥ ♥♦♠❜r❡ r❛✐s♦♥♥❛❜❧❡ ❞❡ ❣r❛✲

♥✉❧❡s✱ ❛♣♣❛r❛ît s✉✣s❛♥t✳ ▲❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♣rés❡♥t❡♥t é❣❛❧❡♠❡♥t ❝❡rt❛✐♥s ❛✈❛♥t❛❣❡s ✈✐s à ✈✐s

❞❡s ❡①♣ér✐❡♥❝❡s ❞❡ ❧❛❜♦r❛t♦✐r❡✱ ♣✉✐sq✉❡ ❝❡rt❛✐♥❡s ♣❛rt✐❝✉❧❛r✐tés ❞✉ ✢✉✐❞❡ st❡❧❧❛✐r❡✱ t❡❧❧❡s q✉❡ ❧❡s ✈❛❧❡✉rs

très é❧❡✈é❡s ❞❡ s❛ ❞✐✛✉s✐♦♥ t❤❡r♠✐q✉❡ ❡t ❞❡ s❛ ❝♦♥❞✉❝t✐✈✐té é❧❡❝tr✐q✉❡✱ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ r❡♣r♦❞✉✐t❡s

❡♥ ❧❛❜♦r❛t♦✐r❡ ❛❧♦rs q✉✬❡❧❧❡s s♦♥t ❛❝❝❡ss✐❜❧❡s✱ ❛✉ ♠♦✐♥s ❡♥ ♣r✐♥❝✐♣❡✱ ❛✉① s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳

✶✳✷ ❈♦♥t❡♥✉ ❞❡ ❧❛ t❤ès❡

▲❡ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❝❡tt❡ t❤ès❡ ❝♦♥❝❡r♥❡ à ❧❛ ❢♦✐s ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❤②❞r♦❞②♥❛♠✐q✉❡s

❡t ❧✬♦❜t❡♥t✐♦♥ ❞❡ ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉r ❝❡s ♣r♦❝❡ss✉s✳ ■❧ ❢❛✐t ❧❛r❣❡♠❡♥t ❛♣♣❡❧ ❛✉① ♥♦✉✈❡❛✉①

♠♦②❡♥s✱ t❤é♦r✐q✉❡s ❡t ♦❜s❡r✈❛t✐♦♥♥❡❧s ♠❡♥t✐♦♥♥és ❝✐✲❞❡ss✉s✳ ▲❡s tr♦✐s t❤é♠❛t✐q✉❡s ❛❜♦r❞é❡s s♦♥t ✿

✕ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ét♦✐❧❡s

✕ ❧✬♦r✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡

✕ ❧✬ét✉❞❡ ❞❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳

❊❧❧❡s ❝♦rr❡s♣♦♥❞❡♥t ❛✉① tr♦✐s ❝❤❛♣✐tr❡s ❞✉ ♠é♠♦✐r❡✳

▲❛ ♠é❝♦♥♥❛✐ss❛♥❝❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s st❡❧❧❛✐r❡s ❡st ❞❡♣✉✐s ❧♦♥❣t❡♠♣s ✐❞❡♥t✐✜é❡

❝♦♠♠❡ ❧✬✉♥ ❞❡s ♣r✐♥❝✐♣❛✉① ♦❜st❛❝❧❡s à ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞✬♦s❝✐❧❧❛t✐♦♥s ♦❜s❡r✈é❡s ❞❛♥s ❧❡s

ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❏❡ ♠❡ s✉✐s ✐♥tér❡ssé à ❝❡ s✉❥❡t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♣ré♣❛r❛t✐♦♥

❞❡ ❧❛ ♠✐ss✐♦♥ ❈♦r♦t ❡t ❝✬❡st ❞❡♣✉✐s ♠♦♥ r❡❝r✉t❡♠❡♥t ❛✉ ▲❆❚❚ ✜♥ ✷✵✵✵ ♠♦♥ s✉❥❡t ❞❡ r❡❝❤❡r❝❤❡ ♣r✐♥❝✐♣❛❧

❡t ❝❡❧✉✐ ♣♦✉r ❧❡q✉❡❧ ❥✬❛✐ ♦❜t❡♥✉ ♠❡s rés✉❧t❛ts ❧❡s ♣❧✉s s✐❣♥✐✜❝❛t✐❢s✳ ❉❛♥s ❧❛ ♣❛rt✐❡ q✉✐ ❧✉✐ ❡st ❝♦♥s❛❝ré❡✱ ❥❡
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❞é❝r✐s ❧❛ ♠✐s❡ ❛✉ ♣♦✐♥t ❞✬✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ t❡♥❛♥t ❝♦♠♣t❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s

♥♦✉✈❡❧❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ❛✉ ♠♦②❡♥ ❞❡ ❝❡ ❝♦❞❡ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡s ♣r♦♣r✐étés ❞❛♥s ❧❡ ❝❛❞r❡

❞✬✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é❡✳ ❉❛♥s ❧❛ ♣❛rt✐❡ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡✱ ❥❡ ❞é❝r✐r❛✐

❝♦♠♠❡♥t ❝❡s ❛✈❛♥❝é❡s ♣❡✉✈❡♥t êtr❡ ♠✐s❡ à ♣r♦✜t ♣♦✉r ❞é✈❡❧♦♣♣❡r ❞❡s ♠ét❤♦❞❡s ❞✬✐♥t❡r♣ét❛t✐♦♥ ❞❡s

s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳ P♦✉r ❝♦♥str✉✐r❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✱ ❥✬❛✐ été ❛♠❡♥é à ♠✬✐♥tér❡ss❡r

à ✉♥ s✉❥❡t✱ ❧❡ ❝❤❛♦s ❞✬♦♥❞❡✱ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♦♥❞❡s ❡♥ ❣é♥ér❛❧✳ ▲❡s ♦♥❞❡s ♣❡✉✈❡♥t êtr❡

❞é❝r✐t❡s ♣❛r ❞❡s r❛②♦♥s ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s ♣❡t✐t❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ✭❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ ♣♦✉r ❲❡♥t③❡❧✱

❑r❛♠❡rs✱ ❇r✐❧❧♦✉✐♥✮ ❡t ❧❡s tr❛❥❡❝t♦✐r❡s ❞❡ ❝❡s r❛②♦♥s ♣❡✉✈❡♥t êtr❡ ❞é❝r✐t❡s ❝♦♠♠❡ ✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡

❍❛♠✐❧t♦♥✐❡♥✳ ▲❡ ❝❤❛♦s ❞✬♦♥❞❡ ❞és✐❣♥❡ ❛❧♦rs ❧✬ét✉❞❡ ❞❡s ♣r♦♣r✐étés ❞❡s ♦♥❞❡s ❞♦♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s

❡st ❝❤❛♦t✐q✉❡✳ ❏✉sq✉✬à ♣rés❡♥t ❝❡tt❡ ét✉❞❡ ❛ été ♠❡♥é❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ♣♦✉r ❧❡s s②stè♠❡s q✉❛♥t✐q✉❡s s♦✉s

❧❡ ♥♦♠ ❞❡ ❝❤❛♦s q✉❛♥t✐q✉❡✳ ◆♦✉s ♠♦♥tr♦♥s ✐❝✐ ♣❛r ❧❡ ❝❛❧❝✉❧ q✉❡ ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥

r❛♣✐❞❡ ♣♦ssè❞❡♥t ❝❡rt❛✐♥❡s ♣r♦♣r✐étés ❣é♥ér✐q✉❡s ❞❡ ❝❡s s②stè♠❡s✱ ♦✉✈r❛♥t ❛✐♥s✐ ❧❛ ✈♦✐❡ à ✉♥❡ ♣r❡♠✐èr❡

♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞✉ ❝❤❛♦s ❞✬♦♥❞❡ ❞❛♥s ✉♥ s②stè♠❡ ♥❛t✉r❡❧ à ❣r❛♥❞❡ é❝❤❡❧❧❡✳

▲❛ ❞❡✉①✐è♠❡ t❤é♠❛t✐q✉❡ ❝♦♥❝❡r♥❡ ❧❡ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ✭❞❡ t②♣❡ ❇ t❛r❞✐❢

❡t ❞❡ t②♣❡ ❆✮ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳ ❈✬❡st ✉♥ s✉❥❡t r❡❧✐é ♠❛✐s ❞✐st✐♥❝t ❞❡ ❝❡❧✉✐ ❞❡ ♠❛ t❤ès❡ ❞❡

❞♦❝t♦r❛t q✉✐ ét❛✐t ❝♦♥s❛❝ré à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ❞❡ ❝❡s ét♦✐❧❡s ❞❛♥s ❧❡✉r

♣❤❛s❡ ♣ré✲séq✉❡♥❝❡✲♣r✐♥❝✐♣❛❧❡✳ ■❧ s✬❛❣✐t ✐❝✐ ❞✬♦❜s❡r✈❛t✐♦♥s s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s q✉✐✱ ❝♦♠♠❡ ♦♥ ❧❡ ✈❡rr❛✱

r❡♥♦✉✈❡❧❧❡♥t ❛ss❡③ ❧❛r❣❡♠❡♥t ♥♦tr❡ ✈✐s✐♦♥ ❞✉ ♠❛❣♥ét✐s♠❡ ❞❡ ❝❡s ét♦✐❧❡s✳ ❉✬❛❜♦r❞✱ ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡

❞✬✉♥❡ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ à ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ❞❡s ét♦✐❧❡s ❆♣✴❇♣ ❛ ♣❡r♠✐s ❞❡ ♣r♦♣♦s❡r ✉♥ ♥♦✉✈❡❛✉ s❝é♥❛r✐♦

♣♦✉r ❡①♣❧✐q✉❡r ❧✬♦r✐❣✐♥❡ ❞❡ ❝❡tt❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡✱ ❧❛ s❡✉❧❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡ ♠❛❣♥ét✐q✉❡ ❝♦♥♥✉❡ ❥✉sq✉✬❛❧♦rs

❞❛♥s ❝❡ ❞♦♠❛✐♥❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❍❘✳ P✉✐s✱ ❧❛ ❞é❝♦✉✈❡rt❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ très ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡

à ❧❛ s✉r❢❛❝❡ ❞❡ ❱é❣❛ ✭❡t ♣❡✉t✲êtr❡ é❣❛❧❡♠❡♥t à ❧❛ s✉r❢❛❝❡ ❞❡ ❙✐r✐✉s✮ ♠♦♥tr❡ ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ♥♦✉✈❡❛✉ t②♣❡

❞❡ ♠❛❣♥ét✐s♠❡ ❞❛♥s ❝❡ ❞♦♠❛✐♥❡✳

▲❛ tr♦✐s✐è♠❡ t❤é♠❛t✐q✉❡ ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳

❯♥❡ ♣r❡♠✐èr❡ ♣❛rt✐❡ s❡r❛ ❝♦♥s❛❝ré❡ à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ❞❛♥s ❧❡s ③♦♥❡s

r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡s✳ ▲❛ t✉r❜✉❧❡♥❝❡ ❡st ✐❝✐ ❛✛❡❝té❡ ♣❛r ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ q✉✐ ❛❣✐t ❝♦♠♠❡ ✉♥❡ ❢♦r❝❡ ❞❡

r❛♣♣❡❧ s✉r ❧❡s ♠♦✉✈❡♠❡♥ts ✈❡rt✐❝❛✉① ❡t ♣❛r ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ q✉✐ t❡♥❞ à ❧❛ ❢♦✐s à ❞✐♠✐♥✉❡r ❧✬✐♥t❡♥s✐té

❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ ❡t à ❞✐ss✐♣❡r ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡✳ ❏❡ ♣rés❡♥t❡r❛✐ ✉♥❡ ét✉❞❡ ❞❡ ❝❡s ❡✛❡ts s✉r

❧❡ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s✳ ▲❛ ❞❡✉①✐è♠❡ ♣❛rt✐❡ ❝♦♥❝❡r♥❡ ❧✬ét✉❞❡ ❞❡s ♠♦✉✈❡♠❡♥ts ❞❡

❝♦♥✈❡❝t✐♦♥ à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧✳ ❏❡ ♠❡ s✉✐s ❡♥ ♣❛rt✐❝✉❧✐❡r ✐♥tér❡ssé ❛✉① str✉❝t✉r❡s ❝♦❤ér❡♥t❡s ♦❜s❡r✈é❡s



✽ ❈❍❆P■❚❘❊ ✶✳ ■◆❚❘❖❉❯❈❚■❖◆

❞❛♥s ❝❡t é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t✱ ❡♥ ❝♦♥tr✐❜✉❛♥t à ❧✬❛♥❛❧②s❡ ❞❡s ✐♠❛❣❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❛✐♥s✐ q✉✬à ❧❛ ♠✐s❡ ❡♥

♦❡✉✈r❡ ❡t ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ t✉r❜✉❧❡♥t❡✳

❉❛♥s ❧❛ ♣❛rt✐❡ ♣r♦❥❡t ❞❡ r❡❝❤❡r❝❤❡✱ ❥✬✐♥❞✐q✉❡r❛✐ ❧❡s ❞✐r❡❝t✐♦♥s ❞❛♥s ❧❡sq✉❡❧❧❡s ❥❡ ❝♦♠♣t❡ ❞é✈❡❧♦♣♣❡r

❝❡s tr♦✐s t❤é♠❛t✐q✉❡s✳



❈❤❛♣✐tr❡ ✷

❙✐s♠♦❧♦❣✐❡ ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

❈♦♠♠❡ ❧❛ s✐s♠♦❧♦❣✐❡ t❡rr❡str❡✱ ❧❛ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡ ét✉❞✐❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞❡s ét♦✐❧❡s ❡♥ s❡

s❡r✈❛♥t ❞❡s ♦♥❞❡s q✉✐ s✬② ♣r♦♣❛❣❡♥t✳ ❙✉r ❧❛ ❚❡rr❡✱ ♦♥ s✬✐♥tér❡ss❡ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❛✉① ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s

é♠✐s❡s ♣❛r ❧❡s sé✐s♠❡s✱ ❧❛ ♠❡s✉r❡ ❞✉ t❡♠♣s ❞✬❛rr✐✈é❡ ❛✉ s✐s♠♦❣r❛♣❤❡ ♣❡r♠❡tt❛♥t ❞❡ r❡♠♦♥t❡r ❛✉① ♣r♦✲

♣r✐étés ❞✉ ♠✐❧✐❡✉ tr❛✈❡rsé ♣❛r ❧✬♦♥❞❡✳ ❈❡ t②♣❡ ❞✬❛♥❛❧②s❡ ❡st é❣❛❧❡♠❡♥t ♣♦ss✐❜❧❡ à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ❞♦♥t

❧❛ s✉r❢❛❝❡ ❡st rés♦❧✉❡✳ ▲❛ s✐t✉❛t✐♦♥ ❡st ✉♥ ♣❡✉ ❞✐✛ér❡♥t❡ ❡♥ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡✱ ♣✉✐sq✉✬❛✉ ❧✐❡✉ ❞❡s ♦♥❞❡s

♣r♦❣r❡ss✐✈❡s✱ ♦♥ ✉t✐❧✐s❡ ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❧✬ét♦✐❧❡ ❞♦♥t ♦♥ ♠❡s✉r❡ ❧❡s ❢réq✉❡♥❝❡s✳

❯♥ ♠♦❞❡ ♣r♦♣r❡ ❡st ✉♥❡ s♦❧✉t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❡♥ t❡♠♣s ✭✐✳❡✳ ∝ exp−iωt✮ ❞❡s éq✉❛t✐♦♥s ❧✐♥é❛✐r❡s

ré❣✐ss❛♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❞✬✉♥❡ s♦❧✉t✐♦♥ ❞✬éq✉✐❧✐❜r❡ ✭♦✉ st❛t✐♦♥♥❛✐r❡✮

❞✬✉♥ s②stè♠❡ ✭♦♥ ♣❛r❧❡ é❣❛❧❡♠❡♥t ❞❡ ♠♦❞❡ ♥♦r♠❛❧✮✳ P❤②s✐q✉❡♠❡♥t✱ ✐❧ ♣❡✉t êtr❡ ✈✉ ❝♦♠♠❡ ✉♥❡ ♦♥❞❡

♣r♦❣r❡ss✐✈❡ ❝♦♥✜♥é❡ ❞❛♥s ✉♥❡ ❝❛✈✐té ❡t ✐♥t❡r❢ér❛♥t ♣♦s✐t✐✈❡♠❡♥t ❛✈❡❝ ❡❧❧❡✲♠ê♠❡ ♣♦✉r ❞♦♥♥❡r ❧✐❡✉ à ✉♥❡

♦♥❞❡ st❛t✐♦♥♥❛✐r❡✶✳ ▲❛ ❢réq✉❡♥❝❡ ❞✉ ♠♦❞❡ ♣r♦♣r❡ ω ❞é♣❡♥❞ ❛❧♦rs ❞❡s ♣r♦♣r✐étés ❞✉ ✢✉✐❞❡ ❝♦♥t❡♥✉ à

❧✬✐♥tér✐❡✉r ❞❡ ❝❡tt❡ ❝❛✈✐té✳

❉♦♥❝✱ s✐ ♦♥ ♣❛r✈✐❡♥t à ♠❡s✉r❡r ✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ♣✉❧s❛t✐♦♥ ❡t à ✐❞❡♥t✐✜❡r ❧❡ ♠♦❞❡ ♣r♦♣r❡ q✉✐ ❧✉✐

❝♦rr❡s♣♦♥❞✱ ♦♥ ❞✐s♣♦s❡r❛ ❞✬✉♥❡ ✐♥❢♦r♠❛t✐♦♥ s✉r ❧❡ ✢✉✐❞❡ ❝♦♥t❡♥✉ à ❧✬✐♥tér✐❡✉r ❧❛ ❝❛✈✐té ❞✉ ♠♦❞❡✳ ❈❡tt❡

♣❤r❛s❡ s♦✉❧✐❣♥❡ à ❧❛ ❢♦✐s ❧✬é♥♦r♠❡ ♣♦t❡♥t✐❡❧ ❡t ❧✬✉♥❡ ❞❡s ♣r✐♥❝✐♣❛❧❡s ❞✐✣❝✉❧tés ❞❡ ❧❛ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡✳

❊♥ ❡✛❡t✱ ❝❤❛q✉❡ ❢réq✉❡♥❝❡ ✐❞❡♥t✐✜é❡ ❛♣♣♦rt❛♥t ✉♥❡ ♥♦✉✈❡❧❧❡ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡✱ ♦♥ ✈♦✐t

❝♦♠♠❡♥t ❧❛ s✐s♠♦❧♦❣✐❡ ♣❡✉t ❛✉❣♠❡♥t❡r très s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡ ♥♦♠❜r❡ ❞✬♦❜s❡r✈❛❜❧❡ ♣❛r r❛♣♣♦rt ❛✉①

♦❜s❡r✈❛❜❧❡s ❝❧❛ss✐q✉❡s q✉❡ s♦♥t ❧❛ ❧✉♠✐♥♦s✐té ❛♣♣❛r❡♥t❡✱ ❧❛ ♣❛r❛❧❧❛①❡✱ ❧❛ ❣r❛✈✐té ❞❡ s✉r❢❛❝❡✱ ❧❛ t❡♠♣ér❛t✉r❡

✶ s✐ ❧❛ s♦❧✉t✐♦♥ ♥✬❡st ♣❛s ❛①✐s②♠étr✐q✉❡✱ ❧✬♦♥❞❡ ♥✬❡st ❡♥ ❢❛✐t st❛t✐♦♥♥❛✐r❡ q✉❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥ ♣✉✐sq✉✬❡❧❧❡ ♣❡✉t s❡
♣r♦♣❛❣❡r ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ❛③✐♠✉t❛❧❡ ❀ ❝❡tt❡ s✐t✉❛t✐♦♥ ❡st s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞✬✉♥ ❣✉✐❞❡ ❞✬♦♥❞❡

✾
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❡✛❡❝t✐✈❡ ❡t ❧❛ ❝♦♠♣♦s✐t✐♦♥ ❝❤✐♠✐q✉❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♦♥ ❝♦♠♣r❡♥❞ ♣♦✉rq✉♦✐ ❧❡s ❞✐③❛✐♥❡s ❞❡ ♠✐❧❧✐❡rs ❞❡

❢réq✉❡♥❝❡s ♠❡s✉ré❡s à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ♣✉✐s ✐❞❡♥t✐✜é❡s ♦♥t ♣✉ ré✈♦❧✉t✐♦♥♥❡r ♥♦tr❡ ❝♦♥♥❛✐ss❛♥❝❡ ❞❡

❧✬✐♥tér✐❡✉r ❞✉ ❙♦❧❡✐❧✳ ▼❛✐s ♦♥ ✈♦✐t ❛✉ss✐ q✉❡✱ s✐ ♦♥ ♥❡ ♣❛r✈✐❡♥t ♣❛s à ✐❞❡♥t✐✜❡r ❧❛ ❢réq✉❡♥❝❡ ♦❜s❡r✈é❡ ❛✈❡❝

s♦♥ ♠♦❞❡ ♣r♦♣r❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ ♦✉ ♣✐r❡✱ s✐ ♦♥ ❧✬✐❞❡♥t✐✜❡ ♠❛✐s ❛✈❡❝ ✉♥ ♠❛✉✈❛✐s ♠♦❞❡✱ ❧✬✐♥❢♦r♠❛t✐♦♥ s✉r

❧✬ét♦✐❧❡ s❡r❛ s♦✐t ✐♥❡①✐st❛♥t❡ s♦✐t ❡rr♦♥é❡✷✳

P♦✉r ❧❡ ❙♦❧❡✐❧✱ ❧❛ ♣♦ss✐❜✐❧✐té ❞❡ rés♦✉❞r❡ ❧❛ s✉r❢❛❝❡ ✈✐s✐❜❧❡ ❢❛❝✐❧✐t❡ ❣r❛♥❞❡♠❡♥t ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ♣✉✐sq✉❡

❧❡s ✐♠❛❣❡s ❞❡ ❧❛ s✉r❢❛❝❡ ♣❡✉✈❡♥t êtr❡ ❞é❝♦♠♣♦sé❡s s✉r ❧❛ ❜❛s❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s✳ ▼❛✐s✱ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s

❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s ❡st é❣❛❧❡♠❡♥t r❡❧❛t✐✈❡♠❡♥t ❛✐sé❡ s✐ ❧✬♦♥ ❝♦♥s✐❞èr❡ ❧❡s ❞♦♥♥é❡s ✐♥té❣ré❡s s✉r ❧❛ s✉r❢❛❝❡

✈✐s✐❜❧❡✱ ❝✬❡st✲à✲❞✐r❡ ❧❡ ❙♦❧❡✐❧ ✈✉ ❝♦♠♠❡ ✉♥❡ ét♦✐❧❡✳ ❉❛♥s ❝❡ ❝❛s✱ q✉❛tr❡ ♣r♦♣r✐étés ❡ss❡♥t✐❡❧❧❡s ❝♦♥tr✐❜✉❡♥t

à ❧❛ ré✉ss✐t❡ ❞✉ ♣r♦❝❡ss✉s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ✿ ✭✐✮ ❧❡s ♣❛r❛♠ètr❡s ❢♦♥❞❛♠❡♥t❛✉① ❞✉ ❙♦❧❡✐❧ ✭♠❛ss❡✱ r❛②♦♥✱

t❡♠♣ér❛t✉r❡ ❡✛❡❝t✐✈❡✱ ♠ét❛❧❧✐❝✐té✱ ✐♥❝❧✐♥❛✐s♦♥✮ s♦♥t ❝♦♥♥✉s ❛✈❡❝ ♣ré❝✐s✐♦♥ ❀ ❡♥ ❝♦♥séq✉❡♥❝❡✱ ❧❛ ❣❛♠♠❡ ❞❡

♠♦❞è❧❡s ❞❡ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞✉ ❙♦❧❡✐❧ ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❝❡s ❝♦♥tr❛✐♥t❡s ❣❧♦❜❛❧❡s ❡st ❞é❥à r❡❧❛t✐✈❡♠❡♥t

r❡str❡✐♥t❡✱ ✭✐✐✮ ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡ ❞❡s ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ♣r♦♣r❡s q✉❡ ❧✬♦♥ s✬❛tt❡♥❞

à ❞ét❡❝t❡r ❞✬❛♣rès ❧❡s ❝❛❧❝✉❧s t❤é♦r✐q✉❡s ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✱ ✭✐✐✐✮ ❧❡ ❝❛❧❝✉❧

❞❡s ♠♦❞❡s ❡t ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞✬✉♥ ♠♦❞è❧❡ ❞❡ ❙♦❧❡✐❧ ❞♦♥♥é ♣❡✉t êtr❡ ❡✛❡❝t✉é ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥

s✉✣s❛♥t❡ ❀ ❞❛♥s ❧❛ ♣❤❛s❡ ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s✱ ✐❧ ❢❛✉t s✬❛ss✉r❡r q✉❡ ❧❡s ❡rr❡✉rs s✉r ❧❡s ❢réq✉❡♥❝❡s

t❤é♦r✐q✉❡s ♥✬✐♥❞✉✐s❡♥t ♣❛s ❞✬❡rr❡✉r s✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s✳ ❆♣rès ❧❛ ♣❤❛s❡ ❞✬✐❞❡♥t✐✜❝❛t✐♦♥✱ ❧♦rsq✉❡

❧✬♦♥ ❝❤❡r❝❤❡ ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ q✉✐ r❡♣r♦❞✉✐t ❧❡ ♠✐❡✉① ❧❡s ❢réq✉❡♥❝❡s✱ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❝❛❧❝✉❧s t❤é♦r✐q✉❡s

❞♦✐t êtr❡ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t s✉♣ér✐❡✉r❡ à ❝❡❧❧❡ ❞❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ❞❡s ❢réq✉❡♥❝❡s ✭q✉✐

♣❡✉t êtr❡ très é❧❡✈é❡✮✳ ❖♥ ♣❡✉t ❛✐♥s✐ ❛ttr✐❜✉❡r t♦✉t❡ ❞✐✛ér❡♥❝❡ ❡♥tr❡ ❢réq✉❡♥❝❡ ❝❛❧❝✉❧é❡ ❡t ♦❜s❡r✈é❡ ❛✉

♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡t ♥♦♥ ❛✉① ❡rr❡✉rs ❞✉ ❝❛❧❝✉❧ ❞✬♦s❝✐❧❧❛t✐♦♥s✳ ✭✐✈✮ ❧✬♦r❣❛♥✐s❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡s ❢réq✉❡♥❝❡s

❡st ré❣✉❧✐èr❡ ❡t ❜✐❡♥ ❞é❝r✐t❡ ♣❛r ✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❛❝♦✉st✐q✉❡s ✭❚❛ss♦✉❧ ✶✾✽✵✮✳

❈❡tt❡ ♣r♦♣r✐été ❡st ❡ss❡♥t✐❡❧❧❡ ❝❛r ❡❧❧❡ ♣❡r♠❡t ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s ❞✐r❡❝t❡♠❡♥t à

♣❛rt✐r ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡s ♦❜s❡r✈é✱ s❛♥s ❢❛✐r❡ ❛♣♣❡❧ à ❞❡s ♠♦❞è❧❡s ❞❡ ❧❛ str✉❝t✉r❡ ✐♥t❡r♥❡ ❞✉ ❙♦❧❡✐❧✳

❊♥ ❡✛❡t✱ ❧❡s ❡s♣❛❝❡♠❡♥ts ré❣✉❧✐❡rs ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ❞❡ ♠♦❞❡s ❛❝♦✉st✐q✉❡s s♦❧❛✐r❡s ❞❡ ♠ê♠❡ ❞❡❣ré ♦✉

❛♣♣❛rt❡♥❛♥t à ✉♥ ♠ê♠❡ ♠✉❧t✐♣❧❡t ♣❡r♠❡tt❡♥t ❞✬✐❞❡♥t✐✜❡r s❛♥s ❝❛❧❝✉❧ ❧❡ ❞❡❣ré ❡t ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ ❞❡s

❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳

▲❛ s✐t✉❛t✐♦♥ ❡st t♦✉❥♦✉rs ♠♦✐♥s ❢❛✈♦r❛❜❧❡ ♣♦✉r ❧❡s ❛✉tr❡s ét♦✐❧❡s ♥❡ s❡r❛✐t✲❝❡ q✉❡ ♣❛r❝❡ q✉❡ ❧❡✉rs

✷ ❧❡ t❡r♠❡ ✐♥❡①✐st❛♥t ❡st ✉♥ ♣❡✉ ❡①❛❣éré ♣✉✐sq✉❡✱ s✐ ❧✬♦♥ ❝♦♠♣r❡♥❞ ❜✐❡♥ ❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ❞❡s ♠♦❞❡s✱ ❧❛ s✐♠♣❧❡
♣rés❡♥❝❡ ❞❡ ❢réq✉❡♥❝❡s ❞❡ ♣✉❧s❛t✐♦♥ ♣❡✉t ❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡



✶✶

♣❛r❛♠ètr❡s ❢♦♥❞❛♠❡♥t❛✉① s♦♥t ♠♦✐♥s ❜✐❡♥ ❝♦♥♥✉s✳ ➚ ❝❡ ♠❛♥q✉❡ ❞❡ ❝♦♥tr❛✐♥t❡ s✉r ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡

♣❡✉t s✬❛❥♦✉t❡r ❧❡ ❢❛✐t q✉❡ ❧❡ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡ ♦❜s❡r✈é ❡st ✐♥❝♦♠♣❧❡t ✭♦♥ ❞✐t ❛✉ss✐ ❧❛❝✉♥❛✐r❡✮ ❞❛♥s

❧❡ s❡♥s ♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦ss✐❜❧❡s ❞✬❛♣rès ❧❡s ♠♦❞è❧❡s t❤é♦r✐q✉❡s ❞é♣❛ss❡ ✭♣❛r❢♦✐s

❧❛r❣❡♠❡♥t✮ ❧❡ ♥♦♠❜r❡ ❞❡ ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳ ▲❡ ♣r♦❜❧è♠❡ ❞❡ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❡st ❛❧♦rs s♦✉s✲❝♦♥tr❛✐♥t

❝❡ q✉✐ ❝♦♥❞✉✐t à ♣❧✉s✐❡✉rs ✐❞❡♥t✐✜❝❛t✐♦♥s ♣♦ss✐❜❧❡s✳ ❊♥ ❝❡ q✉✐ ❝♦♥❝❡r♥❡ ❧❛ ♣ré❝✐s✐♦♥ ❞✉ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s

❡t ❢réq✉❡♥❝❡s ♣r♦♣r❡s✱ ❧❡ ❝❛s ❞✬✉♥❡ ét♦✐❧❡ ✐s♦❧é❡ s❛♥s r♦t❛t✐♦♥ ♥✐ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♥❡ ♣♦s❡ ♣❛s ❞❡ ♣r♦✲

❜❧è♠❡s ✭❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✫ ▼✉❧❧❛♥ ✶✾✾✹✮✳ ❉❡ ♠ê♠❡✱ s✐ ❧❡s ❡✛❡ts q✉✐ ❜r✐s❡♥t ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡

❞✉ s②stè♠❡ ✭❧❛ r♦t❛t✐♦♥✱ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ❧❛ ❜✐♥❛r✐té✮ s♦♥t s✉✣s❛♠♠❡♥t ❢❛✐❜❧❡s✱ ❧❡s ♠ét❤♦❞❡s ♣❡r✲

t✉r❜❛t✐✈❡s ♣❡r♠❡tt❡♥t ❞✬♦❜t❡♥✐r ❞❡s ❝❛❧❝✉❧s s✉✣s❛♠♠❡♥t ♣ré❝✐s✳ ❈❡❧❛ ✈❛✉t ♣♦✉r ❧❡ ❙♦❧❡✐❧✱ ❧❡s ét♦✐❧❡s ❞❡

t②♣❡ s♦❧❛✐r❡ ❡♥ r♦t❛t✐♦♥ ❧❡♥t❡ ❡t ❣é♥ér❛❧❡♠❡♥t ❛✉ss✐ ♣♦✉r ❧❡s ❙❞❇✱ ❧❡s ❈é♣❤é✐❞❡s✱ ❧❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✳

◆é❛♥♠♦✐♥s✱ ❧❛ ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ♥✬ét❛♥t ♣❛s ❝♦♥♥✉❡✱ ♦♥ ♥❡ s❛✐t ♣❛s ❥✉sq✉✬♦ù✱

❝✬❡st✲à✲❞✐r❡ ❥✉sq✉✬à q✉❡❧❧❡ ✈❛❧❡✉r ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❝❡s ♠ét❤♦❞❡s ♣♦✉r

❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♦✉ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ♠❡✐❧❧❡✉r ♠♦❞è❧❡ ❞✬ét♦✐❧❡✳ ■❧ ❡♥ ✈❛ ❞❡ ♠ê♠❡ ♣♦✉r

❧✬♦r❣❛♥✐s❛t✐♦♥ ❛s②♠♣t♦t✐q✉❡ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡ ✭à ❤❛✉t❡ ❢réq✉❡♥❝❡ ♣♦✉r ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❡t à

❜❛ss❡ ❢réq✉❡♥❝❡ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té✮ q✉✐ ♥✬❛✈❛✐t été ❞ét❡r♠✐♥é❡ q✉❡ ♣♦✉r ✉♥ s②stè♠❡ à s②♠étr✐❡

s♣❤ér✐q✉❡✳

❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❡s ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ s♦♥t ❞❡s ❝✐❜❧❡s ❢❛✈♦r❛❜❧❡s ♣❛r❝❡ q✉✬❡❧❧❡s ♣✉❧s❡♥t ❞❛♥s ❧❡

ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s ❛❝♦✉st✐q✉❡s✱ ❧❡s s♣❡❝tr❡s ♦❜s❡r✈és ♥❡ s♦♥t ♣❛s ❧❛❝✉♥❛✐r❡s ❡t

❧❡s é❝❛rts à ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ s♦♥t r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡s✳ ❊t✱ ❞❡ ❢❛✐t✱ ❞❡s ✐❞❡♥t✐✜❝❛t✐♦♥s ♣❧❛✉s✐❜❧❡s ❞❡

❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s s✉r ❝❡ t②♣❡ ❞✬ét♦✐❧❡ ✭♥♦t❛♠♠❡♥t ♣❛r ❈♦r♦t✮ ♦♥t été ♦❜t❡♥✉❡s ✭❇❡♥♦♠❛r ❡t ❛❧✳ ✷✵✵✾❀

❉❡❤❡✉✈❡❧s ❡t ❛❧✳ ✷✵✶✵✮✳ ❉❛♥s ✉♥ t♦✉t ❛✉tr❡ ❞♦♠❛✐♥❡ ❞✉ ❞✐❛❣r❛♠♠❡ ❍❘✱ ❝❡❧✉✐ ❞❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✱ ✐❧ ❡st

♣♦ss✐❜❧❡ ❞✬✐❞❡♥t✐✜❡r ♣❛rt✐❡❧❧❡♠❡♥t ❧❡s ❢réq✉❡♥❝❡s ✭❞❡❣ré ❡t ♥♦♠❜r❡ ❛③✐♠✉t❛❧✮ ❝❛r ❝❡s ét♦✐❧❡s ♣✉❧s❡♥t ❞❛♥s

❧❡ ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ✭❲✐♥❣❡t ❡t ❛❧✳ ✶✾✾✶✮✳

❊♥ r❡✈❛♥❝❤❡✱ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞❡ ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐✲

♣❛❧❡✱ ❧❡s ❡①❡♠♣❧❡s ❝♦♥✈❛✐♥❝❛♥ts ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ s♦♥t r❛r❡s ❡t ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s s✐t✉❛t✐♦♥s ♣❛rt✐❝✉❧✐èr❡s

♣❧✉tôt q✉❡ ❣é♥ér✐q✉❡s✳ ❊♥ ❡✛❡t✱ ❧❛ ❧❛❝✉♥❛r✐té ❞❡s s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡ ♦❜s❡r✈és ✭❛✈❛♥t ❈♦r♦t ✦✮ ❡t ❧❡s

✐♥❝❡rt✐t✉❞❡s s✉r ❧✬✐♠♣♦rt❛♥❝❡ ❞❡s ❡✛❡ts ♥♦♥ ♣❡rt✉r❜❛t✐❢s✱ ❞✉s à ❧❛ r♦t❛t✐♦♥ ♦✉ ❛✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✱ ♦♥t

❡♠♣ê❝❤é ✉♥❡ ✐❞❡♥t✐✜❝❛t✐♦♥ ✜❛❜❧❡ ❞❡ ❧❛ ♣❧✉♣❛rt ❞❡s ❢réq✉❡♥❝❡s ❞ét❡❝té❡s ❞❛♥s ❝❡ ❞♦♠❛✐♥❡ ❞✉ ❞✐❛❣r❛♠♠❡

❍❘✳ ▲❡s ❡①❝❡♣t✐♦♥s ❝♦♥❝❡r♥❡♥t ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ét♦✐❧❡s à ❢❛✐❜❧❡s v sin i ♣♦✉r ❧❡sq✉❡❧s ❞❡s ❝♦♥tr❛✐♥t❡s

♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉♣♣❧é♠❡♥t❛✐r❡s s✉r ❧❡s ♠♦❞❡s ♦♥t été ♦❜t❡♥✉❡s ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ♦✉ ♣❤♦t♦♠étr✐❡ ♠✉❧t✐✲
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❝♦✉❧❡✉r ✭❉❡s♠❡t ❡t ❛❧✳ ✷✵✵✾❀ ❉✉♣r❡t ❡t ❛❧✳ ✷✵✵✹❀ ❆❡rts ❡t ❛❧✳ ✷✵✵✸❀ ❚❤♦✉❧ ❡t ❛❧✳ ✷✵✵✸✮✳ ▲❛ s♣❡❝tr♦s❝♦♣✐❡

♣❡r♠❡t ❡♥ ❡✛❡t ❞❡ ❝♦♥tr❛✐♥❞r❡ ❧❡ ❞❡❣ré ❡t ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ ❞❡s ♠♦❞❡s ❡♥ ❛♥❛❧②s❛♥t ❧❡s ❞é❢♦r♠❛t✐♦♥s ❞❡s

♣r♦✜❧s ❞❡ r❛✐❡ ❞✬❛❜s♦r♣t✐♦♥ ♣r♦✈♦q✉é❡s ♣❛r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ✈✐t❡ss❡s ♣❤♦t♦s♣❤ér✐q✉❡s ❛ss♦❝✐é❡s ❛✉①

♠♦❞❡s ✭❑❡♥♥❡❧❧② ✶✾✾✹❀ ❩✐♠❛ ✷✵✵✻✮✳ ▲❛ ♣❤♦t♦♠étr✐❡ ♠✉❧t✐✲❝♦✉❧❡✉r ❡st ❜❛sé❡ s✉r ❧❡ ❢❛✐t q✉❡ ❧✬❛♠♣❧✐t✉❞❡

❡t ❧❛ ♣❤❛s❡ ❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧✉♠✐♥♦s✐té ❞é♣❡♥❞❡♥t ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❡t q✉❡ ❝❡tt❡ ❞é♣❡♥❞❛♥❝❡

❡st s♣é❝✐✜q✉❡ ❛✉ t②♣❡ ❞❡ ♠♦❞❡ ❝♦♥s✐❞éré ✭❉✉♣r❡t ❡t ❛❧✳ ✷✵✵✸✮✳ ❈❡s ❞❡✉① ♠ét❤♦❞❡s ♦♥t été ♣♦✉r ❧✬✐♥st❛♥t

❛♣♣❧✐q✉é❡s ❡♥ s✉♣♣♦s❛♥t q✉❡ ❧❡s é❝❛rts à ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ s♦♥t ❢❛✐❜❧❡s ❡t ❞♦♥❝ q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥

❞❡ s✉r❢❛❝❡ ❞❡s ♠♦❞❡s ❡st r❡♣rés❡♥té❡ ♣❛r ✉♥❡ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✳ P❧✉s ré❝❡♠♠❡♥t ❞❡s ré❣✉❧❛r✐tés

❞❛♥s ❧✬❡s♣❛❝❡♠❡♥t ❞❡ ❢réq✉❡♥❝❡ ♦✉ ❞❡ ♣ér✐♦❞❡✱ s②♠♣t♦♠❛t✐q✉❡s ❞✬✉♥ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡✱ ♦♥t

été ❞ét❡❝té❡s ❞❛♥s ❞❡s s♣❡❝tr❡s ❞✬ét♦✐❧❡ ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ♣❛r ❈♦r♦t ✭●❛r❝í❛ ❍❡r♥á♥✲

❞❡③ ❡t ❛❧✳ ✷✵✵✾❀ ❉❡❣r♦♦t❡ ❡t ❛❧✳ ✷✵✶✵✮✳ ❉❡ ♥♦✉✈❡❛✉✱ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡ ❝❡s ré❣✉❧❛r✐tés ♣❛r ❧❡s t❤é♦r✐❡s

❛s②♠♣t♦t✐q✉❡s ❡①✐st❛♥t❡s ♥✬❡st ✈❛❧❛❜❧❡ q✉❡ s✐ ❧✬é❝❛rt à ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ ❡st ✧s✉✣s❛♠♠❡♥t✧ ❢❛✐❜❧❡✳

▲❛ s❡♥s✐❜✐❧✐té ♣❤♦t♦♠étr✐q✉❡ ❡t ❧❛ ❞✉ré❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞❡ ❈♦r♦t ♦♥t ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ♠♦❞✐✜é

♥♦tr❡ ♣❡r❝❡♣t✐♦♥ ❞❡s s♣❡❝tr❡s ❞❡ ❝❡ t②♣❡ ❞✬ét♦✐❧❡✳ ▲❡ ❝❛s ❧❡ ♣❧✉s s♣❡❝t❛❝✉❧❛✐r❡ ❡st ❝❡❧✉✐ ❞❡s δ ❙❝✉t✐ ♦ù

❥✉sq✉✬à ✷✵✵✵ ♣✐❝s ❞❡ ❢réq✉❡♥❝❡s ♦♥t été ❞ét❡❝té❡s s✉r ❍❉✶✽✶✺✺ ❞❛♥s ❧❡ tr❛♥s❢♦r♠é❡ ❞❡ ❋♦✉r✐❡r ❞❡ ❧❛

❝♦✉r❜❡ ❞❡ ❧✉♠✐èr❡✳ ❉✉ s♦❧✱ ❧❡ ♣ré❝é❞❡♥t r❡❝♦r❞ ♣♦✉r ❧❡s δ ❙❝✉t✐ ét❛✐t t❡♥✉ ♣❛r ❧❡s ✼✺ ❢réq✉❡♥❝❡s ❞❡

❋● ❱✐r ♦❜t❡♥✉❡s ❣râ❝❡ à ❞❡s ❞é❝❡♥♥✐❡s ❞❡ ❝❛♠♣❛❣♥❡s ❞✬♦❜s❡r✈❛t✐♦♥ ✭❇r❡❣❡r ❡t ❛❧✳ ✷✵✵✺✮✳ P♦✉r ❝❡ t②♣❡

❞✬ét♦✐❧❡✱ ❧❛ ❧❛❝✉♥❛r✐té ❞❡s s♣❡❝tr❡s ♦❜s❡r✈és ❞❡♣✉✐s ❧❡ s♦❧ s❡♠❜❧❡ ❞♦♥❝ êtr❡ s✐♠♣❧❡♠❡♥t ✉♥ ❡✛❡t ❞❡ s❡✉✐❧ ❞❡

❞ét❡❝t✐♦♥✳ ▲❡s s♣❡❝tr❡s ❞❡ ❈♦r♦t s❡♠❜❧❡♥t ♠❛✐♥t❡♥❛♥t tr♦♣ ❞❡♥s❡s ♣❛r r❛♣♣♦rt à ❝❡ q✉✐ ét❛✐t ❛tt❡♥❞✉ ❡t ❧❛

♣♦ss✐❜✐❧✐té q✉✬✉♥❡ ♣❛rt✐❡ ❞✉ s✐❣♥❛❧ s♦✐t ❡♥ ❢❛✐t ❡♥❣❡♥❞ré❡ ♣❛r ❞❡s ♠♦✉✈❡♠❡♥ts ❞❡ ❝♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡ ❡st

❛❝t✉❡❧❧❡♠❡♥t ❡♥✈✐s❛❣é❡ ✭❑❛❧❧✐♥❣❡r ✫ ▼❛tt❤❡✇s ✷✵✶✵✮✳ ❖♥ ♥♦t❡r❛ q✉✬✉♥❡ t❡❧❧❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡ ❢réq✉❡♥❝❡

❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦s❡ é❣❛❧❡♠❡♥t ✉♥ ♣r♦❜❧è♠❡ ❞❛♥s ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ❞♦♥♥é❡s s♣❡❝tr♦s❝♦♣✐q✉❡s ❀ ❡♥ ❡✛❡t✱ ❧❛

❞✉ré❡ ❡t ❧❛ ❝♦✉✈❡rt✉r❡ t❡♠♣♦r❡❧❧❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s ♥❡ s♦♥t ♣❛s s✉✣s❛♥t❡s ♣♦✉r ✐s♦❧❡r ✉♥❡ s❡✉❧❡ ❢réq✉❡♥❝❡

❡t ❞♦♥❝ ♣♦✉r ✐s♦❧❡r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ♣r♦✜❧ ❞✬❛❜s♦r♣t✐♦♥ ✐♥❞✉✐t❡s ♣❛r ✉♥ s❡✉❧ ♠♦❞❡✳

❘❡st❡♥t ❧❡s ❡✛❡ts ♥♦♥ ♣❡rt✉r❜❛t✐❢s ❞❡ ❧❛ r♦t❛t✐♦♥ q✉✐ s♦♥t ♣♦t❡♥t✐❡❧❧❡♠❡♥t ✐♠♣♦rt❛♥ts ♣♦✉r ❧❛ ❣r❛♥❞❡

♠❛❥♦r✐té ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ❧❡s γ ❉♦r✱ δ ❙❝✉t✐✱ ❙❧♦✇❧② P✉❧s❛t✐♥❣ ❇ st❛rs✱ β

❈❡♣❤❡✐✱ ζ ❖♣❤✱ ❛❧♦rs q✉❡ ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❥♦✉❡ ✉♥ rô❧❡ s✐❣♥✐✜❝❛t✐❢ ♣♦✉r ❧❡s r♦❆♣✱ ✉♥❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡s

♣✉❧s❛♥t❡s ❢❛✐s❛♥t ♣❛rt✐❡ ❞✉ ❣r♦✉♣❡ ❞❡s ❆♣✴❇♣✱ ét♦✐❧❡s ❝❤✐♠✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡s à ❝❤❛♠♣ ❢♦rt✳ ➚ ❝❡

st❛❞❡✱ ✐❧ ❡st ✉t✐❧❡ ❞❡ ❞✐✛ér❡♥❝✐❡r ❧❡s ❞❡✉① ❡✛❡ts ❞✐st✐♥❝ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s✳

▲❛ r♦t❛t✐♦♥ ❛❣✐t ❞✬✉♥❡ ♣❛rt s✉r ❧❡ ♠♦❞è❧❡ st❛t✐♦♥♥❛✐r❡ ❞✬ét♦✐❧❡ ❡t ❞✬❛✉tr❡ ♣❛rt s✉r ❧❡s ♠♦❞❡s ♣r♦♣r❡s
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❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡ ❝❡ ♠♦❞è❧❡✳ ❖♥ ♣♦✉rr❛✐t s❡ ❞✐r❡ q✉✬✉♥❡ ♠♦❞é❧✐s❛t✐♦♥ ✜♥❡ ❞❡ ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❛

str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ ♥✬❡st ♣❛s ❝r✉❝✐❛❧❡ ❝❛r ❧❡ ❜✉t ❞❡ ❧❛ s✐s♠♦❧♦❣✐❡ ❡st ❥✉st❡♠❡♥t ❞✬❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s

à ❝❡tt❡ ♠♦❞é❧✐s❛t✐♦♥✳ ❈❡t ❛r❣✉♠❡♥t ❡st ✈❛❧❛❜❧❡ ❡♥ ♣r✐♥❝✐♣❡✱ ♠❛✐s ❡♥ ♣r❛t✐q✉❡ ✐❧ ❢❛✉t ❞✬❛❜♦r❞ ✐❞❡♥t✐✜❡r

❧❡s ♠♦❞❡s ❡t ♣♦✉r ② ♣❛r✈❡♥✐r ✉♥ ❝❡rt❛✐♥ ♥✐✈❡❛✉ ❞❡ ré❛❧✐s♠❡ ❞✉ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡st ♥é❝❡ss❛✐r❡✳

❉é❝r✐r❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❡st é✈✐❞❡♠♠❡♥t ✉♥ é❧é♠❡♥t ❡ss❡♥t✐❡❧ ♣♦✉r ✐❞❡♥t✐✜❡r

❡t ✐♥t❡r♣rét❡r ❧❡s ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳ ▲♦rsq✉❡ ❥✬❛✐ ❝♦♠♠❡♥❝é à tr❛✈❛✐❧❧❡r s✉r ❝❡ s✉❥❡t ✜♥ ✷✵✵✵✱ ❧❡s ❡✛❡ts

❞❡ ❧❛ r♦t❛t✐♦♥ ❛✈❛✐❡♥t été ♣r❡sq✉✬❡①❝❧✉s✐✈❡♠❡♥t ét✉❞✐és ♣❛r ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✉ ♣r❡♠✐❡r ❡t

❞❡✉①✐è♠❡ ♦r❞r❡ ❡♥ Ω/ω ♦✉ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ tr❛❞✐t✐♦♥♥❡❧❧❡✱ ✉♥❡ ❢♦r♠❡ s✐♠♣❧✐✜é❡ ❞❡s

éq✉❛t✐♦♥s ♣♦✉r ❧❡s ♠♦❞❡s ❜❛ss❡✲❢réq✉❡♥❝❡ q✉✐ ❛♣♣r♦①✐♠❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ✭❡t ♥❡ t✐❡♥t ♣❛s

❝♦♠♣t❡ ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✮✳ ❯♥❡ ♣r❡♠✐èr❡ ❡①❝❡♣t✐♦♥ ❝♦♥❝❡r♥❛✐t ❧❡s tr❛✈❛✉① ❞❡ ❈❧é♠❡♥t ✭✉♥❡ sér✐❡ ❞❡

✺ ❛rt✐❝❧❡s ❞❡ ✶✾✽✶ à ✶✾✾✽✱ ❈❧❡♠❡♥t ✭✶✾✽✶✱ ✶✾✽✹✱ ✶✾✽✻✱ ✶✾✽✾✱ ✶✾✾✽✮✮ q✉✐ ❛ ❝❤❡r❝❤é à ♠❡ttr❡ ❛✉ ♣♦✐♥t ✉♥

❝♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡ ♠♦❞❡s ♣r♦♣r❡s ♣r❡♥❛♥t ♣❧❡✐♥❡♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✳ ▲✬❛✉t❡✉r ✐♥s✐st❡

❜❡❛✉❝♦✉♣ s✉r ❧❡s ❞✐✣❝✉❧tés ❞✬♦r❞r❡ ♥✉♠ér✐q✉❡ q✉✐ ♥❡ ❧✉✐ ♦♥t ♣❛s ♣❡r♠✐s ❞✬♦❜t❡♥✐r ❞❡s rés✉❧t❛ts ♣ré❝✐s✳

◆é❛♥♠♦✐♥s ♥♦✉s ❛✈♦♥s r❡tr♦✉✈é ❝❡rt❛✐♥s rés✉❧t❛ts q✉❛❧✐t❛t✐❢s ❞❡ ❈❧é♠❡♥t✱ ♥♦t❛♠♠❡♥t s✉r ❧❛ ❝♦♥❝❡♥tr❛t✐♦♥

❞❡s ♠♦❞❡s ♣ ✈❡rs ❧✬éq✉❛t❡✉r✳ ▲❛ ❞❡✉①✐è♠❡ ❡①❝❡♣t✐♦♥ ❝♦♥❝❡r♥❡ ❧❡s tr❛✈❛✉① ❞❡ ❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✭✷✵✵✵✮

q✉✐ ♦♥t ❞é✈❡❧♦♣♣é ✉♥ ❝♦❞❡ ❜❛sé s✉r ❞❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s q✉✐ ❧❡✉r ❛ ♣❡r♠✐s ❞❡ ❝❛❧❝✉❧❡r ❛✈❡❝ ♣ré❝✐s✐♦♥

❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s s✉r ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ✭❡♥ ♥é❣❧✐❣❡❛♥t ❧❛ ❞é❢♦r♠❛t✐♦♥ ❝❡♥tr✐❢✉❣❡✱ ❧❡s ❡✛❡ts

❞❡ ❝♦♠♣r❡ss✐❜✐❧✐té s✉r ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❡t ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧❛ ❣r❛✈✐té✮✳ ■❧s ♦♥t ❝❡♥tré ❧❡✉r ét✉❞❡ s✉r ❧❛

♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬✉♥ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ♠♦❞❡✱ ❧❡s ♠♦❞❡s s✐♥❣✉❧✐❡rs✱ q✉✐ ❜✐❡♥ q✉❡ ♥✬ét❛♥t ♣❛s ❞✐r❡❝t❡♠❡♥t

♦❜s❡r✈❛❜❧❡s✱ ♣♦✉rr❛✐❡♥t ❥♦✉❡r ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✳

❉❛♥s ❧❛ s✉✐t❡✱ ❥❡ ✈❛✐s ❞é❝r✐r❡ ♠❡s tr❛✈❛✉① s✉r ✭✐✮ ❧❛ ♠✐s❡ ❛✉ ♣♦✐♥t ❞✬✉♥ ❝♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s

t❡♥❛♥t ♣❧❡✐♥❡♠❡♥t ❝♦♠♣t❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✱ ✭✐✐✮ ❧✬❡①♣❧♦r❛t✐♦♥ ❞❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ❝❛❧❝✉❧és

♥✉♠ér✐q✉❡♠❡♥t✱ ✭✐✐✐✮ ✉♥❡ ❛♥❛❧②s❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞❡ ❤❛✉t❡ ❢réq✉❡♥❝❡ ❜❛sé❡ s✉r

❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s✳ ❯♥❡ s❡❝t✐♦♥ s❡r❛ é❣❛❧❡♠❡♥t ❝♦♥s❛❝ré❡ ❛✉ ❝❤❛♦s ❞✬♦♥❞❡ ❡t à ❧❛ r❡❝❤❡r❝❤❡ ❞❡

♣✉❧s❛t✐♦♥s s✉r ❱é❣❛✱ ✉♥❡ t❤é♠❛t✐q✉❡ ✐ss✉❡ ❞❡s rés✉❧t❛ts ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✳

✷✳✶ ❯♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦✉r ❧❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

▲❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❛ été ❛❜♦r❞é ❞❡ tr♦✐s ❢❛ç♦♥s

❞✐✛ér❡♥t❡s ✭✐✮ ❧❛ rés♦❧✉t✐♦♥ ❞✐r❡❝t❡ ❞✉ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ r❡❝❤❡r❝❤❡ ❞❡s
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♠♦❞❡s ♥♦r♠❛✉①✱ ✭✐✐✮ ✉♥❡ ♠ét❤♦❞❡ ❜❛sé❡ s✉r ❧❡ ♣r✐♥❝✐♣❡ ✈❛r✐❛t✐♦♥♥❡❧✱ ✭✐✐✐✮ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ s♦❧✉t✐♦♥ rés♦✲

♥❛♥t❡ ❞❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ s♦✉♠✐s❡ à ✉♥ ❢♦rç❛❣❡ ♣ér✐♦❞✐q✉❡✳ ▲❛ ❞❡✉①✐è♠❡ ♠ét❤♦❞❡ ✉t✐❧✐s❡ ❧❡ ♣r✐♥❝✐♣❡

✈❛r✐❛t✐♦♥♥❡❧ q✉✐ ❢❛✐t ❛♣♣❛r❛îtr❡ ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ❝♦♠♠❡ ✉♥ ❡①tr❡♠✉♠ ❞✬✉♥❡ ❢♦♥❝t✐♦♥♥❡❧❧❡ ❞❡ ❧✬é❝♦✉✲

❧❡♠❡♥t✳ ❙❛ ♠✐s❡ ❡♥ ♦❡✉✈r❡ ♣❛r ❈❧❡♠❡♥t ✭✶✾✽✹✮ ♣♦✉r ❧❡s ét♦✐❧❡s ♥♦♥✲❞é❣é♥éré❡s ❡t ♣❛r ■♣s❡r ✫ ▲✐♥❞❜❧♦♠

✭✶✾✾✵✮ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ st❛❜✐❧✐té ❞❡s ét♦✐❧❡s à ♥❡✉tr♦♥s s✉❣❣èr❡ ❝❡♣❡♥❞❛♥t q✉✬✐❧ ❡st ❞✐✣❝✐❧❡ ❞✬❛t✲

t❡✐♥❞r❡ ✉♥❡ ♣ré❝✐s✐♦♥ ✐♠♣♦rt❛♥t❡ ❞❛♥s ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s

❞❛♥s ❧❛ s✉✐t❡✱ ❧❡ ♣r✐♥❝✐♣❡ ✈❛r✐❛t✐♦♥♥❡❧ ♣❡✉t ❛✉ss✐ s❡r✈✐r à ❝♦♥trô❧❡r ❧❛ ✈❛❧✐❞✐té ❞✬✉♥❡ s♦❧✉t✐♦♥ ♦❜t❡♥✉❡ ♣❛r

✉♥❡ ❛✉tr❡ ♠ét❤♦❞❡✳ ▲❛ tr♦✐s✐è♠❡ ♠ét❤♦❞❡ ❡st ❛ ♣r✐♦r✐ ♣❧✉s ❧♦✉r❞❡ à ♠❡ttr❡ ❡♥ ♣❧❛❝❡ ♣✉✐sq✉✬❡❧❧❡ ♥é❝❡ss✐t❡

❧❛ rés♦❧✉t✐♦♥ ❞❡s éq✉❛t✐♦♥s ❞✬é✈♦❧✉t✐♦♥ ❡♥ t❡♠♣s ❀ ❡❧❧❡ ❛ ♥♦t❛♠♠❡♥t été ✉t✐❧✐sé❡ ♣♦✉r ét✉❞✐❡r ❞❡s ♠♦❞❡s

♣ ❞❡ ❜❛s ♦r❞r❡ ❡t ❞❡s ♠♦❞❡s ❢ ❞✬ét♦✐❧❡s à ♥❡✉tr♦♥s ✭❋♦♥t ❡t ❛❧✳ ✷✵✵✵✮✳

◆♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❧❛ ♣r❡♠✐èr❡ ♠ét❤♦❞❡ q✉✐✱ ❛♣rès ❞✐s❝rét✐s❛t✐♦♥✱ s❡ r❛♠è♥❡ à ❧❛ r❡❝❤❡r❝❤❡ ❞❡s é❧é♠❡♥ts

♣r♦♣r❡s✱ ✈❡❝t❡✉rs ♣r♦♣r❡s ❡t ✈❛❧❡✉rs ♣r♦♣r❡s✱ ❞✬✉♥❡ ♠❛tr✐❝❡✳ ❈♦♠♠❡ ❧❡s s♦❧✉t✐♦♥s s♦♥t ♥♦♥✲sé♣❛r❛❜❧❡s ❞❛♥s

❞❡✉① ❞✐r❡❝t✐♦♥s s♣❛t✐❛❧❡s✱ ❧❛ ♠❛tr✐❝❡ rés✉❧t❛♥t❡ ❡st ❞❡ ❣r❛♥❞❡ t❛✐❧❧❡✱ (N ×N) ♦ù N ❡st é❣❛❧ ❛✉ ♥♦♠❜r❡

❞❡ ♣♦✐♥ts ❞❡ ❞✐s❝rét✐s❛t✐♦♥ ♥é❝❡ss❛✐r❡ ♣♦✉r r❡♣rés❡♥t❡r ❧❡ ♠♦❞❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥ ❞❡ ❧✬ét♦✐❧❡✳ ❈✬❡st

✉♥ ♣r♦❜❧è♠❡ ♥✉♠ér✐q✉❡ ❝❧❛ss✐q✉❡ ♠❛✐s ❡①✐❣❡❛♥t s✐ ❧✬♦♥ ✈❡✉t ❞❡s s♦❧✉t✐♦♥s ❞♦♥t ♦♥ ♠❛îtr✐s❡ ❧❛ ♣ré❝✐s✐♦♥ ❡t

q✉✐ ♣✉✐ss❡♥t êtr❡ ♦❜t❡♥✉❡s ❞❛♥s ✉♥ t❡♠♣s r❛✐s♦♥♥❛❜❧❡✳ ❉✬❛✉t❛♥t q✉❡ ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♦❜t❡♥✉❡s

♣❛r ❞❡s ♦❜s❡r✈❛t✐♦♥s s♣❛t✐❛❧❡s q✉❛s✐✲❝♦♥t✐♥✉❡s s✉r ❞❡s t❡♠♣s ❞❡ ❧✬♦r❞r❡ ❞❡ ❧✬❛♥♥é❡ ✐♠♣♦s❡ ❞❡s ❝♦♥tr❛✐♥t❡s

❢♦rt❡s s✉r ❧❛ ♣ré❝✐s✐♦♥ ❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡✳ P♦✉r ❞❡s ❢réq✉❡♥❝❡s t②♣✐q✉❡s ❞❡ ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞✬✉♥❡

ét♦✐❧❡ δ ❙❝✉t✐ ✭ν = 400µHz✮ ♦❜s❡r✈é❡ ♣❡♥❞❛♥t T = 150 ❥♦✉rs✱ ❧❛ ♣ré❝✐s✐♦♥ r❡❧❛t✐✈❡ δν/ν ❞❡s ❢réq✉❡♥❝❡s

♦❜s❡r✈é❡s ❡st 8 × 10−5 ✭♦ù δν = 1/T ✮✳ ❖♥ ❞♦✐t ❞♦♥❝ ✈✐s❡r ✉♥❡ ♣ré❝✐s✐♦♥ ❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ s✐❣♥✐✜❝❛t✐✲

✈❡♠❡♥t s✉♣ér✐❡✉r❡ ♣♦✉r q✉❡ ❧❡s ❡rr❡✉rs ♥✉♠ér✐q✉❡s ♥✬❛✐❡♥t ♣❛s ❞✬✐♥✢✉❡♥❝❡ s✉r ❧✬✐♥t❡r♣rét❛t✐♦♥ ♣❤②s✐q✉❡

❞✉ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳

❯♥❡ ❞✐✣❝✉❧té s✉♣♣❧é♠❡♥t❛✐r❡ ❡st ❧✐é❡ à ❧❛ ❣é♦♠étr✐❡ s♣❤ér♦ï❞❛❧❡ ❞✉ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ q✉✐ ♥✬❡st ❛❞❛♣té❡

♥✐ ❛✉① ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ♥✐ ❛✉① ❝♦♦r❞♦♥♥é❡s ❡❧❧✐♣s♦ï❞❛❧❡s✳ ◆♦✉s ❛✈♦♥s tr❛✈❛✐❧❧é ❞❛♥s ✉♥ s②stè♠❡

❞❡ ❝♦♦r❞♦♥♥é❡s q✉✐ é♣♦✉s❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡✱ ♠❛✐s ❧❡ ♣r✐① à ♣❛②❡r ❡st q✉❡ ❧✬é❝r✐t✉r❡ ❞❡s ♦♣ér❛t❡✉rs

❞✐✛ér❡♥t✐❡❧s ✉s✉❡❧s ❞❛♥s ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ♥♦♥✲♦rt❤♦❣♦♥❛❧❡s ♥✬❡st ♣❧✉s st❛♥❞❛r❞ ✭❡t ♣❡✉t ♠ê♠❡

s❡ ❝♦♠♣❧✐q✉❡r sér✐❡✉s❡♠❡♥t✮✳

◗✉❛♥❞ ❥✬❛✐ ❝♦♠♠❡♥❝é ❝❡ tr❛✈❛✐❧✱ ✐❧ ② ❛✈❛✐t ❛✉ss✐ ✉♥❡ ♣❛rt ✐♠♣♦rt❛♥t❡ ❞✬✐♥❝♦♥♥✉ ♣✉✐sq✉❡ ❧❛ ❞✐✣❝✉❧té

❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❡st ❡♥ ❞é✜♥✐t✐✈❡ ❧✐é❡ à ❧❛ ♥❛t✉r❡ ❞❡s ♠♦❞❡s ❡t q✉❡ ❧✬♦♥ ♥✬❛✈❛✐t ♣❛s ❞✬✐♥❢♦r♠❛t✐♦♥

s✉r ❝❡s ♠♦❞❡s à ❢♦rt❡ r♦t❛t✐♦♥✳ ❖♥ s❛✈❛✐t ♥é❛♥♠♦✐♥s✱ ♣❛r ❧❛ sér✐❡ ❞✬❛rt✐❝❧❡ ❞❡ ❈❧é♠❡♥t s✉r ❧❡ s✉❥❡t✱ q✉✬✐❧



✷✳✶✳ ❯◆ ❈❖❉❊ ❉✬❖❙❈■▲▲❆❚■❖◆ P❖❯❘ ▲❊❙ ➱❚❖■▲❊❙ ❊◆ ❘❖❚❆❚■❖◆ ❘❆P■❉❊ ✶✺

s✬❛❣✐ss❛✐t ❞✬✉♥ ♣r♦❜❧è♠❡ ♥✉♠ér✐q✉❡ ❞✐✣❝✐❧❡ ✦

❖♥ ❝♦♠♣r❡♥❞ ❞♦♥❝ q✉❡ ❧❛ ♠✐s❡ ❛✉ ♣♦✐♥t ❞✬✉♥ ❝♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

❡st ❝♦♠♣❧❡①❡ ❡t q✉❡ ♣♦✉r ♦❜t❡♥✐r ❞❡s ❢réq✉❡♥❝❡s ❡t ❞❡s ♠♦❞❡s ♣r♦♣r❡s ♣ré❝✐s ❡t r❡♣r♦❞✉❝t✐❜❧❡s ♣❛r ❞✬❛✉tr❡s

éq✉✐♣❡s✱ ✉♥❡ ❝❡rt❛✐♥❡ ♠ét❤♦❞♦❧♦❣✐❡ ét❛✐t ♥é❝❡ss❛✐r❡✳ ◆♦✉s ❛✈♦♥s ❞♦♥❝ ♣r♦❝é❞é ♣❛r ét❛♣❡s✱ ❡♥ ❛❥♦✉t❛♥t

♣r♦❣r❡ss✐✈❡♠❡♥t ❧❡s ✐♥❣ré❞✐❡♥ts ♣❤②s✐q✉❡s ✭♠♦❞❡ ❛❝♦✉st✐q✉❡ ✿ ❞é❢♦r♠❛t✐♦♥ ❝❡♥tr✐❢✉❣❡✱ ✐♥❤♦♠♦❣é♥é✐té ❞❡

❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✱ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✱ ♠♦❞è❧❡s ré❛❧✐st❡s ❞✬ét♦✐❧❡s ❀ ♠♦❞❡s ❞❡ ❣r❛✈✐té ❀ ♥♦♥✲❛❞✐❛❜❛t✐❝✐té✮ ❝❡

q✉✐ ♥♦✉s ❛ é❣❛❧❡♠❡♥t ❛✐❞é ❞❛♥s ❧✬✐♥t❡r♣rét❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s rés✉❧t❛ts✳

❉❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❞é❝r✐✈♦♥s ♣❧✉s ❡♥ ❞ét❛✐❧ ❧❡ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ✭❙❡❝t✳ ✷✳✶✳✶✮ ❡t ❧❡ ❝❤♦✐①

❞❡s ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ❡♠♣❧♦②é❡s ✭❙❡❝t✳ ✷✳✶✳✷✮✱ ♣✉✐s ♥♦✉s r❛♣♣❡❧♦♥s ❧❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ❞❡ ❧❛ ♠✐s❡

❛✉ ♣♦✐♥t ❡t ❧❡s t❡sts ❡✛❡❝t✉és s✉r ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ✭❙❡❝t✳ ✷✳✶✳✸✮✳

✷✳✶✳✶ ❯♥ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❜✐❞✐♠❡♥s✐♦♥♥❡❧

▲❡s éq✉❛t✐♦♥s ré❣✐ss❛♥t ❧✬é✈♦❧✉t✐♦♥ ❧✐♥é❛r✐sé❡ ❞❡ ♣❡t✐t❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s ❛✉t♦✉r ❞✬✉♥ ♠♦✲

❞è❧❡ ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ Ω s✬é❝r✐✈❡♥t ✿

∂tρ+ ~∇ · (ρ0~u) = 0, ✭✷✳✶✮

ρ0∂t~u+ 2ρ0
~Ω ∧ ~u = −~∇P + ρ~g0 − ρ0

~∇Ψ, ✭✷✳✷✮

∂tP + ~u · ~∇P0 = c2s

(

∂tρ+ ~u · ~∇ρ0

)

, ✭✷✳✸✮

∆ψ = 4πGρ ✭✷✳✹✮

♦ù ❧❡s q✉❛♥t✐tés q✉✐ ❝❛r❛❝tér✐s❡♥t ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ s♦♥t P0✱ ❧❛ ♣r❡ss✐♦♥✱ ρ0✱ ❧❛ ❞❡♥s✐té✱ cs✱ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✱

❡t ~g0 = −~∇
(

ψ0 − Ω2w2/2
)

✱ ❧❛ ❣r❛✈✐té ❡✛❡❝t✐✈❡ q✉✐ ❞ér✐✈❡ ❞❡ ❧❛ s♦♠♠❡ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ψ0 ❡t

❞✉ ♣♦t❡♥t✐❡❧ ❛ss♦❝✐é à ❧✬❛❝❝é❧ér❛t✐♦♥ ❝❡♥tr✐❢✉❣❡ ♦ù w ❡st ❧❛ ❞✐st❛♥❝❡ à ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥✳ ▲❡s ♣❡rt✉r❜❛t✐♦♥s

s♦♥t ❞é❝r✐t❡s ♣❛r s✐① ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s ~u✱ ρ✱ P ✱ Ψ q✉✐ ❞és✐❣♥❡♥t r❡s♣❡❝t✐✈❡♠❡♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s

❡✉❧ér✐❡♥♥❡ ❞❡ ✈✐t❡ss❡✱ ❞❡ ❞❡♥s✐té✱ ❞❡ ♣r❡ss✐♦♥ ❡t ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧✳

▲✬❛❝❝é❧ér❛t✐♦♥ ❝❡♥tr✐❢✉❣❡ ❡t ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❈♦r✐♦❧✐s ❜r✐s❡♥t ❧❛ s②♠étr✐❡ s♣❤ér✐q✉❡ ❞✉ ♣r♦❜❧è♠❡ ❝♦♥s✐s✲
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t❛♥t à r❡❝❤❡r❝❤❡r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬♦s❝✐❧❧❛t✐♦♥ ❞✬✉♥❡ ❞✬ét♦✐❧❡✳ ▲❛ s②♠étr✐❡ ❛①✐❛❧❡ ét❛♥t ❝♦♥s❡r✈é❡✱ ♦♥

♣❡✉t t♦✉t ❞❡ ♠ê♠❡ ❞é❝♦♠♣♦s❡r ❧❛ s♦❧✉t✐♦♥ r❡❝❤❡r❝❤é❡ ❝♦♠♠❡ ❧❡ ♣r♦❞✉✐t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞é♣❡♥❞❛♥t ❞❡

❧✬❛♥❣❧❡ ❛③✐♠✉t❛❧ φ✱ exp(imφ)✱ ❡t ❞✬✉♥❡ ❢♦♥❝t✐♦♥ ❞é✜♥✐❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥✱ f(xM) ❀ ♦♥ s❡ r❛♠è♥❡

❛✐♥s✐✱ ♣♦✉r ❝❤❛q✉❡ ✈❛❧❡✉r ❡♥t✐èr❡ ❞✉ ♥♦♠❜r❡ q✉❛♥t✐q✉❡ ❛③✐♠✉t❤❛❧ m✱ à ✉♥ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s

❜✐❞✐♠❡♥s✐♦♥♥❡❧✳ ■❧ ♣❡✉t ❡♥ ♣❛rt✐❝✉❧✐❡r s❡ ♠❡ttr❡ s♦✉s ❧❛ ❢♦r♠❡ ✿

Af = λBf + ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✭✷✳✺✮

♦ù A ❛♥❞ B s♦♥t ❞❡s ♦♣ér❛t❡✉rs ❧✐♥é❛✐r❡s✱ ❡t ❧❛ ✈❛❧❡✉r ❞❡ λ ❡st ❞✐r❡❝t❡♠❡♥t r❡❧✐é❡ à ❧❛ ❢réq✉❡♥❝❡ ❞❡ ♣✉❧s❛✲

t✐♦♥✳ ❊♥ ❡✛❡t✱ ❞❛♥s ❧❡✉r ❢♦r♠❡ ❤❛❜✐t✉❡❧❧❡ ✭✷✳✶✮✱ ✭✷✳✷✮✱ ✭✷✳✸✮✱ ✭✷✳✹✮✱ ❧❡s éq✉❛t✐♦♥s q✉✐ ré❣✐ss❡♥t ❧✬é✈♦❧✉t✐♦♥

❞❡s ♣❡t✐t❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t ❞✉ t②♣❡ ∂tX = ... ❀ ♦♥ ✈♦✐t ❞♦♥❝ q✉❡ ❧❛ r❡❝❤❡r❝❤❡ ❞❡s ♠♦❞❡s ♥♦r♠❛✉①

∝ exp−iωt s❡ ♠❡t ❢❛❝✐❧❡♠❡♥t s♦✉s ❧❛ ❢♦r♠❡ ✷✳✺ ❛✈❡❝ λ = −iω ❡t f =
(

ρ̂, ~̂u, P̂ , Ψ̂
)

✱ ♦ù ❧❡s ❛♠♣❧✐t✉❞❡s

❝♦♠♣❧❡①❡s ❞❡s ✈❛r✐❛❜❧❡s✱ ρ̂ ✳✳✳✱ s♦♥t ❞é✜♥✐❡s ♣❛r ρ = ℜ{ρ̂(xM) exp(−iωt)}✳

▲❡ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ♣❡✉t é✈✐❞❡♠♠❡♥t s✬é❝r✐r❡ s♦✉s ❞✬❛✉tr❡s ❢♦r♠❡s✱ ♥♦t❛♠♠❡♥t s✐ ♦♥

❝❤❡r❝❤❡ à ré❞✉✐r❡ ❛✉ ♠❛①✐♠✉♠ ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s✳ ❖♥ ♦❜t✐❡♥t ❛❧♦rs✱ ❞❛♥s ❧❡ ❝❛s ❣é♥ér❛❧✱

✉♥ s②stè♠❡ ❞✉ t②♣❡ P(ω)g = 0 ♦ù P ❡st ✉♥ ♦♣ér❛t❡✉r ❧✐♥é❛✐r❡ ❛❣✐ss❛♥t s✉r ✉♥❡ ♥♦✉✈❡❧❧❡ ✈❛r✐❛❜❧❡ g✱ ♠❛✐s

♦ù ❧❛ ❞é♣❡♥❞❛♥❝❡ ❞❡ P ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ω ♥✬❡st ♣❧✉s ♥é❝❡ss❛✐r❡♠❡♥t ❧✐♥é❛✐r❡✳ ❖♥ tr♦✉✈❡r❛ ❞✬❛✐❧❧❡✉rs ❞❡s

❡①❡♠♣❧❡s ❞❡ t❡❧s s②stè♠❡s ❞❛♥s ❧✬❛♥♥❡①❡ ✭❆✮✱ ♦ù ❞✐✛ér❡♥t❡s ❢♦r♠❡s ❞❡s éq✉❛t✐♦♥s ré❣✐ss❛♥t ❧❡s ♣❡t✐t❡s

♣❡rt✉r❜❛t✐♦♥s ❞✬✉♥ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ s♦♥t ❡①♣❧✐❝✐té❡s✳ ❈❡♣❡♥❞❛♥t✱ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s

♠♦❞❡s ♣r♦♣r❡s✱ ♥♦✉s ❛✈♦♥s t♦✉❥♦✉rs ♠✐s ❧❡s éq✉❛t✐♦♥s s♦✉s ❧❛ ❢♦r♠❡ ✷✳✺ ❝❛r ❡❧❧❡ ❡st ❛❞❛♣té❡ à ❧❛ ♠ét❤♦❞❡

❞❡ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé❡✳

❆♣rès ❞✐s❝rét✐s❛t✐♦♥✱ ❧❡ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❞❡✈✐❡♥t ❛❧❣é❜r✐q✉❡ ❡t s✬é❝r✐t ✿

AF = λBF + ❈♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s ✭✷✳✻✮

♦ù A ❡t B s♦♥t ❞❡s ♠❛tr✐❝❡s (NVN1N2)× (NVN1N2)✱ F ✉♥ ✈❡❝t❡✉r ❝♦❧♦♥♥❡ ❞❡ (NVN1N2) ❝♦♠♣♦s❛♥t❡s✱

N1 ❡t N2 s♦♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥t ❞❡ ❞✐s❝rét✐s❛t✐♦♥ ♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ❞❡✉① ❝♦♦r❞♦♥♥é❡s ❞✉ ♣❧❛♥ ♠ér✐❞✐❡♥✱

❡t NV ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s✳

➚ t✐tr❡ ❞✬❡①❡♠♣❧❡✱ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡ ♠♦❞❡ ♠♦♥tré à ❧❛ ❋✐❣✉r❡ ✷✳✶✱ ❧❡s ♠❛tr✐❝❡s A ❡t B s♦♥t 37500×37500

✭❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡ ♣♦✉r ❝❡ ❝❛❧❝✉❧ ❡st NV = 5✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥t ❞❡ ❣r✐❧❧❡ ❡✛❡❝t✐❢ ✭✐❝✐ ❞❡s ♣♦✐♥ts
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❋✐❣✳ ✷✳✶ ✕ ❉✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞✬✉♥ ♠♦❞❡ ❛❝♦✉st✐q✉❡ ❛①✐s②♠étr✐q✉❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥✳ ■❧ ❛ été
♦❜t❡♥✉ ❡♥ s✉✐✈❛♥t ✉♥ ♠♦❞❡ ℓ = 1✱ n = 25 ❞❡ Ω = 0 ❥✉sq✉✬à Ω/ΩK = 0.59 ♦ù ΩK = (GM/R3

e)
1/2 ❡t Re

❡st ❧❡ r❛②♦♥ éq✉❛t♦r✐❛❧✳
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❞❡ ❝♦❧❧♦❝❛t✐♦♥ ❛ss♦❝✐és à ❞❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s✮ ❡st 100 × 75✮✳ ▲❡ st♦❝❦❛❣❡ ♠é♠♦✐r❡ ❞❡ ❝❡s ♠❛tr✐❝❡s

♥é❝❡ss✐t❡ ✶✺ ●♦ ❡t ❧❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ♣♦✉r ❝❡ ♠♦❞❡ ❛ été ∼ 3h s✉r ✉♥ ❝❛❧❝✉❧❛t❡✉r ❆❧t✐① ✸✼✵✵ éq✉✐♣é

❞✬✉♥ ♣r♦❝❡ss❡✉r ■t❛♥✐✉♠ ■■ à ✶✱✺ ●❤③✳ ❖♥ ✈♦✐t ❞♦♥❝ q✉✬♦♥ ❛ ✐♥térêt à ❝❤♦✐s✐r ❞❡s ♠ét❤♦❞❡s ❡✣❝❛❝❡s✱

❝✬❡st✲à✲❞✐r❡ ❞❡s ♠ét❤♦❞❡s q✉✐✱ ♣♦✉r ✉♥❡ ♣ré❝✐s✐♦♥ ❞♦♥♥é❡ s✉r ❧❛ ❢réq✉❡♥❝❡ ♦✉ s✉r ❧❡ ♠♦❞❡✱ ♠✐♥✐♠✐s❡♥t ❧❡

t❡♠♣s ❞❡ ❝❛❧❝✉❧✳

✷✳✶✳✷ ❉✐s❝✉ss✐♦♥ s✉r ❧❡ ❝❤♦✐① ❞❡s ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s

P♦✉r ❞é✈❡❧♦♣♣❡r ✉♥ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✱ ✐❧ ❢❛✉t ❝❤♦✐s✐r ✭✐✮ ✉♥❡ ❢♦r♠✉❧❛t✐♦♥ ❞❡s éq✉❛t✐♦♥s ✭♥♦♠❜r❡ ❡t

❝❤♦✐① ❞❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s✮✱ ✭✐✐✮ ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❡t ✉♥❡ ❜❛s❡ ❞❡ ✈❡❝t❡✉r ❛ss♦❝✐é❡✱ ✭✐✐✐✮ ✉♥❡

♠ét❤♦❞❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥✱ ✭✐✈✮ ✉♥ ❛❧❣♦r✐t❤♠❡ ❞❡ rés♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❛❧❣é❜r✐q✉❡✳

❈❤❛❝✉♥ ❞❡ ❝❡s ❝❤♦✐① ❛ ✉♥❡ ✐♥✢✉❡♥❝❡ s✉r ❧✬❡✣❝❛❝✐té ❣❧♦❜❛❧❡ ❞✉ ❝♦❞❡ ❀ ♥♦✉s ❞♦♥♥♦♥s ✐❝✐ ❧❡s ❛r❣✉♠❡♥ts q✉✐

♥♦✉s ♦♥t ❣✉✐❞és ❞❛♥s ♥♦s ❝❤♦✐① ♠ê♠❡ s✐✱ ❝♦♠♠❡ s♦✉✈❡♥t ❡♥ ♥✉♠ér✐q✉❡✱ ✐❧ ♥✬❡st ♣❛s ♣♦ss✐❜❧❡ ❞✬ét❛❜❧✐r à

❧✬❛✈❛♥❝❡ ❡t ❞❡ ❢❛ç♦♥ ❝❡rt❛✐♥❡ ❧❛ ♠❡✐❧❧❡✉r❡ ♠ét❤♦❞❡✳

▲✬❡✣❝❛❝✐té ❞❡s ❛❧❣♦r✐t❤♠❡s ❞❡ r❡❝❤❡r❝❤❡ ❞❡s é❧é♠❡♥ts ♣r♦♣r❡s ❞✬✉♥❡ ♠❛tr✐❝❡ ✈❛ ❞✬❛❜♦r❞ ❞é♣❡♥❞r❡ ❞❡

❧❛ t❛✐❧❧❡ ❡t ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧❛ ♠❛tr✐❝❡✳ ❯♥❡ str✉❝t✉r❡ s✐♠♣❧❡ ✭♠❛tr✐❝❡s s②♠étr✐q✉❡s✱ ♠❛tr✐❝❡s à ❜❛♥❞❡s✱

♠❛tr✐❝❡s ❝r❡✉s❡s✮ ♣❡r♠❡ttr❛ ❞❡ s✐♠♣❧✐✜❡r ❝♦♥s✐❞ér❛❜❧❡♠❡♥t ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ rés♦❧✉t✐♦♥✳ ❉❡ ❧❛ str✉❝t✉r❡

❞❡ ❧❛ ♠❛tr✐❝❡ ✈❛ ❛✉ss✐ ❞é♣❡♥❞r❡ s♦♥ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t✱ ✉♥❡ ♣r♦♣r✐été q✉✐ ❥♦✉❡ ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❛

♣ré❝✐s✐♦♥ ❞✉ ❝❛❧❝✉❧✳ ❊♥ ❡✛❡t✱ ♠ê♠❡ s✐✱ ♣♦✉r ✉♥❡ ♠❛tr✐❝❡ ❞♦♥♥é❡✱ ❧❡s ❛❧❣♦r✐t❤♠❡s ♣❡✉✈❡♥t ❞ét❡r♠✐♥❡r ❧❡s

✈❛❧❡✉rs ♣r♦♣r❡s ❛✈❡❝ ✉♥❡ très ❣r❛♥❞❡ ♣ré❝✐s✐♦♥✱ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ ❧❛ ♠❛tr✐❝❡ ♥❡ s♦♥t ❡♥ ❢❛✐t ❝♦♥♥✉s q✉✬❛✉①

❡rr❡✉rs ❞✬❛rr♦♥❞✐ ♣rès ✭❞✉ ❢❛✐t ❞❡ ❧❛ r❡♣rés❡♥t❛t✐♦♥ ✜♥✐ ❞❡s ♥♦♠❜r❡s ré❡❧s ❞❛♥s ✉♥ ♦r❞✐♥❛t❡✉r✮✳ ❖r✱ ❧❛

❞ét❡r♠✐♥❛t✐♦♥ ❞❡s é❧é♠❡♥ts ♣r♦♣r❡s ♣❡✉t êtr❡ très s❡♥s✐❜❧❡ à ❝❡s ❡rr❡✉rs ❀ ❝❡❧❛ ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡

❧❛ ♠❛tr✐❝❡ ♦✉ ♣❧✉s ❡①❛❝t❡♠❡♥t ❞❡ s♦♥ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t✳

▲❡ ❝❤♦✐① ❞❡ ❧❛ ♠ét❤♦❞❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥ ✈❛ ❛✈♦✐r ✉♥❡ ✐♥✢✉❡♥❝❡ ❞✐r❡❝t❡ s✉r ❧❛ t❛✐❧❧❡ ❡t ❧❛ str✉❝t✉r❡

❞❡s ♠❛tr✐❝❡s A ❡t B✳ ❈♦♥❝❡r♥❛♥t ❧❛ t❛✐❧❧❡ ❞❡s ♠❛tr✐❝❡s✱ ♦♥ ✈♦✐t ❜✐❡♥ q✉✬✉♥❡ ♠ét❤♦❞❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥

q✉✐ ♠✐♥✐♠✐s❡r❛ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ♥é❝❡ss❛✐r❡s ♣♦✉r r❡♣rés❡♥t❡r ❧❡ ♠♦❞❡ q✉❡ ❧✬♦♥ ✈❡✉t ❝❛❧❝✉❧❡r ✭❛✈❡❝

✉♥❡ ♣ré❝✐s✐♦♥ ❞♦♥♥é❡✮✱ ♠✐♥✐♠✐s❡r❛ ❧❡ ♣r♦❞✉✐t N1N2✳ ❈❡t ❛r❣✉♠❡♥t ♣❧❛✐❞❡ ❡♥ ❢❛✈❡✉r ❞❡s ♠ét❤♦❞❡s ❞❡

❞✐s❝rét✐s❛t✐♦♥ ❞✬♦r❞r❡ é❧❡✈é ❡♥ ❣é♥ér❛❧ ❡t ❞❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s ❡♥ ♣❛rt✐❝✉❧✐❡r ♣✉✐sq✉❡ ❧✬❡rr❡✉r ❞❡

❞✐s❝rét✐s❛t✐♦♥ ❞❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s ❞é❝r♦ît ❡①♣♦♥❡♥t✐❡❧❧❡♠❡♥t ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❞❡ ♣♦✐♥ts ❞❡ ❝♦❧❧♦❝❛t✐♦♥

✭s✐ ❧❛ ❢♦♥❝t✐♦♥ q✉❡ ❧✬♦♥ ✈❡✉t r❡♣rés❡♥t❡r ❡st ✐♥✜♥✐♠❡♥t ❞ér✐✈❛❜❧❡✮✳ ❈❡❧❛ ♣❡r♠❡t ❞✬êtr❡ é❝♦♥♦♠❡ ❡♥ ♥♦♠❜r❡

❞❡ ♣♦✐♥t ❞❡ ❝❛❧❝✉❧ ♣❛r r❛♣♣♦rt ❛✉① ♠ét❤♦❞❡s ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❞♦♥t ❧✬❡rr❡✉r ❞é❝r♦ît ❝♦♠♠❡ ✉♥❡



✷✳✶✳ ❯◆ ❈❖❉❊ ❉✬❖❙❈■▲▲❆❚■❖◆ P❖❯❘ ▲❊❙ ➱❚❖■▲❊❙ ❊◆ ❘❖❚❆❚■❖◆ ❘❆P■❉❊ ✶✾

♣✉✐ss❛♥❝❡ ❞✉ ♥♦♠❜r❡ ❞❡ ♣♦✐♥t✳

❈♦♥❝❡r♥❛♥t ❧❛ str✉❝t✉r❡ ❞❡s ♠❛tr✐❝❡sA ❡tB✱ ♦♥ s❛✐t q✉✬❡❧❧❡s ❝♦♠♣♦rt❡♥t t♦✉❥♦✉rs ❞❡ ♥♦♠❜r❡✉① t❡r♠❡s

♥✉❧s ♠❛✐s ❝❡✉①✲❝✐ s♦♥t ré♣❛rt✐s ♣❧✉s ♦✉ ♠♦✐♥s ré❣✉❧✐èr❡♠❡♥t s✉✐✈❛♥t ❧❡ ♣r♦❜❧è♠❡ ❝♦♥s✐❞éré ❡t ❧❛ ♠ét❤♦❞❡

❞❡ ❞✐s❝rét✐s❛t✐♦♥✳ P❛r ❡①❡♠♣❧❡✱ s✐ ♦♥ ♥é❣❧✐❣❡ ❧✬❛❝❝é❧ér❛t✐♦♥ ❝❡♥tr✐❢✉❣❡ ❡t q✉❡ ❧❛ ❞✐s❝rét✐s❛t✐♦♥ ❡♥ ❧❛t✐t✉❞❡

✉t✐❧✐s❡ ✉♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✱ ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❈♦r✐♦❧✐s ❝♦✉♣❧❡r❛ ❧❡s ❝♦❡✣❝✐❡♥ts ❞✉

❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ à ❧❡✉r ♣❧✉s ♣r♦❝❤❡ ✈♦✐s✐♥ ❞❡ ♠ê♠❡ ♣❛r✐té ✭❧✬éq✉❛t✐♦♥ ✈ér✐✜é❡

♣❛r ❧❡ ❝♦❡✣❝✐❡♥t Cℓ ❞❡ ❧✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ Y m
ℓ ✱ ❢❡r❛ ❞♦♥❝ ✐♥t❡r✈❡♥✐r Cℓ+2 ❡t Cℓ−2✮✳ ❉❛♥s ❝❡ ❝❛s✱ ✐❧

❡st ♣♦ss✐❜❧❡ ❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ♠❛tr✐❝❡ A à ❜❛♥❞❡s✳ ▲♦rsq✉❡ ❧✬ét♦✐❧❡ ❡st ❞é❢♦r♠é❡ ♣❛r ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✱

❧❡s ❝♦❡✣❝✐❡♥ts ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ s♦♥t t♦✉s ❝♦✉♣❧és ❡♥tr❡ ❡✉① ✭t♦✉t ❧❡ ♠♦✐♥s

❝❡✉① q✉✐ s♦♥t ❛ss♦❝✐és à ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❞❡ ♠ê♠❡ ♣❛r✐té ✈✐s à ✈✐s ❞❡ ❧✬éq✉❛t❡✉r✮✳ ❈❡❧❛ ❡st

❞✉ ❛✉ ❢❛✐t q✉❡ ❧❡s t❡r♠❡s ❝❛r❛❝tér✐s❛♥t ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡✱ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ♦✉

❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä✱ ♥❡ s♦♥t ♣❧✉s ❞❡s ❢♦♥❝t✐♦♥s tr✐✈✐❛❧❡s ❞❡ ❧❛ ❧❛t✐t✉❞❡✳ ■❧ ❡st ❡♥❝♦r❡ ♣♦ss✐❜❧❡

❞❡ ❝♦♥str✉✐r❡ ✉♥❡ ♠❛tr✐❝❡ à ❜❛♥❞❡ ❞❛♥s ❝❡ ❝❛s✱ s✐ ♦♥ ✉t✐❧✐s❡ ✉♥❡ ♠ét❤♦❞❡ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❞❛♥s ❧❛

❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡✳ ❊♥ ❡✛❡t✱ ❧✬éq✉❛t✐♦♥ ❞✐s❝rét✐sé❡ ❛✉ ♣♦✐♥t i ♥❡ ❢❡r❛ ✐♥t❡r✈❡♥✐r q✉❡ ❧❡s ♣♦✐♥ts ❛❞❥❛❝❡♥ts ❝❛r

❧❛ ♠ét❤♦❞❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥ ❡st ❧♦❝❛❧❡✳ ❊♥ r❡✈❛♥❝❤❡✱ s✐ ♦♥ ✉t✐❧✐s❡ ❞❡s ♠ét❤♦❞❡s ❣❧♦❜❛❧❡s ❞❛♥s ❧❡s ❞❡✉①

❞✐r❡❝t✐♦♥s s♣❛t✐❛❧❡s ✭❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧❡s ♠ét❤♦❞❡s s♣❡❝tr❛❧❡s ❜❛sé❡s s✉r ❧❡s ♣♦❧②♥ô♠❡s ❞❡ ▲❡❣❡♥❞r❡

❡t ❞❡ ❈❤❡❜②s❤❡✈✮✱ ❧❛ ♠❛tr✐❝❡ ♥✬❡st ♣❧✉s à ❜❛♥❞❡✳ ❯♥ ❡①❡♠♣❧❡ ❞❡ ❧❛ str✉❝t✉r❡ ❞✬✉♥❡ t❡❧❧❡ ♠❛tr✐❝❡ ❡st ❡st

♠♦♥tré ❞❛♥s ❧❛ t❤ès❡ ❞❡ ❉✳ ❘❡❡s❡ ✭❋✐❣✉r❡ ✹✳✶✱ ♣ ✺✸✮✳

▲❛ ❣é♦♠étr✐❡ s♣❤ér♦ï❞❛❧❡ ❞✉ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ♥✬❡st ❛❞❛♣té❡ ♥✐ ❛✉① ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ♥✐ ❛✉①

❝♦♦r❞♦♥♥é❡s ❡❧❧✐♣s♦ï❞❛❧❡s ✭❝❡s ❝♦♦r❞♦♥♥é❡s s♦♥t t❡❧❧❡s q✉❡ ❧❡s s✉r❢❛❝❡s ❞❡ ❝♦♦r❞♦♥♥é❡s s♦♥t ❞❡s ❡❧❧✐♣s♦ï❞❡s

❞❡ ♠ê♠❡s ❢♦②❡rs✮✳ ❙✐ ♦♥ ❝❤♦✐s✐t ♠❛❧❣ré t♦✉t ❝❡s ❝♦♦r❞♦♥♥é❡s ✉s✉❡❧❧❡s✱ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ♥✬❡st ♣❧✉s ✉♥❡

s✉r❢❛❝❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❡t ♣♦✉r ✜①❡r ❧❡s ❝♦♥❞✐t✐♦♥s ❛✉① ❧✐♠✐t❡s à ❝❡tt❡ s✉r❢❛❝❡✱ ✉♥❡ ♠ét❤♦❞❡ s♣é❝✐✜q✉❡ ❞♦✐t

êtr❡ ✐♠♣❧é♠❡♥té❡ ❡t t❡sté❡✳ ❖♥ s✬❛tt❡♥❞ ❛❧♦rs à ❝❡ q✉❡ ❧❡s ✐♥t❡r♣♦❧❛t✐♦♥s ✐♥tr♦❞✉✐t❡s ♣❛r ❝❡tt❡ ♠ét❤♦❞❡

♣r♦✈♦q✉❡♥t ❞❡s ❡rr❡✉rs ❞❛♥s ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ❡t ❢réq✉❡♥❝❡s ♣r♦♣r❡s✳ P♦✉r é✈✐t❡r ❝❡ ♣r♦❜❧è♠❡✱ ♦♥ ♣❡✉t

❝❤♦✐s✐r ✉♥ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❛❞❛♣té à ❧❛ ❢♦r♠❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ❀ ❧❛ ❞✐✣❝✉❧té ❞❡✈✐❡♥t ❛❧♦rs

❞❡ ♥❛t✉r❡ ♠❛t❤é♠❛t✐q✉❡ ✭♦✉ ❝❛❧❝✉❧❛t♦✐r❡✮ ♣✉✐sq✉✬✐❧ ❢❛✉t é❝r✐r❡ ❧❡s ♦♣ér❛t❡✉rs ❞✐✛ér❡♥t✐❡❧s ✉s✉❡❧s ❞❛♥s ❝❡

♥♦✉✈❡❛✉ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s✳

❉✐✛ér❡♥t❡s ❢♦r♠✉❧❛t✐♦♥s ❞❡s éq✉❛t✐♦♥s ❞❡s ♣❡t✐t❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t ♣♦ss✐❜❧❡s ✭✈♦✐r ❧✬❛♥♥❡①❡ ✭❆✮✮✳

❖♥ ♣❡✉t ♥♦t❛♠♠❡♥t ❝❤❡r❝❤❡r à ❞✐♠✐♥✉❡r ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡ ❞é♣❡♥❞❛♥t❡ ❝❡ q✉✐ ❛✉r❛ ♣♦✉r ❡✛❡t ❞❡

ré❞✉✐r❡ ❧❛ t❛✐❧❧❡ ❞❡s ♠❛tr✐❝❡s✳ ❯♥ ♣♦ss✐❜❧❡ ❡✛❡t ♥é❣❛t✐❢ ❞❡ ❝❡tt❡ ♣r♦❝é❞✉r❡ ❡st ❞✬✐♥tr♦❞✉✐r❡ ❞❡s ❞ér✐✈é❡s
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❞✬♦r❞r❡ ♣❧✉s é❧❡✈é❡s ❞❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s ♠❛✐s ❛✉ss✐ ❞❡s t❡r♠❡s ❞❡ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡✳ ❈❡❧❛ ❛✉r❛

t❡♥❞❛♥❝❡ à ❛✉❣♠❡♥t❡r ❧✬❛♠♣❧✐t✉❞❡ ❞❡s ❡rr❡✉rs ❞❡ tr♦♥❝❛t✉r❡✳

❙✉r ❧❛ ❜❛s❡ ❞❡ ❝❡s ❝♦♥s✐❞ér❛t✐♦♥s✱ ♥♦✉s ❛✈♦♥s ❝❤♦✐s✐ ❧❡s ♠ét❤♦❞❡s s✉✐✈❛♥t❡s ✿ ♣♦✉r ❧✬❛❧❣♦r✐t❤♠❡ ❞❡

rés♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❛❧❣é❜r✐q✉❡✱ ♥♦✉s ✉t✐❧✐s♦♥s ❧❛ ♠ét❤♦❞❡ ✐tér❛t✐✈❡ ❞✬❆r♥♦❧❞✐

❛✈❡❝ ✉♥❡ ❛❝❝é❧ér❛t✐♦♥ ❞❡ ❝♦♥✈❡r❣❡♥❝❡ ❞❡ t②♣❡ ❈❤❡❜②s❤❡✈✳ ❈❡tt❡ ♠ét❤♦❞❡ ❞é❝r✐t❡ ❞❛♥s ❙❛❛❞ ✭✶✾✾✷✮

❡st ❛❞❛♣té❡ ♣♦✉r ❧❡s ♠❛tr✐❝❡s ❝r❡✉s❡s ❡t ❡❧❧❡ ❛✈❛✐t ❞é❥à ❞♦♥♥é ❞❡ ❜♦♥s rés✉❧t❛ts ♣♦✉r ❧❡s ❝❛❧❝✉❧s ❞❡s

♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ✭❉✐♥tr❛♥s ❡t ❛❧✳ ✶✾✾✾✮✳ ▲❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ❝❤♦✐s✐ é♣♦✉s❡ ❧❛ s✉r❢❛❝❡ ❞❡

❧✬ét♦✐❧❡ ❡♥ ✐♥tr♦❞✉✐s❛♥t✱ ❡♥ ♣❧✉s ❞❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér✐q✉❡s ❛♥❣✉❧❛✐r❡s θ ❡t φ✱ ✉♥❡ ❝♦♦r❞♦♥♥é❡ ♣s❡✉❞♦✲

r❛❞✐❛❧❡ ζ ❞é✜♥✐❡ ♣❛r r = f(ζ, θ) ❡t t❡❧❧❡ q✉❡ ζ = 1 ❞é❝r✐t ❧❛ s✉r❢❛❝❡✳ ▲❛ ❜❛s❡ ♥❛t✉r❡❧❧❡ ❛ss♦❝✐é❡ à

❝❡s ❝♦♦r❞♦♥♥é❡s✱ ❞é✜♥✐❡ ♣❛r ( ~Eζ = ∂ ~OM/∂ζ, ~Eθ = ∂ ~OM/∂θ, ~Eφ = ∂ ~OM/∂φ)✱ ♣❡r♠❡t ❞✬❡①♣r✐♠❡r

r❡❧❛t✐✈❡♠❡♥t s✐♠♣❧❡♠❡♥t ❧❡s ♦♣ér❛t❡✉rs ✈❡❝t♦r✐❡❧s ❞❛♥s ❝❡ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s ♥♦♥✲♦rt❤♦❣♦♥❛❧❡s✳ ▲❛

♠ét❤♦❞❡ ❞❡ ❞✐s❝rét✐s❛t✐♦♥ ❡st ✉♥❡ ♠ét❤♦❞❡ s♣❡❝tr❛❧❡ ❜❛sé❡ s✉r ❧❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s ❡♥ θ ❡t φ ❡t

s✉r ❧❡s ♣♦❧②♥ô♠❡s ❞❡ ❈❤❡❜②s❤❡✈ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣s❡✉❞♦✲r❛❞✐❛❧❡✳ ❉✳ ❘❡❡s❡ ❛ é❣❛❧❡♠❡♥t ❞é✈❡❧♦♣♣é ✉♥❡

✈❡rs✐♦♥ ❞✉ ❝♦❞❡ q✉✐ ✉t✐❧✐s❡ ❞❡s ♠ét❤♦❞❡s ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥✳ ▲❡s éq✉❛t✐♦♥s s♦♥t

♠✐s❡s s♦✉s ❧❛ ❢♦r♠❡ ❊q✳ ✭✷✳✺✮ ❡t ❧❡s ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s s♦♥t ❝❤♦✐s✐❡s ❞❡ t❡❧❧❡ s♦rt❡ q✉✬❡❧❧❡s ❛✐❡♥t ✉♥

❝♦♠♣♦rt❡♠❡♥t ré❣✉❧✐❡r ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ✭❝❡ ♣♦✐♥t ❡st ❝♦♥s✐❞éré ❡♥ ❞ét❛✐❧ ❞❛♥s ❘❡❡s❡

✭✷✵✵✻✮✮✳

✷✳✶✳✸ ❉é✈❡❧♦♣♣❡♠❡♥t✱ t❡sts ❡t ♣ré❝✐s✐♦♥ ❞✉ ❝♦❞❡

❉é✈❡❧♦♣♣❡♠❡♥t ❡t t❡sts

▲❡ ❝♦❞❡ ❛ été ❞é✈❡❧♦♣♣é ♣❛r ét❛♣❡s✱ ❡♥ t❡st❛♥t s②sté♠❛t✐q✉❡♠❡♥t ❧❡s ♥♦✉✈❡❛✉① é❧é♠❡♥ts ✐♥tr♦❞✉✐ts✳

▲❡s ❞✐✛ér❡♥t❡s ét❛♣❡s ♦♥t été ❧❡s s✉✐✈❛♥t❡s ✿

✶✳ ▼♦❞❡s ❛❝♦✉st✐q✉❡s ❛❞✐❛❜❛t✐q✉❡s ❞✬✉♥ ❡❧❧✐♣s♦ï❞❡ ❞❡ ❞❡♥s✐té ❝♦♥st❛♥t❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳

✷✵✵✶✮ ✿

▲✬✐♥térêt ❞❡ ❝❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❡st q✉❡ ❧❡ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ❡st sé♣❛r❛❜❧❡ ❞❛♥s ❧❡s ❝♦✲

♦r❞♦♥♥é❡s ❡❧❧✐♣s♦ï❞❛❧❡s✳ ◆♦✉s ❛✈♦♥s rés♦❧✉ ♥✉♠ér✐q✉❡♠❡♥t ❧❡ ♣r♦❜❧è♠❡ sé♣❛r❛❜❧❡ ❡t ❛✈♦♥s ❝♦♠♣❛ré

❧❛ s♦❧✉t✐♦♥ à ❝❡❧❧❡ ♦❜t❡♥✉❡ ♣❛r ❧❡ ❝♦❞❡✳ ◆♦✉s ❛✈♦♥s ❞❡ ♣❧✉s ❞ér✐✈é ✉♥❡ ❢♦r♠✉❧❡ ❛♥❛❧②t✐q✉❡ ♣♦✉r

❧❡s ❢❛✐❜❧❡s ❛♣❧❛t✐ss❡♠❡♥ts q✉❡ ♥♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❝♦♠♣❛ré❡ ❛✉① rés✉❧t❛ts ♥✉♠ér✐q✉❡s✳ ❈❡ t❡st

♥♦✉s ❛ ❞♦♥♥é ✉♥❡ ❝❡rt❛✐♥❡ ❝♦♥✜❛♥❝❡ ❞❛♥s ❧❡ tr❛✐t❡♠❡♥t ❞❡ ❧❛ ❞é❢♦r♠❛t✐♦♥ ♣❛r ❧❛ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s
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♠ét❤♦❞❡s s♣❡❝tr❛❧❡s ❡t ❞✉ s②stè♠❡ ❞❡ ❝♦♦r❞♦♥♥é❡s q✉✐ s✬❛❞❛♣t❡ à ❧❛ s✉r❢❛❝❡✳

✷✳ ▼♦❞❡s ❛❝♦✉st✐q✉❡s ❛❞✐❛❜❛t✐q✉❡s ❞✬✉♥ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡

❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ✭▲✐❣♥✐èr❡s ✫ ❘✐❡✉t♦r❞ ✷✵✵✹❀ ▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱❆✶✮ ✿

P❤②s✐q✉❡♠❡♥t✱ ♦♥ r❛❥♦✉t❡ ✐❝✐ ❡ss❡♥t✐❡❧❧❡♠❡♥t ❧✬❡✛❡t ❞❡ ❧✬✐♥❤♦♠♦❣é♥é✐té ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥✳ ▲❡s

éq✉❛t✐♦♥s ♣r✐♠✐t✐✈❡s ♦♥t été tr❛♥s❢♦r♠é❡s ♣♦✉r ♠✐♥✐♠✐s❡r ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s à

tr♦✐s ✿ ❧❛ ❞✐✈❡r❣❡♥❝❡ ❞❡s ✈✐t❡ss❡s✱ ❧❛ ♣r❡ss✐♦♥ ❡t ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ✭✈♦✐r

❧✬❛♥♥❡①❡ ✭❆✮✮✳ ➱❝r✐r❡ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❞❛♥s ❧❡s ❝♦♦r❞♦♥♥é❡s s♣❤ér♦ï❞❛❧❡s ❞❡♠❛♥❞❡ ❛❧♦rs ❞❡

❧♦♥❣s ❝❛❧❝✉❧s ❛♥❛❧②t✐q✉❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ❧❡ ❝♦❞❡ ♥✉♠ér✐q✉❡ ❛ss♦❝✐é ♥✬❛ ♣✉ êtr❡ t❡sté q✉❡

✈✐s✲à✲✈✐s ❞❡ ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡✳ ▼❛✐s✱ ❧✬ét❛♣❡ s✉✐✈❛♥t❡ ❛ ♣❡r♠✐s ❞❡ s✬❛ss✉r❡r ❞❡ s❛ ✈❛❧✐❞✐té✳

✸✳ ▼♦❞❡s ❛❝♦✉st✐q✉❡s ❛❞✐❛❜❛t✐q✉❡s ❞✬✉♥ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✻✱❆✷✮ ✿

▲❡s ❡✛❡ts ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ♦♥t été ❛❥♦✉tés ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ❉✳ ❘❡❡s❡ ✭✷✵✵✸✲

✷✵✵✻✮✳ ▲✬✐♥tr♦❞✉❝t✐♦♥ ❞❡ ❝❡tt❡ ❢♦r❝❡ ❞❛♥s ❧❡s éq✉❛t✐♦♥s ♥❡ ♣❡r♠❡t ♣❧✉s ❞❡ ré❞✉✐r❡ ❧❡ ♥♦♠❜r❡ ❞❡

✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s t♦✉t ❡♥ ❝♦♥s❡r✈❛♥t ❧❛ ❢♦r♠❡ ✭✷✳✺✮ ❞✉ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s✳ ▲❡

s②stè♠❡ ❞✬éq✉❛t✐♦♥s ❝♦❞é ♣❛r ❉✳ ❘❡❡s❡ ❛✉ ❝♦✉rs ❞❡ s❛ t❤ès❡ ét❛✐t ❞♦♥❝ ❞❡ ♥❛t✉r❡ ❞✐✛ér❡♥t❡ à ❝❡❧✉✐

q✉❡ ❥✬❛✈❛✐s ❝♦❞é ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✳ ❊♥ s✉♣♣r✐♠❛♥t ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❞✉ ♥♦✉✈❡❛✉

❝♦❞❡✱ ♦♥ ♦❜t❡♥❛✐t ❛✐♥s✐ ✉♥ ❝❛❧❝✉❧ ✐♥❞é♣❡♥❞❛♥t q✉✐ ♣♦✉✈❛✐t êtr❡ ❝♦♠♣❛ré ❛✉① rés✉❧t❛ts ❞❡ ❧✬ét❛♣❡

♣ré❝é❞❡♥t❡✳ ❈❡tt❡ ♣♦ss✐❜✐❧✐té ❛ ❥♦✉é ✉♥ rô❧❡ ✐♠♣♦rt❛♥t ❞❛♥s ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞✉ ❝♦❞❡ ♣✉✐sq✉❡ ❝❡❧❛

❛ ❞✬❛❜♦r❞ ♣❡r♠✐s ❞❡ ❞é❜♦❣✉❡r ❧❡s ♣r❡♠✐èr❡s ✈❡rs✐♦♥s ❞✉ ♥♦✉✈❡❛✉ ❝♦❞❡ ❡t s✉rt♦✉t✱ ❧♦rsq✉❡ ❧❡s ❞❡✉①

❝♦❞❡s ♦♥t ❞♦♥♥é ❧❡s ♠ê♠❡s ❢réq✉❡♥❝❡s à 10−7 ♣rès ✭❘❡❡s❡ ✷✵✵✻✮✱ ♦♥ ❛ ♣✉ ❝♦♥s✐❞ér❡r q✉❡ ❧❡s ❝❛❧❝✉❧s

s❛♥s ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ét❛✐❡♥t très ♣r♦❜❛❜❧❡♠❡♥t ❥✉st❡s✳ P♦✉r ❧❡s ❝❛❧❝✉❧s ❛✈❡❝ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✱ ❉✳

❘❡❡s❡ ❛ ✐♥tr♦❞✉✐t ✉♥ t❡st ❜❛sé s✉r ❧❛ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡ ❞❡s éq✉❛t✐♦♥s✳

✹✳ ▼♦❞❡s ❛❝♦✉st✐q✉❡s ❛❞✐❛❜❛t✐q✉❡s ❞✬✉♥ ♠♦❞è❧❡ ré❛❧✐st❡ ❞✬ét♦✐❧❡ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✾✮ ✿

❉✳ ❘❡❡s❡ ❛ ❞❡♣✉✐s ❞é✈❡❧♦♣♣é ✉♥❡ ✈❡rs✐♦♥ ❞✉ ❝♦❞❡ ✭❛♣♣❡❧é❡ ❚❖P✮ ❝❛♣❛❜❧❡ ❞❡ s✬❛❞❛♣t❡r à ❞❡s

♠♦❞è❧❡s ♣❧✉s ré❛❧✐st❡s ❞✬ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ r❛❞✐❛❧❡✱ ✐❧ ❡st

♠❛✐♥t❡♥❛♥t ♣♦ss✐❜❧❡ ❞✬✉t✐❧✐s❡r ✉♥❡ ♠ét❤♦❞❡ ❛✉① ❞✐✛ér❡♥❝❡s ✜♥✐❡s ♦✉ ✉♥❡ ♠ét❤♦❞❡ ❜❛sé❡ s✉r ❞❡s

❢♦♥❝t✐♦♥s ♣♦❧②♥♦♠✐❛❧❡s ♣❛r ♠♦r❝❡❛✉① ✭❧❡s s♣❧✐♥❡s✮✳ ❈❡ ♥♦✉✈❡❛✉ ❝♦❞❡ ♣❡✉t é❣❛❧❡♠❡♥t t❡♥✐r ❝♦♠♣t❡

❞✬✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ▲❡s t❡sts ❡✛❡❝t✉és ♠♦♥tr❡♥t ♥♦t❛♠♠❡♥t q✉❡ s✐ ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ♥✬❡st

♣❛s ❝❛❧❝✉❧é ❛✈❡❝ ✉♥❡ ♣ré❝✐s✐♦♥ s✉✣s❛♥t❡✱ ❧❡ t❡st ❜❛sé s✉r ❧❛ ❢♦r♠✉❧❛t✐♦♥ ✈❛r✐❛t✐♦♥♥❡❧❧❡ ❞❡s éq✉❛t✐♦♥s

❡st ♠♦✐♥s ✜❛❜❧❡✳
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✺✳ ▼♦❞❡s ❞❡ ❣r❛✈✐té ♥♦♥✲❛❞✐❛❜❛t✐q✉❡s ❞✬✉♥ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ✭❇❛❧❧♦t ❡t ❛❧✳

✷✵✶✵✱❆✸✮ ✿

❉❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ♣♦st❞♦❝ à ❚♦✉❧♦✉s❡✱ ❏✳ ❇❛❧❧♦t ❛ ✐♥tr♦❞✉✐t ❧✬❡✛❡t ❞❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❞❛♥s

❧❡ ❝♦❞❡ ❚❖P ❛✜♥ ❞✬✉♥❡ ♣❛rt ❞✬✉t✐❧✐s❡r ❧❡ ♣❧❛♥ ❝♦♠♣❧❡①❡ ♣♦✉r sé♣❛r❡r ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❧❡s ❢réq✉❡♥❝❡s

❞❡s ♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ❡t ❞✬❛✉tr❡ ♣❛rt ❞❡ ♣ré♣❛r❡r ❧✬ét✉❞❡ ❞❡s ♠é❝❛♥✐s♠❡s ❞✬❡①❝✐t❛t✐♦♥ ❞❡ t②♣❡

s❛✉t ❞✬♦♣❛❝✐té✳ ❉❡s t❡sts ♦♥t été ❡✛❡❝t✉és ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té à r♦t❛t✐♦♥ ♥✉❧❧❡✳

Pré❝✐s✐♦♥ ❞✉ ❝♦❞❡

▲❛ ♣ré❝✐s✐♦♥ ❞✉ ❝♦❞❡ ❛ été é✈❛❧✉é❡ ❡♥ t❡st❛♥t ❧✬✐♥✢✉❡♥❝❡ ❞❡s ❞✐✛ér❡♥ts ♣❛r❛♠ètr❡s ♥✉♠ér✐q✉❡s s✉r ❧❛

❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱❆✶✮✱ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✻✱❆✷✮✱ ✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✶✵✱❆✸✮✳

❈♦♥s✐❞ér♦♥s q✉❡ ❧❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡st ❞♦♥♥é ❡t ♥❡ ❝♦♠♣♦rt❡ ♣❛s ❞✬❡rr❡✉r✳ ▲❡s ❞❡✉① ♣r✐♥❝✐♣❛✉① ♣❛r❛♠ètr❡s

♥✉♠ér✐q✉❡s ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s s♦♥t ❛❧♦rs ❧❡ ♥♦♠❜r❡ ❞✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❡t ❧❡ ♥♦♠❜r❡ ❞❡

♣♦❧②♥ô♠❡s ❞❡ ❈❤❡❜②s❤❡✈ ✉t✐❧✐sés ♣♦✉r r❡♣rés❡♥t❡r ❧❡ ♠♦❞❡✳ P♦✉r ét✉❞✐❡r✱ ♣❛r ❡①❡♠♣❧❡✱ ❧✬✐♥✢✉❡♥❝❡ ❞✉

♥♦♠❜r❡ Lmax ❞✬❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱ ♦♥ ✉t✐❧✐s❡ ❝♦♠♠❡ ré❢ér❡♥❝❡ ❧❛ ❢réq✉❡♥❝❡ ♦❜t❡♥✉❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❧❡

♣❧✉s rés♦❧✉ ωref ❡t ♦♥ ❞ét❡r♠✐♥❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ω(Lmax)−ωref

ωref
✳ ❈❡tt❡ q✉❛♥t✐té ❛tt❡✐♥t ❡♥ ❣é♥ér❛❧ ✉♥ ♣❧❛t❡❛✉

q✉✐ ✐♥❞✐q✉❡ q✉❡ ❧✬♦♥ ♥❡ ♣❡✉t ♣❧✉s ❛♠é❧✐♦r❡r ❧❛ ♣ré❝✐s✐♦♥ s✉r ❧❛ ❢réq✉❡♥❝❡ ❡♥ ❛✉❣♠❡♥t❛♥t ❧❛ rés♦❧✉t✐♦♥

s♣❛t✐❛❧❡✳ ▲❡ ♥✐✈❡❛✉ ❞✉ ♣❧❛t❡❛✉ ❡st ❧✐é ❛✉① ❡rr❡✉rs ❞✬❛rr♦♥❞✐ ❞❛♥s ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡s

♠❛tr✐❝❡s ❆ ❡t ❇ ❡t à ❧❡✉r ❡✛❡t s✉r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞❡s é❧é♠❡♥ts ♣r♦♣r❡s✳ ❈♦♠♠❡ ♥♦✉s ❧✬❛✈♦♥s ♠❡♥t✐♦♥♥é

♣❧✉s ❤❛✉t✱ ❝❡t ❡✛❡t ❞é♣❡♥❞ ❞✉ ❝♦♥❞✐t✐♦♥♥❡♠❡♥t ❞❡ ❧❛ ♠❛tr✐❝❡✳ ■❧ ❡st ♣♦ss✐❜❧❡ ❞✬❡♥ ❝❛❧❝✉❧❡r ❧✬❛♠♣❧✐t✉❞❡ ❞❡

❢❛ç♦♥ t❤é♦r✐q✉❡ ♣♦✉r ✉♥❡ ♠❛tr✐❝❡ ❞♦♥♥é❡ ♠❛✐s ❧❡ ❝❛❧❝✉❧ ❡st très ❧♦♥❣ ❡t très ❝♦ût❡✉①✳ ◆♦✉s ❛✈♦♥s ♣❧✉tôt

✉t✐❧✐sé ✉♥❡ ♠ét❤♦❞❡ ❛❧t❡r♥❛t✐✈❡ ✈❛❧✐❞é❡ ♣❛r ❱❛❧❞❡tt❛r♦ ❡t ❛❧✳ ✭✷✵✵✼✮✳ ❊❧❧❡ ❝♦♥s✐st❡ à ❡✛❡❝t✉❡r ✉♥❡ sér✐❡ ❞❡

❝❛❧❝✉❧s ❡♥ ❢❛✐s❛♥t ✈❛r✐❡r ❧❛ ✈❛❧❡✉r ✐♥✐t✐❛❧❡ ❞❡ ❧✬❛❧❣♦r✐t❤♠❡ ✐tér❛t✐❢ ❞✬❆r♥♦❧❞✐✲❈❤❡❜②s❤❡✈ ❛✉t♦✉r ❞❡ ❧❛ ✈❛❧❡✉r

♣r♦♣r❡ ❀ ❧✬é❝❛rt✲t②♣❡ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ✭❣❛✉ss✐❡♥♥❡✮ ❞❡s ✈❛❧❡✉rs ♦❜t❡♥✉❡s ❞♦♥♥❡ ✉♥❡ ❜♦♥♥❡ ❡st✐♠❛t✐♦♥ ❞❡

❝❡tt❡ ❡rr❡✉r✳ ❊♥ rés✉♠é✱ ❝❡s ét✉❞❡s ♥♦✉s ♦♥t ♠♦♥tré q✉❡ ♥♦✉s ♣♦✉✈✐♦♥s ♠❛îtr✐s❡r ❧✬❡rr❡✉r s✉r ❧❡ ❝❛❧❝✉❧

❞❡s ❢réq✉❡♥❝❡s ❡t q✉❡ ❝❡tt❡ ❡rr❡✉r ét❛✐t ❣é♥ér❛❧❡♠❡♥t très ✐♥❢ér✐❡✉r❡ à ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❞♦♥♥é❡s✳

◆♦✉s ❛✈♦♥s ❛✐♥s✐ ❞ét❡r♠✐♥é ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❞❡ ∼ 160 ♠♦❞❡s ❛✈❡❝ ✼ ❝❤✐✛r❡s s✐❣♥✐✜❝❛t✐❢s ♣♦✉r

✶✻ ✈❛❧❡✉rs ❞✐✛ér❡♥t❡s ❞❡ ❧❛ r♦t❛t✐♦♥ ❝♦♠♣r✐s❡s ❡♥tr❡ Ω = 0 ❡t Ω/ΩK = 0.59 ♦ù ΩK = (GM/R3
e)

1/2✱

Re ét❛♥t ❧❡ r❛②♦♥ éq✉❛t♦r✐❛❧ ❞❡ ❧✬ét♦✐❧❡ ✭❡❧❧❡s s♦♥t ♣✉❜❧✐é❡s ❡♥ ❛♥♥❡①❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ❘❡❡s❡ ✭✷✵✵✻✮✮✳ ▲❡

♠♦❞è❧❡ ❞✬éq✉✐❧✐❜r❡ ❡st ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬✐♥❞✐❝❡ µ = 3 ❡♥ r♦t❛t✐♦♥ s♦❧✐❞❡ ❞♦♥t ❧❛ s♦❧✉t✐♦♥

❡st ❝♦♥♥✉❡ ❡t ♣❡✉t êtr❡ r❡♣r♦❞✉✐t❡ s❛♥s ❣r❛♥❞❡ ❞✐✣❝✉❧té✳ ❉❛♥s ❝❡ ❝❛❧❝✉❧ ❝✬❡st ❡♥ ❢❛✐t ❧❛ ♣ré❝✐s✐♦♥ ❛✈❡❝
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❧❛q✉❡❧❧❡ ❧❡ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❛ été ♦❜t❡♥✉ q✉✐ ❧✐♠✐t❡ ❧❛ ♣ré❝✐s✐♦♥ r❡❧❛t✐✈❡ s✉r ❧❡s ❢réq✉❡♥❝❡s à 10−7✳ ◆♦✉s

❡s♣ér♦♥s q✉❡ ❝❡s ❢réq✉❡♥❝❡s ♣♦✉rr♦♥t s❡r✈✐r ❞❡ ré❢ér❡♥❝❡ à ❞✬❛✉tr❡s ❣r♦✉♣❡s q✉✐ s♦✉❤❛✐t❡♥t ❞é✈❡❧♦♣♣❡r

❡t t❡st❡r ❧❡✉r ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥✳ ❈✬❡st ❞✬❛✐❧❧❡✉rs ❧❡ ❝❛s ❛✈❡❝ ❧❡ ♠♦❞è❧❡ q✉✐ ❡st ❛❝t✉❡❧❧❡♠❡♥t ❞é✈❡❧♦♣♣é ❛✉

▲❊❙■❆ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ❘✳ ❖✉❛③③❛♥✐✳

✷✳✷ ❊①♣❧♦r❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♣❛r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡

◆♦✉s ❛✈♦♥s ❝❛❧❝✉❧é ♥✉♠ér✐q✉❡♠❡♥t ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❡t ét✉❞✐é ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❡✉rs ♣r♦♣r✐étés ❛✈❡❝

❧❛ r♦t❛t✐♦♥✳ ➱t✉❞✐❡r ❧❡s ♠♦❞❡s ♣r♦♣r❡s ❞✬✉♥ s②stè♠❡ ♥♦♥ sé♣❛r❛❜❧❡ ♣❛r ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ♣rés❡♥t❡ ❞❡s

❞✐✣❝✉❧tés s♣é❝✐✜q✉❡s q✉✐ s♦♥t r❛♣♣❡❧é❡s ❝✐✲❞❡ss♦✉s ✭❙❡❝t✳ ✷✳✷✳✶✮✳ ❊♥s✉✐t❡✱ ❧❛ ♠ét❤♦❞❡ ❞✬❡①♣❧♦r❛t✐♦♥ ❞✉

s♣❡❝tr❡ ❞✬♦s❝✐❧❧❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé❡ ❡st ❞é❝r✐t❡ ✭❙❡❝t✳ ✷✳✷✳✷✮ ❀ ♣✉✐s✱ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s s✉r ❧❛

❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❡t ❧❛ ❞é❝♦✉✈❡rt❡ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ❢♦r♠❡ ❞❡ ré❣✉❧❛r✐té ❞❛♥s

❧❡ s♣❡❝tr❡ s♦♥t ♣rés❡♥tés ✭❙❡❝t✳ ✷✳✷✳✸✱ ❙❡❝t✳ ✷✳✷✳✹✮✳

✷✳✷✳✶ ❉✐✣❝✉❧tés ✐♥❤ér❡♥t❡s à ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞✬✉♥ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s

♥♦♥✲sé♣❛r❛❜❧❡s

▲✬ét✉❞❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❞❛♥s ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡ ❡♥t✐èr❡♠❡♥t sé♣❛r❛❜❧❡ ♣rés❡♥t❡♥t ♣❧✉s✐❡✉rs

❞✐✛ér❡♥❝❡s ❡ss❡♥t✐❡❧❧❡s ❛✈❡❝ ❧❡ ❝❛s ✷❉ q✉✐ ♥♦✉s ✐♥tér❡ss❡ ✐❝✐✳ ❊♥ ❡✛❡t✱ à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ❧❛ ♣❛rt✐❡

♥✉♠ér✐q✉❡ ❞✉ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ♣r♦♣r❡s s❡ ré❞✉✐t à ❧❛ rés♦❧✉t✐♦♥ ❞✬✉♥ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ✶❉

q✉✐ ❞♦♥♥❡ à ❧❛ ❢♦✐s ❧❛ ❢réq✉❡♥❝❡ ♣r♦♣r❡ ❡t ❧❛ ❞é♣❡♥❞❛♥❝❡ r❛❞✐❛❧❡ f(r) ❞✉ ♠♦❞❡ ♣♦✉r ❞❡s ✈❛❧❡✉rs ♣ré❞é✜♥✐❡s

❞❡ ℓ ❡t m✳ ❯♥❡ s♦❧✉t✐♦♥ ❞❡ ❝❡ ♣r♦❜❧è♠❡ ❡st ✐♠♠é❞✐❛t❡♠❡♥t ❝❧❛ss✐✜é❡ ♣❛r ℓ✱ m ❡t ❧❡ ♥♦♠❜r❡ q✉❛♥t✐q✉❡

r❛❞✐❛❧ n q✉❡ ❧✬♦♥ ❞ét❡r♠✐♥❡ ❢❛❝✐❧❡♠❡♥t ✭♣❛r ❡①❡♠♣❧❡✮ ❡♥ ❝♦♠♣t❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♥♦❡✉❞s r❛❞✐❛✉① ❞❡ ❧❛

❢♦♥❝t✐♦♥ f(r)✳ P❛r ❛✐❧❧❡✉rs✱ ❧❡ ❝❛❧❝✉❧ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡s ❡st ❢❛❝✐❧✐té ♣❛r ❧❡ ❢❛✐t q✉❡ ❧❡s ❢réq✉❡♥❝❡s

♣r♦♣r❡s s♦♥t ❣é♥ér❛❧❡♠❡♥t ré❣✉❧✐èr❡♠❡♥t ré♣❛rt✐❡s s✉r ❧❛ ❞r♦✐t❡ ré❡❧✱ ❧✬é❝❛rt ❡♥tr❡ ❞❡✉① ❢réq✉❡♥❝❡s ♣r♦♣r❡s

❝♦♥sé❝✉t✐✈❡s ét❛♥t ❛♣♣❡❧é ❧❛ ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡✳ ▲❛ s✐t✉❛t✐♦♥ ❡st r❛❞✐❝❛❧❡♠❡♥t ❞✐✛ér❡♥t❡ ❞❛♥s ✉♥❡ ét♦✐❧❡

❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥ ♣r❡♠✐❡r ❧✐❡✉✱ ✉♥❡ s♦❧✉t✐♦♥ ❞✉ ♣r♦❜❧è♠❡ ❛✉① ✈❛❧❡✉rs ♣r♦♣r❡s ♥❡ ❞♦♥♥❡ ♣❧✉s ❧❡

♠♦❞❡ ♣r♦♣r❡ ❧❡ ❧♦♥❣ ❞✬✉♥ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡ ♠❛✐s ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥✳ ❈❡❧❛ ❝♦♠♣❧✐q✉❡ sér✐❡✉s❡♠❡♥t

❧✬❛♥❛❧②s❡ ❞✉ rés✉❧t❛t ❝❛r ✐❧ ♥✬② ❛ ♣❛s ❞❡ r❛✐s♦♥ ♣♦✉r q✉❡ ❧❛ ré♣❛rt✐t✐♦♥ s♣❛t✐❛❧❡ ❞✉ ♠♦❞❡ ❞❛♥s ✉♥ ♣❧❛♥

♠ér✐❞✐❡♥ s♦✐t s✉✣s❛♠♠❡♥t ré❣✉❧✐èr❡ ♣♦✉r êtr❡ ❝❧❛ss✐✜é❡ s✐♠♣❧❡♠❡♥t✳ ❊♥ ❡✛❡t✱ à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ❧❡

rés❡❛✉ ❞❡s ❧✐❣♥❡s ♥♦❞❛❧❡s ❞❡ f(r, θ) ❡st ré❣✉❧✐❡r ❡t ♣❡✉t êtr❡ ❝❛r❛❝tér✐sé ♣❛r ❞❡✉① ♥♦♠❜r❡s ❡♥t✐❡rs✱ n ❡t
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ℓ − |m| ❡♥ ❧✬♦❝❝✉rr❡♥❝❡✱ ❛❧♦rs q✉❡✱ ❝♦♠♠❡ ❧✬✐❧❧✉str❡ ❧❛ ❋✐❣✉r❡ ✷✳✷✱ ❝❡ ♥✬❡st ♣❧✉s ♥é❝❡ss❛✐r❡♠❡♥t ❧❡ ❝❛s à

r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥ s❡❝♦♥❞ ❧✐❡✉✱ ❧❡ s♣❡❝tr❡ ❡st ❛✉ss✐ ❜❡❛✉❝♦✉♣ ♣❧✉s ❞❡♥s❡ q✉❡ ❞❛♥s ❧❡ ❝❛s sé♣❛r❛❜❧❡✳ ❊♥

❡✛❡t✱ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡ ❞♦♥♥é✱ ❧❡ s♣❡❝tr❡ ❝♦♥t✐❡♥t ✉♥ ♥♦♠❜r❡ ❞❡ ❢réq✉❡♥❝❡s éq✉✐✈❛❧❡♥t à

t♦✉t❡s ❧❡s ❢réq✉❡♥❝❡s ωnℓ ❞✬✉♥ ♠♦❞è❧❡ s♣❤ér✐q✉❡ ❞❛♥s ❝❡t ✐♥t❡r✈❛❧❧❡✱ ❛❧♦rs q✉❡✱ ❞❛♥s ❧❡ ❝❛s s♣❤ér✐q✉❡✱

❝❡ ♥♦♠❜r❡ s❡ ré❞✉✐s❛✐t ❛✉① ❢réq✉❡♥❝❡s ωn ❝♦♥t❡♥✉❡s ❞❛♥s ❧✬✐♥t❡r✈❛❧❧❡✳ ❉❛♥s ❧❡ ❞♦♠❛✐♥❡ ❛❝♦✉st✐q✉❡✱ ❧❛

❞❡♥s✐té ❞❡s ❢réq✉❡♥❝❡s ✭❞é✜♥✐❡ ❝♦♠♠❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡ ♣❛r ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡✮ ❛✉❣♠❡♥t❡ ❛✈❡❝ ω ❀

❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡s ♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s✱ ❡t ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❛❞✐❛❜❛t✐q✉❡✱ ❧❡ s♣❡❝tr❡

❡st ♠ê♠❡ ❞❡♥s❡ ❛✉ s❡♥s ♠❛t❤é♠❛t✐q✉❡ ❞✉ t❡r♠❡✳ ❯♥❡ ❝♦♥séq✉❡♥❝❡ ❞❡ ❧❛ ❞❡♥s✐té ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡s

♣r♦♣r❡s ❡st ❧❛ ❝♦❡①✐st❡♥❝❡ ❞❛♥s ✉♥ ❢❛✐❜❧❡ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡ ❞❡ ♠♦❞❡s ♣♦ssé❞❛♥t ❞❡s é❝❤❡❧❧❡s s♣❛t✐❛❧❡s

très ❞✐✛ér❡♥t❡s✳ ❈♦♠♠❡ ❧✬❛❧❣♦r✐t❤♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡s ✈❛❧❡✉rs ♣r♦♣r❡s ❡♥ ❢♦✉r♥✐t ♣❧✉s✐❡✉rs ✭❡♥ ❣é♥ér❛❧ ✹✮

❛✉t♦✉r ❞✬✉♥❡ ✈❛❧❡✉r ❝✐❜❧❡✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❡✛❡❝t✐✈❡♠❡♥t rés♦❧✉s ❞é♣❡♥❞r❛ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡

❝❤♦✐s✐❡✳ ▲❡ ❢❛✐t q✉❡ ❧❡ rés✉❧t❛t ❞✬✉♥ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞é♣❡♥❞❡ ❞❡ ❧❛ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❝❤♦✐s✐❡ ❝♦♠♣❧✐q✉❡

é✈✐❞❡♠♠❡♥t ❧✬❡①♣❧♦r❛t✐♦♥ ❞✉ s♣❡❝tr❡✳

❋✐♥❛❧❡♠❡♥t✱ ✉♥❡ ❛✉tr❡ s♦✉r❝❡ ❞❡ ❞✐✣❝✉❧té ✈✐❡♥t ❞✉ ♣❤é♥♦♠è♥❡ ❞❡ ❝r♦✐s❡♠❡♥t é✈✐té q✉✐ ❡st ❧✐é ❛✉ ❢❛✐t

q✉❡ ❞❡✉① ♠♦❞❡s ❞✬✉♥❡ ♠ê♠❡ ❝❧❛ss❡ ❞❡ s②♠étr✐❡ ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ❞é❣é♥érés✳ ❈♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛

❋✐❣✉r❡ ✷✳✸✱ s✐ ❧❡s ❢réq✉❡♥❝❡s ❞❡ ❞❡✉① ❞❡ ❝❡s ♠♦❞❡s t❡♥❞❡♥t à s❡ ❝r♦✐s❡r ❧♦rsq✉❡ ♦♥ ❛✉❣♠❡♥t❡ ❧❛ r♦t❛t✐♦♥✱

✐❧ ② ❛ ✉♥ ❝r♦✐s❡♠❡♥t é✈✐té✳ ▲♦rsq✉❡ ❧✬é❝❛rt ❡♥tr❡ ❧❡s ❞❡✉① ❢réq✉❡♥❝❡s ❡st ♠✐♥✐♠✉♠✱ ❧❡s ♠♦❞❡s s♦♥t ♠✐①t❡s

❞❛♥s ❧❡ s❡♥s ♦ù ✐❧s ❝♦♠❜✐♥❡♥t ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡s ♠♦❞❡s ❛✈❛♥t ❧❡ ❝r♦✐s❡♠❡♥t ✭✈♦✐r ❧❛ ❋✐❣✉r❡ ✷✳✹✮✳ ❈❡❧❛

♣♦s❡r❛ ✉♥ ♣r♦❜❧è♠❡ ❞❡ rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞❛♥s ❧❡ ❝❛s ❞✬✉♥ ❝r♦✐s❡♠❡♥t é✈✐té ❡♥tr❡ ✉♥ ♠♦❞❡ rés♦❧✉ ❡t

✉♥ ♠♦❞❡ ♥♦♥ rés♦❧✉✳

P♦✉r ❧✬❡♥s❡♠❜❧❡ ❞❡ ❝❡s r❛✐s♦♥s✱ ✐❧ ét❛✐t ♣❡✉ ♣r♦❜❛❜❧❡ q✉❡ ❧✬♦♥ ❛rr✐✈❡ à ❝♦♠♣r❡♥❞r❡ ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥

s✉r ❧❡s ♠♦❞❡s ❡♥ ❡✛❡❝t✉❛♥t ♣❛r ❡①❡♠♣❧❡ ✉♥❡ r❡❝❤❡r❝❤❡ ❞❡ ♠♦❞❡ ♣r♦♣r❡ à ✉♥❡ r♦t❛t✐♦♥ ❞♦♥♥é❡ ❡t ♣♦✉r ✉♥❡

rés♦❧✉t✐♦♥ ♥✉♠ér✐q✉❡ ❞♦♥♥é❡✳ ▲❛ ♠ét❤♦❞❡ ❞✬❡①♣❧♦r❛t✐♦♥ q✉❡ ❥✬❛✐ ❝❤♦✐s✐❡ ❝♦♥s✐st❡ à ♣❛rt✐r ❞✬✉♥ ❡♥s❡♠❜❧❡

❞❡ ♠♦❞❡s ❝❛❧❝✉❧és ♣♦✉r ✉♥❡ ét♦✐❧❡ à r♦t❛t✐♦♥ ♥✉❧❧❡ ❡t ❞❡ s✉✐✈r❡ ❝❤❛❝✉♥ ❞❡ ❝❡s ♠♦❞❡s ❡♥ ❛✉❣♠❡♥t❛♥t

♣r♦❣r❡ss✐✈❡♠❡♥t ❧❛ r♦t❛t✐♦♥✳ ❈❡tt❡ ♠ét❤♦❞❡ ❛ ❧✬❛✈❛♥t❛❣❡ ❞❡ ♣♦✉✈♦✐r ❛ss♦❝✐❡r ❧❡s ♠♦❞❡s à r♦t❛t✐♦♥ ♥♦♥

♥✉❧❧❡ à q✉❡❧q✉❡ ❝❤♦s❡ ❞❡ ❝♦♥♥✉✱ ❝✬❡st✲à✲❞✐r❡✱ ❧❡ ♠♦❞❡ ❝♦rr❡s♣♦♥❞❛♥t à r♦t❛t✐♦♥ ♥✉❧❧❡ ❡t s❡s ♥♦♠❜r❡s

q✉❛♥t✐q✉❡s n✱ ℓ✱ m✳ ❇✐❡♥ q✉❡ ❧♦♥❣✉❡ ❡t q✉❡❧q✉❡ ♣❡✉ ❢❛st✐❞✐❡✉s❡✱ ❧❛ ♠ét❤♦❞❡ s✬❡st ❛✈éré❡ t♦✉t à ❢❛✐t

❛❞❛♣té❡ ♣♦✉r ❝♦♠♣r❡♥❞r❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♠♦❞❡s ét✉❞✐és✳ ▲❡s ♠♦❞❡s q✉❡ ♥♦✉s ❛✈♦♥s s✉✐✈✐s

s♦♥t ❧❡s ♠♦❞❡s q✉✐✱ à r♦t❛t✐♦♥ ♥✉❧❧❡✱ s♦♥t ❧❡s ♣❧✉s ❢❛❝✐❧❡♠❡♥t ❞ét❡❝t❛❜❧❡s ❡♥ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡✱ ❝✬❡st✲à✲

❞✐r❡ ❧❡s ♠♦❞❡s ❞❡ ❜❛s ❞❡❣ré ♣♦✉r ❧❡sq✉❡❧s ❧✬❡✛❡t ❞✬❛♥♥✉❧❛t✐♦♥ ❞û à ❧✬✐♥té❣r❛t✐♦♥ ❞❡s ♣❡rt✉r❜❛t✐♦♥s s✉r ❧❡
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❋✐❣✳ ✷✳✷ ✕ ❉✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞✬✉♥ ♠♦❞❡ ❛❝♦✉st✐q✉❡ ❛①✐s②♠étr✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠ér✐❞✐❡♥ ❞✬✉♥ ♠♦❞è❧❡
❞✬ét♦✐❧❡ à ✉♥❡ r♦t❛t✐♦♥ ❞❡ Ω/ΩK = 0.59 ♦ù ΩK = (GM/R3

e)
1/2 ❡t Re ❡st ❧❡ r❛②♦♥ éq✉❛t♦r✐❛❧✳ ❉❡s ✐s♦✲

❝♦♥t♦✉rs ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡✉❧ér✐❡♥♥❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❛ ❢♦♥❝t✐♦♥ α ❞é✜♥✐❡ ♣❛r ❊q✳ ✭❆✳✺✮
❡t ❧❛ r❛❝✐♥❡ ❝❛rré ❞❡ ❧❛ ❞✐st❛♥❝❡ à ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ s♦♥t r❡♣rés❡♥tés✳ ▲❡ rés❡❛✉ ❞❡s ❧✐❣♥❡s ♥♦❞❛❧❡s ✭❡♥
♥♦✐r✮ ❡st ✐rré❣✉❧✐❡r ❡t ♥❡ ♣❡r♠❡t ♣❛s✱ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s s♣❤ér✐q✉❡✱ ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡
❞✉ ♠♦❞❡ ♣❛r ❞❡✉① ♥♦♠❜r❡s ❡♥t✐❡rs ❜✐❡♥ ❞é✜♥✐s✳
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❞✐sq✉❡ st❡❧❧❛✐r❡ ❡st ❧❡ ♣❧✉s ❢❛✐❜❧❡✳ ■❧ ét❛✐t ❡♥ ❡✛❡t ❛ss❡③ ♥❛t✉r❡❧ ❞❡ s✉♣♣♦s❡r q✉❡ ❧❡s ♠♦❞❡s ❧❡s ♣❧✉s ✈✐s✐❜❧❡s

à r♦t❛t✐♦♥ ♥✉❧❧❡ ❛❧❧❛✐❡♥t r❡st❡r ❧❡s ♣❧✉s ✈✐s✐❜❧❡s à r♦t❛t✐♦♥ ♣❧✉s é❧❡✈é❡✳ ◆♦✉s ✈❡rr♦♥s ♥é❛♥♠♦✐♥s ❞❛♥s ❧❛

s✉✐t❡ q✉❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ♥❡ s✬❡st ♣❛s ré✈é❧é❡ ❡①❛❝t❡ ♣✉✐sq✉✬à r♦t❛t✐♦♥ é❧❡✈é❡✱ ❧❡s ♠♦❞❡s ❞✐ts ❝❤❛♦t✐q✉❡s✱

♣❡✉✈❡♥t êtr❡ ❛✉ss✐ ✈✐s✐❜❧❡s ❛❧♦rs q✉✬✐❧s s♦♥t ✐ss✉s ❞❡ ♠♦❞❡s ❞❡ r❡❧❛t✐✈❡♠❡♥t ❤❛✉t ❞❡❣ré à r♦t❛t✐♦♥ ♥✉❧❧❡✳

✷✳✷✳✷ ❙✉✐✈✐ ❞❡s ♠♦❞❡s

▲❡ s✉✐✈✐ ✐♥❞✐✈✐❞✉❡❧ ❞❡ ♠♦❞❡ ❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡ ❛ ❞✬❛❜♦r❞ été ❡✛❡❝t✉é ♣♦✉r ✉♥❡ ❣❛♠♠❡ ❞❡ ♠♦❞❡

❛❝♦✉st✐q✉❡ ❞❡ r❡❧❛t✐✈❡♠❡♥t ❜❛s ❞❡❣ré ℓ = 0− 7✱ ❞✬♦r❞r❡ r❛❞✐❛❧ ✐♥❢ér✐❡✉r à n = 10 ❡t ❛①✐s②♠étr✐q✉❡✱ ♣♦✉r

✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬✐♥❞✐❝❡ µ = 3 ❡t ❥✉sq✉✬à ✉♥❡ r♦t❛t✐♦♥ ❞❡ Ω = 0.59ΩK ❡♥ ✉t✐❧✐s❛♥t ✉♥

❝♦❞❡ q✉✐ ♥❡ t✐❡♥t ♣❛s ❝♦♠♣t❡ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✳ ❯♥ ❛✉tr❡ s✉✐✈✐ ❛ ❡♥s✉✐t❡

été ré❛❧✐sé ♣❛r ❉✳ ❘❡❡s❡ ❞✬❛❜♦r❞ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❜❛s ❞❡❣ré ℓ = 0− 3✱ ❞✬♦r❞r❡ r❛❞✐❛❧ ✐♥❢ér✐❡✉r à n = 10

❡t ❞❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = −ℓ, ..., ℓ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✻✱ ❆✷✮✱ ♣✉✐s ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡s ❤❛✉t❡s ❢réq✉❡♥❝❡s

n = 21 − 25 ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✽✱ ❆✹✮✳ ❋✐♥❛❧❡♠❡♥t✱ t♦✉❥♦✉rs ♣♦✉r ❧❡s ♠ê♠❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡✱ ✉♥ s✉✐✈✐

❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❛ été ❡✛❡❝t✉é ♣❛r ❏✳ ❇❛❧❧♦t ❡♥ ♣❛rt❛♥t ❞❡s ♠♦❞❡s ℓ = 1✱ n = 1✕✶✹✱ m = −ℓ, ..., ℓ

❡t ❞❡s ♠♦❞❡s ℓ = 2✕✸✱ n = 1✕✺✱ ✶✻✕✷✵ ✱ m = −ℓ, ..., ℓ ✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✶✵✱ ❆✸✮✳ P♦✉r ré❛❧✐s❡r ❝❡ s✉✐✈✐✱ ✐❧

❢❛✉t ♣♦✉✈♦✐r ❛ss♦❝✐❡r ❡♥tr❡ ❡✉① ❧❡s ♠♦❞❡s ❝❛❧❝✉❧és à ❞❡✉① r♦t❛t✐♦♥s ✈♦✐s✐♥❡s✳ P♦✉r ❝❡ ❢❛✐r❡✱ ♥♦✉s ❛✈♦♥s

✉t✐❧✐sé ❡ss❡♥t✐❡❧❧❡♠❡♥t ❞❡s ❝r✐tèr❡s ❜❛sés s✉r ❧❡s ❞❡❣rés ❞♦♠✐♥❛♥ts ❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡ ♣✉✐ss❛♥❝❡ ❞❡ ❧❛

❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❞✉ ♠♦❞❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✱ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✻✱ ❆✷✮✱

✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✶✵✱ ❆✸✮ ♠❛✐s ❛✉ss✐ s✉r ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✶✵✱

❆✸✮✳ ❈❡s tr♦✐s ét✉❞❡s ♦♥t ♠♦♥tré q✉❡✱ ❛✉ ♠♦✐♥s ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡ ♣❛r❛♠ètr❡s ❝♦♥s✐❞éré❡✱ ❧❡ s✉✐✈✐ ❞❡s

♠♦❞❡s ❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡ ❡st ♣♦ss✐❜❧❡✳ ❈❡ rés✉❧t❛t ❡st ✐❧❧✉stré à ❧❛ ❋✐❣✉r❡ ✷✳✸ ♦ù ❧✬♦♥ ✈♦✐t ❧✬é✈♦❧✉t✐♦♥

❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ❢réq✉❡♥❝❡s ℓ = 0 − 7, n ≤ 10 ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✳

▲❛ ♣r✐♥❝✐♣❛❧❡ ❞✐✣❝✉❧té q✉❡ ♥♦✉s ❛✈♦♥s r❡♥❝♦♥tré❡ ✈✐❡♥t ❞❡s ❝r♦✐s❡♠❡♥ts é✈✐tés ❝❛r✱ ❛✉ ♠♦♠❡♥t ♦ù

❧❡s ♠♦❞❡s ♦♥t ✉♥ ❝❛r❛❝tèr❡ ♠✐①t❡✱ ✉♥ ❧❛❜❡❧ ♥❡ ♣❡✉t ♣❛s ❧❡✉r êtr❡ ❛ttr✐❜✉é s❛♥s ❛♠❜✐❣✉ïté ✭❋✐❣✉r❡s ✭✷✳✸✮✲

✭✷✳✹✮✮✳ ❈❡tt❡ ❞✐✣❝✉❧té ❞✬♦r❞r❡ t❤é♦r✐q✉❡ ❡st ❧❛ ❝❛✉s❡ ♣r✐♥❝✐♣❛❧❡ ❞❡s ❞é❢❛✐❧❧❛♥❝❡s ❞❡s ♣r♦❝é❞✉r❡s ❞❡ s✉✐✈✐

❛✉t♦♠❛t✐q✉❡s ♠✐s❡s ❡♥ ♣❧❛❝❡ ❞❛♥s ❘❡❡s❡ ❡t ❛❧✳ ✭✷✵✵✻✱ ❆✷✮ ❡t ❇❛❧❧♦t ❡t ❛❧✳ ✭✷✵✶✵✱ ❆✸✮✳ ◆é❛♥♠♦✐♥s✱ ❧❡

♥♦♠❜r❡ ❡t ❧✬✐♥t❡♥s✐té ❞❡s ❝r♦✐s❡♠❡♥ts é✈✐tés r❡st❡♥t s✉✣s❛♠♠❡♥t ❧✐♠✐tés ♣♦✉r ♣❡r♠❡ttr❡ ❧❡ s✉✐✈✐ ❞❡s

♠♦❞❡s ❞❡ ❜❛s ❞❡❣ré✳
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❋✐❣✳ ✷✳✸ ✕ ❙✉✐✈✐ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ℓ = 0 − 7, n ≤ 10, m = 0 ❡♥ ❛✉❣♠❡♥t❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t ❧❛
r♦t❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ❞❡ Ω = 0 ❥✉sq✉✬à Ω/ΩK = 0.59✳ ▲❛ ✜❣✉r❡ ❞❡ ❣❛✉❝❤❡ ❞♦♥♥❡ ✉♥❡
✈✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ r♦t❛t✐♦♥✳ ▲❡s ✜❣✉r❡s ❞❡ ❞r♦✐t❡
s♦♥t ❞❡s ❛❣r❛♥❞✐ss❡♠❡♥ts q✉✐ ♠♦♥tr❡♥t ❧❡ ♣❤é♥♦♠è♥❡ ❞❡ ❝r♦✐s❡♠❡♥t é✈✐té ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❞❡ ❧❛ ♠ê♠❡
❝❧❛ss❡ ❞❡ s②♠étr✐❡✳ ▲❛ ✜❣✉r❡ s✉✐✈❛♥t❡ ♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♠♦❞❡s ♣❡♥❞❛♥t
❧❡ ❝r♦✐s❡♠❡♥t ❡♥tr❡ ❧❡s ♠♦❞❡s ✭ℓ = 0 n = 4✮ ❡t ✭ℓ = 4 n = 3✮✳
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❋✐❣✳ ✷✳✹ ✕ ❈♦❡✣❝✐❡♥ts ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❞❡ ❞❡✉① ♠♦❞❡s ❛✉ ❝♦✉rs ❞✬✉♥
❝r♦✐s❡♠❡♥t é✈✐té ❡♥tr❡ ❧❡s ♠♦❞❡s ✭ℓ = 0 n = 4✮ ❡t ✭ℓ = 4 n = 3✮ ♠♦♥tré à ❧❛ ✜❣✉r❡ ♣ré❝é❞❡♥t❡✳ ▲❡s
♠♦❞❡s q✉✐ ♦♥t ✉♥❡ ✐❞❡♥t✐té ❝❧❛✐r❡ ❛✈❛♥t ❡t ❛♣rès ❧❡ ❝r♦✐s❡♠❡♥t é✈✐té s♦♥t ♠✐①t❡s ❧♦rsq✉❡ ❧❛ sé♣❛r❛t✐♦♥
❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ❡st ♠✐♥✐♠❛❧❡✳

✷✳✷✳✸ ❉♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s

❈❡s ♠ét❤♦❞❡s ❞❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ♣r♦♣r❡s ❢♦♥t ❧✬❤②♣♦t❤ès❡ q✉❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s♦♥t s✉❢✲

✜s❛♠♠❡♥t ❢❛✐❜❧❡s ♣♦✉r êtr❡ tr❛✐tés ❞❡ ❢❛ç♦♥ ♣❡rt✉r❜❛t✐✈❡✳ ❊♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❝♦❞❡ ♣r❡♥❛♥t ❡♥ ❝♦♠♣t❡

❝♦♠♣❧èt❡♠❡♥t ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❡❧❧❡s ♦♥t été ❧✬✉♥✐q✉❡ ♠♦②❡♥ ❞✬❛❜♦r❞❡r ❧❛ s✐s♠♦❧♦❣✐❡ ❞❡s ét♦✐❧❡s ❡♥

r♦t❛t✐♦♥✳ ▲❡ ♣r♦❜❧è♠❡ ♠❛❥❡✉r ❞❛♥s ❧❡✉r ✉t✐❧✐s❛t✐♦♥ ét❛✐t q✉❡ ❧❡✉r ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ♥✬ét❛✐t ♣❛s ❝♦♥♥✉❡✳

◆♦tr❡ ❝♦❞❡ ❞❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ♣r❡♥❛♥t ♣❧❡✐♥❡♠❡♥t ❡♥ ❝♦♠♣t❡ ❧❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❡s ♠♦❞❡s ❛

♣❡r♠✐s ❞❡ ❞ét❡r♠✐♥❡r ❝❡tt❡ ❧✐♠✐t❡ ♣♦✉r ❧❛ ♣r❡♠✐èr❡ ❢♦✐s✱ ❞✬❛❜♦r❞ ♣♦✉r ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ✭▲✐❣♥✐èr❡s

❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✱ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✻✱ ❆✷✮✱ ✭❘❡❡s❡ ❡t ❛❧✳ ✷✵✵✽✱ ❆✹✮ ♣✉✐s ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ✭❇❛❧❧♦t

❡t ❛❧✳ ✷✵✶✵✱ ❆✸✮ ❞❡ ♠♦❞è❧❡s ♣♦❧②tr♦♣✐q✉❡s ❞✬ét♦✐❧❡✳ ▲❡s ❋✐❣✉r❡s ✭✷✳✺✮✲✭✷✳✻✮ ✈✐s✉❛❧✐s❡♥t ❧❡s ❧✐♠✐t❡s ❞❡s

♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s✳

❈♦♥s✐❞ér♦♥s ❞✬❛❜♦r❞ ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞✬✉♥❡ ét♦✐❧❡ ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞❡ t②♣❡ δ ❙❝✉t✐

✭M = 1.9M⊙ ❡t ❞❡ r❛②♦♥ R = 2.3R⊙✮✳ P♦✉r ❧❡s ♠♦❞❡s ❞❡ ❜❛s ❞❡❣ré ❡t ❞✬♦r❞r❡ r❛❞✐❛❧ ✐♥❢ér✐❡✉r à ✶✵✱

♥♦s rés✉❧t❛ts ✐♥❞✐q✉❡♥t q✉❡ ❧✬❡rr❡✉r s✉r ❧❡s ❢réq✉❡♥❝❡s ❝❛❧❝✉❧é❡s ♣❛r ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❥✉sq✉✬à

❧✬♦r❞r❡ ✸ ❞❡✈✐❡♥t s✉♣ér✐❡✉r❡ à ❧❛ ♣ré❝✐s✐♦♥ ❞❡s ❞♦♥♥é❡s ❈♦r♦t ✭0.08µ ❍③✮ ❧♦rsq✉❡ ❧❛ ✈✐t❡ss❡ éq✉❛t♦r✐❛❧❡ ❞❡

❧✬ét♦✐❧❡ ❞é♣❛ss❡ 50 ❦♠ s−1✳ ❈❡❧❛ ❡①❝❧✉t ❧❛ ♠❛❥♦r✐té ❞❡s ét♦✐❧❡s ♣✉❧s❛♥t❡s ❞❡ ❝❡tt❡ ❣❛♠♠❡ ❞❡ ♠❛ss❡✳ ❊♥

r❡✈❛♥❝❤❡✱ ❧❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❞✬♦r❞r❡ ✷ r❡st❡♥t ❧❡ ♣❧✉s s♦✉✈❡♥t ✈❛❧✐❞❡s ♣♦✉r ✐❞❡♥t✐✜❡r ❧❡s ♠♦❞❡s

❛❝♦✉st✐q✉❡s ❞❡s ét♦✐❧❡s ❞❡ t②♣❡✲s♦❧❛✐r❡✱ ❝❡ q✉✐ ❡st ✉♥ rés✉❧t❛t ❡ss❡♥t✐❡❧ ♣♦✉r ❧✬❡①♣❧♦✐t❛t✐♦♥ ❞❡s ❞♦♥♥é❡s
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❞❡ ❈♦r♦t ❡t ❑❡♣❧❡r ♥♦t❛♠♠❡♥t✳ ❖♥ s✬❛♣❡rç♦✐t é❣❛❧❡♠❡♥t q✉❡✱ ♣♦✉r ❧❡s ♠♦❞❡s ❞❡ ❜❛s ❞❡❣ré ❝♦♥s✐❞éré✱

❧❛ ❧✐♠✐t❡ ❞❡ ✈❛❧✐❞✐té ❞✐♠✐♥✉❡ ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡ ✭❧✬♦r❞r❡ r❛❞✐❛❧✮✳ ❈❡ ❝♦♠♣♦rt❡♠❡♥t ♥❡ ♣❡✉t ♣❛s êtr❡ ❞✉

à ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❝❛r✱ ❡♥ ❡✛❡❝t✉❛♥t ❞❡s ❝❛❧❝✉❧s ❛✈❡❝ ❡t s❛♥s ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✱ ♥♦✉s ❛✈♦♥s ♠♦♥tré

q✉❡ ❝❡❧❧❡✲❝✐ ❥♦✉❛✐t ✉♥ rô❧❡ ♥é❣❧✐❣❡❛❜❧❡ ♣♦✉r ❧❡s ♦r❞r❡s r❛❞✐❛✉① s✉♣ér✐❡✉rs à 4 − 5✳ ❈❡❧❛ s❡ ❝♦♠♣r❡♥❞ ❝❛r✱

♣♦✉r ❞❡s ❢réq✉❡♥❝❡s ❞❡ ♠♦❞❡ ❝r♦✐ss❛♥t❡s✱ ❧❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✱ 1/(2Ω)✱ ❞❡✈✐❡♥t

❢♦r❝é♠❡♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❧♦♥❣ q✉❡ ❧❛ ♣ér✐♦❞❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s✳ ❈❡❧❛ ✈❡✉t ❞♦♥❝ ❞✐r❡ q✉❡ ❧❛ q✉❛❧✐té ❞❡

❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞❡s ❡✛❡ts ❣é♦♠étr✐q✉❡s ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ♣❡rt✉r❜❛t✐✈❡ ❞✐♠✐♥✉❡ ❛✈❡❝

❧❛ ❢réq✉❡♥❝❡✳ ◗✉❛❧✐t❛t✐✈❡♠❡♥t✱ ❧✬❛✉❣♠❡♥t❛t✐♦♥ ❞❡ ❧✬❡rr❡✉r ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✈❡❝ ❧❛ ❢réq✉❡♥❝❡

♣❡✉t s✬✐♥t❡r♣rét❡r s✐♠♣❧❡♠❡♥t ❡♥ ✉t✐❧✐s❛♥t ❧✬❛♥❛❧♦❣✐❡ ❞❡ ❧❛ ❝♦r❞❡ ✈✐❜r❛♥t❡ ✜①é❡ ❡♥tr❡ ❞❡✉① ♠✉rs✳ ▲❛

r❡❧❛t✐♦♥ q✉✐ ❞♦♥♥❡ ❧❡s ❢réq✉❡♥❝❡s ♣r♦♣r❡s ωn = nπc/L ✭♦ù L ❡st ❧❛ ❞✐st❛♥❝❡ ❡♥tr❡ ❧❡s ♠✉rs ❡t c = T/µL

s✬❡①♣r✐♠❡ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ t❡♥s✐♦♥ ❞❡ ❧❛ ❝♦r❞❡ T ❡t ❞❡ s❛ ❞❡♥s✐té ❧✐♥é❛✐r❡ µL✮ ♠♦♥tr❡ q✉✬✉♥❡ ❡rr❡✉r

|δL| s✉r L ♣r♦❞✉✐t ✉♥❡ ❡rr❡✉r s✉r ❧❛ ❢réq✉❡♥❝❡ |δω| = ω|δL|/L q✉✐ ❝r♦ît ❛✈❡❝ ❢réq✉❡♥❝❡✳ ▲✬❡①❡♠♣❧❡ ❞❡ ❧❛

❝♦r❞❡ ✈✐❜r❛♥t❡ ♠♦♥tr❡ ❛✐♥s✐ q✉✬✉♥❡ ❡rr❡✉r s✉r ❧❛ ❣é♦♠étr✐❡ ❞❡ ❧❛ ❝❛✈✐té rés♦♥❛♥t❡ ✐♥❞✉✐t ✉♥❡ ❡rr❡✉r s✉r

❧❛ ❢réq✉❡♥❝❡ ♣r♦♣♦rt✐♦♥♥❡❧❧❡ à ❧❛ ❢réq✉❡♥❝❡✳

❖♥ ✈❡rr❛ à ❧❛ ❙❡❝t✳ ✷✳✸ q✉❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞♦♥♥❡ ✉♥❡ ✈✐s✐♦♥ ♣❧✉s

✜♥❡ ❞❡s ♠♦❞✐✜❝❛t✐♦♥s ❞❛♥s ❧❛ ♥❛t✉r❡ ❞❡s ♠♦❞❡s ♣r♦✈♦q✉é❡s ♣❛r ❧❛ ❞é❢♦r♠❛t✐♦♥ ❝❡♥tr✐❢✉❣❡✳ ▼❡♥t✐♦♥♥♦♥s

é❣❛❧❡♠❡♥t q✉❡ ❞✬❛✉tr❡s ❣r♦✉♣❡s ✭❈❤❛r♣✐♥❡t ❡t ❛❧✳ ✷✵✵✽❀ ❖✉❛③③❛♥✐ ❡t ❛❧✳ ✷✵✵✾❀ ❇✉r❦❡ ❡t ❛❧✳ ✷✵✶✵❀ ❙✉àr❡③

❡t ❛❧✳ ✷✵✶✵✮ ✉t✐❧✐s❡♥t ❛✉❥♦✉r❞✬❤✉✐ ❧❡s ❢réq✉❡♥❝❡s ❝❛❧❝✉❧é❡s ❞❛♥s ❘❡❡s❡ ❡t ❛❧✳ ✭✷✵✵✻✱ ❆✷✮ ♣♦✉r ❞ét❡r♠✐♥❡r

❧❡s ❧✐♠✐t❡s ❞❡ ❧✬❛♣♣r♦❝❤❡ ♣❡rt✉r❜❛t✐✈❡ ❞❛♥s ❞✐✛ér❡♥t❡s ❝♦♥✜❣✉r❛t✐♦♥s s♣é❝✐✜q✉❡s✳

P♦✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❞❡ ❜❛s ❞❡❣ré✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧❛ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s

❞é♣❡♥❞ ❢♦rt❡♠❡♥t ❞✉ ❞♦♠❛✐♥❡ ❞❡ ❢réq✉❡♥❝❡ ❝♦♥s✐❞éré ✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✶✵✱❆✸✮✳ P♦✉r ❧❡s ❜❛s ♦r❞r❡s r❛❞✐❛✉①

❝✬❡st✲à✲❞✐r❡ ❧❡s ♠♦❞❡s ❣ ❞❡ ♣❧✉s ❤❛✉t❡✲❢réq✉❡♥❝❡✱ ❧❡ ❞♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❡st s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ♣❧✉s ét❡♥❞✉

q✉❡ ♣♦✉r ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s✳ ▲❛ ♠ét❤♦❞❡ ♣❡rt✉r❜❛t✐✈❡ ❛✉ s❡❝♦♥❞ ♦r❞r❡ ❡st ❡♥ ❡✛❡t ✈❛❧❛❜❧❡ ❥✉sq✉✬à

✶✵✵ ❦♠✴s ♣♦✉r ✉♥❡ γ ❉♦r❛❞✉s t②♣✐q✉❡ ❞❡ ♠❛ss❡ M = 1.55M⊙ ❡t ❞❡ r❛②♦♥ R = 1.6R⊙✱ ❡t ❥✉sq✉✬à ✶✺✵

❦♠✴s ♣♦✉r ✉♥❡ ét♦✐❧❡ ❇ ❞❡ ♠❛ss❡ M = 4M⊙ ❡t ❞❡ r❛②♦♥ R = 7R⊙✳ ❈❡❧❛ ✈❡✉t ❞✐r❡ q✉❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡

❝❡♥tr✐❢✉❣❡ ❡st ♠♦✐♥s ✐♠♣♦rt❛♥t s✉r ❧❡s ♠♦❞❡s ❣ q✉❡ s✉r ❧❡s ♠♦❞❡s ♣✳ ❯♥ ❛✉tr❡ ❡✛❡t✱ q✉✐ ✈❛ ❞❛♥s ❧❡ ♠ê♠❡

s❡♥s✱ ❡st q✉❡ ❧✬é♥❡r❣✐❡ ❞❡s ♠♦❞❡s ❣ ❡st ❝♦♥❝❡♥tré❡ ❞❛♥s ❧❡s ré❣✐♦♥s ✐♥t❡r♥❡s ❞❡ ❧✬ét♦✐❧❡ ♦ù ❧❛ ❞é❢♦r♠❛t✐♦♥

❝❡♥tr✐❢✉❣❡ s❡ ❢❛✐t ♠♦✐♥s s❡♥t✐r✳ ▲❛ s✐t✉❛t✐♦♥ ❡st ❞✐✛ér❡♥t❡ ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡s ❜❛ss❡s ❢réq✉❡♥❝❡s ✭♦✉ ❞❡s

♠♦❞❡s ❞✬♦r❞r❡ r❛❞✐❛❧ é❧❡✈é✮ ❝❛r ❧❡ ❞♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s s❡ ré❞✉✐t ❢♦rt❡♠❡♥t✳

P♦✉r ❧❛ ♠ê♠❡ ét♦✐❧❡ γ ❉♦r❛❞✉s✱ ❧❛ ♠ét❤♦❞❡ ♣❡rt✉r❜❛t✐✈❡ à ❧✬♦r❞r❡ ✷ ♥✬❡st ♠❛✐♥t❡♥❛♥t ✈❛❧✐❞❡ q✉❡ ❥✉sq✉✬à
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❋✐❣✳ ✷✳✺ ✕ ❉♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✉ ♣r❡♠✐❡r ✭❜❧❡✉✮✱ ❞❡✉①✐è♠❡ ✭✈❡rt✮ ❡t tr♦✐✲
s✐è♠❡ ✭r♦✉❣❡✮ ♦r❞r❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣ré❝✐s✐♦♥
❞❡ ❈♦r♦t ✭✵✳✵✽ µ❍③✮ ❡t ✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ δ ❙❝✉t✐ ✭M = 1.9M⊙, R = 2.3R⊙✮✳ ▲❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s
❛❝♦✉st✐q✉❡s ℓ = 1 − 3, n ≤ 10, m = −ℓ, ...,+ℓ, ♦♥t été s✉✐✈✐❡s ❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡ ❥✉sq✉✬à
Ω/ΩK = 0.59✳
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❋✐❣✳ ✷✳✻ ✕ ❉♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✉ ♣r❡♠✐❡r ✭✈❡rt✮✱ ❞❡✉①✐è♠❡ ✭r♦✉❣❡✮ ❡t
tr♦✐s✐è♠❡ ✭❜❧❡✉✮ ♦r❞r❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❝♦rr❡s♣♦♥❞❛♥t à ❧❛ ♣ré❝✐s✐♦♥
❞❡ ❈♦r♦t ✭✵✳✶ µ❍③✮ ❡t ✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ γ ❉♦r❛❞✉s ✭M = 1.55M⊙, R = 1.6R⊙✮✳ ▲❡s ❢réq✉❡♥❝❡s ❞❡s
♠♦❞❡s ❞❡ ❣r❛✈✐té ℓ = 1✱ n = 1✕✶✹✱ m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥ ❤❛✉t à ❣❛✉❝❤❡✮✱ ℓ = 2✱ n = 1✕✺✱ ✶✻✕✷✵✱
m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥ ❤❛✉t à ❞r♦✐t❡✮ ❡t ℓ = 3✱ n = 1✕✺✱ ✶✻✕✷✵✱ m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥ ❜❛s à ❣❛✉❝❤❡✮
♦♥t été s✉✐✈✐❡s ❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡ ❥✉sq✉✬à Ω/ΩK = 0.71✳ ▲❛ ❝♦✉r❜❡ ω = 2Ω ❡st r❡♣rés❡♥té❡ ❡♥
♠❛❣❡♥t❛✳
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50 ❦♠ s−1✳ ❖♥ ♦❜s❡r✈❡ ❡♥ ❢❛✐t q✉❡ ❧❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s s♦♥t s②sté♠❛t✐q✉❡♠❡♥t ✐♥♦♣ér❛♥t❡s ♣♦✉r

❞❡s ❢réq✉❡♥❝❡s ✐♥❢ér✐❡✉r❡s à 2Ω ✭❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ❝♦✉r❜❡ ω = 2Ω s✉r ❧❛ ❋✐❣✉r❡ ✷✳✻✮✳ ❈❡❧❛ ❡st ❞✉ ❛✉

❢❛✐t q✉❡ ❧❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ♥❡ ♣r❡♥♥❡♥t ♣❛s ❡♥ ❝♦♠♣t❡ ❧❛ ♠♦❞✐✜❝❛t✐♦♥ ❞❡ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ ❝❛✈✐té

rés♦♥❛♥t❡ ✐♥❞✉✐t❡ ♣❛r ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s s✉r ❧❡s ♠♦❞❡s s✉❜✲✐♥❡rt✐❡❧s ✭ω < 2Ω✮✳ ❖♥ ♠♦♥tr❡ ❡♥ ❡✛❡t✱ s♦✐t

♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s ✭❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✷✵✵✵✮✱ s♦✐t ♣❛r ❧✬❛♣♣r♦❝❤❡ ❲❑❇ ✭Pr❛t ✷✵✶✵✮✱

q✉❡ ❝❡s ♠♦❞❡s s♦♥t ❝♦♥✜♥és ❞❛♥s ✉♥❡ ré❣✐♦♥ éq✉❛t♦r✐❛❧❡ ❞❡ ❧❛ ❢♦r♠❡ θ > θc = arccos [ω/(2Ω)]✳ ❈❡tt❡

❞✐♠✐♥✉t✐♦♥ ❞✉ ✈♦❧✉♠❡ ❞❡ ❧❛ ❝❛✈✐té rés♦♥❛♥t❡ ❛ ✉♥ ❡✛❡t ❞✐r❡❝t s✉r ❧❡s ❢réq✉❡♥❝❡s✱ q✉✐ ♥✬❡st ❛♣♣❛r❡♠♠❡♥t

♣❛s ♣r✐s ❡♥ ❝♦♠♣t❡ ♣❛r ❧❛ ♠ét❤♦❞❡ ♣❡rt✉r❜❛t✐✈❡✳

✷✳✷✳✹ ❉é❝♦✉✈❡rt❡ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ♦r❣❛♥✐s❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡

▲❛ str✉❝t✉r❡ ❞✉ s♣❡❝tr❡ ❞❡s ét♦✐❧❡s à ❢❛✐❜❧❡ r♦t❛t✐♦♥ ❡st ❝❛r❛❝tér✐sé❡ ♣❛r ❞❡s ❡s♣❛❝❡♠❡♥ts ré❣✉❧✐❡rs

❡♥tr❡ ❢réq✉❡♥❝❡s ✭♣♦✉r ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞❡ ❤❛✉t❡✲❢réq✉❡♥❝❡✮ ♦✉ ❡♥tr❡ ♣ér✐♦❞❡s ✭♣♦✉r ❧❡s ♠♦❞❡s

❞❡ ❣r❛✈✐té ❞❡ ❜❛ss❡ ❢réq✉❡♥❝❡✮✳ ❈❡s ré❣✉❧❛r✐tés s♦♥t ♦❜s❡r✈é❡s ❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡ ♠♦❞❡s✲♣ ❞✉ ❙♦❧❡✐❧ ♦✉

❞❛♥s ❧❡ s♣❡❝tr❡ ❞❡ ♠♦❞❡s✲❣ ❞❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s✳ ❊❧❧❡s s♦♥t é❣❛❧❡♠❡♥t ét❛❜❧✐❡s ❛♥❛❧②t✐q✉❡♠❡♥t ♣❛r ✉♥❡

❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ ❞❡ ❧✬éq✉❛t✐♦♥ ré❣✐ss❛♥t ❧❛ ♣❛rt✐❡ r❛❞✐❛❧❡ ❞✉ ♠♦❞❡ ♣r♦♣r❡✳ ❈❡tt❡ ❛♣♣r♦①✐♠❛t✐♦♥

❝♦♥s✐st❡ à ❝❤❡r❝❤❡r ✉♥❡ s♦❧✉t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡ f(r) = A(r) exp [iΦ(r) − iωt] ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❛ ❧♦♥❣✉❡✉r

❞✬♦♥❞❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ❧✬é❝❤❡❧❧❡ ❞❡s ✐♥❤♦♠♦❣é♥é✐tés ❞✉ ♠✐❧✐❡✉

✭●♦✉❣❤ ✷✵✵✼✮✳ ❊♥ ♣❛rt✐❝✉❧✐❡r✱ ♣♦✉r ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞❡ ❜❛s ❞❡❣ré✱ ♦♥ ♦❜t✐❡♥t ❧❛ ❢♦r♠✉❧❡ ❞✐t❡ ❞❡

❚❛ss♦✉❧ ✿

ω =
π

∫ R
0

dr
cs

(n+ (ℓ+ 1/2)/2 + α) + O
(

1

ω

)

✭✷✳✼✮

✈❛❧❛❜❧❡ à ❧✬♦r❞r❡ ③ér♦ ❡♥ 1/ω ❡t ♦ù cs ❞és✐❣♥❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ❡t R ❧❡ r❛②♦♥ ❞❡ ❧✬ét♦✐❧❡✳

▲❛ ♣r♦❝é❞✉r❡ ❞❡ s✉✐✈✐ ❞❡s ♠♦❞❡s ♥♦✉s ❛ ♣❡r♠✐s ❞❡ ❞é❝♦✉✈r✐r q✉❡ ❝❡tt❡ str✉❝t✉r❡ ❞✉ s♣❡❝tr❡ ét❛✐❡♥t

❞étr✉✐t❡ ♣❛r ❧❛ r♦t❛t✐♦♥ ♣✉✐s ♣r♦❣r❡ss✐✈❡♠❡♥t r❡♠♣❧❛❝és ♣❛r ✉♥ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ré❣✉❧❛r✐tés ❞❡ ❧❛ ❢♦r♠❡ ✿

ω = ∆n n+ ∆ℓ ℓ+ α ✭✷✳✽✮

♦ù ∆n 6= ∆ℓ/2 ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✳ ❉❡s ❝❛❧❝✉❧s à ♣❧✉s ❤❛✉t❡s ❢réq✉❡♥❝❡s ✭20 < n < 30✮✱ ❡✛❡❝t✉és

♣♦✉r ✉♥❡ r♦t❛t✐♦♥ ❞♦♥♥é❡✱ ♦♥t ❡♥s✉✐t❡ ❝♦♥✜r♠é ❧❡ ❝❛r❛❝tèr❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❝❡s ré❣✉❧❛r✐tés ✭▲✐❣♥✐èr❡s

✫ ●❡♦r❣❡♦t ✷✵✵✽✱ ❆✻✮✳ ❈✬❡st ✐♠♣♦rt❛♥t ❝❛r s✐ ❧❛ ♣r♦♣r✐été tr❛❞✉✐t ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❞✉
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s②stè♠❡✱ ❡❧❧❡ ❡st ❣é♥ér❛❧✐s❛❜❧❡ à ❞✬❛✉tr❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡ ✭t❛♥t q✉❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ r❡st❡ ✈❛❧❛❜❧❡

♣♦✉r ❝❡s ♠♦❞è❧❡s✮✳ P✉✐s✱ ❞❛♥s ❘❡❡s❡ ❡t ❛❧✳ ✭✷✵✵✽✱ ❆✹✮✱ ❝❡s rés✉❧t❛ts ♦♥t été ét❡♥❞✉s ❛✉① ♠♦❞❡s ♥♦♥✲

❛①✐s②♠étr✐q✉❡s ❀ ✐❧ ❛ été ♠♦♥tré à ❝❡tt❡ ♦❝❝❛s✐♦♥ q✉❡✱ ❝♦♠♠❡ ♦♥ s✬② ❛tt❡♥❞❛✐t✱ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s ❡t

❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ♥❡ ♠♦❞✐✜❛✐❡♥t ♣❛s ❧❡s rés✉❧t❛ts✳ ❋✐♥❛❧❡♠❡♥t✱ ❞❛♥s ❘❡❡s❡

❡t ❛❧✳ ✭✷✵✵✾✮✱ ❝❡s rés✉❧t❛ts ♦♥t été ❝♦♥✜r♠és ♣♦✉r ❞❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡ ♣❧✉s ré❛❧✐st❡s ❛✈❡❝ ♦✉ s❛♥s r♦t❛t✐♦♥

❞✐✛ér❡♥t✐❡❧❧❡✳ P❛r ❛♥❛❧♦❣✐❡ ❛✈❡❝ ❧❡ ❝❛s s❛♥s r♦t❛t✐♦♥✱ ❧✬❡①✐st❡♥❝❡ ❞❡ ❝❡ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ré❣✉❧❛r✐tés ❡t s♦♥

❝❛r❛❝tèr❡ ❛s②♠♣t♦t✐q✉❡ s✉❣❣ér❛✐t q✉❡ ❧❛ ♥♦✉✈❡❧❧❡ ♦r❣❛♥✐s❛t✐♦♥ ♣♦✉✈❛✐t êtr❡ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞✬✉♥❡ t❤é♦r✐❡

❛s②♠♣t♦t✐q✉❡✱ ♠ê♠❡ s✐ ❧❛ ❢❛ç♦♥ ❞❡ ❣é♥ér❛❧✐s❡r ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ❚❛ss♦✉❧ ❛✉ ❝❛s ❞✬✉♥❡ ét♦✐❧❡

❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ♥✬ét❛✐t ♣❛s ❝♦♥♥✉❡✳ ▲❛ ❙❡❝t✳ ✷✳✸ ❞é❝r✐t ❧❛ ❝♦♥str✉❝t✐♦♥ ❞✬✉♥❡ t❡❧❧❡ t❤é♦r✐❡ à ♣❛rt✐r ❞❡

❧✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✾✱ ❆✼✮✳

❉❡ ♠ê♠❡✱ ♥♦s tr❛✈❛✉① ré❝❡♥ts s✉r ❧❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ♠♦♥tr❡♥t q✉❡ ❧❛ str✉❝t✉r❡ ❡♥ ♣ér✐♦❞❡ ❞✉

s♣❡❝tr❡ à r♦t❛t✐♦♥ ♥✉❧❧❡ ❡st é❣❛❧❡♠❡♥t ❞étr✉✐t❡ à r♦t❛t✐♦♥ é❧❡✈é❡ ✭❇❛❧❧♦t ❡t ❛❧✳ ✷✵✵✾✮✳ ❊❧❧❡ ❡st r❡♠♣❧❛❝é❡

♣❛r ✉♥❡ ♥♦✉✈❡❧❧❡ str✉❝t✉r❡ q✉❡ ♥♦✉s s♦♠♠❡s ❡♥ tr❛✐♥ ❞❡ ❝❛r❛❝tér✐s❡r✳ ◆♦✉s ❛✈♦♥s ♥é❛♥♠♦✐♥s ❞é❥à ♦❜s❡r✈é

q✉❡ ❝❡tt❡ str✉❝t✉r❡ ❛ ✉♥❡ ❢♦r♠❡ s✐♠✐❧❛✐r❡ q✉♦✐q✉❡ ❞✐✛ér❡♥t❡ à ❝❡❧❧❡ q✉❡ ❧✬♦♥ tr♦✉✈❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡

❧✬❛♣♣r♦①✐♠❛t✐♦♥ tr❛❞✐t✐♦♥♥❡❧❧❡✳ ❈❡❧❛ s✉❣❣èr❡ ❞❡ ♥♦✉✈❡❛✉ q✉✬✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ♣♦✉rr❛✐t r❡♥❞r❡

❝♦♠♣t❡ ❞❡ ❝❡ ❝♦♠♣♦rt❡♠❡♥t✱ ❝❡ q✉✐ ♥♦✉s ❛ ❝♦♥❞✉✐t à ❞é♠❛rr❡r ✉♥❡ ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s

❞❡ ❣r❛✈✐té ✭✈♦✐r ❙❡❝t✳ ✺✳✶✳✹✮✳

❆✉ ❞❡❧à ❞❡ ❧❡✉r ✐♥t❡r♣rét❛t✐♦♥ ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s✱ ❝❡s ré❣✉❧❛r✐tés s♦♥t ❛♣♣❡❧é❡s

à ❥♦✉❡r ✉♥ rô❧❡ ❡ss❡♥t✐❡❧ ❞❛♥s ❧❛ s✐s♠♦❧♦❣✐❡ ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❉ét❡❝té❡s ❞❛♥s ✉♥ s♣❡❝tr❡

❞❡ ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✱ ❡❧❧❡s ❢♦✉r♥✐r❛✐❡♥t ❞❡s ✐♥❢♦r♠❛t✐♦♥s ❛ ♣r✐♦r✐✱ ❝r✉❝✐❛❧❡s ♣♦✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s

♠♦❞❡s✳ ◆♦✉s r❡✈✐❡♥❞r♦♥s s✉r ❝❡ ♣♦✐♥t ❞❛♥s ❧❛ ❙❡❝t✳ ✺✳✶✳✶ ✉♥❡ ❢♦✐s q✉❡ ♥♦✉s ❛✉r♦♥s ✉♥❡ ♠❡✐❧❧❡✉r❡ ✐❞é❡ ❞❡

❧❛ str✉❝t✉r❡ ❣❧♦❜❛❧❡ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡✳

✷✳✸ ❯♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❜❛sé❡ s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s

❉❛♥s ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ ❛♣♣❧✐q✉é❡ à ❧✬éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♦r❞✐♥❛✐r❡

✈ér✐✜é❡ ♣❛r ❧❛ ❝♦♠♣♦s❛♥t❡ r❛❞✐❛❧❡ ❞✉ ♠♦❞❡ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ✉♥❡ s♦❧✉t✐♦♥ ❛♥❛❧②t✐q✉❡ ❞❡s ♠♦❞❡s ♣r♦♣r❡s✳

◆♦✉s ❛❧❧♦♥s ✈♦✐r q✉❡✱ ❛♣♣❧✐q✉é❡ ❛✉ ❝❛s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✱ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇ ♠è♥❡ ♥❛t✉r❡❧✲

❧❡♠❡♥t à ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s✳ ◆♦✉s ❝❤❡r❝❤♦♥s ❞♦♥❝ ✉♥❡ s♦❧✉t✐♦♥ ❞❡ t②♣❡ ♦♥❞❡ A(~x) exp[iΦ(~x)− iωt]

❞❡s éq✉❛t✐♦♥s ❞❡s ♣❡t✐t❡s ♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s ❞❛♥s ❧❛ ❧✐♠✐t❡ ♦ù ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝❛r❛❝tér✐st✐q✉❡
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❞❡ ❝❡tt❡ s♦❧✉t✐♦♥ λ = 2π/|~∇Φ(~x)| ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ❧✬é❝❤❡❧❧❡ L ❞❡s ✐♥❤♦♠♦❣é♥é✐tés ❞❡ ❧❛ str✉❝t✉r❡

❞❡ ❧✬ét♦✐❧❡✳ Φ(~x) ❡st ✐❝✐ ✉♥❡ ♣❤❛s❡ ❣é♥ér❛❧✐sé❡ q✉❡ ❧✬♦♥ ♣❡✉t ❛ss♦❝✐❡r à ✉♥ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❧♦❝❛❧ ~k = ~∇Φ✳

❯♥ ❞é✈❡❧♦♣♣❡♠❡♥t ❛s②♠♣t♦t✐q✉❡ ❡♥ Λ = L/λ ❞❡ ❧❛ s♦❧✉t✐♦♥ s♦✉s ❧❛ ❢♦r♠❡ ✿

Φ = Λ(Φ0 +
1

Λ
Φ1...) A = A0 +

1

Λ
A1... ✭✷✳✾✮

❝♦♥❞✉✐t à ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t à ✉♥❡ éq✉❛t✐♦♥ s✉r Φ0 ✉♥✐q✉❡♠❡♥t ✭❝✬❡st ❧✬éq✉❛t✐♦♥ ✐❝♦♥❛❧❡✮ ❡t à ❧✬♦r❞r❡

s✉✐✈❛♥t à ✉♥❡ éq✉❛t✐♦♥ r❡❧✐❛♥t A0 ❡t Φ0✱ ❡t ❞♦♥❝ à ✉♥❡ s♦❧✉t✐♦♥ A0(~x) exp[iΦ0(~x) − iωt]✳

❉❛♥s ❧❡ ❝❛s ❣é♥ér❛❧ ❧✬éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ ❝♦♥t✐❡♥t ❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞✬♦♥❞❡ ♣rés❡♥t❡s ❞❛♥s ❧❡ ♠✐❧✐❡✉ à

s❛✈♦✐r✱ ❧❡s ♦♥❞❡s ✐♥❡rt✐❡❧❧❡s✱ ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ❡t ❧❡s ♦♥❞❡s s♦♥♦r❡s ✭✈♦✐r ❙❡❝t✳ ✺✳✶✳✹✮✳ ❙✐ ♦♥ s✉♣♣♦s❡ q✉❡

❧❛ ❢réq✉❡♥❝❡ ω ❡st ❞❡ ❧✬♦r❞r❡ ❞❡ Λ✱ ♦♥ ♦❜t✐❡♥t ❛❧♦rs ✉♥❡ éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ ♣♦✉r ❧❡s ♦♥❞❡s s♦♥♦r❡s s❡✉❧❡s ✿

ω2 = c2s(
~∇Φ0)

2 + ω2
c ✭✷✳✶✵✮

♦ù ωc✱ q✉✐ ❛✉❣♠❡♥t❡ ❢♦rt❡♠❡♥t ♣rès ❞❡ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡✱ ♣❡r♠❡t ❞❡ ♠❛✐♥t❡♥✐r ❧❡s ♦♥❞❡s ❞❡ ❢réq✉❡♥❝❡

ω < ωc à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡✳

P❧✉tôt q✉❡ ❞❡ ❝❤❡r❝❤❡r ✉♥❡ s♦❧✉t✐♦♥ ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ❛✉① ❞ér✐✈é❡s ♣❛rt✐❡❧❧❡s ❞✐r❡❝t❡♠❡♥t ✈❛❧❛❜❧❡

❞❛♥s t♦✉t ❧✬❡s♣❛❝❡✱ ❧✬❛♣♣r♦❝❤❡ ❞❡s r❛②♦♥s ❝♦♥s✐st❡ à ❧❛ rés♦✉❞r❡ ❧❡ ❧♦♥❣ ❞❡ tr❛❥❡❝t♦✐r❡s ♣❛rt✐❝✉❧✐èr❡s✸ ~x(t)✳

▲❛ s♦❧✉t✐♦♥ ❞❡ ❊q✳ ✭✷✳✶✵✮ ❧❡ ❧♦♥❣ ❞✬✉♥ ❝❤❡♠✐♥ ✿

d~x

ds
= ~k ✭✷✳✶✶✮

s✬é❝r✐t ✿
d~k

ds
= ~∇

(

1

2c2s
(ω2 − ω2

c )

)

✭✷✳✶✷✮

♦ù s ❡st r❡❧✐é à ❧✬❛❜s❝✐ss❡ ❝✉r✈✐❧✐❣♥❡ σ ♣❛r ds = csdσ/(ω
2 − ω2

c )
1/2✳ ❯♥❡ ♣r♦♣r✐été ❡ss❡♥t✐❡❧❧❡✱ ✈❛❧❛❜❧❡

♣♦✉r ✉♥❡ éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ ❣é♥ér❛❧❡ ❞✉ t②♣❡ D(~x, ~∇Φ, ω) = 0✱ ❡st q✉✬✐❧ ❡st t♦✉❥♦✉rs ♣♦ss✐❜❧❡ ❞❡ ❝❤♦✐s✐r

✉♥ ❝❤❡♠✐♥ t❡❧ q✉❡ ❧❡s éq✉❛t✐♦♥s q✉✐ ré❣✐ss❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡ ~x ❡t ~k = ~∇Φ s❡ ♠❡tt❡♥t s♦✉s ✉♥❡ ❢♦r♠❡

❍❛♠✐❧t♦♥✐❡♥♥❡ ✭✈♦✐r ❖tt ✭✶✾✾✸✮ ♦✉ ▲✐❣♥✐èr❡s ✭✷✵✶✵✱ ❆✺✮ ♣♦✉r ✉♥❡ ❞é♠♦♥str❛t✐♦♥✮✳ ❈✬❡st ❞é❥à é✈✐❞❡♥t

♣♦✉r ❧❡s éq✉❛t✐♦♥s ❝✐✲❞❡ss✉s ♣✉✐sq✉❡ ❧✬éq✉❛t✐♦♥ ❊q✳ ✭✷✳✶✷✮ ❛ ❧❛ ❢♦r♠❡ ❞❡ ❧❛ s❡❝♦♥❞❡ ❧♦✐ ❞❡ ◆❡✇t♦♥✱ ♦ù

✸❞❛♥s ✉♥ ✈♦❝❛❜✉❧❛✐r❡ ♠❛t❤é♠❛t✐q✉❡✱ ❝✬❡st ✉♥❡ s♦❧✉t✐♦♥ ❛✉① ❝❛r❛❝tér✐st✐q✉❡s✳



✷✳✸✳ ❯◆❊ ❚❍➱❖❘■❊ ❆❙❨▼P❚❖❚■◗❯❊ ❇❆❙➱❊ ❙❯❘ ▲❆ ❉❨◆❆▼■◗❯❊ ❉❊❙ ❘❆❨❖◆❙ ✸✺

W = − 1
2c2s

(

ω2 − ω2
c

)

❡st ❧❡ ♣♦t❡♥t✐❡❧ ❞♦♥t ❞ér✐✈❡ ❧❛ ❢♦r❝❡✳ ■❧ s✬❛❣✐t ❡♥ ❧✬♦❝❝✉rr❡♥❝❡ ❞✬✉♥ ♣✉✐ts ❞❡ ♣♦t❡♥t✐❡❧

q✉✐ ♣❡r♠❡t ❞❡ ❝♦♥s❡r✈❡r ❧❡s r❛②♦♥s à ❧✬✐♥tér✐❡✉r ❞❡ ❧✬ét♦✐❧❡✳

▲❛ ♣r♦❝é❞✉r❡ q✉❡ ♥♦✉s ✈❡♥♦♥s ❞❡ ❞é❝r✐r❡ ❡st ❝❧❛ss✐q✉❡ ❡♥ ♣❤②s✐q✉❡ ❞❡s ♦♥❞❡s ♣✉✐sq✉❡ ❝✬❡st ❡❧❧❡ q✉✐

♣❡r♠❡t ❞❡ ❞é❝r✐r❡ ❧❡s ♦♥❞❡s é❧❡❝tr♦♠❛❣♥ét✐q✉❡s ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡ ❧✬♦♣t✐q✉❡ ❣é♦♠étr✐q✉❡ ♦✉ ❧❡s s②stè♠❡s

q✉❛♥t✐q✉❡s ❞❛♥s ❧❡✉r ❧✐♠✐t❡ ❝❧❛ss✐q✉❡✳ ▼❛✐s ✐❧ ❡st ✐♠♣♦rt❛♥t ❞❡ s❡ r❛♣♣❡❧❡r q✉❡ ♥♦✉s ❝❤❡r❝❤♦♥s ❞❡s ♠♦❞❡s

❝✬❡st✲à✲❞✐r❡ ❞❡s ♦♥❞❡s st❛t✐♦♥♥❛✐r❡s ❡t q✉❡ ❧✬ét✉❞❡ ❞❡s r❛②♦♥s✱ q✉✐ r❡♣rés❡♥t❡♥t ❞❡s ♦♥❞❡s ♣r♦❣r❡ss✐✈❡s ❞❡

♣❡t✐t❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡✱ ♥❡ ✈❛ ♣❛s ♥♦✉s ❞♦♥♥❡r ❞✐r❡❝t❡♠❡♥t ❧❛ ré♣♦♥s❡ s♦✉❤❛✐té❡✳ ■❧ ❢❛✉❞r❛ tr♦✉✈❡r✱ ❡t

❝✬❡st ❧à t♦✉t❡ ❧❛ ❞✐✣❝✉❧té ❞❡ ❧❛ t❤é♦r✐❡✱ ✉♥ ♠♦②❡♥ ❞✬♦❜t❡♥✐r ❝❡s ♠♦❞❡s à ♣❛rt✐r ❞✬✉♥❡ ♦✉ ♣❧✉s✐❡✉rs ♦♥❞❡s

♣r♦❣r❡ss✐✈❡s ✐♥t❡r❢ér❛♥t ❝♦♥str✉❝t✐✈❡♠❡♥t✳ ❈♦♠♠❡ ♥♦✉s ❧❡ ✈❡rr♦♥s ❞❛♥s ❧❛ s✉✐t❡✱ ♥♦✉s ❛✈♦♥s ♣r♦✜té ❞✉

❢❛✐t q✉❡ ❝❡tt❡ q✉❡st✐♦♥ ❛ été ❝♦♥s✐❞éré❡ ❞❛♥s ❧❡ ❝♦♥t❡①t❡ ❞❡ ❧❛ ♠é❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ❡t ❞❡ ❧✬ét✉❞❡ ❞❡ s♦♥

❧✐❡♥ ❛✈❡❝ ❧❛ ♠é❝❛♥✐q✉❡ ❝❧❛ss✐q✉❡✳

▼❛✐s ❞❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✐❧ ♥♦✉s ❢❛✉t ❞é❥à ❝♦♠♣r❡♥❞r❡ q✉❡❧ ❡st ❧✬❡✛❡t ❞❡ ❧❛ r♦t❛t✐♦♥ s✉r ❧❛

❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❛❝♦✉st✐q✉❡s ❡t ♥♦✉s ✉t✐❧✐s❡r♦♥s ♣♦✉r ❝❡❧❛ ❧❡s r❡ss♦✉r❝❡s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❍❛♠✐❧✲

t♦♥✐❡♥♥❡ ✭❙❡❝t✳ ✷✳✸✳✶✮✳ ◆♦✉s ♣rés❡♥t♦♥s ❡♥s✉✐t❡ s♦♥ ✐♥t❡r♣rét❛t✐♦♥ ❡♥ t❡r♠❡ ❞❡ ♣r♦♣r✐étés ❞❡s ♠♦❞❡s

✭❙❡❝t✳ ✷✳✸✳✷✮ ❡t ✜♥❛❧❡♠❡♥t ♥♦✉s ❞é❝r✐✈♦♥s ❧❛ ❝♦♥❢r♦♥t❛t✐♦♥ ❞❡ ❝❡s ♣ré❞✐❝t✐♦♥s ❛✈❡❝ ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡

❞❡s ♠♦❞❡s ✭❙❡❝t✳ ✷✳✸✳✸✮✳ ❈❡s s❡❝t✐♦♥s rés✉♠❡♥t ❧❡s rés✉❧t❛ts ❞❡s ❛rt✐❝❧❡s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✽✱ ❆✻✮

❡t ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✾✱ ❆✼✮✳

✷✳✸✳✶ ❉②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❞❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

◆♦✉s ❛✈♦♥s ♠✐s ❛✉ ♣♦✐♥t ✉♥ ❝♦❞❡ ♥✉♠ér✐q✉❡ ♣♦✉r rés♦✉❞r❡ ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥ ❊qs✳ ✭✷✳✶✶✮✲✭✷✳✶✷✮

❡t ♥♦✉s ❛✈♦♥s ét✉❞✐é ❧❡s ♣r♦♣r✐étés ❞❡s r❛②♦♥s ❛❝♦✉st✐q✉❡s ♣♦✉r ❞❡s ♠♦❞è❧❡s ♣♦❧②tr♦♣✐q✉❡s ❞✬ét♦✐❧❡ ❞❡

r♦t❛t✐♦♥ ❝r♦✐ss❛♥t❡✳ ❈♦♠♠❡ ❧✬❛ ♠♦♥tré ❧✬ét✉❞❡ ❞❡s s②stè♠❡s ❍❛♠✐❧t♦♥✐❡♥s✱ ❧❛ ♥❛t✉r❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❡st

❝❛r❛❝tér✐sé❡ ♣❛r ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (~x,~k) ❡t ❝✬❡st ❞♦♥❝ ❝❡tt❡ str✉❝t✉r❡ ❡t s♦♥ é✈♦❧✉t✐♦♥

❛✈❡❝ ❧❛ r♦t❛t✐♦♥ q✉❡ ♥♦✉s ❛✈♦♥s ét✉❞✐é❡s✳

▲❡ ♠♦②❡♥ st❛♥❞❛r❞ ♣♦✉r ❡①♣❧♦r❡r ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré✳ ❊❧❧❡

❡st ❝♦♥str✉✐t❡ ❡♥ ❞ét❡r♠✐♥❛♥t ❧✬✐♥t❡rs❡❝t✐♦♥ ❞❡s tr❛❥❡❝t♦✐r❡s ❛✈❡❝ ✉♥❡ ❤②♣❡rs✉r❢❛❝❡ ❞✉ t②♣❡ x1 = cste ❡t✱

❞✉ ❢❛✐t ❞❡ ❧❛ ❝♦♥s❡r✈❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡✱ ❛ ✉♥❡ ❞✐♠❡♥s✐♦♥ 2N − 2✱ ♦ù 2N ❡st ❧❛ ❞✐♠❡♥s✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s

♣❤❛s❡s ❡t N ❡st ❧❡ ♥♦♠❜r❡ ❞❡ ❞❡❣ré ❞❡ ❧✐❜❡rté ❞✉ s②stè♠❡✳

◆♦tr❡ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (~x,~k) ❛ ✻ ❞✐♠❡♥s✐♦♥s ✭❛✈❡❝ ◆❂✸✮ ♠❛✐s✱ ❣râ❝❡ à ❧❛ s②♠étr✐❡ ❛①✐❛❧❡ ❞✉ ♣r♦❜❧è♠❡✱

Lz = r sin θ~k · ~eφ ❧❛ ♣r♦❥❡❝t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡✱ ~L = ~r ∧ ~k✱ s✉r ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❡st ✉♥ ✐♥✈❛r✐❛♥t✱
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❡t ❧✬ét✉❞❡ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♣❡✉t ❞♦♥❝ s❡ r❛♠❡♥❡r à ❝❡❧❧❡ ❞✬✉♥ s♦✉s✲s②stè♠❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❛♥s ✉♥ ❡s♣❛❝❡

❞❡ ❞✐♠❡♥s✐♦♥✹ ✹✳ P♦✉r ❝❤❛q✉❡ ✈❛❧❡✉r ❞❡ Lz✱ ♦♥ ♣❡✉t ❞♦♥❝ ❢❛❝✐❧❡♠❡♥t ✈✐s✉❛❧✐s❡r ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡

❞❡s ♣❤❛s❡s ❝❛r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré s❡r❛ ❞❡ ❞✐♠❡♥s✐♦♥ ✷✳

▲❛ ❋✐❣✉r❡ ✷✳✼ ✐❧❧✉str❡ ❧❛ ❞é✜♥✐t✐♦♥ ❞❡ ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré r = rP ✱ ❡t ❧❡s ❋✐❣✉r❡s ✭✷✳✽✮✲✭✷✳✾✮

♠♦♥tr❡♥t ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧❡ ❝❛s Lz = 0✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé

❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♥♦r♠❛❧✐sé ♣❛r ❧❛ ❢réq✉❡♥❝❡✱ ~kθ/ω✱ ❝❛r ❛✈❡❝ ❝❡tt❡ ♥♦r♠❛❧✐s❛t✐♦♥✱ ❡t ❞❛♥s ❧❡ ré❣✐♠❡ ❞❡

❢réq✉❡♥❝❡ q✉✐ ♥♦✉s ✐♥tér❡ss❡✱ ❧❛ ❞②♥❛♠✐q✉❡ ♥❡ ❞é♣❡♥❞ ♣r❛t✐q✉❡♠❡♥t ♣❧✉s✺ ❞❡ ω✳

P♦✉r ✧❧✐r❡✧ ❝❡s s✉r❢❛❝❡s ❞❡ P♦✐♥❝❛ré✱ ✐❧ ❢❛✉t s❛✈♦✐r q✉✬✐❧ ❡①✐st❡ ❞❡✉① t②♣❡s ❞❡ str✉❝t✉r❡s ❞❛♥s ❧✬❡s♣❛❝❡

❞❡s ♣❤❛s❡s✱ ❝♦rr❡s♣♦♥❞❛♥t à ❞❡✉① t②♣❡ ❞❡ tr❛❥❡❝t♦✐r❡s✳ ▲❡s tr❛❥❡❝t♦✐r❡s ❝❤❛♦t✐q✉❡s✱ q✉✐ ♥✬♦♥t ♣❛s ❞✬❛✉tr❡s

✐♥✈❛r✐❛♥ts q✉❡ ❧✬é♥❡r❣✐❡✱ ♣❛r❝♦✉r❡♥t ❞❡ ❢❛ç♦♥ ❡r❣♦❞✐q✉❡ ❞❡s ré❣✐♦♥s ❞❡ ❞✐♠❡♥s✐♦♥ ✸✳ ▲❡s tr❛❥❡❝t♦✐r❡s

q✉✐ ♣♦ssè❞❡♥t ✉♥ ✐♥✈❛r✐❛♥t s✉♣♣❧é♠❡♥t❛✐r❡ r❡st❡♥t ❝♦♥✜♥é❡s ❞❛♥s ❞❡s str✉❝t✉r❡s ❞❡ ❞✐♠❡♥s✐♦♥ ✷ q✉❡ ❧✬♦♥

❛♣♣❡❧❧❡ ❞❡s t♦r❡s ✐♥✈❛r✐❛♥ts ✭❝❛r ♦♥ ♣❡✉t ♠♦♥tr❡r q✉❡ ❝❡s str✉❝t✉r❡s ♦♥t ❧❛ t♦♣♦❧♦❣✐❡ ❞✬✉♥ t♦r❡✮✳ ▲❛ s❡❝t✐♦♥

❞❡ P♦✐♥❝❛ré ét❛♥t ✉♥❡ ❝♦✉♣❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❧❡s t♦r❡s ✐♥✈❛r✐❛♥ts ❛♣♣❛r❛✐ss❡♥t ❝♦♠♠❡ ❞❡s ❝♦✉r❜❡s

s✉r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ❛❧♦rs q✉❡ ❧❡s ③♦♥❡s ❝❤❛♦t✐q✉❡s ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s s✉r❢❛❝❡s✳ ❈♦♠♠❡ ❧✬✐❧❧✉str❡♥t

❧❡s ❋✐❣✉r❡s ✭✷✳✽✮✲✭✷✳✾✮✱ ❧❡s ③♦♥❡s ❝❤❛♦t✐q✉❡s ❡t ❧❡s t♦r❡s ✐♥✈❛r✐❛♥ts s❡ ❞✐st✐♥❣✉❡♥t ❛✐♥s✐ ❝❧❛✐r❡♠❡♥t s✉r ❧❡s

s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré✳

❖♥ ❝♦♥st❛t❡ ❞✬❛❜♦r❞ q✉✬à r♦t❛t✐♦♥ ♥✉❧❧❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♥✬❡st ❢❛✐t q✉❡ ❞❡ t♦r❡s ✐♥✈❛r✐❛♥ts✳ ❈✬❡st ❧❛

♣r♦♣r✐été ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥ s②stè♠❡ ✐♥té❣r❛❜❧❡✻✳ ➚ ❢❛✐❜❧❡ r♦t❛t✐♦♥✱ ♦♥ ♦❜s❡r✈❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ ♣❡t✐t❡s

③♦♥❡s ❝❤❛♦t✐q✉❡s ❡t ❞❡ ♥♦✉✈❡❛✉① t♦r❡s✳ ▲❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ ❝❡♥tr❛❧❡ ❞❡✈✐❡♥t ❞❡ ♣❧✉s ❡♥ ❣r❛♥❞❡ ❛✉ ❢✉r ❡t à

♠❡s✉r❡ q✉❡ ❧❛ r♦t❛t✐♦♥ ❛✉❣♠❡♥t❡✱ ❡t ❞❛♥s ❧❡ ♠ê♠❡ t❡♠♣s✱ ❞❡✉① ❣r❛♥❞❡s str✉❝t✉r❡s ❛ss♦❝✐é❡s à ❞❡s t♦r❡s

❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ❝♦♥❝❡♥tr✐q✉❡s é♠❡r❣❡♥t ❝❧❛✐r❡♠❡♥t✳ P♦✉r ❧❡s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ kθ/ω✱ ♦♥ ♦❜s❡r✈❡ ❞❡s

❝♦✉r❜❡s ♦♥❞✉❧é❡s q✉✐ s♦♥t ❧❛ tr❛❝❡ ❞❡ t♦r❡s q✉✐ s✬❛♣♣❛r❡♥t❡♥t ❛✉① t♦r❡s ❞✉ ❝❛s s❛♥s r♦t❛t✐♦♥✳

❈❡tt❡ tr❛♥s✐t✐♦♥ ❞♦✉❝❡ ❞✬✉♥ s②stè♠❡ ✐♥té❣r❛❜❧❡ ✈❡rs ✉♥ s②stè♠❡ ♠✐①t❡ ♦ù ❞❡s tr❛❥❡❝t♦✐r❡s ❝❤❛♦t✐q✉❡s

❝♦❡①✐st❡♥t ❛✈❡❝ ❞❡s tr❛❥❡❝t♦✐r❡s ré❣✉❧✐èr❡s ❡st ❝❛r❛❝tér✐st✐q✉❡ ❞✬✉♥❡ tr❛♥s✐t✐♦♥ ❞❡ t②♣❡ ❑❆▼ ✭❞✬❛♣rès

❑♦❧♠♦❣♦r♦✈✱ ❆r♥♦❧❞✱ ▼♦s❡r q✉✐ ♦♥t ❞♦♥♥é ❧❡✉r ♥♦♠ ❛ ✉♥ t❤é♦rè♠❡ q✉✐ ❞é❝r✐t ♣ré❝✐sé♠❡♥t ❝❡tt❡ tr❛♥s✐t✐♦♥

✹❙✐ ~xM ❞és✐❣♥❡ ❧❛ ♣♦s✐t✐♦♥ ❞✉ r❛②♦♥ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥ t♦✉r♥❛♥t ❛✉t♦✉r ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ à ❧❛ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡
dφ/ds = Lz/(r sin θ)2✱ ❡t ~kM = ~k− (~k ·~eφ)~eφ ❡st ❧❡ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♣r♦❥❡té s✉r ❝❡ ♣❧❛♥ ♠ér✐❞✐❡♥✱ ❧❡ ♣r♦❜❧è♠❡ s❡ ré❞✉✐t à r❡✲

❝❤❡r❝❤❡r ❧❡s s♦❧✉t✐♦♥s ❞✉ s②stè♠❡ ♣♦✉r (~xM , ~kM )✱ ♦ù ❧❡ ♣♦t❡♥t✐❡❧ ❞❡ ❧✬❍❛♠✐❧t♦♥✐❡♥ ré❞✉✐t ❡st Wr =
L2

z

2(r sin θ)2
−

1
2c2

S

`

ω2
− ω2

c

´

✳
✺❈❡tt❡ ♣r♦♣r✐été s❡r❛✐t ❡①❛❝t❡ s✐ ❧✬éq✉❛t✐♦♥ ❞❡ ❞✐s♣❡rs✐♦♥ s❡ ré❞✉✐s❛✐t à ω = kcs✱ ❝❡ q✉✐ ❡st ❧❡ ❝❛s ❡♥ ❞❡❤♦rs ❞❡s ré❣✐♦♥s

♣r♦❝❤❡s ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡✳ ❊❧❧❡ ❡st ❡♥❝♦r❡ ❛♣♣r♦①✐♠❛t✐✈❡♠❡♥t ✈ér✐✜é❡ ♣♦✉r ω2 = k2c2
s +ω2

c ❝❛r✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ❝r♦✐ss❛♥❝❡
❛❜r✉♣t❡ ❞❡ ωc ♣rès ❞❡ ❧❛ s✉r❢❛❝❡✱ ❝❡ t❡r♠❡ ❛❣✐t ❝♦♠♠❡ ✉♥❡ ❜❛rr✐èr❡ ❞❡ ♣♦t❡♥t✐❡❧ ❡t ❧❛ ♣♦s✐t✐♦♥ ❞✉ r❡❜♦♥❞ ❞é♣❡♥❞ ♣❡✉ ❞❡ ω✳

✻ ❡♥ ♣❧✉s ❞❡ ❧✬é♥❡r❣✐❡ ❡t ❞❡ Lz✱ ❧❛ ♥♦r♠❡ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ~L ❡st ❧❡ tr♦✐s✐è♠❡ ✐♥✈❛r✐❛♥t ❀ ✐❧ ❡st ❧✐é à ❧❛ s②♠étr✐❡
s♣❤ér✐q✉❡ ❞✉ s②stè♠❡✳
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❋✐❣✳ ✷✳✼ ✕ ■♥t❡rs❡❝t✐♦♥ ❞✬✉♥ r❛②♦♥ ❛❝♦✉st✐q✉❡ ✭❡♥ ♠❛rr♦♥✮ ❛✈❡❝ ❧❛ ❝♦✉r❜❡ r = rP (θ) ✭❡♥ ♠❛❣❡♥t❛✮✳
▲❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❛♥t s✉r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ❡st s♣é❝✐✜é ♣❛r ❧❛ ❝♦❧❛t✐t✉❞❡ θ ❡t ✉♥❡ ❝♦♠♣♦s❛♥t❡
❧❛t✐t✉❞✐♥❛❧❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❛ ❢réq✉❡♥❝❡ kθ/ω✳
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❋✐❣✳ ✷✳✽ ✕ ❚r♦✐s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ♣♦✉r ❞❡s r♦t❛t✐♦♥s r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡s ♠♦♥tr❛♥t ❧❛ tr❛♥s✐t✐♦♥ ✈❡rs
❧❡ ❝❤❛♦s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❛❝♦✉st✐q✉❡s✳ ▲✬✉♥✐té ❞❡ ❧✬♦r❞♦♥♥é❡ ❡st (GM/R3

p)
−1/2 ♦ù Rp ❡st ❧❡

r❛②♦♥ ♣♦❧❛✐r❡ ❞❡ ❧✬ét♦✐❧❡✳ ➚ r♦t❛t✐♦♥ ♥✉❧❧❡✱ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡ ❡♥tr❡ ❧❡s t♦r❡s ❡t ❧❡s ♠♦❞❡s ❡st ✐♥❞✐q✉é❡✳
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❋✐❣✳ ✷✳✾ ✕ ❚r♦✐s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ♣♦✉r ❞❡s ✈❛❧❡✉rs ♣❧✉s é❧❡✈é❡s ❞❡ ❧❛ r♦t❛t✐♦♥ ✭♦♥ ♥♦t❡r❛ ❧❡ ❝❤❛♥❣❡♠❡♥t
❞✬é❝❤❡❧❧❡ ❞❡ ❧✬♦r❞♦♥♥é❡ ♣❛r r❛♣♣♦rt à ❧❛ ✜❣✉r❡ ♣ré❝é❞❡♥t❡✮✳ ▲❡s str✉❝t✉r❡s ❞♦♠✐♥❛♥t❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s
♣❤❛s❡s s♦♥t ❧❛ ❝❤❛î♥❡ ❞✬î❧♦t ❝❡♥tr❛❧❡ ❢♦r♠é❡ ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡ ✷ ❡t ✉♥❡ ❣r❛♥❞❡ ré❣✐♦♥
❝❤❛♦t✐q✉❡✳
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❋✐❣✳ ✷✳✶✵ ✕ ❙❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ✭❛✉ ❝❡♥tr❡✮ ❡t tr❛❥❡❝t♦✐r❡s ❞❡ r❛②♦♥s ❛❝♦✉st✐q✉❡s t②♣✐q✉❡s à ✉♥❡ r♦t❛t✐♦♥
Ω/ΩK = 0.59✳ ❯♥❡ tr❛❥❡❝t♦✐r❡ ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧ ✭✈❡rt✮✱ ❞❡✉① tr❛❥❡❝t♦✐r❡s ❛ss♦❝✐é❡s à ❞❡s
❝❤❛î♥❡s ❞✬î❧♦t st❛❜❧❡ ✭❜❧❡✉ ❡t ♠❛❣❡♥t❛✮ ❡t ✉♥❡ tr❛❥❡❝t♦✐r❡ ❝❤❛♦t✐q✉❡ ✭r♦✉❣❡✮ s♦♥t ♠♦♥tré❡s à ❧❛ ❢♦✐s ❞❛♥s
❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t s✉r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré✳ ▲✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡ ✷✱ ❡♥tr❡ ❧❡s ♣♦✐♥ts ♥♦té ❛ ❡t ❜✱
❡st ❛✉ss✐ ♠♦♥tré❡ ❡♥ ❥❛✉♥❡✳ ❯♥ t❡❧ ❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡st ❞✐t ♠✐①t❡ ❝❛r ❞❡s ③♦♥❡s ❝❤❛♦t✐q✉❡s ❝♦❡①✐st❡♥t
❛✈❡❝ ❞❡s t♦r❡s ✐♥✈❛r✐❛♥ts t❡❧s q✉❡ ❝❡✉① ❢♦r♠és ❛✉t♦✉r ❞❡s ♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s st❛❜❧❡s ♦✉ ❝❡✉① ❛ss♦❝✐és
❛✉① tr❛❥❡❝t♦✐r❡s ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳

❞❛♥s ❧❡ ré❣✐♠❡ ♦ù ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞✉ s②stè♠❡ ✐♥té❣r❛❜❧❡ s♦♥t ♣❡t✐t❡s✮✳ ❙✉r ❧❛ ❋✐❣✉r❡ ✷✳✶✵✱ ♦♥ ♠♦♥tr❡

❧❡s ❞✐✛ér❡♥ts t②♣❡s ❞❡ tr❛❥❡❝t♦✐r❡s ❛ss♦❝✐é❡s ❛✉① ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡✳ ❖♥ ♦❜s❡r✈❡ ❡♥

♣❛rt✐❝✉❧✐❡r q✉❡ ❧❡s t♦r❡s ❝♦♥❝❡♥tr✐q✉❡s q✉❡ ❧✬♦♥ ❛♣♣❡❧❧❡ ❡♥ ❢❛✐t ❞❡s ❝❤❛î♥❡s ❞✬î❧♦ts st❛❜❧❡s s❡ ❢♦r♠❡♥t ❛✉t♦✉r

❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ✭❝✬❡st✲à✲❞✐r❡ ✉♥❡ tr❛❥❡❝t♦✐r❡ q✉✐ r❡❜♦✉❝❧❡ s✉r ❡❧❧❡✲♠ê♠❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✮✳

❖♥ ✈♦✐t é❣❛❧❡♠❡♥t q✉❡ ❧❡s ❝♦✉r❜❡s à ❣r❛♥❞ kθ/ω ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s tr❛❥❡❝t♦✐r❡s ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣

❣❛❧❧❡r②✧✱ q✉✐ ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ♦♥t ✉♥❡ ❝❛✉st✐q✉❡ ✐♥t❡r♥❡ ❜✐❡♥ ❞é✜♥✐❡✼✳

✷✳✸✳✷ ■♥t❡r♣rét❡r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❡♥ t❡r♠❡ ❞❡ ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ✿ ❧❡s

♣ré❞✐❝t✐♦♥s ❞✉ ❝❤❛♦s q✉❛♥t✐q✉❡

▲❛ ❝♦♥str✉❝t✐♦♥ ❞❡ s♦❧✉t✐♦♥ ❞✬♦♥❞❡ st❛t✐♦♥♥❛✐r❡ à ♣❛rt✐r ❞❡s r❛②♦♥s ❛ ❞✬❛❜♦r❞ été ét✉❞✐é❡ ❡♥ ♣❤②s✐q✉❡

q✉❛♥t✐q✉❡✳ ❉❛♥s ❝❡ ❝♦♥t❡①t❡✱ ❧❛ ❧✐♠✐t❡ ❲❑❇ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r ❞é✜♥✐t ✉♥ s②stè♠❡ ❞②♥❛♠✐q✉❡

q✉✐ ❝♦rr❡s♣♦♥❞ à ❧❛ ❧✐♠✐t❡ ❝❧❛ss✐q✉❡ ❞✉ s②stè♠❡ q✉❛♥t✐q✉❡ ❞❡ ❞é♣❛rt✳ ❉❡♣✉✐s ❧❡ ♠♦❞è❧❡ ❞❡ ❇♦❤r ❞❡ ❧✬❛t♦♠❡

❞✬❍②❞r♦❣è♥❡✱ ❞❡ ♥♦♠❜r❡✉① ❡✛♦rts ♦♥t été ❡♥tr❡♣r✐s ♣♦✉r r❡❧✐❡r ❧❡s ♣r♦♣r✐étés ❝❧❛ss✐q✉❡s ❡t q✉❛♥t✐q✉❡s ❞❡s

✼❖♥ tr♦✉✈❡r❛ ♣❧✉s ❞❡ ❞ét❛✐❧s s✉r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❛♥s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✾✱ ❆✼✮✳
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s②stè♠❡s q✉❛♥t✐q✉❡s ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ♣♦✉r ❞ét❡r♠✐♥❡r s❡s ét❛ts ♣r♦♣r❡s ❡t s❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ à ♣❛rt✐r

❞❡s tr❛❥❡❝t♦✐r❡s ❝❧❛ss✐q✉❡s✳ ▲❡s ♣r❡♠✐❡rs tr❛✈❛✉① s❡ s♦♥t ❧✐♠✐tés ❛✉ ❝❛s ❞❡s s②stè♠❡s ✐♥té❣r❛❜❧❡s ❡t✱ ❞❛♥s ❝❡

❝❛s✱ ✉♥❡ ♣r♦❝é❞✉r❡ ❣é♥ér❛❧❡ ❛ été tr♦✉✈é❡ ♣♦✉r ❝❛❧❝✉❧❡r ❧❡s ét❛ts ♣r♦♣r❡s ❡t ❧❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡✳ ❈❡tt❡

♣r♦❝é❞✉r❡ ❡st ❝♦♥♥✉❡ s♦✉s ❧❡ ♥♦♠ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ s❡♠✐❝❧❛ss✐q✉❡ ❊❇❑ ✭❊✐♥st❡✐♥✱ ❇r✐❧❧♦✉✐♥ ❡t ❑❡❧❧❡r

ét❛♥t ❧❡s tr♦✐s ♣r✐♥❝✐♣❛✉① ❝♦♥tr✐❜✉t❡✉rs✮✳ ❊❧❧❡ ♠♦♥tr❡ q✉❡ ❧❡ s♣❡❝tr❡ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❞✬✉♥ s②stè♠❡

❞♦♥t ❧❛ ❞②♥❛♠✐q✉❡ s♦✉s✲❥❛❝❡♥t❡ ❡st ✐♥té❣r❛❜❧❡ ❡st ré❣✉❧✐❡r ❞❛♥s ❧❡ s❡♥s ♦ù ✐❧ ❡st ❞é❝r✐t ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥

❛♥❛❧②t✐q✉❡ ❞❡ N ❡♥t✐❡rs✳ ▲❡ ❝❛s ❞❡s s②stè♠❡s ❍❛♠✐❧t♦♥✐❡♥s ♥♦♥✲✐♥té❣r❛❜❧❡s ❛ été ❝♦♥s✐❞éré ❛✉ ❝♦✉rs ❞❡s

tr❡♥t❡ ❞❡r♥✐èr❡s ❛♥♥é❡s ❀ ✐❧ s✬❛❣✐ss❛✐t ❡♥ ♣❛rt✐❝✉❧✐❡r ❞✬ét✉❞✐❡r ❧❡s s✐❣♥❛t✉r❡s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❝❤❛♦t✐q✉❡

❞✬✉♥ s②stè♠❡ ❝❧❛ss✐q✉❡ s✉r ❧❡s ♣r♦♣r✐étés ❞✉ s②stè♠❡ q✉❛♥t✐q✉❡ ❛ss♦❝✐é✳ ❈❡ t❤è♠❡ ❞❡ r❡❝❤❡r❝❤❡ s✬❛♣♣❡❧❧❡

❧❡ ❝❤❛♦s q✉❛♥t✐q✉❡ ❡t ❛ ♣r♦❞✉✐t ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ rés✉❧t❛ts ✐♠♣♦rt❛♥ts ♥♦t❛♠♠❡♥t ❝♦♥❝❡r♥❛♥t ❧❛

st❛t✐st✐q✉❡ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡✳ ▲❡ s♣❡❝tr❡ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ♥✬❡st ♣❛s ré❣✉❧✐❡r ❝♦♠♠❡ ❞❛♥s ❧❡ ❝❛s

✐♥té❣r❛❜❧❡ ♠❛✐s ✐❧ ❛ été ♠♦♥tré ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ❡t ♥✉♠ér✐q✉❡♠❡♥t ♣♦✉r ❞✐✛ér❡♥ts s②stè♠❡s ❡♥t✐èr❡✲

♠❡♥t ❝❤❛♦t✐q✉❡s q✉❡ ❧❛ st❛t✐st✐q✉❡ ❞❡s ❞✐✛ér❡♥❝❡s ❞❡ ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ❝♦♥sé❝✉t✐❢ s✉✐t ✉♥❡ ❧♦✐ ❣é♥ér✐q✉❡✱

q✉❡ ❧✬♦♥ ♣❡✉t ❞é❞✉✐r❡ à ♣❛rt✐r ❞✬❛r❣✉♠❡♥ts ❤❡✉r✐st✐q✉❡s ♣r♦♣♦sés ♣❛r ❲✐❣♥❡r ✭✶✾✸✷✮✳ ❈❡tt❡ ❧♦✐ ❛ é❣❛❧❡✲

♠❡♥t été ♦❜s❡r✈é❡ ❞❛♥s ❞✬❛✉tr❡s s②stè♠❡s ♦♥❞✉❧❛t♦✐r❡s ❝♦♠♠❡ ❧❡s rés♦♥❛t❡✉rs ♠✐❝r♦✲♦♥❞❡s ♦✉ ❧❡s ❜❧♦❝s

❞❡ q✉❛r❦✱ ét❡♥❞❛♥t ❛✐♥s✐ ❧❛ ♥♦t✐♦♥ ❞❡ ❝❤❛♦s q✉❛♥t✐q✉❡ à ❝❡❧❧❡ ❞❡ ❝❤❛♦s ❞✬♦♥❞❡✳ ❉❡s ❞ét❛✐❧s s✉r ❧❡ ❧✐❡♥

❡♥tr❡ ❧✬éq✉❛t✐♦♥ ❞❡ ❙❝❤rö❞✐♥❣❡r st❛t✐♦♥♥❛✐r❡ ❡t ❧❡s éq✉❛t✐♦♥s ❞❡s ♦♥❞❡s s♦♥♦r❡s ✭♦✉ é❧❡❝tr♦♠❛❣♥ét✐q✉❡s✮✱

❧❛ ❞ér✐✈❛t✐♦♥ ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❍❛♠✐❧t♦♥✐❡♥♥❡ ❞❡s r❛②♦♥s ❡t ❧❡s rés✉❧t❛ts ❞❡ ❧✬❛♣♣r♦❝❤❡ s❡♠✐✲❝❧❛ss✐q✉❡

♠❡♥t✐♦♥♥és ❝✐✲❞❡ss✉s ✭q✉❛♥t✐✜❝❛t✐♦♥ ❊❇❑ ❡t ❝❤❛♦s q✉❛♥t✐q✉❡✮ ♣❡✉✈❡♥t êtr❡ tr♦✉✈é ❞❛♥s ❧❛ ✈❡rs✐♦♥ é❝r✐t❡

❞✉ ❝♦✉rs q✉❡ ❥✬❛✐ ❞♦♥♥é ♣♦✉r ❧✬é❝♦❧❡ ❞❡ s✐s♠♦❧♦❣✐❡ ❞❡ ❙❛✐♥t ❋❧♦✉r ✭▲✐❣♥✐èr❡s ✷✵✶✵✱ ❆✺✮✳

◆♦✉s ❛✈♦♥s ✈✉ ❞❛♥s ❧❛ s❡❝t✐♦♥ ♣ré❝é❞❡♥t❡ q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❛❝♦✉st✐q✉❡s ❞❛♥s ✉♥❡ ét♦✐❧❡

❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❡st ♠✐①t❡✱ ❞❡s ré❣✐♦♥s ❝❤❛♦t✐q✉❡s ❡t ❞❡s ré❣✐♦♥s q✉❛s✐✲✐♥té❣r❛❜❧❡s ✭❝❛r str✉❝t✉ré❡s ♣❛r

❞❡s t♦r❡s ✐♥✈❛r✐❛♥ts✮ ❝♦❡①✐st❛♥t ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ P♦✉r ❝❡ t②♣❡ ❞❡ s②stè♠❡✱ P❡r❝✐✈❛❧ ✭✶✾✼✸✮ ♣✉✐s

❇❡rr② ✫ ❘♦❜♥✐❦ ✭✶✾✽✹✮ ♦♥t ♣ré❞✐t q✉❡ ❧❡s ❞✐✛ér❡♥t❡s ré❣✐♦♥s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ét❛✐❡♥t q✉❛♥t✐✜é❡s

❞❡ ❢❛ç♦♥ ✐♥❞é♣❡♥❞❛♥t❡ ❞❡ t❡❧❧❡ s♦rt❡ q✉❡ ✿

✕ ▲❡s s♦✉s✲s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠♦❞❡s ❝♦♥str✉✐ts ❞❛♥s ✉♥❡ ré❣✐♦♥ q✉❛s✐✲✐♥té❣r❛❜❧❡

s♦♥t ré❣✉❧✐❡rs ❡t ♣❡✉✈❡♥t ❞♦♥❝ êtr❡ ❞é❝r✐ts ♣❛r ✉♥❡ ❢♦♥❝t✐♦♥ ❞❡ ❞❡✉① ❡♥t✐❡rs ✭tr♦✐s s✐ ♦♥ ❝♦♠♣t❡ ❧❡

♥♦♠❜r❡ ❛③✐♠✉t❛❧ m = Lz✮✳

✕ ▲❡s s♦✉s✲s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡ ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠♦❞❡s ❝♦♥str✉✐ts ❞❛♥s ✉♥❡ ré❣✐♦♥ ❝❤❛♦t✐q✉❡ s♦♥t

✐rré❣✉❧✐❡rs✱ ♠❛✐s ♣♦ssè❞❡♥t ❞❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s s♣é❝✐✜q✉❡s✳
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❆✉tr❡♠❡♥t ❞✐t✱ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s r❡✢èt❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s ♠♦❞❡s ❡t ❧❛

str✉❝t✉r❡ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡✳

▲❛ str✉❝t✉r❡ ❛s②♠♣t♦t✐q✉❡ ❞✉ s♣❡❝tr❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❛❝♦✉st✐q✉❡s ♣❡✉t ❞♦♥❝ s❡ ✧❧✐r❡✧ s✉r ❧❡s s❡❝t✐♦♥s

❞❡ P♦✐♥❝❛ré ♠♦♥tré❡s ♣❧✉s ❤❛✉t✳ Pr❡♥♦♥s ♣❛r ❡①❡♠♣❧❡ ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ✭❋✐❣✉r❡ ✷✳✶✵✮ ❝♦rr❡s♣♦♥❞❛♥t

à ✉♥❡ r♦t❛t✐♦♥ ❞❡ Ω = 0.6ΩK ✳ ❖♥ ♦❜s❡r✈❡ ✹ ♣r✐♥❝✐♣❛❧❡s ré❣✐♦♥s ❞②♥❛♠✐q✉❡♠❡♥t ✐♥❞é♣❡♥❞❛♥t❡s✱ ❧❛

❣r❛♥❞❡ ③♦♥❡ ❝❤❛♦t✐q✉❡ ❝❡♥tr❛❧❡✱ ❧❛ ❝❤❛î♥❡ ❞✬î❧♦ts st❛❜❧❡s ❝♦♥str✉✐t❡ ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ [a, b]✱

❧❛ ❝❤❛î♥❡ ❞✬î❧♦t st❛❜❧❡ ❝♦♥str✉✐t❡ ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ [a′, b′]✱ ❧❡ ❞♦♠❛✐♥❡ ❞❡s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡

kθ/ω ❝♦rr❡s♣♦♥❞❛♥t ❛✉① tr❛❥❡❝t♦✐r❡s ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧ ❡t é❣❛❧❡♠❡♥t str✉❝t✉ré ♣❛r ❞❡s t♦r❡s

✐♥✈❛r✐❛♥ts✳ ❉✬❛♣rès ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ P❡r❝✐✈❛❧ ✭✶✾✼✸✮✱ ❧❡ s♣❡❝tr❡ rés✉❧t❛♥t ❡st✱ ❞❛♥s ❧❛ ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡✱

❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ tr♦✐s s♦✉s✲s♣❡❝tr❡s ré❣✉❧✐❡rs ❛ss♦❝✐és ❛✉① tr♦✐s ré❣✐♦♥s q✉❛s✐✲✐♥té❣r❛❜❧❡s ❡t ❞✬✉♥ s♦✉s✲

s♣❡❝tr❡ ✐rré❣✉❧✐❡r ❛ss♦❝✐é à ❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡✳ ▲❡s s♦✉s✲s♣❡❝tr❡s ré❣✉❧✐❡rs ♣❡✉✈❡♥t êtr❡ ♠♦❞é❧✐sés ♣❛r ❧❛

♠ét❤♦❞❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ s❡♠✐✲❝❧❛ss✐q✉❡ ❊❇❑✳ ▲❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞✉ s♦✉s✲s♣❡❝tr❡ ❛ss♦❝✐é à ❧❛

ré❣✐♦♥ ❝❤❛♦t✐q✉❡ s♦♥t ❝♦♥♥✉❡s✳

❯♥❡ ❛✉tr❡ ♥♦t✐♦♥ ✐♠♣♦rt❛♥t❡ ❡st ❧❛ q✉❛♥t✐té ❞❡ ♠♦❞❡ q✉❡ ❧✬♦♥ ♣❡✉t ❝♦♥str✉✐r❡ ❞❛♥s ✉♥❡ ré❣✐♦♥ ❞❡

❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡✳ ❉✬❛♣rès ❧❡ t❤é♦rè♠❡ ❞❡ ❲❡②❧✱ ❝❡ ♥♦♠❜r❡ ❞é♣❡♥❞ ❞✐r❡❝t❡♠❡♥t ❞✉ ✈♦❧✉♠❡ ♦❝❝✉♣é ♣❛r ❧❛

ré❣✐♦♥✳ ❖♥ ♣❡✉t ❝♦♠♣r❡♥❞r❡ ❝❡tt❡ ♣r♦♣r✐été ❝♦♠♠❡ ✉♥❡ ❝♦♥séq✉❡♥❝❡ ❞✉ ❢❛✐t q✉✬✉♥ ♠♦❞❡✱ ❝♦♠♠❡ t♦✉t❡

❢♦♥❝t✐♦♥✱ ♥❡ ♣❡✉t êtr❡ ❧♦❝❛❧✐sé à ❧❛ ❢♦✐s ❞❛♥s ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t ❞❛♥s ❧✬❡s♣❛❝❡ s♣❡❝tr❛❧❡ ✭❞❡ ❋♦✉r✐❡r✮ ❀ ✐❧

♦❝❝✉♣❡ ❞♦♥❝ ✉♥ ✈♦❧✉♠❡ ✜♥✐✱ ❞❡ ❧✬♦r❞r❡ ❞❡ (2π)N ✱ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s (~x,~k)✳ ❇✐❡♥ q✉❡ ❧❛ s❡❝t✐♦♥ ❞❡

P♦✐♥❝❛ré ♥❡ ♥♦✉s ♠♦♥tr❡ ♣❛s ❞❡s ✈♦❧✉♠❡s ♠❛✐s ❞❡s ❝♦✉♣❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡s

s✉r❢❛❝❡s ❞♦♥♥❡ s❡♠❜❧❡✲t✲✐❧ ✉♥❡ ❜♦♥♥❡ ✐❞é❡ ❞❡s r❛♣♣♦rts ❧❡s ✈♦❧✉♠❡s✱ ❝✬❡st ❞✉ ♠♦✐♥s ❝❡ q✉❡ ♥♦✉s ❛✈♦♥s

❝♦♥st❛té ❞❛♥s ✉♥ ❝❛s ♣❛rt✐❝✉❧✐❡r✳ ❉❡ ♣❧✉s✱ ❧❡s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré s♦♥t r❡♣rés❡♥té❡s ❛✈❡❝ ❧❛ ❝♦♦r❞♦♥♥é❡

♥♦r♠❛❧✐sé❡ kθ/ω✱ ❝❡ q✉✐ ✈❡✉t ❞✐r❡ q✉❡ ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s s✉r❢❛❝❡s ❡♥ t❡r♠❡ ❞❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡ ❞é♣❡♥❞

❞✉ ❞♦♠❛✐♥❡ ❞❡ ❢réq✉❡♥❝❡ ❝♦♥s✐❞éré✳ ❙✐ ♦♥ s❡ ♣❧❛❝❡ à ❤❛✉t❡ ❢réq✉❡♥❝❡✱ ❧❡ ✈♦❧✉♠❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s

(~x,~k) ❡t ❞♦♥❝ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡ ❛ss♦❝✐é à ✉♥❡ ré❣✐♦♥ ❞♦♥♥é❡ ❞❛♥s ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré (θ, kθ/ω) s❡r❛

♣❧✉s ❣r❛♥❞✳

❖♥ ❞✐s♣♦s❡ ♠❛✐♥t❡♥❛♥t ❞❡s ♦✉t✐❧s ♥é❝❡ss❛✐r❡s à ❧✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ❡t ❞❡ ❧❡✉r

é✈♦❧✉t✐♦♥ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ✿ à ❢❛✐❜❧❡ r♦t❛t✐♦♥ Ω = 0.15ΩK ✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ❢❛♠✐❧❧❡ ❞❡ ♠♦❞❡ ❛♣♣❛r❛ît✱ ❡❧❧❡ s❡

❝♦♥str✉✐t ❛✉t♦✉r ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ♣♦❧❛✐r❡✳ ▲❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡ ❞❡ ❝❡ t②♣❡ ❞é♣❡♥❞ ❞✉ ❞♦♠❛✐♥❡ ❞❡

❢réq✉❡♥❝❡ ❝♦♥s✐❞éré✳ ❉✬❛✉tr❡s str✉❝t✉r❡s s❡ ❢♦r♠❡♥t é❣❛❧❡♠❡♥t ❛✉t♦✉r ❞✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ♣❧✉s ❧♦♥❣✉❡✱ ❡t

✉♥❡ ♠✐♥❝❡ ③♦♥❡ ❝❤❛♦t✐q✉❡ ❛♣♣❛r❛ît✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❞❛♥s ❝❡s str✉❝t✉r❡s ét❛♥t ❜❡❛✉❝♦✉♣ ♣❧✉s ❢❛✐❜❧❡
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❝❛r ❝❡❧❧❡s✲❝✐ ♥✬♦❝❝✉♣❡♥t q✉✬✉♥ ✈♦❧✉♠❡ ré❞✉✐t ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ▲♦rsq✉✬♦♥ ❛✉❣♠❡♥t❡ ❧❛ r♦t❛t✐♦♥ ❧❡

♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❝♦♥str✉✐ts ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❧❛ ♣❧✉s ❝♦✉rt❡ ❛✉❣♠❡♥t❡ ♣r♦❣r❡ss✐✈❡♠❡♥t✳ ❉❛♥s

❧❡ ♠ê♠❡ t❡♠♣s✱ ❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ ❝❡♥tr❛❧❡ ❛✉❣♠❡♥t❡ é❣❛❧❡♠❡♥t✱ ♦❝❝✉♣❛♥t ✉♥ ✈♦❧✉♠❡ ❞❡ ♣❧✉s ❡♥ ♣❧✉s

✐♠♣♦rt❛♥t✳ ❉❡s str✉❝t✉r❡s ❞❡ ♣❧✉s ♣❡t✐t❡s t❛✐❧❧❡s ♣❡✉✈❡♥t êtr❡ ♣rés❡♥t❡s à ✉♥❡ r♦t❛t✐♦♥ ❞♦♥♥é❡ ♠❛✐s ❡❧❧❡

♥❡ s✉r✈✐✈❡♥t ♣❛s ❛✉ ❞❡❧à ❞✬✉♥❡ ❝❡rt❛✐♥❡ r♦t❛t✐♦♥✳ ❊♥ r❡✈❛♥❝❤❡✱ ✐❧ ❡①✐st❡ t♦✉❥♦✉rs ✉♥❡ ③♦♥❡ ❝♦rr❡s♣♦♥❞❛♥t

❛✉① ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ kθ/ω ♦ù ❞❡s ♠♦❞❡s ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧ s♦♥t ❝♦♥str✉✐ts✳ ▼ê♠❡ s✐ ❧✬❡①t❡♥s✐♦♥ ❞❡

❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ r♦t❛t✐♦♥ t❡♥❞ à ❧❛ ❝♦♥✜♥❡r à ❞❡s ✈❛❧❡✉rs ❞❡ ♣❧✉s ❡♥ ♣❧✉s é❧❡✈é❡s ❞❡

kθ/ω✳

▲✬ét✉❞❡ ❞❡s ♠♦❞❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s s❡ ❢❛✐t ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ à ♣❛rt✐r ❞✉ ❝❛❧❝✉❧ ❡t ❞❡ ❧✬✐♥t❡r♣rét❛t✐♦♥

❞❡s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ♣♦✉r ❞❡s r❛②♦♥s à Lz 6= 0 ✭✈♦✐r ✉♥ ❡①❡♠♣❧❡ ❞❛♥s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✾✱

❆✼✮✮✳

◗✉❡❧s s♦♥t ❧❡s rés✉❧t❛ts q✉❛♥t✐t❛t✐❢s ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❄ ❊♥ ♣r✐♥❝✐♣❡✱ t♦✉t❡s ❧❡s ③♦♥❡s q✉❛s✐✲

✐♥té❣r❛❜❧❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣❡✉✈❡♥t êtr❡ q✉❛♥t✐✜é❡s ♣❛r ❧❛ ♠ét❤♦❞❡ ❊❇❑✳ ❈❡♣❡♥❞❛♥t ❧❛ ♣r♦❝é❞✉r❡

❣é♥ér❛❧❡ ❞❡♠❛♥❞❡ ❞❡ ♥♦♠❜r❡✉① ❝❛❧❝✉❧s ❞❡ r❛②♦♥s ❡t s✉rt♦✉t ❡❧❧❡ ♥❡ ❢♦✉r♥✐t ♣❛s ♥é❝❡ss❛✐r❡♠❡♥t ❞✬❡①♣r❡s✲

s✐♦♥ ❛♥❛❧②t✐q✉❡ ❞✉ s♣❡❝tr❡✳ P♦✉r ❧❡s ♠♦❞❡s ❝♦♥str✉✐ts ❛✉t♦✉r ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡✱ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé

✉♥ ❢♦r♠❛❧✐s♠❡ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ q✉✐ ♣❡r♠❡t ❞❡ tr♦✉✈❡r ❧❡s s♦❧✉t✐♦♥s st❛t✐♦♥♥❛✐r❡s ❞❡s ♦♥❞❡s é❧❡❝tr♦♠❛❣♥é✲

t✐q✉❡s ❞❛♥s ✉♥❡ ❝❛✈✐té ❧❛s❡r ✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✽✱ ❆✻✮✳ ▲❛ ❢♦r♠❡ ❞✉ s♣❡❝tr❡ q✉❡ ♥♦✉s ♦❜t❡♥♦♥s

❡st ❧❛ s✉✐✈❛♥t❡ ✿

ωnℓ = nδn + ℓδℓ + α, ✭✷✳✶✸✮

❛✈❡❝

δn =
π

∫ ❜
❛ dσ/cs

❛♥❞ δℓ = 2

∫ ❜
❛ csdσ/w

2

∫ ❜
❛ dσ/cs

✭✷✳✶✹✮

♦ù σ ❡st ❧✬❛❜s❝✐ss❡ ❝✉r✈✐❧✐❣♥❡ ❧❡ ❧♦♥❣ ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡✳ ▲❛ q✉❛♥t✐té δn ♣❡✉t êtr❡ ❝❛❧❝✉❧é❡ ❢❛❝✐❧❡♠❡♥t

❡t ❝♦rr❡s♣♦♥❞ à ❧✬✐♥✈❡rs❡ ❞✉ t❡♠♣s s♦♥♦r❡ ♣♦✉r ♣❛r❝♦✉r✐r ❧❛ ❞✐st❛♥❝❡ [a, b]✳ ❊♥ r❡✈❛♥❝❤❡✱ δℓ s✬❡①♣r✐♠❡ ❡♥

❢♦♥❝t✐♦♥ ❞❡ w(σ)✱ ❧✬é❧❛r❣✐ss❡♠❡♥t ❞✉ ❢❛✐s❝❡❛✉ ✭❧❛s❡r✮✱ q✉✐ ♣❡✉t êtr❡ ❝❛❧❝✉❧é ❡♥ rés♦❧✈❛♥t ❧❡ ❧♦♥❣ ❞❡ ❧✬♦r❜✐t❡

✉♥❡ éq✉❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ q✉✐ ❞é♣❡♥❞ ❞❡ ❧❛ ✈✐t❡ss❡ ❞✉ s♦♥ ❡t ❞❡ s❛ ❞ér✐✈é❡ s❡❝♦♥❞❡ ❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥

tr❛♥s✈❡rs❡ à ❧✬♦r❜✐t❡✳ ▲❛ ❢♦r♠❡ ❞❡s ♠♦❞❡s ❛ss♦❝✐és ❡st ✿

Φ(σ, ξ) ∝ Hℓ(
√

2ξ/w(σ)) exp(−ξ2/w(σ)2) exp(−iφ(σ, ξ)) ✭✷✳✶✺✮
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♦ù ξ ❡st ❧❛ ❝♦♦r❞♦♥♥é❡ tr❛♥s✈❡rs❡ à ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡✱ Hℓ ❡st ❧❡ ♣♦❧②♥ô♠❡ ❞✬❍❡r♠✐t❡ ❞❡ ❞❡❣ré ℓ ❡t ❧❛

♣❤❛s❡ φ(σ, ξ) ❡st ❞♦♥♥é❡ ♣❛r ✿

φ(σ, ξ) = ω

∫ σ

0
dσ′/cs − 2(ℓ+ 1)

∫ σ

0
csdσ

′/w2 + ξ2/(2csR). ✭✷✳✶✻✮

♦ù R = w/(dw/dσ) ❡st ❧❡ r❛②♦♥ ❞❡ ❝♦✉r❜✉r❡ ❞✉ ❢r♦♥t ❞✬♦♥❞❡✳

❯♥❡ ❛✉tr❡ ♣ré❞✐❝t✐♦♥ q✉❛♥t✐t❛t✐✈❡ ❝♦♥❝❡r♥❡ ❧❛ st❛t✐st✐q✉❡ ❞❡s ❞✐✛ér❡♥❝❡s ❞❡ ❢réq✉❡♥❝❡ ❝♦♥sé❝✉t✐✈❡

♣♦✉r ❧❡s ♠♦❞❡s ✐ss✉❡s ❞❡ ❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ ✭✈♦✐r ❙❡❝t✳ ✷✳✸✳✸✮✳ ❋✐♥❛❧❡♠❡♥t✱ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ❛ss♦❝✐és à

❝❤❛❝✉♥❡ ❞❡s ré❣✐♦♥s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♣❡✉t êtr❡ ❡st✐♠é ❡♥ ❝❛❧❝✉❧❛♥t ❧❡✉r ✈♦❧✉♠❡✳ ◆♦✉s ❧✬❛✈♦♥s ❢❛✐t

♣♦✉r ❧❛ ré❣✐♦♥ ❞❡s î❧♦ts st❛❜❧❡s ❡t ♣♦✉r ❧❛ ré❣✐♦♥ ❝❤❛♦t✐q✉❡ à Ω = 0.6ΩK ✳

➚ ❝❡ st❛❞❡✱ ✐❧ ♠❡ s❡♠❜❧❡ ✐♥tér❡ss❛♥t ❞❡ ❢❛✐r❡ r❡♠❛rq✉❡r q✉❡✱ ❛✉ ♠♦♠❡♥t ♦ù ♥♦✉s ❛✈♦♥s ❝♦♥str✉✐t ❧❛

❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s✱ ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s ♥❡ ♥♦✉s ❛✈❛✐t ♠♦♥tré ✧q✉❡✧ ❧❡s ♠♦❞❡s ❛ss♦❝✐és

à ❧❛ ❝❤❛î♥❡ ❞✬î❧♦ts ❝❡♥tr❛❧❡✳ ❊♥ ❡✛❡t✱ à ❝❛✉s❡ ❞❡s ❞✐✣❝✉❧tés ❞❡ ❧✬❡①♣❧♦r❛t✐♦♥ ♥✉♠ér✐q✉❡✱ ♥♦✉s ❛✈✐♦♥s ❞û

♥♦✉s ❝♦♥❝❡♥tr❡r s✉r ✉♥ ♥♦♠❜r❡ r❡str❡✐♥t ❞❡ ♠♦❞❡s ✭q✉❡ ♥♦✉s ♣❡♥s✐♦♥s êtr❡ ❧❡s ♣❧✉s ✈✐s✐❜❧❡s✮✱ ❝❡ q✉✐ ♥♦✉s

❛✈❛✐t ❢❛✐t ✧♠❛♥q✉é✧ ✉♥❡ ❜♦♥♥❡ ♣❛rt✐❡ ❞❡ ❧❛ ♣❤②s✐q✉❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞✬✉♥❡ ét♦✐❧❡ à r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥

❝♦♠♣❛r❛✐s♦♥✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ♦✛r❡ ✉♥❡ ✈✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s ❡t ❞❡ ❧❛

str✉❝t✉r❡ ❞✉ s♣❡❝tr❡ ✦

✷✳✸✳✸ ❈♦♥❢r♦♥t❛t✐♦♥ ❛✈❡❝ ❧❡ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞✬✉♥ s♣❡❝tr❡ ❤❛✉t❡✲❢réq✉❡♥❝❡ ❞❡ ♠♦❞❡s

❛❝♦✉st✐q✉❡s

◆♦✉s ❛✈♦♥s ❝♦♥❢r♦♥té ❧❡s ♣ré❞✐❝t✐♦♥s q✉❛❧✐t❛t✐✈❡s ❡t q✉❛♥t✐t❛t✐✈❡s ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❛✉①

❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❞❡s ♠♦❞❡s✳ ❈♦♠♠❡ ✐❧ s✬❛❣✐t ❞✬✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✱ ❧✬✉♥ ❞❡s ♣r✐♥❝✐♣❛✉① ❡♥❥❡✉①

❞❡ ❝❡tt❡ ❝♦♥❢r♦♥t❛t✐♦♥ ❡st ❞❡ s❛✈♦✐r s✐ ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞❡s ét♦✐❧❡s s♦♥t ❞❛♥s ✉♥❡ ❣❛♠♠❡ ❞❡ ❢réq✉❡♥❝❡

♦ù ❝❡tt❡ t❤é♦r✐❡ ❡st ✈❛❧❛❜❧❡✳ ❉❡ ♣❧✉s✱ ❧❛ ❝♦♥❥❡❝t✉r❡ ❞❡ P❡r❝✐✈❛❧ ♣♦✉r ❧❡s s②stè♠❡s ♠✐①t❡s ♣❡✉t êtr❡ r❡♠✐s❡

❡♥ ❝❛✉s❡ ♣❛r ❧❛ ♣rés❡♥❝❡ ❞❡ str✉❝t✉r❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞✐✣❝✐❧❡s à r❡♣ér❡r ❝♦♠♠❡ ❞❡s ❜❛rr✐èr❡s

♣❛rt✐❡❧❧❡s ❞❛♥s ❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ q✉✐ ❧❛✐ss❡♥t ♣❛ss❡r ❧❡s r❛②♦♥s ♠❛✐s ♣❛s ❧❡s ♦♥❞❡s ♦✉ ❡♥❝♦r❡ ♣❛r ❞❡s

❝♦♠♣♦rt❡♠❡♥ts q✉❛s✐✲ré❣✉❧✐❡rs ❞❡ ♠♦❞❡s ❝♦♥str✉✐ts ❞❛♥s ❧❡s ③♦♥❡s ❝❤❛♦t✐q✉❡s ❛✉t♦✉r ❞✬♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s

✐♥st❛❜❧❡s ✭❝♦♥♥✉s s♦✉s ❧❡ ♥♦♠ ❞❡ ✧s❝❛rs✧✮✳

❈❡tt❡ ❝♦♥❢r♦♥t❛t✐♦♥ ❛ été ❢❛✐t❡ ❡♥ ❝❛❧❝✉❧❛♥t ✉♥ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡s ♣r♦♣r❡s ❛✉ss✐ ❝♦♠♣❧❡t q✉❡

♣♦ss✐❜❧❡ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦rr❡s♣♦♥❞❛♥t à ❞❡s ♠♦❞❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ✭❝✬❡st✲à✲❞✐r❡ ❞❡s
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♦r❞r❡s r❛❞✐❛✉① ❛❧❧❛♥t ❞❡ n = 20 à n = 30✮ ♣♦✉r ✉♥❡ r♦t❛t✐♦♥ ❞♦♥♥é❡ Ω = 0.6ΩK ✳ ❊♥ ❢❛✐t✱ ❣râ❝❡ à ❧❛

str✉❝t✉r❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ♥♦✉s s❛✈♦♥s q✉✬❛✉ ❞❡❧à ❞✬✉♥❡ ❝❡rt❛✐♥❡ ✈❛❧❡✉r ❞❡ kθ/ω t♦✉s ❧❡s ♠♦❞❡s s♦♥t

❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳ ❉♦♥❝✱ ❞❛♥s ✉♥ ✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡ ❞♦♥♥é✱ s✐ ♦♥ ❝❤♦✐s✐t ✉♥❡ rés♦❧✉t✐♦♥

♥✉♠ér✐q✉❡ q✉✐ ♣❡r♠❡t ❞❡ rés♦✉❞r❡ ❞❡s ♠♦❞❡s ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✱ ♦♥ s❛✐t q✉❡ ❧✬♦♥ ♣♦✉rr❛ rés♦✉❞r❡

t♦✉s ❧❡s ♠♦❞❡s ❞❛♥s ❧❛ ré❣✐♦♥ ❞❡s ♣❧✉s ♣❡t✐t❡s ✈❛❧❡✉rs ❞❡ kθ ❞❛♥s ❧❛ ♠ê♠❡ ❣❛♠♠❡ ❞❡ ❢réq✉❡♥❝❡✳ ❉❡

♣❧✉s✱ ❧❡s ♠♦❞❡s q✉✐ ♥❡ s❡r♦♥t ♣❛s ❝❛❧❝✉❧és ❛✈❡❝ ❝❡tt❡ rés♦❧✉t✐♦♥ s♦♥t ❧❡s ♠♦❞❡s ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧

❝♦rr❡s♣♦♥❞❛♥t à ❞❡s ♣❧✉s ❣r❛♥❞❡s ✈❛❧❡✉rs ❞❡ kθ ❞♦♥❝ à ❞❡s ♣❧✉s ♣❡t✐t❡s ❧♦♥❣✉❡✉rs ❞✬♦♥❞❡ ❡♥ ❧❛t✐t✉❞❡✳ ▲❛

rés♦❧✉t✐♦♥ ✉t✐❧✐sé❡ ♣♦✉r ❝❡s ❝❛❧❝✉❧s ❛ été Lmax ❂ ✶✺✵ ❡t Nr = 100✳

◆♦✉s ❛✈♦♥s ❛✐♥s✐ ❝❛❧❝✉❧é ❞❡ ❧✬♦r❞r❡ ❞❡ ✸✵✵ ♠♦❞❡s ❛①✐s②♠étr✐q✉❡s✳ ❉❛♥s ❝❡rt❛✐♥s ❝❛s ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ s❡

❢❛✐t s❛♥s ❞✐✣❝✉❧té ❡♥ ❝♦♠♣❛r❛♥t ❧❛ tr❛❥❡❝t♦✐r❡ ❛✉ ♠♦❞❡ ❞❛♥s ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡✳ ◆é❛♥♠♦✐♥s✱ ❝❡ ♥✬❡st ♣❛s

t♦✉❥♦✉rs ❛✉ss✐ é✈✐❞❡♥t ❡t ❞❛♥s ❝❡ ❝❛s ♦♥ ♣❡✉t ✉t✐❧✐s❡r ❞❡s ❢♦♥❝t✐♦♥♥❡❧❧❡s q✉✐ ❞♦♥♥❡ ✉♥❡ r❡♣rés❡♥t❛t✐♦♥ ❞✉

♠♦❞❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ❍✉s✐♠✐ q✉✐ s✬❛♣♣❛r❡♥t❡ à ✉♥❡ ♣r♦❥❡❝t✐♦♥

❞✉ ♠♦❞❡ s✉r ✉♥❡ ❜❛s❡ ❞❡ ♣❛q✉❡ts ❞✬♦♥❞❡ ❣❛✉ss✐❡♥ exp(−‖~x′ − ~x‖2/(2∆2
x)) exp(i~k · ~x) ré♣❛rt✐s ❡♥ ❝❤❛q✉❡

♣♦✐♥t (~x,~k) ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ✭♦♥ tr♦✉✈❡r❛ ❞❡s ❞ét❛✐❧s ❞❛♥s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✾✱ ❆✼✮✮✳

❈❡tt❡ ❝❧❛ss✐✜❝❛t✐♦♥ ❛ ♣❡r♠✐s ❞❡ ❞ét❡r♠✐♥❡r ✹ ❢❛♠✐❧❧❡s ❞❡ ♠♦❞❡s ❞♦♥t ❧❡s s♣❡❝tr❡s s♦♥t r❡♣rés❡♥tés à ❧❛

❋✐❣✉r❡ ✷✳✶✶✳ ▲❛ ré❣✉❧❛r✐té ❞❡s tr♦✐s s♣❡❝tr❡s ❛ss♦❝✐és ❛✉① ré❣✐♦♥s q✉❛s✐✲✐♥té❣r❛❜❧❡s ❡st é✈✐❞❡♥t❡✳ ❉❡ ♣❧✉s✱

❧❛ ré❣✉❧❛r✐té ❞❡s ❧✐❣♥❡s ♥♦❞❛❧❡s ❝❛r❛❝tér✐s❛♥t ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡ ❝❡s ♠♦❞❡s ♣❡r♠❡t ❞✬❛ss♦❝✐❡r ❞❡✉①

♥♦♠❜r❡s ❡♥t✐❡rs ❛✉① ♠♦❞❡s✳ P♦✉r ❧❡s ♠♦❞❡s ❞✬î❧♦ts✱ ✉♥ ❞❡ ❝❡s ♥♦♠❜r❡s ❝♦rr❡s♣♦♥❞ ❛✉ ♥♦♠❜r❡ ❞❡ ♥♦❡✉❞s

❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♣❡r♣❡♥❞✐❝✉❧❛✐r❡ à ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❡t ❧✬❛✉tr❡ ❛✉ ♥♦♠❜r❡ ❞❡ ♥♦❡✉❞s ❧❡ ❧♦♥❣ ❞❡ ❧✬♦r❜✐t❡

♣ér✐♦❞✐q✉❡ ✭✈♦✐r ✉♥ ❡①❡♠♣❧❡ ❞❡ ♠♦❞❡ ❞✬î❧♦t ❋✐❣✉r❡ ✷✳✶✮✳ P♦✉r ❧❡s ♠♦❞❡s ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✱ ✐❧ s✬❛❣✐t ❞✉

♥♦♠❜r❡ ❞❡ ♥♦❡✉❞ à ❧❛ s✉r❢❛❝❡ ❡♥tr❡ θ = 0 ❡t θ = π ❡t ❞✉ ♥♦♠❜r❡ ❞❡ ♥♦❡✉❞s ❧❡ ❧♦♥❣ ❞✬✉♥ r❛②♦♥ éq✉❛t♦r✐❛❧✳

▲❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ♥❡ ♣❡✉t ♣❛s êtr❡ ❝❛r❛❝tér✐sé❡ ♣❛r ❞❡✉① ♥♦♠❜r❡s ❡♥t✐❡rs

✭✈♦✐r ❧❛ ❋✐❣✉r❡ ✷✳✷✮✳ ▲❡ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ♥❡ ♣rés❡♥t❡ ♣❛s ♥♦♥ ♣❧✉s ❞❡ ré❣✉❧❛r✐té é✈✐❞❡♥t❡

♠❛✐s✱ ❝♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ❋✐❣✉r❡ ✷✳✶✷✱ ❧❛ st❛t✐st✐q✉❡ ❞❡s ❞✐✛ér❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ✭❜✐❡♥ q✉❡ ré❞✉✐t❡ à ✉♥

é❝❤❛♥t✐❧❧♦♥ r❡❧❛t✐✈❡♠❡♥t ❧✐♠✐té ❞❡ ♠♦❞❡s✮ ❡st ♣r♦❝❤❡ ❞❡ ❧❛ st❛t✐st✐q✉❡ ❞❡ ❲✐❣♥❡r✳

❈♦♠♠❡ ♣ré✈✉ ♣❛r ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✱ ❧❡ s♣❡❝tr❡ t♦t❛❧ ❛♣♣❛r❛ît ❞♦♥❝ ❝♦♠♠❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡

s♣❡❝tr❡s ré❣✉❧✐❡rs ❡t ❞✬✉♥ s♣❡❝tr❡ ✐rré❣✉❧✐❡r✳ ▲❡ s♣❡❝tr❡ ❞❡s ♠♦❞❡s ✐ss✉s ❞❡s î❧♦ts ❝❡♥tr❛✉① ♣❡✉t s❡ ♠❡ttr❡

s♦✉s ❧❛ ❢♦r♠❡ ωnℓ = ∆n n + ∆ℓ ℓ + α ♦ù ❧❡s ♥♦♠❜r❡s ❡♥t✐❡rs ♦♥t n ❡t ℓ s♦♥t ❧❡s ♥♦♠❜r❡s ❞❡ ♥♦❡✉❞s

r❡s♣❡❝t✐✈❡♠❡♥t ❧❡ ❧♦♥❣ ❞❡ ❧✬♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ ❡t ♣❡r♣❡♥❞✐❝✉❧❛✐r❡♠❡♥t à ❝❡tt❡ ♦r❜✐t❡✳ ◆♦✉s ❛✈♦♥s ❝♦♠♣❛ré

❝❡tt❡ ✈❛❧❡✉r ❞❡ ∆n ✐ss✉❡ ❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s à ❝❡❧❧❡ ♦❜t❡♥✉❡ à ♣❛rt✐r ❞❡ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥
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s❡♠✐✲❝❧❛ss✐q✉❡ ❊q✳ ✭✷✳✶✸✮✳ ◆♦✉s tr♦✉✈♦♥s ✉♥ ❛❝❝♦r❞ à 2% ♣rès ✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✽✱ ❆✻✮✳ ■❧ ❡♥ ✈❛

❞❡ ♠ê♠❡ ♣♦✉r ❧❡s ♠♦❞❡s ❛ss♦❝✐és à ❧❛ ❞❡✉①✐è♠❡ ❝❤❛î♥❡ ❞✬î❧♦t ✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✾✱ ❆✼✮✳ ❯♥❡ ❛✉tr❡

❝♦♠♣❛r❛✐s♦♥ q✉❛♥t✐t❛t✐✈❡ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❛ été ♦❜t❡♥✉❡ ❡♥ ❝♦♠♣❛r❛♥t ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s

q✉❡ ♥♦✉s ❛✈♦♥s ❛ss♦❝✐és ❛✈❡❝ ✉♥❡ ré❣✐♦♥ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❛✈❡❝ ❧✬❡st✐♠❛t✐♦♥ ❞❡ ❝❡ ♥♦♠❜r❡ ❞♦♥♥é❡ ♣❛r

❧❡ ✈♦❧✉♠❡ ❞❡ ❝❡tt❡ ré❣✐♦♥✳ ❉❛♥s ❧❛ ❣❛♠♠❡ ❞❡ ❢réq✉❡♥❝❡ ❝♦♥s✐❞éré✱ ✷✼✻ ♠♦❞❡s ❝❛❧❝✉❧és ♥✉♠ér✐q✉❡♠❡♥t

♦♥t été ❝❧❛ssés ❝♦♠♠❡ ❛♣♣❛rt❡♥❛♥t à ❧❛ ré❣✐♦♥ ❝❡♥tr❛❧❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❞é❧✐♠✐té❡ ♣❛r ❧❡ ❞♦♠❛✐♥❡

❞❡s ♠♦❞❡s ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳ ▲❡ ❝❛❧❝✉❧ ❞✉ ✈♦❧✉♠❡ ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❝♦rr❡s♣♦♥❞❛♥t ❞♦♥♥❡ ✷✼✵

± ✽ ♠♦❞❡s ✭❧✬✐♥t❡r✈❛❧❧❡ ❞✬❡rr❡✉r ❡st ❞✉ ❛✉ ❢❛✐t q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé ✉♥❡ ♠ét❤♦❞❡ ♣r♦❜❛❜✐❧✐st❡✱ ✉♥❡

✐♥té❣r❛t✐♦♥ ❞❡ t②♣❡ ▼♦♥t❡✲❈❛r❧♦✱ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ✈♦❧✉♠❡s ❞❡ ❧✬❡s♣❛❝❡ à ❞✐♠❡♥s✐♦♥ ✹✮✳ ▲✬❛❝❝♦r❞ ❡st très

❜♦♥✱ ♠❡✐❧❧❡✉r q✉❡ ❝❡❧✉✐ q✉❡ ❧✬♦♥ tr♦✉✈❡ ❡♥ s❡ r❡str❡✐❣♥❛♥t à ❧❛ ❝❤❛î♥❡ ❞✬î❧♦t ❝❡♥tr❛❧❡ ♣✉✐sq✉❡ ❧❡ ✈♦❧✉♠❡ ❞❡

❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡ ❞♦♥♥❡ 34 ± 2 ♠♦❞❡s ❛❧♦rs q✉❡ 50 ♠♦❞❡s ♦♥t été ❝❧❛ssés ❝♦♠♠❡ ❛♣♣❛rt❡♥❛♥t à ❝❡tt❡

str✉❝t✉r❡ ✭❧❡s ♣♦ss✐❜❧❡s r❛✐s♦♥s ❞❡ ❝❡tt❡ ❞✐✛ér❡♥❝❡ s♦♥t ❞✐s❝✉té❡s ❞❛♥s ✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✾✱ ❆✼✮✮✳

●❧♦❜❛❧❡♠❡♥t ✐❧ ② ❛ ✉♥ très ❜♦♥ ❛❝❝♦r❞✱ q✉❛❧✐t❛t✐❢ ❡t q✉❛♥t✐t❛t✐❢✱ ❡♥tr❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❡t ❧❡

❝❛❧❝✉❧ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s ♣♦✉r ❧❡ ❝❛s q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ✭❞♦♠❛✐♥❡ ❞❡ ❢réq✉❡♥❝❡s ❞❡ ♠♦❞❡s✲♣

❞❡ t②♣❡ s♦❧❛✐r❡✱ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ à ❧❛ r♦t❛t✐♦♥ Ω = 0.6ΩK✮✳ ▼❛✐s ♦♥ ♣❡✉t s❡ ❞❡♠❛♥❞❡r

❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❝❡t ❛❝❝♦r❞ ♣❡✉t êtr❡ ét❡♥❞✉ ❛✉ ❞❡❧à ❞✉ ❝❛s ❝♦♥s✐❞éré✳ ❈♦♥❝❡r♥❛♥t ❧❡ ❞♦♠❛✐♥❡ ❞❡

❢réq✉❡♥❝❡✱ ♦♥ ♥❡ s✬❛tt❡♥❞ ♣❛s à ❝❡ q✉❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞♦♥♥❡ ❞❡s rés✉❧t❛ts q✉❛♥t✐t❛t✐❢s ❝♦rr❡❝ts

♣♦✉r ❧❡s ♠♦❞❡s✲♣ ❞❡ ♣❧✉s ❜❛ss❡s ❢réq✉❡♥❝❡s✳ ▼❛✐s ❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡s ♠♦❞❡s ❞✬î❧♦t ❛ ♥é❛♥♠♦✐♥s ♠♦♥tré

♣♦✉r ❞❡s ♦r❞r❡s r❛❞✐❛✉① r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡s✱ ❝♦♠♣r✐s ❡♥tr❡ n = 5 ❡t n = 10✱ q✉✬✉♥❡ ❢♦r♠✉❧❡ ❞✉ t②♣❡

❊q✳ ✭✷✳✶✸✮ r❡♣r♦❞✉✐t ❧❡ s♣❡❝tr❡ ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❧✐♠✐té❡ à q✉❡❧q✉❡s ♣♦✉r ❝❡♥t ❞❡ ❧❛ ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡

✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✮✳ ❉❡ ♣❧✉s✱ ♠ê♠❡ ❞❛♥s ✉♥ ❞♦♠❛✐♥❡ ❞❡ ❢réq✉❡♥❝❡ ♦ù ❧❡s rés✉❧t❛ts q✉❛♥t✐t❛t✐❢s ❞❡

❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ♥❡ s♦♥t ♣❧✉s ✈❛❧❛❜❧❡s✱ ♦♥ ❞❡✈r❛✐t t♦✉❥♦✉rs ♣♦✉✈♦✐r ❧✬✉t✐❧✐s❡r ♣♦✉r ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥

❞❡s ♠♦❞❡s✳

❯♥ ❞❡s ❛✈❛♥t❛❣❡s ❞✉ ❝❛s q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré ♣♦✉r ❢❛✐r❡ ❧❛ ❝♦♠♣❛r❛✐s♦♥ ❛✈❡❝ ❧❛ t❤é♦r✐❡ ❛s②♠♣✲

t♦t✐q✉❡ ❡st q✉❡ ❧❡s ♣r✐♥❝✐♣❛❧❡s str✉❝t✉r❡s ❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ♦❝❝✉♣❡♥t ❞❡s ✈♦❧✉♠❡s ✐♠♣♦rt❛♥ts ❞❛♥s

❝❡tt❡ ❡s♣❛❝❡✳ ❊♥ ❡✛❡t✱ s✐ ♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ✉♥ ❝❛s ♦ù ❧❡s str✉❝t✉r❡s s♦♥t ♣❡t✐t❡s ♣❛r r❛♣♣♦rt ❛✉ ✈♦❧✉♠❡

♦❝❝✉♣é ♣❛r ✉♥ ♠♦❞❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✱ ❧❡s ❡✛❡ts ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✜♥✐❡ ❞é❣r❛❞❡r♦♥t ❧✬❛❝❝♦r❞

❛✈❡❝ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✳ P❛r ❡①❡♠♣❧❡✱ à r♦t❛t✐♦♥ Ω = 0.32ΩK ✭✈♦✐r ❋✐❣✉r❡ ✷✳✽✮✱ ❧❡s ♣❧✉s ♣❡t✐t❡s

str✉❝t✉r❡s ✈✐s✐❜❧❡s ❞❛♥s ❧❛ ③♦♥❡ ❝❤❛♦t✐q✉❡ ♥❡ ♣❡✉✈❡♥t ♣r♦❜❛❜❧❡♠❡♥t ♣❛s ❝♦♥t❡♥✐r ✉♥ ♠♦❞❡ ♣♦✉r ❧❛ ❣❛♠♠❡

❞❡ ❢réq✉❡♥❝❡ q✉❡ ♥♦✉s ❛✈♦♥s ❝♦♥s✐❞éré✳ ❈❡s ❡✛❡ts ❞❡ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✜♥✐❡ ♣❡r♠❡tt❡♥t é❣❛❧❡♠❡♥t ❞✬❡①✲
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❋✐❣✳ ✷✳✶✶ ✕ ❙♦✉s✲s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡s ❝♦rr❡s♣♦♥❞❛♥t à q✉❛tr❡ ❝❧❛ss❡s ❞❡ ♠♦❞❡s ✿ ✭❛✮ ❧❡s ♠♦❞❡s ❞✬î❧♦t
❢♦r♠és ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡ ✷✱ ✭❜✮ ❧❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❛♥t✐s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt à
❧✬éq✉❛t❡✉r✱ ✭❝✮ ❧❡s ♠♦❞❡s ❞✬î❧♦t ❢♦r♠és ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡ ✻✱ ✭❞✮ ❞❡s ♠♦❞❡s ❞❡ t②♣❡
✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳ P♦✉r ❧❡s s♦✉s s♣❡❝tr❡s ✭❛✮ ❡t ✭❞✮ ❧❛ ❤❛✉t❡✉r ❞❡ ❧❛ ❜❛rr❡ ✈❡rt✐❝❛❧❡ ❝♦rr❡s♣♦♥❞ à ❧✬✉♥
❞❡s ❞❡✉① ♥♦♠❜r❡s q✉❛♥t✐q✉❡s q✉✐ ❝❛r❛❝tér✐s❡♥t ❧❡ ♠♦❞❡✳ ▲✬✉♥✐té ❞❡ ❢réq✉❡♥❝❡ ❡st ❧❛ ❢réq✉❡♥❝❡ ❛❝♦✉st✐q✉❡
❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬ét♦✐❧❡✳
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❋✐❣✳ ✷✳✶✷ ✕ ▲❛ ❞✐str✐❜✉t✐♦♥ ✐♥té❣ré❡ ❞❡s é❝❛rts ❡♥tr❡ ❢réq✉❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s
❝❤❛♦t✐q✉❡s ✭❡♥ tr❛✐t ♥♦✐r✮ ❡st ❝♦♠♣❛ré❡ à ❧❛ st❛t✐st✐q✉❡ ❞❡ ❲✐❣♥❡r ✐♥té❣ré❡ ✭tr❛✐ts ✐♥t❡rr♦♠♣✉s✮ ❡t à ❧❛
st❛t✐st✐q✉❡ ❞❡ P♦✐ss♦♥ ✐♥té❣ré❡ ✭♣♦✐♥t✐❧❧és✮✳

♣❧✐q✉❡r ✉♥❡ ❛♣♣❛r❡♥t❡ ✐♥❝♦❤ér❡♥❝❡ ❡♥tr❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❡t ❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s✳ ❊♥ ❡✛❡t✱

à très ❢❛✐❜❧❡ r♦t❛t✐♦♥✱ ♣❛r ❡①❡♠♣❧❡ ♣♦✉r ✉♥❡ r♦t❛t✐♦♥ s♦❧❛✐r❡✱ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ♥✬❡st ❞é❥à ♣❧✉s

✐♥té❣r❛❜❧❡ ❡t ❞❡s str✉❝t✉r❡s t❡❧❧❡ q✉❡ ❞❡s ❝❤❛î♥❡s ❞✬î❧♦ts st❛❜❧❡s ♦✉ ❞❡s ré❣✐♦♥s ❝❤❛♦t✐q✉❡s ❛✉t♦✉r ❞❡

♣♦✐♥ts ❤②♣❡r❜♦❧✐q✉❡s s❡ s♦♥t ❢♦r♠é❡s✳ P♦✉rt❛♥t✱ ❝❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ♥❡ s❡ r❡✢èt❡♥t ♣❛s s✉r ❧❡s

♠♦❞❡s q✉✐ s♦♥t ❛❧♦rs très ❜✐❡♥ ❞é❝r✐ts ♣❛r ❧❛ ♠ét❤♦❞❡ ♣❡rt✉r❜❛t✐✈❡✳ ❈❡❧❛ ❡st ❞û ❛✉ ❢❛✐t q✉❡ ❝❡s str✉❝t✉r❡s

❡①✐st❡♥t à ❞❡ t♦✉t❡s ♣❡t✐t❡s é❝❤❡❧❧❡ ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s ❡t q✉✬❡❧❧❡s s♦♥t ✐♥✈✐s✐❜❧❡s ♣♦✉r ❞❡s ♠♦❞❡s ❞❡

❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ✜♥✐❡ ✭♦✉ ✐❝✐ ❞❡ ❢réq✉❡♥❝❡ ✜♥✐❡✮✳

❖♥ ♣❡✉t ❛✉ss✐ q✉❡st✐♦♥♥❡r ❧✬✉t✐❧✐s❛t✐♦♥ ❞✬✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ♣♦❧②tr♦♣✐q✉❡ ♣♦✉r ❝❡tt❡ ❝♦♠♣❛r❛✐s♦♥✳

❊♥ ❢❛✐t✱ ❝❡❧❛ ♥❡ ❞♦✐t ♣❛s ❥♦✉❡r ❞❡ rô❧❡ t❛♥t q✉❡ ❧✬♦♥ r❡st❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥

❲❑❇✱ ❝✬❡st✲à✲❞✐r❡ t❛♥t q✉❡ ❧❛ ❧♦♥❣✉❡✉r ❞✬♦♥❞❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡s ♠♦❞❡s ❡st très ♣❡t✐t❡ ❞❡✈❛♥t ❧✬é❝❤❡❧❧❡

❞❡s ✐♥❤♦♠♦❣é♥é✐tés ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡✳ ❈❡ ♣♦✐♥t ❡st ❝♦♥✜r♠é ♣❛r ❧❡ tr❛✈❛✐❧ ❞❡ ❘❡❡s❡ ❡t ❛❧✳

✭✷✵✵✾✮ ♦ù ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ❡♥tr❡ ♠♦❞❡s ❞✬î❧♦ts ❡t ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❛ ♣✉ êtr❡ ❛♣♣❧✐q✉é❡ à ❞❡s ♠♦❞❡s

❞❡ ♠♦❞è❧❡s ❞✬ét♦✐❧❡s ♣❧✉s ré❛❧✐st❡s✳ ❊♥ r❡✈❛♥❝❤❡✱ ❧❡s ❢♦rts ❣r❛❞✐❡♥ts ❧♦❝❛✉① ❡♥❣❡♥❞rés ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡s

③♦♥❡s ❞✬✐♦♥✐s❛t✐♦♥ ♦✉ ❞❡s ❝÷✉rs ❝♦♥✈❡❝t✐❢s ♠♦❞✐✜❡♥t ❡✛❡❝t✐✈❡♠❡♥t ❧❡s ❝♦♠♣♦rt❡♠❡♥ts ❛s②♠♣t♦t✐q✉❡s s✐

❧❡s ♦♥❞❡s ❝♦♥❝❡r♥é❡s ❧❡s tr❛✈❡rs❡♥t✳ ◆é❛♥♠♦✐♥s✱ ♦♥ s❛✐t q✉❡✱ ❞❛♥s ❧❡ ❝❛s s♣❤ér✐q✉❡✱ ❧✬❡✛❡t ❞❡ ❝❡s ❣r❛❞✐❡♥ts
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♥✬❡st ♣❛s ❞❡ ❞étr✉✐r❡ ❡♥t✐èr❡♠❡♥t ❧❛ ré❣✉❧❛r✐té ❞✉ s♣❡❝tr❡ ♠❛✐s ❞✬② ❛❥♦✉t❡r ✉♥❡ ♠♦❞✉❧❛t✐♦♥ ♣ér✐♦❞✐q✉❡

q✉✐ ♣❡✉t êtr❡ ♠♦❞é❧✐sé❡ ✭❱♦r♦♥ts♦✈ ✶✾✽✽❀ ●♦✉❣❤ ✶✾✾✵❀ ❇❛❧❧♦t ❡t ❛❧✳ ✷✵✵✹✮✳

❆✉ ✜♥❛❧✱ ♠ê♠❡ s✐ ❡❧❧❡ ♥✬❡st ♣❛s ❛✉ss✐ s✐♠♣❧❡ q✉❡ ❞❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s s♣❤ér✐q✉❡s✱ ❧❛ t❤é♦r✐❡ ❛s②♠♣✲

t♦t✐q✉❡ q✉❡ ♥♦✉s ❛✈♦♥s ❞é✈❡❧♦♣♣é❡ ❡st s✉✣s❛♠♠❡♥t ❝♦♠♣❧èt❡ ♣♦✉r ❝♦♠♣r❡♥❞r❡✱ à ♣❛rt✐r ❞✉ ❝❛❧❝✉❧ ❞❡

❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s✱ ❧❡s ♣r✐♥❝✐♣❛❧❡s ♣r♦♣r✐étés ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❞❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥

✭❝❧❛ss✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s✱ str✉❝t✉r❡ ❞✉ s♣❡❝tr❡✱ ré❣✉❧❛r✐tés✱ st❛t✐st✐q✉❡ ❞❡s ❢réq✉❡♥❝❡s ✳✳✳✮✳ ■❧ r❡st❡ ❜✐❡♥

sûr ❞❡ ♥♦♠❜r❡✉① ❛s♣❡❝ts à ❞é✈❡❧♦♣♣❡r✳ P❛r ❡①❡♠♣❧❡✱ ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s ❞✬î❧♦ts ❞♦✐t

êtr❡ ♠❡♥é à t❡r♠❡ ❛✈❡❝ ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ t❡r♠❡ ∆ℓ ♣❛r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❡t ❧❛

❞é♣❡♥❞❛♥❝❡ ❞❡ ❧❛ ❢♦r♠✉❧❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❛✈❡❝ ❧❡ ♥♦♠❜r❡ ❛③✐♠✉t❛❧✳ ❯♥❡ t❤ès❡ q✉❡ ❥❡ ❝♦✲❞✐r✐❣❡ ❛✈❡❝ ❇✳

●❡♦r❣❡♦t ❛ ❞é❜✉té à ❧✬❛✉t♦♠♥❡ ✷✵✵✾ ♣♦✉r ♣♦✉rs✉✐✈r❡ ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡✳ ▲❡s

♣r❡♠✐❡rs rés✉❧t❛ts ♦❜t❡♥✉s ♣❛r ▼✐❝❦❛ë❧ P❛s❡❦ ✐♥❞✐q✉❡♥t q✉❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ s❡♠✐✲❝❧❛ss✐q✉❡ ❞✉ t❡r♠❡

∆ℓ s❡ ❝♦♠♣❛r❡ ❜✐❡♥ ❛✈❡❝ ❧❡s rés✉❧t❛ts ❞✉ ❝❛❧❝✉❧ ♥✉♠ér✐q✉❡✳

✷✳✹ ❈❤❛♦s ❞✬♦♥❞❡ ❡t r❡❝❤❡r❝❤❡ ❞❡ ♣✉❧s❛t✐♦♥ s✉r ❱é❣❛

❈❡ t❡r♠❡ ❣é♥ér❛❧✐s❡ ❧❡ t❡r♠❡ ❞❡ ❝❤❛♦s q✉❛♥t✐q✉❡ à ❞✬❛✉tr❡s t②♣❡s ❞✬♦♥❞❡ q✉❡ ❧❡s ♦♥❞❡s q✉❛♥t✐q✉❡s✳ ❊♥

❡✛❡t✱ ❧❡s ♦♥❞❡s ♣❡✉✈❡♥t ❣é♥ér✐q✉❡♠❡♥t êtr❡ ❞é❝r✐t❡s ♣❛r ❞❡s r❛②♦♥s ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s ♣❡t✐t❡s ❧♦♥❣✉❡✉rs

❞✬♦♥❞❡✳ ▲❡ ❝❤❛♦s ❞✬♦♥❞❡ ❞és✐❣♥❡ ❛❧♦rs ❧✬ét✉❞❡ ❞❡s s②stè♠❡s ❞✬♦♥❞❡ ❞♦♥t ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❡st

❝❤❛♦t✐q✉❡✳ ▲❡s ♣r♦♣r✐étés s♣é❝✐✜q✉❡s ❞❡ ❝❡s s②stè♠❡s ♦♥t ❞✬❛❜♦r❞ été ét✉❞✐é❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ ♠é✲

❝❛♥✐q✉❡ q✉❛♥t✐q✉❡ ✭❞❡♣✉✐s ❧❡s ❛♥♥é❡s ✶✾✼✵ ●✉t③✇✐❧❧❡r ✭✶✾✾✵✮❀ ❖tt ✭✶✾✾✸✮✮✳ ▲✬✉♥❡ ❞❡s ♣❧✉s r❡♠❛rq✉❛❜❧❡s

❡st q✉❡ ❧❛ st❛t✐st✐q✉❡ ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ s✉✐t ✉♥❡ ❧♦✐ ❣é♥ér✐q✉❡✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❲✐❣♥❡r✱ ❞é❞✉✐t❡ ❞❡s

❛r❣✉♠❡♥ts ❤❡✉r✐st✐q✉❡s ♣r♦♣♦sés ♣❛r ❲✐❣♥❡r ✭✶✾✸✷✮✳ ❈❡tt❡ ❧♦✐ ❛ été ♦❜s❡r✈é❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♣♦✉r ❧❛

♣r❡♠✐èr❡ ❢♦✐s ❡♥ ❛♥❛❧②s❛♥t ❧❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡s ❞❡ ♥♦②❛✉① ❞✬❛t♦♠❡s ❍❛q ❡t ❛❧✳ ✭✶✾✽✷✮✳

◆♦✉s ❛✈♦♥s ♠♦♥tré ♣❛r ❧❡ ❝❛❧❝✉❧ q✉❡ ❧❛ st❛t✐st✐q✉❡ ❞❡s ❢réq✉❡♥❝❡s ❛❝♦✉st✐q✉❡s ❝❤❛♦t✐q✉❡s ✭❝✬❡st✲à✲❞✐r❡

❝❡❧❧❡s ❝♦rr❡s♣♦♥❞❛♥t ❛✉① ♠♦❞❡s ❢♦r♠és à ♣❛rt✐r ❞❡s tr❛❥❡❝t♦✐r❡s ❞❡s r❛②♦♥s ❝❤❛♦t✐q✉❡s✮ ❞❡s ét♦✐❧❡s ❡♥

r♦t❛t✐♦♥ r❛♣✐❞❡ ❡st ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❛ ❧♦✐ ❞❡ ❲✐❣♥❡r ✭✈♦✐r ❋✐❣✉r❡ ✷✳✶✷✮✳ ❈✬❡st ❧❛ ♣r❡♠✐èr❡ ❢♦✐s q✉✬✉♥❡

♠❛♥✐❢❡st❛t✐♦♥ ❞✉ ❝❤❛♦s ❞✬♦♥❞❡ ❡st ❛✐♥s✐ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❛♥s ✉♥ s②stè♠❡ ♥❛t✉r❡❧ à ❣r❛♥❞❡ é❝❤❡❧❧❡

✭▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✽✱ ❆✻✮✳

❆✉ ❞❡❧à ❞❡ ❝❡ rés✉❧t❛t t❤é♦r✐q✉❡✱ r❡tr♦✉✈❡r ❝❡tt❡ st❛t✐st✐q✉❡ à ♣❛rt✐r ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞❡s ❢réq✉❡♥❝❡s

❞✬♦s❝✐❧❧❛t✐♦♥ ❞❡s ét♦✐❧❡s ❛♣rès ❧✬❛✈♦✐r ♦❜t❡♥✉❡ ❡①♣ér✐♠❡♥t❛❧❡♠❡♥t ♣♦✉r ❞❡s ♥✐✈❡❛✉① ❞✬é♥❡r❣✐❡ ♥✉❝❧é❛✐r❡
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s❡r❛✐t ✉♥❡ ❜❡❧❧❡ ❝♦♥✜r♠❛t✐♦♥ ❞❡ s♦♥ ❝❛r❛❝tèr❡ ✉♥✐✈❡rs❡❧✳ ◆é❛♥♠♦✐♥s✱ ♣♦✉r ❝❡❧❛✱ ✐❧ ❢❛✉t ♣♦✉✈♦✐r ❡①tr❛✐r❡

❞✉ s♣❡❝tr❡ ♦❜s❡r✈é ✉♥ ❡♥s❡♠❜❧❡ ❞❡ ❢réq✉❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ❛ss♦❝✐é❡s à ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❞✬✉♥❡ ♠ê♠❡

❝❧❛ss❡ ❞❡ s②♠étr✐❡ ✭✐✳❡✳ ❞❡s ♠♦❞❡s ❞❡ ♠ê♠❡ ♥♦♠❜r❡ q✉❛♥t✐q✉❡ ❛③✐♠✉t❛❧✱ ♠✱ ❡t ❞❡ ♠ê♠❡ s②♠étr✐❡ ♣❛r

r❛♣♣♦rt à ❧✬éq✉❛t❡✉r✮✳ ❉❛♥s ❝❡tt❡ ♦♣t✐q✉❡✱ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❢❛✈♦r❛❜❧❡ ❡st ❝❡❧❧❡ ❞✬✉♥❡ ét♦✐❧❡ ♣✉❧s❛♥t❡ ✈✉❡

❞✉ ♣ô❧❡ ❝❛r✱ ❞❛♥s ❝❡ ❝❛s✱ s❡✉❧❡s ❞❡✉① ❝❧❛ss❡s ❞❡ s②♠étr✐❡ s♦♥t ✈✐s✐❜❧❡s ✭❧❡s ♠♦❞❡s m = 0 s②♠étr✐q✉❡s ❡t

❛♥t✐s②♠étr✐q✉❡s ♣❛r r❛♣♣♦rt à ❧✬éq✉❛t❡✉r✮✳ ❈✬❡st ❝❡ r❛✐s♦♥♥❡♠❡♥t q✉✐ ♠✬❛ ❝♦♥❞✉✐t ♠✬✐♥tér❡ss❡r à ❧✬ét♦✐❧❡

❱é❣❛ ♣✉✐sq✉❡ ❞❡s ♠❡s✉r❡s s♣❡❝tr♦s❝♦♣✐q✉❡s✱ ré❝❡♠♠❡♥t ❝♦♥✜r♠é❡s ♣❛r ❞❡s ♠❡s✉r❡s ✐♥t❡r❢ér♦♠étr✐q✉❡s✱

♦♥t ♠♦♥tré q✉✬❡❧❧❡ ét❛✐t ✈✉❡ ♣r❡sq✉❡ ♣❛r ❧❡ ♣ô❧❡ ✭i = 5 − 7◦✮✳

◆é❛♥♠♦✐♥s✱ ❱é❣❛ ♥✬ét❛♥t ♣❛s ❝♦♥♥✉ ❝♦♠♠❡ ✉♥❡ ét♦✐❧❡ ♣✉❧s❛♥t❡ ❡t ♥❡ ❢❛✐s❛♥t ♣❛s ♣❛rt✐❡ ❞✬✉♥❡ ❝❧❛ss❡

❞✬ét♦✐❧❡ ♣✉❧s❛♥t❡✱ ✐❧ ❢❛❧❧❛✐t ❞✬❛❜♦r❞ tr♦✉✈❡r ✉♥ ✐♥❞✐❝❡ ❞❡ ✈❛r✐❛❜✐❧✐té ❛✈❛♥t ❞❡ ❞❡♠❛♥❞❡r ❧❡ t❡♠♣s ❞❡ té❧❡s✲
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ABSTRACT

Aims. A new non-perturbative method to compute accurate oscillation modes in rapidly rotating stars is presented.
Methods. The effect of the centrifugal force is fully taken into account while the Coriolis force is neglected. This assumption is valid
when the time scale of the oscillation is much shorter than the inverse of the rotation rate and is expected to be suitable for high radial
order p-modes of δ Scuti stars. Axisymmetric p-modes have been computed in uniformly rotating polytropic models of stars.
Results. In the frequency and rotation range considered, we found that as rotation increases (i) the asymptotic structure of the non-
rotating frequency spectrum is first destroyed then replaced by a new form of organization (ii) the mode amplitude tends to concentrate
near the equator (iii) differences to perturbative methods become significant as soon as the rotation rate exceeds about fifteen percent
of the Keplerian limit. The implications for the seismology of rapidly rotating stars are discussed.

Key words. stars: oscillations – stars: rotation

1. Introduction

Since helioseismology revolutionized our knowledge of the so-
lar interior, great advances in stellar structure and evolution the-
ory are expected from asteroseismology. Major efforts including
space missions are under way to detect pulsation frequencies
with unprecedented accuracy across the HR diagram (Catala
et al. 1995; Walker et al. 2003). To draw information from the
observed frequencies, seismology relies on the theoretical com-
putation of eigenmodes for a given model of a star. Yet, except
for slowly rotating stars, the effect of rotation on the gravito-
acoustic modes is not fully taken into account in the present the-
oretical calculations (e.g. Rieutord 2001).

Rotational effects have been mostly studied through pertur-
bative methods. In this framework, both Ω/ω, the ratio of the
rotation rate Ω to the mode frequency ω, and Ω/

√

GM/R3, the
square root of the ratio of the centrifugal force to the grav-
ity at equator are assumed to be small and of the same or-
der. Solutions valid up to the first, second, and even third or-
der in Ω/ω have been obtained by Ledoux (1951), Saio (1981)
and Soufi et al. (1998). The first order analysis proved fully ad-
equate to match the observed acoustic frequency of the slowly
rotating sun (Dziembowski & Goode 1992). At the other ex-
treme, the perturbative methods are not expected to be correct for
stars approaching the Keplerian limit ΩK =

√

GM/R3
e , where Re

is the equatorial radius. Achernar is a spectacular example of
such star since interferometric observations showed a very im-
portant distortion of its surface, the equatorial radius Re being
at least one and a half times larger than the polar radius Rp
(Domiciano de Souza et al. 2003). In the context of Roche
models, such a flattening occurs at the Keplerian limit ΩK. For

⋆ Appendices A–C are only in electronic form at
http://www.edpsciences.org

intermediate rotation rates, second or third order perturbative
methods might be used, but the main problem is that the limit
of validity of the perturbative methods is unknown. Departures
from the perturbative results would impact the values of indi-
vidual frequency but also other properties that are commonly
used to analyze the spectrum of observed frequencies. This con-
cerns in particular the rotational splitting, the asymptotic large
and small frequency separations or the mode visibility.

New methods able to compute accurate eigenmodes in ro-
tating stars are therefore needed to allow progress in the seis-
mology of rapidly rotating stars. Such methods would also as-
sess the limit of validity of perturbative analysis. The main
difficulty comes from the fact that, except in the special cases
of spherically symmetric media and uniform density ellipsoids,
the eigenvalue problem of gravito-acoustic resonances in arbi-
trary axially symmetric cavities is not separable in the radial
and meridional variables. For self-gravitating and rotating stars,
a two-dimensional eigenvalue problem has to be solved.

Clement (1981, 1998) made the first attempts to solve this
eigenvalue problem for gravito-acoustic modes, investigating
various numerical schemes. However, the accuracy of his cal-
culations is generally difficult to estimate. Moreover, the dif-
ferent numerical schemes could not converge for low frequency
g-modes when Ω/ω exceeds about 0.5. Since then, eigenmodes
in this frequency range have been successfully calculated by
Dintrans & Rieutord (2000) using spectral methods. These au-
thors however did not consider the effect of the centrifugal accel-
eration in their model. The search for unstable modes in neutron
stars also triggered the development of numerical schemes able
to solve the two-dimensional eigenvalue problem. But only sur-
face gravity modes (f-modes) and some inertial modes (r-modes)
have been determined in this context (Yoshida et al. 2005).
Espinosa et al. (2004) reported calculations of adiabatic acoustic
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modes in MacLaurin spheroids of uniform density neglecting the
Coriolis force, the potential perturbation and the Brunt-Väisälä
frequency.

In this paper, we present a new method to compute accu-
rate eigenmodes in rotating stars. For the first application of
the method, we only consider the effect of the centrifugal force
through its impact on the equilibrium state of the star; we thus
neglect the Coriolis force. This assumption is valid when the
time scale of the oscillation is much shorter than the inverse
of the rotation rate and is expected to be suitable for high ra-
dial order p-modes of δ Scuti stars. The problem is further
simplified by using uniformly rotating polytropes as equilib-
rium models and assuming adiabatic perturbations as well as the
Cowling approximation. Low frequency axisymmetric p-modes
have been computed for rotation rates varying from Ω = 0 up
to Ω/ΩK = 0.59, this ratio corresponding to a typical δ Scuti
star (M = 1.8 M⊙,R = 2 R⊙) with an equatorial velocity of
240 km s−1. The centrifugal force modifies the effective grav-
ity in two ways: it makes it smaller and aspherical. Decreasing
the effective gravity should affect sound waves by reducing the
sound speed inside the star and by increasing the star’s volume,
thus potentially the volume of the resonant cavity. The physical
consequences of the non-spherical geometry are unknown.

In the following, the formalism and the numerical method
are presented along with accuracy tests. Then, the parameter
range of the calculations is given together with the method used
to label the eigenmodes. The structure of the frequency spec-
trum, some properties of the eigenfunctions and the differences
with perturbative methods are further analyzed as a function of
the rotation rate. These results are discussed in the last section.

2. Formalism

Accurate numerical solutions of 2D eigenvalue problems require
a careful choice of the numerical method and the mathemati-
cal formalism. In this section we explain the choices that have
been made for the variables, the coordinate system, the numeri-
cal discretization, and the method to solve the resulting algebraic
eigenvalue problem. All play a role in the accuracy of the eigen-
frequency determinations that will be presented at the end of this
section.

2.1. Equilibrium model

The equilibrium model is a self-gravitating uniformly rotating
polytrope. It is therefore governed by a polytropic relation, the
hydrostatic equilibrium in a rotating frame, and Poisson’s equa-
tion for the gravitational potential:

P0 = Kρ
1+1/N
0 (1)

0 = −∇P0 − ρ0∇
(

ψ0 − Ω2s2/2
)

(2)

∆ψ0 = 4πGρ0 (3)

where P0 is the pressure, ρ0 the density, K the polytropic con-
stant, N the polytropic index, ψ0 the gravitational potential, s the
distance to the rotation axis and G the gravitational constant.

The polytropic relation and uniform rotation ensure that the
fluid is barotropic. A pseudo-enthalpy can then be introduced
h0 =

∫

dP0/ρ0 = (1 + N)P0/ρ0 and the integration of the hydro-
static equation reads:

h0 = hc − (ψ0 − ψc) +
1
2
Ω2s2 (4)

where the subscript “c” denotes the value in the center of the
polytropic model. Equation (4) is then inserted into Poisson’s
equation to yield:

∆ψo = 4πGρc

(

1 − ψo − ψc

hc
+
Ω2s2

2hc

)N

· (5)

Equation (5) is solved numerically, using an iterative scheme.
Since the shape of the star is not spherical, a system of coordi-
nates (ζ, θ, φ) based on Bonazzola et al. (1998) is used, such that
ζ = 1 corresponds to the surface of the spheroid (more details
on the coordinate system are given in Sect. 2.3). This enables
the use of spectral methods both for the radial coordinate ζ and
the angular ones. The numerical method is further detailed in
Rieutord et al. (2005).

2.2. Perturbation equations and boundary conditions

Neglecting the Coriolis force, the linear equations governing the
evolution of small amplitude adiabatic perturbations read:

∂tρ + ∇ · (ρ0u) = 0, (6)

ρ0∂tu = −∇P + ρg0 − ρ0∇ψ, (7)

∂tP + u · ∇P0 = c2
0 (∂tρ + u · ∇ρ0) , (8)

∆ψ = 4πGρ (9)

where u, ρ, P and ψ, are the perturbations of velocity, den-
sity, pressure and gravitational potential. The sound speed is
c0 =

√

Γ1,0P0/ρ0, Γ1,0 being the first adiabatic exponent of the

gas, and the effective gravity g0 = −∇
(

ψ0 −Ω2s2/2
)

has been
introduced. In the framework of polytropic models of stars, the
polytropic relation (1) is assumed to give a reasonably good ap-
proximation of the relation between the pressure and the density
of the equilibrium state. As the first adiabatic exponent Γ1,0 is
obtained from the equation of state of the gas, Γ1,0 is in general
not equal to 1 + 1/N.

We simplified Eqs. (6)–(9) following two constraints: first,
the governing equations should be written for general coordinate
systems because we shall use a surface-fitting non-orthogonal
coordinate system. Second, they should take the form MX =

λQX where λ is the eigenvalue, X is the eigenfunction, andM
and Q are linear differential operators. Indeed, the method that
we shall use to solve the algebraic eigenvalue problem obtained
after discretization works for problem reading [M]X = λ[Q]X,
where X is the discretized eigenvector and, [M] and [Q] are ma-
trices. Taking the time derivative of Eqs. (7) and (9) and using
Eqs. (6) and (8) to eliminate the pressure and density perturba-
tions, we obtain two equations for the velocity and the gravita-
tional potential perturbation:

∂2
ttu = ∇

(

c2
0χ + u · g0 − ∂tψ

)

− χA0 (10)

∆∂tψ = −4πG (u · ∇ρ0 + ρ0χ) (11)

where χ = ∇ · u is the divergence of the velocity. The vector A0
characterizes the stratification of the equilibrium model:

A0 = c2
0

(

1
Γ1,0

∇P0

P0
− ∇ρ0

ρ0

)

=
c2

0N2
0

‖g0‖
n0, (12)

where N0 is the Brunt-Väisälä frequency and n0 is the unit vector
in the direction opposite to the effective gravity defined by:

g0 = −‖g0‖n0. (13)
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Note that the barotropicity of the fluid has been used to ob-
tain (10).

In addition to the gravitational potential perturbation, the
right hand sides of Eqs. (10) and (11) only involve the diver-
gence of the velocity and the scalar product of the velocity with
vectors parallel to gravity. Then, the scalar product of Eq. (10)
with gravity,

∂2
ttu · g0 = g0 · ∇

(

c2
0χ + u · g0 − ∂tψ

)

− χg0 · A0 (14)

and the divergence of Eq. (10),

∂2
ttχ = ∆(c2

0χ + u · g0 − ∂tψ) − ∇ · (χA0) (15)

yield, together with Eq. (11), a complete set of differential equa-
tions for the variables u ·g0, χ and ψ. Pekeris (1938) who studied
the oscillations of spherically symmetric polytropes considered
similar variables but, instead of Eq. (10), used a combination of
Eqs. (14) and (10) which does not involve second order deriva-
tive with respect to the radial coordinate. For general system of
coordinate as well, the order of the differential system can be
lowered replacing Eq. (10) by the following one:

∂2
tt

⎡

⎢

⎢

⎢

⎢

⎣

χ − g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

u · g0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

= L(c2
0χ + u · g0 − ∂tψ)

−∇ · (χA0) + g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

χg0 · A0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(16)

where the linear operatorL, defined by,

L(F) = ∆F − g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

g0 · ∇F

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(17)

does not contain second order derivatives with respect to the
first coordinate x1. In this expression, g1

0 is the first contravariant
component of the gravity in the natural basis (E1, E2, E3) de-
fined by Ei = ∂OM/∂xi, and g11 is the first contravariant com-
ponent of the metric tensor.

The equations are non-dimensionalized using the equatorial
radius, Re, as length unit, the density at the center of the poly-
trope, ρc, as density unit and T0 = (4πGρc)

−1/2 as time unit. As
we look for harmonic solutions in time, the variable are written
F = F̂ exp (iωt). Dropping the hat and denoting dimensionless
quantities as previous dimensional ones, the governing equations
read:

λW = g0 · ∇
(

c2
0χ +W + Ψ

)

− c2
0N2

0χ (18)

λ

⎡

⎢

⎢

⎢

⎢

⎣

χ − g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

W

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

=

L(c2
0χ +W + Ψ) − ∇ · (χA0) + g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

c2
0N2

0χ

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(19)

0 = ∆Ψ − d0W − ρ0χ (20)

where λ = −ω2, W = u · g0, Ψ = −iωψ and d0 denotes

d0 =
‖∇ρ0‖
‖g0‖

· (21)

Another form of these equations may be obtained replacing W
by a new variable U = c2

0χ +W + Ψ. The set of equations then
reads:

g0 · ∇U − c2
0N2

0χ = λ(U −Ψ − c2
0χ) (22)

L(U) − ∇ · (χA0) + g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

c2
0N2

0χ

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

=

λ

⎡

⎢

⎢

⎢

⎢

⎣

−g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

U − Ψ
g1

0

⎞

⎟

⎟

⎟

⎟

⎠

+ χ + g11∂1

⎛

⎜

⎜

⎜

⎜

⎝

c2
0χ

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

(23)

−d0U + (d0c2
0 − ρ0)χ + d0Ψ + ∆Ψ = 0. (24)

As in Pekeris (1938), the boundary conditions are that the gravi-
tational potential vanishes at infinity and that U and χ be regular
everywhere.

2.3. Coordinates choice

The choice of the coordinate system has been guided by two con-
siderations. First, for the accuracy of the numerical method, it
seems preferable to apply the boundary conditions on a surface
of coordinate. This imposes that the stellar surface is described
by an equation ζ = const., where ζ is one of the coordinates.
Second, when using spherical harmonic expansions, the regular-
ity conditions at the center have a simple form for spherical co-
ordinates only. Therefore, the coordinate system should become
spherical near the center. If (r, θ, φ) denotes the usual spherical
coordinates and r = S (θ) describes the surface, families of coor-
dinates (ζ, θ′, φ′) verifying both conditions have been proposed
by Bonazzola et al. (1998):

⎧

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎩

r = r(ζ, θ′)
θ = θ′

φ = φ′,
(25)

where

r(ζ, θ) = αζ + A(ζ) [S (θ) − α] . (26)

The polynomial A(ζ) = (5ζ3 − 3ζ5)/2 ensures that r ∝ ζ near
the center and that ζ = 1 describes the surface r = S (θ). The
scalar α is chosen so that the transformation (r, θ, φ) �→ (ζ, θ, φ)
is not singular and the numerical convergence is fast. We find
that α = 1 − ǫ is a convenient choice, ǫ = 1 − Rp/Re being the
flatness of the star surface. In the following, we shall refer to ζ
as the pseudo-radial coordinate.

To express the governing equations in this non-orthogonal
coordinate system, we use the covariant and contravariant com-
ponents of the corresponding metric tensor. The non-vanishing
components read:

g11 = r2
ζ g12 = g21 = rζrθ

g22 = r2 + r2
θ g33 = r2 sin2θ

g11 = (r2 + r2
θ
)/(r2r2

ζ
) g12 = g21 = −rθ/(r2rζ)

g22 = 1/r2 g33 = 1/(r2 sin2θ),

(27)

and the square-root of the absolute value of the metric tensor
determinant is:

√

| g | = r2rζ sin θ. (28)

In Appendix A, the linear operators involved in Eqs. (22)–(24)
are expressed in terms of the partial derivatives of r(ζ, θ). Note
that, for vectorial operators, we used the natural basis defined
above.
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2.4. The numerical method

The method follows and generalizes the one presented in
Rieutord & Valdettaro (1997). The numerical discretization is
done with spectral methods, spherical harmonics for the angular
coordinates θ and φ and Chebyshev polynomials for the pseudo-
radial coordinate ζ. The variables U, Ψ and χ are expanded into
spherical harmonics:

U(ζ, θ, φ) =
L
∑

ℓ=0

+ℓ
∑

m=−ℓ
Uℓm(ζ)Ym

ℓ (θ, φ), (29)

and equivalent expressions for Ψ and χ, where ℓ and m are re-
spectively the degree and the azimuthal number of the spherical
harmonic Ym

ℓ
(θ, φ). Then, the governing equations are projected

onto spherical harmonics to obtain a system of ordinary differen-
tial equations (ODE) of the variable ζ for the coefficients of the
spherical harmonic expansion Uℓm(ζ), χℓm(ζ),Ψℓm(ζ). This system
is then discretized on the collocation points of a Gauss-Lobatto
grid associated with Chebyshev polynomials. It results in an al-
gebraic eigenvalue problem [M]X = λ[Q]X, where X is the
eigenvector of L × Nr components and [M] and [Q] are square
matrices of L × Nr lines, L and Nr being respectively the trun-
cation orders on the spherical harmonics and Chebyshev basis.
The algebraic eigenvalue problem is solved using either a QZ al-
gorithm or an Arnoldi-Chebyshev algorithm. The QZ algorithm
provides the whole spectrum of eigenvalues while the itera-
tive calculation based on the Arnoldi-Chebyshev algorithm com-
putes a few eigenvalues around a given value of the frequency.

Because of the symmetries of the equilibrium model with
respect to the rotation axis and the equator, one obtains a sep-
arated eigenvalue problem for each absolute value of the az-
imuthal number | m | and each parity with respect to the equa-
tor. Thus, for a given m ≥ 0, we have two independent sets of
ODE coupling the coefficients of the spherical harmonic expan-
sion having respectively even and odd degree numbers, that is:

Û+ = Um+2k
m (ζ) χ̂+ = χm+2k

m (ζ) Ψ̂+ = Ψm+2k
m (ζ)

Û− = Um+2k+1
m (ζ) χ̂− = χm+2k+1

m (ζ) Ψ̂− = Ψm+2k+1
m (ζ),

(30)

where 0 ≤ k < +∞. The solutions of these two ODE systems are
either symmetric or antisymmetric with respect to the equator.

The two sets of ODE can be written in the form:
(

A d2

dζ2
+ B d

dζ
+ C Id

)

Ξ = λ

(

D d
dζ
+ E
)

Ξ, (31)

where Ξ denotes

Ξ
+ =

∣

∣

∣

∣

∣

∣

∣

∣

Û+

χ̂+

Ψ̂+
or Ξ

− =

∣

∣

∣

∣

∣

∣

∣

∣

Û−

χ̂−

Ψ̂−
(32)

and where the matrices are defined by blocks as follows:

A =
⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0
0 0 0
0 0 A33

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

B =
⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

B11 0 0
B21 B22 0
0 0 B33

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(33)

C =
⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

C11 C12 0
C21 C22 0
C31 C32 C33

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(34)

D =
⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0 0 0
D21 D22 −D21
0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

E =
⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

E11 E12 −E11
E21 E22 −E21
0 0 0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (35)

Equivalently, one can write Eq. (31) as:
(

B11
d
dζ + C11

)

Û + C12χ̂ = λ
[

E11

(

Û − Ψ̂
)

+ E12χ̂
]

(

B21
d
dζ + C21

)

Û +
(

B22
d
dζ + C22

)

χ̂ =

λ
[ (

D21
d
dζ + E21

) (

Û − Ψ̂
)

+
(

D22
d
dζ + E22

)

χ̂
]

C31Û + C32Ψ̂ +
(

A33
d2

dζ2 + B33
d
dζ + C33

)

Ψ̂ = 0.

(36)

Each sub-matrices can be expressed in terms of the two follow-
ing functionals:

Im
ℓℓ′ (G) = 2π

∫ π

0
G(ζ, θ)Ŷm

ℓ (θ)Ŷm
ℓ′ (θ) sin θdθ (37)

Jm
ℓℓ′ (G) = 2π

∫ π

0
G(ζ, θ)Ŷm

ℓ (θ)
∂Ŷm
ℓ′

∂θ
(θ) sin θdθ (38)

where Ŷm
ℓ

(θ) = Ym
ℓ

(θ, φ)e−imφ is a normalized Legendre
polynomial.

In Appendix B, all the coefficient of the sub-matrices are
made explicit in terms of the function r(ζ, θ) and its first and
second order derivatives as well as in terms of the enthalpy of
the equilibrium model, its first and second order derivatives.

In the following, we consider the Cowling approximation
thus neglecting the gravitational potential perturbation. The
ODE system (31) is simplified accordingly and in particular re-
duces to the first order.

3. Tests and accuracy

The formalism and the numerical method presented in the previ-
ous section have been tested and the accuracy of the frequency
determinations has been estimated.

3.1. Tests

A first test of the method has been performed in the case of
axisymmetric ellipsoids of uniform density. We choose this
configuration because the eigenvalue problem is fully separable
using the oblate spheroidal coordinates (ξ, η, φ) defined as (x =
a cosh ξ sin η sin φ, y = a cosh ξ sin η cosφ, z = a sinh ξ cos η),
where 0 ≤ ξ < +∞, 0 ≤ η ≤ π et 0 ≤ φ ≤ 2π. The eigenfrequen-
cies obtained with this method were compared with the eigen-
frequencies computed with our general method, S (θ) describing
an ellipse. We found the same frequencies with a high degree of
accuracy for arbitrary values of the ellipsoid flatness between 0
and 0.5. Moreover, as the flatness goes to zero, the frequencies
were found to converge towards the values given by a first order
perturbative analysis in terms of flatness. More details about this
test are given in Lignières et al. (2001) and Lignières & Rieutord
(2004).

The frequencies of axisymmetric p-modes in a self-
gravitating uniformly rotating N = 3 polytrope that will be pre-
sented in the following sections have been also tested. As shown
in the previous section, the method involves lengthy analytical
calculations of the coefficients of the ODE system (31). Terms
involved in the non-rotating case have been tested by comparing
our result with the p-modes frequencies in a non-rotating self-
gravitating N = 3 polytrope published in Christensen-Dalsgaard
& Mullan (1994). The relative error is smaller than 10−7 for the
ℓ = 0 to 3, n = 1 to 10 modes. In the rotating case, we compared
our results with the ones obtained by solving the same prob-
lem but using a different form of the starting equations. This
alternative system of equations aims at including the Coriolis
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Fig. 1. Evolution of the frequency relative error, E(L) = |ω(L) −
ω(Lmax)|/ω(Lmax), as the spatial resolution in latitude is increased.
Two modes labeled (ℓ = 1, n = 1) and (ℓ = 6, n = 8) are consid-
ered at the rotation rate Ω/ΩK = 0.46 with Lmax = 80 and Nr = 61.

force; thus the variables and the resulting ODE systems to be
solved are different. We verified that when the terms involving
the Coriolis force are omitted from the equations, eigenfrequen-
cies presented in the next section are recovered with a very high
precision (Reese et al. 2006a). For instance, the maximum rela-
tive error on the eigenfrequency for all the frequencies computed
at Ω/ΩK = 0.59 has been found of the order of 10−6, for a given
set of numerical parameters. This last test gives us strong confi-
dence in the method and its implementation.

3.2. Accuracy

As pointed out by Clement (1981, 1998), accurate numerical so-
lutions of the 2D eigenvalue problem are not easy to obtain. It is
therefore important to estimate the accuracy of our method. In
the following we first investigate the influence of the spatial res-
olution on the eigenfrequencies and then consider other sources
of errors.

A relative spectral error E is defined as the absolute value
of the relative difference between the frequency computed at
a given resolution and the frequency obtained at the maxi-
mum resolution considered. Let us first consider the effects
of the angular resolution. Figure 1 displays E(L) = |ω(L) −
ω(Lmax)|/ω(Lmax) as a function of L, the truncation order of the
spherical harmonic expansion, for two axisymmetric modes la-
beled (ℓ = 1, n = 1) and (ℓ = 6, n = 8) whose spatial struc-
tures are dominated by large and small length scales, respec-
tively (the labeling of the mode will be described in the next
section). The maximum angular resolution is Lmax = 80, the
resolution in the pseudo-radial coordinate is fixed to Nr = 61
and the rotation rate is Ω/ΩK = 0.46. In the same way, Fig. 2
illustrates the effects of the pseudo-radial resolution by show-
ing E(Nr) = |ω(Nr) − ω(Nmax

r )|/ω(Nmax
r ) as a function of Nr,

the truncation order of the Chebyshev polynomial expansion,
for the same modes and rotation rate. The maximum radial res-
olution is Nmax

r = 61 and the latitudinal resolution is fixed to
L = 62. In both figures, we observe that the error first decreases
and then reaches a plateau which means that a better approxi-
mation of the eigenfrequency cannot be obtained by increasing
the spatial resolution. The plateau are significantly higher for the
(ℓ = 6, n = 8) mode than for the (ℓ = 1, n = 1) mode. We ver-
ified that this difference is due to the presence of smaller radial
length scales (rather than to smaller angular length scales).

Fig. 2. Evolution of the frequency relative error, E(Nr) = |ω(Nr) −
ω(Nmax

r )|/ω(Nmax
r ) as the resolution in the radial coordinate is increased.

Two modes labeled (ℓ = 1, n = 1) and (ℓ = 6, n = 8) are considered at
a rotation rate Ω/ΩK = 0.46 with Nmax

r = 61 and L = 62.

Even when the spatial resolution is sufficient, two other
sources of numerical errors can indeed limit the accuracy of
eigenfrequency determination. First, the component of the ma-
trix L and M being computed numerically, they are determined
with a certain error. Second, even when this error is reduced to
round-off errors, the accuracy of the algebraic eigenvalue solver,
the Arnoldi-Chebyshev algorithm, remains limited.

Errors on the matrix component that arise from quadratures
(see Eqs. (37) and (38)) can approach round-off errors using
weighted Gauss-Lobatto quadratures. The other source of error
in the matrix components comes from the computation of equi-
librium quantities. Indeed, the accuracy of the enthalpy, its first
and second derivatives and the surface shape, is at best limited by
the effect of round-off errors on the convergence of the algorithm
used to compute the polytropic stellar models. The effect of these
errors on the eigenfrequencies have been investigated and ap-
pears to be smaller than the effect of the Arnoldi-Chebyshev
algorithm itself which is now described.

As any solver in linear algebra, the Arnoldi-Chebyshev
algorithm amplifies the round-off error that affect the matrix
components. Thus, the error on the eigenvalue and the as-
sociated eigenvector is usually much larger than the round-
off error of double precision arithmetic. The accuracy of the
Arnoldi-Chebyshev algorithm has been studied in details by
Valdettaro et al. (2006) in the context of inertial modes in
a spherical shell where the matrix component are known an-
alytically. Theoretically, it can be estimated by computing the
spectral portrait of the eigenvalue problem [M]X = λ[Q]X,
which shows how small variations of [M] and [Q] affects the
determination of each eigenfrequencies. In fact, as the itera-
tive Arnoldi-Chebyshev algorithm requires an initial guess of
the eigenfrequency, a practical alternative to measure the accu-
racy of a frequency determination is to compute frequencies for
slightly different values of the initial guess. This has been done
for a large number (100) of initial guess values randomly dis-
tributed around the eigenfrequency of the (ℓ = 1, n = 1) and
(ℓ = 6, n = 8) modes. The histogram in Fig. 3 shows the re-
sulting frequencies distribution around a most probable mean
eigenfrequency. The width of the histogram determined by the
standard deviation of the distribution provides a measure of the
algorithm accuracy. The standard deviation σ is equal to 5.6 ×
10−6 for the (ℓ = 6, n = 8) mode and to 6.2 × 10−10 for the
(ℓ = 1, n = 1) mode. The error thus grows with the radial or-
der of the mode, this trend being general in our results (as in
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Fig. 3. Histogram of 100 frequencies obtained for 100 different val-
ues of the initial guess of the Arnoldi-Chebyshev algorithm randomly
chosen in a small interval around ωm = 12.0547. The standard devia-
tion of this frequency distribution σ = 5.6 × 10−6 measures the algo-
rithm relative error on the frequency for this particular mode labeled
(ℓ = 6, n = 8). The spatial resolution is Nr = 61 and L = 62 and the
rotation rate is Ω/ΩK = 0.46.

Valdettaro et al. 2006). Moreover, the width of the histogram
does not depend on the amplitude of the initial guess perturba-
tion provided it is sufficiently small.

We also observe that, except for the dependence of the (ℓ =
1, n = 1) frequency on the angular resolution, the levels of the
plateau shown in Figs. 1 and 2 are of the same order as the er-
ror of the algorithm. It means that, in these cases, the changes in
the matrix component and size associated with the modification
of the resolution have a similar effect on the frequency as vary-
ing the initial guess of the algorithm. However, the convergence
of the (ℓ = 1, n = 1) frequency at a 10−14 level, much lower
than the 6.2 × 10−10 accuracy of the algorithm, shows that it is
not always true and that the spectral error can underestimate the
true error.

Although it is too demanding to compute a global accuracy
by repeating the statistical study on the initial guess for all eigen-
frequencies, the relative accuracy on all tested frequencies is al-
ways better than 2 × 10−5 using double precision arithmetic.

Note that another potential source of error will be discussed
below when describing avoided crossings between modes.

4. Results

The parameter range of the calculations is first presented. Then,
we describe the method used to label the eigenmodes, the struc-
ture of the frequency spectrum, some properties of the eigen-
functions and the differences with perturbative methods.

4.1. Parameter range

Self-gravitating uniformly rotating polytropes of index N = 3
and specific heat ratio Γ1,0 = 5/3 have been computed for rota-
tion rates varying from Ω = 0 up to Ω/ΩK = 0.59. In this range,
the flatness of the star’s surface ǫ = 1 − Rp/Re increases from 0
to 0.15.

Low frequency axisymmetric p-modes have been computed
for each polytropic model. We started with the non-rotating
model and computed the ℓ = (0, ..., 7), n = (1, ..., nmax) ax-
isymmetric p-modes, the largest radial order depending on the
degree ℓ: nmax = 10 for ℓ = (0, 1), nmax = 9 for ℓ = (2, 3, 4)

and nmax = 8 for ℓ = (5, 6, 7). All these 71 modes were then
calculated at higher rotation rates by progressively increasing
the rotation of the polytropic model. In the next section, we ex-
plain how we could track and label them from zero rotation to
Ω/ΩK = 0.59.

4.2. Mode labeling

In the absence of rotation, modes are identified and classified
by the three “quantum” numbers n, ℓ,m characterizing their ra-
dial, latitudinal and azimuthal structure respectively. Because of
separability, independent 1D eigenvalue problems are solved for
each pair (ℓ, m) and it is then an easy task to order the computed
frequencies, the order n additionally indicating the number of ra-
dial nodes of the mode. By contrast, in the presence of rotation,
independent 2D eigenvalue problems are solved for a given |m |
and a given equatorial parity. The computed modes are then ob-
tained without a priori information about their latitudinal and ra-
dial structures. Therefore, an important issue is whether it is pos-
sible to define a meaningful classification of these modes. In this
work, we investigate the possibility of associating unambigu-
ously each mode with a non-rotating mode thus identifying it
by the three quantum numbers n, ℓ,m of the non-rotating mode.
Similarly, Clement (1986) followed some equatorially symmet-
ric acoustic modes to high rotation rates but in a limited fre-
quency range and using low spatial resolution calculations.

In practice, instead of backtracking modes towards zero ro-
tation, we started at zero rotation with a mode we are interested
in and tried to follow it by progressively increasing the rotation.
We managed to track all the ℓ = (0, ..., 7), n = (1, ..., nmax) ax-
isymmetric p-modes from Ω = 0 to Ω/ΩK = 0.59, a global
view of the eigenfrequencies evolution being displayed in Fig. 4
(left panel). As explained below, the main difficulty comes from
avoided crossings between modes of the same equatorial parity.

Zooms in the ω − Ω plane displayed in Fig. 4 (right panels)
provide two examples of avoided crossings respectively between
odd (ℓ = 1, n = 6 and ℓ = 5, n = 5) and even (ℓ = 0, n = 4 and
ℓ = 4, n = 3) modes. Modes tends to cross because their fre-
quencies are not affected in the same way by the centrifugal force
but, as two eigenstates of the same parity cannot be degenerate,
an avoided crossing takes place during which the two eigenfunc-
tions exchange their characteristics. This exchange of property
is illustrated in Fig. 5 in the case of the (ℓ = 0, n = 4), (ℓ =
4, n = 3) crossing. A mean Legendre spectrum is displayed be-
fore, near the closest frequency separation and after the avoided
crossing. The mean Legendre spectrum of a field U is defined
as C(ℓ) = maxnr

|U(ℓ, nr)|/max|U(ℓ, nr)|, where U(ℓ, nr) are the
components of the Legendre/Chebyshev expansion, nr being the
degree of the Chebyshev polynomial. The quantity C(ℓ) thus rep-
resents the largest Chebyshev component for a given value of ℓ
normalized by the maximum over all spectral components. The
mean Legendre spectra peak at one characteristic degree before
and after the avoided crossing, thus showing that the modes re-
cover their original properties after the crossing and therefore
can be unambiguously recognized. Up to the fastest rotation con-
sidered, the ℓ = 0−7, n = 1−10, m = 0, p-modes undergo
a limited number of avoided crossing and could be followed
unambiguously.

It remains that near the crossing the labeling is somewhat
ambiguous. First, it is difficult to define a criterion to assign a la-
bel. Here, we mostly use the degree at which the mean Legendre
spectrum reaches a maximum. But it occurred that the two inter-
acting modes peak at the same degree in which case we deter-
mined the location of the smallest frequency separation. Second,
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Fig. 4. Evolution of all the computed p-modes frequencies from Ω = 0 to Ω/ΩK = 0.59. The frequencies have been adimensionalized
by (GM/R3

p)1/2 because we expect that the polar radius Rp does not change much as the rotation of the star increases. Non-rotating ℓ = (0, ..., 7),
n = (1, ..., nmax) p-modes have been followed by progressively increasing the rotation. This mode tracking requires special care when an avoided
crossing occurs between two modes of the same equatorial parity. The figure on the left shows an overview of the frequency evolution while the
two right figures display zooms to illustrate avoided crossings between the ℓ = 1, n = 6 and ℓ = 5, n = 5 modes and the ℓ = 0, n = 4 and
ℓ = 4, n = 3 modes, respectively. Although the two “interacting” modes have a mixed character near the closest frequency approach, their original
properties are recovered after the crossing which enables to unambiguously follow and label the modes. This is illustrated in Fig. 5 by considering
the spectra of Legendre expansion components of the ℓ = 0, n = 4 and ℓ = 4, n = 3 modes at the rotation rates marked by an arrow. Note that
in the above figures crossings do occur between equatorially symmetric and anti-symmetric modes. In the global view, there are two examples
of discontinuous frequency changes due to avoided crossing with modes which frequency is not represented on the figure. Actually, the ℓ = 8,
n = (1, 2, 3) modes have been displayed in this view to avoid more discontinuous changes.

Fig. 5. Evolution of the Legendre components
C(ℓ) = maxnr |U(ℓ, nr)| of the ℓ = 0, n = 4 and
ℓ = 4, n = 3 modes during the avoided cross-
ing shown in Fig. 4. Prior to (Ω/ΩK = 0.38)
and after (Ω/ΩK = 0.55) the avoided crossing,
the spectrum of Legendre components peaks at
a given degree while, near the closest approach
(Ω/ΩK = 0.46), the double peaks of the spectra
show the mixed character of the eigenmodes.

as shown by Fig. 5, a more fundamental problem is that a single
label cannot reflect the mixed nature of the eigenfunction.

Another issue related to avoided crossings concerns their
influence on the accuracy of the eigenfunction computation.
Indeed, if a large-scale, well resolved eigenfunction undergoes
an avoided crossing with a small-scale unresolved mode, the
accuracy of the eigenfunction determination will be affected.
The effect on the frequency accuracy should be small as the
frequency gap induced by the avoided crossing of two modes
of well separated length scales is small. But, at the closest ap-
proach, the eigenfunctions will be much affected. At zero rota-
tion, the highest degree mode present in our frequency range is
ℓ = 51, n = 1. Thus, if one of the low degree modes that we
computed undergoes an avoided crossing with a mode of such
a high degree, the high degree mode should be resolved to en-
sure an accurate determination of the eigenfunction of the low
degree mode.

4.3. The structure of the frequency spectrum

The effect of the centrifugal force on the acoustic frequency
spectrum of axisymmetric modes is investigated. The mean
modifications of the spectrum are discussed then we investigate
how regularities in the frequency spacings evolve with rotation.
Finally, differences between equatorially symmetric and anti-
symmetric modes are outlined.

4.3.1. Global spectrum evolution

Figure 6 compares the frequency spectrum of the ℓ = 0−7, n =
1 − nmax,m = 0 modes at Ω = 0 (upper panel) and at Ω/ΩK =

0.59 (lower panel), the height of the vertical bars corresponding
to the degree ℓ of the mode. It appears that the centrifugal force
induces a mean contraction of the frequency spectrum. This is
expected as the decrease of the sound speed and the increase
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Fig. 6. Frequency spectrum of ℓ = 0−7, n =
1− nmax,m = 0 modes at Ω = 0 (top panel) and
Ω/ΩK = 0.59 (bottom panel). The degree num-
ber ℓ associated with the frequency is shown by
the height of the vertical bar.

of the star volume induced by the centrifugal force both tend to
lessen the frequency of acoustic modes.

To illustrate this effect, consider a spherically symmetric
decrease of the effective gravity. In a homologous series of
spherical models of increased volume V , the decreasing rate of
the frequencies ∆ω/ω is −(1/2)(∆V/V), as the normalized fre-
quencies ω/(GM/R3)1/2 remain constant. For non-homologous
spherically symmetric changes, ∆ω/ω is asymptotically equal

to −∆(ln
∫ Rp

0
dr/c) for high order modes verifying the following

asymptotic formula valid for low degree and high order p-modes
(Tassoul 1980):

ω =
π
∫ R

0
dr
c

(n + (ℓ + 1/2)/2 + α) (39)

where 1/
∫ R

0
dr
c

is the sound travel time along a stellar radius
and α is a constant. When, as in these two previous cases, ∆ω/ω
does not depend on the frequency, the concentration of the fre-
quency spectrum is homothetic.

This is clearly not the case here since the frequencies cross
each other (see Fig. 4). But there is still an average contrac-
tion rate which is of the order of −(1/2)(∆V/V), where now V
is the volume of the centrifugally distorted star. In addition, the
contraction rates of individual frequencies appears to be com-
prised between the logarithmic derivative of the sound travel
times computed respectively along the polar and equatorial radii:

∂Ω

(

ln
∫ Rp

0

dr

c

)

≤ −∂Ω(lnω) ≤ ∂Ω
(

ln
∫ Re

0

dr

c

)

· (40)

Another interesting property is that, at small rotation rates, say
Ω/ΩK ≤ 0.05, the contraction rate ∂Ω(lnω) tends to be inde-
pendent of ℓ and n for the large degree modes ℓ ≥ 3. This
suggests that an asymptotic regime exists for modes with hor-
izontal wavelengths smaller than the dominant length scales of
the centrifugal distortion. In this regime, the contraction rate has
a constant value that is not equal to −(1/2)(∆V/V). We already
found such behaviour in the case of homogeneous ellipsoids
(Lignières et al. 2001) where a perturbative analysis shows that

the contraction rate of axisymmetric modes is constant for high ℓ
and n and that it can be related to the increase of the ellipse
perimeter.

Nevertheless, for the low degree modes ℓ ≤ 2 belowΩ/ΩK ≈
0.05, and for all modes at higher rotation rates, ∂Ω(lnω) depends
on ℓ and n. This differential effect modifies the structure of the
frequency spectrum as the rotation increases.

4.3.2. Regular frequency spacings

In a non-rotating star, the frequency spectrum presents some
regular frequency spacings which can be accounted for by
an asymptotic theory in the high frequency limit ω → ∞.
The asymptotic formula (39), valid for low degree and high or-
der modes, shows that the large frequency separation between
modes of consecutive order n,∆n = ωn+1,ℓ−ωn,ℓ, does not depend

on ℓ and n and is equal to π/
∫ R

0
dr
c

. A more detailed asymptotic
analysis also shows how the so-called small frequency separa-
tion δ = ωn+1,ℓ − ωn,ℓ+2 vanishes as a function of the frequency.
Although our calculations are restricted to the low frequency
part of the acoustic spectrum, we observe a clear tendency to-
wards these asymptotic behaviors in the non-rotating case. We
can therefore investigate whether these properties are modified
by rotation.

Figure 7 presents the large frequency separation ∆n and the
frequency separation between consecutive modes of the same
order and parity:

∆2,ℓ = ωn,ℓ+2 − ωn,ℓ, (41)

as a function of the radial order n for four different rotation
rates, (a) Ω = 0, (b) Ω/ΩK = 0.32, (c) Ω/ΩK = 0.46 and
(d) Ω/ΩK = 0.59. As in the previous figures, the frequencies are
adimensionalized by (GM/R3

p)1/2. Continuous lines have been
drawn between frequencies of the same degree ℓ. We first ob-
serve that the large frequency separation tends to be independent
of n and ℓ at all rotation rates. In accordance with the mean con-
traction of the frequency spectrum mentioned above, the large
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Fig. 7. Regularities in the frequency spacings of
axisymmetric (m = 0) modes. The large fre-
quency separation between modes of consec-
utive order ∆n = ωnℓ − ωn−1ℓ, the frequency
separation between ℓ + 2 and ℓ modes, ∆2,ℓ =

ωn,ℓ+2−ωn,ℓ, and the small frequency separation
δ = ∆n − ∆2,ℓ are displayed as a function of the
radial order n for four different rotation rates,
a) Ω = 0, b) Ω/ΩK = 0.32, c) Ω/ΩK = 0.46
and d) Ω/ΩK = 0.59. We plotted the opposite
of the small frequency separation −δ for clar-
ity. Continuous lines have been drawn between
frequencies of the same degree ℓ.

frequency separation decreases with rotation. It is always be-

tween π/
∫ Rp

0
dr/c and π/

∫ Re

0
dr/c.

The dispersion of the large frequency separations around
their mean value also has an interesting evolution with rotation.
In the non-rotating case, the dispersion reflects a regular depar-
ture from the asymptotic limit. It is larger for high degrees and
monotonically decreases with frequency (see Fig. 7a). In the ro-
tating cases, the dispersion is not as regular. The largest depar-
tures, some of which are most clearly visible in Fig. 7c, can be
attributed to an ongoing avoided crossing. The residual disper-
sion is irregular and decreases with rotation. At Ω/ΩK = 0.59,
if we exclude all n < 4 values from our sample, the mean large
frequency separation 〈∆n〉 is equal to 1.095(GM/R3

p)1/2 and its
standard deviation is 0.017〈∆n〉.

We now consider the small frequency separation δ = ∆n −
∆2,ℓ. As expected, in the absence of rotation the small frequency
separation tends to vanish as n increases. But, at Ω/ΩK = 0.32,
the small frequency separation no longer decreases with n for
some values of ℓ and for the higher rotation rates it becomes
nearly constant. At the same time, the ∆2,ℓ separation becomes
more and more uniform as rotation increases. As shown in
Fig. 7b, ∆2,ℓ becomes approximatively constant with n first for
low degree modes while it still increases with frequency for high
degree modes. In addition, equatorially antisymmetric modes
reach this new regime at a lower rotation rate than the equa-
torially symmetric modes of similar degree. This is illustrated
in Fig. 7d by the ∆2,ℓ=4 curve which still remains above the
mean ∆2,ℓ value while the ∆2,ℓ=5 separation collapses with the
other curves. At Ω/ΩK = 0.59, if we exclude all n < 4 values
from our sample, the mean frequency separation ∆2,ℓ is equal
to 0.387(GM/R3

p)1/2 and its standard deviation is 0.033〈∆n〉.
As a consequence of the near uniformity of ∆n and ∆2,ℓ, the

frequencies of low degree and high order modes can be approx-
imated by the following expressions:

ω̃nℓ =

{

nδn + pδℓ + α
+ if ℓ = 2p

nδn + pδℓ + α
− if ℓ = 2p + 1 (42)

where δn = 〈∆n〉, δℓ = 〈∆2,ℓ〉, α+ and α− only depend on the
equilibrium model. Using a reference frequency to determine
the α constants (the ℓ = 0, n = 8 frequency for α+ and the
ℓ = 1, n = 8 frequency for α−), we computed the root mean
square error

√

1/N
∑

(ω̃ − ω)2 and the maximum error made in
using the approximate expressions (42). For a frequency subset
containing the n > 4 and ℓ < 5 modes, the rms error is 0.017δn

while the maximum error amounts to 0.05δn. Both errors are
a very small fraction of the large separation which shows that
Eq. (42) yields useful approximations of the frequency spectrum.

4.3.3. Equatorially symmetric versus anti-symmetric
frequency spectra

We have seen that the regular frequency spacings ∆n and ∆2,ℓ
have similar values for symmetric and anti-symmetric modes
with respect to the equator. The evolution of the equatorially
symmetric and anti-symmetric frequency spectra are neverthe-
less quite different. Indeed, considering two modes of similar
frequency but of opposite equatorial parity, the frequency of the
symmetric mode generally decreases faster with rotation than
the frequency of the antisymmetric modes. The consequence is
that the frequency separation between modes of consecutive de-
gree (and thus of opposite parity) ∆l = ωn,ℓ+1 − ωn,ℓ tends to
increase when ℓ is even and to decrease when ℓ is odd. The fre-
quency separation ∆l can even become negative which implies
that, contrary to the non-rotating case, frequencies of a given
order n do not increase monotonically with the degree ℓ. This
striking modification of the usual frequency ordering is apparent
in Fig. 6 where the (ℓ = 2, n) frequencies are smaller than the
(ℓ = 1, n) frequencies for all the order n that we calculated, that
is n = (1, ..., 10). In the same way, the (ℓ = 4, n) frequencies are
smaller than the (ℓ = 3, n) frequencies if n ≥ 3, and again the
(ℓ = 6, n) frequencies are smaller than the (ℓ = 5, n) frequencies
if n ≥ 5.
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Fig. 8. Isocontours of the ℓ = 4, n = 4 mode
amplitude in a meridional plane as a function
of the rotation a) Ω = 0, b) Ω/ΩK = 0.32,
c) Ω/ΩK = 0.46 and d) Ω/ΩK = 0.59. The
amplitude is normalized to the maximum of
its absolute value. Continuous lines correspond
to positive amplitudes, dashed lines to the
zero amplitude and dotted lines to negative am-
plitudes. At zero rotation, the angular distribu-
tion is given by the Ŷ0

4 (θ) Legendre polynomial
while the radial distribution is characterized by
the surface concentration of the amplitude and
the presence of n = 4 nodes in the inner part.
For larger rotation rates, the largest amplitudes
concentrates toward the equator. We also note
that the number of radial nodes decreases along
the polar radius while it increases along the
equatorial radius.

4.4. Equatorial concentration

In this section, we focus on the most notable effect of the cen-
trifugal force on the eigenmodes, namely the equatorial con-
centration and consider its consequences on the mode visibility.
Note that Clement (1981) also reported an equatorial concentra-
tion of the equatorially symmetric modes that he calculated.

Figure 8 shows this effect on the (ℓ = 4, n = 4) mode.
Contours of the amplitude of the Lagrangian pressure pertur-
bation are plotted in a meridional plane for increased rotation
rates, (a) Ω = 0, (b) Ω/ΩK = 0.32, (c) Ω/ΩK = 0.46 and
(d) Ω/ΩK = 0.59. We observe that the number of nodes in-
creases along the equatorial radius and decreases along the polar
one. Along the surface, the number of nodes remains equal to ℓ
before Ω/ΩK = 0.59 where additional nodes appear. The equa-
torial concentration is clearly seen in the outermost layers.

In Fig. 9, the equatorial concentration is shown for other
modes including the lowest and highest degree modes of our
sample as well as symmetric and anti-symmetric modes. The lat-
itudinal variation of the mode amplitude is displayed at the sur-
face for the following modes, (a) ℓ = 0, n = 1, (b) ℓ = 1, n = 1,
(c) ℓ = 6, n = 8, (d) ℓ = 7, n = 8. In each case, the equa-
torial concentration grows with rotation. At the largest rotation
rate, symmetric modes are maximal at the equator while anti-
symmetric modes peak at small latitudes since they must vanish
at the equator. The contrast between these maxima and the polar
amplitude is strong.

The equatorial concentration reveals a modification of the
resonant cavity of the acoustic waves. In particular, the reduction
of the volume of the resonant cavity should tend to increase the
frequency. The equatorial concentration seems also to be asso-
ciated with the near-uniformity of the frequency separation ∆2,ℓ.
At low rotation rates, the concentration is not completed and ∆2,ℓ
is clearly not constant. At the largest rotation rate, all modes are
concentrated near the equator and ∆2,ℓ is nearly uniform.

Besides its effect on the frequency spectrum, the equatorial
concentration of eigenmodes should induce a profound modi-
fication of the mode visibility as compared to the non-rotating
case. The photometric mode visibility is determined by the in-
tegration over the visible part of the star’s perturbed surface of
the radiation intensity perturbations associated with a particular
pulsation mode. Rigorous calculations of photometric visibili-
ties are beyond the scope of the present paper as they require
non-adiabatic calculations of the oscillation modes and stellar
atmosphere models (e.g. Daszyńska-Daszkiewicz et al. 2002).
But we can still determine the effects of averaging the perturba-
tions over the visible surface which have a direct impact on the
visibility. The disk-averaging factor is defined as:

D(i) =
1

πR2
eδT0

∫∫

S v

δT (θ, φ)dS · ei (43)

where i is the inclination angle between the line-of-sight and the
rotation axis, ei is a unit vector in the observer’s direction and δT
is the spatial part of the Lagrangian temperature perturbation at
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Fig. 9. The mode amplitude at the surface of
the polytropic model as a function of the ro-
tation rate a) ℓ = 0, n = 1, b) ℓ = 1, n = 1,
c) ℓ = 6, n = 8, d) ℓ = 7, n = 8. The
amplitude is normalized to the maximum of
its absolute value. While the angular distribu-
tion is given by the corresponding Legendre
polynomial Ŷ0

ℓ
(θ) in the absence of rotation,

the oscillation amplitude progressively concen-
trates towards the equator (θ = π/2) as rotation
increases.

Fig. 10. The disk-averaging factor D(i) is
shown as a function of the inclination angle i
for various axisymmetric modes at two differ-
ent rotation rates Ω = 0 a) and Ω/ΩK = 0.59.
The degree of the modes varies from ℓ = 0 to
ℓ = 7. In the rotating case, the surface distri-
bution also depends on the order of the mode.
Two values n = 1 b) and n = 8 c) have been
considered at Ω/ΩK = 0.59.

the stellar surface, δT being proportional to the velocity diver-
gence χ in the approximation of adiabatic perturbations. The
mode amplitude is normalized by δT0 the root mean square of
the perturbation over the whole stellar surface

δT0 =

(∫∫

S

δT 2(θ, φ)dS

)1/2

(44)

and the visible surface S v has been normalized by πR2
e, the visi-

ble surface of a star seen pole-on. With these normalizations the
disk-averaging factor of a radial mode seen pole-on is unity.

In the absence of rotation, the surface distribution of modes
is determined by a unique spherical harmonic and the disk-
averaging factor takes a simple analytical form (Dziembowski
1977). For even degree and for ℓ = 1, the disk-averaging fac-
tor varies with the inclination angle as the Legendre polyno-
mial Ŷm

ℓ
(i) while it vanishes altogether for odd degree ℓ ≥ 3.

For rotating stars, the method of the calculation is detailed in
Appendix C. Note that for modes that are equatorially anti-
symmetric and axisymmetric, the disk-averaging factor also has

a simple dependency on the inclination angle as it is proportional
to cos(i).

Figure 10 shows the disk-averaging factor of various axisym-
metric modes as a function of the inclination angle. The non-
rotating case is displayed in Fig. 10a where ℓ = 0 to ℓ = 7 modes
are considered. We recall that, atΩ = 0, modes of different radial
orders but same ℓ and m have the same surface distribution. This
is not true in the rotating case and, at Ω/ΩK = 0.59, Figs. 10b
and c present the disk-averaging factor for modes of the same
degree numbers but for two different radial orders n = 1 and
n = 8, respectively. Note also that the disk-averaging factor was
allowed to take a negative value for clarity of the figure although
it is its absolute value that is relevant for the mode’s visibility.
Figure 10 shows that rotation strongly modifies the dependency
of the disk-averaging factor on the inclination angle as well as
on the degree number.

Figure 10c shows that for all n = 8 equatorially symmetric
modes the absolute value of the disk-averaging factor tends to
increase with the inclination angle. This is due to the equato-
rial concentration of these modes (see for example the surface
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Fig. 11. The variation of the disk-averaging fac-
tor as a function of the degree ℓ is shown at
two fixed values of the inclination angle (i = 0
and i = π/2). The three curves in each fig-
ure correspond to the non-rotating case and, at
Ω/ΩK = 0.59, to two different orders, n = 1
and n = 8. The absolute value of the disk-
averaging factor has been rescaled by its maxi-
mum value among the different degree consid-
ered to outline its dependency on the degree
number. In sharp contrast to the non-rotating
case, the disk-averaging factor at Ω/ΩK = 0.59
does not show a strong decrease with ℓ.

distribution of the (ℓ = 6, n = 8) mode at Ω/ΩK = 0.59 shown
in Fig. 9c). This tendency is less pronounced for the n = 1 sym-
metric modes shown in Fig. 10b (except for the ℓ = 2 mode)
although these modes are also equatorially concentrated. This is
due to a cancellation effect between positive and negative pertur-
bations concentrated near the equator as illustrated by the sur-
face distribution of the (ℓ = 0, n = 1) mode in Fig. 9a. The
non-rotating case strongly differs since the absolute value of the
disk-averaging factor for even degree ℓ > 0 modes does not vary
monotonically with the inclination. Indeed, they have ℓ/2 nodes
between 0 and π/2. For odd ℓ modes, the disk-averaging factor
is also modified by rotation since it no longer vanishes for ℓ ≥ 3.
This occurs because the projected elementary surfaces dS · ei

are no longer symmetric with respect to the observer’s direction
and because the projection of the eigenmode surface distribution
onto the Legendre polynomial Ŷ0

1 is not zero for ℓ ≥ 3 modes.

In non-rotating stars, the cancellation effect between posi-
tive and negative perturbations results in a rapid decrease of
the disk-averaging factor as the degree ℓ of the mode increases.
Consequently, modes above a certain degree ℓ ≥ 3−4 are not
expected to be detectable with photometry and are therefore not
included when trying to identify the observed frequencies. As
shown in Fig. 11, this property must be reconsidered for rapidly
rotating stars. The absolute disk-averaging factor normalized by
its maximum value over the degree considered 0 ≤ ℓ ≤ 7,
|D(i)|/maxℓ|D(i)|, is plotted as a function of ℓ for two fixed values
of the inclination angle, i = 0 in Fig. 11a and i = π/2 in Fig. 11b.
The three curves correspond to Ω = 0 and to Ω/ΩK = 0.59 for
the n = 1 and n = 8 modes, respectively. In contrast to the
non-rotating case, the disk-averaging factor has no tendency to
decrease above ℓ = 2. Again, this can be explained by the equa-
torial concentration as modes of different degree have a similar
surface distribution.

4.5. Comparison with perturbative methods

According to the perturbative analysis, centrifugal effects appear
at second order in Ω (Saio 1981). To determine the second-
order perturbative coefficient from our complete calculations,
we performed a series of calculations for small rotation rates
(Ω = 0, 1.8 × 10−3, 1.8 × 10−2, 4.6 × 10−2, 0.09 × 10−2, ...
in units of ΩK). From them, we determined the second-order
perturbative coefficient, denoted ω1, as the limit of the ratio
(ω(Ω) − ω0)/Ω2, where ω0 denotes a non-rotating eigenfre-
quency. Thus the approximate frequencies valid up to the second
order in Ω read ωpert = ω0 + ω1Ω

2, where the frequencies are in
units of (GM/R3

p)1/2 and the rotation is in units of ΩK. To assess
the range of validity of the second order perturbative approach,
we compared these approximate frequencies to the “exact”

Fig. 12. The relative difference between exact frequencies and their sec-
ond order perturbative approximation (second order in terms of the
small parameter Ω/ΩK), namely δω/ω where δω = ω − ωpert is dis-
played as a function of the rotation rate for the ℓ = 0−2, n = 1−10, m =
0 modes.

frequencies. In Fig. 12, the relative differences between the
two calculations, (ω − ωpert)/ω, is plotted as a function of the
rotation rate for the ℓ = 0−2, n = 1−10 modes. The departures
computed for the other modes, ℓ = (3, ..., 7), n = (1, ..., nmax),
are smaller than the extremal differences shown in Fig. 12 and
are not displayed for clarity. The relative differences are gener-
ally larger for low degree modes and, for small rotation rates, are
a monotonic function of the radial order n (an increasing func-
tion for the ℓ = 0−2 modes shown in Fig. 12). As mentioned
before the low degree modes seem to be sensitive to the precise
form of the distortion that occurs at similar lengthscales. As rota-
tion increases, it appears that higher than second order effects are
important to describe the effect of the centrifugal distortion on
these modes. The second order approximation is much better for
large ℓ modes which are sensitive to global distortion properties.

As compared to the observational uncertainties on the fre-
quency determinations, the error made in using second order
perturbative methods becomes rapidly significant as rotation in-
creases. For a ratio Ω/ΩK = 0.24, corresponding to a typical
δ Scuti star with an equatorial velocity of 100 km s−1, the max-
imum absolute difference is 11 µHz which is much larger than
typical observational uncertainties.
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The fact that in our frequency sample the absolute difference
increases with frequency suggests that departure from the pertur-
bative approach could be detectable for moderately rotating stars
pulsating in high order modes. In our data limited to n ≤ 10, the
largest relative difference is 2.87 × 10−3 for a Ω/ΩK = 0.139 ro-
tation corresponding to a solar-type star with an equatorial veloc-
ity of 60 km s−1. If we assume that the same relative difference
holds for high order p-modes in the range of 2000 µHz generated
in convective envelopes of these stars, the absolute difference is
5.7 µHz for a typical 2000 µHz frequency. This would be also
easily detectable given the observational uncertainties (Bouchy
et al. 2005). However, a firm conclusion should await a direct
comparison between the perturbative approach and the complete
calculation for p-modes generated in the convective envelope of
rotating solar-type stars.

5. Discussion and conclusion

A new non-perturbative method to compute accurate oscillation
modes in rotating stars was presented. The accuracy of the com-
puted frequencies has been obtained by testing the effect of the
different parameters of the numerical method. Then, the effects
of the centrifugal force on low frequency axisymmetric acoustic
oscillation modes were investigated in uniformly rotating poly-
tropic models of stars. Seventy-one low degree ℓ ≤ 7 and low
order n ≤ 10 modes were first determined at zero rotation and
then tracked at higher rotation rates up to Ω/ΩK = 0.59.

In the frequency and rotation ranges considered in this paper,
the zero rotation quantum numbers ℓ and n were used to label the
modes. This labeling turned out to be meaningful since we found
regular frequency spacings between modes of the same degree
and consecutive orders, ∆n, and, within the subsets of modes of
the same equatorial parity, between modes of the same order and
consecutive degree, ∆2,ℓ. We noted however that near avoided
crossings, when the eigenfunction is a mix of the two “interact-
ing” modes, a unique label cannot reflect the actual eigenfunc-
tion structure. Although successful in the frequency and rotation
ranges considered, it remains to be proved that this labeling can
be performed in practice at higher rotation and at higher fre-
quencies. Indeed, the main difficulty of the labeling procedure
arises from the avoided crossing between modes of the same
equatorial parity and such crossings will be more frequent as the
eigenfrequency density increases with the frequency. The cou-
pling between modes is also stronger at higher rotation rates. It
might then be necessary to investigate tools other than the mean
Legendre power spectrum to characterize the modes.

The study of the frequency spectrum showed a quite unex-
pected result, namely that, at the highest rotation rates, a new
form of organization sets in after the zero rotation asymptotic
structure of the spectrum has been destroyed. In the absence of
rotation, the asymptotic theory is directly related to the spherical
symmetry of the stars and ultimately to the integrability of the
underlying ray dynamics. In the presence of rotation, the eigen-
value problem is not fully separable and the underlying acous-
tic ray dynamics is most probably not integrable. The regular
spacings observed at high rotation rates were not expected. They
might be the sign of a near-integrable ray dynamic rather than
a chaotic system. These aspects will be investigated in a ray dy-
namic study of rotating polytropic models of stars.

Most importantly for asteroseismology, the existence of reg-
ular spacings in the spectrum can potentially provide tools
for the mode identification in rapidly rotating pulsating stars.
A complete acoustic frequency spectrum including m � 0 modes
and the effects of the Coriolis acceleration should however be

computed and analyzed to assess the practical relevance of these
regular spacings.

Apparently, there is a relation between the new spectrum
structure and the equatorial concentration of the mode ampli-
tudes. A consequence would be that this spectrum structure does
not apply to the whole spectrum. Indeed, sufficiently high de-
gree modes should still be of the whispering gallery type (e.g.
Rieutord 2001). Then, being so different from equatorially con-
centrated modes, they are not expected to follow the same regu-
lar spacings.

Another interesting issue is the difference between the modes
of different equatorial symmetry. We have seen that although the
structure of the symmetric and anti-symmetric spectra is simi-
lar, the frequency spectrum of the symmetric modes as a whole
seems to evolve independently from the anti-symmetric spec-
trum. The equatorial symmetry also influences the “strength” of
the avoided crossings measured by the frequency separation at
the closest frequency approach. As illustrated in Fig. 4 (right
panels), avoided crossings between symmetric modes are always
stronger than avoided crossings between anti-symmetric modes
since they remain further apart.

Modes undergoing an avoided crossing are particular be-
cause they have close frequencies and similar eigenfunctions. As
a consequence, both can be excited to observable levels by some
excitation mechanism. They are therefore good candidates to ex-
plain the occurrence of close frequencies in observed spectra
(Breger & Pamyatnykh 2006) as well as the associated amplitude
variations induced by beating between the two close frequencies.

The most striking effect of the centrifugal force on the eigen-
function is the equatorial concentration of the mode amplitude.
Again, the study of the ray dynamics should help specify the
conditions in which the sound waves stay focused in the equato-
rial region. As compared to the non-rotating case, the equatorial
concentration strongly modifies the integrated light visibility and
in particular its variation with respect to the mode degree and the
inclination angle. Our results showing a global increase of the
disk-integration factor as the star is seen equator-on are com-
patible with observations of δ Scuti pulsations which also sug-
gest an increase of the pulsation amplitudes with i (Suárez et al.
2002). Another finding of practical interest is that, for rapidly
rotating stars, the cancellation effect of the disk averaging no
longer sharply decreases with the degree of the mode and also
varies with the order of the mode. Realistic calculations of the
mode visibility including non-adiabatic calculations of the os-
cillation modes, stellar atmosphere models as well as the gravity
and limb darkening effect will however be needed to draw firm
observational conclusions.

The omission of the Coriolis force did not allow a complete
treatment of the rotational effects. However, the effect of the
Coriolis force vanishes for sufficiently large frequency (as the
time scale of the Coriolis acceleration 1/Ω becomes much larger
than the pulsation period) while the modification of the equi-
librium model by the centrifugal force affects all frequencies.
Therefore, the results presented here should be useful for the
high frequency part of the acoustic spectrum in rotating stars. In
a companion paper (Reese et al. 2006b), we extend the present
results by taking into account the Coriolis acceleration which,
among other things, allows us to specify the domain of validity
of perturbative calculations.
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Appendix A: Linear operators in spheroidal

coordinates

Let us now express the linear operators involved in
Eqs. (22)–(24), using the spheroidal coordinates given by
Eq. (25). We need the general expression of the divergence

∇ · V = 1
√

| g |
∂i

( √

| g |V i
)

(A.1)

and the Laplacian:

∆Φ =
1
√

| g |
∂i

( √

| g |gin∂nΦ
)

(A.2)

where V = V1
E1+V2

E2+V3
E3 = V1E

1+V2E
2+V3E

3 is written
in the natural basis Ei = ∂OM/∂xi or the conjugated basis E

i

verifying Ei · E
j = δi j, gin are the components of the metric

tensor and |g| is the absolute value of metric tensor determinant.
From these expressions, we derived the form of the following

operators:

g0 · ∇ ≡ (g1
0E1 + g

2
0E2) · ∂i E

i ≡ g1
0∂ζ + g

2
0∂θ (A.3)

r2∆ ≡ h1∂
2
ζζ − 2h2∂

2
θζ + h4∂ζ + ∆θφ (A.4)

r2L ≡ −
⎛

⎜

⎜

⎜

⎜

⎝

h1
g2

0

g1
0

+ 2h2

⎞

⎟

⎟

⎟

⎟

⎠

∂2
θζ + h4∂ζ −

⎡

⎢

⎢

⎢

⎢

⎣

h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

g2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

∂θ + ∆θφ (A.5)

r2
∇ · ( • A0) ≡ (r2A1

0)∂ζ + (r2A2
0)∂θ + r2

∇ · A0[id] (A.6)

where ∆θφ represent the horizontal part of the Laplacian in spher-
ical coordinates:

∆θφ ≡ ∂2
θθ + cot θ∂θ +

1

sin2θ
∂2
φφ, (A.7)

and

h1 =
r2 + r2

θ

r2
ζ

(A.8)

h2 =
rθ

rζ
(A.9)

h3 =
r

rζ
(A.10)

h4 =
1
rζ

⎡

⎢

⎢

⎢

⎢

⎣

∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

r2 + r2
θ

rζ

⎞

⎟

⎟

⎟

⎟

⎠

− 1
sin θ
∂θ(rθ sin θ)

⎤

⎥

⎥

⎥

⎥

⎦

. (A.11)

We recall that:

r = (1 − ǫ)ζ + A(ζ) (S (θ) − 1 + ǫ) (A.12)

where S (θ) describes the stellar surface.

Appendix B: Coupling matrix

The components of the sub-matrices which define the ODE sys-
tem (36) are specified below using the functionals Im

ℓℓ′ and Jm
ℓℓ′

defined in Eqs. (37) and (38):

A33 Im
ℓℓ′ (h1) (B.1)

B11 Im
ℓℓ′ (r

2g1
0) (B.2)

B21 Im
ℓℓ′ (h4) − Jm

ℓℓ′

⎛

⎜

⎜

⎜

⎜

⎝

2h2 + h1
g2

0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(B.3)

B22 Im
ℓℓ′

⎛

⎜

⎜

⎜

⎜

⎝

h1
c2

0N2
0

g1
0

− r2A1
0

⎞

⎟

⎟

⎟

⎟

⎠

(B.4)

B33 Im
ℓℓ′ (h4) − Jm

ℓℓ′ (2h2) (B.5)

C11 Jm
ℓℓ′ (r

2g2
0) (B.6)

C12 − Im
ℓℓ′(r

2c2
0N2

0 ) (B.7)

C21 − ℓ(ℓ + 1)δℓℓ′ − Jm
ℓℓ′

⎡

⎢

⎢

⎢

⎢

⎣

h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

g2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

(B.8)

C22 Im
ℓℓ′

⎡

⎢

⎢

⎢

⎢

⎣

h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

c2
0N2

0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

− r2
∇ · A0

⎤

⎥

⎥

⎥

⎥

⎦

− Jm
ℓℓ′ (r

2A2
0) (B.9)

C31 − Im
ℓℓ′(r

2d0) (B.10)

C32 Im
ℓℓ′

[

r2(d0c2
0 − ρ0)

]

(B.11)

C33 − ℓ(ℓ + 1)δℓℓ′ + Im
ℓℓ′ (r

2d0) (B.12)

D21 − Im
ℓℓ′

⎛

⎜

⎜

⎜

⎜

⎝

h1

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(B.13)

D22 Im
ℓℓ′

⎛

⎜

⎜

⎜

⎜

⎝

h1c2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

(B.14)

E11 Im
ℓℓ′ (r

2) (B.15)

E12 − Im
ℓℓ′ (r

2c2
0) (B.16)

E21 − Im
ℓℓ′

⎡

⎢

⎢

⎢

⎢

⎣

h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

1

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

(B.17)

E22 Im
ℓℓ′

⎡

⎢

⎢

⎢

⎢

⎣

r2 + h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

c2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

⎤

⎥

⎥

⎥

⎥

⎦

(B.18)

where ℓ = m + 2k, ℓ′ = m + 2k′ when applied to the Ξ+m vector
and ℓ = m + 2k + 1, ℓ′ = m + 2k′ + 1 for Ξ−m.

For a polytropic model of index N, the quantities describing
the equilibrium can be expressed in terms of the dimensionless
enthalpy H as follows:

g0 = ∇H A0 =
(

1 − NΓ1,0

N+1

)

∇H

c2
0 =

Γ1,0

N+1 H c2
0N2

0 =
(

1 − NΓ1,0

N+1

)

‖∇H‖2

ρ0 = Λ
N HN d0 = NΛN HN−1,

(B.19)

where Λ is such that

Λ =
4πGρcR

2
e

hc
(B.20)

where hc and ρc are the dimensional enthalpy and density at the
center of the polytropic model.

The components of the ODE, given by Eqs. (B.1) to (B.18),
can then be expressed in terms of the enthalpy and its derivatives,
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Hζ ,Hθ,Hζθ,HζζHθθ. This has been done in order to minimize the
numerical error in the calculation of these components. The most
useful expressions are:

g1
0 =

h1Hζ − h2Hθ

r2
(B.21)

g2
0 =
−h2Hζ + Hθ

r2
(B.22)

‖∇H‖2 =
h1H2

ζ − 2h2HζHθ + H2
θ

r2
(B.23)

h1
c2

0N2
0

g1
0

− r2A1
0 =

(

1 − NΓ1,0

N + 1

)

H2
θ

r2
ζ
g1

0

(B.24)

∂ζ
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⎝

g2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

=
1

(

r2g1
0

)2

[

h2
3

(

HζθHζ − HζζHθ
)

+
(

h2∂ζh1

− h1∂ζh2

)

H2
ζ − ∂ζh1HζHθ + ∂ζh2H2

θ

]

(B.25)

h1∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

c2
0N2

0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

− r2
∇ · A0 = −

(

1 − NΓ1,0

N + 1

)

r2L(H) (B.26)

r2L(H) = −h1

⎡

⎢

⎢

⎢

⎢

⎣

g2
0

g1
0

Hθζ + ∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

g2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

Hθ

⎤

⎥

⎥

⎥

⎥

⎦

− 2h2Hθζ

+ h4Hζ + ∆θφH (B.27)

d0c2
0 − ρ0 = −

(

1 − NΓ1,0

N + 1

)

ΛN HN (B.28)

∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

1

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

= − r2

(

r2g1
0

)2

[

h1Hζζ − h2Hζθ +
(

∂ζh1

− 2h1/h3) Hζ +
(

2h2/h3 − ∂ζh2

)

Hθ
]

(B.29)

∂ζ
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⎜

⎜

⎜

⎜

⎝

c2
0

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

=
Γ1,0

N + 1

⎡
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⎢

⎢

⎢

⎣

H∂ζ

⎛

⎜

⎜

⎜

⎜

⎝

1

g1
0

⎞

⎟

⎟

⎟

⎟

⎠

+
Hζ

g1
0

⎤

⎥

⎥

⎥

⎥

⎦

(B.30)

where

∂ζh1 = 2

(

rθζ

rζ
h2 −

rζζ

rζ
h1 + h3

)

(B.31)

∂ζh2 =
rθζ

rζ
−

rζζ

rζ
h2 (B.32)

Appendix C: Calculation of the disk-integration

factor

According to the definition of the disk-integration factor,
Eq. (43), we are led to calculate integrals of the following form:

I =

∫∫

S v

F(θ, φ)dS · ei (C.1)

=

∫∫

S v

G(θ, φ, i)dµdφ (C.2)

where µ = cos (θ) and F(θ, φ) is the surface distribution of the
eigenfunction obtained in the coordinate system (25) in which
the polar axis is the rotation axis. The integral is most simply
calculated in the coordinate system in which the polar axis is
aligned with the direction of the observer. This coordinate sys-
tem results from a rotation of angle i around the y axis of the
original coordinate system, the new angular variables being de-
noted θ′ and φ′. To express G in these coordinates, we use the
formula relating the spherical harmonics in both systems:

Ym
ℓ (θ, φ) =

+ℓ
∑

m′=−ℓ
dℓmm′(i)Y

m′

ℓ (θ′, φ′) (C.3)

where dℓ
mm′(i) do not generally have a simple form (Edmonds

1960). Then, using the spherical harmonic expansion of G, we
obtain:

G =

+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ
Gℓm(i)Ym

ℓ (θ, φ) (C.4)

=

+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ

+ℓ
∑

m′=−ℓ
Gℓm(i)dℓmm′(i)Y

m′

ℓ (θ′, φ′). (C.5)

Then, integrating over the longitude φ′, from 0 to 2π, the terms
involving Ym′

ℓ
(θ′, φ′) vanish if m′ � 0. It follows that

I = 2π
+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ
JℓG

ℓ
m(i)Ŷm

ℓ (i) (C.6)

where we used the following relations,

dℓm0(i) =

√

4π
2ℓ + 1

Ŷm
ℓ (i) (C.7)

dµdφ = dµ′dφ′ where µ′ = cos θ′ (C.8)

and defined Jℓ as,

Jℓ =

√

4π
2ℓ + 1

∫ 1

0
Ŷ0
ℓ (µ
′)dµ′ (C.9)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

0 if ℓ is even and ℓ � 0,
1 if ℓ = 0,
(−1)

ℓ−1
2

1.3...(ℓ−2)
2.4...(ℓ+1) if ℓ is odd and ℓ � 1,

1
2 if ℓ = 1.

(C.10)

Because of axial axial symmetry, the function to integrate reads

F(θ, φ) = W(θ)eimφ. (C.11)

Then, from the expression of the vector dS at the star’s surface:

dS = ∂θOM × ∂φOMdθdφ = E2 × E3dθdφ =
√
gE1dθdφ (C.12)

we deduce that

G = rA(θ, φ, i)W(θ)eimφ (C.13)

where

A(θ, φ, i) = rrζE
1 · ei =

√

r2 + r2
θ
e

s · ei (C.14)

= r (sin θ cosφ sin i + cos θ cos i)

+rθ (sin θ cos i − cos θ cosφ sin i) (C.15)

= cos i
d
dθ

(r sin θ) − sin i cosφ
d
dθ

(r cos θ) (C.16)
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where e
s denotes the unit vector perpendicular to the surface, r

and rθ are calculated at the star surface ζ = 1. Thus the depen-
dency of G on i, φ and θ can be specified as follows:

G = A(θ) cos ieimφ − B(θ) sin i cosφeimφ (C.17)

where

A = r
d
dθ

(r sin θ) W(θ) (C.18)

B = r
d
dθ

(r cos θ) W(θ). (C.19)

It follows that

Gℓk = 0 if k � m − 1,m,m + 1 (C.20)

so that the integral now reads:

I/2π = Im−1 + Im + Im+1 where (C.21)

Im = cos iÂm(i) (C.22)

Im−1 = −
sin i

2
B̂m−1(i) (C.23)

Im+1 = −
sin i

2
B̂m+1(i) (C.24)

where Âm denotes:

Âm(i) =
+∞
∑

ℓ=|m|
JℓA

ℓ
mŶm
ℓ (i) (C.25)

Aℓm = 2π
∫ π

0
A(θ)Ŷm

ℓ (θ) sin θdθ (C.26)

the B̂m terms being defined accordingly.
Note that for modes which are equatorially anti-symmetric

and axisymmetric (m = 0), Â0(i) = J0A0
0Ŷ0

0 (i) and Â1(i) =
Â−1(i) = 0, thus the integral I reduces to:

I = 4π
√
πA0

0 cos(i). (C.27)
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ABSTRACT

Context. With the launch of space missions devoted to asteroseismology (like COROT), the scientific community will soon have
accurate measurements of pulsation frequencies in many rapidly rotating stars.
Aims. The present work focuses on the effects of rotation on pulsations of rapidly rotating stars when both the Coriolis and centrifugal
accelerations require a non-perturbative treatment.
Methods. We develop a 2-dimensional spectral numerical approach which allows us to compute acoustic modes in centrifugally
distorted polytropes including the full influence of the Coriolis force. This method is validated through comparisons with previous
studies, and the results are shown to be highly accurate.
Results. In the frequency range considered and with COROT’s accuracy, we establish a domain of validity for perturbative methods,
thus showing the need for complete calculations beyond v sin i = 50 km s−1 for a R = 2.3 R⊙, M = 1.9 M⊙ polytropic star. Furthermore,
it is shown that the main differences between complete and perturbative calculations come essentially from the centrifugal distortion.

Key words. stars: oscillations – stars: rotation

1. Introduction

The study of rapidly rotating stars is a field in which there are many unresolved questions. The structure of these stars, the rotation
profile, the angular momentum transport and many other aspects are not well understood. In order to answer some of these questions,
many different theoretical and observational methods have been developed over the years. For instance, interferometry is starting
to give clues as to the shape of these stars and effects such as gravitational darkening (e.g. Domiciano de Souza et al. 2003, 2005;
Peterson et al. 2006). On the theoretical side, there exists a number of numerical models which are progressively becoming more
realistic (e.g. Roxburgh 2004; Jackson et al. 2005; Rieutord et al. 2005; Rieutord 2006). These models can then be supplemented
with asteroseismology which relates the internal structure to observable stellar pulsations. In order to fully exploit these pulsations,
it is necessary to accurately quantify how they are affected by rotation. In the present work, we will show how this can be done for
acoustic pulsations in uniformly rotating polytropic stellar models.

Rotation has several effects on stars and their pulsations. These result from the apparition of two inertial forces, namely the
centrifugal and the Coriolis forces. The centrifugal force distorts the shape of the star and modifies its equilibrium structure. The
Coriolis force intervenes directly in the oscillatory motions. Neither of these effects respect spherical geometry, which means that
the radial coordinate r and the colatitude θ are no longer separable. As a result, pulsation modes cannot be described by a single
spherical harmonic as was the case for non-rotating stars. In order to tackle this problem, two basic approaches have been developed.
The first one is the perturbative approach and applies to small rotation rates. In this approach, both the equilibrium structure and
the pulsation mode are the sum of a spherical solution (or a single spherical harmonic), a perturbation, and a remainder which is
neglected. The second approach consists in solving directly the 2-dimensional eigenvalue problem fully including the effects of
rotation.

Historically, the perturbative method has been applied to first, second and third order. Previous studies include Saio (1981);
Gough & Thompson (1990), and Dziembowski & Goode (1992) for second order methods and Soufi et al. (1998) and Karami
et al. (2005) for third order methods. These have been applied to polytropic models (Saio 1981) and then to more realistic models.
There have also been some studies based on the non-perturbative approach. Most non-perturbative calculations have focused on the
stability of neutron stars, r-modes and f-modes rather than on p-modes. Some exceptions are Clement (1981, 1984, 1986, 1989,
1998), Yoshida & Eriguchi (2001) and Espinosa et al. (2004).

The present work aims at accurately taking into account the effects of rotation on stellar acoustic pulsations, so as to be able to
deduce asteroseismological information from rapidly rotating stars. Previous results are either inaccurate or not valid for high enough
rotation rates. In order to achieve a sufficient degree of precision, we used numerical methods which have already proved to be highly
accurate for other similar problems. The present method is a further development of the numerical method of Lignières et al. (2006b)
and Lignières et al. (2006a, hereafter Paper I) who used a spectral method (Canuto et al. 1988) with a surface-fitting spheroidal

⋆ Appendices A–C are only available in electronic form at http://www.edpsciences.org
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coordinate system based on Bonazzola et al. (1998). The spectral method itself has already been used for calculating inertial waves
in spherical shells (Rieutord & Valdettaro 1997) and gravito-inertial modes in a 1.5 M⊙ ZAMS star (Dintrans & Rieutord 2000) both
of which involve the non-perturbative effects of the Coriolis force. Achieving high precision is of great importance for interpreting
present and future measurements of stellar pulsations. Furthermore, it provides a means to establish the domain of validity of
perturbative methods. Finally, this work can then be used as a reference to validate future methods.

The organisation of the paper is as follows: in the next section, the numerical method is described in detail. This section is
followed by a series of comparisons and tests which establish the accuracy of the results. We then proceed to discuss perturbative
methods and their validity. A conclusion and outlooks follow.

2. Formalism

The calculation of oscillation modes of rotating polytropes takes place in two steps. Firstly, an equilibrium model must be deter-
mined. Secondly, this model needs to be perturbed so as to give the eigenoscillations.

2.1. Equilibrium model

The equilibrium model is a self-gravitating uniformly rotating polytrope described by the following equations in the rotating frame:

Po = Kρ
γ
o, (1)

0 = −∇Po − ρo∇

(

Ψo −
1
2
Ω2s2

)

, (2)

∆Ψo = 4πGρo, (3)

where Po is the pressure, ρo the density, K the polytropic constant, γ the polytropic exponent, Ψo the gravitational potential, s the
distance to the rotation axis and G the gravitational constant. One can also introduce the polytropic index N = 1/(γ − 1) and a
(pseudo-)enthalpy h =

∫

dP/ρ = (1 + N)Po/ρo. The pressure and density profiles are then proportional to powers of this enthalpy:
Po ∝ hN+1, and ρo ∝ hN . A number of non-dimensional parameters also intervene and characterise the polytropic model:

Λ =
4πGρcR

2
eq

hc
, Ω⋆ =

ΩReq√
hc
, α =

ρc

〈ρ〉 , ε = 1 −
Rpol

Req
, (4)

where quantities with the subscript “c” denote the equilibrium value at the centre of the polytrope, Req and Rpol are the equatorial
and polar radii, resp., and 〈ρ〉 = 3M/4πR3

eq a pseudo-mean density. The method used to compute the equilibrium model is described
in Paper I.

2.2. Perturbation equations

We calculate adiabatic, inviscid oscillation modes using Eulerian perturbations to the equilibrium quantities1. The linearised equa-
tions in the rotating frame read:

∂tρ = −∇ · (ρou) , (5)

ρo∂tu = −∇p + ρgo − ρo∇Ψ − 2ρoΩ × u, (6)

∂t p − c2
o∂tρ =

ρoN2
o c2

o

‖go‖2
u · go, (7)

0 = ∆Ψ − 4πGρ, (8)

where quantities with the subscript “o” denote equilibrium quantities and those without any subscript Eulerian perturbations. go is
the effective gravity, co is the speed of sound, Γ1 the adiabatic exponent and No the Brunt-Väisälä frequency. These are given by the
following formulas:

go = −∇
(

Ψo −
1
2
Ω2s2

)

, (9)

c2
o = Γ1Po/ρo, (10)

Γ1 =

(

∂ ln p

∂ lnρ

)

ad

, (11)

N2
o = go ·

(

− 1
Γ1

∇Po

Po
+
∇ρo

ρo

)

· (12)

It is worth noting that we have used the fluid’s barotropicity in the definition of No.

1 The term “perturbation”, which means a small departure from equilibrium in this context, is not to be confused with perturbation from the
perturbative method, where it means a small departure from the spherical case.
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We can then put these equations in non-dimensional form using the following transformations:

t = Trt, ρ = ρcρ, r = Reqr, g = grg, u = Vru,

p = Pr p, Ω = ωrΩ, co = Vrco, No = ωrNo,
(13)

where:

ωr = T−1
r = (4πGρc)

1/2 , Vr =
Req

Tr
, gr =

Req

T 2
r
= 4πG,Reqρc Pr =

ρcR2
eq

T 2
r
· (14)

It is important to note that Ω⋆ and Ω correspond to two different dimensionless expressions of the rotation rate. In order to go from
one expression to the other, one can use the following formula:

Ω⋆ = Ω
√
Λ, (15)

where Λ is given by Eq. (4).
If we assume a time dependence of the form exp (λt), the following generalised eigenvalue problem is obtained (we have dropped

the underlined notation):

λρ = −u · ∇ρo − ρo∇ · u, (16)

λρou = −∇p + ρgo − ρo∇Ψ − 2ρoΩez × u, (17)

λp − λc2
oρ =

ρoN2
o c2

o

‖go‖2
u · go, (18)

0 = ∆Ψ − ρ. (19)

2.3. Change of variables

In order to have solutions with a good numerical behaviour on the surface of the star, we use the following variables:

Π =
p

HN
, b =

ρ

HN−1
, (20)

where H = ho/hc is a non-dimensional form of the enthalpy. These choices result from an analysis of the behaviour of the solution
near the surface, based on a “generalised” Frobenius study of the system of equations. Although not fully proved, this study gives
the correct results in the spherical case (see Appendix A). It also leads to the following boundary condition on the stellar surface:

δp/ρo = 0, (21)

where δp is the Lagrangian pressure perturbation. Not only is this result in agreement with previous results, but it also specifies how
fast δp goes to zero near the stellar surface. More details on this method are given in Appendix A. This new choice of variables
leads to the following set of equations:

λb = −Nu · ∇H − H∇ · u, (22)

λHu = −H (∇Π + ∇Ψ) + ∇H

(

−NΠ +
b

Λ

)

− 2ΩHez × u, (23)

λΠ − λ Γ1

(N + 1)Λ
b =

(

Γ1

γ
− 1

)

u · ∇H

Λ
, (24)

0 = ∆Ψ − HN−1b. (25)

If Γ1 = γ then N2
o = 0 and the above system reduces to:

λNΛΠ = −Nu · ∇H − H∇ · u, (26)

λu = −∇Π − ∇Ψ − 2Ωez × u, (27)

0 = ∆Ψ − NΛHN−1Π. (28)

This simplification occurs when the polytropic relation (1) is also the equation of state, a situation typical of white dwarfs or neutron
stars. Furthermore, both Π and b become proportional to the Eulerian perturbation of the enthalpy, thus justifying a posteriori the
choice of these variables. As a result, apart from a few multiplicative factors, and the lack of a dissipative force, this second set of
equations corresponds to those obtained by Yoshida & Eriguchi (1995).
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Fig. 1. Coordinate system used in computing the equilibrium model of
the star and the pulsation modes. The domain V corresponds to the star
itself (which in this case is a N = 3 polytrope at 84% of the breakup
rotation rate). The domain V2 encompasses the star, its outer limit being
a sphere of radius r = 2 (twice the equatorial radius). The dotted lines
correspond to ζ = 0.1, 0.2 ...0.9 in the domain V , ζ = 1.1, 1.2 ...1.9 in
the domain V2 and θ = 0◦, 18◦, ...342◦. The centre of the star corre-
sponds to ζ = 0, the star’s surface (the boundary between V and V2)
to ζ = 1, and the outer boundary to ζ = 2. The continuity equation,
Euler’s equation, the energy equation and Poisson’s equation are solved
in the first domain. The letters Ψ, u, P and ρ in the domain V show that
these variables intervene in the first domain. In the second domain, only
Poisson’s equation is solved, and only the perturbation of the gravity
potential Ψ intervenes. This is represented by the letter Ψ in the do-
main V2.

2.4. Domains and boundary/interface conditions

In order to complete the eigenvalue problem given by Eqs. (22)−(25), it is necessary to specify a number of boundary conditions.
The basic requirements are that the solutions remain bounded at the surface and at the centre of the star, and that the gravity potential
goes to zero at infinity.

At the centre of the star, the regularity conditions are classically expressed in terms of spherical harmonics (see Eqs. (53)
and (54)). By using the variables Π and b from the generalised Frobenius study, the solution is naturally bounded on the star’s
surface. However, the use of these variables leads to a degeneracy between Eqs. (22), (24) and the radial component of Eq. (23)
on the surface of the star. This problem is remedied by replacing the radial component of Eq. (23) with its radial derivative on the
surface.

It is also necessary to impose a boundary condition on the perturbation to the gravity potential Ψ, in order to ensure that the
potential goes to zero at infinity. Traditionally, this is done by doing a harmonic decomposition of Ψ and imposing the correct
condition on each component. However, such a procedure becomes complicated on a spheroidal surface, and it is not certain
whether the decomposition of Ψ will converge for highly flattened configurations (Hachisu et al. 1982). We therefore employ a
different method based on Bonazzola et al. (1998). It consists in adding a second domain V2 which is bounded on the inside by the
star’s surface and on the outside by a sphere of radius r = 2 (which is twice the equatorial radius). We solve Poisson’s equation in this
domain and impose the correct boundary condition on its outer boundary (where we can safely apply a harmonic decomposition).
On the inner boundary, it is necessary to use interface conditions which ensure the continuity of Ψ and its radial derivative across
the stellar surface.

2.5. Spheroidal geometry

The next step in the calculations is the choice of a coordinate system based on Bonazzola et al. (1998) for each domain. In order to
preserve spectral accuracy, the system of coordinates in the first domain needs to fit the surface of the star, and provide a non-singular
transformation in the centre. As in Paper I and Rieutord et al. (2005), we choose the following definition for the radial coordinate ζ,
which ensures a good convergence of the numerical method:

r(ζ, θ) = (1 − ε)ζ + 5ζ3 − 3ζ5

2
(Rs(θ) − 1 + ε) , (29)

where ε is the flatness given by Eq. (4), (r(ζ, θ), θ, φ) are the spherical coordinates corresponding to the point (ζ, θ, φ), and Rs(θ) is
the surface of the star. By setting ζ = 1, one obtains r(1, θ) = Rs(θ), and the centre r = 0 is given by ζ = 0.

In second domain, we used the following definition:

r(ζ, θ) = 2ε + (1 − ε)ζ +
(

2ζ3 − 9ζ2 + 12ζ − 4
)

(Rs(θ) − 1 − ε) , (30)

where ζ ∈ [1, 2]. This mapping is chosen so as to insure the continuity of r and rζ across the boundary ζ = 1, and so that the surface
given by ζ = 2 corresponds to the sphere r = 2 (rζ denotes ∂ζr).
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Once the coordinate system has been established, it is also necessary to choose a set of vectors as a basis. We define the following
vectors, which are derived from the natural covariant basis (Eζ , Eθ, Eφ) (defined as Ei = ∂ir):

aζ =
ζ2

r2rζ
Eζ =

ζ2

r2
er,

aθ =
ζ

r2rζ
Eθ =

ζ

r2rζ
(rθer + reθ) ,

aφ =
ζ

r2rζ sin θ
Eφ =

ζ

rrζ
eφ,

(31)

where (er, eθ, eφ) are the usual spherical vectors. The vectors (aζ , aθ, aφ) have been chosen so that they become (er , eθ, eφ) in the
spherical limit. Using this base of vectors, we can then express the velocity field as follows:

u = uζaζ + uθaθ + uφaφ. (32)

With these definitions, it is now possible to give an explicit expression of the oscillation equations:

λb = −Nζ2

r2rζ

[

Hζu
ζ +

Hθu
θ

ζ

]

− ζ
2H

r2rζ

[

∂ζu
ζ +

2uζ

ζ
+
∂θu
θ

ζ
+

cot θuθ

ζ
+
∂φu

φ

ζ sin θ

]

, (33)

λ

[

ζ2Hrζu
ζ

r2
+
ζHrθu

θ

r2

]

=
2ΩHζ sin θuφ

r
− H

(

∂ζΠ + ∂ζΨ
)

+ Hζ

(

b

Λ
− NΠ

)

, (34)

λ

⎡

⎢

⎢

⎢

⎢

⎣

ζ2rθu
ζ

r2
+
ζ(r2 + r2

θ )u
θ

r2rζ

⎤

⎥

⎥

⎥

⎥

⎦

=
2Ωζ(rθ sin θ + r cos θ)uφ

rrζ
− ∂θΠ − ∂θΨ +

Hθ

H

(

b

Λ
− NΠ

)

, (35)

λ
ζuφ

rζ
= −2Ωζ2 sin θuζ

r
− 2Ωζ(rθ sin θ + r cos θ)uθ

rrζ
−
∂φΠ

sin θ
−
∂φΨ

sin θ
, (36)

λ

(

Π − Γ1b

(N + 1)Λ

)

=
ζ2

Λr2rζ

(

Γ1

γ
− 1

) [

Hζu
ζ +

Hθu
θ

ζ

]

, (37)

0 =
r2 + r2

θ

r2r2
ζ

∂2
ζζΨ + cζ∂ζΨ −

2rθ

r2rζ
∂2
ζθΨ +

1
r2
∆θφΨ − HN−1b, (38)

where:

cζ =
1

r2r3
ζ

(

2rζrθrζθ − r2rζζ − r2
ζ rθθ + 2rr2

ζ − r2
θrζζ − r2

ζ rθ cot θ
)

, (39)

∆θφ = ∂
2
θθ + cot θ∂θ +

1

sin2 θ
∂2
φφ. (40)

Equation (33) is the continuity equation, Eqs. (34)−(36) are Euler’s equations, Eq. (37) corresponds to the adiabatic energy equation
and Eq. (38) is Poisson’s equation. Euler’s equations have been used in their covariant rather than contravariant form, as it is
advantageous from a numerical point of view. In order to understand this, it is helpful to bear in mind that Hθ/H converges towards
Hζθ/Hζ on the stellar surface, whereas Hζ/H is unbounded (since Hζ � 0 on the surface). As a result, the radial component of
Euler’s equation reduces to b = ΛNΠ on the surface (which incidentally is already implied by a linear combination of the energy
and continuity equations), whereas the two other components retain useful information on the surface. If the equations where in
their contravariant form, than the θ component of Euler’s equation would also reduce to b = ΛNΠ on the stellar surface since
Hζ would appear in this equation, thus preventing the possibility of dividing by H. It would then be necessary to also replace this
equation by a supplementary boundary condition which would provide the information already contained in the covariant form.
This system of equations applies in the first domain, except for Poisson’s equation which is used in both domains (of course, the
density perturbation no longer appears in the second domain).

2.6. Numerical method

In order to solve Eqs. (33)−(38), we project these equations onto the spherical harmonics (Rieutord 1987). This is done in two steps
(cf. Paper I). First of all, the different unknowns are expressed in terms of a sum over the spherical harmonics. Explicitly, we obtain:

b =

∞
∑

ℓ′=|m|
bℓ
′

mYm
ℓ′ , (41)

Π =

∞
∑

ℓ′=|m|
Πℓ

′
mYm
ℓ′ , (42)
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Ψ =

∞
∑

ℓ′=|m|
Ψℓ

′
mYm
ℓ′ , (43)

u =

∞
∑

ℓ′=|m|
uℓ
′

m R
m
ℓ′ + v

ℓ′
mS

m
ℓ′ + w

ℓ′
mT

m
ℓ′ , (44)

where Ym
ℓ′ is the spherical harmonic of degree ℓ′ and azimuthal order m and bℓ

′
m, Πℓ

′
m etc. are radial functions that need to be

determined, and which only depend on ζ. The equilibrium model is axisymmetric meaning that the variable φ is not coupled to
the two others variables. Therefore, there is no summation over the azimuthal order m in these expressions. However, ζ and θ are
not separable since the star does not respect spherical symmetry. As a result, it is necessary to sum over the harmonic degree ℓ′.

R
m
ℓ′ , S

m
ℓ′ , and T

m
ℓ′ are defined as follows:

R
m
ℓ′ = Ym

ℓ′ aζ , (45)

S
m
ℓ′ = ∂θY

m
ℓ′ aθ + DφY

m
ℓ′ aφ, (46)

T
m
ℓ′ = DφY

m
ℓ′ aθ − ∂θYm

ℓ′ aφ, (47)

Dφ ≡
∂φ

sin θ
· (48)

It is worth noting that R
m
ℓ′ , S

m
ℓ′ , and T

m
ℓ′ are not the usual vectorial spherical harmonics because (aζ , aθ, aφ) is not the same as

(er, eθ, eφ). However, in the spherical limit, they will become the usual spherical harmonics. An explicit expression for each compo-
nent of the velocity reads:

uζ =

∞
∑

ℓ′=|m|
Ym
ℓ′ u
ℓ′
m, (49)

uθ =

∞
∑

ℓ′=|m|
∂θY

m
ℓ′ v
ℓ′
m + DφY

m
ℓ′w
ℓ′
m, (50)

uφ =

∞
∑

ℓ′=|m|
DφY

m
ℓ′ v
ℓ′
m − ∂θYm

ℓ′w
ℓ′
m. (51)

Once the unknown quantities have been expressed this way, the next step is to project the equations themselves onto the spherical
harmonic basis. Eqs. (33), (34), (37) and (38) are multiplied by

{

Ym
ℓ

}∗
and integrated over 4π steradians. For each harmonic degree ℓ

of
{

Ym
ℓ

}∗
, a different equation is obtained. The remaining equations are obtained from Eqs. (35) and (36) in a more complicated man-

ner. We compute the integral over 4π radians of
{

Eq. (35)
}

{

∂θY
m
ℓ

}∗
+
{

Eq. (36)
}

{

DφYm
ℓ

}∗
and

{

Eq. (35)
}

{

DφYm
ℓ

}∗− {Eq. (36)
}

{

∂θY
m
ℓ

}∗
.

This operation corresponds to what would be done in the spherical case (i.e. a projection onto the vectorial spherical harmonics). As
a result, the system thus obtained reduces to the classical uncoupled system of equations in the spherical limit. In general, however,
this set of equations is a highly coupled system of ordinary differential equations in terms of the radial coordinate ζ, the solution of
which gives the unknown radial functions (see Appendix B).

In order to solve this system numerically, we first begin by using a finite number of spherical harmonics Lmax. The equations
are then discretised onto a Gauss-Lobatto collocation grid of Nr + 1 points, based on the Chebyshev polynomials. This results in an
algebraic system of the form Av = λBv in which A and B are numerically determined square matrices. The eigensolutions (λ, v)
of this system correspond to the frequencies and pulsation modes of the star. They are determined iteratively through the Arnoldi-
Chebyshev algorithm (e.g. Chatelin 1988). The coefficients of matricesA and B are computed using an equilibrium model with a
harmonic resolution Lmod and a Chebyshev (radial) resolution of Nr + 1. They are calculated using the coupling integrals given in
Appendix B. This is achieved through Gauss’ quadrature method with Lres points. Typical values for the different resolutions are:
Nr = 60, Lmod = 50, Lmax = 80, Lres = 230.

At this point, we can write the boundary condition on the gravitational potential and the regularity conditions at the centre. The
boundary condition is applied along the surface rext = 2 (or ζ = 2) on each harmonic component of the gravitational potential
perturbation (Hurley et al. 1966):

1
1 − ε

dΨℓm
dζ
+
ℓ + 1
rext
Ψℓm = 0. (52)

The regularity condition depends on the parity of ℓ in a solution. Thanks to star’s equatorial symmetry, modes will either be described
by a sum of spherical harmonics with even degrees or odd degrees2 (see Sect. 2.7). For modes with even harmonics, we apply the
following condition at r = 0 (or ζ = 0):

dΨℓm
dζ
= 0,

dΠℓm
dζ
= 0,

dbℓm

dζ
= 0, uℓm = 0, vℓm = 0, wℓm = 0. (53)

2 The toroidal components wℓm have the opposite parity with respect to the other components.
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The other modes follow the condition:

Ψℓm = 0, Πℓm = 0, bℓm = 0,
duℓm

dζ
= 0,

dvℓm
dζ
= 0,

dwℓm
dζ
= 0. (54)

2.7. Mode classification and symmetries

A number of useful pieces of information can be deduced from the various symmetries present in the system. These help with mode
classification, reduce numerical demand and explain certain properties which were observed in perturbative calculations.

The first and most obvious symmetry stems from the fact that the equilibrium model is axisymmetric. This implies that modes
will have a well defined azimuthal order m (as explained earlier on). A second equally obvious symmetry results from the star being
symmetric with respect to the equatorial plane. This leads to oscillation modes which are either symmetric or antisymmetric with
respect to the equatorial plane and which are called even or odd, respectively. In terms of spherical harmonics, even modes are made
up of harmonic components such that ℓ + m is even, except for the toroidal component of the velocity field in which ℓ + m is odd.
Odd modes correspond to the opposite situation. From a numerical point of view, eigensolutions are described with half as many
components as solutions with no particular parity.

There are two more symmetries which are a little more subtle than the previous ones. The first one only applies if the Coriolis
force is neglected and only shows up in the rotating frame. In this situation, only even powers of the rotation rate show up in the
equilibrium and pulsation equations. As a result, a given mode will also only depend on Ω2 and will be a solution for the rotation
rates Ω and −Ω. When this symmetry is combined with the next one, then for a given multiplet, modes with azimuthal orders m
and −m have the same frequency, as was already pointed out in Paper I.

The last symmetry applies even with the Coriolis force and for both rotating and non-rotating frames. Let us consider a solution
(ω, ρ, P, u,Ψ,Ω,m) (we include the rotation rate and the azimuthal order for the sake of clarity) and denote by S the operator which
gives the mirror image with respect to the meridian passing through φ = 03. We then find that (ω,Sρ,SP,Su,SΨ,−Ω,−m) is also
a solution (this is not to be confused with the previous symmetry for which (ω, ρ, P, u,Ψ,−Ω,m) was the corresponding solution).
This symmetry was pointed out by Clement (1989), however some of its consequences on perturbative calculations were not fully
appreciated at the time. Let us consider a perturbative description of two frequencies with the same radial order and harmonic degree
but with opposite azimuthal orders. We will obtain expressions of the following form:

ωn, ℓ,m(Ω) = ω0
n, ℓ,m + ω

1
n, ℓ,mΩ + ω

2
n, ℓ,mΩ

2 + ... + O
(

Ωk
)

, (55)

ωn, ℓ,−m(Ω) = ω0
n, ℓ,−m + ω

1
n, ℓ,−mΩ + ω

2
n, ℓ,−mΩ

2 + ... + O
(

Ωk
)

, (56)

where ω j

n, ℓ,m
is the jth perturbative coefficient of ωn, ℓ,m(Ω). If we apply the symmetry, we find that ωn, ℓ,m(Ω) = ωn, ℓ,−m(−Ω). By

equating like powers of ωn, ℓ,−m(−Ω) with ωn, ℓ,m(Ω), we find that ω j

n, ℓ,m
= (−1) jω

j

n, ℓ,−m
. Therefore ω j

n, ℓ,m
will be an even function

of m when j is even and an odd function of m when j is odd. This explains why the second order coefficients of Dziembowski &
Goode (1992) were polynomials in m2, and is also found at third order (Goupil, private communication). This symmetry can also be
used to increase the accuracy of least squares estimates of the coefficients based on non-perturbative calculations (see Sect. 4.1.1).

3. Analysis of the accuracy of the results

In order to check whether the results presented here are correct, it is important to do a number of internal tests and comparisons
with previous studies. We first begin by discussing the accuracy of the underlying polytropic models. This is then followed by a
series of comparisons with other studies. In the two first comparisons, the previous results have a limited accuracy, therefore only
allowing a qualitative evaluation. The next two comparisons are with very accurate results, thus allowing a quantitative evaluation
of the precision of the present results. These are then followed by a test based on the variational principle and an analysis of the
sensitivity of the results to the parameters used in the numerical method. Finally, we conclude by estimating the overall accuracy of
the results.

3.1. Accuracy of the polytropic models

There are several different tests which give an idea of the accuracy of the polytropic models. One way is by looking at the effects of
different input parameters, such as the radial or harmonic resolution, on various non-dimensional parameters like those in Eq. (4).
For non-rotating models, these non-dimensional parameters can be compared with those given in Seidov (2004). In Table 1, we give
such a comparison, which shows that it is possible to correctly obtain 6 digits after the decimal point. Table 2 contains α and Λ for
an N = 3 polytrope rotating at 0.59 ΩK . This table shows the strong influence of Nr and the need for a sufficient radial resolution. It
also suggests a precision of 6 digits after the decimal point, if we compare the values for Nr = 50 and Nr = 60.

In addition to the previous test, it is also possible to apply the virial theorem to obtain a measure of the accuracy of the model’s
structure. In what follows we use the following formulation of the theorem:

0 =
∫

V

ρoΩ
2
⋆r2 sin2 θdV +

1
2

∫

V

ρoΨodV +
3

N + 1

∫

V

PodV, (57)

3 In spherical coordinates, S is defined as follows for a scalar quantity: SA(r, θ, φ) = A(r, θ,−φ). For a vector field it takes on the definition:
SV(r, θ, φ) = Vr(r, θ,−φ)er + Vθ(r, θ,−φ)eθ − Vφ(r, θ,−φ)eφ.
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Fig. 2. A plot of the value of Λ as a function of the virial error. Each
iteration is marked by a plus “+” and connected consecutively. As shown
in the figure, the iterated models reach a point of closest approach to
the mathematical solution, and then slowly drift towards less accurate
models.

Table 1. Non-dimensional parameters of a non-rotating N = 3 polytrope. Lmax = 50 for all the calculations. It is difficult to accurately obtain the
7th digit after the decimal point, in comparison with the values of Seidov (2004).

Nr α Λ

50 54.182 480 87 47.566 520 74
60 54.182 481 06 47.566 520 85
100 54.182 480 87 47.566 520 74
Seidov (2004) 54.182 481 11 47.566 520 88

Table 2. Same as Table 1 but for an N = 3 polytrope rotating at 0.59 ΩK . The radial resolution Nr has a stronger effect on the values of α and Λ
than the harmonic resolution Lmax.

Nr Lmax α Λ

50 16 81.108 265 69 63.025 583 86
20 50 81.108 444 82 63.025 591 55
50 50 81.108 249 13 63.025 575 39
50 60 81.108 249 08 63.025 575 36
60 50 81.108 249 38 63.025 575 52
60 60 81.108 249 38 63.025 575 52

where ρo = HN , Po = HN+1 and Ψo = ψo/hc. For a sufficient number of iterations, it is possible to attain a precision of 10−13 on
the virial test. Beyond this point, successive iterations are useless and can actually decrease the accuracy of the model. In Fig. 2, we
follow the evolution of Λ and the virial error with each iteration. As can be seen in the figure, there are two phases: a first phase in
which the model is approaching the mathematical solution to the problem, and a second phase in which the maximum precision has
been attained and the model is slowly drifting towards less accurate solutions. For some of the rotating configurations and with a
well adjusted resolution, this second phase does not contain a slow drift but remains close to a fixed point. Either way, the best point
at which to stop the iterative scheme is at the transition between the two phases.

The models on which are based the pulsation frequencies do not attain as high a precision, because the iterative scheme was
stopped before the transition between the two phases. This is because we use a small parameter called ǫ which controls the relative
error on the enthalpy and serves as a stopping criteria. If the value of ǫ is too low, than the iterative program never reaches this
precision on the enthalpy and therefore does not output the stellar model. We therefore set ǫ = 10−8 in most calculations, which
ensures successful convergence but reduces the accuracy of the model. As a result, the virial test typically attains a precision of
4 × 10−10. For the non-rotating model, α takes on a value around 54.182473, which starts differing at the 5th digit after the decimal
point from the value given in Seidov (2004) and corresponds to a relative precision of ∼10−7.

3.2. Comparison with Saio (1981)

Saio (1981) gives second order perturbative calculations for polytropic models. Based on his coefficients, it is possible to obtain
pulsation frequencies via the following formula:

ω = ω0 − (1 −C1) mΩ +
{

(X1 + X2 + Z) + m2 (Y1 + Y2)
} Ω2

ω0
· (58)
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Fig. 3. A plot showing the frequencies in Clement (1984) and our calculations of the same frequencies.

In order to compare our results with his, it is necessary to extract perturbative coefficients from our own results. The procedure
used to find these coefficients is fully described in Sect. 4.1.1. Before applying this procedure, we first had to express our results in
the same units as Saio (1981) via the following conversion rule:

ωS 81 =
√

3αnrω, (59)

ΩS 81 =

√

3αnr

Λ
Ω⋆, (60)

where the subscript “nr” means “non-rotating” (i.e. the value of the parameter for the non-rotating polytrope) and the subscript “S81”
means that the quantity is in Saio’s units. It turns out that in Saio’s units, the mass of the polytrope depends on the rotation rate.
A comparison between his coefficients

(

ω2
0,C1, X1 + X2 + Z, Y1 + Y2

)

and ours showed a qualitative agreement between the two (to
within 2%). This reduces the possibility of programming errors affecting our results.

3.3. Comparison with Clement (1984)

Further comparisons can be done with Clement (1984), who applied non-perturbative techniques to calculate pulsation frequencies
for N = 1 and N = 3 polytropes. His frequencies are given in the same units as ours and no conversion is needed. However, Clement
(1984) used a rotational parameter which he called “α” (denoted here as αC84 so as to avoid confusion with α from Eq. (4)) and
which is “neither dimensionless nor scale-free”. Therefore, based on the conversion given in Tables 1 and 2 of Clement (1984) and
following his recommendations, we used the parameter υ = Ω2/2πGρc instead. We allowed for uncertainties in the last digit of υ
and therefore calculated a corresponding range of frequencies. For example, if υ = 1.69 × 10−2 we would calculate the frequencies
corresponding to υ = 1.69 × 10−2 ± 5 × 10−5. The results are presented in Fig. 3.

As can be seen from Fig. 3 the two sets of results qualitatively agree, which once more makes numerical programming mistakes
unlikely in our calculations. However, Clement’s results usually do not lie in the frequency intervals we calculated (this would
require a 4-digit accuracy). This is partially due to the fact that it is difficult to accurately reproduce the polytropic models he used.
In order to illustrate this, we can use the different parameters (υ, ρc/ρ, Req/Rpol, ge/gp) provided in Tables 1 and 2 of Clement
(1984), allow for uncertainties in the last digit, and calculate the corresponding ranges for Ω⋆. For a given rotation rate, if all the
digits in the four parameters are accurate, then the four different ranges for Ω⋆ should overlap and give a more precise idea as to
the underlying model. However, it was only possible to obtain at most three overlapping ranges, and not four. A typical example for
the N = 1 polytrope (with αC84 = 0.004) is:

υ = 3.57 × 10−2 ± 5 × 10−5 ⇒ Ω⋆ = 0.4615± 4 × 10−4,

ρc/ρ = 3.40 ± 5 × 10−3 ⇒ Ω⋆ = 0.4580± 9.4 × 10−3,

Req/Rpol = 1.162 ± 5 × 10−4 ⇒ Ω⋆ = 0.4590± 7 × 10−4,

ge/gp = 0.686 ± 5 × 10−4 ⇒ Ω⋆ = 0.4621± 4 × 10−4.

(61)

This shows that the error bars we used on Clement’s parameters are too small and that the uncertainties on his models are larger.
Nonetheless, these uncertainties do not fully account for the discrepancies between our frequencies and his. This can be shown by
the fact that even for non-rotating configurations (where there is no ambiguity on the underlying model) the differences are still of
the same order of magnitude.

In general, a quantitative comparison between our results and those of Saio (1981) and Clement (1984) showed an agreement
to 2 or 3 significant digits. While providing a correct qualitative picture, the precision of these studies is insufficient for future
missions such as COROT. COROT will observe pulsation frequencies within the range of 0.1−10 mHz with an accuracy of 0.6 µHz
for the 20 day runs and 0.08 µHz for the 150 day runs (e.g. Baglin et al. 2002), meaning that an accuracy of 3 to 5 digits is required.
Therefore, it is important to show that our results meet up to this requirement through other more constraining tests and comparisons.
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3.4. Comparison with Christensen-Dalsgaard & Mullan (1994)

Christensen-Dalsgaard & Mullan (1994) give very accurate frequencies for several non-rotating polytropic models. Comparing our
results with theirs provides a robust test for accuracy. In order to convert our frequencies ω into their units, we apply the following
conversion rule:

νCDM = νg
√

3αω, (62)

where νCDM is our frequency in their units, νg = 99.855377 µHz, and α is given by Eq. (4). A comparison between their frequencies
and ours revealed a very good agreement (∆ω/ω ∼ 10−7 for a N = 3 polytrope and ∆ω/ω ∼ 10−8 for a N = 1.5 polytrope at Ω = 0).
The modes which were compared are: ℓ = 0 to 3, n = 1 to 10 for N = 3 and n = 15 to 25 for N = 1.5. The differences come from
round-off errors in the last digit (if we keep the same number of significant digits).

3.5. Comparison with Paper I

We finally compared our results with those of Paper I. In order to do this comparison, it is necessary to remove the Coriolis force
and to make the Cowling approximation. No conversion rule is necessary since both sets of results are given in the same units. The
two sets of frequencies agree quite well, even at large rotation rates (∆ω/ω ∼ 10−7). This result is significant due to the fact that the
set of equations used in Paper I is entirely different than the one used here.

3.6. Variational test

The variational principle provides an integral formula which relates a pulsation frequency to the structure of the corresponding mode
(e.g. Lynden-Bell & Ostriker 1967). It is therefore possible to apply this formula to a numerically calculated eigenmode to obtain
a “variational frequency”. The error on this frequency is quadratic in the error of the eigenfunction (cf. Christensen-Dalsgaard &
Mullan 1994). By comparing this frequency with the one obtained directly, it is possible to estimate the accuracy of the results. We
used the following non-dimensional formulation of the variational principle:

ω2
∫

V

ρo|u|2dV − |ω|2
(∫

V

|p|2dV

ρoc2
o
−
∫

V∞

|∇Ψ|2 dV

)

+ 2iω
∫

V

ρoΩ · (u∗ × u) dV −
∫

V

ρoN2
o

∣

∣

∣u · eg

∣

∣

∣

2
dV = 0, (63)

where V is the volume of the star, V∞ is infinite space, and eg the unit vector in the same direction as the gravity vector. The pressure
is replaced by HNΠ and the different integrals are performed numerically4 which gives a second degree equation in ω. Solving this
equation gives the variational frequency which can then be compared with the direct calculation of ω. Generally, we find differences
∆ω/ω ∼ 10−8 or better between the two. This can be compared with the results of Ipser & Lindblom (1990) who found differences
of 10−3 when they applied the variational principle to their calculations. An explicit formulation of the variational principle in
spheroidal geometry is given in Appendix C.

3.7. Influence of the parameters from the numerical method

A final test consists in modifying different input parameters and seeing the effect it has on the results. We have therefore applied
this test to a few modes which are representative of all the modes that have been calculated. The parameters that were modified
are the radial resolution Nr (which is the same for the equilibrium model and the pulsation mode), the harmonic resolution of the
model Lmod, the harmonic resolution of the pulsation mode Lmax, the shift σ used in the Arnoldi-Chebyshev algorithm5, and ǫ which
controls the relative error of the enthalpy in the equilibrium model. Table 3 lists the values used for the different parameters and the
induced frequency variations. For a given parameter, we used the frequency obtained at highest resolution (or lowest value for ǫ) as
a reference. In most cases, we obtained a rough plateau at the different levels given in Table 3. In some cases however, there was a
definite decrease of the error. For instance, for those modes in which it was tested, the error was roughly proportional to ǫ. Also, for
high frequency modes, the error strongly decreased as Nr increased, as could be expected for high radial orders. In the table, we put
the lower/final values of the error for both of these parameters. The information on the shift is slightly different. The line “Values”
gives the amplitude of the variation on the value of the shift. The next two lines contain the standard deviation of the results.

The results on ǫ are not representative of the calculated frequencies. As was pointed out in Sect. 3.1, the number iterations was
usually less than optimal because of a large value of ǫ (10−8 instead of 10−10), thus resulting in a decreased accuracy. The relative
error on low frequency modes is 10−8 and that of high frequency modes 10−7.

3.8. Discussion

Overall, the main source of error in the present calculations is the uncertainties on the equilibrium model. This is because we
chose a convergence criteria which was sure to be met, but which lead to a number of iterations less than optimal. This therefore
leads to a global accuracy of 7 digits after the decimal point (in units of

√

4πGρc), the last digit being uncertain. Table 3 however

4 The numerical integration was based on Gauss’ quadrature method and a spectral expansion, using a radial resolution of 101 points and an
angular resolution of 200 points.

5 The shift comes from shift-and-invert methods and corresponds to a trial value around which the Arnoldi-Chebyshev algorithm looks for
frequencies. See Valdettaro et al. (2006) for an extensive discussion on the role of the shift in numerical errors.
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Table 3. Frequencies variations in terms of different parameters. Lmax is the harmonic resolution of the pulsation modes, Lmod the harmonic
resolution of the models and Nr the radial resolution. The line “Values” gives the different values that were used for the resolutions, ǫ and the width
giving the variation of the shift. The two following lines give the order of magnitude of the induced frequency variations (in units of

√

4πGρc).

Lmax Lmod Nr Shift ǫ

Values 40, 44 ... 80 30, 34 ... 70 32, 36 ... 60 2−5 × 10−4 10−8...10−10

Low frequency modes <10−15 10−10 10−10 10−13 10−10

High frequency modes 10−14 10−9 10−10 10−11 10−9

shows that these calculations could potentially be made more accurate. The present accuracy is nonetheless largely sufficient for the
requirements of COROT, which will be at most 5 significant digits.

4. Results

We now proceed to present the results themselves. We followed acoustic adiabatic pulsation modes (with Γ1 = 5/3) from a zero

rotation rate to 0.59ΩK (where ΩK =

√

GM/R3
eq is the Keplerian break-up rotation rate), using the same procedure as in Paper I.

This involves identifying the frequencies at Ω = 0, following their evolution while progressively increasing the rotation rate, and
working through a number of avoided crossings. The underlying polytropic models have an index N = 3 which gives a polytropic
exponent γ = 4/3. The modes that were calculated are: ℓ = 0 to 3, n = 1 to 10 and m = −ℓ to ℓ both with and without the Coriolis
force.

4.1. Comparison with perturbative methods

In this section, we compare complete and perturbative calculations so as to determine the range of validity of perturbative methods.

4.1.1. Perturbative coefficients

In order to compare perturbative calculations with complete ones, it proved necessary to compute our own perturbative coefficients,
since we were unable to find perturbative coefficients for polytropic models with a sufficient accuracy in the literature. Instead of
using the traditional method of perturbing the fluid equations and finding corrections of various orders on the frequencies (see Soufi
et al. 1998 for a complete description), we did a series of complete calculations for small rotation rates ((Ω⋆)i = 0, 10−6, 10−5, 10−4,
10−3, 0.002, 0.004 ... 0.018) and applied a least squares fit to the results. In order to increase the accuracy of such calculations, we
made use of Eq. (55) and separated even and odd powers of the rotation rate:

ωn, l,m + ωn, l,−m

2
= ω0

n, l,m + ω
2
n, l,mΩ

2 + ω4
n, l,mΩ

4 + O(Ω6), (64)

ωn, l,m − ωn, l,−m

2
= ω1

n, l,mΩ + ω
3
n, l,mΩ

3 + ω5
n, l,mΩ

5 + O(Ω7). (65)

By fitting (ωn, l,m + ωn, l,−m)/2 and (ωn, l,m − ωn, l,−m)/2 the number of unknowns is reduced to three and the residues are smaller. It
is necessary to include the fourth and fifth powers of the rotation rate so as to ensure that the second and third order coefficients are
reasonably accurate. The results are given in Table 4 for frequencies and rotation rates in units of

(

GM/R3
pol

)

. From these coefficients
the frequencies are given through the following formula:

ω = ω0 − m(1 −C)Ω +
(

D1 + m2D2

)

Ω2 + m
(

T1 + m2T2

)

Ω3 + O
(

Ω4
)

. (66)

The form of the second degree coefficients was obtained from Saio (1981) and that of the third degree coefficients from Goupil
(private communication). In order to express these results in units of ΩK instead, one can use the following perturbative formula:
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where Ωpol
K
=
(

GM/R3
pol

)

and A ≃ 0.77166.
In order to estimate the accuracy of these perturbative coefficients, there are a number of tests that can be done. First of all,

the zeroth order coefficients are simply the pulsation frequencies without rotation but are treated as unknowns in the least squares
development. The frequencies without rotation are recovered in the least squares fit to an accuracy of at least 5.4 × 10−8 in the
units of Table 4. The first order coefficient C, can be calculated via integrals based on the zeroth order solution (Ledoux 1951).
This alternate way of calculating the coefficients agrees to within 1.4 × 10−9 (this does not necessarily mean that the coefficients
are accurate to that precision but does show a high degree of internal coherence). For the second and third degree coefficients, we
checked to see if they satisfied the forms given in Eq. (66); the number of significant digits in Table 4 has been adjusted accordingly.
These forms were a constraint only on the ℓ = 2 and 3 second order coefficients and on the ℓ = 3 third order coefficients. Another
test we did consisted in applying the least squares fit to a subset of the results used in the first fit and seeing whether the coefficients
were altered. This test indicates roughly the same accuracy as the other tests.
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Table 4. Perturbative coefficients for a N = 3 polytrope, deduced from complete calculations. The frequencies and the rotation rate are expressed

in units of
(

GM/R3
pol

)1/2
.

ω0 C D1 D2 T1

ℓ = 0
3.042155 ... –1.194 ... ...
4.121230 ... –2.315 ... ...
5.336900 ... –3.439 ... ...
6.591212 ... –4.484 ... ...
7.855027 ... –5.484 ... ...
9.120432 ... –6.459 ... ...

10.384948 ... –7.416 ... ...
11.647767 ... –8.361 ... ...
12.908679 ... –9.298 ... ...
14.167704 ... –10.228 ... ...

ℓ = 1
3.377036 0.0295367 –1.072 –1.030 –0.04612
4.642432 0.0342809 –1.760 –1.699 –0.04204
5.909240 0.0335303 –2.402 –2.315 –0.02715
7.176668 0.0305143 –3.019 –2.901 –0.01634
8.443277 0.0270732 –3.621 –3.470 –0.00951
9.708372 0.0238467 –4.213 –4.028 –0.00524

10.971700 0.0210064 –4.797 –4.578 –0.00254
12.233222 0.0185621 –5.375 –5.122 –0.00080
13.492998 0.0164731 –5.950 –5.662 0.00034
14.751133 0.0146882 –6.521 –6.198 0.00108

ω0 C D1 D2 T1 T2

ℓ = 2
3.906874 0.1538359 –1.578 –0.294 0.02344 0.00527
5.169469 0.0818188 –2.396 –0.459 0.00493 0.00477
6.439990 0.0544285 –3.146 –0.606 0.00020 0.00307
7.708951 0.0403695 –3.867 –0.745 –0.00087 0.00218
8.975891 0.0318248 –4.572 –0.880 –0.00094 0.00169

10.240946 0.0260651 –5.267 –1.013 –0.00074 0.00139
11.504260 0.0219090 –5.955 –1.144 –0.00049 0.00119
12.765953 0.0187647 –6.636 –1.273 –0.00025 0.00105
14.026134 0.0163027 –7.314 –1.402 –0.00006 0.00094
15.284901 0.0143246 –7.987 –1.530 0.00010 0.00086

ℓ = 3
4.294602 0.1193654 –1.898 –0.169 –0.01155 0.00041
5.591067 0.0742468 –2.728 –0.240 –0.00113 0.00157
6.878680 0.0517251 –3.496 –0.307 0.00015 0.00140
8.158826 0.0387755 –4.236 –0.371 0.00038 0.00113
9.433911 0.0305232 –4.960 –0.434 0.00043 0.00091

10.705348 0.0248710 –5.674 –0.496 0.00044 0.00076
11.973956 0.0207887 –6.380 –0.557 0.00046 0.00064
13.240238 0.0177183 –7.081 –0.618 0.00048 0.00055
14.504529 0.0153345 –7.777 –0.678 0.00050 0.00048
15.767068 0.0134359 –8.470 –0.738 0.00051 0.00042

4.1.2. Comparison

Based on these coefficients, it is possible to calculate perturbative frequencies which can then be compared to the complete cal-
culations, thereby establishing a domain of validity for perturbative methods. In Fig. 4, we show two such domains for 3rd order
methods, one for each of COROT’s error bars (0.6 µHz for the 20 runs and 0.08 µHz for the 150 day runs). The underlying polytropic
models have a fixed mass of 1.9 M⊙ and a fixed polar radius of 2.3 R⊙, both of which are typical of δ Scuti pulsators. When the
distance between the perturbative frequency and the complete one exceeds COROT’s error bars, the frequency is shown in black.
Otherwise, it is shown in grey. From these figures, it is clear that complete methods are required beyond v sin i = 75 km s−1 for
COROT’s 20 day programs and v sin i = 50 km s−1 for COROT’s 150 day programs.

It is important to bear in mind that the domain of validity obtained for perturbative methods depends on the choice of rotational
variable used in the development. In order to illustrate this, suppose we develop a frequency in terms of two different rotational
parameters X and Y: ω = a0 + a1X + a2X2 + a3X3 +O(X4) = b0 + b1Y + a2Y2 + a3Y3 +O(Y4). When the relationship between X and
Y is more complex than a simple proportionality, the neglected terms, O(X4) and O(Y4), are not the same. As a result, a 3rd order
development in terms of X or Y will give different values for ω, thus modifying the corresponding domain of validity. Therefore, we
decided to compute the domain of validity associated with the variables Ω/ΩK and Ω/(GM/R3

pol)
1/2 to see if there was a substantial

difference between the two. For individual frequencies, there can be large differences, but when all the frequencies are considered,
the global result is roughly the same.

In Fig. 5, we show the differences between complete frequencies and perturbative ones at 0.59ΩK. We have kept the same
parameters for the equilibrium model as in Fig. 4. As can be seen from the figure, differences between the two sets of calculations
are substantial and comparable to the large frequency separation (which seems to survive rotation). The order of frequencies is not
the same between the two sets of calculations. As a result, it is necessary to use complete calculations in order to correctly interpret
a pulsating star rotating at such a high rotation rate.

Recently, Suárez et al. (2005) attempted to model Altair through asteroseismology. The effects of rotation were included in the
pulsation modes using 2nd order perturbative methods. Later interferometric studies suggested an equatorial velocity of 280 km s−1

(Domiciano de Souza et al. 2005), which is above 216 km s−1, the equatorial velocity corresponding to Fig. 5 (if we use a mass of
M = 1.8 M⊙ and a polar radius Rpol = 1.7 R⊙ instead, we obtain veq = 244 km s−1). As a result, it is pretty obvious that what is
required in Suárez et al. (2005) is complete calculations of the effects of rotation before being able to interpret Altair’s oscillation
spectrum (not to mention complete models of rapidly rotating stars).

4.1.3. Relative importance of the Coriolis and centrifugal forces

It is then interesting to analyse what is the main source of differences between perturbative calculations and complete ones. In Fig. 6
we show three different graphs which give the relative errors associated with different calculations:

(

δω

ω

)

(a)
=
ωpert. − ω
ω

, (68)
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Fig. 4. Plots of the evolution of pulsation cyclic frequencies
(ν = ω/2π) as a function of the rotation rate. The frequen-
cies are followed from the non-rotating case to 0.59ΩK using
the procedure described in Paper I. At small rotation rates,
it is easy to recognise the usual multiplet structure as pre-
dicted from perturbative methods. Once the rotation rate is suf-
ficient large, the multiplets are less regular and overlap, which
greatly complicates the interpretation of the oscillation spec-
trum. Superimposed is the domain of validity of 3rd order per-
turbative methods using COROT’s error bars of 0.6 µHz (up-
per panel) and 0.08 µHz (lower panel). The calculations were
done with N = 3 polytropic models with Rpol = 2.3 R⊙ and
M = 1.9 M⊙.

(

δω

ω

)

(b)
=
ωno Cor.

pert. − ωno Cor.

ωno Cor.
, (69)

(

δω

ω

)

(c)
=
ωno Cor. − ω
ω

, (70)

where the subscripts (a), (b) and (c) correspond to the different panels in Fig. 6, the subscript “pert.” to 3rd order perturbative
calculations and the superscript “no Cor.” to calculations done without the Coriolis force. From these panels, it is possible to deduce
the dominant role of the centrifugal force in the differences between perturbative and complete calculations. Panels (a) and (b) are
very similar, yet the first one includes the Coriolis force and the second one excludes it. Panel (c) shows the errors which come
from excluding the Coriolis force. These errors are at least ten times smaller than in cases (a) and (b) and decrease with the radial
order. This decrease is expected because as the radial order n of the mode increases, the time scale of the oscillations decreases and
becomes much shorter than the 1/Ω time scale associated with the Coriolis force. As a result high order modes are less affected by
the Coriolis force.

The effects of the centrifugal force, on the other hand, increase with radial order. The reason for this, as explained in Paper I,
is that changes in the stellar structure and the sound velocity profile causes modifications which are roughly proportional to the
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Fig. 5. This figure shows a comparison between perturba-
tive cyclic frequencies and complete ones at 0.59ΩK . The
equilibrium model is the same as in Fig. 4. The complete
calculations are represented by the bars that go to the right
and the perturbative ones by the bars going to the left. The
length of the bars gives the azimuthal order. Complete and
perturbative calculations are connected by dotted lines (the
correspondence is based on mode labelling as described in
Paper I). It is clear from this figure that perturbative calcu-
lations lead to substantial error at high rotation rates, and
cannot correctly anticipate the order of the modes. Even if
the perturbative frequencies were multiplied by a global cor-
rective factor, the agreement remains poor.

frequencies. For spherically symmetric changes in a star’s structure, we have ∆ lnω = −∆ ln
∫ R

0
dr/c (where ∆ means the variations

due to the change in stellar structure), based on Tassoul’s asymptotic formula (Tassoul 1980). The same principle applies for more
complicated changes in the structure, such as those provoked by the centrifugal force, but will have a more complicated mathematical
formulation. One way of illustrating this is by plotting the ratios D1/ω0 (see Eq. (66)), which correspond to ∂ lnω/∂Ω2 calculated
at Ω = 0 for m = 0 modes. We take the derivative with respect to Ω2 since the effects of the centrifugal force begin at 2nd order
in Ω. In Fig. 7, we can see that these ratios approach constant values as n increases for a given ℓ. Furthermore, we have plotted
these ratios both with and without the Coriolis force, thereby demonstrating that this effect is entirely due to the centrifugal force.
For non-axisymmetric modes, the relevant ratios (D1 + m2D2)/ω0 also show the same behaviour. This shows that the effects of the
centrifugal distortion is roughly proportional to the frequency.

It can then be expected that making errors on the effects of the centrifugal force will also lead to differences proportional to the
frequencies. If we look at panel (b) of Fig. 6 in which the Coriolis force has been suppressed, we can see that the relative differences
between perturbative and complete calculations δω/ω actually increase with radial order (at least for lower and moderate rotation
rates). It is an open question whether or not these relative differences will approach an asymptotic limit as the radial order increases
like in Fig. 7.

The increase of perturbative errors with radial order may have important implications for stars which pulsate in high radial
overtones. Examples of these are solar type stars which typically pulsate with radial orders between 15 and 25. If we assume that
perturbative errors scale with frequency and frequency with radial order, we can estimate at what point complete methods will be
necessary to calculate the effects of rotation on such modes. The average limit for n = 25 pulsation modes in M = 1 M⊙, Rpol = 1 R⊙
stars would be veq = 25 km s−1 (45 km s−1) for COROT’s primary (secondary, resp.) program. This implies that non-perturbative
effects of rotation could be visible for moderate rotation rates. Nonetheless, direct comparisons between perturbative and complete
calculations for high order modes are necessary to confirm this conclusion.

In order to further understand the role of the centrifugal force in perturbative errors, it is helpful to bear in mind the approxima-
tions which result from applying perturbative methods. First of all, the frequencies, the stellar structure and the mode structure are
all described by low degree polynomials in Ω. This then leads to the following effects: the equilibrium structure is only described by
ℓ = 0 and ℓ = 2 spherical harmonics (for 2nd and 3rd order methods) and the pulsation mode structure is also limited to a few spher-
ical harmonics. In order to analyse the effects of using only a few spherical, we did highly truncated numerical calculations, in which
the equilibrium model has been reduced to 2 spherical harmonics and the pulsation modes to 4 spherical harmonics (2 poloidal +
2 toroidal). In Fig. 8, the black lines represent the relative differences between these truncated calculations and complete ones. These
differences are significant, thus showing the need for more spherical harmonics. Nonetheless, we also plot in Fig. 8 the perturbative
errors which are higher than the truncated calculations. This shows that including higher order terms in Ω in the contribution of even
the lowest degree spherical harmonics can improve results.

4.2. Discussion

As can be seen from previous sections, differences between perturbative calculations and complete ones can be quite substantial.
This is problematic because obtaining accurate results is crucial in asteroseismology. Differences between theoretical calculations
and observed frequencies need to come from differences between the stellar model and the star’s actual structure rather than from an
approximate treatment of the effects of rotation. Otherwise, modifying the stellar structure so as to match the observed frequencies
will end up compensating errors in the calculation of frequencies instead of improving the stellar model. Moreover, large errors
on frequency calculations can lead to erroneous mode identifications, especially if proximity between observed and theoretical
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Fig. 6. Relative error of different calculations of ℓ = 2, m = −1 modes of
various radial orders. The radial orders are indicated on the right side of each
panel. Panel a): the relative error from using 3rd order perturbative methods.
Panel b): same as panel (a) except that the Coriolis force has been excluded
from both perturbative and complete calculations. Panel c): the relative error
which comes from neglecting the Coriolis force. Explicit expressions for the
various errors are given in Eqs. (68)−(70). The similarity between panels (a)
and (b) and the differences with panel (c) show the dominant role of the
centrifugal force in errors related to perturbative methods.

frequencies is the only criteria used for establishing such identifications. Interestingly, establishing a correct mode identification is
one of the key difficulties in interpreting δ Scuti stars (e.g. Goupil et al. 2005). Mode misidentification can occur because frequencies
are not in the same order in perturbative calculations as in complete ones (in Fig. 5, this can be seen by the dotted lines for the ℓ = 1,
2 or 3 modes which cross each other, thus indicating an exchange of position between two frequencies) and because one can no
longer rely on the usual frequency patterns used in slowly rotating stars (see Paper I). An erroneous mode identification then leads a
false interpretation of pulsation frequencies due to an incorrect understanding of the geometry of the pulsation mode and the stellar
regions which it probes. This problem is further aggravated by the fact that perturbative methods only give an approximate idea of
the structure of a given mode anyway. Fully taking into account the effects of rotation on stellar pulsation increases the likelihood
of obtaining a correct identification and gives a better understanding of mode structure, especially when the rotation rate is high.
However, in order to obtain such a mode identification, the underlying stellar model needs to be sufficiently close to reality so as
enable a successful matching between theoretical predictions and observations. It is possible that even then, mode identification is
uncertain due to multiple solutions which fit a set of observed frequencies.

5. Conclusion

In this work we have explored some of the effects of rapid rotation on stellar acoustic pulsations. This was achieved thanks to a
numerical method which combines spheroidal geometry and spectral methods, as in Paper I. Through a detailed analysis, we have
shown that our results have a 6 to 7 digit accuracy. This analysis included a discussion on the accuracy of the underlying polytropic
models, comparisons with Saio (1981), Clement (1984), Christensen-Dalsgaard & Mullan (1994) and Paper I, a test based on the
variational principle and some tests on the sensitivity of the results to the parameters of the numerical method.

In the future, the satellite COROT is expected to measure stellar oscillation frequencies with a precision of 0.08 µHz (pri-
mary targets) or 0.6 µHz (secondary targets). In the frequency range considered in this paper, we find that for a M = 1.9 M⊙,
R = 2.3 R⊙ star, perturbative methods cease to be valid for COROT’s primary (secondary) program beyond v sin i = 50 km s−1

(v sin i = 75 km s−1, resp.). At a rotation rate of 0.59ΩK, the perturbative spectrum is very different from the one based on complete
calculations. Therefore, any attempt to interpret stellar pulsations using the perturbative approach at comparable rotation rates is
likely to fail. Using complete methods on the other hand increases the likelihood of obtaining a correct mode identification, and
gives an accurate description of the structure of pulsation modes. Both of these are crucial when interpreting observed pulsation
modes.

Further investigation has shown the dominant role of the centrifugal force in modifying the frequency spectrum and causing
perturbative errors. This is because while the effect of the Coriolis force decreases as the frequency increases, the effect of the stellar
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Fig. 7. Ratio of 2nd order perturbative coefficients to corre-
sponding frequencies at Ω = 0, as a function of the radial or-
der n. As n increases, these ratios approach a constant value,
which shows the proportional effects of the centrifugal de-
formation of the star.

Fig. 8. A comparison between relative errors in perturba-
tive calculations and those in truncated calculations (in
which the equilibrium model is reduced to 2 spherical har-
monics and the pulsation mode to 2 poloidal + 2 toroidal
harmonics). This figure shows that truncated calculations
are closer to complete ones than perturbative calculations,
which shows the importance of retaining higher powers
of Ω in the lower spherical harmonics describing the stel-
lar structure and mode structure. The uneven aspect of the
lines corresponding to the truncated calculations are due to
interpolation errors.

deformation increases roughly proportionally to the frequencies. Therefore, the errors which arise from perturbative descriptions of
the centrifugal distortion are also amplified in higher order modes. As a result, it may be necessary to use complete methods for
moderately rotating stars which exhibit high order modes.

Some of the issues which were discussed in Paper I and have yet to be discussed for the present results include: an analysis of
the regularities in the oscillation spectrum at high rotation rates and a study of the visibility of the different modes based on their
structure. These will be the subject of forthcoming papers. A few preliminary examinations have already confirmed some of the
conclusions given in Paper I, such as a strong equatorial concentration of mode structure at high rotation rates, or the transition from
one frequency spectrum organisation to another.

Future work includes working with more realistic models, and studying gravity modes in spheroidal geometry. The transition to
more realistic models is essential before being able to compare theoretical frequencies with observations. Coming up with realistic
models that fully include the effects of rotation and in particular the centrifugal distortion is no easy task, but is the subject of
active research (e.g. Roxburgh 2004; Jackson et al. 2005; Rieutord et al. 2005). Calculating the associated pulsation frequencies and
comparing them to observations will provide crucial information on stellar structure and enable a better adjustment of these models.

The study of the effects of rapid rotation on g-modes is of interest for the interpretation of γ Doradus stars, which are g-mode
pulsators and can be rapid rotators. Previous studies on the non-perturbative effects of the Coriolis force on g-modes (Dintrans et al.
1999; Dintrans & Rieutord 2000) have revealed their important role in altering the geometry and frequencies of these modes. This
behaviour is entirely different from that of the high frequency acoustic modes presented here. It is then interesting to understand
what the effects of the centrifugal force will be on g-modes and how it will compare with the effects of the Coriolis force.
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Appendix A: “Generalised” Frobenius method

A.1. Description

The starting point in this method is the following equation:

dY(x, y, z)
dx

+
1
x

A(x, y, z)Y(x, y, z) = 0. (A.1)

This equation looks very much like a first order Frobenius equation except that two other variables, y and z, intervene in the different
terms (for a description of the more traditional version of the Frobenius method, see Bender & Orszag 1978). The quantity Y(x, y, z)
can be a scalar or a vector. The operator A(x, y, z) can include derivatives in the y and z directions and needs to be analytic in the x
direction, so that we can write:

A(x, y, z) =
∞
∑

n=0

An(y, z)xn. (A.2)

We then look for the behaviour of Y(x, y, z) along the boundary x = 0. If we develop Y(x, y, z) in the following manner,

Y(x, y, z) =
∞
∑

n=0

Yn(y, z)xn+α, (A.3)

then we obtain the following zeroth order equation:

αY0(y, z) + A0(y, z)Y0(y, z) = 0, (A.4)

where α is the leading power of x in Y(x, y, z). Therefore, to obtain α, one needs to solve an eigenvalue problem in terms of the
coordinates y and z, along the entire surface x = 0. The remaining Yn are defined through the following recurrence relation:

n ≥ 1, [(α + n)Id + A0] Yn = −
n−1
∑

k=0

An−kYk, (A.5)

where Id(Y) ≡ Y. This series is defined only if for each n ≥ 1, the operator [(α + n)Id + A0] is invertible. The next step is then to
search under what mathematical conditions the series defined by Eq. (A.5) converges. However, this step is quite complicated and
therefore beyond the scope of this paper.

A.2. Application

In our case, we are only interested in obtaining the leading behaviour of our solutions near the surface. Therefore we will only solve
the zeroth order equation (Eq. (A.4)) after having established the expressions for Y0 and A0. We start by defining x = 1 − ζ as the
variable that will be used in the Frobenius series. The surface of the star then corresponds to x = 0 and its interior to positive values
of x.

It is then necessary to choose a vector Y so that Eqs. (33)−(38) can be put in the form given by Eq. (A.1). This implies choosing
the variables which are differentiated once with respect to x. Our choice is therefore Y = [Π, uζ ,G = ∂xΨ,Ψ]t. Having chosen
the vector Y, it is then necessary to find the associated system of equations, by eliminating the variables (b, uθ, uφ), and then to
extract the zeroth order equation (see Eq. (A.4)). In fact, it is much simpler to do both steps simultaneously, given the complexity
of Eqs. (33)−(38).

Before giving the final result, it is important to point out that when N is not an integer, a mild singularity occurs on the surface
of the star, due to the presence of fractional powers in the enthalpy, starting with xN+2 (Hunter 2001). This in fact invalidates the
use of Frobenius series in its present form from a strictly mathematical point of view, since these only use integer powers of x.
This problem can be solved by including fractional powers in the solution, as is done in Christensen-Dalsgaard & Mullan (1994),
the lowest one being xN+1 (this is not in contradiction with Christensen-Dalsgaard & Mullan (1994), for which the variable y4
contains xN , because y4 includes ∂xxH in its expression whereas our variables do not). As a result, the zeroth order equation remains
unaffected and can therefore give the correct behaviour of the solution near the surface:
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This equation is based on the following development of the enthalpy near the surface:

H(x, θ) = Hx(θ)x +
1
2

Hxx(θ)x2 + HN(θ)xN+2 + o(x2). (A.7)
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The characteristic equation is det(A0 − X.Id) = X4 − NX3 = 0. The eigenvalues are therefore α = −N and α = 0, the second value
being triply degenerate. The first value is rejected because it leads to solutions that diverge on the surface of the star. The three
remaining eigensolutions are bounded near the surface, which is in complete agreement with the results of Hurley et al. (1966), who
applied the Frobenius method to the spherical case. By choosing α = 0, we also ensure that [(α + n)Id + A0] is invertible for n ≥ 1.
These three bounded solutions and any of their linear combinations satisfy the following analytical constraint:

λΠ0 =
Hx

Λ(1 − ε)R2
s

u
ζ

0, (A.8)

which is, in fact, equivalent to saying that δp/ρ0 goes to zero on the outer boundary (where δp represents the Lagrangian variation
of the pressure). We can use the previous results to establish the behaviour of different quantities near the surface:

p = O
(

xN
)

, (A.9)

ρ = O
(

xN−1
)

, (A.10)

uζ = O(1), (A.11)

uθ = O(1), (A.12)

uφ = O(1), (A.13)

Ψ = O(1). (A.14)

Equation (A.8) shows that δp/HN = o (1). The next relevant power in a power series expansion of δp/HN is x1 (this remains true
even when N is not an integer since the first fractional power of δp/HN is N + 1). By applying the equation δp = c2

oδρ, it can also
be shown that δρ/HN−1 = O(x). As a result we obtain the following behaviour for both Lagrangian perturbations:

δp = O
(

xN+1
)

, (A.15)

δρ = O
(

xN
)

. (A.16)

The results on ρ, p, δρ, δp are interesting when we consider the equilibrium model. Since ρo ∝ HN and Po ∝ HN+1, we deduce that
the leading behaviour of the equilibrium density and pressure are ρo = O

(

xN
)

and Po = O
(

xN+1
)

, respectively. This implies that
the ratio of the Eulerian density perturbation to the equilibrium density (ρ/ρo) and the corresponding ratio for pressure both become
unbounded as one approaches the surface of the star. This is problematic because the sum ρo + A ρ cos (ωt) (which corresponds to
the total density) will periodically reach negative values close to the surface of the star for any non-zero amplitude A. However,
the ratio of the Lagrangian density perturbation to the equilibrium density remains bounded as one approaches the surface, and the
same applies to the pressure. This suggests that a Lagrangian description is physically more appropriate.

Appendix B: Projection onto the spherical harmonic base

B.1. Integral operators

In order to project the fluid equations onto the harmonic basis, it is necessary to define a number of integral operators. The prototype
to one of these operators is as follows:

Jm
ℓℓ′ (G) (ζ) =

∫∫

4π
G(ζ, θ)∂θY

m
ℓ′ (θ, φ)

{

Ym
ℓ (θ, φ)

}∗
dΩ, (B.1)

where dΩ = sin θdθdφ, G is an arbitrary function, x∗ is the complex conjugate of x and Jm
ℓℓ′ (.) is the operator. Jm

ℓℓ′ (G) is a two-
dimension array of indexes ℓ and ℓ′ (the value of m is fixed) composed of functions depending on ζ only. The remaining operators
are given in the following table:

{

Ym
ℓ

}∗ {

∂θY
m
ℓ

}∗ {

DφYm
ℓ

}∗

Ym
ℓ′ Im

ℓℓ′ (G) Jcm
ℓℓ′ (G) Kcm

ℓℓ′ (G)
∂θY

m
ℓ′ Jm

ℓℓ′ (G) Lm
ℓℓ′ (G) Mcm

ℓℓ′ (G)
DφYm

ℓ′ Km
ℓℓ′ (G) Mm

ℓℓ′ (G) Nm
ℓℓ′ (G)

If G is a real function than Im
ℓℓ′ (G), Jm

ℓℓ′ (G), Jcm
ℓℓ′ (G), Lm

ℓℓ′ (G) and Nm
ℓℓ′ (G) are all real functions whereas Km

ℓℓ′ (G), Kcm
ℓℓ′ (G), Mm

ℓℓ′ (G),

and Mcm
ℓℓ′ (G) are purely imaginary. There are symmetries between some of these operators: for example Jm

ℓℓ′ (G∗) =
{

Jcm
ℓ′ℓ (G)

}∗
. The

same applies for Km
ℓℓ′ (G) and Kcm

ℓℓ′ (G), and for Mm
ℓℓ′ (G) and Mcm

ℓℓ′ (G).
In order to calculate these integrals, we use Gauss’ quadrature. This gives accurate integrals when G is a “polynomial” of cos θ

(the coefficients of the polynomial can depend on ζ), for the operators Im
ℓℓ′ (G), Lm

ℓℓ′ (G), Mm
ℓℓ′ (G), Mcm

ℓℓ′ (G) and Nm
ℓℓ′ (G). For the

operators Jm
ℓℓ′ (G), Km

ℓℓ′ (G), Jcm
ℓℓ′ (G) and Kcm

ℓℓ′ (G), G needs to be of the form sin θP(cos θ) where P is a polynomial. These integrals
are calculated with Lres collocation points, where Lres is generally greater than Lmax, the harmonic resolution of the pulsations.
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Having defined the different integral operators, it is now possible to give explicitly the fluid equations projected onto the spherical
harmonic basis. In what follows, we have used the following conventions:

Im
ℓℓ′ (G) uℓ

′
m ≡

∑

ℓ′

Im
ℓℓ′ (G) uℓ

′
m,

−Lm
ℓℓ′

+Nm
ℓℓ′

(G) ≡ −Lm
ℓℓ′ (G) + Nm

ℓℓ′ (G) . (B.2)

It is also worth pointing out that in the following matrices, the summation on ℓ′ applies to an entire line of the matrix. For example,

[

+Im
ℓℓ′ (A) − Jm

ℓℓ′ (B) uℓ
′

m

−Km
ℓℓ′ (C) + Nm

ℓℓ′ (D) vℓ
′

m

]

, (B.3)

is equivalent to:

L
∑

ℓ′=|m|

{

Im
ℓℓ′ (A) − Jm

ℓℓ′ (B)
}

uℓ
′

m +

L
∑

ℓ′=|m|

{

−Km
ℓℓ′ (C) + Nm

ℓℓ′ (D)
}

vℓ
′

m. (B.4)

B.2. Continuity equation

λbℓm =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢
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⎢

⎢

⎢

⎢

⎢

⎢
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⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

−Im
ℓℓ′

(

ζ2H

r2rζ

)

∂ζu
ℓ′
m

−Im
ℓℓ′

(

2ζH
r2rζ

+
ζ2NHζ

r2rζ

)

uℓ
′

m

+Im
ℓℓ′

(

ℓ′(ℓ′ + 1)ζH
r2rζ

)

− Jm
ℓℓ′

(

ζNHθ

r2rζ

)

vℓ
′

m

−Km
ℓℓ′

(

ζNHθ

r2rζ

)

wℓ
′

m

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥
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⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (B.5)

where we have made use of the following identities:

−ℓ(ℓ + 1)Ym
ℓ = ∂

2
θθY

m
ℓ + cot θ∂θY

m
ℓ +

1

sin2 θ
∂2
φφY

m
ℓ , (B.6)

0 = ∂θDφY
m
ℓ + cot θDφY

m
ℓ −

1
sin θ
∂φ∂θY

m
ℓ . (B.7)

B.3. Adiabatic energy equation

λ

(

Πℓm −
Γ1

(N + 1)Λ
bℓm

)

=

(

Γ1

γ
− 1

)

⎡

⎢

⎢

⎢

⎢

⎢

⎢
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⎢

⎢

⎢

⎢

⎢

⎣

+Im
ℓℓ′

(

ζ2Hζ

Λr2rζ

)

uℓ
′

m

+Jm
ℓℓ′

(

ζHθ

Λr2rζ

)

vℓ
′

m

+Km
ℓℓ′

(

ζHθ

Λr2rζ

)

wℓ
′

m

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥
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⎥
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⎥

⎥

⎥

⎥

⎥

⎦

. (B.8)

B.4. Poisson’s equation

0 =

⎡

⎢

⎢

⎢

⎢

⎢

⎢
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⎢

⎢
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⎢

⎢
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⎢
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⎢

⎢

⎢

⎣

+Im
ℓℓ′

⎛

⎜

⎜

⎜

⎜

⎜

⎝

r2 + r2
θ

r2
ζ

⎞

⎟

⎟

⎟

⎟

⎟

⎠

∂2
ζζΨ

ℓ′
m

+Im
ℓℓ′

(

r2cζ
)

− 2Jm
ℓℓ′

(

rθ

rζ

)

∂ζΨ
ℓ′
m

−ℓ(ℓ + 1) Ψℓm

−Im
ℓℓ′

(

r2HN−1
)

bℓ
′

m

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

, (B.9)

where we have made use of the Eq. (B.6).
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B.5. Euler’s equations

λ
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⎢

⎢

⎢
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⎢

⎢
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r2
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+Jm
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(
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r2
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ℓℓ′
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⎢

⎢
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⎢
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⎣

+Km
ℓℓ′

(

2ΩHζ sin θ
r

)

vℓ
′

m

−Jm
ℓℓ′

(

2ΩHζ sin θ
r

)

wℓ
′

m

−Im
ℓℓ′ (H) ∂ζΠ

ℓ′
m

−Im
ℓℓ′ (H) ∂ζΨ

ℓ′
m

−Im
ℓℓ′

(

NHζ
)

Πℓ
′

m

+Im
ℓℓ′

(

Hζ

Λ

)

bℓ
′

m
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⎢
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⎜

⎝

r2 + r2
θ

r2rζ

⎞

⎟

⎟

⎟

⎟

⎠

+ Nm
ℓℓ′
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1
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)
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⎜
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2Ω(rθ sin θ + r cos θ)
rrζ

)

vℓ
′

m

−Lm
ℓℓ′
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)
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′
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Appendix C: The variational test

The present formulation of the variational test is the same as that of Unno et al. (1989), apart from the following differences: we
use the velocity rather than the displacement, hence the extra time derivatives; the star’s volume is no longer spherical; the integral
on the gravity wave energy is based on the effective gravity and uses the local vertical direction rather than er; the integral on the
gravitational potential energy has been extended to infinite space.

The different resultant integrals are given by the following explicit formulas and are calculated numerically using Gauss’ quadra-
ture method in the angular direction and a spectral expansion in the radial direction (we use a radial resolution of 101 points and an
angular resolution of 200 points):

∫

V

ρo‖u‖2dV =

∫

V

HN

⎡

⎢

⎢

⎢

⎢

⎢

⎣

|uζ |2 ζ
4

r4
+ |uθ|2

ζ2(r2 + r2
θ )

r4r2
ζ

+ |uφ|2 ζ
2

r2r2
ζ

+ 2ℜ
{(

uζ
)∗

uθ
} ζ3rθ

r4rζ

⎤

⎥

⎥

⎥

⎥

⎥

⎦

dV, (C.1)

∫

V

ρoN2
o |u · eg|2dV =

∫

V

NHN−1

Λ

(

1 − γ
Γ1

)

ζ2

r4r2
ζ

∣

∣

∣ζuζ∂ζH + uθ∂θH
∣

∣

∣

2
dV (C.2)

∫

V

|p|2
ρoc2

o
dV =

∫

V

(N + 1)ΛHN−1

Γ1
|Π|2dV, (C.3)

∫

V

ρoΩ · (u∗ × u) dV = 2iΩ

∫

V

HN
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⎢

⎢

⎢

⎢

⎢

⎢

⎣

(
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rζ
+

rθ sin θ
rrζ

)

ζ2
(

uθru
φ

i
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φ
r uθ

i

)

r2rζ
+
ζ3 sin θ

(

u
ζ
r u
φ

i
− u
φ
r u
ζ

i

)

r3rζ

⎤
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⎥
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⎥

⎥

⎥

⎦

dV, (C.4)

∫

V or V2

‖∇Ψ‖2dV =

∫

V or V2

r2 + r2
θ

r2r2
ζ

∣

∣

∣∂ζΨ
∣

∣

∣

2
+

1
r2
|∂θΨ|2 +

1
r2 sin θ2

∣

∣

∣∂φΨ
∣

∣

∣

2 − 2rθ

r2rζ
ℜ
(

∂ζΨ
∗∂θΨ

)

dV, (C.5)
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where dV = r2|rζ | sin θdθdζ, u
ζ
r = ℜ

(

uζ
)

, u
ζ

i
= ℑ

(

uζ
)

etc. For the integral on the gravitational potential, it is useful to decompose
infinite space into three domains: V ∪ V2 ∪ V3 = V∞. V is the volume of the star, V2 is the volume comprised between the star and
the sphere of radius 2, and V3 is the space outside the sphere of radius 2 (see Fig. 1). The integral on the first two domains is given
by the expression above. For the third domain, it is based on the spherical harmonic decomposition of the gravitational potential. In
empty space, a gravitational potential will take on the following form as it obeys the equation ∆Ψ = 0 and vanishes towards infinity:

Ψ =
∑

ℓ

ΨℓmYm
ℓ =

∑

ℓ

Aℓ

rℓ+1
Ym
ℓ , (C.6)

where the Aℓ are constants. This form of Ψ then leads to the following expression:
∫

V3

‖∇Ψ‖2dV =
∑

ℓ

|Aℓ|2(ℓ + 1)

r2ℓ+1
ext

=
∑

ℓ

rext(ℓ + 1)
∣

∣

∣Ψℓm(rext)
∣

∣

∣

2
, (C.7)

where rext = 2 is the radius of the inner sphere of V3. This expression corresponds to the surface integral of Unno et al. (1989).
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ABSTRACT

Context. CoRoT and Kepler missions are now providing high-quality asteroseismic data for a large number of stars. Among
intermediate-mass and massive stars, fast rotators are common objects. Taking into account the rotation effects is needed to cor-
rectly understand, identify, and interpret the observed oscillation frequencies of these stars. A classical approachis to consider the
rotation as a perturbation.
Aims. In this paper, we focus on gravity modes, such as those occurring in γ Doradus, Slowly Pulsating B (SPB), or Be stars. We aim
to define the suitability of perturbative methods.
Methods. With the Two-dimensional Oscillation Program (TOP), we performed complete computations of gravity modes – including
the Coriolis force, the centrifugal distortion and compressible effects – in 2-D distorted polytropic models of stars. We started with
the modesℓ = 1, n = 1–14, andℓ = 2–3,n = 1–5, 16–20 of a non-rotating star, and followed these modes by increasing the rotation
rate up to 70% of the break-up rotation rate. We then derived perturbative coefficients and determined the domains of validity of the
perturbative methods.
Results. Second-order perturbative methods are suited for computing low-order low-degree mode frequencies up to rotation speeds
∼100 km s−1 for typical γ Dor stars or∼150 km s−1 for B stars. The domains of validity can be extended by a few tens of km s−1

thanks to the third-order terms. For higher-order modes, the domains of validity are noticeably reduced. Moreover, formodes with
frequencies smaller than the Coriolis frequency 2Ω, perturbative methods are inefficient. We interpret this failure as a consequence of
a modification in the shape of the resonant cavity that is not taken into account in the perturbative approach.

Key words. Asteroseismology – Stars: oscillations, rotation – Methods: numerical

1. Introduction

CoRoT (Convection, Rotation and planetary Transits,
Baglin et al. 2006) and Kepler (Borucki et al. 2007) are
space missions providing uninterrupted high-quality photome-
try time series over several months or years ideally suited for
asteroseismic study. Asteroseismology provides very accurate
determinations of the stellar parameters (mass, radius, age...)
and probes stellar structure to constrain physical processes
occurring in stars. The first step towards this goal requires
correctly understanding the structure of the observed oscillation
spectra, and especially correctly identifying the observed
modes. In the case of main-sequence (e.g. Michel et al. 2008;
Benomar et al. 2009; Chaplin et al. 2010) and giant (e.g.
Miglio et al. 2009; Hekker et al. 2009; Bedding et al. 2010)
FGK stars with solar-like oscillations, the spectrum structure is
well understood, which eases the interpretation.

The spectra of classical pulsators is often noticeably more
complex. For instance, the high-quality observations ofδ
Scuti (e.g. Garcı́a Hernández et al. 2009; Poretti et al. 2009) and
γ Doradus (e.g. Mathias et al. 2009) stars have exhibited very
rich and complex spectra of acoustic (p) and gravity (g) modes,
respectively, containing several hundred –or more– modes.
Interpreting their spectra is very challenging today. Indeed, these
stars are generally spinning rapidly and the effects of rotation on
the mode frequencies must be considered.

Here, we shall be concerned with gravity modes, i.e. low-
frequency modes driven by the buoyancy force. They are excited
and observed in a large panel of stars, for instance inγ Dor,
SPB and some Be stars. Theγ Dor stars form a class of main-
sequence stars with type around F0V that can sometimes rotate
rapidly (e.g. De Cat et al. 2006, and reference therein), while the
rotation rate of Be stars is extreme, usually very close to their
break-up limitΩ ≈ ΩK ≡

√

GM/R3 (e.g. Frémat et al. 2006).
The effects of rotation on the oscillation modes can be treated

as a perturbation where the rotation rate is the small parameter.
A first-order correction has been proposed by Ledoux (1951),
second-order by Saio (1981), Dziembowski & Goode (1992) or
Suárez et al. (2006), and third-order terms have been developed
by Soufi et al. (1998). While perturbative methods are expected
to be accurate enough for slowly rotating stars, their true domain
of validity cannot be determined in the absence of exact calcula-
tions to compare with.

In the last few years, calculations of p modes with both the
centrifugal distortion and the Coriolis force have been performed
in polytropic models of stars (Lignières et al. 2006; Reeseet al.
2006) and realistic 2-D stellar structures (Lovekin & Deupree
2008; Reese et al. 2009). Lignières et al. (2006) and Reese et al.
(2006) have shown that, aboveΩ ∼ 0.15ΩK, perturbation meth-
ods fail to reproduce low degree and low order p-mode frequen-
cies (ℓ ≤ 3 andn ≤ 10) with the accuracy of CoRoT long runs.
The structure of the modes is also drastically modified and this
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leads to deep changes in the structure of the p-mode spectrum
(Reese et al. 2008; Lignières & Georgeot 2008, 2009).

We have used an oscillation code based on Reese et al.
(2006) to perform g-mode calculations with a complete descrip-
tion of the rotational effects on the modes. In this paper, we fo-
cus on the limits of validity of perturbative methods. The models
and the method are described in Sect. 2. We then derive the per-
turbative coefficients from the complete computations (Sect. 3),
and compare the results obtained with both methods to deter-
mine and discuss the domains of validity of perturbative methods
(Sect. 4) before concluding in Sect. 5.

2. Models and Methods

We consider for this work fully radiative stars. Since the grav-
ity modes are driven by the buoyancy force, they cannot exist
in convective regions. SPB andγ Dor stars have large radiative
zones with a convective core, and even a thin convective enve-
lope for the latter. The effects of convective cores are not consid-
ered here, since we are mainly interested in the general behavior
of g modes under rotation effects.

2.1. 2-D stellar models

As in Lignières et al. (2006) and Reese et al. (2006), we ap-
proximate the equilibrium structure of rotating stars withself-
gravitating uniformly-rotating polytropes. They are described in
the co-rotating frame by the three following equations:

po = Kρ1+1/µ
o (1)

∇po = ρo go (2)

∆ψo = 4πGρo (3)

wherepo is the pressure,ρo the density,ψo the gravitational po-
tential,K the polytropic constant,µ the polytropic index,G the
gravitational constant, andgo the effective gravity defined as

go = −∇(ψo − Ω2s2/2) (4)

with s the distance to the rotation axis. Due to the centrifu-
gal distortion, the star is not spherical and a suited surface-
fitting spheroidal system of coordinates (ζ, θ, φ) based on
Bonazzola et al. (1998) has been used. Hereafter, we also clas-
sically denoter the distance to the center, andz the coordi-
nate along the rotation axis. This equation system is numerically
solved with the ESTER (Evolution STEllaire en Rotation) code
as described in Rieutord et al. (2005). This is a spectral code us-
ing Chebychev polynomials in theζ-direction, and spherical har-
monicsYm

ℓ
with evenℓ andm = 0 in the horizontal one. For this

work, we have computed models decomposed on spherical har-
monics up to degreeLmodel = 32. This resolution is sufficient to
accurately model the centrifugal effects for the maximal value
of Ω that we have considered. In the pseudo-radial direction, the
resolution is the same as the one we use for the frequency com-
putation (see Sect. 2.3,nr = 96 generally).

To approximate a fully radiative star, we have chosen the
polytropic indexµ = 3. We have considered models spinning
with rotation frequencyΩ between 0 and 0.7ΩK, whereΩK =
√

GM/Req is the Keplerian break-up rotation rate for a star of
massM and equatorial radiusReq.

2.2. Linearized equations for the oscillations

In the co-rotating frame, the equations governing the temporal
evolution of small adiabatic inviscid perturbations of theequi-

librium structure read, in the co-rotating frame,

∂tρ = −∇ · (ρov) (5)

ρo∂tv = −∇p + ρgo − ρo∇ψ − 2ρoΩ × v (6)

∂t p − c2
o∂tρ =

ρoN2
o c2

o

||go||2
v · go (7)

∆ψ = 4πGρ (8)

whereρ, p, v, andψ are the Eulerian perturbations of density,
pressure, velocity, and gravitational potentialc2

o = Γ1po/ρo the
adiabatic sound speed andNo the Brunt-Väisälä frequency, de-
fined as

N2
o = go ·

(

∇ρo

ρo
− 1
Γ1

∇po

po

)

. (9)

Γ1 = (∂ ln p/∂ lnρ)ad denotes the first adiabatic exponent. In
Eq. (7) we have used the structure barotropicity, ensured bythe
uniform rotation.

The 2-D distribution of the Brunt-Väisälä frequency is
shown in Fig. 1 for the most rapidly rotating model we have
considered, together with the profiles ofNo along the polar and
equatorial radii which are compared to theNo profile of the non-
rotating star. It is worth noting that within about the innerhalf
of the star, the deviations from sphericity induced by the cen-
trifugal force remain limited. We also see thatNo diverges at the
surface of the polytrope becauseρo andpo vanish there.

Looking for time-harmonic solutions∝ exp(iωt) of the sys-
tem (5)–(8), we obtain an eigenvalue problem which we then
solve using the Two-dimensional Oscillation Program (TOP).
The details of this oscillation code closely follow Reese etal.
(2006). The equations are projected on the spherical harmonic
basisYm

ℓ
. Due to the axisymmetry of the system, the projected

equations are decoupled relatively to the azimuthal orderm, but
contrary to the spherical non-rotating case, they are coupled for
all degreesℓ of the same parity.

2.3. Resolutions and method accuracy

The different sources of error of our numerical method have been
discussed in Valdettaro et al. (2007) and tested in a contextsim-
ilar to the present one in Lignières et al. (2006) and Reese et al.
(2006).

The numerical resolution has been chosen to ensure a suf-
ficient accuracy for the computed frequencies. In the horizontal
direction, the resolution is given by the truncation of the spheri-
cal harmonics expansion. The highest degree of the expansion is
L = 2nθ+ |m| and, for most of the calculations presented here we
have usedL = 40+ |m|, i.e.nθ = 20 coupled spherical harmonics.
In the pseudo-radial directionζ, the solution has been expanded
ontonr = 96 Chebychev polynomials.

Using higher resolutions (nr = 96, L = 80 andnr = 144,
L = 80), we find that the relative agreement of the frequencies al-
ways remains better than 5×10−8. It also does not affect the mode
significantly as illustrated in Fig. 2 where the spectral expan-
sion of the radial velocity component of the (ℓ,m, n) = (1, 0, 14)
mode atΩ = 0.7ΩK is displayed for the three different resolu-
tions. Figure 2 also shows that a unique –or even a few– spherical
harmonics would not properly describe such an eigenmode.

2.4. Following modes with rotation

We have computed the frequencies ofℓ = 1 to 3 modes in a non-
rotating polytrope. We recall that without rotation the system
to solve becomes decoupled with respect toℓ, hence the modes
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Fig. 1. (top) Map in the meridional plane of the Brunt-Väisälä
frequencyNo for the model withΩ = 0.7ΩK. No has been nor-
malized byΩp

k =
√

GM/Rp whereRp is the polar radius. Dashed
lines show the shape of the spheroidal grid we have used.(bot-
tom) Solid black lines show the profile ofNo normalized by
Ω

p
K for the non-rotating star. Red lines showNo for the model
Ω = 0.7ΩK along the polar (solid line) and equatorial radius
(dashes). A thick red tick on the x-axis indicates the polar radius
Rp.

are represented with only one spherical harmonic. A reference
frequency set,ω(0)

ℓ,n, has been computed from a 1-D polytropic
model with a radial resolutionnr = 512.

We then follow the variation of the frequency of each mode
of degreeℓ0, azimuthal orderm0 and radial ordern0 by slowly in-
creasing, step by step, the rotation rate. The Arnoldi-Chebychev
method requires an initial guess for the frequency, and returns
the solutions which are the closest to this guess. The guess we
provide is extrapolated from the results at lower rotation rates:
we compute from the three last computed points a quadratic ex-
trapolation at the desired rotation rate. For the first point(Ω = 0),
we use as guess the frequency obtained in 1-D. For the sec-
ond point, we extrapolate a guess with the asymptotic relation
ωℓ0,m0,n0 ≈ ω

(0)
ℓ0,m0
+ m0Ω/[ℓ0(ℓ0 + 1)] (Ledoux 1951).

Among the solutions found around the initial guess, we se-
lect the correct one by following this strategy:

1. For each calculated mode, we determine, from its spatial
spectrum (like the ones shown Fig. 2), the two dominant de-
grees,ℓ1 andℓ2.

0 20 40 60 80
degree l

10−8

10−6

10−4

10−2

100

C
u k
,m

ax

n
r
=  96 × L=  40

n
r
=  96 × L=  80

n
r
=144 × L=  80

Fig. 2. SpectrumCu
k,max as a function of the degreeℓ of the ra-

dial velocity of the mode (ℓ,m, n) = (1, 0, 14) atΩ = 0.7ΩK.
Cu

k,max(ℓ) is the absolute value of the highest Chebychev coeffi-
cient in the decomposition on the spherical harmonics of degree
ℓ of the radial component ofv. The spectrum is normalized to
its maximum value. The different lines correspond to different
spatial resolutions.

2. We compareℓ1 andℓ2 with the degreeℓ0 of the mode we are
following.

3. We select the solutions such thatℓ1 = ℓ0; if none of the solu-
tions verifies this criterion, we select the solutions such that
ℓ2 = ℓ0.

4. If more than one solution has been selected at this point, we
consider the projection of the modes on the spherical har-
monicYm0

ℓ0
and we compare it to the projection of the mode

at a lower rotation rate. The solution which gives the highest
correlation is finally selected.

This method allows us to have a semi-automatic procedure
that limits the need to manually tag the modes. Nevertheless,
there are two limitations. The first one is inherent to the density
of the g-mode spectrum. Indeed, according to the asymptoticre-
lation from Tassoul (1980), on a given frequency interval, the
number of modes of degreeℓ goes roughly as

√
ℓ(ℓ + 1). If our

resolutions, both in latitude and radius, were infinite, it would be
almost impossible to find the desired solution: there would al-
ways be an infinite number of other solutions closer to the initial
guess than the searched mode. In practice the spatial resolution
is finite and we noticed that, in most cases, the number of solu-
tions in a small interval is limited enough to allow us to find the
desired solution. Another way of avoiding this difficulty is to add
thermal dissipation which disperses the different solutions in the
complex plane. This also proved successful in finding a specific
solution.

The second difficulty comes from the so-called avoided
crossings. Two modes with the samem and the same parity can-
not have the same frequency. This implies that the two curves
associated to their evolution withΩ cannot cross each other.
Figure 3 illustrates this phenomenon with modesℓ = 1 and
ℓ = 3: the frequencies become closer and closer, but since
the curves cannot cross, the modes exchange their properties.
During an avoided crossing, the two modes have the mixed prop-
erties of the two initial modes. With our mode following method,
when the coupling is strong and the avoided crossing takes long,
the method can follow the wrong branch. For instance, in the
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Fig. 3. Evolution with the rotation rate of the frequency of the
modes (ℓ = 1,m = 1, n = 1) and (ℓ = 3,m = 1, n = 3), with a
zoom on a region where an avoided crossing between these two
modes occurs. At a given rotation rate, a diamond (respectively,
a triangle) indicates the mode is dominated by the component
ℓ = 1 (respectively,ℓ = 3). Crosses indicate that the modes are
hardly discernible: they are both dominated byℓ = 1 and their
structures are very similar.

case illustrated in Fig. 3, if the program follows theℓ = 1 mode,
it continues sometimes on theℓ = 3 branch instead of jumping
to the other branch.

3. Perturbative coefficients

The approach we have used to determine the perturbative coeffi-
cients in the paper is very close to the one of Reese et al. (2006).

3.1. Determining perturbative coefficients

In the perturbative approach, frequencies are developed asa
function of the rotation rate,Ω. For instance, to the third order,
it reads

ω̄
pert
ℓ,m,n = ω̄

(0)
ℓ,n +C1

ℓ,m,nΩ̄ +C2
ℓ,m,nΩ̄

2 + C3
ℓ,m,nΩ̄

3 + O(Ω̄4), (10)

whereω(0)
ℓ,n is the frequency for the non-rotating case, andC j

ℓ,m,n
the perturbative coefficients. The bar denotes the normalization
ω̄ = ω/Ω

p
K andΩ̄ = Ω/Ωp

K. We have normalized the frequencies
by Ωp

K since the polar radius is expected to be a slowly varying
function ofΩ in real stars, as opposed toReq.

The coefficientsC j
ℓ,m can be numerically calculated from the

complete computations since they are directly linked to thej-
th derivative of the function ¯ωℓ,m,n(Ω̄) at Ω = 0. However, to
improve the accuracy, we have used symmetry properties of the
problem: changingΩ in −Ω, one easily shows that

C j
ℓ,−m,n = (−1)jC j

ℓ,m,n ∀m. (11)

We denote

x = Ω̄2, (12)

yD
ℓ,m,n =

ω̄ℓ,m,n − ω̄ℓ,−m,n

2Ω
m > 0, (13)

yS
ℓ,m,n =

1
x

[

ω̄ℓ,m,n + ω̄ℓ,−m,n

2
− ω̄(0)

ℓ,n

]

m ≥ 0, (14)

and we get

yD
ℓ,m,n = C1

ℓ,m,n +C3
ℓ,m,nx + · · · + C2k+1

ℓ,m,nxk + O(xk+1) (15)

yS
ℓ,m,n = C2

ℓ,m,n +C4
ℓ,m,nx + · · · + C2k+2

ℓ,m,nxk + O(xk+1). (16)

We note thatC j
ℓ,m=0,n vanish for oddj.

We computeyD
ℓ,m,n andyS

ℓ,m,n on a grid ofk points fromΩ =
δΩ̄ to kδΩ̄. We use the Eqs (15) and (16) to calculate the terms
C j
ℓ,m,n with the (k − 1)-th-order interpolating polynomials. The

determination of the coefficientsC j
ℓ,m,n is then accurate to the

(2k − 1)-th-order inΩ̄. In practice we use a typical stepδΩ̄ =
2 × 10−3 and k = 4. In Eq. (14), we use ¯ω

(0)
ℓ,n = [ω̄ℓ,m,n(Ω =

0) + ω̄ℓ,−m,n(Ω = 0)]/2, thus we are totally independent of the
1-D solutions.

By expressing explicitly the dependence onm of the pertur-
bative coefficients, Eq. (10) becomes:

ω̄
pert
ℓ,m,n = ω̄

(0)
ℓ,n + mCℓ,nΩ̄ + (S 1

ℓ,n + m2S 2
ℓ,n)Ω̄2+

m(T 1
ℓ,n + m2T 2

ℓ,n)Ω̄
3 + O(Ω̄4) (17)

The form of the first order comes from Ledoux (1951), the
second order from Saio (1981) and the third is derived from
Soufi et al. (1998). We have verified that the derived coefficients
fit these relations with a very good accuracy (see below). We
have listed these coefficients in Table 1.

To know the coefficients for another normalization, for in-
stance for ˜ω = ω/ΩK , one can use the following development:

Ω̃ =
Ω

ΩK
= Ω̄ + AΩ̄3 + O(Ω̄5). (18)

The perturbed frequencies in this new normalization express
then

ω̃
pert
ℓ,m,n = ω̄

(0)
ℓ,n + mCℓ,nΩ̃ + (S 1

ℓ,n + Aω̄(0)
ℓ,n + m2S 2

ℓ,n)Ω̃2+

m(T 1
ℓ,n + m2T 2

ℓ,n)Ω̃
3 + O(Ω̃4) (19)

From our models we have computedA ≈ 0.77164.

3.2. Coefficient accuracy and comparisons with previous
works

The zeroth-order coefficients ω̄(0)
ℓ,n have been compared to the

1-D computations and we have found agreement within 10−9.
We have also compared our results to previous frequency com-
putations of in a non-rotating polytropic model performed by
Christensen-Dalsgaard & Mullan (1994) with a totally different
method. We have renormalized their results for g modes (Table
4 of their paper) to thier dynamical frequencyνg = 99.8557µHz
(Eq. 3.2 of their paper). The relative differences with our results
do not exceed 5× 10−8.

The choice done for the stepδΩ̄ is important for the accuracy
of the termsC j

ℓ,m,n. Ideally, we should chooseδΩ̄ as small as pos-
sible, but when it is too small, the numerical noise, produced by
the uncertainties on the computedωℓ,m,n (Sect. 2.3), drastically
increases. We have then chosen the value ofδΩ̄ to have the best
trade-off. These uncertainties onC j

ℓ,m,n determinations have been
taken into account for the estimated accuracy of the coefficients
Cℓ,n, S i

ℓ,n andT i
ℓ,n.

The first-order perturbative coefficientsCℓ,n are expressed
with integrals of the eigenmodes in the non-rotating model
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Table 1. Perturbative coefficients (see development Eq. 17) for g modes with frequency ¯ω > 0.255, radial ordern ≤ 25, andℓ ≤ 3
in a polytropic stellar model with an indexµ = 3.

n ω̄
(0)
ℓ,n Cℓ,n S 1

ℓ,n S 2
ℓ,n T 1

ℓ,n T 2
ℓ,n

ℓ = 1
1 1.5861677 0.47187464 0.0027 -0.1215 0.0742 –
2 1.1338905 0.46515116 0.1946 -0.0991 0.1255 –
3 0.8807569 0.46565368 0.3473 -0.0779 0.1769 –
4 0.7195665 0.46890412 0.4801 -0.0604 0.2383 –
5 0.6082150 0.47259900 0.6021 -0.0458 0.3131 –
6 0.5267854 0.47600569 0.7176 -0.0330 0.4016 –
7 0.4646791 0.47895730 0.8289 -0.0215 0.5037 –
8 0.4157567 0.48146486 0.9374 -0.0108 0.6188 –
9 0.3762235 0.48358671 1.0440 -0.0007 0.7469 –

10 0.3436109 0.48538634 1.1490 0.0089 0.8877 –
11 0.3162449 0.48692017 1.2530 0.0182 1.0411 –
12 0.2929509 0.48823507 1.3562 0.0272 1.2069 –
13 0.2728805 0.48936906 1.4586 0.0360 1.3852 –
14 0.2554057 0.49035278 1.5606 0.0445 1.5758 –

ℓ = 2
1 2.2168837 0.16413695 -0.0603 -0.1283 0.1162 0.0019
2 1.6817109 0.13416727 0.2040 -0.1171 0.1492 -0.0186
3 1.3499152 0.13379919 0.3992 -0.1267 0.2263 -0.0409
4 1.1271730 0.13720207 0.5686 -0.1417 0.3295 -0.0666
5 0.9676634 0.14084985 0.7244 -0.1587 0.4555 -0.0964
6 0.8478758 0.14409412 0.8717 -0.1767 0.6031 -0.1307
7 0.7546269 0.14685697 1.0136 -0.1952 0.7716 -0.1695
8 0.6799744 0.14918725 1.1517 -0.2140 0.9608 -0.2128
9 0.6188542 0.15115489 1.2870 -0.2330 1.1704 -0.2607

10 0.5678867 0.15282450 1.4201 -0.2521 1.4006 -0.3132
11 0.5247312 0.15424993 1.5517 -0.2713 1.6500 -0.3700
12 0.4877153 0.15547464 1.6819 -0.2905 1.9198 -0.4315
13 0.4556123 0.15653342 1.8111 -0.3098 2.2095 -0.4975
14 0.4275023 0.15745412 1.9395 -0.3291 2.5190 -0.5679
15 0.4026818 0.15825915 2.0672 -0.3484 2.8482 -0.6429
16 0.3806035 0.15896664 2.1943 -0.3678 3.1970 -0.7223
17 0.3608352 0.15959137 2.3209 -0.3872 3.5655 -0.8062
18 0.3430314 0.16014547 2.4470 -0.4066 3.9536 -0.8945
19 0.3269120 0.16063895 2.5728 -0.4259 4.3613 -0.9873
20 0.3122481 0.16108017 2.6983 -0.4453 4.7884 -1.0846
21 0.2988504 0.16147607 2.8234 -0.4648 5.2351 -1.1863
22 0.2865611 0.16183254 2.9484 -0.4842 5.7013 -1.2924
23 0.2752477 0.16215452 3.0731 -0.5036 6.1869 -1.4030
24 0.2647981 0.16244623 3.1976 -0.5230 6.6920 -1.5180
25 0.2551166 0.16271128 3.3220 -0.5424 7.2164 -1.6374

ℓ = 3
1 2.6013404 0.06527813 -0.1840 -0.0702 0.0898 0.0117
2 2.0582624 0.04834015 0.0662 -0.0551 0.0478 0.0014
3 1.6990205 0.05125011 0.2366 -0.0576 0.0593 -0.0023
4 1.4466219 0.05532661 0.3818 -0.0631 0.0803 -0.0054
5 1.2597371 0.05898678 0.5132 -0.0695 0.1071 -0.0085
6 1.1157943 0.06207639 0.6359 -0.0764 0.1389 -0.0120
7 1.0015072 0.06465872 0.7527 -0.0836 0.1753 -0.0158
8 0.9085566 0.06682318 0.8653 -0.0909 0.2162 -0.0200
9 0.8314693 0.06864897 0.9747 -0.0983 0.2616 -0.0246

10 0.7664974 0.07020016 1.0817 -0.1058 0.3113 -0.0296
11 0.7109883 0.07152736 1.1869 -0.1133 0.3652 -0.0350
12 0.6630115 0.07267052 1.2906 -0.1208 0.4235 -0.0409
13 0.6211284 0.07366127 1.3931 -0.1284 0.4859 -0.0471
14 0.5842454 0.07452488 1.4946 -0.1360 0.5526 -0.0537
15 0.5515158 0.07528169 1.5953 -0.1437 0.6234 -0.0608
16 0.5222741 0.07594820 1.6953 -0.1513 0.6985 -0.0683
17 0.4959899 0.07653788 1.7947 -0.1590 0.7776 -0.0761
18 0.4722351 0.07706183 1.8936 -0.1666 0.8609 -0.0844
19 0.4506608 0.07752926 1.9920 -0.1743 0.9483 -0.0931
20 0.4309792 0.07794783 2.0901 -0.1820 1.0399 -0.1022
21 0.4129512 0.07832398 2.1878 -0.1897 1.1356 -0.1117
22 0.3963764 0.07866313 2.2853 -0.1974 1.2353 -0.1216
23 0.3810855 0.07896988 2.3825 -0.2051 1.3392 -0.1320
24 0.3669346 0.07924815 2.4794 -0.2128 1.4472 -0.1427
25 0.3538006 0.07950128 2.5762 -0.2205 1.5592 -0.1538
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(Ledoux 1951). We have then computed these terms with our
1-D eigensolutions and compared them toC1

ℓ,m,n/m. The results
are consistent within 10−8.

An explicit computation of 2nd- and 3rd-order coefficients
requires calculating the 1st- and 2nd-order corrections ofthe
eigenfunctions, which is not so straightforward. It is the reason
why we have performed a direct numerical computation of these
coefficients. The numerical errors we have estimated forS i

ℓ,n and
T i
ℓ,n are generally around 10−5 and always smaller than 10−4. We

have then checked the consistency of our computations with the
2nd-order calculations of Saio (1981) for g modes withn = 1 to
3. In this work, all frequencies were normalized by the dynami-
cal frequencyΩ(0)

K of the non-rotating polytrope. By noticing that
Ω/Ω

(0)
K = Ω̄+AΩ̄3+O(Ω̄5) with A = 0.18391, and using the rela-

tion (19), we have been able to compare these results with ours.
We get a good qualitative agreement, with absolute differences
better than 10−2, which is reasonable relative to the lower accu-
racy of Saio’s computations. It gives an interesting consistency
check for our calculations. Overall, the perturbative coefficients
listed in Table 1 have been determined with high accuracy.

4. Domains of validity of perturbative approaches

From the previously computed coefficients, we calculate mode
frequencies with the 1st to 3rd-order perturbative approxima-
tions for rotation rates ranging fromΩ = 0 to 0.7ΩK and com-
pare them to complete computations. Figure 4 illustrates such
a comparison by showing the evolution of the frequencies of
the sevenm components of anℓ = 3 mode together with their
2nd-order perturbative approximation. We clearly observethat
the agreement between both approaches at low rotation progres-
sively disappears as the rotation increases.
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m= 0
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m= 1
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m= 2

m= 2

m= 3

m= 3

Fig. 4. Evolution with the rotation rate of the frequencies of the
components of the (ℓ = 3, n = 16) multiplet obtained with a
complete computation (solid line) and with the 2nd-order per-
turbative approximation (dashed lines).

To define the domains of validity of perturbative approaches,
we fix the maximal departureδω̄ allowed between the perturbed
frequencies ¯ωpert

ℓ,m,n and the “exact” ones ¯ωℓ,m,n. For each mode
and each approximation order, we define the domain of validity
[0,Ωv] such that|ω̄pert

ℓ,m,n(Ω) − ω̄ℓ,m,n(Ω)| < δω̄ ∀Ω < Ωv. The
precision of the observed frequenciesδν can be related to the

normalized errorδω̄ through

δω̄ = 2π δν

√

R3

GM
. (20)

From this expression, we see that for a fixed precisionδν, the
normalized errorδω̄ depends on the dynamical frequencyνg =

(GM/R3)
1
2 /(2π) of the star considered. We shall thus display

the domains of validity of the perturbative approximationsfor
two types of stars with different dynamical frequencies, a typi-
cal γ Dor star and a typical B star. Theγ Dor star is such that
M = 1.55M⊙, R = 1.6R⊙, i.e. νg = 61 µHz while the B star
hasM = 4M⊙, R = 7R⊙, i.e. νg = 11µHz. For the frequency
precision, we have chosenδν = 0.1 µHz which corresponds to
the resolution of an oscillation spectrum after a hundred days.
This is a typical accuracy for a CoRoT long run. Accordingly,
the normalized errorδω̄ is equal to 1.6× 10−3 for theγ Dor star
and 9.3× 10−3 for the B star. It must be noted that the domains
of validity will not be affected by the numerical errors of ¯ω

pert
ℓ,m,n

(cf. Sect. 3.2) and ¯ωℓ,m,n (cf. Sect. 2.3) as the values ofδω̄ remain
at least an order of magnitude larger.

We have determined the domains of validity of 1st-, 2nd- and
3rd-order methods for low-degreeℓ ≤ 3 modes. Specifically, we
have consideredℓ = 1 modes withn = 1 to 14, andℓ = 2 and
3 low-order (n = 1 to 5) and high-order (n = 16 to 20) modes.
The domains of validity are shown in Fig. 5 for both types of
stars. Globally, the domains of validity extend to higher rotation
rates for B stars than forγ Dor stars. This is simply due to the
increase in the normalized toleranceδω̄. Besides, we observe
distinct behaviors in the high and low-frequency ranges.

In the high-frequency range, 2nd-order perturbative meth-
ods give satisfactory results up to∼100 km s−1 for γ Dor stars
and up to∼150 km s−1 for B stars. The 3rd-order terms improve
the results and increase the domains of validity by a few tensof
km s−1. These results are to be contrasted with those found for
p modes where the domains of validity are restricted to smaller
rotation rates. ForδScuti stars, which have similar stellar param-
eters asγDor, Reese et al. (2006) found∼50–70km s−1 as a limit
for perturbative methods. In addition, the 3rd-order termsdo not
improve the perturbative approximation in this case, as p modes
are weakly sensitive to the Coriolis force. The rather good per-
formance of perturbative methods at describing high-frequency
g modes indicates in particular that the 2nd-order term gives a
reasonable description of the centrifugal distortion. This might
be surprising considering the significant distortion of thestellar
surface (Req/Rp = 1.08 atΩ = 0.4ΩK). Actually, the energy
of g modes is concentrated in the inner part of the star where
the deviations from sphericity remain small (as shown in Fig. 1-
top), thus feeling a much smaller distortion that is amenable to
a perturbative description. A particular feature that induces a
strong deviation from the perturbative method concerns mixed
pressure-gravity modes that arise as a consequence of the cen-
trifugal modification of the stellar structure. For example, we
found that, above a certain rotation rate, theℓ = 3, n = 1 mode
becomes a mixed mode with a p-mode character in the outer
low-latitude region associated with a drop in the Brunt-Väisälä
frequencyNo (see Fig. 1).

The domains of validity of perturbative methods are strongly
reduced in the low-frequency range. ForγDor stars, 2nd-order
perturbative methods are only valid below∼50 km s−1. Indeed,
a striking feature of Fig. 5 is that perturbative methods fail to
recover the correct frequencies in the inertial regimeω < 2Ω
(delimited by a magenta curve). In particular, we observe that
although increasing the toleranceδω̄ between the left (γ Dor)
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Fig. 5. Evolution of the frequencies ofℓ = 1, 2, 3 modes(top to bottom). Frequencies are computed in the co-rotating frame.
Perturbative approximations have been tested for a typicalγ Dor (left panels) and for a B star(right panels). Green/red/blue parts
of curves indicate that 1st/2nd/3rd order is sufficient to reproduce complete calculations within an errorδν = 0.1µHz. Error bars on
the right-hand side of each panel showδν and 10× δν. Magenta lines indicateω = 2Ω. For each plot, bottom x-axis and left y-axis
show dimensionless units whereas top x-axis and right y-axis show physical units.

and right (B star) panels subtantially extends the domains of va-
lidity in theω > 2Ω regime very little improvement is observed
in theω < 2Ω regime.

In the following, we argue that the failure of the perturbative
method in the sub-inertial regime [0, 2Ω] is related to changes

in the mode cavity that are not taken into account by the per-
turbative method. Indeed, we observed that modes in the iner-
tial regime do not explore the polar region and that the angular
size of this forbidden region increases with 2Ω/ω. This is illus-
trated in Fig. 6 for a particular mode. Such a drastic change in
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Ω=0 Ω=0.71ΩK

Fig. 6. (Left) Meridional distribution of kinetic energy12ρov2 of
the g mode (ℓ = 3,m = −1, n = 16) in a non-rotating star. To
enhance the contrast, it is scaled byr2. (Right) The same for
Ω = 0.7ΩK. Magenta lines indicate the critical surfaceΓ = 0.

the shape of the resonant cavity has a direct impact on the asso-
ciated mode frequency. As perturbative methods totally ignore
this effect, they can not provide an accurate approximation of
the frequencies in this regime.

This interpretation is supported by the analytical expres-
sion of the forbidden region determined by Dintrans & Rieutord
(2000) for gravito-inertial modes. Indeed for frequenciesω <
2Ω, modes are mixed gravity-inertial modes, since the Coriolis
force becomes a restoring force. In the context of their spherical
model, and within the anelastic approximation and the Cowling
approximation, they have shown that gravito-inertial waves with
a frequencyω only propagate in the region where

Γ = r2ω2[N2
o + (2Ω)2 − ω2] − (2ΩNoz)2 > 0 (21)

It implies that, whenω < 2Ω, a critical latitude θc =

arcsin[ω/(2Ω)] appears above which waves cannot propagate.
Even though this expression does not strictly apply to our non-
spherical geometry, we have overplotted the critical surfaces
Γ = 0 with the energy distributions of our eigenmodes (see
Fig. 6 for an illustration). For the non-rotating case, there is only
a small circle close to the center, corresponding to the classical
turning pointω = No. For the mode withω < 2Ω, the polar
forbidden region delineated byΓ = 0 agrees pretty well with the
energy distribution of our complete computation.

5. Conclusion

In the present work, we have computed accurate frequencies
for g modes in polytropic models of uniformly spinning stars.
We started from high- and low-frequency low-degree (ℓ ≤ 3)
g modes of a non-rotating star and followed them up toΩ =
0.7ΩK. This allowed us to provide a table of numerically-
computed perturbative coefficients up to the 3rd order for a poly-
tropic stellar structure (with indexµ = 3). This table can serve as
a reference to test the implementation of perturbative methods.
We have then determined the domains of validity of perturba-
tive approximations. For the high-frequency (low-order) modes,
2nd-order perturbative methods correctly describe modes up to
∼ 100 km s−1 for γ Dor stars and up to∼ 150 km s−1 for B stars.
The domains of validity can be extended by a few tens of km s−1

with 3rd-order terms. However, the domains of validity shrink at
low frequency. Especially, perturbative methods fail in the iner-
tial domainω < 2Ω because of a modification in the shape of
the resonant cavity.

In a next step we plan to compare our complete compu-
tations with the so-called traditional approximation, which is
also extensively used to determine g-mode frequencies (e.g

Berthomieu et al. 1978; Lee & Saio 1997). We will also analyze
how rotation affects the regularities of the spectrum – such as
the period spacing – and compare it to the predictions of the per-
turbative and traditional methods. In the present study, wehave
focused on low degree modes, but a more complete exploration
clearly needs to be performed. In particular we might look for
the singular modes predicted by Dintrans & Rieutord (2000).It
requires to take care of dissipative processes which play anim-
portant role in this case.
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ABSTRACT

Context. Rapid rotation modifies the structure of the frequency spectrum of pulsating stars, thus making mode identification difficult.
Aims. We look for new forms of organisation for the frequency spectrum that can provide a basis for mode identification at high
rotation rates.
Methods. Acoustic modes in uniformly rotating polytropic models of stars are computed using a numerical code that fully takes the
effects of rotation (centrifugal distortion and Coriolis acceleration) into account. All low-degree modes, ℓ = 0 to 3, with radial orders
n = 1−10 and 21−25 for N = 3 polytropic models and n = 1−10 for N = 1.5 polytropic models are followed from a zero rotation rate
up to 59% of the break-up velocity.
Results. We find an empirical formula that gives a good description of the high-frequency range of the computed acoustic spectrum
for high rotation rates. Differences between this formula and complete eigenmode calculations are shown to be substantially smaller
than those obtained with a 3rd order perturbative method valid at low rotation rates.

Key words. stars: oscillations – stars: rotation

1. Introduction

Asteroseismology has provided a way of probing stellar interi-
ors based on the interpretation of observable stellar pulsations.
In order for such interpretations to be successful, it is neces-
sary to identify pulsation frequencies by correctly associating
them with theoretically calculated pulsation modes. This is im-
portant because the geometry of a pulsation mode determines
which regions of the star it probes. One way of doing this is by
using regular patterns which occur in stellar frequency spectra.
While being quite successful in the case of the Sun and a num-
ber of slowly rotating stars (Michel 2006), mode identification
based on pattern recognition has proved to be very difficult in
rapidly rotating stars (e.g. Goupil et al. 2005). One of the basic
reasons for this is that a proper understanding of the structure
of the frequency spectrum has not yet been achieved in the case
of such stars. Up to now, mainly perturbative methods, valid at
low rotation rates, have been used to evaluate the effects of rota-
tion on pulsation modes and their frequencies. While providing
a useful context in which to interpret pulsations of slowly ro-
tating stars, they are unable to correctly predict the structure of
the frequency spectrum in rapidly rotating stars. This is partic-
ularly clear in Fig. 5 of Reese et al. (2006), in which pertur-
bative calculations of frequencies are compared with complete
eigenmode calculations for a polytropic stellar model rotating at
59% of the critical angular velocity. As a result, many stars re-
main out of reach for asteroseismology. This mainly concerns
early-type stars such as δ Scuti, which can reach projected equa-
torial velocities (v sin i) of 200 km s−1 (Rodríguez et al. 2000),
β Cephei stars (v sin i <∼ 300 km s−1, Stankov & Handler 2005),
and ζ Oph stars (v sin i <∼ 400 km s−1, Balona & Dziembowski
1999). Interestingly, the star ζ Oph (v sin i = 380 km s−1) has
been observed by MOST and WIRE, thus revealing the presence

of 19 different pulsation modes (Walker et al. 2005; Bruntt, pri-
vate communication).

Recently, Lignières et al. (2006a) and Reese et al. (2006)
came up with a numerical code which overcomes the limitations
of perturbative methods and enables one to accurately evaluate
the effects of rapid rotation on stellar pulsations. By analysing
their results, it is possible to gain a better understanding of the
structure of the frequency spectrum at rapid rotation rates. In
the case of spherically symmetric stars, the origin of the reg-
ular frequency patterns can be attributed to the integrability of
the ray dynamics which asymptotically describes the acoustic
wave propagation (Gough 1993). However, in the case of rapidly
rotating stars, acoustic ray dynamics is no longer integrable
(Lignières et al. 2006b), and it is an open question whether or not
patterns will appear in the spectrum of frequencies. Nonetheless,
Lignières et al. (2006a) have shown that for axisymmetric modes
calculated without the Coriolis force, it is possible to obtain
asymptotic patterns in the spectrum of frequencies.

In this paper, using again stellar polytropic models and a
complete non-perturbative computation of their axisymmetric
and non-axisymmetric acoustic modes, we show that regular fre-
quency patterns are present in the acoustic spectrum and that
they can be used to identify modes.

2. An empirical formula

In order to obtain frequency patterns for rapidly rotating stars,
we start off with the set of pulsation frequencies computed
in Reese et al. (2006) plus some additional frequencies. The
n = 1−10, 21−25, ℓ = 0−3, m = −ℓ to ℓ modes for N = 3 poly-
tropic models, and the n = 1−10, ℓ = 0−3, m = −ℓ to ℓ modes
for N = 1.5 polytropic models were followed from a zero ro-
tation rate up to 59% of the break-up velocity. This enabled us

Article published by EDP Sciences
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Fig. 1. Frequency differences ∆m =
ωn,ℓ,m−ωn,ℓ,m−2·sg(m)

2 as a function of the
radial order n for the N = 3 polytropic models. The frequencies have
been scaled by Ω⋆. For high radial orders, these differences converge to
a limit which does not depend on ℓ or m.

to label the modes in rapidly rotating stars based on their corre-
spondence with modes in non-rotating stars. We looked for pat-
terns in this frequency spectrum and found that the frequencies
approximately obey the following empirical formula in a coro-
tating frame:

ωn, ℓ,m = ∆nn + ∆ℓℓ + ∆m |m| + α±. (1)

In order to obtain frequencies in an inertial frame, one needs to
add the geometrical term −mΩ.

This formula is a generalisation of Eq. (42) of Lignières
et al. (2006a) by including the Coriolis effect and the case of
non-axisymmetric modes. The terms ∆n, ∆ℓ, ∆m and α±, which
depend on the stellar structure, have been computed here for
different rotation rates. The parameter α+ (resp. α−) is an ad-
ditive constant for symmetric, ℓ + m even (resp. antisymmet-
ric, ℓ + m odd), modes with respect to the equator. We note
that the term for non-axisymmetric modes depends on |m| rather
than m. Indeed, at rapid rotation rates or high radial orders,
the effects of the Coriolis force become negligible in compari-
son with the effects of the centrifugal force, as can be seen in
Fig. 6 of Reese et al. (2006). The centrifugal force leads to fre-
quency shifts which do not depend on the sign of m. In order
to know how these shifts scale with |m|, we plot in Fig. 1 the
differences

(

ωn, ℓ,m − ωn, ℓ,m−2.sg(m)

)

/2 as a function of the radial
order. We increment the azimuthal order by 2 rather than 1 to
insure that the two modes have the same parity. As shown in
Fig. 1, these differences converge towards a limit which slightly
depends on |m| as the radial order increases. This justifies us-
ing a linear dependence on |m| as a first approximation. The fact
that these increments only converge at high radial orders shows
that Eq. (1) describes an asymptotic behaviour of the computed
acoustic modes.

In Table 1, we give the values of ∆n, ∆ℓ, ∆m, α+ and α−,
scaled by Ω⋆, for N = 3 polytropic models. These are given for

different rotation rates scaled either by Ω⋆ =
√

GM/R3
pol or by

ΩK =

√

GM/R3
eq, the Keplerian break-up velocity, where Req

(resp. Rpol) is the equatorial (resp. polar) radius. These values
were obtained by calculating various frequency separations and
averaging them for radial orders 21 ≤ n ≤ 25. At zero rota-
tion, they agree pretty well with the theoretical values, ∆n/Ω⋆ =
1.238 and ∆ℓ/Ω⋆ = 0.619 corresponding to the asymptotic de-
scription of low degree and high order acoustic modes in non-
rotating stars (Mullan & Ulrich 1988). The last line contains
the same parameters but calculated for frequencies in which the
Coriolis force has been neglected. The fact that it is essentially

Table 1. Coefficients for Eq. (1), for N = 3 polytropes.

Ω

ΩK

Ω

Ω⋆

∆n

Ω⋆

∆ℓ
Ω⋆

∆m

Ω⋆

α+

Ω⋆

α−

Ω⋆

0.000 0.000 1.248 0.543 0.000 1.758 1.761
0.037 0.037 1.246 0.545 –0.007 1.757 1.764
0.111 0.110 1.239 0.515 –0.031 1.770 1.843
0.186 0.181 1.234 0.395 –0.031 1.727 1.942
0.262 0.249 1.229 0.279 –0.036 1.680 2.006
0.339 0.311 1.220 0.191 –0.064 1.614 2.020
0.419 0.368 1.194 0.189 –0.142 1.666 2.068
0.502 0.419 1.154 0.201 –0.182 1.661 2.036
0.589 0.461 1.102 0.194 –0.185 1.598 1.953
0.589 0.461 1.102 0.194 –0.185 1.587 1.943

Fig. 2. The large frequency separation ∆n as a function of the rotation
rate Ω. ∆n has been scaled with different quantities so as to show which
other stellar quantity best matches this frequency separation. As can be
seen, ∆n is roughly proportional to the square root of the mean density
of the star.

the same as the line before shows that the Coriolis force plays al-
most no role in Eq. (1) nor ultimately in the frequency spectrum
for sufficiently high radial orders.

An important consequence of the values given in Table 1
concerns the small frequency separation. In non-rotating stars,
the so-called small frequency separation ωn+1,ℓ,m − ωn,ℓ+2,m goes
to zero in the high frequency limit because the ratio ∆n/∆ℓ is 2.
For rapidly rotating stars, Table 1 clearly shows that this ratio
departs from 2 by taking on larger values. This, of course, in-
validates the use of the small frequency separation as a mode
identification scheme.

In Fig. 2, we plot ∆n scaled with different quantities as a
function of Ω. As can be seen from the figure, ∆n is roughly
proportional to

√
GM/V where M is the mass and V the volume

of the star. This suggests that ∆n may be related in a simple way
to the mean density of the star.

3. Accuracy of the formula

We now turn our attention to evaluating the accuracy of for-
mula (1). In Fig. 3, we plot the correspondence between a spec-
trum based on Eq. (1) and the frequencies given by the eigen-
mode calculations for Ω = 0.59ΩK. As can be seen, the two
sets of frequencies match pretty well, especially for high radial
orders. This represents a drastic improvement over 3rd order per-
turbative calculations (see Fig. 5 of Reese et al. 2006).

Table 2 contains the mean quadratic error 〈E〉1/2 both for
3rd order perturbative calculations and empirical ones. These er-
rors as well as the probability p of mode inversion (explained be-
low) have been calculated for modes with 21 ≤ n ≤ 25 except for
the last line where 1 ≤ n ≤ 10. Physically, an error of 0.0036∆n

at Ω = 0.59ΩK corresponds to 0.16 µHz for an M = 1.9 M⊙,
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Fig. 3. Comparison between frequencies based on Eq. (1) and complete
eigenmode calculations, both of which are given in an inertial frame.
ℓ and m are indicated on the figure, and the radial orders are n = 1
to 10. This figure contains four columns subdivided into two, the left
part corresponding to Eq. (1) and the right part to complete calcula-
tions. The oblique dotted lines in between show the correspondence
between the two sets of frequencies. The units are the same as in Fig. 5
of Reese et al. (2006), which allows direct comparison. As can be seen
from comparing these figures, Eq. (1) gives a much better description
of the frequency spectrum than a 3rd order perturbative formula.

Table 2. Different measurements of the errors for the perturbative and
empirical methods (for N = 3).

Perturbative Asymptotic
Ω

ΩK

〈E2〉1/2
∆n

p
〈E2〉1/2
∆n

p

0.037 0.0005 0.0000 0.0114 0.0000
0.111 0.0370 0.0054 0.0141 0.0044
0.186 0.1793 0.0294 0.0124 0.0022
0.262 0.4325 0.0595 0.0135 0.0047
0.339 0.7436 0.0826 0.0174 0.0041
0.419 0.9924 0.1073 0.0109 0.0013
0.502 1.0674 0.1237 0.0085 0.0025
0.589 0.9885 0.1497 0.0036 0.0035
0.589 0.3506 0.0319 0.1235 0.0059

Rpol = 2.3 R⊙, N = 3 polytropic star. The errors on the last line
can be made smaller by calculating the increments ∆n, ∆ℓ etc.
using radial orders 1 ≤ n ≤ 10, which in practise observers are
likely to do.

Another useful quantity to appreciate the reliability of an ap-
proximate formula at mode identification is the probability p of
inverting the identification of two randomly selected frequencies
when using such a formula. This probability is defined as:

p =
Number of inversions

Number of pairs of modes
(2)

where an inversion occurs for modes A and B when
(

ω
approx.
A

− ωapprox.
B

)

(ωA − ωB) < 0. When p = 1, the spectrum
is in reverse order, whereas p = 0 means the order is identical.
In Table 2, p is calculated for both methods, based on frequen-
cies in the inertial frame so as to be closer to observations. For
example, p = 0.0035 means that out of 3160 frequency pairs,
11 were inverted. As shown, the empirical formula gives a far
better idea of the order in which modes appear in the frequency
spectrum atΩ = 0.59ΩK than a 3rd order perturbative approach.

As expected, the perturbative method gives best results for
low rotation rates, whereas Eq. (1) is more efficient above Ω =
0.11ΩK , for high radial orders. This is because, by construc-
tion, Eq. (1) preserves the regularity of the frequency spectrum
whereas perturbative methods do not. Also, comparing the last
two lines of Table 2 again shows that Eq. (1) works better for
high frequencies, whereas the perturbative approach works bet-
ter for low frequencies, where the centrifugal force has a smaller
effect.

4. Discussion

The preceding sections show that at rapid rotation rates, it is
possible to describe the computed frequency spectrum using a
formula similar to the asymptotic one found by Tassoul (1980).
Quite significantly, Table 2 shows that the accuracy of this for-
mula increases at high rotations, thus suggesting that eigen-
modes reach an asymptotic régime at lower radial orders for
these rapid rotations.

In the rapid rotation régime, a forthcoming study based on
ray dynamics (Lignières & Georgeot 2008) shows that Eq. (1)
holds for low-degree, high order modes which concentrate at
middle latitudes as rotation increases. This modification of mode
geometry leads to a reorganisation of node placement as can be
seen in Fig. 3 of Reese (2008), characterised by a different set
of quantum numbers, (ñ = 2n + ε, ℓ̃ =

ℓ−|m|−ε
2 , m̃ = m) where

ε = (l + m) mod 2. Based on these quantum numbers, Eq. (1)
then takes on the following form:

ωn, ℓ,m = ∆̃nñ + ∆̃ℓ ℓ̃ + ∆̃m |m| + α̃± (3)

where ∆̃n = ∆n/2, ∆̃ℓ = 2∆ℓ, ∆̃m = ∆ℓ + ∆m, α̃+ = α+ and α̃− =
α− +∆ℓ −∆n/2. With the numerical values from Table 1, we find
that α̃+ ≃ α̃−. The same also applies for the N = 1.5 polytropic
model. This suggests that the true asymptotic formula is closer
to Eq. (3) in which α̃+ = α̃− = α̃. Applying this new formula
leads to errors which are only slightly larger in spite of the fact
there is now one less free parameter.

Equation (3) also accentuates the |m| dependence of the az-
imuthal term since ∆̃m is of the same order of magnitude as the
variation on ∆m. This suggests that the azimuthal term ∆̃m ex-
pressed in these new quantum numbers should take on a differ-
ent form, and calls for further investigation. But as can be seen
from Table 2, Eqs. (1) and (3) remain effective at identifying
low-degree (observable) pulsation modes.

For higher degree modes, Lignières et al. (2006b) pointed
out the existence of other types of modes, namely chaotic and
whispering gallery modes, which correspond, respectively, to
intermediate and high values of ℓ at zero rotation. As shown
in Lignières & Georgeot (2008), the frequency spectra of these
modes have different organisations.

Finally, it must be underlined that the results presented here
are based on polytropic stellar models. Naturally, the question
arises whether or not these patterns still exist in the case of more
realistic models. In the non-rotating case, sharp chemical gradi-
ents lead to the break-down of the assumptions behind asymp-
totic analysis. Nonetheless, rather than removing the equidistant
frequency pattern, these lead to a periodic component which
is added to the asymptotic formula (e.g. Gough 1990). If the
rapidly rotating case behaves similarly, then it may be expected
that these sharp chemical gradients also merely perturb the
asymptotic frequency pattern without removing it altogether.
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5. Conclusion

The formulae (1) and (3) that we presented are the signature
of an asymptotic régime of high order acoustic oscillations in
rapidly rotating polytropic stars. As opposed to perturbative
methods, which are valid at low rotation rates, they give an ac-
curate description of the frequency spectrum by preserving its
basic structure and consequently provide a basis for mode iden-
tification schemes. This is a timely result as seismology space
missions are collecting large data sets of unprecedented quality
on rapidly rotating stars.

A key issue for future theoretical studies will be to relate
the seismic observables ∆̃n, ∆̃ℓ and ∆̃m to the physical properties
of the star. Acoustic ray dynamics combined with semi-classical
quantization methods is expected to play a crucial role in this
context.
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Abstract. This lecture is concerned with the extension of the asymptotic theory of
stellar oscillations beyond the case of a non-rotating, non-magnetic spherically sym-
metric star. It is shown that ray models that describe propagating waves in the short-
wavelength limit provide a natural framework for this extension. The basic tools to
construct an asymptotic theory from a ray model and some general results obtained in
the context of quantum physics are first described. Then, a recent application to the
high-frequency acoustic modes of rapidly rotating stars is presented.

1 Introduction

The asymptotic theory of stellar oscillations has played a major role in the
development of helio and asteroseismology. By providing analytical formulas for
the modes and the frequencies [1–5], the theory allows a deep understanding of
the oscillation properties that, in turn, enables to construct identification and
inversion tools for seismology [4,6]. Although the theory is asymptotic (that is
formally valid in the limit of modes of vanishing wavelength) and assumes linear
adiabatic oscillations, it proved sufficiently accurate to describe observed modes
like the high frequency p-modes of the Sun and the low frequency g-modes in
white dwarfs.

The asymptotic theory of stellar oscillations has been however restricted to
situations where the eigenvalue problem is fully separable. For a non-magnetic
non-rotating spherically symmetric star, the modes are indeed separable in the
three spherical coordinates. Spherical harmonics form the angular part of the
mode while its radial part verifies a 1D boundary value problem. The asymptotic
theory then consists in applying a short-wavelength approximation to the radial
eigenvalue problem to obtain an analytical solution for the radial part of the
mode and the eigenfrequencies (see the references above for the details). Such
a simplification is however not possible in many cases of practical interest for
stellar seismology. The rapid rotation of most upper-main-sequence pulsating
stars (δ Scuti stars, γ Doradus stars, Be stars, pulsating B stars) destroys the
mode separability due both to the centrifugal flattening of the star [7] and to
the angular coupling induced by the Coriolis force [8]. Strong magnetic fields
also prevent mode separability like in roAp stars [9]. An asymptotic theory for
these stars would be of great importance to interpret their frequency spectra,
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notably as high quality data are acquired by spatial missions (MOST, COROT,
KEPLER).

In this lecture, I shall be concerned by the extension of the asymptotic theory
of stellar oscillations to non-separable situations. Such a theory has been recently
proposed for acoustic modes in rapidly rotating stars and has been successfully
confronted with numerical computed high frequency p-modes of uniformly ro-
tating polytropic stars [10]. I will thus mainly consider acoustic stellar waves
in the following although many aspects of the construction of the asymptotic
theory are general and should be also relevant for other stellar waves. In partic-
ular I will show that ray models of stellar waves provide a natural framework to
extend the asymptotic theory of stellar oscillations to non-separable problems.
Much as optical rays describe short-wavelength traveling electromagnetic waves
in the geometrical optics limit, it is indeed possible to construct a ray model that
describes traveling stellar waves in a short-wavelength asymptotic limit. But as
we are interested in modes, that is in standing waves, the central issue for an
asymptotic theory based on a ray model is to construct modes from positively
interfering traveling waves. This is not an easy task in the general case. Fortu-
nately, as commented in the next paragraph, this ray model route has already
been taken in quantum physics to describe short-wavelength quantum waves
and we can benefit from the results obtained in this field. Another objective
of this lecture is to present cases where the asymptotic organization of the os-
cillation frequency spectrum is significantly more complex than in non-rotating,
non magnetic, spherically symmetric stars. For example, the frequency spectrum
of high-frequency acoustic modes in rapidly rotating stars can be described as
a superposition of independent frequency subsets that are either regular (with
different type of frequency patterns) or irregular but with generic statistical
properties.

In quantum physics, the ray model of the quantum waves corresponds to
the classical limit of the quantum system. Since Bohr’s model of the Hydrogen
atom, numerous efforts have been made to relate the classical and the quantum
properties of quantum systems and in particular to compute the eigenstates and
the energy levels from the classical trajectories. This is exactly the same issue as
constructing stellar oscillation modes from the ray model of stellar waves. Early
works in quantum physics have concentrated on the case where the Hamiltonian
that describes the classical dynamics is integrable. In this case, a general pro-
cedure has been found that enables to construct the eigenstates and the energy
levels from the classical dynamics. This procedure is known as the EBK semi-
classical quantization after the name of its main contributors Einstein, Brillouin
and Keller [11–13]. More recently, in the last thirty years, the issue of relating the
properties of the quantum system to those of its classical limit has been consid-
ered in the wider context of non-integrable Hamiltonian dynamics. In particular,
a basic issue has been to determine how the chaotic dynamics of a classical sys-
tem manifests itself in the properties of the eigenstates and energy levels of the
associated quantum system. This field of research has been called quantum chaos
and it produced a number of important results which have since been applied
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to other wave phenomena, such as those observed in e.g. microwave resonators
[24], lasing cavities [25], quartz blocks [26], and underwater waves [27].

Is it possible to use quantum chaos theory to construct an asymptotic theory
of stellar oscillations from a ray model ? Since quantum chaos results are based
on the Hamiltonian character of the classical dynamics, they are in principle
applicable to any wave problem whose ray model is governed by Hamiltonian
dynamics. As we shall see in the following, this is indeed the case for many type
of waves as long as the dissipative effects can be neglected and the boundary
conditions do not destroy the Hamiltonian character of their ray dynamics.

The document is organized as follows. In section 2, wave equations occurring
in quantum physics, optics and acoustic stellar oscillations are written down
to emphasize their similarities. The ray models of these three types of waves
together with their Hamiltonian formulations are derived in a unified way. Some
results of quantum chaos studies are presented in section 3. In particular, features
of the energy level spectra that are sensitive to the integrable or chaotic nature
of the classical dynamics are described. In section 4, a recent asymptotic analysis
of acoustic modes in rapidly rotating stars based on acoustic ray dynamics is
briefly presented.

2 Wave equations and ray models

In this section, I first emphasize the similarities between three wave equations
respectively governing the quantum eigenstates of a single particle in a poten-
tial, the monochromatic electromagnetic waves in a linear, isotropic, transparent
medium and the adiabatic high-frequency acoustic waves in stars. This allows
to describe in a unified way the short-wavelength approximation of these wave
equations which then leads to the eikonal equation and the ray model. The
Hamiltonian formulation of the equations governing the rays is then explicited.

In quantum physics, the eigenstates of a single non-relativistic particle in a
potential V are solutions of the time-independent Schrödinger equation:

∆Ψ +
2m

~2
[E − V (x)]Ψ = 0 (1)

where the wavefunction associated with the particle is ψ(x, t) = Ψ(x)e(−iEt/~),
Ψ(x) is the eigenstate, E is the energy, m is the mass and ~ is the reduced Planck
constant.

In optics, monochromatic electromagnetic waves in a linear, isotropic, trans-
parent medium of refractive index n verify:

∆Ê +
[ω

c
n(x)

]2

Ê = 0 (2)

where Ê(x) is the complex amplitude of the electric field E = ℜ{Êe(−iωt)}, ω is
the wave pulsation and c is the speed of light.
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The wave equation that governs monochromatic high-frequency adiabatic
linear acoustic waves in uniformly rotating stars can be written in the following
form:

∆Ψ̂ +
ω2 − ω2

c

c2s
Ψ̂ = 0 (3)

where Ψ̂ is complex amplitude of the full wave solution Ψ = ℜ{Ψ̂e(−iωt)}, ω is
the pulsation, cs is the sound speed and ωc(x, ω) is the cut-off frequency which
provokes the wave reflection at the star surface. The high-frequency hypothesis
enables to neglect the gravity waves, the effect of the Coriolis force and the
perturbation of the gravitational potential. Furthermore, while non-adiabatic
effects are known to be important near the surface of stars, the adiabaticity
hypothesis is generally good enough to compute accurate oscillation frequencies.

Note that different forms of Eq (3) have been proposed in the literature, the
expression of ωc and the relation between Ψ and physical quantities such as the
pressure perturbation or the Lagrangian displacement ξ depend on the choice
of the dependent variable and on the assumptions made. For example, if the
variation of the background gravity is neglected in the perturbation equation

(see [14] p. 493), Eq. (3) is obtained with Ψ = ρ
1/2
0 c2s∇ ·ξ and ωc = cs

2Hρ
(1−2n0 ·

∇Hρ)
1/2 where ρ0 is the background density, ξ is the Lagrangian displacement,

Hρ is the background density scaleheight and n0 a unit vector opposite to the
gravity direction. If this approximation is not made, the expressions of ωc and
Ψ are more complex and ωc generally depends on ω ([14], p. 439). It can also
be shown that in centrifugally distorted stars high-frequency adiabatic acoustic
waves are also governed by an equation of the form (3), the expressions of ωc

and Ψ being given in [10].
The three wave equations (1), (2), (3), have a similar form :

∆Ψ +K2(x)Ψ = 0 (4)

K(x) being equal to
√

2m(E − V )/~ in the quantum case, ωn/c in the optical

case and
√

ω2 − ω2
c/cs in the acoustic case. The solutions of the eigenvalue prob-

lem will thus only depend on the specific form of K2(x) and on the boundary
conditions.

There is a particular situation where these three problems are identical. It
occurs when K is constant and the domain of propagation is bounded by a closed
curve where a given boundary condition is applied on Ψ . The two-dimensional
version of this problem is called a quantum billiard because in the short wave-
length limit the rays are straight lines and the reflections on the boundary are
specular. Quantum billiards play an important role in quantum chaos theory (an
example is shown in the next section). In quantum physics, this corresponds to
the idealized situation where the potential V vanishes inside the domain and goes
to infinity outside the domain, K being equal to

√
2mE/~. In optics, a quantum

billiard is obtained with linearly polarized electromagnetic waves propagating
in an homogeneous two-dimensional cavity bounded by a perfectly conducting
medium, K is then equal to ωn/c. For acoustic waves, the sound speed has to
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be uniform inside the domain (K = ω/cs) and the surface has to behave as a
reflecting wall. This is not, however, a realistic model for the stellar acoustic
waves since we know that cs is strongly inhomogeneous in stars.

The short-wavelength approximation (also known as WKB, WKBJ, or JWKB
approximation) of the wave equation (4) consists in looking for wave-like solu-
tions of the form Ψ = A(x) exp[iΦ(x)] under the assumption that their wave-
length is much shorter than the typical lengthscale of variation of the background
medium. The amplitude term A(x) is assumed to vary on the background length-
scale L while the oscillating term exp[iΦ(x)] varies much more rapidly. This
suggests to expand the solution as

Φ = Λ(Φ0 + 1
ΛΦ1..) and A = A0 + 1

ΛA1.. (5)

where 1/Λ is the ratio between the wavelength of the solution and the back-
ground lengthscale. When this expansion is introduced into Eq. (4), the domi-
nant O(Λ2) term yields the so-called eikonal equation:

K(x)2 = Λ2(∇Φ0)
2. (6)

This implies that K(x) must be of the order of Λ which, according to the expres-
sions of K, indicates that the small wavelength limit corresponds to high-energy
levels for the quantum system and to high frequencies for the optical and acous-
tic systems. In the eikonal equation describing stellar acoustic waves, the ωc term
must be retained since its increase near the star surface is responsible for the
back-reflection of the waves and thus eventually for the formation of the modes
through constructive interferences. The next order of the expansion (5) enables
to relate A0 to Φ0.

The eikonal equation can be viewed as a local dispersion relation. Indeed,
a local wavevector k can be defined from the spatial phase term Φ(x) by the
relation k = ∇Φ (recall that, in an homogeneous medium, the spatial phase
would be Φ(x) = k0 · x with k0 a uniform wavevector) so that the eikonal
equation reads :

D(k, ω,x) = K2 − k2 = 0. (7)

Instead of trying to solve directly the eikonal equation as a PDE (Partial
Differential Equation) verified by the function Φ(x), the ray model consists in
searching solutions for the phase along a given path x(s). To find these solutions,
one has to solve the coupled differential equations that determine the ray path
and the evolution of k(s) along it (and then integrate k = ∇Φ along the ray).

We now demonstrate that, for a general eikonal equation D(k, ω,x) = 0,
these coupled equations can be written in a Hamiltonian form. Let’s consider a
general coordinate system [x1, x2, x3] and compute the partial derivative of D
with respect to each coordinate xi:

∂D

∂xi
+

N=3
∑

j=1

∂D

∂kj

∂kj

∂xi
= 0 i = 1, .., 3 (8)
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where kj is defined as kj = ∂Φ
∂xj

. From the definition of kj , we have that
∂kj

∂xi
=

∂2Φ
∂xi∂xj

= ∂2Φ
∂xj∂xi

= ∂ki

∂xj
. Thus, Eq. (8) can be written as:

∂D

∂xi
+

N=3
∑

j=1

∂D

∂kj

∂ki

∂xj
= 0 i = 1, .., 3 (9)

If we consider a path x(s) defined by dxi

ds = ∂D
∂ki

, the derivative of ki following
this path is given by :

dki

ds
=

N=3
∑

j=1

∂ki

∂xj

dxj

ds
=

N=3
∑

j=1

∂ki

∂xj

∂D

∂kj
i = 1, .., 3 (10)

As dki

ds corresponds to the second term on the left hand side of Eq. (9), the
equations defining the ray model are

dxi

ds
=
∂D

∂ki
i = 1, .., 3 (11)

dki

ds
= −∂D

∂xi
i = 1, .., 3 (12)

These are Hamilton’s equations where D is the Hamiltonian and xi and ki are
the conjugate variables, xi the position variables and ki the momentum variables
(see [15] p. 317 for a similar demonstration). The above derivation is valid for any
coordinate system [xi]. The momentum variables ki are the covariant component
of the wave vector k in the natural basis associated with [xi], the definition of
the natural basis being ei = ∂x/∂xi.

This Hamiltonian formulation can be simplified in two special cases that are
relevant for the there wave equations considered in this section. First, when D
can be written as D(k, ω,x) = H(k,x) − ω, the above equations become :

dxi

ds
=
∂H

∂ki
i = 1, .., 3 (13)

dki

ds
= −∂H

∂xi
i = 1, .., 3 (14)

where the ray path now moves at the group velocity ∂H
∂ki

. According to the
expression of K(x) for the three wave equations considered, this formulation
holds with H = ck/n for the optical rays and H =

√

c2sk
2 + ω2

c for stellar
acoustic rays. It is also the case for the quantum system with D = H(p,x)−E
where H = p2/2m + V (x) is the Hamiltonian and p = ~k is the momentum
vector.

Second, when the Hamiltonian can take the form D = p2/2m+V (x), Hamil-
ton’s equations reduce to the classical vectorial form:

dx

dt
=

p

m
(15)

dp

dt
= −∇V (16)
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where the second equation is simply the Newton’s second law for the conservative
force associated with the potential V . The classical limit of the quantum system
can obviously be written in this form. It is also possible in the other cases since
the eikonal equations of the electromagnetic and acoustic waves can be written
0 = p2/2m + V (x) where m = 1, p = k and the potential V is respectively

V = − 1
2

[

ωn
c

]2
in the optical case and V = − 1

2
ω2

−ω2

c

c2
s

in the acoustic case. The

total energy D is thus fixed to zero but the frequency ω acts as a parameter that
modifies the potential.

In this section, we have derived the ray models of three similar wave equations
and have shown that they can be described by Hamiltonian dynamics. A direct
consequence is that the bulk of knowledge accumulated on Hamiltonian dynamics
is available to characterize the ray properties. For example, as shown in section 4,
acoustic rays become more and more chaotic as the rotation of the star increases
[10]. The deep understanding of the transitions from integrability to chaos in
Hamiltonian dynamics is extremely useful to characterize such an evolution.
But what is still more important in the context of this lecture is that the special
properties of the Hamiltonian systems can be used to construct an asymptotic
theory of stellar oscillation based on the ray model. This will be considered in
the next section.

Before concluding this section, it must be reminded that some effects which
have not been considered in the present analysis would modify the Hamilto-
nian character of the ray equations. Dissipative effects produce a concentration
of phase space volume that can not be described by Hamiltonian dynamics.
Thus the acoustic ray model does not take into account non-adiabatic effects
in stars. Another non-Hamiltonian effect can be induced by the presence of a
sharp boundary between two media (like the strong gradients at the upper limit
of a core convective zone) since an incident ray divides into a reflected ray and a
transmitted ray. There have been however attempts to extend the ray dynamics
approach to account for the splitting of rays at such discontinuities [16]. Finally,
in some circumstances, the reflection of waves at a wall can lead to a focusing or
defocusing effect that destroys the Hamiltonian character of the ray dynamics.
This is for example the case for the reflection of gravity waves if the wall is
inclined with respect to the direction of the gravity [17].

3 Regular versus irregular energy level spectra in
quantum systems

As acoustic stellar waves of short-wavelength can be described by rays and as
the ray dynamics is Hamiltonian, one wonders whether the oscillation modes
formed by these waves are sensitive to the nature, chaotic or integrable, of the
Hamiltonian ray dynamics. This question has been considered in the context of
quantum physics an overview of the results being available in classical textbooks
[18–20]. Here, I shall focus on the results that concerns the organization of the
energy level spectra for quantum systems that are either classically integrable
or completely chaotic. The situation where the dynamics is mixed in the sense
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that regular and chaotic motions coexist in phase space is mentioned in the
next section, in the context of acoustic rays in rapidly rotating stars. We also
restrict ourselves to bounded systems where the energy spectrum is known to
be discrete.

3.1 Regular spectrum

Energy level spectra of quantum system whose classical limit is integrable are
said to be regular in the sense that they can be described by a smooth function
of N integers (n1, n2, n3..., nN ), where N is the number of degree of freedom of
the Hamiltonian:

Ei = f(n1, n2, n3, ...) (17)

This remarkable property results from the fact that the phase space of integrable
systems is entirely structured by N -dimensional invariant surfaces (also called
invariant tori because these surfaces have the topology of a N -torus). These
surfaces are said to be invariant because any trajectories starting on the surface
remains on the surface as time goes on.

Let us first come back to the construction of a solution Ψ = A(x) exp[iΦ(x)]
from a ray solution [x(s),k(s)]. To obtain the spatial phase Φ(x), the expression
k = ∇Φ is integrated along the ray :

Φ(x) = Φ(x0) +

∫ x

x0

k(s) · dx(s) (18)

If a phase space trajectory crosses its starting position x0 at a later time, the
phase function Φ(x) will be multivalued on that position. Thus, the necessary
condition that the function Ψ(x) = A(x) exp[iΦ(x)] is single-valued on the posi-
tion space requires that the variation of Φ between these two phase space points
[x0,k0] and [x0,k1] is a multiple of 2π (provided the phase of A does not change
which is true outside the caustic). More generally, trajectories that crosses a
surface Φ = const. must also verify such a condition.

To implement this condition of positive interference is not easy in the gen-
eral case, notably when the trajectories are chaotic. But, in integrable systems,
trajectories stay on a well-defined structure of phase space and the condition
of positive interferences can be shown to apply to any closed contour C on the
torus (and not necessarily to a contour that follows a phase space trajectory).
Furthermore, the fact that the action integral

∫

C
k · dx is identical for any con-

tours C ′ obtained by continuously deforming C on the torus (known as the
Poincaré-Cartan theorem) reduces the condition to N independent conditions:

∫

Ci

k · dx = 2π(ni +
βi

4
) (19)

where Ci are N topologically independent closed paths on the N -dimensional
torus. The integer βi called the Maslov index is introduced to account for a π/2
phase lag that must be added each time the contour crosses a caustic. Indeed,
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the caustic corresponds to the boundary of the torus projection onto position
space; the amplitude A taken in the position space is discontinuous there, leading
to the π/2 phase loss (see [13] for details). Eq. (19) is the EBK semiclassical
quantization condition mentioned before. In practice, the usual way to apply
it is to choose contours Ci for which the formulas (19) are simple to compute.
Gough [14] applied the EBK quantization to acoustic rays in a non-rotating
spherically symmetric star and found that the result is practically identical to
the usual asymptotic theory that uses of the separability of the wave equations.

The existence of the function (17) defining the energy level spectrum then
follows from the expression of the Hamiltonian in the action-angle coordinates
[I,θ]. This a particular coordinate system of integrable systems such that the
momentum coordinates I1, I2, I3.. are defined by the action integrals (19) (di-
vided by 2π) and are constant of motions. The Hamiltonian is thus a func-
tion of the N actions only (since dIi/dt = ∂H/∂θi = 0), H(I1, I2, I3..). Con-
sequently, the EBK formulas (19) appears as quantization formulas for the ac-
tions, Ii = ni + βi

4 , and the energy level spectrum is simply determined by
Ei = H(I1, I2, I3..) = f(n1, n2, n3, ...).

An important remark about the EBK quantization is that it essentially re-
quires the presence of an invariant torus in phase space. Thus, as we shall see
in the next section, it can be also applied to non-integrable systems if invariant
tori are present in phase space.

3.2 Irregular spectrum

When the classical dynamics is chaotic, a smooth function like (17) can not be
found and the energy spectrum is said to be irregular. Instead, the spectrum
of a classically chaotic quantum system is best characterized by its statistical
properties.

To show this, it is first necessary to define the fluctuations of the density of
energy level, dfluct(E). The total density d(E) is such that the number of energy

level comprised between Ea and Eb is equal to
∫ Eb

Ea
d(E)dE. This quantity can

then be split into a mean density of level dav(E) and the deviation from the
mean dfluct(E) :

d(E) = dav(E) + dfluct(E) where dav(E) = 1
2∆

∫ E+∆

E−∆
d(E)dE (20)

and ∆ is the averaging scale. The interest of this expression is that the mean den-
sity dav(E) does not depend on the chaotic or integrable nature of the dynamics,
while the fluctuations about this mean dfluct(E) do.

The mean density dav(E) depends on the global properties of the system con-
sidered. This has been shown by Weyl [21] who provided an analytical estimate of
dav(E) in the high-energy limit. Accordingly, the mean number of modes whose

energy level is below E, N(E) =
∫ E

−∞
dav(E′)dE′, is approximatively equal to

the volume of phase space available (that is the volume of the H < E region)
divided by the mean phase space volume occupied by an individual mode, that
is (2π~)N . The mean density dav(E) is then obtained by derivating this quantity
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Fig. 1. Statistical distribution of the spacings between consecutive nuclear energy lev-
els, the GOE distribution and the Poisson distribution. From Bohigas et al., 1983 [22].

with respect to E. As an example, for a two-dimensional quantum billiard, the
phase space volume such that H < E is simply

∫

H(p,x)<E
d2pd2x = 2πmEA

where A is the area of the billiard, thus dav(E) = mA/(2π~
2). As expected, the

mean level density does not depend on the nature of dynamics inside the billiard
but only on its area (see [10] for an application of the Weyl’s formula to acoustic
stellar oscillations).

A simple way to characterize the fluctuations of the level density dfluct(E)
is to consider the statistical distribution of the spacing between consecutive
energy levels Si = Ei+1 − Ei (the energy levels Ei are labeled in ascending
order). The mean level difference ∆E (computed over the averaging scale ∆) is
the inverse of the mean level density dav(E). Thus, to characterize the deviations
from the mean, the energy differences are scaled by ∆E. Statistical distributions
of si = (Ei+1 − Ei)/∆E have been determined for different systems, either
experimentally or through the numerical computations of theoretical problem.

The first experimental evidence of a universal distribution for classically
chaotic systems has been obtained from nuclear energy levels. Figure 1 shows
an histogram of si for 1726 consecutive energy level spacings which has been
determined from the analysis of 27 different nuclei [22]. Also shown on this fig-
ure is a distribution P (s) = πs/2 exp(−πs2/4) called the Wigner’s surmise that
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fits closely the data. This distribution corresponds to an heuristic model that
was proposed long before by Wigner. Confronted to the difficulty of defining
an Hamiltonian for the nucleus, Wigner assumed that the statistical properties
of nuclear spectra are similar to that of Hamiltonians taken at random. As the
Hamiltonian operator projected on a basis of eigenstates is represented by infi-
nite matrices, this idea can be pursued by looking at the eigenvalue spectra of
random matrices. Basic requirements on the matrices, namely that the results
should not depend on the choice of the eigenstate basis and that the matrix
elements are independent random variables, enables to specify the matrix en-
semble. For time-reversible problems, this ensemble called GOE for Gaussian
Orthogonal Ensemble corresponds to real, symmetric matrices where each ma-
trix element follows a Gaussian distribution, the width of the distribution of
off-diagonal elements being twice that of diagonal elements. The Wigner distri-
bution P (s) = πs/2 exp(−πs2/4) provides a good approximation to the statisti-
cal distribution of their eigenvalue consecutive spacings. Thus, the experimental
evidence shown in Fig. 1 provided the first striking agreement between real data
and the prediction of the random matrix theory.

Fig. 2. Statistical distribution of the spacings between consecutive energy levels of the
Sinäı billiard, the GOE distribution and the Poisson distribution. The Sinäı billiard is
shown in the insert. From Bohigas et al., 1984 [23].
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The level spacing distribution has been also determined for numerically com-
puted spectra of quantum billiards. Figure 2 presents the result obtained by
Bohigas et al. [23] for a chaotic billiard, namely the Sinai billiard, showing again
a good agreement with the Wigner’s surmise. Since then, similar evidences have
been obtained in quantum systems (from the atomic level of rare-earth atoms)
and in other wave systems whose ray dynamics is chaotic (with dedicated exper-
iments using microwave resonators [24], or quartz blocks [26]). This led to the
conjecture that the distribution of consecutive level spacing is indeed universal
in classically completely chaotic systems and corresponds to the prediction of
the random matrix theory.

Conversely, the spectra of integrable systems are predicted to be uncorre-
lated, and in general this leads to fluctuations given by the Poisson distribution
P (s) = exp(−s) if N > 1 [28]. As shown in Figs. 1 and 2, the prediction is
strikingly different from the chaotic case. In particular, a distinctive property of
classical chaotic system is that P (s) = 0 at s→ 0. This level repulsion effect can
be interpreted as the consequence of avoiding crossing effects between coupled
modes in non-integrable systems.

Other statistical properties of the energy level spectrum, the level clustering
and the spectral rigidity, have been shown to be sensitive to the nature of the
dynamics (see for example [18] for a brief description of these properties).

4 Application to the asymptotic theory of acoustic modes
in rapidly rotating stars

The basic tools to construct an asymptotic theory from a ray model and some
general results obtained in the context of quantum physics have been presented
in the previous sections. They have been used recently to propose an asymptotic
theory of the high-frequency acoustic modes in rapidly rotating stars [10]. In this
section, we give a brief description of this theory with emphasis on the type of
predictions that can be made and on the confrontation of these predictions with
the numerically computed modes.

The acoustic ray dynamics has been studied in polytropic models of star
whose rotation has been progressively increased. For each rotation rate, the
Hamiltonian equations governing the ray dynamics are integrated numerically
for many different initial conditions. Then, to visualize the structure of the phase
space, the standard method of the Poincaré Surface of Section (PSS) is used.
As the system is symmetric with respect to the rotation axis of the star, the
projection of the angular momentum on this axis Lz = r sin θkφ is a constant of
motion, where kφ = k · eφ and eφ is a unit vector in the azimuthal direction.
The number of degree of freedom is then reduced to N = 2 and the PSS is a
2-dimensional surface. The chosen PSS has been constructed by computing the
intersection of the phase space trajectories with the curve defined by rp(θ) =
rs(θ)−d, situated at a small fixed radial distance d from the stellar surface rs(θ).

The acoustic ray dynamics becomes non-integrable as soon as the rotation
is not zero and undergoes a smooth transition towards chaos as the rotation
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increases. Dynamical systems in such a transition are said to be mixed as chaotic
trajectories coexist with stable phase space structures (like island chains formed
around stable periodic orbits or invariant tori). The main features of the phase
space at a relatively high rotation rate are shown in Fig. 3 where the PSS for
Lz = 0 trajectories is displayed together with four acoustic rays shown on the
position space and on the PSS.

Fig. 3. (Color online) PSS at Ω = 0.59(GM/R3
e)

1/2 and typical acoustic rays associ-
ated with the four main phase space structures : (a) a 2-period island ray (blue/dark
grey) and the associated periodic orbit with endpoints a and b (orange/light grey), (b)
a chaotic ray (red/grey), (c) a 6-period island ray (magenta/light grey) and (d) a whis-
pering gallery ray (green/light grey). On the PSS, (colored/grey) symbols (diamonds
for the chaotic and whispering gallery rays, crosses for the 2-period and 6-period island
rays) specify the points where these trajectories cross the PSS. M denotes the mass of
the star and Re its equatorial radius.

For such mixed systems, quantum chaos studies [29,30] predict that the dif-
ferent phase space regions shown in Fig. 3 (the two island chains, the chaotic
regions, and the whispering gallery region) are quantized independently. The fre-
quency spectrum is then described as a superposition of independent frequency
subsets associated with these phase space regions. In addition, the large number
of invariant structures in the island chains regions and in the whispering gallery
region enables to apply the EBK quantization method leading to regular fre-
quency subsets. By contrast, the frequency subset associated with the chaotic
region is expected to be irregular but with generic statistical properties such as
described in the previous section. The island chains shown in Fig. 3 have been
quantized in [31] to obtain:

ωnℓ = nδn + ℓδℓ + α where δn = π
R b
a dσ/cs

(21)

where σ is the curvilinear coordinate along the periodic orbit and the integral is
computed between the end points of the orbit (these points are shown in Fig. 3



14 F. Lignières

for the 2-period and the 6-period periodic orbits and are denoted (a,b) and
(a’,b’), respectively). The regular spacing δn depends on the sound speed along
the periodic orbit while δℓ (whose expression is given in [31]) depends on the
sound speed and on its transverse derivative along the same orbit. The integers
n and ℓ are the number of nodes of the corresponding modes in the directions
parallel and transverse to the orbit.

The above predictions on high-frequency p-modes have been confronted with
numerically computed axisymmetric modes (using the same star model). The
first prediction is that modes can be classified as chaotic modes, island modes
or whispering gallery modes. This can indeed be achieved with the help of a
phase-space representation of the modes. With this classification, the frequency
spectrum computed in the range [9ω1, 12ω1] (where ω1 is the lowest acoustic
frequency) has been split into the four subspectra shown in Fig. 4.

Fig. 4. Frequency subspectra of four classes of axisymmetric p-modes of a Ω =
0.59(GM/R3

e)
1/2 polytropic model of star: (a) the 2-period island modes, (b) the chaotic

modes antisymmetric with respect to the equator, (c) the 6-period island modes, and
(d) some whispering gallery modes. For the subspectra (a) and (d), the height of the
vertical bar specifies one of the two quantum numbers characterizing the mode.

From these data, we could verified that, in accordance with the asymptotic
theory, (i) the subspectra associated with the structured phase space region are
regular, (ii) the theoretical expression of δn agrees with the empirical values
within a few percent, (iii) the distribution of the consecutive frequency spacings
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taken from the chaotic sub-spectrum agrees reasonably well with the Wigner’s
distribution.

The asymptotic theory based on the acoustic ray model can thus repro-
duce quantitative and qualitative features of the actual high-frequency spectrum.
However, there are also some limitations to the asymptotic theory that does not
exist in the case of a non-rotating spherically symmetric star. Maybe the most
important one is that the prediction of the chaotic subspectra concerns its sta-
tistical properties but not the individual frequencies. There exist a Fourier-like
formula (called the Gutzwiller trace formula [20]) that relates all the periodic
orbits of the chaotic phase space to the whole spectrum, but this formula is very
delicate to use in practice. Another limitation concerns the coupling between
two modes of similar frequencies associated with two dynamically independent
regions of phase space. The avoided crossing effect between such modes is not
taken into account by the ray dynamics and is thus expected to induce deviations
from the asymptotic behavior.

Despite these limitations, the a priori information that the asymptotic theory
provides on the structure of the frequency spectrum should be important to
interpret the observed frequency spectra of rapidly rotating stars. For example,
synthetic spectra given by the asymptotic theory (complemented by informations
on the visibility and the excitation of the modes) might be used to construct and
test identification schemes. In this context, a first step would be to disentangle
the regular part from the irregular part of the spectrum.

5 Conclusions

We have seen that ray models can be used to construct asymptotic theory of
modes even when the eigenvalue problem is not separable. The methods and
concepts, developed in the context of quantum physics, rely on the Hamiltonian
character of the ray dynamics. For example, the structure of the frequency (or
energy level) spectrum has been shown to depend on the nature of the Hamilto-
nian dynamics (integrable, fully chaotic, mixed). It is regular for an integrable
system, irregular for a fully chaotic system, and a superposition of regular and
irregular spectra for a mixed system. These methods and concept have been used
to construct an asymptotic theory based on the Hamiltonian acoustic ray dy-
namics that has been successfully confronted to numerically computed adiabatic
p-modes. In principle, the same procedure could be applied to model other types
of stellar oscillation modes.
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The effects of rapid stellar rotation on acoustic oscillation modes are poorly understood. We study the
dynamics of acoustic rays in rotating polytropic stars and show using quantum chaos concepts that the eigen-
frequency spectrum is a superposition of regular frequency patterns and an irregular frequency subset respec-
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Since helioseismology revolutionized our knowledge of
the Sun’s interior, many efforts, including space missions
�MOST, COROT, and KEPLER�, have been undertaken to
detect oscillation frequencies in a large variety of stars �1,2�.
But to access the information contained in these data, the
observed frequencies must be first associated with the right
stellar oscillation modes. This crucial identification process
requires a full understanding of the properties of the oscilla-
tion spectrum and, for slowly rotating stars like the Sun, the
asymptotic theory of high-frequency acoustic modes pro-
vided such an understanding �1�. Both the approximate treat-
ment of the centrifugal distortion �3� and the lack of
asymptotic theory have so far hindered reliable identification
in rapidly rotating pulsators. This long-standing problem
mainly concerns massive and intermediate-mass stars �4� like
the � Scuti star Altaïr, whose surface oblateness has been
measured by interferometry �5�. Accurate computations of
acoustic modes fully taking into account the effect of rota-
tion on the oscillations have only recently been performed
for polytropic models of rotating stars �6�. Here we construct
the dynamics of acoustic rays to understand the properties of
the frequency spectrum.

The acoustic ray model is analogous to the geometrical
optics limit of electromagnetic waves or the classical limit of
quantum mechanics. The construction of eigenmodes from
stellar acoustic rays has already been considered in the inte-
grable case of a nonrotating spherically symmetric star �7�.
However, when the ray dynamics is no longer integrable, the
problem is known to become of a deeply different nature.
This issue has been mostly investigated by the quantum
chaos community in the context of the classical limit of
quantum systems �8� and the developed concepts have been
applied to other wave phenomena such as those observed in,
e.g., microwave resonators �9�, lasing cavities �10�, quartz
blocks �11�, and underwater waves �12�. The potential inter-
est for stellar seismology has been suggested �13� but not yet
demonstrated.

Our star model is a self-gravitating uniformly rotating
monatomic perfect gas ��=5 /3� where pressure and density
follow a polytropic relation Pe��e

1+1/N with N=3. Neglecting

the Coriolis force and the gravitational potential perturba-
tions, small-amplitude adiabatic perturbations around this
equilibrium verify

�t� + � · ��ev� = 0, �tv = −
�P

�e

+
�

�e

ge, dP = cs
2
d� ,

�1�

where the density �, pressure P, and velocity v describe the
perturbation, while cs is the sound velocity and ge is the
effective gravity resulting from the gravitational and cen-
trifugal potentials. As other quantities characterizing the star
model, cs and ge vary in the meridian plane of the rotating
star. Neglecting gravity waves, these equations can be re-

duced to the form ��c
2−�2��−cs

2��=0 where �= P̂ /cs
3 is

related to the time-harmonic pressure perturbation P

=Re�P̂ exp�−i�t�� and �c=��15 /64��ge /cs�
2+ �3 /8�� ·ge is

the cutoff frequency whose sharp increase in the outermost
layers of the star provokes the back reflection of acoustic
waves. The WKB approximation then leads to the eikonal
equation �2=cs

2k2+�c
2. The acoustic ray is the trajectory tan-

gent to the wave vector k at the point x and its evolution can
be described by Hamilton’s equations, H=�cs

2k2+�c
2 being

the Hamiltonian �7�. Rays heading toward the star center
tend to be refracted by increasing sound velocity while close
to the surface nonspecular reflection takes place at �c=�. As
rotation increases, the isocontours of cs and �c are distorted
together with the star surface. In the following, we restrict
ourselves to axisymmetric modes Lz=0, thus reducing the
phase space to four dimensions.

The acoustic ray dynamics has been investigated by inte-
grating numerically the Hamilton’s equations and the result-
ing dynamics is visualized using the standard tool of the
Poincaré surface of section �PSS�. As rays do not reach the
star boundary, the PSS is defined by rp���=rs���−d, where
the distance d=0.08rs�	 /2� from the star surface rs��� has
been chosen such that all but a few whispering gallery rays
cross the PSS �only outgoing rays are taken�. The two coor-
dinates of the PSS are �, the colatitude, and k� /�, k� being
the angular component of k in the natural basis associated
with the coordinate system �
=rs���−r ,��. We use the scaled
variable k� /� as, in the limit ���c, the ray dynamics be-*ligniere@ast.obs-mip.fr
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comes independent of the frequency away from the reflection
points. We found that increasing the stellar rotation leads to a
soft transition from integrability to chaos analogous to the
one described by the Kolmogorov-Arnold-Moser �KAM�
theorem. As illustrated in Fig. 1 for a given rotation rate, the
phase space shows a mixed structure where chaotic regions
coexist with a whispering gallery region close to the bound-
ary and regular islands around stable periodic orbits. As the
rotation increases, both the chaotic region and the central
island chain get larger. A crucial feature of the dynamics is
that each region is dynamically isolated from the other by
invariant tori which prevent communication between them.
Such a situation has been found several times in the domain
of quantum chaos, and generally it was surmised �14� that
the stationary waves localized on one of these regions form
an independent subset with specific dynamical properties.
The frequency spectrum thus appears as the superposition of
independent frequency subsets reflecting the phase space
structure. This surmise has been found to be a good approxi-
mation for many systems, although some correlations may
remain between the frequency subsets due to modes local-
ized at the border between zones or the presence of partial
barriers in phase space �15�.

It is therefore important to know if this spectrum organi-
zation is valid in the high-frequency limit where it is sup-
posed to hold, and even more important to assess if it is still
relevant to the observable acoustic modes. We have thus nu-
merically computed exact axisymmetric modes of Eq. �1�,
using the method described in �6�, in the frequency range
��1 ,12�1�, �1 being the lowest acoustic frequency. To estab-
lish a link with the asymptotic ray dynamics, we use a phase-
space representation of the modes known as the Husimi dis-
tribution �16�. In order to compare a three-dimensional mode
with the acoustic rays on a two-dimensional plane, the mode
amplitude is first scaled by the square root of the distance to

the rotation axis �7�. The Husimi distribution is then con-
structed from a cut taken along the PSS: H�s0 ,k0�
= �����s�exp�−�s−s0�2

/ �2�2��exp�ik0s�ds�2. Here �� is the
scaled version of �, the integral is taken along the curve r

=rp, and k is the moment in the direction tangent to this
curve; � is the width of the Gaussian wave packet on which
�� is projected. In Fig. 2, �s0 ,k0� is replaced by �� ,k�� for
comparison with data from Fig. 1. Except for some of the
largest-length-scale modes close to the frequency �1, we find
that the Husimi distribution enables us to unambiguously
associate the modes with the main structures of phase space.
As illustrated in Fig. 2, we distinguished the island modes
trapped in the main stable islands, the chaotic modes local-
ized in the central chaotic region, and the whispering gallery
modes associated with the whispering gallery region. We
note that, due to the relatively low frequency considered, the
chaotic modes do not spread over all parts of the chaotic
region.

Having defined subsets of modes, we can now analyze the
properties of the corresponding frequency subsets. As shown
in Fig. 3, the frequency spacings of the island modes display
striking regularities which lead to the simple empirical for-
mula

�n� = n�n + ��� + � , �2�

where n and � are natural integers, and �n and �� are uniform
frequency spacings. The � constant being fixed by a given
island mode frequency, the formula proves sufficiently accu-
rate to identify the other island modes among the whole set
of computed frequencies. The phase space representation of
these modes reveals that these regular patterns can be attrib-
uted to the existence of the stable island region in phase
space. Although a zoom on this region would show a com-
plex structure involving chaotic trajectories and chains of
small islands nested between deformed surviving tori, these

FIG. 1. �Color online� PSS and typical acoustic rays at a rotation equal to 59% of the Keplerian limit. A whispering gallery ray �green
�light gray��, an island ray �blue �dark gray��, and a chaotic ray �red �gray�� are shown on the physical space and on the PSS �diamonds in
the center figure�. The central orbit of the island is also shown �yellow between points a and b�. k� /� is in units of �rs

3�0� /GM with M the
stellar mass and G the gravitational constant.
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small-scale details can be overlooked for the relatively large
wavelengths considered here. To retrieve formula �2� and to
find out how �n and �� relate to the properties of the star, we
follow an approach inspired by the quantization of laser
modes in cavities �17�. Indeed, far from the boundary, our
problem can be translated into the propagation of light in
an inhomogeneous medium, 1 /cs playing the role of the
medium index. Close to the stable orbit, we can apply
the paraxial approximation. In this case, it is known
that the wave beam solution is �18� �� ,���H���2� /

w���exp�−�2
/w��2�exp�−i�� ,���, where  ,� are coordi-

nates parallel and transverse to the central periodic orbit �the
yellow curve in Fig. 1�; H� is the Hermite polynomial of
degree �. The spreading of the beam in the transverse direc-
tion is described by w��, which verifies �1 /cs�d /

d��1 /cs��dw /d��+���w=4 /w3, where ���= �1 /

cs
3��2cs /��2. The wave phase is �� ,��=��0

d� /cs−2��

+1��0
csd� /w2+�2

/ �2csR� where R=w / �dw /d� is the ra-
dius of curvature of the beam wave front. Numerically com-
puted island modes have a transverse variation confirming
this approximation. We then obtain a stationary solution by
imposing the requirement that the wave interferes construc-
tively with itself. This requires that the phase accumulated
following the periodic orbit ��=0� from one side of the
boundary to the other side is ��a

bd /cs−2��+1��a
bcsd /w2

=n	. This leads to the formula �2� with �n=	 / ��a
bd /cs� and

��=2��a
bcsd /w2� / ��a

bd /cs�. The numerical value of �n ob-
tained from the island mode frequencies shown in Fig. 3
�equal to 0.5514 in units of �GM /rs

3�0� where M is the stel-
lar mass and G the gravitational constant� is well approxi-
mated, within 2.2%, by the theoretical one �equal to 0.5635
in the same units�. While �n probes the sound velocity along
the path of the periodic orbit, �� is obtained by solving the
second-order equation verified by w together with the two
boundary conditions given by the necessity to match R with
the radius of curvature of the two bounding surfaces. Thus,
�� probes the second-order transverse derivative of the sound
velocity along the same path as well as the radius of curva-
ture of the bounding surfaces. We note that similar modes
around stable periodic orbit have been constructed in other
systems, usually with the more systematic procedure of find-
ing the normal forms and using Einstein-Brillouin-Keller
quantization �15,19�.

Having shown that modes whose Husimi distribution is
localized in the near-integrable region display integrablelike
quantization conditions, we now turn to the modes localized
in the chaotic region. The subset of chaotic mode frequencies
shows typical signatures of wave chaos such as frequency
repulsion. Indeed, in Fig. 3, the integrated distribution of
consecutive frequency spacings Si=�i+1−�i �normalized by
the mean frequency spacing of those modes� is much closer
to the random matrix theory result typical of chaotic systems
�20� than to the Poisson distribution result characteristic of

FIG. 2. �Color online� Comparison of numerically computed
acoustic modes from �1� with phase space ray dynamics on the PSS.
Three typical modes have been selected: island mode �blue �dark
gray��, chaotic mode �red �gray��, and whispering gallery mode
�green �light gray��. Left: Spatial distribution of �� on one-quarter
of a meridian plane. Black lines are the nodal lines, full �dashed�
colored �gray� lines are the level curves for positive �negative� val-
ues. Magenta line at r=rp is the chosen PSS. Right top: Cut of the
island mode along the PSS, from the pole to the equator. Right
bottom: Level curves of the Husimi distributions of the three modes
�for the same of value of �=0.12rs�	 /2��, showing that they are
mainly concentrated inside the main stable island �for the island
mode�, in the chaotic region �for the chaotic mode�, or in the whis-
pering gallery region �for the whispering gallery mode�.

FIG. 3. Top: Island mode frequencies in the interval �9�1 ,12�1�
showing the regular spacings corresponding to formula �2�; height
reflects the value of the quantum number �. Bottom: Integrated
spacing distribution for the chaotic modes in the same interval �full
line�. Data correspond to around 200 modes from two symmetry
classes. The dashed line is the result for the Gaussian orthogonal
ensemble of random matrix theory while the dotted line corre-
sponds to the Poisson distribution characteristic of integrable
systems.
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integrable systems. This frequency statistics together with
the fact that the corresponding modes are all localized in the
chaotic region of the ray dynamics give a strong evidence
that wave chaos occurs in rapidly rotating stars. The diffi-
culty of solving Eq. �1� even with state-of-the-art computa-
tional techniques prevents us reaching a larger-frequency
sample and making detailed comparison with random matrix
theory as in, e.g., �20�.

The whispering gallery modes and the modes trapped in
smaller island chains being associated with near-integrable
regions of phase space, their frequencies are therefore ex-
pected to display regular patterns. The detail study of these
regularities shall be considered elsewhere as it requires more
mode calculations with a higher numerical resolution. It is
also important to point out that these modes will be the most
difficult to detect. Indeed, due to their small latitudinal wave-
length �see Fig. 2�, the positive and negative light intensity
fluctuations strongly cancel out when integrated over the vis-
ible disk.

Our results demonstrate that ray dynamics and quantum
chaos concepts provide a qualitative and quantitative insight
into the frequency spectrum of rapidly rotating stars. In par-
ticular, we are able to separate the spectrum of a reasonably
realistic star model into integrable and chaotic subsets. Being
much less demanding than a direct eigenmode computation
as well as easily adaptable to nonaxisymmetric modes �for
which regular frequency patterns have also been found nu-
merically �21�� and to more realistic stellar models, ray dy-

namics will be essential to investigate the asymptotic prop-
erties of the oscillation spectrum.

The present analysis opens further perspectives in the
seismology of rapidly rotating stars. The observed spectra
differ from theoretical ones, as poorly understood mecha-
nisms governing the intrinsic mode amplitude determine the
frequencies that are actually detected. In this context, a pri-

ori information on the structure of the spectrum is crucial in
order to identify the observed frequencies with specific stel-
lar oscillation modes. Our results strongly suggest first look-
ing for regular patterns to identify the island modes and to
determine seismic observables such as �n and �� containing
information on the star’s interior. The remaining chaotic
modes are also of special interest for seismology purposes:
they are highly sensitive to small changes of the stellar
model �22� and, in contrast to nonradial acoustic modes of
slowly rotating stars which avoid the star’s center, they probe
this region, which is crucial for stellar evolution theory. If
enough chaotic modes are seen, their mean frequency spac-
ing, which is known to depend on the volume of the chaotic
region, will constrain the stellar rotation.
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ABSTRACT

Context. The asteroseismology of rapidly rotating pulsating stars is hindered by our poor knowledge of the effect of the rotation on
the oscillation properties.
Aims. Here we present an asymptotic analysis of high-frequency acoustic modes in rapidly rotating stars.
Methods. We study the Hamiltonian dynamics of acoustic rays in uniformly rotating polytropic stars and show that the phase space
structure has a mixed character, with regions of chaotic trajectories coexisting with stable structures like island chains or invariant
tori. To interpret the ray dynamics in terms of acoustic mode properties, we then use tools and concepts developed in the context of
quantum physics.
Results. Accordingly, the high-frequency acoustic spectrum is a superposition of frequency subsets associated with dynamically
independent phase space regions. The subspectra associated with stable structures are regular and can be modelled through EBK
quantization methods, while those associated with chaotic regions are irregular but with generic statistical properties. The results of
this asymptotic analysis are successfully compared with the properties of numerically computed high-frequency acoustic modes. The
implications for the asteroseismology of rapidly rotating stars are discussed.

Key words. hydrodynamics – waves – chaos – stars: oscillations – stars: rotation

1. Introduction

Interpreting the oscillation spectra of rapidly rotating stars is a
long standing unsolved problem of asteroseismology. It has so
far prevented any direct probe of the interior of stars in large
fractions of the HR diagram, mostly in the range of interme-
diate and massive stars. Progress is nevertheless expected from
the current spatial seismology missions (in particular COROT
and KEPLER), as well as from recent modelling efforts on the
effect of rotation on stellar oscillations. New numerical codes
have been able to accurately compute oscillation frequencies
in centrifugally distorted polytropic models of stars (Lignières
et al. 2006; Reese et al. 2006) and are now extended to more
realistic models (Reese et al. 2009). In particular the previous
calculations based on perturbative methods have been shown
to be inadequate for these stars (Reese et al. 2006; Lovekin &
Deupree 2008). Nevertheless, interpreting the data requires an
understanding of the mode properties that goes far beyond an ac-
curate computation of frequencies. Indeed, the necessary identi-
fication of the observed frequencies with theoretical frequencies
is a largely underconstrained problem that requires a priori in-
formation on the spectrum to be successful. Knowledge of the
structure of the frequency spectrum is crucial in this context. For
slowly rotating pulsating stars, this structure is characterised by
regular frequency patterns that can be analytically derived from
an asymptotic theory of the high-frequency acoustic modes.

Until recently, the asymptotic structure of the frequency
spectrum of rapidly rotating stars was completely unknown.

Our first calculations of low-degree (ℓ = 0−7) and low-order
(n = 1−10) acoustic axisymmetric modes in centrifugally dis-
torted polytropic stars (Lignières et al. 2006) have revealed reg-
ular frequency patterns both similar to and different from those
of spherically symmetric stars. This was confirmed with more
realistic calculations including the Coriolis force and has also
been extended to non-axisymmetric and higher frequency modes
(Reese et al. 2008). The analogy with the non-rotating case sug-
gests an asymptotic analysis could model these empirical regular
patterns.

The asymptotic analysis presented in this paper is based on
acoustic ray dynamics. This approach can be viewed as a natural
extension of the asymptotic analysis developed for non-rotating
stars (Vandakurov 1967; Tassoul 1980, 1990; Deubner & Gough
1984; Roxburgh & Vorontsov 2000). In this case, spherical sym-
metry enables the initial 3D boundary value problem to be re-
duced to a 1D boundary value problem in the radial direction.
Asymptotic solutions of this 1D boundary value problem can
then be obtained using a short-wavelength approximation that
consists in looking for wave-like solutions under the assumption
that their wavelength is much shorter than the typical length-
scale of the background medium. As rotation breaks the spheri-
cal symmetry, the eigenmodes are no longer separable in the lati-
tudinal and radial directions and the 3D boundary value problem
of acoustic modes in rapidly rotating stars cannot be reduced to
a 1D boundary value problem. Thus, the short-wavelength ap-
proximation is directly applied to the 3D equations governing
linear adiabatic stellar perturbations. This leads to an acoustic
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ray model that describes the propagation of locally plane waves.
Since we are concerned by oscillation modes, the main issue of
an asymptotic analysis based on ray dynamics is to construct
standing-wave solutions from the short-wavelength propagating
waves described by the acoustic rays.

The short-wavelength approximation of wave equations is
standard in physics, best known examples being the geometric
optics limit of electromagnetic waves or the classical limit of
quantum mechanics. We shall see that, similar to these cases, the
acoustic rays in stars can be described as trajectories of a particle
in the framework of classical Hamiltonian mechanics. As is well
known in quantum physics (Gutzwiller 1990; Ott 1993), the is-
sue of constructing modes from ray dynamics depends crucially
on the nature of this Hamiltonian motion.

Indeed, Hamiltonian systems can have one of two very dif-
ferent behaviours. If there are enough constants of motion, the
dynamics is integrable, and trajectories organise themselves in
families associated with well-defined phase space structures.
In contrast, chaotic systems display exponential divergence of
nearby trajectories, and a typical orbit is ergodic in phase
space. The modes constructed from these different dynamics
are markedly different. For integrable systems, the eigenfre-
quency spectrum can be described by a function of N integers,
N being the number of degrees of freedom of the system. In con-
trast, the spectrum of chaotic systems shows no such regulari-
ties. However, the spectrum possesses generic statistical prop-
erties that can be predicted. In the past thirty years, the field
called quantum chaos has developed concepts and methods to
relate non-integrable ray dynamics to properties of the associ-
ated quantum systems (and more generally of wave systems).

We shall see that the acoustic ray dynamics in rotating stars
undergoes a transition from an integrable system at zero rota-
tion to a mixed system, which is a system with a phase space
containing integrable and chaotic regions. Because the acoustic
ray dynamics of rotating stars is non-integrable, we are led to
use quantum chaos theory to predict the asymptotic properties
of acoustic modes.

In the following, we describe in detail the ray dynamics, the
predictions on the modes properties, and their validation through
a comparison with numerically computed acoustic modes. But,
before going into the technical details of this analysis, we would
like to summarise our results, emphasizing those that are prac-
tical for mode identification. These results were obtained for a
sequence of uniformly rotating polytropic models, but we expect
them to be qualitatively correct for a wider range of models. At
high rotation rates, the frequency spectrum can be generically
described as the superposition of an irregular frequency subset
and of various regular frequency subsets, each showing specific
patterns. This spectrum structure is significantly more complex
than in the spherical case where all acoustic frequencies follow
the same organisation as given by Tassoul’s formula (Tassoul
1980). However, in the observed spectrum, only two frequency
subsets are expected to dominate. One subset (the subset of is-
land modes) shows regular patterns that are both similar to and
different from those found in non-rotating stars. (It corresponds
to the modes subset studied by Lignières et al. 2006; and Reese
et al. 2008.) These modes are associated with rays whose dy-
namics is near-integrable and consequently asymptotic formulas
describing their regular patterns can be derived. The second fre-
quency subset (the subset of chaotic modes) is associated with
chaotic rays. Although it does not follow a regular pattern, spe-
cific statistical properties of this frequency subset can be pre-
dicted. Besides, the asymptotic analysis provides an estimate of
the proportion of mode in each subset. The transition from the

non-rotating case occurs as follows. At moderate rotation, the
regular subset of island modes is superposed on another regu-
lar subset (the subset of whispering gallery modes), which is a
direct continuation of the non-rotating spectrum. At this stage,
chaotic modes are rare and difficult to observe. As rotation in-
creases, the number of chaotic modes increase, while whisper-
ing gallery modes become less and less visible. Obviously, such
a priori information on the frequency spectrum should be useful
for the mode identification. One should, however, keep in mind
that the asymptotic analysis is not supposed to be accurate for
the lowest frequency p-modes. Although a detailed study of the
asymptotic analysis limit of validity has not been performed yet,
numerical results indicate that the regular patterns are quite ac-
curate down to 5th radial order (see Lignières et al. 2006; Reese
2007). At lower radial orders, the asymptotic mode classification
in different subsets could still be applicable.

The paper is organised as follows. The equations govern-
ing the star model, the small perturbations about this model, the
short-wavelength approximation of these perturbations, and the
ray model for progressive acoustic waves are all presented in
Sect. 2. A detailed numerical study of the acoustic ray dynamics
was conducted for uniformly rotating polytropic models of stars.

The results are analysed in Sect. 3 using Poincaré surface of
section, a standard tool for visualizing the phase space structure.
It shows that, as rotation increases, the dynamics undergoes a
transition from integrability (at zero rotation) to a mixed state
where parts of the phase space display integrable behaviour and
while other parts are chaotic.

We then relate the acoustic ray dynamics to the asymptotic
properties of the acoustic modes (Sect. 4). We first summarize
the results obtained in the context of quantum physics, distin-
guishing the cases where the Hamiltonian system is integrable,
fully chaotic, or of mixed nature. In accordance with this theory,
we show that the asymptotic acoustic spectrum of the uniformly
rotating polytropic models of stars is a superposition of regular
frequency patterns and irregular frequency subsets, respectively
associated with near-integrable and chaotic phase space regions.
The average number of modes associated with each phase space
region depends directly on its volume (in phase space). These
predictions are then successfully compared with the actual prop-
erties of high-frequency acoustic modes computed for a particu-
lar fast-rotating stellar model.

In Sect. 5, after a critical discussion of the assumptions of
the asymptotic analysis, we show how our results can be used
for the mode identification and for the seismic studies of rapidly
rotating stars. The conclusion is given in Sect. 6.

The present work complements and extends a short recent
paper (Lignières & Georgeot 2008) by giving all the details
needed for the analysis and by presenting new results concern-
ing (i) the ray dynamics at different rotation rates and for non-
vanishing values of the angular momentum projection onto the
rotation axis Lz; (ii) the analysis of extra regular patterns visible
for some specific values of rotation; (iii) the number of modes in
each frequency subset predicted by the asymptotic analysis; and
(iv) the visibility of the chaotic modes.

2. Formalism and numerical methods

In this section we present the equations governing the star
model (Sect. 2.1), the small perturbations about this model
(Sect. 2.2), the short-wavelength approximation of these pertur-
bations (Sect. 2.3) and the ray model for progressive acoustic
waves (Sect. 2.4). The numerical method used to compute the
ray trajectories is described in Sect. 2.5. The oscillation modes
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were computed with the code described in Lignières et al. (2006)
and Reese et al. (2006).

2.1. Polytropic model of rotating star

The model is a self-gravitating uniformly rotating monatomic
gas (Γ = 5/3) that verifies a polytropic relation assumed to give a
reasonably good approximation of the relation between the pres-
sure and the density in the star (Hansen 1994):

P0 = Kρ
1+1/µ

0
(1)

0 = −∇P0 − ρ0∇

(

ψ0 −Ω2w2/2
)

(2)

∆ψ0 = 4πGρ0 (3)

where P0 is the pressure, ρ0 the density, K the polytropic con-
stant, µ the polytropic index,ψ0 the gravitational potential,Ω the
rotation rate, w the distance to the rotation axis, and G the grav-
itational constant.

The uniform rotation ensures that the fluid is barotropic. A

pseudo-enthalpy can then be introduced h0 =
∫

dP0/ρ0 = (1 +
µ)P0/ρ0 and the integration of the hydrostatic equation reads:

h0 = hc − (ψ0 − ψc) +
1

2
Ω2w2 (4)

where the subscript “c” denotes the value in the centre of the
polytropic model. Equation (4) is then inserted into Poisson’s
equation to yield

∆ψ0 = 4πGρc

(

1 − ψ0 − ψc

hc

+
Ω2d2

2hc

)µ

· (5)

Equation (5) is solved numerically with an iterative scheme, as
described in Rieutord et al. (2005).

Specifying the mass and the rotation rate of the star is not
sufficient to determine the polytropic model in physical units.
This requires fixing an additional parameter, for example, the
stellar radius (see Hansen 1994; for the non-rotating case and
see Christensen-Dalsgaard & Thompson 1999, for a brief dis-
cussion of a suitable parameter choice for rotating stars). In the
following, however, we only present dimensionless quantities
that do not depend on the choice of this additional parameter.

The rotation rate Ω is compared to ΩK =
(

GM/R3
e

)1/2
the lim-

iting rotation rate for which the centrifugal acceleration equals
the gravity at the equator, M being the stellar mass and Re the
equatorial radius. The star flatness is ǫ = 1 − Rp/Re where Rp is
the polar radius. The acoustic frequencies shall be expressed in

terms ofω0 =
(

GM/R3
p

)1/2
, the inverse of a dynamical timescale,

or ω1 the lowest acoustic mode frequency of the stellar model
considered.

2.2. Perturbation equations and boundary conditions

Time-harmonic small amplitude perturbations of the star model
are studied under two basic assumptions. The first is to ne-
glect the Coriolis force. This a natural assumption to study
high-frequency acoustic modes since the oscillation timescale
is asymptotically much shorter than the Coriolis force timescale
1/(2Ω). Moreover, complete calculations by Reese et al. (2006,
see Fig. 6 of this paper) have shown that Coriolis force effects
on the frequency are already very weak for a relatively low ra-
dial order (say n ≈ 5). The second basic assumption is to neglect
the viscosity and the non-adiabatic effects. This is a standard ap-
proximation in the asymptotic analysis since these effects have

little influence on the value of the frequency. Both assumptions
have important consequences on the acoustic ray dynamics de-
scribed below. Neglecting the Coriolis force ensures that the dy-
namics is symmetric with respect to the time reversal while the
absence of diffusion processes makes the dynamics conserva-
tive. Finally, the Cowling approximation that is valid for high
frequencies enables neglecting the perturbation of the gravita-
tional potential. Under these assumptions, the linear equations
governing the evolution of small amplitude perturbations read:

∂tρ + ∇ · (ρ0u) = 0, (6)

ρ0∂tu = −∇P + ρg0, (7)

∂tP + u · ∇P0 = c2
s (∂tρ + u · ∇ρ0) , (8)

where u, ρ, and P, are respectively the Eulerian perturbations
of velocity, density and pressure. The sound speed is cs =
√

ΓP0/ρ0, with Γ the first adiabatic exponent of the gas, and

g0 = −∇
(

ψ0 −Ω2w2/2
)

the effective gravity.

As in Pekeris (1938), because the pressure and the tempera-
ture of the stellar model is zero at the surface, the only condition
to impose on the perturbations is to be regular everywhere.

2.3. The short-wavelength approximation of the perturbation
equations

The acoustic ray model results from a short-wavelength
approximation of the perturbation Eqs. (6)–(8), called the
Wentzel-Kramers-Brillouin (WKB) approximation. Time-
harmonic wave-like solutions of the form

Ψ = ℜ{A(x) exp[iΦ(x) − iωt]} =ℜ{Ψ̂(x) exp(−iωt)} (9)

are sought under the assumption that their wavelength is much
shorter than the typical lengthscale of the background medium.
As discussed by Gough (1993), one expects a better approxima-
tion if the starting Eqs. (6)–(8) are first reduced to a so-called
normal form that avoids first-order derivatives. This is done in
Sect. A.1 leading to

ω2
c − ω2

c2
s

Ψ̂ +
N2

0

ω2

⎡

⎢

⎢

⎢

⎢

⎣

∆ − 1

g2
0

(g0 · ∇)(g0 · ∇)

⎤

⎥

⎥

⎥

⎥

⎦

Ψ̂ = ∆Ψ̂ (10)

where Ψ̂ = P̂/α, P̂ is the complex amplitude associated with the
pressure perturbation P = ℜ{P̂ exp(−iωt)} and α is a function of
the background star model given by Eq. (A.8). The expressions
of the cut-off frequency ωc and the Brunt-Väisälä frequency N0

are given respectively by (A.5) and (A.3). The two left hand-
side terms of Eq. (10) account for acoustic and gravity waves,
respectively.

As explained in Sect. A.2, the WKB approximation is then
applied to (10). The dominant term of the expansion in powers
of the ratio between the wavelength solution and the background
typical lengthscale yields an equation governing the phase Φ(x),
the so-called eikonal equation. The amplitude A(x) is determined
at the next order as a function of Φ(x). By neglecting the gravity
waves by taking the high-frequency limit, the eikonal equation
reads:

ω2 = ω2
c + c2

s k2 (11)

where k = ∇Φ is the wavevector. Moreover, for a polytropic
model of star and using the approximation ω ≫ N0 valid for
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high-frequency acoustic modes, the function α is proportional to

ρ
1/2

0
and the cut-off frequency ωc is simplified to

ω2
c =

[

Γµ(µ + 2)

2(µ + 1)
− 2

]

g2
0

2h0

+
1

2

(

2 − Γµ
µ + 1

)

∇ · g0. (12)

In the range of high-frequency acoustic modes, the ωc term is
expected to be much smaller than ω in most parts of the star
except near the surface whereωc diverges. Note also that, despite
the chosen notation, ω2

c can be negative near the centre.

2.4. The acoustic ray model as a Hamiltonian system

The acoustic ray model consists in finding solutions to the
eikonal Eq. (11) along some path called the ray path. This
problem can be written in a Hamiltonian form where the so-
lutions (x(t), k(t)) are conjugate variables of the Hamiltonian
and t, the parameter along the path, is a time-like variable. To
derive the Hamiltonian equations from the eikonal equation,
one can apply a procedure valid for a general eikonal equation
D(k, ω, x) = 0 (e.g. Ott 1993). This leads to the Hamiltonian

H′ = ω =
√

c2
s k

2 + ω2
c (e.g. Lighthill 1978). Another useful

Hamiltonian formulation can be readily obtained by considering
a path normal to the wavefrontΦ(x) = const. This method is also
used to determine optical rays in isotropic media of variable in-

dex (Born 1999), the quantity (
√

1 − ω2
c/ω

2)/cs playing the role
of the medium index n(x). The ray path is thus defined by

dx

ds
=

k

‖k‖ =
∇Φ

‖∇Φ‖ (13)

where s is the curvilinear coordinate along the ray. Differenti-
ating (13) and using (11) then leads to the following system of
ODEs:

dx

dt
= k̃ (14)

d k̃

dt
= −∇W (15)

W = − 1

2c2
s

(

1 − ω
2
c

ω2

)

(16)

where we use the frequency-scaled wavevector k̃ = k/ω and the
time-like variable t such that dt = csds/(1 − ω2

c/ω
2)1/2.

As W only depends on the spatial variable x, the second
equation has the classical form of Newton’s second law for the
conservative force associated with the potential W (for a unit
mass and a time variable t). This system can thus be written in a
Hamiltonian form where

H =
k̃

2

2
+W(x) (17)

is the Hamiltonian. According to the eikonal Eq. (11), H is equal
to zero and the dynamics is therefore fully determined by the
potential well W, where frequency ω appears as a parameter. As
ω ≫ ωc away from the near surface layers, the potential increase
towards the star centre is given by the sound speed increase.
Close to the surface, the potential barrier is due to the sharp in-
crease in ωc and provokes the wave back-reflection. While the
location of the reflection surface depends on the frequencyω, we
found that the dynamics is not strongly dependent on ω in the
range of high-frequency acoustic modes considered here. This
can be expected since, as ωc diverges towards the surface of the

polytropic model of star, the location of ω = ωc does not vary
rapidly with ω.

Because the potential is symmetric with respect to the rota-
tion axis of the star, the angular momentum projection on this

axis L̃z = r sin θk̃φ is a constant of motion, where k̃φ = k̃ · eφ
and eφ is a unit vector in the azimuthal direction and [r, θ, φ]
are the spherical coordinates. Consequently, the projection of the
ray trajectory on the meridional plane rotating with the ray at an
angular velocity dφ/dt = L̃z/(r sin θ)2 is governed by the two-
degree-of-freedom Hamiltonian:

Hr =
k̃

2
p

2
+Wr(x) (18)

where k̃p = k̃−k̃φeφ is the wavevector projected onto the rotating
meridional plane and Wr the effective potential of the reduced
Hamiltonian Hr which now also depends on L̃z as a parameter

Wr(x) =
L̃2

z

2(r sin θ)2
− 1

2c2
s

(

1 − ω
2
c

ω2

)

· (19)

2.5. Numerical method for the ray dynamics

The acoustic ray dynamics has been investigated by integrating
numerically Eqs. (14) and (15) using a 5th-order Runge-Kutta
method. The step size of the integration is chosen automatically
to keep the local error estimate smaller than a given tolerance.
To what extent this control of the local error ensures that the
numerical solution is close to the true solution depends on the
stability of the problem. For chaotic trajectories, the numerical
error tends to grow rapidly, while for stable trajectories this error
remains of the same order as the relative error. The rapid growth
of numerical errors is one of the characteristics of chaotic dy-
namics; however, this does not prevent simulating such systems
since for hyperbolic systems the shadowing theorem (Anosov
1967; Sauer et al. 1997) ensures that an exact trajectory will
remain close to the dynamics of each computed point for ar-
bitrary times. Thus while a numerical trajectory diverges from
the exact one, it nevertheless remains close to another exact tra-
jectory, and therefore numerical errors do not prevent obtaining
accurate phase space plots. We checked that the Poincaré sur-
faces of section shown in the next section are not significantly
modified by decreasing the maximum allowed local error. We
also checked the influence of the resolution of the background
polytropic stellar model. Increasing this resolution from 62 to
92 Gauss-Lobatto points in the pseudo-radial direction has no
significant effect on the Poincaré surface of section. Finally, the
Hamiltonian conservation is used as an independent accuracy
test of the computation.

3. Acoustic ray dynamics in rotating stars

In this section, we show that rotation strongly modifies the
acoustic ray dynamics. Indeed, we find that, as rotation in-
creases, the dynamics undergoes a transition from integrability
(at zero rotation) to a mixed state where parts of the phase space
display integrable behaviour while other parts are chaotic.

The nature of a dynamical system is best investigated by con-
sidering the structure of its phase space which contains both po-
sition and momentum coordinates. We thus first introduce the
Poincaré surface of section (hereafter the PSS) which is a stan-
dard tool to visualize the phase space (Sect. 3.1). Then we de-
scribe the phase space structure at zero rotation (Sect. 3.2) and
the main features of the generic phase space structure at high
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Fig. 1. (Colour online) Intersection of an outgoing acoustic ray
(red/arrow headed) with the r = rp(θ) curve (magenta/thick). The point
on the associated PSS is specified by the colatitude θ and the scaled
latitudinal wavenumber component kθ/ω at the intersection.

rotation rates (Sect. 3.3). The detail of the transition to chaos as
rotation increases is analysed in Sect. 3.4. As this last section
makes use of several specific tools and theorems of dynamical
system theory, it might be skipped at first reading.

3.1. Phase space visualization: the Poincaré surface
of section

As shown in Sect. 2.4, acoustic rays with a given Lz are governed
by a Hamiltonian with two degrees of freedom Hr. The associ-
ated phase space is therefore four-dimensional and difficult to
visualize. A PSS is constructed by computing the intersection of
the phase space trajectories with a chosen (2N − 1)-dimensional
surface, where N is the number of degrees of freedom of the sys-
tem. If H is time-independent, then energy conservation implies
that phase space trajectories stay on a (2N − 1)-dimensional sur-
face. The PSS is thus a (2N − 2)-dimensional surface in general
and a 2-dimensional surface in the present case.

Different choices are possible for the PSS, although some
conditions are required to obtain a good description of the dy-
namics (see for example Ott 1993). First, to provide a complete
view of phase space, the PSS must be intersected by all phase
space trajectories. Here we chose the curve rp(θ) = rs(θ) − d sit-
uated at a fixed radial distance d from the stellar surface rs(θ)
displayed in Fig. 1. As shown in Sect. B.1 for the non-rotating
case, the distance d can be chosen such that all relevant trajec-
tories intersect this curve. The second condition is that, given a
point on the PSS, the next point on the PSS has to be uniquely
determined. This is ensured by counting the intersection with
rp(θ) = rs(θ) − d only when the trajectory comes from one
side of the r = rp(θ) curve. (Here we consider the trajecto-
ries coming from the inner side.) Finally, the coordinate sys-
tem used to display the PSS is chosen so that any surface of
the PSS is conserved by the dynamics in the same way as four-
dimensional volumes are preserved in phase space. The coordi-

nates [θ, k̃θ] where k̃θ is the latitudinal component of k̃ in the
natural basis (E

ζ , Eθ, Eφ) associated with the coordinate system
[ζ = rs(θ) − r, θ, φ] fulfil this condition (as shown in Sect. B.2).

The PSS have been obtained by following many trajecto-
ries of different initial conditions. The number of trajectories,
together with the time during which they are computed, deter-
mine the resolution by which the phase space is investigated.
In principle, we should display PSS computed for different val-
ues of frequency ω. However, as ω is varied in the range of fre-
quency considered here, we found that the PSS remained practi-
cally unchanged. As discussed in Sect. 2.4, this stems from the
dynamics of the frequency-scaled wavevector k/ω being weakly
dependent on ω in this frequency range.

3.2. The non-rotating case Ω = 0

The PSS at Ω = 0 is described in this section. It will serve as
a reference to investigate the evolution of the dynamics with ro-
tation. Due to spherical symmetry, the norm of the angular mo-
mentum with respect to the star centre

L̃ =

√

k̃2
θ
+

(

L̃z

sin θ

)2

(20)

is a conserved quantity. It follows that the intersection of any
trajectory with the PSS belongs to a curve of the form

k̃2
θ = L̃2 −

(

L̃z

sin θ

)2

· (21)

For L̃z = 0, these are the two straight lines k̃θ = ±L̃ (see Fig. 3),
while Eq. (21) yields a closed curve for L̃z � 0, the trajecto-
ries being constrained to latitudes less than arcsin(|L̃z|/L̃) (see
Fig. 5). This curve varies from a near rectangle to an ellipse as
L̃z grows from 0+ to L̃.

The simplicity of the PSS reflects that the system is inte-
grable ((20) indeed provides the second invariant (in addition to
Hr) of the reduced two-degree-of-freedom dynamical system).
Every integrable system is structured in N-dimensional surfaces
that are associated with specific values of the N constants of mo-
tion. This means that any trajectory is constrained to stay on one
of these surfaces forever. They are called invariant tori because
they are invariant through the dynamics and have a torus-like
topology. As we verify in the following, they play a crucial role
in the transition to chaos, as well as in the mode construction.
The PSS at Ω = 0 actually visualize the intersection of these tori
with the r = rp surface.

Important is that the invariant tori can have two different
types that determine their fate once the rotation is increased.
Rational (or resonant) tori are such that all trajectories on the
torus are periodic orbits (i.e. trajectories that close on themselves
in phase space). In contrast, irrational tori are such that any tra-
jectory densely covers the whole torus.

3.3. Phase space structure at high rotation rates

The main features of the phase space at high rotation rates are
shown in Fig. 2 where the PSS at Ω = 0.59ΩK is displayed
with four acoustic rays shown on the position space, as well
as on the PSS. These rays belong to the three different types
of phase space structures always present at high rotation rates.
First, a large chaotic region appears (the grey region in Fig. 2).
Chaotic rays, e.g. the red ray, are not constrained to stay on tori
(that is on one-dimensional curves on the PSS) and thus fill up
a phase space volume densely and ergodically (i.e. a surface on
the PSS). Second, the island chain embedded in the large chaotic
region is a common structure of phase space at high rotation rate.



1178 F. Lignières and B. Georgeot: Asymptotic analysis of high-frequency acoustic modes in rapidly rotating stars

Fig. 2. (Colour online) PSS at Ω = 0.59ΩK and typical acoustic rays associated with the four main phase space structures: a) a 2-period island
ray (blue/dark grey) and the associated periodic orbit with endpoints a and b (orange/light grey), b) a chaotic ray (red/grey), c) a 6-period island
ray (magenta/light grey) and d) a whispering gallery ray (green/light grey). On the PSS, (coloured/grey) symbols (diamonds for the chaotic and
whispering gallery rays, crosses for the 2-period and 6-period island rays) specify the points where these trajectories cross the PSS.

An important property of the island chain is to be structured by
invariant tori centred on the periodic orbit of period 2 (the or-
ange ray). The PSS also shows smaller island chains like the one
formed around a 6-period periodic orbit (see the magenta ray).
However, contrary to the 2-period island chain, such structures
survive only up to a certain rotation rate. Third, the undulated
curves present in the high k̃θ region are formed by whispering
gallery type trajectories (like the green ray), that is trajectories
following the outer boundary. The associated tori correspond to
the deformation of non-rotating tori that have not been destroyed
yet at this rotation rate. Overall this type of phase space organi-
sation is typical of mixed systems with coexistence of chaotic re-
gions and invariant tori (the structures encountered in integrable
systems).

The main phase space structures are dynamically indepen-
dent since no trajectory can cross from one region to the next.
We show in Sect. 4 that the very existence of these structures en-
ables the spectrum to be organised into independent frequency
subsets. In the next section, the generic character of these struc-
tures is checked by computing the PSS at different rotations.

3.4. Transition to chaos Ω � 0

The evolution of the dynamics with increased rotation is first
described for L̃z = 0 and then for L̃z � 0.

3.4.1. The L̃z = 0 case

The PSS computed at the three rotation rates Ω/ΩK =

[0, 0.15, 0.32] corresponding to the three flatness ǫ =

[0, 0.01, 0.05] are displayed in Fig. 3 to illustrate the effect of
a small centrifugal deformation on the ray dynamics. This per-
turbation of the integrable Ω = 0 system is very similar to one
described by the KAM-theorem (Chirikov 1979; Giannoni et al.
1991; Ott 1993; Gutzwiller 1990; Lichtenberg & Lieberman
1992; Lazutkin 1993). Indeed, for a smooth, small perturbation
of an integrable Hamiltonian, this theorem states that the tori
of the integrable system that survived the perturbation occupy

most of the phase space volume. More specifically, while being
continuously perturbed, most of the irrational tori can still be
associated with N invariants, thus keeping their torus structure.
This is the case for the undulated lines observed in the high k̃θ
domain of Fig. 3. In contrast, all rational tori are immediately
destroyed for a non-vanishing perturbation. The KAM theorem
implies that, despite the destroyed rational tori forming a dense
set in the phase space, the volume they occupy vanishes as the
perturbation goes to zero.

The theory of KAM-type transition to chaos also describes
how resonant tori disappear. In our case, they correspond to
one-dimensional curves on the PSS, formed by families of pe-
riodic orbits. All orbits of the same torus will have the same pe-
riod q. The so-called Poincaré-Birkhoff theorem predicts that a
(smooth) small perturbation will transform this one-dimensional
curve into a chain of q stable points belonging to the same pe-
riodic orbit and surrounded by stable islands, intertwined with
q unstable periodic points. A small chaotic zone appears in the
vicinity of the unstable fixed points and grows with the perturba-
tion. The stable islands have themselves an intricate self-similar
structure of small island chains surrounded by invariant structure
(tori). This phenomenon is illustrated at Ω/ΩK = 0.15 in Fig. 3
where, near the k̃θ = 0 curve, we can observe the 2-period is-
land chain around the q = 2 stable periodic points and the small
chaotic region around the corresponding unstable points. This
results from the destabilization of the resonant torus associated
with the periodic orbits along the diameters of the spherical star.
The widths of the island chains (resonance width) are expected
to be approximately proportional to the square root of the per-
turbation, and they decrease with q.

What occurs for large perturbations following the KAM-type
transition of integrable Hamiltonians has been studied in many
systems. The general phenomenology that emerges also corre-
sponds to what we observe in our system for increased rotation
(see the PSS of Fig. 4 computed for Ω/ΩK = [0.32, 0.59, 0.81]
corresponding to the flatness ǫ = [0.05, 0.15, 0.25]). The surviv-
ing irrational tori, as well as the island chains, are progressively
destroyed. This leads to the enlargement of the chaotic regions
that were originally confined by these tori. This is illustrated in



F. Lignières and B. Georgeot: Asymptotic analysis of high-frequency acoustic modes in rapidly rotating stars 1179

Fig. 3. Three L̃z = 0 PSS at low rotation rates showing the transition
to chaos. The unit of kθ/ω is ω−1

0
. Island chains and chaotic regions

respectively appear around stable and unstable periodic orbits. On the
Ω = 0 PSS, the straight lines correspond to intersections with mode-
carrying-tori specified by the degree and radial order of the mode.

Figs. 3 and 4 where the surface of the central chaotic region be-
comes progressively larger with rotation. The island chains typi-
cally undergo a series of bifurcations for increasing perturbation.
The most common bifurcation is the period-doubling one, where
a stable periodic orbit of period q is changed to an unstable or-
bit plus a stable orbit of period 2q. As the sequence of bifurca-
tions goes on, stable orbits have longer and longer periods until
they eventually disappear. The destruction of stable regions is
visible between Ω = 0.59ΩK and Ω = 0.81ΩK (Fig. 4), as the
6-period island chain embedded in the chaotic central region at
Ω = 0.59ΩK has disappeared at higher rotation. As mentioned
above, that the largest stable island originates from a short pe-
riodic orbit (here a 2-period periodic orbit) is also a common
feature of the KAM-type transitions to chaos.

Fig. 4. Three L̃z = 0 PSS visualizing the evolution of phase space as
a function of rotation. All these PSS show the 2-period periodic orbit
island chain embedded in a central chaotic region. As rotation increases,
the 2-period island chain moves towards the equator while the central
chaotic region enlarges. Note that the firstΩ = 0.32ΩK PSS is displayed
with a different scale in Fig. 3. The units are the same as in Fig. 3.

While not visible in this figure, a zoom on other regions of
the PSS would show the same process going on at small scales.
It is however clear that the irrational tori associated with high
values of L̃ survive longer. This property is also encountered in
classical billiards (Lazutkin 1993), where tori close to the bil-
liard boundary are the most robust.

3.4.2. The L̃z � 0 case

Qualitatively, the transition to chaos is very similar to the L̃z = 0
case. This is shown in Fig. 5 where PSS computed for L̃z =

0.4/ω0 are shown for increased rotation. The main effect of in-
creasing L̃z is to delay the transition towards chaos to higher
rotation rates. Indeed by comparing PSS computed at the same
rotation rate (see Figs. 4 and 5), one observes that the central
chaotic region is more constrained by surviving tori for higher
L̃z values. For example at Ω = 0.32ΩK the central chaotic re-
gion is much more developed for L̃z = 0 than for L̃z = 0.4/ω0.
The Ω = 0.59ΩK PSS provides another example since for
L̃z = 0.4/ω0 the island chain associated with the 6-period orbit
is separated by a surviving KAM tori from the central chaotic
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Fig. 5. Three L̃z = 0.4/ω0 PSS visualizing the evolution of phase space
as a function of rotation. The evolution is qualitatively similar to the
L̃z = 0 case, although the enlargement of the central chaotic region
occurs at higher rotation rates. Same units as in Fig. 3.

region, while such a stable structure has already been destroyed
for L̃z = 0. Finally, at Ω = 0.81ΩK , we can observe that the
central chaotic region for L̃z = 0.4/ω0 contains visible surviving
structures, while this is not the case for L̃z = 0.

The slower transition to chaos can be interpreted as caused
by the angular constraint − arcsin(|L̃z|/L̃) < θ < arcsin(|L̃z|/L̃)
imposed on the dynamics. This is compatible with the trajecto-
ries for infinite L̃z being confined to the equatorial plane, and the
dynamics becoming integrable because of the circular symmetry
of this asymptotic limit.

4. The asymptotic properties of the acoustic modes

In this section, we show that ray dynamics provides a qualita-
tive and quantitative understanding of the high-frequency acous-
tic modes. The question to be addressed is how to construct

modes, i.e. standing waves, from the short-wavelength propagat-
ing waves described by ray dynamics. Such mode construction
is expected to be approximately valid in the asymptotic regime
of high frequencies. (This asymptotic regime is called the semi-
classical regime in a quantum physics context.) As mentioned
in the introduction, the answer depends on the nature of the
Hamiltonian system. For integrable systems, each phase space
trajectory remains on an invariant torus and this enables the con-
struction of modes from a positively interfering superposition of
these travelling waves on the torus. This is no longer the case for
chaotic systems, where the ray dynamics provides no invariant
structures on which to build modes.

Thus for integrable systems, the modes and the frequencies
can in principle be explicitly determined from the acoustic rays
through well-known formulas called Einstein-Brillouin-Keller
(EBK) quantization after the name of its main contributors. We
recall the results obtained by Gough (1993) when applying the
EBK method to spherical stars (Sect. 4.1). While this procedure
is not applicable to chaotic systems, other concepts and meth-
ods have been developed and tested in quantum physics to in-
terpret the non-integrable dynamics. These concepts have also
been applied to other wave phenomena, such as those observed
in e.g. microwave resonators (Stöckmann & Stein 1990), las-
ing cavities (Nöckel & Stone 1997), quartz blocks (Ellegaard
et al. 1996), and underwater waves (Brown et al. 2003). Their
potential interest for helioseismology has been suggested, al-
though not demonstrated, by Perdang (1988) and Kosovichev
& Perdang (1988). Here, we apply them to the non-integrable
ray dynamics of rapidly rotating stars. More specifically, we
have seen in Sect. 3 that the ray dynamics of such stars cor-
responds to a mixed system where parts of phase space dis-
play integrable behaviour and other parts chaotic dynamics. In
this case, the organisation/classification of modes in the semi-
classical regime is expected to closely follow the structure of
phase space. Near-integrable regions of phase space like the is-
land chains are amenable to EBK quantization, leading to a reg-
ular frequency spectrum, while the modes originating in chaotic
regions have an irregular frequency spectrum with generic sta-
tistical properties. Another important information provided by
ray dynamics is the averaged number of modes that can be con-
structed from a given phase space region. This number is pro-
portional to the volume of the region considered.

In the following, we explain these concepts and methods
in the context of stellar acoustics (Sects. 4.1–4.3). Then, their
relevance in describing the asymptotic properties of the acous-
tic modes is tested by comparing their predictions to the actual
properties of high-frequency acoustic modes (Sects. 4.4–4.7).
These modes are axisymmetric modes in the frequency range
[9ω1, 12ω1], ω1 being the lowest acoustic mode frequency of
the stellar model considered. They were computed for a Ω =
0.59ΩK uniformly rotating µ = 3 polytropic model of star and
under the same assumptions as for ray dynamics (adiabatic per-
turbations, no Coriolis acceleration, Cowling approximation).

4.1. The integrable case Ω = 0

To build modes from the ray dynamics, the wave-like solution

Ψ̂ = A(x) exp[iΦ(x)] is regarded as a function of the phase space
variables x, k = ∇Φ that is subsequently projected onto the posi-
tion space. The condition that exp[iΦ(x)] be single-valued on the
position space requires that, for any phase space trajectory that
closes on itself in the position space, the variation in Φ along
this closed contour is a multiple of 2π. As trajectories of an
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integrable system stay on invariant tori, this condition leads to
the EBK formula
∫

C j

k · dx = 2π

(

n j +
β j

4

)

(22)

where C j is any closed contour on a given torus and n j and β j

are non-negative integers. The integer βi called the Maslov index
is introduced to account for a π/2 phase lag that must be added
each time the contour crosses a caustic. Indeed, the caustic cor-
responds to the boundary of the torus projection onto position
space; the amplitude A taken in the position space is discontinu-
ous there, leading to the π/2 phase loss (see Keller & Rubinow
1960, for details).

While this expression is valid for any closed contour on the
torus, it can be shown that it gives the same condition for all
contours that can be continuously deformed to the same one.
Thus in fact the EBK quantization yields N independent condi-
tions, as only N topologically independent closed paths exist on
an N-dimensional torus. As these closed paths do not need to
be actual trajectories of the dynamical system, the usual way to
construct EBK solutions is to choose contours for which the for-
mulas are simple to compute. The quantization conditions thus
select a particular torus on which a mode can be built, irrespec-
tive of whether the torus is resonant or non-resonant. For spher-
ical stars, three independent contours on a torus specified by L,
Lz and ω can be obtained by varying one of the spherical coor-
dinates and fixing the other two. Using similar contours, Gough
(1993) obtained the three conditions:

∫ re

ri

(

ω2 − ω2
c

c2
s

− L2

r2

)1/2

dr =

(

n − 1

2

)

π, L = ℓ + 1
2
, Lz = m (23)

where n, ℓ, m are non negative integer, and ri and re are the in-
ternal and external caustic respectively. Note that L = ωL̃ and
Lz = ωL̃z. The associated eigenmodes have also been explic-
itly constructed from the trajectories on the selected torus. As
shown by Gough (1993), the result of this EBK quantization
is practically identical to the usual asymptotic theory of acous-
tic modes in spherical stars, which uses the separability of the
three-dimensional eigenvalue problem and a WKB approxima-
tion of the resulting 1-D boundary value problem in the radial
direction (in the usual analysis, L =

√
ℓ(ℓ + 1), differs from the

EBK result, especially at low ℓ values). This shows that the in-
tegers n, ℓ,m derived from the EBK quantization conditions do
correspond to the order, degree, and the azimuthal number of the
acoustic modes in spherical stars.

The tori on which the eigenmodes are constructed can be vi-
sualized on the PSS. For example, the (ℓ, n,m) = (8, 10, 0) mode
is associated with the torus L̃ = ±(ℓ + 1/2)/ωn,ℓ,m, L̃z = 0 and

its imprint on the PSS are the straight lines k̃θ = ±L̃. The inter-
section of various mode-carrying tori with the L̃z = 0 PSS are
shown in Fig. 3. High radial order modes approach the central
k̃θ = 0 line, while high-degree modes occupy the high k̃θ region.

4.2. Chaotic systems

It has been widely recognised in the past few decades that most
dynamical systems are not integrable and therefore display var-
ious degrees of chaos. The quantum chaos field has studied
quantum systems whose short-wavelength classical limit dis-
plays such chaotic behaviour. As recognised early by Einstein
(1917), the EBK quantization explained in the above paragraph
cannot be applied to these systems. Indeed, no N-dimensional

invariant structure exists on which to apply conditions of con-
structive interference like the EBK condition. Rather, the semi-
classical limit of these chaotic systems yields a Fourier-like for-
mula that connects the set of all classical periodic orbits to the
whole spectrum. This formula, called the Gutzwiller trace for-
mula (Gutzwiller 1990) is much more delicate to use than EBK
formulas, since it represents a divergent sum from which infor-
mation can only be extracted through refined mathematical and
numerical methods.

On the other hand, the very complexity of chaotic systems
leads to statistical universalities. Indeed, in a similar way as
statistical physics emerges from the random behaviour of in-
dividual particles, in chaotic systems the randomness induced
by chaos leads to robust statistical properties of eigenmodes. In
contrary to modes of integrable systems, which are localized on
individual tori selected by the EBK conditions, in chaotic sys-
tems modes are generally not associated to a specific structure
in phase space and are ergodic on the energy surface. It has
been found that one can model such systems by replacing the
Hamiltonian by a matrix whose entries are random variables
with Gaussian distributions. Such ensembles of random matri-
ces, which contain no free parameter but take the symmetries
of the system into account, can give precise predictions, which
have been found to accurately describe many statistical proper-
ties of the modes of systems with a chaotic classical limit. This
has been conjectured and checked numerically for many systems
(Bohigas et al. 1984; Giannoni et al. 1991).

The comparison with the predictions of the Random Matrix
Theory (hereafter the RMT) is often done through the statisti-
cal analysis of the frequency spectrum. In general the density of
modes as a function of the frequency

d(ω) =
∑

n

δ(ω − ωn) (24)

where δ is the delta function, can be written as the sum of two
functions

d(ω) = dav(ω) + dfluct(ω). (25)

The quantity dav(ω) (hereafter called the Weyl term) is a smooth
function that describes the average density of modes at a given
frequency. It has been known from the beginning of the twentieth
century that this term can be calculated from general geometric
features of the system such as phase space volume and therefore
is independent of the chaotic or integrable nature of the dynam-
ics (dav(ω) is estimated for stellar acoustic modes in Sect. 4.7). In
contrast, the function dfluct that describes the fluctuations around
the mean position of eigenfrequencies strongly depends on the
nature of the dynamics. (Most textbooks on this subject use the
quantum physics terminology, that is “energy level” instead of
frequency and “density of states” instead of density of modes.)

The spectra of integrable systems are predicted to be un-
correlated, and in general this leads to fluctuations given by
the Poisson distribution (Berry & Tabor 1977). In contrast, for
chaotic systems these fluctuations should be given by the RMT.
The RMT has therefore been developed to analytically compute
the predictions for specific quantities, which in turn could be
compared to numerical data for real systems. A popular quan-
tity to describe fluctuations in spectra is the spacing distribu-
tion P(δ), which is the distribution of spacings in frequency
between consecutive eigenfrequencies, once the frequency dif-
ferences have been rescaled by the Weyl term such that the av-
erage spacing is one. The function P(δ) measures the correla-
tions at short distances in frequency in the spectrum. It does not
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give information about all statistical properties, but it is never-
theless very useful since the predictions are strikingly different
for the Poisson distribution and for the RMT. While the Poisson
distribution corresponds to P(δ) = exp(−δ), the prediction of
the RMT is the Wigner distribution P(δ) = πδ/2 exp(−πδ2/4),
which displays frequency repulsion (level repulsion in the quan-
tum terminology) at short distances (small δ) and falls off faster
than Poisson at large δ.

4.3. Mixed systems

We have seen in Sect. 3 that the acoustic ray dynamics in rotat-
ing stars has a mixed character as chaotic regions coexist with
stables structures like island chains or invariant tori. Such mixed
systems are actually the most common in nature, completely in-
tegrable and chaotic systems being limiting cases.

In the context of quantum chaos, seminal studies of these
systems by Percival (1973) and Berry & Robnik (1984) led to
conjecture that a good description of their spectrum at high en-
ergy is obtained by quantizing the structured and chaotic parts
independently. While a zoom on island regions would reveal a
complex structure involving chaotic trajectories and chains of
smaller islands, these small scale details can be neglected for the
island quantization if the mode wavelength remains larger than
these scales. Instead, the presence of a large number of invariant
structures constrains enough the dynamics to make the system
similar to a purely integrable structure to which EBK quantiza-
tion applies. These region are then called near-integrable.

Subsets of modes can be associated to the different near-
integrable island chains, while other subsets correspond to the
chaotic zones. In each subset, the modes behave as if they were
constructed from an isolated system; thus, in mixed systems the
frequency spectrum can be described as a superposition of in-
dependent frequency subsets associated with the different phase
space regions. Subsequent works have shown this picture to be
a good approximation of actual spectra, although in some cases
certain correlations are present between the frequency subsets
due to the presence of partial barriers in phase space or to the ex-
istence of modes localized at the border between zones (Bohigas
et al. 1993).

Because the acoustic ray dynamics of rapidly rotating stars
is of this mixed type, one can expect such an organisation of the
spectrum to be valid, even though the modes have quite long
wavelength compared to previous studies in quantum chaos.
To test this hypothesis, it is convenient to compute a phase-
space representation of the modes. Indeed, the chaotic or near-
integrable zones are well-defined in phase space, while their pro-
jections in position space, where modes are usually pictured, are
generally much more difficult to separate.

4.4. Associating modes to rays

Constructing phase space representations for modes has been en-
visioned since the beginning of quantum mechanics, since it en-
ables testing the quantum-classical correspondence accurately.
In contrast to states of a classical system, which are defined
by a point in phase space, modes have always a finite exten-
sion in phase space since they have a finite wavelength and
their localization in wavenumber space is, according to Fourier
analysis, inversely proportional to their localization in phys-
ical space. Any mode occupies a finite volume of the order
of (2π)N in the physical/wavenumber phase space (a (2π/ω)N

volume in the physical/scaled-wavenumber (x, k̃) phase space

or a (2π�)N volume in the position/momentum phase space of
quantum physics). Wigner (1932) was the first to construct a
phase space function representing a mode, but this so-called
Wigner function has the disadvantage of being positive or neg-
ative, and so cannot be interpreted as a probability distribution
of the mode. To circumvent this problem, one way is to smooth
the Wigner function by a Gaussian convolution. The resulting
function, called the Husimi distribution function (Chang & Shi
1986), is always real and nonnegative and can be equally under-
stood as the projection of the mode onto a Gaussian wave packet

centred on x and k̃:

H(x, k̃) =
∣

∣

∣

∣

∣

∫

Ψ(x
′) exp

(

−‖x′ − x‖2/
(

2∆2
x

))

exp(iωk̃ · x′)dx
′
∣

∣

∣

∣

∣

2

(26)

where Ψ(x
′) is the mode and exp(−‖x′ − x‖2/(2∆2

x)) exp(iωk̃)
the Gaussian wavepacket. In this expression, the width of
the wavepacket ∆x determines the resolution of the Husimi
function in the spatial direction, the resolution in the scaled-
wavenumber ∆k̃ being such that ∆x∆k̃ ≈ 1/ω. These quantities
determine the minimal extent of the mode representation in both
directions.

The computed modes are 3D modes and they shall be com-
pared with the reduced ray dynamics computed on a 2D merid-
ional plane. As shown in the spherical case by Gough (1993), the
amplitude of a 3D axisymmetric mode constructed from acous-
tic rays obtained on neighbouring meridional planes decreases
as (r sin θ)(−1/2) because the distance between the planes and thus
the density of rays increases away from the rotation axis. Thus,
the computed 3D modes were scaled by (r sin θ)(1/2) to better
represent the mode amplitude on a meridional plane. Moreover,
to obtain a phase-space representation limited to the PSS, we ac-
tually computed the Husimi’s distribution function of the 1D cut
of the mode taken along the PSS:

H(s, k̃) =

∣

∣

∣

∣

∣

∫

Ψ′(s′) exp
(

−(s′ − s)2/
(

2∆2
s

))

exp(iωk̃s′)ds′
∣

∣

∣

∣

∣

2

(27)

where Ψ′ is the scaled version of the mode Ψ̂ = P̂/α solution of
Eqs. (6)–(8), s is a curvilinear coordinate along the curve r = rp,

and k̃ = k̃ · ep is the scaled wavenumber in the direction tangent
to this curve, ep being a unit vector tangent to the curve. Then,H
is expressed in terms of the PSS coordinates using the following
relations between [θ, k̃θ] and [s, k̃]:

s =

∫ θ

θ0

⎛

⎜

⎜

⎜

⎜

⎜

⎝

r2
p +

(

drp

dθ

)2
⎞

⎟

⎟

⎟

⎟

⎟

⎠

1/2

dθ′ k̃ = k̃θE
θ · ep. (28)

The vector E
θ is defined in Sect. B.2. Integral (27) is performed

in the interval [θ − π, θ + π], the mode being prolonged by sym-
metry outside the [0, π] interval.

The Husimi function has been computed for the axi-
symmetric modes of the Ω = 0.59ΩK star, and its contour plot
is compared with the PSS of the ray dynamics computed for the
same star model. Figure 6 illustrates this process by showing the
position space, as well as the phase space representation of four
typical modes. As can be observed, the modes can be clearly
associated with one of the main structures of the phase space,
namely, the 2-period island chain, the large central chaotic re-
gion, the 6-period island chain or the whispering gallery region.
On the PSS, we note, however, that the Husimi function is sym-
metric with respect to k̃θ while the dynamics is not. This differ-
ence stems from the PSS being only constructed with k̃r > 0 in-
tersecting trajectories, while the Husimi function computed from
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Fig. 6. (Colour online) Four axisymmetric modes and their phase space
representation: a) a 2-period island mode (blue/dark grey), b) a chaotic
mode (red/grey), c) a 6-period island mode (magenta/light grey), and
d) a whispering gallery mode (green/light grey). The amplitude dis-
tribution of the scaled mode Ψ′ is represented by its nodal lines
(black) and its positive (full coloured/grey lines) and negative (dashed
coloured/grey lines) level curves. The Husimi distributions of the four
modes computed for the same ∆s = 0.12Re are represented by their level
curves.

the mode cut on the r = rp contains no information about the sign

of k̃r. Nevertheless, in the high-frequency interval [9ω1, 12ω1]
that we studied in detail, any ambiguity on the phase space lo-
cation can always be resolved using the additional information
on the mode distribution in the position space. In this frequency
interval, we thus classified the modes according to their local-
ization in phase space distinguishing the 2-period island modes,
the chaotic modes, the 6-period island modes and the whisper-
ing gallery modes associated with the corresponding phase space
regions. As a result, the full frequency spectrum can be decom-
posed into subspectra associated with phase space structures.
Figure 7 displays the four subspectra.

In the following, we analyse these subspectra and test
whether the Percival and Berry-Robnik conjecture described in
Sect. 4.3 applies to acoustic modes in rapidly rotating stars. We
first study the regular character of the subspectra issued from
near-integrable phase space regions (Sect. 4.5) and then consider
the spectrum of chaotic modes (Sect. 4.6).

4.5. The regular spectra

A spectrum is said to be regular if it can be described by a func-
tion of N integers, N being the degree of freedom of the system.
In accordance with previous studies by Lignières et al. (2006),
Lignières & Georgeot (2008), and Reese et al. (2008), the

Fig. 7. Frequency subspectra of four classes of axisymmetric modes:
a) the 2-period island modes, b) the chaotic modes antisymmetric with
respect to the equator, c) the 6-period island modes, and d) some whis-
pering gallery modes. For the subspectra a) and d), the height of the
vertical bar specifies one of the two quantum numbers characterising
the mode.

spectrum of the 2-period island modes is well-fitted by the em-
pirical formula

ωnℓ = nδn + ℓδℓ + α, (29)

confirming the regular nature of this spectrum that is also clearly
apparent in Fig. 7a.

The 6-period island mode spectrum shown in Fig. 7c is also
regular, since it is closely fitted by the even simpler formula

ωn′ = n′δ′n + α
′. (30)

Indeed, the root mean square error between this empirical fit and
the actual spectrum is equal to 1.9 percent of δ′n, where δ′n has
been determined as the mean of the spacing between consecu-
tive frequencies and α′ is fixed such that the model is exact at a
reference frequency.

While a simple linear law, such as Eqs. (29) or (30), does not
apply to the whispering gallery modes, there is strong evidence
that this subspectrum is also regular. Thanks to the regularity of
the nodal lines pattern (as apparent in Fig. 6d), two integers cor-
responding to the number of nodes along the polar axis and to
the number of nodes following the internal caustic can be eas-
ily attributed to each mode. When plotted against the number of
caustic nodes (as in Fig. 7d), the spectrum clearly shows a regu-
lar behaviour. That the function of these two integers describing
the spectrum is not as simple as Eqs. (29) or (30) is expected
from what we know about the regular spectrum of high-degree
modes in spherical stars (see for example Christensen-Dalsgaard
1980).

The regularity of the three subspectra issued from near-
integrable phase space regions is fully in accordance with the
Percival’s conjecture. An important consequence is that the the-
oretical model of these spectra can in principle be obtained from
the EBK quantization of the invariant structures of the corre-
sponding near-integrable regions. As a result we should be able
to relate the potentially observable quantities δn, δℓ, or δ′n to
the star properties. In practice, the standard method is first to
construct the normal forms around the central periodic orbit in
order to describe the dynamics in the island, and then use the
EBK quantization scheme to find the asymptotic formula for the
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modes (Bohigas et al. 1993; Lazutkin 1993). While such a pro-
gramme is outside the scope of the present paper, we mention
below the result obtained in Lignières & Georgeot (2008) for
the 2-period island modes using an equivalent procedure, which
may be more physically transparent, and extend it to the 6-period
island modes.

As already noted, the propagation of acoustic waves in our
system is similar to the propagation of light in an inhomoge-
neous medium, where the role of the medium index is played
by 1/cs. The construction of standing-wave solutions between
two bounding surfaces has been investigated intensively in the
context of the study of laser modes in cavities (Kogelnik & Li
1966) and consists in applying the paraxial approximation in the
vicinity of the optical axis. While generally applied to homoge-
neous media, this approximation can be extended to the inhomo-
geneous case as in Permitin & Smirnov (1996); Bornatici & Maj
(2003). Applying this formalism to the acoustic modes associ-
ated with periodic orbits, Lignières & Georgeot (2008) found a
model spectrum equivalent to Eq. (29) with

δn =
π

∫ b

a
dσ/cs

and δℓ = 2

∫ b

a
csdσ/w

2

∫ b

a
dσ/cs

(31)

where σ is the curvilinear coordinate along the periodic orbit
and the integral is computed between the end points of the or-
bit (these points are shown in Fig. 2 for the 2-period and the
6-period periodic orbits being denoted (a, b) and (a′, b′), respec-
tively). The quantity w(σ) in the expression of δℓ describes the
spreading of the wave beam in the direction transverse to the
periodic orbit and verifies a differential equation that depends
on the sound speed and its transverse derivative taken along the
periodic orbit. Moreover, the integers n and ℓ correspond respec-
tively to the number of nodes in the directions parallel and trans-
verse to the orbit (see Lignières & Georgeot 2008, for details).
When applied to the 2-period periodic orbit, this theoretical ex-
pression of δn yields a value 0.5635ω0 that differs from its em-
pirical value by only 2.2 percent.

The 6-period island mode spectrum can be modelled in the
same way. In the frequency interval considered, these modes
have a similar structure in the direction transverse to the central
orbit and should therefore be associated with the same ℓ value.
The model spectrum has thus the same form as Eq. (30) where

δ′n =
π

∫ b′

a′
dσ/cs

· (32)

As for the 2-period modes, we find that this theoretical value
of δ′n differs by only a few percent from the empirical determi-
nation of δ′n = 0.186ω0.

These two examples show that ray dynamics can provide
a quite accurate model of the near-integrable spectra in the
relatively low-frequency regime considered here. Moreover,
model (29) of the 2-period island mode spectrum remains rea-
sonably accurate at lower frequencies (Lignières et al. 2006) and
can be extended to non-axisymmetric modes (Reese et al. 2008).

4.6. The chaotic modes

A large subset of the frequencies correspond to modes local-
ized in the chaotic zone of phase space (the chaotic modes). As
we have seen in Sect. 4.2, one should not expect regular pat-
terns for this part of the spectrum. Rather, the chaotic charac-
ter of the phase space should be reflected in specific statistical
properties of the subspectrum, which should follow predictions

Fig. 8. Integrated spacing distribution N(∆) of the chaotic modes
(full line). The dashed line shows N(∆) for the Gaussian Orthogonal
Ensemble of the RMT, while the dotted line shows the integrated
Poisson distribution typical of integrable systems.

from Random Matrix Theory. To test this predictions, we have
studied the distribution of the consecutive frequency spacings
δi = ωi+1 − ωi of the chaotic modes. Figure 8 shows the inte-

grated distribution N(∆) =
∫ ∆

0
P(δ)dδ (with spacings normalized

by the mean level spacing within the chaotic subset, as should be
done). The distribution is constructed from the two independent
distributions obtained for the equatorially symmetric and anti-
symmetric modes, corresponding to around 187 modes in total.
Although the difficulty of solving Eqs. (6)–(8) prevents us from
reaching such large frequency samples as can be obtained for
other systems (Bohigas et al. 1984), the numerically computed
N(∆) agrees well with the RMT predictions, and is clearly differ-
ent from the Poisson distribution typical of integrable systems.
This result indicates that these modes, selected by the compar-
ison between their localization in phase space and the ray dy-
namics, indeed have the frequency statistics expected for chaotic
modes. We therefore think that this validates the ray model, and
gives strong evidence that wave chaos actually occurs in rapidly
rotating stars.

The modes we identify as chaotic are located in the chaotic
zone but cover only part of it, as for the example of Fig. 6. We
think this is partly due to the relatively low frequency consid-
ered, which prevents the ergodicity of the modes from being
clearly visible. In addition, it is known that certain low-energy
eigenfunctions of chaotic systems called scars are concentrated
along short periodic orbits of the system (Heller 1984). In this
case, rather than being ergodic, some individual modes are ef-
fectively localized in the vicinity of such orbits. This effect can
create some subsequences of low-energy modes with regular fre-
quency patterns, even if the distribution of frequency spacings
follows the predictions of the RMT. Precise investigation of this
phenomenon in the context of stellar acoustic modes may be
important.

4.7. Predicting the number of modes in each subspectrum:
the Weyl formula

In this section, we show that ray dynamics enables an estimate of
the number of chaotic and island modes present within a given
frequency interval. This information is complementary to the
regular/irregular properties of the associated subspectra shown
in the previous section and it is crucial to building an asymptotic
model of the frequency spectrum.

We have seen in Sect. 4.2 that the density of modes as a func-
tion of the frequency d(ω) can be written as the sum of a smooth
part dav(ω) and an oscillatory part dfluct(ω) (see Eq. (25)). At the
beginning of the twentieth century, Weyl analytically derived an
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asymptotic expansion of dav(ω) (Weyl 1912). The leading term
of the Weyl formula can be obtained from general principles. We
have seen (Sect. 4.4) that in average a mode occupies a (2π)N

volume in the physical/wavenumber phase space. The averaged
number of modes in a given phase space volume can thus be es-
timated as the volume of phase space available divided by (2π)N ,
the volume occupied by one mode. In the following, we first ver-
ify that the leading term of the Weyl formula yields a reasonable
estimate of the number of modes in the case of spherically sym-
metric stars. Then, we calculate the phase space volume of the
chaotic and island regions and confront the result with those ob-
tained from the numerical computation of modes atΩ = 0.59ΩK.

The Hamiltonian formulation H′ = ω =
√

c2
s k

2 + ω2
c is best

suited to this calculation. The averaged number of modes below
a given frequency ω reads as

N̄(ω) =
1

(2π)N
V(ω) (33)

where V(ω) is the phase space volume corresponding to ener-
gies lower than ω defined as

V(ω) =

∫

A(ω)

dk
Ndx

N (34)

whereA(ω) is the phase space region defined as H′(x, k) ≤ ω.
For spherical stars, the dynamics can be reduced to the

one-degree-of-freedom dynamics characterised by the reduced

Hamiltonian Hsph =
√

cs(r)2(k2
r + L2/r2) + ω2

c . Applying the
above formula to Hsph, the double integral V(ω) can be inte-
grated over kr to give

N̄sph(ω) =
1

π

∫ re

ri

√

ω2 − ω2
c

c2
s

− L2

r2
dr, (35)

which is thus the estimated number of modes of given L and Lz

with a frequency lower than ω. This estimation can be com-
pared to the results of the usual asymptotic theory (see Eq. (23)).
Accordingly, N̄sph(ω) = n − 1/2, where n is the radial order as-
sociated to the frequency ω but is also the number of modes
below the frequencyω for fixed values of L and Lz. We therefore
conclude that, in the 1D-spherical case, the first term of Weyl’s
formula yields a reasonable approximation of the averaged mode
density.

In rotating stars, to estimate N̄(ω) the number of modes
below ω for a given Lz, we use the two-degree-of-freedom

Hamiltonian H′r = ω =
√

c2
s (k

2
p + L2

z /(r sin θ)2) + ω2
c , and in-

tegrate the 4-dimensional volume integral in the wavenumber
directions to obtain

N̄(ω) =
1

4π

∫∫

Sm

ω2 − ω2
c

c2
s

−
L2

z

(r sin θ)2
dSm (36)

where Sm is the portion of the meridional plane surface where
the integrand is positive. While providing the total number of
modes, this expression does not give the fraction of chaotic, is-
land, or whispering gallery modes that are important quantities
for modelling the spectrum. These quantities can nevertheless be
obtained by computing the corresponding phase space volumes
and by applying Eq. (33). This has been done for Ω/ΩK = 0.59,
since at this rotation rate we can compare the results of Weyl’s
formula to the numbers of chaotic and island modes obtained
from the direct mode computation and the classification through
the Husimi distribution.

The 4-dimensional phase space volumes were evaluated us-
ing a Monte-Carlo quadrature method: points are randomly cho-
sen in a known volume VM that includes the volume V to be
computed. The proportion of points inside V approximates the
ratio V/VM, thus providing an approximate value of V . To de-
cide whether a given point is inside or outside V , we used space-
filling trajectories on the torus delimiting the volume V . Two
phase space volumes were computed at Ω/ΩK = 0.59. The first
one includes the large chaotic region, as well as the island chains
around the 2-period and 6-period orbits. The second volume cor-
responds to the 2-period island chain. The details of the calcula-
tion and an estimation of the error on the volume determination
are given in Sect. C.

As a result, the leading term of the Weyl formula yields
34 ± 2 modes in the 2-period island chain and 270 ± 8 modes
outside the whispering gallery region in the frequency interval
[9.42ω1, 11.85ω1]. This value has to be compared with the 50 is-
land modes and the 276 modes outside the whispering gallery
region obtained using the Husimi phase space representation of
the modes computed in the same frequency interval.

The difference between the estimation given by (33) and the
actual number of modes in each subset of the frequency spec-
trum most likely corresponds to the next order in the asymptotic
expansion of the density of modes. Indeed, Eq. (33) is only the
first term in an asymptotic expansion, the next term usually being
proportional to the length of the boundary between phase space
zones. At relatively low frequency, this term can be significant.
Another source of imprecision can stem from how, at such rel-
atively low frequency, some partial barriers in phase space can
trap island-like modes in the vicinity of the island, enlarging the
effective size of the regular zone. Indeed, for some of the modes
classified as island modes, the Husimi distribution is not entirely
inside the island, the outer part remaining close to the island.
Nevertheless, our study shows that Eq. (33) gives a reliable es-
timate of the relative sizes of the frequency subsets that can be
obtained without any knowledge of the spectrum itself.

5. Discussion and applications to asteroseismology

In this section we discuss the validity of the assumptions of our
asymptotic analysis and the implications of our results for the
asteroseismology of rapidly rotating stars.

5.1. Assumptions of the asymptotic analysis

The WKB assumption underlying the asymptotic analysis is not
justified for the lowest frequency acoustic modes. While deter-
mining the limit of validity of the different results presented here
is outside the scope of the paper, we know that the regularities
of the 2-period island mode subspectrum are relevant down to
about the 5th radial order acoustic pulsations (see Lignières et al.
2006; and Reese et al. 2008, for details).

Another important precaution when applying the present
analysis stems from the interpretation of the ray dynamics de-
pending on the frequency range considered. Indeed, if extremely
high-frequency modes were to exist, their properties would
closely follow the phase space structure up to its smallest de-
tails. This means, for example, that such modes could be asso-
ciated with the very small chaotic regions that exist inside the
island chains or in between the surviving KAM tori of the whis-
pering gallery regions. On the other hand, finite-wavelength ef-
fects have to be taken into account when interpreting the ray
dynamics at finite frequencies. For example, the regularities of
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the island mode spectra in the [9ω1, 12ω1] interval show that the
small chaotic zones within the island chain can be overlooked
in this frequency range. The same reasoning holds if one wants
to interpret the ray dynamics at small rotation rates (see Fig. 3).
The tiny chaotic regions predicted by the KAM theorem could
be interpreted as a proof for the existence of a chaotic mode
frequency subset at vanishingly small rotation. However, these
modes should have such a short wavelength to “fit in” the chaotic
region that they may simply not exist (because they are strongly
dissipated by diffusive effects or their frequency is so high that
they are not reflected at the surface).

Ray dynamics cannot directly account directly for the cou-
pling effects between two modes associated with two dynami-
cally isolated regions of phase space (as occurs for example in
the well known tunneling effect). Indeed, while trajectories can-
not cross the dynamical barrier between the chaotic and the is-
land chain regions, an island mode can be present on either side
of the barrier if its frequency is very close to the one of a chaotic
mode (and vice versa). As usual for mode avoided crossings, the
mode distribution can thus be significantly perturbed by the cou-
pling, but the frequency is only slightly affected especially in the
high-frequency regime. Quantifying the effects of such avoided
crossings would require a specific study.

The WKB assumption that the wavelength is much shorter
than the typical background lengthscale breaks down for low-
frequency acoustic mode but also when the typical lengthscale
of the stellar model becomes very small. This can occur in real
stars, especially at the upper limit of the core convective zone
where strong composition gradients build in during evolution.
The effect of such a discontinuity has been studied for spheri-
cal stars (Vorontsov 1988; Gough 1990; Ballot et al. 2004) and
has been found to add an oscillatory component to Tassoul’s
asymptotic formula, but not to remove the asymptotic structure
altogether. To treat the discontinuities properly in non-spherical
stars, the ray dynamics approach has to be extended by taking
into account the splitting of rays at the discontinuity, correspond-
ing to the reflected and transmitted waves. Once this is incorpo-
rated in the formalism, quantum chaos techniques can be applied
as done for billiards in Bluemel et al. (1996a,b), and the Weyl
formula can also be computed (Prange et al. 1996).

Apart from the treatment of eventual sound-speed discon-
tinuities, the asymptotic analysis presented in this paper for
uniformly rotating polytropic stellar models can be readily ap-
plied to realistic stellar models. The details of the dynamics will
change because they depend on the sound speed distribution of
the model considered. However, we do not expect that the mixed
character of the dynamics and thus the irregular/regular nature of
the spectrum will change. This has to be confirmed by specific
ray dynamics studies. In particular, the effects of the advection
by a differentially rotating flow should be investigated.

Lifting the two assumptions concerning the adiabaticity of
the perturbations and the Coriolis force omission should not sig-
nificantly modify the results of the asymptotic analysis. Non-
adiabatic calculations are known to have a small effect on the
frequency values, while the legitimate omission of the Coriolis
force for high-frequency motions is already relevant for quite
low frequency as shown in Reese et al. (2006).

5.2. Implications for mode identification

The asymptotic analysis provides qualitative and quantitative in-
formation that can be used to identify high-frequency acoustic
modes in an observed spectrum. First the basic structure of the
spectrum can be readily deduced from the ray dynamics phase

space structure visualized by the PSS. Indeed, we have seen
that the Ω = 0.59ΩK PSS correctly predicts that the spectrum
of axi-symmetric modes is a superposition of four frequency
subsets, three regular and one irregular. If we now look at the
Ω = 0.81ΩK PSS, we see that the spectrum structure should
be similar except that the regular subspectrum associated with
the 6-period island chain is no longer present since this island
chain has disappeared at this rotation rate. In the same way, at
Ω = 0.15ΩK , we expect a simple superposition of a whisper-
ing gallery subspectrum and a 2-period island mode subspec-
trum since the chaotic regions are not developed enough at this
rotation rate. Such information, while only qualitative, is crucial
for guiding the identification process. Moreover this information
is obtained at relatively low computing cost since the PSS calcu-
lation is much less demanding than the numerical computation
of modes and frequencies.

Then, the EBK quantization of the near-integrable regions
provides the values of the uniform frequency spacings (as given
by Eq. (29)) that should be present in the observed spectrum.
When analysing an observed spectrum, the star model is not
known, so that only estimates of these uniform spacings can be
obtained. However, these estimates enable to focus the search
for regularities on a narrower range of values.

Finally as we also know the frequency statistics of chaotic
modes and the number of modes in each subspectrum (through
Weyl’s formula), the asymptotic analysis enables construction
of asymptotic spectra. The chaotic mode frequencies can be ob-
tained as a realization of the Wigner distribution, although in this
case, their frequencies could not be individually identified with
observed ones. Nevertheless, such a synthetic spectrum should
be very useful when testing identification methods, especially
the search for the regularities hidden in the complete spectrum
(see below).

Among the additional information that can help constraint
the mode identification are the mode visibility and the mode ex-
citation. The excitation mechanism has been studied so far in
the spherically symmetric case and needs to be reconsidered for
rapidly rotating stars. The mode visibility also deserves specific
study, notably the calculation of the intensity variations induced
by the oscillation in a gravity darkened atmosphere. However,
the visibility strongly depends on the cancellation effects on the
disk-integrated light. Here, we can estimate this effect by inte-
grating the surface Lagrangian temperature perturbation of the
axisymmetric modes computed for the Ω = 0.59ΩK rotating
polytropic star. The disk-averaging factor is defined as

D(i) =
1

πR2
eδT0

∫∫

S v

δT (θ, φ)dS · ei (37)

where i is the inclination angle between the line-of-sight and the
rotation axis, ei is a unit vector in the observer’s direction, δT is
the spatial part of the Lagrangian temperature perturbation at the
stellar surface and S v the visible part of the stellar surface. The
mode amplitude is normalized by δT0 the root mean square of
the perturbation over the whole stellar surface

δT0 =

⎛

⎜

⎜

⎜

⎜

⎜

⎝

∫∫

S
δT 2(θ, φ)dS

S

⎞

⎟

⎟

⎟

⎟

⎟

⎠

1/2

, (38)

and the projected visible surface is normalized by πR2
e , the vis-

ible disk surface for a star seen pole-on. With these normal-
izations the disk-averaging factor of an hypothetical mode uni-
formly distributed on the surface and seen pole-on is unity.
The method of the calculation is explained in Appendix D and
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Fig. 9. (Colour online) Frequency spectra of axisymmetric modes where
the amplitude is given by the normalized disk-averaging factor D(i) for
a star seen pole-on i = 0 and equator-on i = π/2. Only frequencies such
that D(i) ≥ 2.5% are displayed, and antisymmetric modes fully cancel
out equator-on. The 2-period island modes (blue/dashed lines) and the
chaotic modes (red/continuous lines) are the most visible, while only
a few 6-period island modes (magenta/dotted lines) and no whispering
gallery mode exceed the 2.5% level.

corrects the calculation described in Appendix C of Lignières
et al. (2006), which actually only provides an approximate value
of D(i).

Figure 9 shows the spectrum of axisymmetric modes whose
disk-averaging factor exceeds 2.5 percent. It appears that the
disk-averaging effect does not allow to discard as many modes
as for spherical stars. Indeed, in a given frequency interval and
for the same visibility threshold, we find that the number of visi-
ble modes is more than three time higher in the Ω = 0.59ΩK star
than in a spherical star. Among the four classes of modes, the
2-period island modes and the chaotic modes have similar visi-
bilities and are significantly more visible than the 6-period island
modes and whispering gallery modes. In Fig. 9, a few 6-period
island modes are visible while no whispering gallery modes ex-
ceed the chosen threshold.

The relatively high visibility of the chaotic modes with re-
spect to the 2-period island modes was not expected as the typi-
cal horizontal wavelength of the chaotic modes is generally sig-
nificantly shorter than the one of the 2-period island modes (see
Fig. 6). We think that this stems from the irregular nature of
the node pattern of the chaotic modes, which makes the cancel-
lation effect less effective than for regularly spaced nodes (like
the whispering gallery modes). A practical consequence of this
property is that, at such a rotation rate, methods to disentangle
the regular spectrum from the irregular one should be developed.

5.3. Seismic constraints

Constraints on the star can be obtained once the island and
chaotic modes subspectra are separated. Through the quanti-
zation formulas of the regular modes, the asymptotic analysis
provides the relation between regular frequency spacings and
the physical properties of the star. For example, according to
Eq. (31), the seismic observable δn depends on the value of the
sound velocity along the path of the 2-period periodic orbit. The
quantity δℓ depends in addition on the second order transverse
derivative of the sound velocity along the same path and the

radius of curvature of the bounding surfaces. The 2-period pe-
riodic orbit remains along the polar axis up to relatively high
rotation rates (see Fig. 3 at Ω/ΩK = [0.15, 0.32] ). This implies
that all the modes trapped within the corresponding island chain
probe the centre of the star, which is known to be crucial for
stellar evolution theory. It would be worth investigating whether
high-order and low-degree modes of rapidly rotating solar-type
pulsators are in this case. Other informations on the star can be
deduced from the numbers of island modes or chaotic modes.
Indeed the number of mode in each class is related to the vol-
ume of the corresponding phase space regions (see Sect. 4.7)
which in turns depends on the stellar model.

Further constraints on the star are expected from the identi-
fication of the chaotic modes. In contrast to the regular modes
built on invariant torus, the modes built on chaotic region are not
localized in phase space and are expected be ergodic within their
region of propagation. This property turns out to be of particu-
lar interest for asteroseismology. The chaotic modes of the main
chaotic region are indeed distributed all over the position space
and do not avoid the stellar core as do all the non-radial modes
in non-rotating stars. Thus, in rapidly rotating stars, the chaotic
p-modes have the potential of probing the physics of the core.
While the sensitivity of the chaotic modes to this physics needs
to be tested, quantum chaos studies indicate that the spatial dis-
tribution of chaotic modes is highly sensitive to changes in the
models (Schack & Caves 1993; Benenti et al. 2002).

6. Conclusion

We constructed the ray dynamics in uniformly rotating poly-
tropic stars and presented the tools and concepts that enable to
interpret it in terms of modes properties. Accordingly, the acous-
tic frequency spectrum of rapidly rotating polytropic stars is a
superposition of frequency subsets associated with dynamically
independent phase space regions. The spectra associated with
near-integrable regions are regular, while those associated with
chaotic regions are irregular but with specific statistical proper-
ties. Besides this global qualitative understanding of the spec-
trum organisation, the ray dynamics also provides quantitative
information. The EBK quantization of the near-integrable re-
gions enables explicit construction of the modes and the spec-
trum from the ray dynamics. For the chaotic modes, the analysis
of Sect. 4.6 shows that a parameter-free model for their fre-
quency statistics exists. Moreover, we have seen in Sect. 4.7 that
we can estimate the number of modes in each frequency subset
from the ray dynamics. These results have been compared with
the properties of acoustic modes computed in the frequency in-
terval [9ω1, 12ω1] showing that the present asymptotic analysis
does provide a quite accurate qualitative and quantitative under-
standing of the actual spectrum in this frequency range.

The analysis of Sect. 5 argues for the importance of this
asymptotic analysis for the mode identification and for the as-
teroseismology of rapidly rotating stars. Indeed, the asymptotic
results and the estimation of the mode visibilities tells us that the
separation of the frequencies between chaotic and regular modes
is a necessary prerequisite for analysing the spectrum. When this
is done, the observed regular spacings like δn and δℓ can be re-
lated to the internal property of the star thanks to the asymptotic
analysis.

Further work on this theory could help the analysis of the
observed spectra. First, it is important to establish more precise
formulas such as Eq. (31) for the regular modes corresponding
to the different stability islands. The structure of chaotic modes
at low frequency should be studied in more detail, in frequency
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ranges lower than the ones used in the present work. This will
allow the asymptotic analysis to be tested in frequency ranges
where it is not supposed to hold, but which are part of the ob-
served spectra. Encouragingly, the regularity of the 2-period is-
land modes has already been demonstrated in a relatively low
radial order range 5 ≤ n ≤ 10 (Lignières et al. 2006; Reese
et al. 2008), and more generally, in quantum mechanics the semi-
classical analysis has been found to apply in much lower energy
ranges than expected. Such a study would also allow testing for
the presence of scars (see Sect. 4.6), which should be seen only
at low frequencies and can organise part of the chaotic subspec-
trum. These studies will in particular enable productions of the-
oretical synthetic spectra that embody all the semi-classical in-
formation and can be used to test methods of analysis before
dealing with actual spectra.

Outside the scope of the asymptotic analysis per se, the
mode identification would greatly benefit from accurate vis-
ibility computations, modes excitation studies, and obviously
more realistic models of centrifugally distorted rapidly rotating
stars (Roxburgh 2006; MacGregor et al. 2007; Espinosa Lara &
Rieutord 2007).

In conclusion, we believe that the asymptotic analysis we
present is a promising way to interpret the spectrum of rapidly
rotating stars. We have demonstrated that it can describe numer-
ical spectra, and think that with suitable refinements it should
provide an important tool for analysis of observed spectra such
as those obtained by the instruments COROT and KEPLER.
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Appendix A: The WKB approximation of the stellar

oscillation Eqs. (6)–(8)

The equations are first written in a normal form, then the eikonal
equation is obtained using the WKB approximation.

A.1. Normal form

We first eliminate the perturbation velocity u from Eqs. (6)–(8)
governing the evolution of the perturbations. Using Eq. (7), the
time derivative of Eqs. (6) and (8) read:

∂2
ttρ + ∇ · (ρg0) = ∆P, (A.1)

c2
s (∂2

tt + N2
0 )ρ = ∂2

ttP +
c2

s N2
0

g2
0

g0 · ∇P (A.2)

where N0 is the Brunt-Väisälä frequency defined as

N2
0 = g0 ·

(

∇ρ0

ρ0

− 1

Γ

∇P0

P0

)

· (A.3)

Seeking harmonic solutions in time, the variable are written F =
F̂ exp(iωt). Then, using Eq. (A.2), ρ̂ is expressed in terms of P̂
and replaced in Eq. (A.1) to yield
[

−ω4 + ω2c2
s f∇ ·
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s f∆P̂ = 0. (A.4)

We then look for a function α such that the substitution P̂ =
αΨ̂ eliminates the first derivative term. The result is given by
Eq. (10) where

ω2
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0
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4c2
s

+ c2
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f = 1 −
N2

0

ω2
· (A.7)

The α function is given by

∇α =
B

2c2
s

αg0. (A.8)

The expression of ωc can be simplified in the limit ω ≫ N0 to
give
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For polytropes P0 = K̺
1+1/µ

0
, the quantities describing the equi-

librium model can be expressed in terms of the enthalpy h0 as
follows

g0 = ∇h0 c2
s =

Γ

µ+1
h0

N2
0
=

(

µΓ

µ+1
− 1

) g2
0

c2
s

·
(A.10)

Equation (A.9) can then be simplified to give Eq. (12). We note
that while the ω≫ N0 is expected to be valid for acoustic modes
in real stars, that the Brunt-Väisälä frequency becomes infinite at
the surface of a polytropic model implies that this approximation
is not valid close to the surface of such models.

A.2. Eikonal equation

We look for wave-like solutions (9) of the normal form of the
perturbation Eq. (10) under the assumption that 1/Λ the ratio
between the wavelength of the solution and the background typ-
ical lengthscale is very small. Accordingly, the solution is ex-
panded as

Φ = Λ(Φ0 +
1
Λ
Φ1...) A = A0 +

1
Λ

A1... (A.11)

and the eikonal equation corresponds to the leading order of the
expanded solution.

The highest O(Λ2) terms verify

ω2 − ω2
c

c2
s

+
N2

0

ω2
Λ2(∇Φ0)2

⊥ = Λ
2(∇Φ0)2 (A.12)

where the (∇Φ0)⊥ = ∇Φ0 − (∇Φ0 · n0)n0, n0 being the outward
unit vector in the direction opposite to the effective gravity. The
effective eikonal equation then depends on the ordering of ω/ω0

with respect to Λ. If ω/ω0 = O(Λ), then the above equation
simplifies to

ω2 − ω2
c

c2
s

= (∇Φ0)2, (A.13)



F. Lignières and B. Georgeot: Asymptotic analysis of high-frequency acoustic modes in rapidly rotating stars 1189

which corresponds to the dispersion relation of acoustic waves.
The ωc term is retained because its sharp increase near the sur-
face provokes the back reflection of the acoustic wave.

On the other hand, if ω/ω0 = O(1), then we obtain

− ω
2
c

c2
s

+
N2

0

ω2
(∇Φ0)2

⊥ = (∇Φ0)2, (A.14)

which corresponds to gravity waves. This relation has been ob-
tained under the assumption that the Coriolis force is negligible.
While justified for high-frequency acoustic waves, this assump-
tion is not necessarily true for gravity waves where the frequency
is limited by NO.

Finally, the next order of the expansion (A.11) yields the am-
plitude A0 in terms of Φ0 (see for example Lighthill 1978).

Appendix B: Properties of the PSS

Two specific properties of the rp(θ) = rs(θ) − d PSS are con-
sidered below. First, we check in the non-rotating case that the
distance d can be chosen so that all relevant trajectories inter-
sect the rp(θ) = rs(θ) − d curve. Second, we define a coordinate
system of the PSS that ensures that any surface of the PSS is
conserved by the dynamics.

B.1. Choice of the distance to the stellar surface

In the non-rotating case, Eq. (21) enables to characterise the tra-
jectories that do not cross the PSS for a given value of d, the dis-
tance to the stellar surface. The radius of the internal caustic of
these trajectories ri must be such that ri > rp. Using the definition

of ri and assuming that ω ≫ ωc(ri) implies that L̃ > rp/cs(rp).

According to the relation between L̃ and ℓ, the degree of the cor-
responding mode L̃ = (ℓ + 1/2)/ω (see Eq. (23) in Sect. 4.1),
we find that these trajectories are associated with high-degree
modes (ℓ > 136) for the chosen value of d = 0.08Re and for
ω = 8.4ω1, where ω1 is the lowest acoustic mode frequency of
the stellar model under consideration. These modes are thus ir-
relevant for asteroseismology since their amplitude strongly can-
cels out when integrated over the visible disk.

B.2. Area-preserving coordinates of the PSS

For a PSS defined by rp(θ) = rs(θ) − d, we show here that θ,

the colatitude, and k̃θ = kθ/ω, kθ the angular component of k

in the natural basis associated with the coordinate system [ζ =
rs(θ) − r, θ, φ] are area-preserving coordinates of the PSS.

First we show that, for a general coordinate system xi, the
spatial coordinates xi and the covariant component k̃i of the

vector k̃ in the natural basis are conjugate variables of the
Hamiltonian H given by Eq. (17). The natural basis associ-
ated to a coordinate system xi is defined by (E1, E2, E3) where
Ei = ∂x/∂xi. The contravariant component k̃i of the veloc-

ity k̃ = ẋ thus verifies ẋi = k̃i. (The notation ẋi denotes a
derivative with respect to the time-like coordinate t). If L(ẋ, x, t)
is the Lagrangian of a system expressed in a coordinate sys-
tem xi, it is well known that a Legendre transformation leads
to a Hamiltonian H =

∑

ẋi∂L/∂ẋi − L where pi = ∂L/∂ẋi is con-

jugate to xi. The Lagrangian L = k̃
2

2
−W(x) being associated with

the Hamiltonian H given by Eq. (17), the momentum variable pi

can be simply computed

pi =
∂L

∂ẋi

=
1

2

∂ k̃ · k̃
∂k̃i

= k̃ · ∂ k̃

∂k̃i
= k̃ · Ei = k̃i (B.1)

thus showing that [xi, k̃i] are conjugate variables of H.

Moreover, for a given conjugate coordinate system [xi, pi],
the coordinates [x2, x3, p2, p3] of the PSS defined by x1 = const.
are known to be area-preserving (Ott 1993). Thus, in our case,
[ζ, θ, k̃ζ , k̃θ] is a conjugate coordinate system for the reduced

Hamiltonian Hr and the system [θ, k̃θ] is area-preserving for the
PSS ζ = const. The natural basis and its conjugate reads Eζ =

−er, Eθ = (drs/dθ) er + rpeθ and E
ζ = −er + [(drs/dθ)/rp]eθ, E

θ =

(1/rp)eθ in terms of the unit vector associated with the spherical
coordinates (er, eθ). Thus, with respect to the wavevector compo-

nents in spherical coordinates k̃
sph
r , k̃

sph

θ
, the k̃θ component reads

k̃θ = (drs/dθ) k̃
sph
r + rpk̃

sph

θ
.

Appendix C: Calculation of phase space volumes

Following the Monte-Carlo quadrature method (Press et al.
1992), NS points are randomly chosen in a known volume VS

that includes the volume V to be computed. The proportion of
points inside V approximates the ratio V/VS, thus providing an
estimated value of V . The standard deviation error yields an es-
timate of the relative error,

√
(VM/V − 1)/NS, showing that the

sampling volume VS has to be as close as possible to the vol-
ume V and that the number of sampling points must be large.

In our case, the main practical issue is thus to determine if a
given point in phase space is inside or outside the 4-dimensional
volume to be computed. The two volumes that we computed
are specified by two limiting frequencies 9.42ω1 ≤ H′r (x, k) ≤
11.85ω1 and for each value of H′r by the 3D volume inside a
given 2D torus. The first torus considered separates the whis-
pering gallery region from the chaotic region, its imprint on the
r = rp PSS being shown in Fig. C.1. The volume inside this torus
includes the large chaotic region, as well as the island chains
around the 2-period and 6-period orbits. The second volume cor-
responds to the 2-period island chain and is delimited by a torus
also shown in Fig. C.1.

To determine whether a given point x0, k0 is inside or outside
these volumes, one could construct the r = rp PSS associated to
the value of the Hamiltonian H′r (x0, k0), advance the dynamics
from x0, k0 until the trajectory cross the r = rp PSS, and find out
whether the crossing point is inside or outside the torus. Here, to
simplify the procedure, we used the fact that the r = rp PSS plot-

ted against the scaled wavenumber k̃ appeared to be insensitive
to values of the frequency ω in the domain considered. We thus
consider the point x0, k0/H

′
r(x0, k0) and determine its location

in the scaled phase space computed for a given frequency. To
control this supposedly weak frequency effect the computation
has been performed for the two extreme frequenciesω = 9.42ω1

and ω = 11.85ω1. Moreover, instead of advancing the dynam-
ics up to the r = rp PSS, we construct a local PSS (either from

a ζ = const. surface or a k̃ζ = const. surface) to compare the
location of the x0, k0 point with the local imprint of the delimit-
ing torus. In practice, the imprint of the delimiting torus is not a
continuous curve as the torus is actually obtained from a space
filling trajectory on the torus. We therefore follow such a trajec-
tory over a sufficiently large number of time step to increase the
number of point of the torus imprint on the different PSS. This
procedure has been tested using trajectories which are known to
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Fig. C.1. (Colour online) Intersection of two trajectories with the PSS
at Ω = 0.59ΩK . The crosses (blue) correspond to a trajectory on a torus
containing most of the 2-period island chain. The diamonds (green) cor-
respond to a trajectory on a torus bounding the central chaotic region.

be either inside or outside the torus (like for example trajecto-
ries on nested tori inside the 2-period island chain). The num-
ber of points wrongly located by this procedure can be made
small enough to have a negligible effect when compared to the
statistical error on the volume determination. Furthermore, the
integration domain has been divided into three subdomains fol-
lowing the pseudo-radial direction ζ. This enables to limit the
ratio V/VS as the sampling volumes can be more easily reduced
in each subdomain.

Accordingly, the number of modes within the 2-period is-
land chain is 33 ± 1 if we use the bounding torus computed for
ω = 9.42ω1 and 34 ± 1 for ω = 11.85ω1. The effect of changing
the frequency is small in this case and the number of modes can
be estimated to 34 ± 2. Likewise, the number of modes outside
the whispering gallery region is 263 ± 1 for ω = 9.42ω1 bound-
ing torus and 276 ± 2 for ω = 11.85ω1. The frequency effect is
stronger but still reasonable for the present purpose. We took the
mean value of 270 modes with an error of ±8 mode.

Appendix D: Calculation of the disk-integration

factor

According to the definition of the disk-integration factor,
Eq. (37), we are led to calculate integrals of the form

I =

∫∫

S v

F(θ, φ)dS · ei (D.1)

=

∫∫

S v

G(θ, φ, i)dµdφ (D.2)

where µ = cos θ and F(θ, φ) = W(θ)eimφ is the surface dis-
tribution of the eigenfunction. The spherical coordinate system
[r, θ, φ] is such that the polar axis is the rotation axis, and the
meridional plane φ = 0 is chosen parallel to ei. The condition
dS ·ei = 0 on the stellar surface defines a curve that separates the
visible part of the surface S v from the invisible one (the surface
is supposed to be convex). We call this the visibility curve.

We used two methods to compute the integral I. The first
one is approximate because it assumes that the visibility curve
is contained in a plane, but it is easy to compute accurately. The
second method does not make this assumption but requires more
computing time to complete accurate calculations.

The vector dS at the star’s surface reads as

dS = sin θrs

⎛

⎜

⎜

⎜

⎜

⎜

⎝

r2
s +

(

drs

dθ

)2
⎞

⎟

⎟

⎟

⎟

⎟

⎠

1/2

e
sdθdφ (D.3)

where e
s denotes the unit vector perpendicular to the surface and

rs(θ) is the stellar surface. Thus, the function to integrate can be
written as

F(θ, φ)dS · ei=A(θ) sin θ cos ieimφ−B(θ) sin θ sin i cosφeimφ (D.4)

where

A = rs

d

dθ
(rs sin θ) W(θ) (D.5)

B = rs

d

dθ
(rs cos θ) W(θ). (D.6)

D.1. First method

The colatitude verifying dS · ei = 0 for φ = 0 is denoted θL(i).
As the inclination angle i can be restricted to [0, π/2], we have
π/2 < θL(i) < π, and the angle α defined as α(i) = θL(i)−π/2 ver-
ifies 0 < α(i) < π/2. We assume that the visibility curve is the in-
tersection of the stellar surface with the plane sinαx+cosαz = 0,
where the vector eα of Cartesian coordinates (sinα, 0, cosα) is
normal to this plane. Then, the integral is most simply calcu-
lated in the coordinate system in which the polar axis is aligned
with the direction of the vector eα. This coordinate system re-
sults from a rotation of angle α around the y axis of the original
coordinate system, the new angular variables being denoted θ′

and φ′.
To express the integrand in these coordinates, we use the for-

mula relating the spherical harmonics in both systems:

Ym
ℓ (θ, φ) =

+ℓ
∑

m′=−ℓ
dℓmm′(α)Ym′

ℓ (θ′, φ′) (D.7)

where dℓmm′(α) do not generally have a simple form (Edmonds
1960). Then, using the spherical harmonic expansion of G, we
obtain

G =

+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ
Gℓm(i)Ym

ℓ (θ, φ) (D.8)

=

+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ

+ℓ
∑

m′=−ℓ
Gℓm(i)dℓmm′(α)Ym′

ℓ (θ′, φ′). (D.9)

Integrating over the longitude φ′, from 0 to 2π, the terms involv-
ing Ym′

ℓ
(θ′, φ′) vanish if m′ � 0. It follows that

I = 2π

+∞
∑

ℓ=0

+ℓ
∑

m=−ℓ
JℓG

ℓ
m(i)Ŷm

ℓ (α) (D.10)

where we use the relations

dℓm0(α) =

√

4π

2ℓ + 1
Ŷm
ℓ (α) (D.11)

dµdφ = dµ′dφ′ where µ′ = cos θ′, (D.12)

and defined Jℓ as

Jℓ =

√

4π

2ℓ + 1

∫ 1

0

Ŷ0
ℓ (µ
′)dµ′ (D.13)

=

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎩

0 if ℓ is even and ℓ � 0,
1 if ℓ = 0,

(−1)
ℓ−1

2
1.3...(ℓ−2)

2.4...(ℓ+1)
if ℓ is odd and ℓ � 1,

1
2

if ℓ = 1.

(D.14)
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To determine the coefficients Gℓm(i), we use the expression of G
derived from Eq. (D.4):

G = A(θ) cos ieimφ − B(θ) sin i cosφeimφ. (D.15)

It follows that

Gℓk = 0 if k � m − 1,m,m + 1 (D.16)

so that the integral now reads

I/2π = Im−1 + Im + Im+1 where (D.17)

Im = cos iÂm(α) (D.18)

Im−1 = −
sin i

2
B̂m−1(α) (D.19)

Im+1 = −
sin i

2
B̂m+1(α) (D.20)

where Âm denotes

Âm(α) =

+∞
∑

ℓ=|m|
JℓA

ℓ
mŶm
ℓ (α) (D.21)

Aℓm = 2π

∫ π

0

A(θ)Ŷm
ℓ (θ) sin θdθ (D.22)

the B̂m terms being defined accordingly. For modes that are equa-
torially anti-symmetric and axisymmetric (m = 0), Â0(α) =
J0A0

0
Ŷ0

0
(α) and B̂1(α) = B̂−1(α) = 0, thus the integral I reduces to

I = 4π
√
πA0

0 cos(i). (D.23)

D.2. Second method

The visibility curve is no longer assumed to be planar. The in-
tegration over the visible surface is first performed in the az-
imuthal direction and then in latitude. If 0 ≤ θ ≤ π/2 − α, the
integration is between 0 and 2π, while in the interval π/2 − α ≤
θ ≤ π/2 + α one has to integrate between the two limiting az-
imuths −φL(θ, i) and φL(θ, i) verifying dS·ei = 0. The integration
domain is thus divided in two sub-domains, such that

S v =

[

0,
π

2
− α

]

× [0, 2π] ∪
[

π

2
− α, π

2
+ α

]

× [−φL, φL

]

. (D.24)

According to Eq. (D.4), the integration over φ can be made an-
alytically as it involves quadratures of eimφ and cosφeimφ over
[0, 2π] and [−φL, φL]. Then, depending on the value of m, the
integral I reads as

I =

⎧

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎪

⎩

2π
∫ π

2
−α

0
adθ + 2

∫ π
2
+α

π
2
−α aφL − b sin(φL)dθ if m = 0

−π
∫ π

2
−α

0
bdθ +

∫ π
2
+α

π
2
−α 2a sin(φL)

−b
(

φL +
1
2

sin(2φL)
)

dθ if m = ±1
∫ π

2
+α

π
2
−α

2a
m

sin(mφL) − b
(

sin[(m+1)φL]

m+1
+

sin[(m−1)φL]

m−1

)

dθ

if m � 0,±1.

(D.25)

where a(θ, i) = A(θ) sin θ cos i and b(θ, i) = B(θ) sin θ sin i.

D.3. Tests

The methods have been tested in the case of an uniformly dis-
tributed function on the surface of an ellipsoïd where they should
both give the same result. Then, the error introduced by the ap-
proximation of method 1 is estimated in the case of a Roche
model surface.

D.3.1. Ellipsoïd

The surface being a quadric, the visibility curve is planar.
Method 1 is therefore exact and should give the same result as
method 2. In addition, the visible surface (obtained by taking
F = 1) can be obtained analytically. Indeed, the dimensionless
equation of the ellipsoïd is

x2 + y2 +
z2

R̃p

= 1, (D.26)

and in spherical coordinates

r =
1

√

1 +
1−R̃2

p

R̃2
p

cos2 θ

(D.27)

where the distance have been normalized by the equatorial radius
Re and R̃p = Rp/Re. As dS is parallel to (2x, 2y, 2z/R̃2

p) and ei =

(sin i, 0, cos i), surface points verifying dS · ei = 0 belong to the
plane:

x sin i +
z cos i

R̃2
p

= 0. (D.28)

By definition of the angle α, we have

tanα = R̃2
p tan i. (D.29)

In addition, using Eq. (D.28) and the relation between the
Cartesian and spherical coordinates, the equation of the intersec-
tion between the plane x sin i+ (z cos i)/R̃2

p = 0 and the ellispsoïd
is given by Eq. (D.27) and

cosφL = −
cot θ cot i

R̃2
p

= − cot θ cotα. (D.30)

Thus,

φL(θ, i) = arccos(− cot θ cotα) (D.31)

is defined if π/2 − α ≤ θ ≤ π/2 + α and verifies 0 ≤ φL ≤ π.
The visible surface can be calculated analytically as the vis-

ible curve is an ellipse. This can be seen using the Cartesian co-
ordinates obtained by the rotation of angle α about the Oy axis:

x′ = cosαx − sinαz (D.32)

y′ = y (D.33)

z′ = sinαx + cosαz. (D.34)

The curve is then contained in the plane z′ = 0 and verifies
⎛

⎜

⎜

⎜

⎜

⎝

cos2 α +
sin2 α

R̃2
p

⎞

⎟

⎟

⎟

⎟

⎠

x′2 + y′2 = 1. (D.35)

The surface of this ellipse can be calculated as well as its projec-
tion in the direction ei, denoted S

p
v :

S
p
v /R

2
e = π cos(α − i)

√

1 + tan2 iR̃4
p

1 + tan2 iR̃2
p

(D.36)

= π cos i

√

1 + tan2 iR̃2
p. (D.37)

Both methods were successfully tested against this analytical ex-
pression. Method 1 is simpler because it does not require a nu-
merical integration. It is also very accurate, although it is nec-
essary to use the analytical value of θL, if one wants to reach
machine precision.
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Fig. D.1. Relative error of the projected visible surface computed with
method 1 for Roche models of different flatnesses: 0.1526 (dot-dashed),
0.2594 (dotted) 0.2804 (dashed), 0.3092 (continuous line).

D.3.2. Method 1 versus Method 2

Method 1 is approximate because it assumes that the curve on
the surface verifying dS · ei = 0 is planar and contained in the
plane sinαx + cosαz = 0. Nevertheless, the associated error is
not expected to be large since it concerns a small part of the
whole visible surface. To test this, we simply computed the inte-
gral for F = 1 with both methods for a surface given by a Roche
model of the rotating star. Method 2 computes the projected visi-
ble surface, while the quantity calculated by method 1 is smaller
because the integration includes a region where dS · ei < 0 and
excludes a visible region of equivalent surface that is symmet-
rical with respect to the star centre. The difference between the
two quantities can also be calculated by directly computing the
integral:

2

∫ π
2
+α

π
2

aφL − b sin(φL)dθ, (D.38)

using either the correct value of φL or the one corresponding to
the assumption of method 1, that is,

cosφ′L = − cot θ cotα. (D.39)

In Fig. D.1, the relative error on the projected visible surface
due to method 1 is plotted for Roche model surfaces of different
flatness.

It appears that, except for the near critical values of the flat-
ness, the visible surface that is not considered by method 1 is a
very small fraction of the total visible surface. Using method 1 is
therefore a good approximation in these cases. For near critical
flatness, the difference remains small, although it can be useful
to test the results of method 1 with method 2.
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❈❤❛♣✐tr❡ ✸

▼❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡

✐♥t❡r♠é❞✐❛✐r❡

P♦✉r ❞é❝r✐r❡ ❧❡ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ♥♦♥ ❞é❣é♥éré❡s✱ ✐❧ ❝♦♥✈✐❡♥t ❞❡ ❞✐st✐♥❣✉❡r ❞❡✉① ❝❛té❣♦r✐❡s

❞✬ét♦✐❧❡✱ ❧❡s ét♦✐❧❡s q✉✐ ❝♦♠♠❡ ❧❡ ❙♦❧❡✐❧ ♣♦ssè❞❡♥t ✉♥❡ ③♦♥❡ ❝♦♥✈❡❝t✐✈❡ ❞✬é♣❛✐ss❡✉r s✐❣♥✐✜❝❛t✐✈❡ s♦✉s

❧❡✉r s✉r❢❛❝❡ ❡t ❝❡❧❧❡s q✉✐ ♥✬❡♥ ♣♦ssè❞❡♥t ♣❛s✳ ❈❡tt❡ ❞❡✉①✐è♠❡ ❝❛té❣♦r✐❡ ❞✬ét♦✐❧❡ ❝♦♠♣r❡♥❞ ❧❡s ét♦✐❧❡s

♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞❛♥s ❧❛ ♣❤❛s❡ ♣ré✲séq✉❡♥❝❡✲♣r✐♥❝✐♣❛❧❡ ❡t s✉r ❧❛ séq✉❡♥❝❡ ♣r✐♥❝✐♣❛❧❡✳

P♦✉r ❧❛ ♣r❡♠✐èr❡ ❝❛té❣♦r✐❡ ❞✬ét♦✐❧❡✱ ♦♥ s✬❛tt❡♥❞ à ❝❡ q✉❡✱ ❝♦♠♠❡ ♣♦✉r ❧❡ ❙♦❧❡✐❧✱ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡

s♦✐t ❡♥❣❡♥❞ré ♣❛r ✉♥ ❡✛❡t ❞②♥❛♠♦ ❞❛♥s ❧❡✉r ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡✳ ▲❡s ♦❜s❡r✈❛t✐♦♥s s❡♠❜❧❡♥t ❝♦♥✜r♠❡r

❝❡tt❡ ✐❞é❡ s✐♠♣❧❡ ♣✉✐sq✉❡ ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ♦♥t été ❞ét❡❝tés ❞❛♥s ❧❡s ❞✐✛ér❡♥ts t②♣❡ ❞✬ét♦✐❧❡

❞❡ ❝❡tt❡ ❝❛té❣♦r✐❡ ✿ ❚ ❚❛✉r✐✱ ❥✉♠❡❛✉① s♦❧❛✐r❡s✱ ét♦✐❧❡s ❞❡ t②♣❡ s♦❧❛✐r❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✱ ♥❛✐♥❡s ▼

❝♦♠♣❧èt❡♠❡♥t ❝♦♥✈❡❝t✐✈❡s✱ ❣é❛♥t❡s r♦✉❣❡s ✭❉♦♥❛t✐ ✫ ▲❛♥❞str❡❡t ✷✵✵✾✮ ❡t t♦✉t ré❝❡♠♠❡♥t ❧❛ s✉♣❡r❣é❛♥t❡

r♦✉❣❡ ❇ét❡❧❣❡✉s❡ ✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✶✵✮✳ ❉♦♥❝✱ ♠ê♠❡ s✐ ❧❛ ❞②♥❛♠♦ ❞❛♥s ✉♥❡ ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ❞✬ét♦✐❧❡

r❡st❡♥t ✉♥ s✉❥❡t ♠❛❧ ❝♦♠♣r✐s ❝❛r très ❝♦♠♣❧❡①❡ à ♠♦❞é❧✐s❡r✱ ❧❛ q✉❡st✐♦♥ ❞❡ ❧✬♦r✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ❞❡ ❝❡s

ét♦✐❧❡s ♥❡ ❢❛✐t ♣❛s ❞é❜❛t✳ ❖♥ ❞✐s♣♦s❡ ❞✬❛✐❧❧❡✉rs ❛✉❥♦✉r❞✬❤✉✐ ❞❡ ♥♦♠❜r❡✉s❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s

s✉r ❧❛ t♦♣♦❧♦❣✐❡ ❞✉ ❝❤❛♠♣ à ❧❛ s✉r❢❛❝❡ ❞❡ ❝❡s ét♦✐❧❡s✱ ❧✬❛❝t✐✈✐té ❛ss♦❝✐é❡ ❡t ❧❛ ❞✉ré❡ ❞❡s ❝②❝❧❡s ❞❛♥s ❞❡s

❝♦♥❞✐t✐♦♥s ♣❤②s✐q✉❡s ✈❛r✐é❡s ❞❡ ♠❛ss❡ ❡t ❞❡ r♦t❛t✐♦♥ ❡t ♦♥ ♣❡✉t ♣❡♥s❡r q✉❡✱ ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✱

❝❡s ❝♦♥tr❛✐♥t❡s ❢❡r♦♥t ♣r♦❣r❡ss❡r ♥♦tr❡ ❝♦♠♣ré❤❡♥s✐♦♥ ❞❡ ❧❛ ❞②♥❛♠♦ ❞❡ t②♣❡ s♦❧❛✐r❡✳

▲❛ s✐t✉❛t✐♦♥ ❡st très ❞✐✛ér❡♥t❡ ♣♦✉r ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❚♦✉t ❞✬❛❜♦r❞✱ ♦♥ ♥❡

❞✐s♣♦s❡ ♣❛s ❞✬✉♥ ♣r♦t♦t②♣❡ à ♣r♦①✐♠✐té ❝♦♠♠❡ ❧❡ ❙♦❧❡✐❧✳ ❊♥s✉✐t❡✱ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❛❝t✉❡❧❧❡s ✐♥❞✐q✉❡♥t q✉❡

✶✺✾
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s❡✉❧❡♠❡♥t ✺ à ✶✵ % ❞❡ ❝❡s ét♦✐❧❡s ♣♦ssè❞❡♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈❡rt❡s✱ ❧❡s ♣r♦♣r✐étés ❞❡ ❝❡s ❝❤❛♠♣s✱

q✉✐ ❢✉r❡♥t ❧❡s ♣r❡♠✐❡rs ❝❤❛♠♣s ❞ét❡❝tés ❛♣rès ❝❡❧✉✐ ❞✉ ❙♦❧❡✐❧ ✭❇❛❜❝♦❝❦ ✶✾✹✼✮✱ s♦♥t ❜✐❡♥ ❝❛r❛❝tér✐sé❡s✳ ▼❛✐s

♦♥ ♥❡ ❝♦♠♣r❡♥❞ ♣❛s ♣♦✉rq✉♦✐ ❧❡ ❝❤❛♠♣ ♥✬❡st ❞ét❡❝té q✉❡ ❞❛♥s ✉♥❡ ❢❛✐❜❧❡ ♣r♦♣♦rt✐♦♥ ❞❡ ❝❡s ét♦✐❧❡s✳ ❊♥

♣❛rt✐❝✉❧✐❡r✱ ❧✬❤②♣♦t❤ès❡ ❞✉ ❝❤❛♠♣ ❢♦ss✐❧❡ s❡❧♦♥ ❧❛q✉❡❧❧❡ ❧❡ ❝❤❛♠♣ ❛ été ❡♥❣❡♥❞ré ❛✉ ❝♦✉rs ❞❡ ❧❛ ❢♦r♠❛t✐♦♥

❞❡ ❝❡s ét♦✐❧❡s ♥✬❡①♣❧✐q✉❡ ♣❛s ❝❡tt❡ ♣r♦♣r✐été✳ ❯♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣♦ss✐❜❧❡ s❡r❛✐t t♦✉t s✐♠♣❧❡♠❡♥t q✉❡ ❝❡

❝❤✐✛r❡ ❞❡ ✺ à ✶✵ % ♥❡ r❡✢èt❡ ❡♥ ré❛❧✐té q✉❡ ❧❛ ❧✐♠✐t❡ ❞❡ s❡♥s✐❜✐❧✐té ❞❡s ♦❜s❡r✈❛t✐♦♥s✳ ❯♥❡ ❛✉tr❡ q✉❡st✐♦♥

❡♥ s✉s♣❡♥❞ ❝♦♥❝❡r♥❡ ❧❡s ♣❤é♥♦♠è♥❡s ❞✬❛❝t✐✈✐té ♦❜s❡r✈és ❞❛♥s ❧✬❛t♠♦s♣❤èr❡ ❞✬ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞✬ét♦✐❧❡s

❥❡✉♥❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ✭❧❡s ét♦✐❧❡s ❆❡✴❇❡ ❞❡ ❍❡r❜✐❣✮✳ ❈❡s ♣❤é♥♦♠è♥❡s s❡♠❜❧❡♥t êtr❡ ❞✬♦r✐❣✐♥❡

♠❛❣♥ét✐q✉❡ ❀ ❝❡♣❡♥❞❛♥t✱ ❧❡s t❡♥t❛t✐✈❡s ❞❡ ❞ét❡❝t✐♦♥ ❞✐r❡❝t❡ ❞✉ ❝❤❛♠♣ ♥✬♦♥t ♣❛s ♣❡r♠✐s ❞❡ ❝♦♥✜r♠❡r

❝❡tt❡ ❤②♣♦t❤ès❡✳ ❖♥ ✈♦✐t ❞♦♥❝ q✉❡✱ ❝♦♥tr❛✐r❡♠❡♥t ❛✉ ❝❛s ❞✉ ♠❛❣♥ét✐s♠❡ ❞❡ t②♣❡ s♦❧❛✐r❡✱ ❝❡ s♦♥t ✐❝✐ ❧❡s

q✉❡st✐♦♥s ❞❡ ❜❛s❡ ❝♦♥❝❡r♥❛♥t ❧✬❡①✐st❡♥❝❡ ❡t ❧✬♦r✐❣✐♥❡ ❞✉ ♠❛❣♥ét✐s♠❡ q✉✐ ♥❡ s♦♥t ♣❛s rés♦❧✉❡s ✭♦♥ tr♦✉✈❡r❛

✉♥❡ r❡✈✉❡ ❞❡ ❝❡s q✉❡st✐♦♥s ❞❛♥s ▲✐❣♥✐èr❡s ✭✷✵✵✹✮✮✳

❆✉ ❝♦✉rs ❞❡ ♠❛ t❤ès❡✱ ❥✬❛✐ ét✉❞✐é ✉♥ s❝é♥❛r✐♦ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬♦r✐❣✐♥❡ ❞❡ ❧✬❛❝t✐✈✐té ❞❡s ét♦✐❧❡s ❞❡ ❍❡r❜✐❣✳

▲✬✐❞é❡ ❡st q✉❡ ❧❛ ♣❡rt❡ ❞❡ ♠♦♠❡♥t ❝✐♥ét✐q✉❡ ♣r♦✈♦q✉é❡ ♣❛r ❧❡ ✈❡♥t st❡❧❧❛✐r❡ ❞❡s ét♦✐❧❡s ❞❡ ❍❡r❜✐❣ ❢♦r❝❡

✉♥❡ ❡♥✈❡❧♦♣♣❡ t✉r❜✉❧❡♥t❡ ❡♥ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❞❛♥s ❧❛q✉❡❧❧❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s❡r❛✐t ❡♥❣❡♥❞ré

✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✶✾✾✻✱ ✷✵✵✵✮✳ ❏❡ ♠❡ s✉✐s ❞❡ ♥♦✉✈❡❛✉ ✐♥tér❡ssé ❛✉ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡

✐♥t❡r♠é❞✐❛✐r❡ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬♦❜s❡r✈❛t✐♦♥s s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s ❡✛❡❝t✉é❡s ❞✬❛❜♦r❞ ❛✈❡❝ ▼✉s✐❝♦s ♣✉✐s

❛✈❡❝ ◆❛r✈❛❧✳ ▲❡ ♣r❡♠✐❡r rés✉❧t❛t q✉❡ ❥❡ ✈❛✐s ♣rés❡♥t❡r ❝♦♥❝❡r♥❡ ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞✬✉♥❡ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡

❞❡ ✶✵✵ ●❛✉ss ✭❡♥ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧✮ à ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡s ét♦✐❧❡s ❆♣✴❇♣ ❡t ❞✬✉♥ ❞és❡rt

♠❛❣♥ét✐q✉❡ ♣❛r♠✐ ❧❡s ét♦✐❧❡s ❆ ♣♦✉r ❞❡s ✈❛❧❡✉rs ❞❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❝♦♠♣r✐s❡s ❡♥tr❡ ❡♥✈✐r♦♥ ✶ ●❛✉ss

❡t ✶✵✵ ●❛✉ss✳ ❏✬❛✐ ♣❛rt✐❝✐♣é à ❝❡s ♦❜s❡r✈❛t✐♦♥s ♠❛✐s ♠❛ ♣r✐♥❝✐♣❛❧❡ ❝♦♥tr✐❜✉t✐♦♥ ❛ été ❞❡ ♣r♦♣♦s❡r ✉♥

s❝é♥❛r✐♦ ♣♦✉r ❡①♣❧✐q✉❡r ❧✬❡①✐st❡♥❝❡ ❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❡t ❞✉ ❞és❡rt ♠❛❣♥ét✐q✉❡ ✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✵✼✱

❆✽✮✱ ✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✶✵✱ ❆✾✮✳ ▲✬❛✉tr❡ rés✉❧t❛t q✉❡ ❥❡ ✈❛✐s ♣rés❡♥t❡r ❝♦♥❝❡r♥❡ ❧❛ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣

♠❛❣♥ét✐q✉❡ ❞❡ très ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❱é❣❛✳ ■❧ s✉❣❣èr❡ q✉✬✉♥❡

♥♦✉✈❡❧❧❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡s ♠❛❣♥ét✐q✉❡s ❥✉sq✉✬❛❧♦rs ✐♥✈✐s✐❜❧❡ ❡①✐st❡ ♣❛r♠✐ ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡

❡t é✈❡♥t✉❡❧❧❡♠❡♥t ❛✉ss✐ ♣❛r♠✐ ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✾✱ ❆✶✵✮✳ ◆♦✉s ✈❡rr♦♥s ❛✉ss✐ ❧❡s

♣r❡♠✐❡rs rés✉❧t❛ts ❞❡ ❧❛ t❡♥t❛t✐✈❡ ❞❡ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ s✉r ❧✬❛✉tr❡ ét♦✐❧❡ ❆ très ❜r✐❧❧❛♥t❡ ✿ ❙✐r✐✉s✳
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✸✳✶ ❉és❡rt ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❆ ❡t ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞❡s ét♦✐❧❡s

❆♣✴❇♣

➚ ❧✬❡①❝❡♣t✐♦♥ ❞❡ ❱é❣❛ ✭✈♦✐r ❙❡❝t✳ ✸✳✷✮✱ t♦✉t❡s ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❞❡ ❧❛ séq✉❡♥❝❡

♣r✐♥❝✐♣❛❧❡ ♦ù ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ été ❞ét❡❝té ❛♣♣❛rt✐❡♥♥❡♥t à ❧❛ ❝❧❛ss❡ ❞❡s ❆♣✴❇♣✱ ✉♥ ❣r♦✉♣❡

❞✬ét♦✐❧❡s ❝❤✐♠✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡✳ ▲❡ ❝❤❛♠♣ ❞❡ ❝❡s ét♦✐❧❡s ❡st ❝❛r❛❝tér✐sé ♣❛r ✉♥❡ ❢♦rt❡ ❝♦♠♣♦s❛♥t❡

❞✐♣♦❧❛✐r❡ ❡t ✉♥❡ st❛❜✐❧✐té t❡♠♣♦r❡❧❧❡ à ❧♦♥❣ t❡r♠❡✳ ❇✐❡♥ q✉❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❡s ❝❤❛♠♣s ♣✉✐ss❡ ❛tt❡✐♥❞r❡

❞❡s ✈❛❧❡✉rs très é❧❡✈é❡s ✭❥✉sq✉✬à ∼ ✸✵ ❦●✮✱ ❧✬ét✉❞❡ ❞✬é❝❤❛♥t✐❧❧♦♥s ♥♦♥ ❜✐❛✐sés ♠♦♥tr❡ ♣❧✉tôt ❞❡s ✈❛❧❡✉rs

♠♦②❡♥♥❡s ❞✉ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧❡ ❞❡ ❧✬♦r❞r❡ ❞❡ ✸✵✵ ●❛✉ss ✭❇♦❤❧❡♥❞❡r ✫ ▲❛♥❞str❡❡t ✶✾✾✵✮✳ ▲❛ q✉❡st✐♦♥

❞❡ ❧❛ ♣rés❡♥❝❡ ❞❡ ❝❤❛♠♣s ❢❛✐❜❧❡s ♣❛r♠✐ ❧❡s ❆♣✴❇♣ ♦✉ ❞✬❛✉tr❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ r❡st❛✐t

❝❡♣❡♥❞❛♥t ❡♥ s✉s♣❡♥❞✳

❯♥ r❡❧❡✈é s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡ ❞❡ ✷✽ ét♦✐❧❡s ré❛❧✐sé ❛✈❡❝ ▼✉s✐❝♦s ❛ ❛❧♦rs ♣❡r♠✐s ❞❡ ❝❛r❛❝tér✐s❡r ❧❡s

ét♦✐❧❡s ❆♣✴❇♣ à ❝❤❛♠♣ ❢❛✐❜❧❡✳ ❙✉r ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞❡ ✷✽ ét♦✐❧❡s✱ ✷✼ ♦♥t ♠♦♥tré ✉♥❡ s✐❣♥❛t✉r❡ ❩❡❡♠❛♥ ❡t ❧❡

❝❤❛♠♣ ❞❡ ❧❛ ✷✽è♠❡ ❛ ♣✉ êtr❡ ❞ét❡❝té ❞ès ❧❡s ♣r❡♠✐èr❡s ♦❜s❡r✈❛t✐♦♥s ❛✈❡❝ ❧❡ ♥♦✉✈❡❛✉ s♣❡❝tr♦♣♦❧❛r✐♠ètr❡

◆❛r✈❛❧✳ ❈❡ rés✉❧t❛t ❝♦♥✜r♠❡ ❧✬❤②♣♦t❤ès❡ s❡❧♦♥ ❧❛q✉❡❧❧❡ t♦✉t❡s ❧❡s ét♦✐❧❡s q✉✐ ♣rés❡♥t❡♥t ❞❡s ❛♥♦♠❛❧✐❡s

❞✬❛❜♦♥❞❛♥❝❡ ❞❡ t②♣❡ ❆♣✴❇♣ ♣♦ssè❞❡♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❉❡ ♣❧✉s✱ ❧❡s ♠♦❞è❧❡s ❞❡ ❞✐♣ô❧❡s ♦❜❧✐q✉❡s

❞❡ ❝❡s ❝❤❛♠♣s ✭♦❜t❡♥✉s à ♣❛rt✐r ❞❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ r♦t❛t✐♦♥♥❡❧❧❡ ❞❡ ❧❛ s✐❣♥❛t✉r❡ ❩❡❡♠❛♥✮ ✐♥❞✐q✉❡♥t q✉❡ ❧❡

❝❤❛♠♣ ❞✐♣♦❧❛✐r❡ ❡st ♣r❡sq✉❡ t♦✉❥♦✉rs s✉♣ér✐❡✉r à ✸✵✵ ●❛✉ss✳ ❙✐ ❧✬ét♦✐❧❡ ❡st ✈✉❡ ♣❛r ❧❡ ♣ô❧❡ ♠❛❣♥ét✐q✉❡✱

❝❡❧❛ ❝♦rr❡s♣♦♥❞ à ✉♥ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ ✶✵✵ ●❛✉ss✳

❯♥❡ ✐♥t❡r♣rét❛t✐♦♥ ♣♦ss✐❜❧❡ ❞❡ ❝❡tt❡ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ ét❛✐t q✉❡ ❧❡ ♣❤é♥♦♠è♥❡ ❆♣✴❇♣✱ ❝✬❡st✲à✲❞✐r❡

❧✬❡①✐st❡♥❝❡ ❞❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥❞❛♥❝❡ ❝❛r❛❝tér✐st✐q✉❡ ❞❡ ❝❡tt❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡✱ ♥✬❛♣♣❛r❛✐ss❛✐t q✉❡ ❛✉ ❞❡❧à

❞✬✉♥❡ ❝❡rt❛✐♥ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❈✬❡st ✉♥❡ ❡①♣❧✐❝❛t✐♦♥ ♣❧❛✉s✐❜❧❡ ❝❛r ❧❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥✲

❞❛♥❝❡s ❞❛♥s ❧❡s ❆♣✴❇♣ s♦♥t ❡①trê♠❡s ♣❛r r❛♣♣♦rt ❛✉① ❛✉tr❡s ét♦✐❧❡s ❆ ❝❤✐♠✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡ ❝♦♠♠❡

❧❡s ❆♠✳ ❖r✱ ✉♥ ❢♦rt ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛ ❧❛ ❝❛♣❛❝✐té ❞❡ ❧✐♠✐t❡r ❢♦rt❡♠❡♥t ❧❡s ♠♦✉✈❡♠❡♥ts ❞✉ ♣❧❛s♠❛ ❡t

❞♦♥❝ ❧❡ ♠é❧❛♥❣❡ ✐♥❞✉✐t ♣❛r ❝❡s ♠♦✉✈❡♠❡♥ts✳ ▲✬❛t♠♦s♣❤èr❡ ❞❡✈✐❡♥t ❛❧♦rs s✉✣s❛♠♠❡♥t st❛❜❧❡ ♣♦✉r q✉❡

❧❡s ♣❤é♥♦♠è♥❡s ❞❡ ❞✐✛✉s✐♦♥ r❛❞✐❛t✐✈❡ ❛❣✐ss❡♥t s❛♥s ❧❡s ❧✐♠✐t❛t✐♦♥s ❞✉❡s ❛✉① ♠♦✉✈❡♠❡♥ts t❡❧s q✉❡ ❝❡✉①

❞❡s ♣❡t✐t❡s ③♦♥❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❞❡s ét♦✐❧❡s ❆ ♦✉ ❝❡✉① ✐♥❞✉✐ts ♣❛r ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳

▼❛✐s✱ s✐ ❝❡tt❡ ✐♥t❡r♣rét❛t✐♦♥ ét❛✐t ❝♦rr❡❝t❡✱ ✉♥❡ ♣♦♣✉❧❛t✐♦♥ ❞✬ét♦✐❧❡ ❆ ♠❛❣♥ét✐q✉❡ à ❝❤❛♠♣ ✐♥❢ér✐❡✉r

à ✶✵✵ ●❛✉ss ♣r♦❧♦♥❣❡❛♥t ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡s ❆♣✴❇♣ ❞❡✈r❛✐t ❡①✐st❡r✳ ❖r✱ ✉♥ r❡❧❡✈é

s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡ ❞❡ ✻✸ ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ♥♦♥ ❆♣✴❇♣ ❞❡ ❞✐✛ér❡♥ts t②♣❡s ✭❞♦♥t ✷✷ ét♦✐❧❡s
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❇✱ ❆✱ ❋ ♥♦r♠❛❧❡s✱ ✷✺ ét♦✐❧❡s ❆♠✱ ✶✵ ét♦✐❧❡s ❍❣▼♥✱ ✷ λ ❇♦♦t✐s✮ ré❛❧✐sé ❛✈❡❝ ▼✉s✐❝♦s ♥✬❛✈❛✐t ♣❛s ♣❡r♠✐s

❞❡ ❞ét❡❝t❡r ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛❧♦rs q✉❡ ❧❡ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ❡♥ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ét❛✐t ❞❡ q✉❡❧q✉❡s

❞✐③❛✐♥❡s ❞❡ ●❛✉ss ✭✉♥ ❛✉tr❡ r❡❧❡✈é ❞❡ ✶✸✽ ét♦✐❧❡s ♥♦♥ ❆♣✴❇♣ ré❛❧✐sé ❛✈❡❝ ❧❡ ♠♦❞❡ ♣♦❧❛r✐♠étr✐q✉❡ ❞❡

❧✬✐♥str✉♠❡♥t ❋♦rs✶ s✉r ❧❡ ❱▲❚ ♥✬❛✈❛✐t r✐❡♥ ❞♦♥♥é ♥♦♥ ♣❧✉s✱ ♠❛✐s ❛✈❡❝ ✉♥ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ♣❧✉s é❧❡✈é✮

✭❙❤♦r❧✐♥ ❡t ❛❧✳ ✷✵✵✷✮✳ ❉♦♥❝ ♣❧✉tôt q✉✬✉♥ ♣r♦❧♦♥❣❡♠❡♥t ❞❛♥s ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡s ✐♥t❡♥s✐tés ❞✉ ❝❤❛♠♣ ❧♦♥✲

❣✐t✉❞✐♥❛❧✱ ❝❡s ♦❜s❡r✈❛t✐♦♥s ✐♥❞✐q✉❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ❞é❝r♦❝❤❛❣❡ ❞❛♥s ❝❡tt❡ ❞✐str✐❜✉t✐♦♥✳ ❈✬❡st q✉❡ ❥✬❛✐

❛♣♣❡❧é ❧❡ ❞és❡rt ♠❛❣♥ét✐q✉❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❘é❞✉✐t ✐♥✐t✐❛❧❡♠❡♥t à q✉❡❧q✉❡s ❞✐③❛✐♥❡s

❞❡ ●❛✉ss✱ ❧✬é❝❛rt ❡♥tr❡ ❧❛ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ ❞✉ ❝❤❛♠♣ ❞❡s ❆♣✴❇♣ ❡t ❧❡ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ❞❡s ♠❡s✉r❡s

s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s ❛ s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❛✉❣♠❡♥té ❛✈❡❝ ❧❛ ♠✐s❡ ❡♥ s❡r✈✐❝❡ ❞❡s ♥♦✉✈❡❛✉① s♣❡❝tr♦♣♦❧❛✲

r✐♠ètr❡s ◆❛r✈❛❧ ❡t ❊s♣❛❞♦♥s✳ ❯♥ ♥♦✉✈❡❧ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s ♥♦♥ ❆♣✴❇♣ ✭✶✷ ét♦✐❧❡s ❆♠✱ ✸ ét♦✐❧❡s ❍❣▼♥

❡t ✉♥❡ ét♦✐❧❡ ❆✮ ♦❜s❡r✈é ❛✈❡❝ ◆❛r✈❛❧ ❛ ❝♦♥✜r♠é ❧✬❡①✐st❡♥❝❡ ❞✬✉♥ ✧❞és❡rt ♠❛❣♥ét✐q✉❡✧ ❡♥tr❡ ✶✵✵ ●❛✉ss✱

❧❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❝r✐t✐q✉❡ ❞❡s ❆♣✴❇♣✱ ❡t ✉♥ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ❞❡ ❧✬♦r❞r❡ ❞✉ ●❛✉ss ✭❆✉r✐èr❡ ❡t ❛❧✳

✷✵✶✵✱ ❆✾✮✳

P♦✉r ❧✬✐♥t❡r♣rét❡r✱ ❥✬❛✐ ❡ss❛②é ❞✬✐♠❛❣✐♥❡r ❝❡ q✉❡ s❡r❛✐❡♥t ❧❡s ❝♦♥séq✉❡♥❝❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞❡ ❧✬é✈♦✲

❧✉t✐♦♥ ❞✬✉♥ ❡♥s❡♠❜❧❡ ❞✬ét♦✐❧❡ ♣♦ssé❞❛♥t ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s str✉❝t✉rés à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❛✈❡❝ ✉♥❡

❞✐str✐❜✉t✐♦♥ ❞❡s ✐♥t❡♥s✐tés ❛❧❧❛♥t ❞❡ ❝❤❛♠♣s ❢♦rts ❛✉① ❝❤❛♠♣s ❢❛✐❜❧❡s✳ ❏❡ ♠❡ s✉✐s ❜❛sé s✉r ❝❡ q✉❡ ❧✬♦♥

s❛✐t ❞❡ ❧❛ st❛❜✐❧✐té ❞❡s ❝❤❛♠♣s ♠❛❣♥ét✐q✉❡s ❞❛♥s ❧❡s ❡♥✈❡❧♦♣♣❡s r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ ❞✐✛ér❡♥✲

t✐❡❧❧❡ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r s✉r ❧✬❡①❝❡❧❧❡♥t ❛rt✐❝❧❡ ❞❡ r❡✈✉❡ ❞❡ ❙♣r✉✐t ✭✶✾✾✾✮✳ ▲❛ st❛❜✐❧✐té ❞é♣❡♥❞ ❞❡ ❧✬✐♥t❡♥s✐té

❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ❙✐ ❧❡ ❝❤❛♠♣ ❡st s✉✣s❛♠♠❡♥t ❢♦rt✱ ✐❧ ✐♠♣♦s❡ ❧❛ r♦t❛t✐♦♥ s♦❧✐❞❡ ❞❛♥s ❧✬ét♦✐❧❡✱ s✐

❧❡ ❝❤❛♠♣ ❡st ❢❛✐❜❧❡✱ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♠♦❞✐✜❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛❣♥ét✐q✉❡ ❡t ❧❛ r❡♥❞ ✐♥st❛❜❧❡✳

▲✬❡①✐st❡♥❝❡ ❞❡ ❝♦♥✜❣✉r❛t✐♦♥s ♠❛❣♥ét✐q✉❡s st❛❜❧❡s à ❝❤❛♠♣ ❢♦rt ❡st ♣r✐♥❝✐♣❛❧❡♠❡♥t s✉♣♣♦rté❡ ♣❛r ❧✬♦❜✲

s❡r✈❛t✐♦♥ ❞❡s ❝❤❛♠♣s ❞✬ét♦✐❧❡s ❆♣ ❡t ❞❡s ♥❛✐♥❡s ❜❧❛♥❝❤❡s q✉✐ ♦♥t ❞❡s ❝❤❛♠♣s st❛❜❧❡s ❡t str✉❝t✉rés à

❣r❛♥❞❡s é❝❤❡❧❧❡s✳ ❉❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ❝❤❛♠♣ st❛❜❧❡s s♦♥t é❣❛❧❡♠❡♥t ét✉❞✐é❡s ♣❛r s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡

❡t t❡♥❞❡♥t à ❝♦♥✜r♠❡r ❧❡s tr❛✈❛✉① t❤é♦r✐q✉❡s ♣ré❝é❞❡♥ts s❡❧♦♥ ❧❡sq✉❡❧s ❧❡ ❝❤❛♠♣ ❞♦✐t ♣♦ssé❞❡r à ❧❛ ❢♦✐s

❞❡s ❝♦♠♣♦s❛♥t❡s ♣♦❧♦ï❞❛❧❡s ❡t t♦r♦ï❞❛❧❡s ♣♦✉r êtr❡ st❛❜❧❡ ✭❇r❛✐t❤✇❛✐t❡ ✷✵✵✾✮✳ ❙✐✱ ❡♥ r❡✈❛♥❝❤❡✱ ❧❡ ❝❤❛♠♣

❡st ❢❛✐❜❧❡✱ ♦♥ s❛✐t q✉✬✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✐♥❞✉✐r❛ ❡♥ q✉❡❧q✉❡s ♣ér✐♦❞❡s ❞❡ r♦t❛t✐♦♥ ✉♥ ❢♦rt ❝❤❛♠♣

❛③✐♠✉t❛❧ ♣❛r ❛❞✈❡❝t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦ï❞❛❧❡ ❞✉ ❝❤❛♠♣✳ ❖r ✉♥ ❝❤❛♠♣ q✉✐ ❞❡✈✐❡♥t ♣r✐♥❝✐♣❛❧❡♠❡♥t

❛③✐♠✉t❛❧ ❡st s✉❥❡t à ❧✬✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r q✉✐ ❡st ✉♥❡ ✐♥st❛❜✐❧✐té ❞❡ t②♣❡ ♣✐♥❝❤✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ ❝♦♥✜❣✉✲

r❛t✐♦♥ ❞❡ ❝❤❛♠♣ à ❣r❛♥❞❡ é❝❤❡❧❧❡ s❡r❛ ❞étr✉✐t❡ ♣❛r ❧❡ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬✐♥st❛❜✐❧✐té q✉✐ s❡ ❢❛✐t à ❣r❛♥❞❡s

é❝❤❡❧❧❡s ❛③✐♠✉t❛❧❡s m = 1 ♠❛✐s à ♣❡t✐t❡s é❝❤❡❧❧❡s ❞❛♥s ❧❡s ❞✐r❡❝t✐♦♥s ❧❛t✐t✉❞✐♥❛❧❡s ❡t r❛❞✐❛❧❡s ✭❇r✉♥ ✫



✸✳✶✳ ❉➱❙❊❘❚▼❆●◆➱❚■◗❯❊ ❉❆◆❙ ▲❊❙ ➱❚❖■▲❊❙ ❆ ❊❚ ❈❍❆▼P ❈❘■❚■◗❯❊ ❉❊❙ ➱❚❖■▲❊❙ ❆P✴❇P✶✻✸

❩❛❤♥ ✷✵✵✻✮✳

❏✬❛✐ ❞♦♥❝ ♣r♦♣♦sé ❧❡ s❝é♥❛r✐♦ s✉✐✈❛♥t ♣♦✉r ✐♥t❡r♣rét❡r ❧✬❡①✐st❡♥❝❡ ❞✉ ❞és❡rt ♠❛❣♥ét✐q✉❡ ❡♥ ❝❤❛♠♣

❧♦♥❣✐t✉❞✐♥❛❧ ❡♥tr❡ ∼ ✶ ●❛✉ss ❡t ∼ ✶✵✵ ●❛✉ss ✭♣✉❜❧✐é ❡♥ ♠ê♠❡ t❡♠♣s q✉❡ ❧❡s ♦❜s❡r✈❛t✐♦♥s ❞❡ ▼✉s✐❝♦s

❞❛♥s ❆✉r✐èr❡ ❡t ❛❧✳ ✭✷✵✵✼✱ ❆✽✮✮ ✿ ❙✉♣♣♦s♦♥s q✉✬✐❧ ❡①✐st❡ ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ ❛✉ ❞❡❧à ❞✉q✉❡❧

❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ♠❛❣♥ét✐q✉❡s s♦♥t st❛❜❧❡s ❡t ❡♥ ❞❡çà ❞✉q✉❡❧ t♦✉t❡ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛❣♥ét✐q✉❡ à ❣r❛♥❞❡

é❝❤❡❧❧❡ ❡st ✐♥st❛❜❧❡ ✈✐s à ✈✐s ❞✬✉♥❡ ✐♥st❛❜✐❧✐té✳ ▲❡ ❝❤❛♠♣ rés✉❧t❛♥t ❞❡ ❧✬✐♥st❛❜✐❧✐té s❡r❛ str✉❝t✉ré à ♣❡t✐t❡

é❝❤❡❧❧❡ ❝❡ q✉✐ ❞✐♠✐♥✉❡r❛✐t très s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❧❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ♦❜s❡r✈é ♣❛r ❡✛❡t ❞✬❛♥♥✉❧❛t✐♦♥ ❡♥tr❡

❧❡s ♣♦❧❛r✐tés ❞❡ s✐❣♥❡ ♦♣♣♦sé ré♣❛rt✐❡s s✉r ❧❛ s✉r❢❛❝❡ ✈✐s✐❜❧❡ ❞❡ ❧✬ét♦✐❧❡✳ ❉♦♥❝✱ ❡♥ ♣❛rt❛♥t ❞✬✉♥ é❝❤❛♥t✐❧❧♦♥

❞✬ét♦✐❧❡s ❝♦♠♣r❡♥❛♥t à ❧❛ ❢♦✐s ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞❡ ❝❤❛♠♣s st❛❜❧❡s ❡t ✐♥st❛❜❧❡s✱ ❝❡ s❝é♥❛r✐♦ ✐♥❞✉✐t ✉♥ s❛✉t

✐♠♣♦rt❛♥t ❞❛♥s ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧✳ ❙✐ ❞❡ ♣❧✉s✱ ❧❛ ✈❛❧❡✉r ❞✉ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ rés✉❧t❛♥t

❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬✐♥st❛❜✐❧✐té ❡st ✐♥❢ér✐❡✉r❡ ❛✉ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ❞❡s ✐♥str✉♠❡♥ts✱ ✉♥ t❡❧ s❝é♥❛r✐♦

❛❜♦✉t✐t ❜✐❡♥ à ✉♥ ❞és❡rt ♠❛❣♥ét✐q✉❡ ❡♥tr❡ ❧❡ s❡✉✐❧ ❞❡ ❞ét❡❝t✐♦♥ ❡t ❧❛ ✈❛❧❡✉r ♠✐♥✐♠❛❧❡ ❞❡s ❝❤❛♠♣s st❛❜❧❡s✳

P♦✉r ❞ét❡r♠✐♥❡r ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ q✉✐ ❛♣♣❛r❛ît ❞❛♥s ❧❡ s❝é♥❛r✐♦ ❡t ❧❡ ❝♦♠♣❛r❡r ❛✉ ❝❤❛♠♣ ♠✐♥✐♠❛❧ ❞❡s

❆♣✴❇♣✱ ✐❧ ❢❛✉t ét❛❜❧✐r à ♣❛rt✐r ❞❡ q✉❡❧❧❡ ✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣✱ ❧❛ ❢♦r❝❡ ❞❡ ▲♦r❡♥t③ ❡♠♣ê❝❤❡✱ ❡♥ s✉♣♣r✐♠❛♥t

❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ❧✬é✈♦❧✉t✐♦♥ ✈❡rs ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥st❛❜❧❡✳ ❖♥ ♣❡✉t ❡st✐♠❡r ❧❡ t❡♠♣s ♥é❝❡ss❛✐r❡

♣♦✉r ❡♥❣❡♥❞r❡r✱ ♣❛r ❛❞✈❡❝t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ ♣♦❧♦ï❞❛❧❡ ❛①✐s②♠étr✐q✉❡ ~Bsym
p ✱ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡

❝❤❛♠♣ ❞♦♠✐♥é❡ ♣❛r ❧❡ ❝❤❛♠♣ t♦r♦ï❞❛❧✱ à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ❞✬✐♥❞✉❝t✐♦♥ ❞❡ ❧❛ ❝♦♠♣♦s❛♥t❡ t♦r♦ï❞❛❧❡ ❞✉

❝❤❛♠♣ Bφ ✿

∂tBφ = r sin θ ~Bsym
p · ~∇Ω ✭✸✳✶✮

▲✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣ t♦r♦ï❞❛❧ ❞❡✈✐❡♥t ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r q✉❡ ❧❡ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧ ✐♥✐t✐❛❧ ❛✉

❜♦✉t ❞✬✉♥ t❡♠♣s ✿

tw =
ℓ

rΩ
✭✸✳✷✮

♦ù ℓ = Ω/|~∇Ω| ❡st ❧✬é❝❤❡❧❧❡ q✉✐ ❝❛r❛❝tér✐s❡ ❧❡ ❣r❛❞✐❡♥t ❞❡ ❧❛ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡✳

▲❡ t❡♠♣s ♠✐♥✐♠❛❧ ❞❡ rétr♦❛❝t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st ❧❡ t❡♠♣s ♠✐s

♣❛r ✉♥❡ ♦♥❞❡ ❞✬❆❧❢✈é♥ ♣♦✉r s❡ ♣r♦♣❛❣❡r s✉r ❧✬é❝❤❡❧❧❡ ❞❡ ❞✐st❛♥❝❡ ❞✉ ❣r❛❞✐❡♥t ❞❡ ✈✐t❡ss❡ ❛♥❣✉❧❛✐r❡ ✿

tA =
ℓ(4πρ)1/2

B
✭✸✳✸✮

❊♥ ❞✐s❛♥t q✉❡ ❧❡s ❞❡✉① ♣r♦❝❡ss✉s ❛❣✐ss❡♥t s✉r ✉♥ ♠ê♠❡ t❡♠♣s ❝❛r❛❝tér✐st✐q✉❡✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ ❡st✐✲
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♠❛t✐♦♥ ❧♦❝❛❧❡ ❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❛✉ ❞❡❧à ❞✉q✉❡❧ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡st s✉♣♣r✐♠é❡ ❛✈❛♥t ❞✬❛✈♦✐r ♣✉

❡♥❣❡♥❞r❡r ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞♦♠✐♥é❡ ♣❛r ✉♥ ❝❤❛♠♣ t♦r♦ï❞❛❧✶ ✿

Bc = (4πρ)1/2rΩ ✭✸✳✹✮

❉♦♥❝✱ s✐ B < Bc✱ ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✐♥❞✉✐r❛ ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ ❞♦♠✐♥é❡ ♣❛r ❧❡ ❝❤❛♠♣ t♦r♦ï❞❛❧

q✉✐ ❡st s✉s❝❡♣t✐❜❧❡ ❞✬êtr❡ ✐♥st❛❜❧❡ ✈✐s✲à✲✈✐s ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r✳ ▲❡ s❡✉✐❧ ❞❡ ❝❡tt❡ ✐♥st❛❜✐❧✐té ❞♦♥♥é

♣❛r ❙♣r✉✐t ❡st ❧❡ s✉✐✈❛♥t ✿

Bφ > (4πrρ)1/2Ω1/2N1/4 η
1/2

κ1/4
✭✸✳✺✮

❙✐ ♦♥ ❧✬❛♣♣❧✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞✬✉♥❡ ét♦✐❧❡ ❆ t②♣✐q✉❡ ♦♥ s✬❛♣❡rç♦✐t q✉❡ ❧❡ ❝❤❛♠♣ ♣♦❧♦ï❞❛❧ ✐♥✐t✐❛❧ ❞❡✈r❛✐t

êtr❡ très ❢❛✐❜❧❡ ✭Bp ∼ 10−3 ●❛✉ss✮ ♣♦✉r q✉❡ ❧❡ ❝❤❛♠♣ t♦r♦ï❞❛❧ ✐♥❞✉✐t ♣❛r ❛❞✈❡❝t✐♦♥ s♦✐t st❛❜❧❡ ✈✐s✲à✲✈✐s

❞❡ ❧✬✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r✳ ❈♦♥s✐❞ér❛♥t ❞❡s ✈❛❧❡✉rs ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ♦❜s❡r✈❛❜❧❡s✱ ♦♥ ❝♦♥❝❧✉t ❞♦♥❝

q✉❡ ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞ét❡r♠✐♥❡ s✐ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛❣♥ét✐q✉❡ é✈♦❧✉❡ ✈❡rs ✉♥❡ ❝♦♥✜❣✉r❛t✐♦♥ st❛❜❧❡ ✭s✐

B > Bc✮ ♦✉ ✐♥st❛❜❧❡ ✭s✐ B < Bc✮✳

▲❡ ❝r✐tèr❡ ❧♦❝❛❧ ❊q✳ ✭✸✳✹✮ ❞❡✈r❛ êtr❡ t❡sté ❞❛♥s ✉♥ ♠♦❞è❧❡ ❣❧♦❜❛❧ ✭❛✉ ♠♦✐♥s ❜✐❞✐♠❡♥s✐♦♥♥❡❧✮ ❞❡ ❧✬❛❞✈❡❝✲

t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ✭✈♦✐r ❙❡❝t✳ ✺✳✷✳✷✮✳ ◆é❛♥♠♦✐♥s✱ ✐❧ ❡st ❡♥❝♦✉r❛❣❡❛♥t ❞❡ ❝♦♥st❛t❡r q✉❡ ❧❛ ✈❛❧❡✉r

❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❛✐♥s✐ ♦❜t❡♥✉❡ ❡st q✉❛♥t✐t❛t✐✈❡♠❡♥t t♦✉t à ❢❛✐t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡s ❝❤❛♠♣s ♦❜s❡r✈és

❞❛♥s ❧❡s ❆♣ à ❝❤❛♠♣ ❢❛✐❜❧❡✳ ❉❡ ♣❧✉s✱ ♠ê♠❡ s✐ ❧❡s r❡❧❡✈és s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s ❧❡s ♣❧✉s ❝♦♠♣❧❡ts ♦♥t

été ré❛❧✐sés ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✱ ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❛✐♥s✐ ❝❛❧❝✉❧é ❡st é❣❛❧❡✲

♠❡♥t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❧❡s ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡s ❞❡s ét♦✐❧❡s ❇ ❡t ❖ ✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✵✼✱ ❆✽✮✳ ❈❡ s❝é♥❛r✐♦

♣♦✉rr❛✐t ❞♦♥❝ ❡①♣❧✐q✉❡r ❝♦♠♠❡♥t à ♣❛rt✐r ❞✬✉♥❡ ❞✐str✐❜✉t✐♦♥ ✐♥✐t✐❛❧❡ ✭❢♦ss✐❧❡✮ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡s

ét♦✐❧❡s ❝❤❛✉❞❡s✱ ♦♥ ❛❜♦✉t✐t à ✉♥❡ s✐t✉❛t✐♦♥ ♦✉ s❡✉❧❡♠❡♥t ❧❛ ❢r❛❝t✐♦♥ ❞❡s ét♦✐❧❡s ❛②❛♥t ✉♥ ❝❤❛♠♣ ✐♥✐t✐❛❧

s✉✣s❛♠♠❡♥t ❢♦rt ❝♦♥s❡r✈❡ ✉♥ ❝❤❛♠♣ str✉❝t✉ré à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞ét❡❝t❛❜❧❡ ♣❛r ❧❡s ♠♦②❡♥s ❛❝t✉❡❧s✳ P❛r

❛✐❧❧❡✉rs✱ ✐❧ ♣ré❞✐t ✉♥❡ ❞é♣❡♥❞❛♥❝❡ ❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥ ✭Bc ∝ Ω✮ q✉✐ s❡♠❜❧❡ ❡♥ ❛❝❝♦r❞

❛✈❡❝ ❧❡s ❞♦♥♥é❡s ❡①✐st❛♥t❡s ♠❛✐s q✉❡ ❧✬♦♥ ❞♦✐t ♣♦✉✈♦✐r t❡st❡r ♣❧✉s ♣ré❝✐sé♠❡♥t ♣❛r ✉♥ r❡❧❡✈é s♣❡❝tr♦♣♦❧❛✲

r✐♠étr✐q✉❡ ❞❡s ét♦✐❧❡s ❆♣ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ✭✈♦✐r ❙❡❝t✳ ✺✳✷✳✶✮✳ ❆❝t✉❡❧❧❡♠❡♥t✱ ❝❡ s❝é♥❛r✐♦ ♥❡ ♣ré❞✐t ♣❛s ❧❡

❞❡✈❡♥✐r ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ♠❛❣♥ét✐q✉❡s ✐♥st❛❜❧❡s ♣❛r ✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r✳ ❙♦♥t✲✐❧s ❞✐ss✐♣és ♣❛r ❞✐✛✉s✐♦♥

♦❤♠✐q✉❡ ❄ ❙♦♥t✲✐❧s ré❣é♥éré❡s ♣❛r ✉♥ ♠é❝❛♥✐s♠❡ ❞②♥❛♠♦ t❡❧ q✉❡ ❝❡❧✉✐ ♣r♦♣♦sé ❞❛♥s ♠❛ t❤ès❡ ✭▲✐❣♥✐èr❡s

✶ ❞❛♥s ❧❛ s✐t✉❛t✐♦♥ t❤é♦r✐q✉❡ ♦ù ❧❡ ❝❤❛♠♣ ✐♥✐t✐❛❧ ❡st ♣✉r❡♠❡♥t ❛①✐s②♠étr✐q✉❡ ✈✐s✲à✲✈✐s ❞❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥✱ ✉♥ ❝❡rt❛✐♥
♥✐✈❡❛✉ ❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ♣❡✉t ♣❡rs✐st❡r ❡♥tr❡ ❧❡s s✉r❢❛❝❡s ♠❛❣♥ét✐q✉❡s ❛❧♦rs q✉❡ ❧✬❡✛❡t ❞✬❛❞✈❡❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❡st
s✉♣♣r✐♠é ✲ ▲♦✐ ❞❡ ❋❡rr❛r♦
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❡t ❛❧✳ ✶✾✾✻✮ ♦✉ ♣❧✉s ré❝❡♠♠❡♥t ♣❛r ❙♣r✉✐t ✭✷✵✵✷✮ ❄

✸✳✷ ❉é❝♦✉✈❡rt❡ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❱é❣❛

▼❛❧❣ré ❞❡ très ♥♦♠❜r❡✉s❡s t❡♥t❛t✐✈❡s✱ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ❞❡ ♠❛ss❡

✐♥t❡r♠é❞✐❛✐r❡ ♥❡ ❢❛✐s❛♥t ♣❛s ♣❛rt✐❡ ❞❡ ❧❛ ❝❧❛ss❡ ❞❡s ét♦✐❧❡s ❆♣✴❇♣ ❡st ❧♦♥❣t❡♠♣s r❡sté❡ ✐♥❢r✉❝t✉❡✉s❡✳

▲❛ ❞❡r♥✐èr❡ t❡♥t❛t✐✈❡ ❡♥ ❞❛t❡✱ ✉♥ r❡❧❡✈é s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡ ❞✬ét♦✐❧❡s ❆ à r❛✐❡s étr♦✐t❡s ♠❡♥é ♣❛r ▼✳

❆✉r✐èr❡ s✉r ◆❛r✈❛❧✱ ❛✈❛✐t ♣❡r♠✐s ❞✬❛❜❛✐ss❡r ❧❛ ❧✐♠✐t❡ s✉♣ér✐❡✉r❡ ❞✉ ❝❤❛♠♣ ❞❡ ❝❡s ét♦✐❧❡s à q✉❡❧q✉❡s ●❛✉ss

✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✶✵✱ ❆✾✮✳ ▲❡ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❞❡ ♣✉❧s❛t✐♦♥s s✉r ❱é❣❛ ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ✭✈♦✐r

❙❡❝t✳ ✷✳✹✮ ét❛✐t ❧✬♦❝❝❛s✐♦♥ ❞✬❛❜❛✐ss❡r ❡♥❝♦r❡ ❝❡ s❡✉✐❧ ✭♣✉✐sq✉❡ ❧❡ t❡♠♣s ❞❡ ♣♦s❡ ét❛✐t ✶✵ ❢♦✐s s✉♣ér✐❡✉r à

❝❡❧✉✐ ❞❡ ❧❛ ♣ré❝é❞❡♥t❡ t❡♥t❛t✐✈❡✮ ❡t ✐❧ ❛ ❞♦♥❝ été ré❛❧✐sé ♣♦✉r ❧✬❡ss❡♥t✐❡❧ ❞❛♥s ❧❡ ♠♦❞❡ ♣♦❧❛r✐♠étr✐q✉❡ ❞❡

◆❛r✈❛❧✳ ❈♦♠♠❡ ❧❡ ♠♦♥tr❡ ❧❛ ❋✐❣✉r❡ ✸✳✶✱ ❧❡s ✹ ♥✉✐ts ❞✬♦❜s❡r✈❛t✐♦♥s s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡s ❞é❞✐é❡s à ❱é❣❛

♦♥t ✜♥❛❧❡♠❡♥t ♣❡r♠✐s ❞❡ ❞ét❡❝t❡r ❛✈❡❝ ❛ss✉r❛♥❝❡ ✉♥ s✐❣♥❛❧ ♣♦❧❛r✐sé ❝✐r❝✉❧❛✐r❡♠❡♥t✳ ■❧ s✬❛❣✐t ❞✉ s✐❣♥❛❧

♣♦❧❛r✐♠étr✐q✉❡ ❞❡ ♣❧✉s ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❞ét❡❝té à ❝❡ ❥♦✉r ♣❛r ◆❛r✈❛❧ ♦✉ ❊s♣❛❞♦♥s✱ ♠ê♠❡ s✐ ❞❡s ♥✐✈❡❛✉①

❞❡ ♣♦❧❛r✐s❛t✐♦♥ ❞✉ ♠ê♠❡ ♦r❞r❡ ❞❡ ❣r❛♥❞❡✉r ✭❡♥tr❡ ✷ ❡t ✸ ❢♦✐s s✉♣ér✐❡✉rs✮ ♦♥t été ré❝❡♠♠❡♥t ❞ét❡❝tés ❞❛♥s

❞❡s ét♦✐❧❡s à ❡♥✈❡❧♦♣♣❡ ❝♦♥✈❡❝t✐✈❡ ✭❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✵✾❀ ❆✉r✐èr❡ ❡t ❛❧✳ ✷✵✶✵✮✳ ▲❡s ♥♦♠❜r❡✉① t❡sts ❡✛❡❝t✉és

à ❝❡ ❥♦✉r ♣♦✉r é❝❛rt❡r ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥ s✐❣♥❛❧ s♣✉r✐❡✉① ✭✈♦✐r ♥♦t❛♠♠❡♥t ❧❛ ❋✐❣✉r❡ ✸✳✸ ❝✐✲❞❡ss♦✉s✮ s♦♥t

t♦✉s ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ✉♥❡ ♦r✐❣✐♥❡ st❡❧❧❛✐r❡ ❞✉ s✐❣♥❛❧ ❡t ❞♦♥❝ ❛✈❡❝ ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡

❧♦♥❣✐t✉❞✐♥❛❧ ❞❡ −0.6±0.3 ●❛✉ss à ❧❛ s✉r❢❛❝❡ ❞❡ ❱é❣❛✳ ❈✬❡st ❧❛ ♣r❡♠✐èr❡ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡

❞❛♥s ✉♥❡ ét♦✐❧❡ ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ q✉✐ ♥✬❡st ♣❛s ❝❤✐♠✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡ ❞✉ t②♣❡ ❆♣ ❡t ❞❡ ♣❧✉s

❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❡st ✐♥❢ér✐❡✉r❡ ❞❡ ❞❡✉① ♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r ❛✉ ❝❤❛♠♣ ❞❡s ❆♣✳ ❱é❣❛ ❞♦✐t

❞♦♥❝ êtr❡ ❝♦♥s✐❞éré❡ ❝♦♠♠❡ ❧❡ ♣r❡♠✐❡r ♠❡♠❜r❡ ❞✬✉♥❡ ♥♦✉✈❡❧❧❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡ ♠❛❣♥ét✐q✉❡✱ ❞✐st✐♥❝t❡ ❞❡s

ét♦✐❧❡s ❆♣ ❡t ❞♦♥t ♦♥ ♥❡ ❝♦♥♥❛ît ♣❛s à ❝❡ ❥♦✉r ❧✬ét❡♥❞✉❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✾✱ ❆✶✵✮✳

❉✉ ♣♦✐♥t ❞❡ ✈✉❡ t❤é♦r✐q✉❡✱ ❧❡ ❝❤❛♠♣ ❞❡ ❱é❣❛ ♣♦✉rr❛✐t êtr❡ ❡♥❣❡♥❞ré ♣❛r ✉♥❡ ❞②♥❛♠♦ q✉✐ ❛❣✐r❛✐t

s♦✐t ❞❛♥s ✉♥❡ ❡♥✈❡❧♦♣♣❡ r❛❞✐❛t✐✈❡ ❡♥ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✶✾✾✻❀ ❙♣r✉✐t ✷✵✵✷✮ s♦✐t

❞❛♥s ❧❡ ❝♦❡✉r ❝♦♥✈❡❝t✐❢ ❞❡ ❧✬ét♦✐❧❡ ✭▼❛❝❉♦♥❛❧❞ ✫ ▼✉❧❧❛♥ ✷✵✵✹✮✳ ■❧ ♣♦✉rr❛✐t ❛✉ss✐ êtr❡ ❧❡ rés✉❧t❛t ❞❡ ❧❛

❞ést❛❜✐❧✐s❛t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ❞❡ t②♣❡ ❆♣ ✭✈♦✐r ❙❡❝t✳ ✸✳✶✮✳ ▼ê♠❡ s✐ ❝❡s ♠♦❞è❧❡s ❞♦✐✈❡♥t

êtr❡ ♣ré❝✐sés ❞❛♥s ❧❡ ❢✉t✉r✱ ✐❧s s♦♥t ❞é❥à très ✉t✐❧❡s ♣♦✉r ❣✉✐❞❡r ❧❡s ♦❜s❡r✈❛t✐♦♥s ♥♦t❛♠♠❡♥t ♣❛r❝❡ q✉✬✐❧s

s✉❣❣èr❡♥t ✭✐✮ q✉❡ ❧❡ ❝❤❛♠♣ ❞❡ ❱é❣❛ ❡st ✐♥tr✐♥sèq✉❡♠❡♥t ✈❛r✐❛❜❧❡ ✭❛❧♦rs q✉✬❛✉❝✉♥❡ ✈❛r✐❛❜✐❧✐té ♥✬❛ été

❞ét❡❝té❡ ❞❛♥s ❧❡s ❝❤❛♠♣s ❝♦♥♥✉s ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✮✱ ✭✐✐✮ q✉❡ ❧❛ r♦t❛t✐♦♥ ❥♦✉❡
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❋✐❣✳ ✸✳✶ ✕ ❉ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❱é❣❛ ❛✈❡❝ ◆❆❘❱❆▲ ❛✉ ❚❇▲ ✿ ▼♦②❡♥♥❡ ❞❡s ✷✺✼ ♣r♦✜❧s
♠♦②❡♥s ♦❜t❡♥✉s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦♥✈♦❧✉t✐♦♥ ❞✉ s♣❡❝tr❡ ✭▲❡❛st ❙q✉❛r❡ ❉❡❝♦♥✈♦❧✉t✐♦♥✮ ❡♥ ❙t♦❦❡s ■
✭❜❧❡✉✴❜❛s✮ ❡t ❡♥ ❙t♦❦❡s ❱ ✭r♦✉❣❡✴❤❛✉t✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡ r❛❞✐❛❧❡✳ ▲❛ ❝♦✉r❜❡ ✈❡rt❡✴♠✐❧✐❡✉ ❡st ✉♥❡
❝♦♠❜✐♥❛✐s♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❙t♦❦❡s q✉✐ ❞♦✐t êtr❡ ♥✉❧❧❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❜r✉✐t✳ ❈❡tt❡ ❝♦✉r❜❡ ❡t ❝❡❧❧❡
❡♥ ❙t♦❦❡s ❱ s♦♥t ❞é❝❛❧é❡s ✈❡rt✐❝❛❧❡♠❡♥t ❡t ❛❣r❛♥❞✐❡s ❞✬✉♥ ❢❛❝t❡✉r ✺✵✵✳ ❯♥ s✐❣♥❛❧ ♣♦❧❛r✐sé ❞❡ très ❢❛✐❜❧❡
❛♠♣❧✐t✉❞❡ ✭V/I ∼ 10−5✮ ❡st ❞ét❡❝té s❛♥s ❛♠❜✐❣✉ïté✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬é❝❛rt✲t②♣❡ ❞❡s
✢✉❝t✉❛t✐♦♥s ❞✉ s✐❣♥❛❧ ❡♥ ❞❡❤♦rs ❞❡ ❧❛ r❛✐❡✱ ❡st ❡♥ ❡✛❡t σ = 2 × 10−6Ic ♦ù Ic ❡st ❧✬✐♥t❡♥s✐té ❞✉ ❝♦♥t✐♥✉✳
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❋✐❣✳ ✸✳✷ ✕ ▼♦②❡♥♥❡s ❞❡s ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ♦❜t❡♥✉s ❞✉r❛♥t q✉❛tr❡ ré❝❡♥t❡s ❝❛♠♣❛❣♥❡s ❞✬♦❜s❡r✈❛✲
t✐♦♥ ❞❡ ❱é❣❛ ✭❡♥ ✈❡rt✮✳ ▼♦②❡♥♥❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✼✾✾ ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ❞❡s q✉❛tr❡ ❝❛♠♣❛❣♥❡s
✭❡♥ r♦✉❣❡✮✳ ▲❡s ♥✐✈❡❛✉① ❞❡ ❜r✉✐t ♣♦✉r ❝❤❛q✉❡ ❝❛♠♣❛❣♥❡ s♦♥t ❞♦♥♥és ♣❛r ❞❡s ❜❛rr❡s ❞✬❡rr❡✉r s✉r ❧❛ ❣❛✉❝❤❡
❞❡s ♣r♦✜❧s✳

✉♥ rô❧❡ ❝❡♥tr❛❧ s✉r ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣ ❣é♥éré ❡t ✭✐✐✐✮ q✉❡ ❧❛ ♣❧✉♣❛rt ❞❡s ét♦✐❧❡s ❆ ♥♦♥ ❆♣ ✭❝✬❡st✲à✲❞✐r❡

✾✵ à ✾✺ ✪ ❞❡s ét♦✐❧❡s ❝❡tt❡ ❝❧❛ss❡ ❞❡ ♠❛ss❡✮ ♦♥t ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ❞❡ ❱é❣❛✳

❉❡ ♥♦✉✈❡❧❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ❞♦♥❝ ♥é❝❡ss❛✐r❡s ♣♦✉r ❞✬✉♥❡ ♣❛rt ❝♦♥✜r♠❡r ❡t ❝❛r❛❝tér✐s❡r ❛✉t❛♥t

q✉❡ ♣♦ss✐❜❧❡ ❧❡ ❝❤❛♠♣ ❞❡ ❱é❣❛ ❡t ❞✬❛✉tr❡ ♣❛rt r❡❝❤❡r❝❤❡r ❞❡ ♥♦✉✈❡❛✉① ♠❡♠❜r❡s à ❝❡tt❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡

♠❛❣♥ét✐q✉❡✳ ❊♥ t❛♥t q✉❡ P■ ❞❡s ❞❡♠❛♥❞❡s ❞❡ t❡♠♣s à ◆❛r✈❛❧ ❡t ❊s♣❛❞♦♥s✱ ❥✬❛✐ été ❛♠❡♥é à ❞é✜♥✐r ✉♥❡

str❛té❣✐❡ ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡ ♣♦✉r ❝❡tt❡ ♥♦✉✈❡❧❧❡ ❡①♣❧♦r❛t✐♦♥ q✉✐ ♥❡ ❢❛✐t q✉❡ ❝♦♠♠❡♥❝❡r ✭✈♦✐r ❙❡❝t✳ ✺✳✷✳✶✮✳

❏❡ ❞é❝r✐s ✐❝✐ ❧❡s ♣r❡♠✐❡rs rés✉❧t❛ts ❞❡s ♦❜s❡r✈❛t✐♦♥s ré❛❧✐sé❡s s✉r ❱é❣❛ ❡t ❙✐r✐✉s✱ ❡t q✉✐ ♦♥t été ❛♥❛❧②sé❡s

♣❛r P✳ P❡t✐t ✭✉♥ ❛rt✐❝❧❡ P❡t✐t ❡t ❛❧✳ s❡r❛ s♦✉♠✐s très ♣r♦❝❤❛✐♥❡♠❡♥t✮✳

❈♦♥❝❡r♥❛♥t ❱é❣❛✱ tr♦✐s ❝❛♠♣❛❣♥❡s ❞✬♦❜s❡r✈❛t✐♦♥s ♦♥t été ♠❡♥é❡s ❞❡♣✉✐s ❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ❥✉✐❧❧❡t ✷✵✵✽✱
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❞❡✉① ❛✈❡❝ ◆❛r✈❛❧ ❡♥ ❥✉✐♥ ✷✵✵✾ ❡t ♦❝t♦❜r❡ ✷✵✵✾ ❡t ✉♥❡ ❛✈❡❝ ❊s♣❛❞♦♥s ❡♥ s❡♣t❡♠❜r❡ ✷✵✵✾ ✭❧❡ P■ ❞❡ ❝❡tt❡

❞❡r♥✐èr❡ ❞❡♠❛♥❞❡ ❛ été ●✳ ❲❛❞❡✮✳ ▲❛ ❋✐❣✉r❡ ✸✳✷ ♠♦♥tr❡ ❧❡s ♠♦②❡♥♥❡s ❞❡s ♣r♦✜❧s ❞❡ ❙t♦❦❡s ❱ ♦❜t❡♥✉s

♣♦✉r ❝❤❛❝✉♥❡ ❞❡s ✹ ❝❛♠♣❛❣♥❡s ❛✐♥s✐ q✉❡ ❧❛ ♠♦②❡♥♥❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s s♣❡❝tr❡s ♦❜t❡♥✉s ❛✉① ❝♦✉rs ❞❡s

✹ ❝❛♠♣❛❣♥❡s✳ ▲❡ s✐❣♥❛❧ ♣♦❧❛r✐♠étr✐q✉❡ ❡st ♣rés❡♥t s②sté♠❛t✐q✉❡♠❡♥t ❡t ✐❧ ♥❡ ♠♦♥tr❡ ♣❛s ❞❡ ✈❛r✐❛t✐♦♥

é✈✐❞❡♥t❡ ❡♥tr❡ ❧❡s ❞✐✛ér❡♥t❡s ❝❛♠♣❛❣♥❡s✳ ▲❛ ♠♦②❡♥♥❡ s✉r ❧✬❡♥s❡♠❜❧❡ ❞❡s s♣❡❝tr❡s ♣❡r♠❡t ♥é❛♥♠♦✐♥s

❞✬❛✉❣♠❡♥t❡r ❞❡ ❢❛ç♦♥ s✐❣♥✐✜❝❛t✐✈❡ ❧❡ r❛♣♣♦rt s✐❣♥❛❧✲s✉r✲❜r✉✐t✳ ❯♥❡ ❛✉tr❡ ❝♦♥✜r♠❛t✐♦♥ ❞❡ ❧❛ ♣rés❡♥❝❡

❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❱é❣❛ ♣❡✉t êtr❡ ♦❜t❡♥✉ ❡♥ t✐r❛♥t ♣❛rt✐ ❞❡ ❧❛ s❡♥s✐❜✐❧✐té ❞❡ ❧✬❡✛❡t ❩❡❡♠❛♥

❛✉ ❢❛❝t❡✉r ❞❡ ▲❛♥❞é ❛ss♦❝✐é ❛✉① r❛✐❡s ❞✬❛❜s♦r♣t✐♦♥✳ ❈♦♠♠❡ ♦♥ s✬② ❛tt❡♥❞ ♣♦✉r ✉♥ s✐❣♥❛❧ ♣♦❧❛r✐sé ♣❛r

❡✛❡t ❩❡❡♠❛♥✱ ❧❡ s✐❣♥❛❧ ♣♦❧❛r✐sé ❞❡ ❱é❣❛ ❡st ❞❡ ♣❧✉s ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ s✐ ♦♥ s❡ r❡str❡✐♥t ❛✉① r❛✐❡s à ❢❛✐❜❧❡

❢❛❝t❡✉r ❞❡ ▲❛♥❞é ❛❧♦rs q✉✬✐❧ ❡st ❞❡ ♣❧✉s ❢♦rt❡ ❛♠♣❧✐t✉❞❡ ♣♦✉r ❧❡s r❛✐❡s à ❢♦rt ❢❛❝t❡✉r ❞❡ ▲❛♥❞é✳ ❈❡t ❡✛❡t

❡st ♠♦♥tré à ❧❛ ❋✐❣✉r❡ ✸✳✸✳

❯♥❡ r❡❝❤❡r❝❤❡ ❞❡ ♠♦❞✉❧❛t✐♦♥ r♦t❛t✐♦♥♥❡❧❧❡ ❞❡s ♣r♦✜❧s ❙t♦❦❡s ❱ ❛ été ❡✛❡❝t✉é❡ s✉r ❧❡s ❞❡✉① ❝❛♠♣❛❣♥❡s

❞✬♦❜s❡r✈❛t✐♦♥s ❧❡s ♣❧✉s ❧♦♥❣✉❡s ✭❥✉✐❧❧❡t ✷✵✵✽ ❡t s❡♣t❡♠❜r❡ ✷✵✵✾✮✳ ▼ê♠❡ s✐ ❧❛ ❢❛✐❜❧❡ss❡ ❞✉ s✐❣♥❛❧ ❡t ❧❛

❞✉ré❡ ❧✐♠✐té❡ ❞❡s ♦❜s❡r✈❛t✐♦♥s r❡♥❞❡♥t ❞✐✣❝✐❧❡ ❧❛ ❞ét❡❝t✐♦♥ ❞✬✉♥❡ ♠♦❞✉❧❛t✐♦♥ r♦t❛t✐♦♥♥❡❧❧❡✱ ✉♥❡ ♣ér✐♦❞❡

❞❡ r♦t❛t✐♦♥ P ∼ ✶✽❤ ❡st tr♦✉✈é❡ ❛✈❡❝ ❧❡ ♠ê♠❡ ❞❡❣ré ❞❡ ❝♦♥✜❞❡♥❝❡ ❞❛♥s ❝❡s ❞❡✉① ❥❡✉① ❞❡ ❞♦♥♥é❡s

✐♥❞é♣❡♥❞❛♥ts✳ ❈❡tt❡ ♣ér✐♦❞❡ ❡st t♦✉t à ❢❛✐t ❝♦♠♣❛t✐❜❧❡ ❛✈❡❝ ❝❡❧❧❡ tr♦✉✈é❡ ♣❛r ❚❛❦❡❞❛ ❡t ❛❧✳ ✭✷✵✵✽✮ à

♣❛rt✐r ❞❡s s✐❣♥❛t✉r❡s s♣❡❝tr❛❧❡s ❞❡ ❧✬❛ss♦♠❜r✐ss❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ✐♥❞✉✐t ♣❛r ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✳ ❊❧❧❡

❡st ❡♥ r❡✈❛♥❝❤❡ ❡♥ ❝❧❛✐r ❞és❛❝❝♦r❞ ❛✈❡❝ ❧❛ ♣ér✐♦❞❡ ❞❡ ∼ ✶✷❤ ❞é❞✉✐t❡ ❞❡ ❧✬❛♥❛❧②s❡ ✐♥t❡r❢ér♦♠étr✐q✉❡ ❞❡

❝❡ ♠ê♠❡ ❡✛❡t ❞✬❛ss♦♠❜r✐ss❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ✭P❡t❡rs♦♥ ❡t ❛❧✳ ✷✵✵✻✮✳ ◆♦tr❡ rés✉❧t❛t s✉❣❣èr❡ q✉❡ ❧❡

♠❛❣♥ét✐s♠❡ ❞❡ t②♣❡ ❱é❣❛ ♥✬❡st ♣❛s ❧✐♠✐té ❛✉① ét♦✐❧❡s ❞♦♥t ❧❛ r♦t❛t✐♦♥ ❡st ❡①trê♠❡✳ ❊♥ ❡✛❡t✱ ✉♥❡ ♣ér✐♦❞❡

❞❡ ✶✽❤ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ✈✐t❡ss❡ éq✉❛t♦r✐❛❧❡ ❞❡ ✶✼✺ ❦♠✴s✱ ♣r♦❝❤❡ ❞❡ ❧❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ t②♣✐q✉❡ ❞❡s

ét♦✐❧❡s ❆ ♥♦r♠❛❧❡s ✭150 ❦♠✴s✮✱ ❛❧♦rs q✉✬✉♥❡ ♣ér✐♦❞❡ ❞❡ ✶✷❤ ✐♥❞✐q✉❡r❛✐t ✉♥❡ r♦t❛t✐♦♥ ♣r♦❝❤❡ ❞❡ ❧❛ ✈✐t❡ss❡

❝r✐t✐q✉❡ Ω ∼ 0.9ΩK ✳

❆✈❡❝ ❧❛ ♣ér✐♦❞❡ ❞❡ r♦t❛t✐♦♥✱ ❧✬✐♠❛❣❡r✐❡ ❩❡❡♠❛♥✲❉♦♣♣❧❡r ♣❡r♠❡t ❞❡ r❡❝♦♥str✉✐r❡ ❞❡s ❝❛rt❡s ❞❡ ❝❤❛♠♣

♠❛❣♥ét✐q✉❡ ❝♦♠♣❛t✐❜❧❡s ❛✈❡❝ ❧❡s ❞♦♥♥é❡s✳ ▲❛ ❋✐❣✉r❡ ✸✳✹ ♠♦♥tr❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞✉ ❝❤❛♠♣ ♦❜t❡♥✉ ♣♦✉r

❧❛ ❝❛♠♣❛❣♥❡ ❞❡ ❥✉✐❧❧❡t ✷✵✵✽✳ ❖♥ ♦❜s❡r✈❡ ✉♥❡ ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡ ❝❤❛♠♣ ❛✉ ♣ô❧❡ ❡t ❞❡s str✉❝t✉r❡s ❞❡

r❡❧❛t✐✈❡♠❡♥t ♣❡t✐t❡s é❝❤❡❧❧❡s ❛✉① ♣❧✉s ❜❛ss❡s ❧❛t✐t✉❞❡s✳ ■❧ s✬❛❣✐t ❞❡ ❧❛ ♣r❡♠✐èr❡ ✐♠❛❣❡ ❩❡❡♠❛♥✲❉♦♣♣❧❡r ❞❡

❧❛ s✉r❢❛❝❡ ❞✬✉♥❡ ét♦✐❧❡ ❆ ♥♦♥ ❝❤✐♠✐q✉❡♠❡♥t ♣❛rt✐❝✉❧✐èr❡✳ ▲❡ ❞❡❣ré ❞❡ ❝♦rré❧❛t✐♦♥ ❞❡s ❝❛rt❡s ♦❜t❡♥✉❡s ❡♥

❥✉✐❧❧❡t ✷✵✵✽ ❡t s❡♣t❡♠❜r❡ ✷✵✵✾ ❡st r❡❧❛t✐✈❡♠❡♥t ✐♠♣♦rt❛♥t ❡t ♥✬✐♥❞✐q✉❡ ♣❛s ♣♦✉r ❧✬✐♥st❛♥t ❞❡ ✈❛r✐❛❜✐❧✐té

✐♥tr✐♥sèq✉❡ ❞✉ ❝❤❛♠♣ ❡♥tr❡ ❝❡s ❞❡✉① ♦❜s❡r✈❛t✐♦♥s✳ ❯♥❡ ❝❛♠♣❛❣♥❡ ❞✬♦❜s❡r✈❛t✐♦♥s ❡st ♣rr♦❣r❛♠♠é❡ ❡♥



✸✳✷✳ ❉➱❈❖❯❱❊❘❚❊ ❉❯ ❈❍❆▼P ▼❆●◆➱❚■◗❯❊ ❉❊ ❱➱●❆ ✶✻✾

❋✐❣✳ ✸✳✸ ✕ ▼♦②❡♥♥❡ ❞❡s ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ❝❛❧❝✉❧és ❛✈❡❝ ❞❡s ❧✐st❡s ❞❡ r❛✐❡ à ❢❛✐❜❧❡s ❢❛❝t❡✉rs ❞❡
▲❛♥❞é ✭❡♥ ✈❡rt✮ ❡t à ❢♦rts ❢❛❝t❡✉rs ❞❡ ▲❛♥❞é ✭❡♥ r♦✉❣❡✮✳



✶✼✵ ❈❍❆P■❚❘❊ ✸✳ ▼❆●◆➱❚■❙▼❊ ❉❊❙ ➱❚❖■▲❊❙ ❉❊ ▼❆❙❙❊ ■◆❚❊❘▼➱❉■❆■❘❊

❋✐❣✳ ✸✳✹ ✕ ❈❛rt❡ ❞✉ ✈❡❝t❡✉r ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❱é❣❛ ❡♥ ♣r♦❥❡❝t✐♦♥ ♣♦❧❛✐r❡ ✭♦❜s❡r✈❛t✐♦♥s ❞❡ ❥✉✐❧❧❡t
✷✵✵✽✮✳ ▲❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦♥t r❡♣rés❡♥té❡s sé♣❛ré♠❡♥t ❡t ❧✬✐♥t❡♥s✐té ❞✉ ❝❤❛♠♣
❡st ❡①♣r✐♠é❡ ❡♥ ●❛✉ss✳



✸✳✸✳ ❆❯❚❘❊❙ P❘❖●❘❆▼▼❊❙ ❉✬❖❇❙❊❘❱❆❚■❖◆ ❉❊❙ ❈❍❆▼P❙▼❆●◆➱❚■◗❯❊❙ ❙❚❊▲▲❆■❘❊❙✶✼✶

❥✉✐❧❧❡t ✷✵✶✵ s✉r ◆❛r✈❛❧✱ ❡❧❧❡ ❞❡✈r❛✐t ♣❡r♠❡ttr❡ ❞❡ ❝♦♥✜r♠❡r ❧❛ ♣ér✐♦❞❡ ❞❡ r♦t❛t✐♦♥ ❡t ❞❡ ❝♦♥t✐♥✉❡r ❧✬ét✉❞❡

❞❡ ❧❛ ✈❛r✐❛❜✐❧✐té ❞✉ ❝❤❛♠♣✳

❆♣rès ❱é❣❛✱ ❧✬♦❜❥❡t ❧❡ ♠✐❡✉① ❛❞❛♣té ♣♦✉r r❡❝❤❡r❝❤❡r ✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ❞❛♥s

✉♥❡ ét♦✐❧❡ ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❡st ❙✐r✐✉s ✭❝❛r ❡❧❧❡ ❡st très ❜r✐❧❧❛♥t❡ ❡t ❛ ✉♥ ❢❛✐❜❧❡ ✈ sin✐✮✳ ❉❡ ♣❧✉s✱ ❙✐r✐✉s

ét❛♥t ✉♥❡ ét♦✐❧❡ s♦✉s ♠ét❛❧❧✐q✉❡ ❞❡ t②♣❡ ❆♠✱ ♦♥ s❛✐t q✉❡ s❛ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❞♦✐t êtr❡ ✐♥❢ér✐❡✉r❡ à ∼ ✶✵✵

❦♠✴s✳ ▲❛ ♣rés❡♥❝❡ ♦✉ ❧✬❛❜s❡♥❝❡ ❞❡ ❝❤❛♠♣ s✉r ❙✐r✐✉s s❡r❛ ❞♦♥❝ très ✐♠♣♦rt❛♥t❡ ♣✉✐sq✉❡ ❝❡❧❛ ❞♦♥♥❡r❛ ✉♥❡

♥♦✉✈❡❧❧❡ ✐♥❞✐❝❛t✐♦♥ s✉r ❧❛ rô❧❡ ❞❡ ❧❛ r♦t❛t✐♦♥ ❡t ♥♦✉s ❞✐r❛ s✐ ❧✬♦♥ ❛ ✐♥térêt à s❡ ❝♦♥❝❡♥tr❡r s✉r ❧❡s ét♦✐❧❡s

q✉✐ ♥❡ s♦♥t ♣❛s ❆♠ ♣♦✉r ❡①♣❧♦r❡r ❧❛ ♥♦✉✈❡❧❧❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡ ♠❛❣♥ét✐q✉❡✳ ❈❡❧❛ r❡♥❞r❛✐t ❧✬❡①♣❧♦r❛t✐♦♥ ♣❧✉s

❞✐✣❝✐❧❡ ❝❛r✱ ❧❡s ét♦✐❧❡s ❆♠ ❛②❛♥t ✉♥❡ ✈✐t❡ss❡ ❞❡ r♦t❛t✐♦♥ ❧✐♠✐té❡✱ ❡❧❧❡s ❝♦♥st✐t✉❡♥t ❧❛ ♠❛❥♦r✐té ❞❡s ét♦✐❧❡s
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ABSTRACT

Aims. We investigated a sample of 28 well-known spectroscopically-identified magnetic Ap/Bp stars, with weak, poorly-determined
or previously undetected magnetic fields. The aim of this study is to explore the weak part of the magnetic field distribution of
Ap/Bp stars.
Methods. Using the MuSiCoS and NARVAL spectropolarimeters at Télescope Bernard Lyot (Observatoire du Pic du Midi, France)
and the cross-correlation technique Least Squares Deconvolution (LSD), we obtained 282 LSD Stokes V signatures of our 28 sample
stars, in order to detect the magnetic field and to infer its longitudinal component with high precision (median σ = 40 G).
Results. For the 28 studied stars, we obtained 27 detections of Stokes V Zeeman signatures from the MuSiCoS observations. Detection
of the Stokes V signature of the 28th star (HD 32650) was obtained during science demonstration time of the new NARVAL spec-
tropolarimeter at Pic du Midi. This result clearly shows that when observed with sufficient precision, all firmly classified Ap/Bp stars
show detectable surface magnetic fields. Furthermore, all detected magnetic fields correspond to longitudinal fields which are sig-
nificantly greater than some tens of G. To better characterise the surface magnetic field intensities and geometries of the sample, we
phased the longitudinal field measurements of each star using new and previously-published rotational periods, and modeled them to
infer the dipolar field intensity (Bd, measured at the magnetic pole) and the magnetic obliquity (β). The distribution of derived dipole
strengths for these stars exhibits a plateau at about 1 kG, falling off to larger and smaller field strengths. Remarkably, in this sample
of stars selected for their presumably weak magnetic fields, we find only 2 stars for which the derived dipole strength is weaker than
300 G. We interpret this “magnetic threshold” as a critical value necessary for the stability of large-scale magnetic fields, and develop
a simple quantitative model that is able to approximately reproduce the observed threshold characteristics. This scenario leads to a
natural explanation of the small fraction of intermediate-mass magnetic stars. It may also explain the near-absence of magnetic fields
in more massive B and O-type stars.

Key words. stars: chemically peculiar – stars: magnetic fields

⋆ Based on data obtained using the Télescope Bernard Lyot at
Observatoire du Pic du Midi, CNRS and Université Paul Sabatier,
France.
⋆⋆ Figures 7 to 32 are only available in electronic form at
http://www.aanda.org
⋆⋆⋆ Table 3 is only available in electronic form at the CDS via
anonymous ftp to cdsarc.u-strasbg.fr (130.79.128.5) or via
http://cdsweb.u-strasbg.fr/cgi-bin/qcat?J/A+A/475/1053

1. Introduction

The magnetic chemically peculiar Ap/Bp stars are the non-
degenerate stars for which the strongest magnetic fields have
been measured (Landstreet 1992). Although the fields are
thought to be fossil remnants of flux swept up during star forma-
tion or produced via dynamo action on the pre-main sequence,
their origin is not understood in any real detail (e.g. Moss 2001).
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Furthermore, the role of the magnetic field in the diffusion pro-
cesses which are responsible for their chemical peculiarity has
been studied in only a schematic fashion.

Although more than one thousand main sequence A-type
stars have been catalogued as magnetic Ap/Bp stars (Renson
et al. 1991) following the scheme of Preston (1974), direct mea-
surements of the magnetic field have been obtained for only a
few hundred of them (Romanyuk 2000; Bychkov et al. 2003).
Examination of the published measurements shows that the ma-
jority of the reported values are rather large. For example, 55%
of the 210 stars of the catalogue of Romanyuk (2000) with pub-
lished magnetic field measurements have a maximum unsigned
line-of-sight (longitudinal) magnetic field Bℓ larger than 1 kG.
On the other hand, according to Bohlender & Landstreet (1990),
the median root-mean-square (rms) longitudinal magnetic field
of Ap stars (based on a small magnitude-limited sample ob-
served by Borra & Landstreet 1980) is only about 300 G (the
largest rms field they report is only 710 G). This implies that
most Ap stars have relatively weak (<∼1 kG) magnetic fields, and
that the available observations are strongly biased toward stars
with the strongest and most easily-measured fields. One conse-
quence of this bias is that the weak-field part of the magnetic
field distribution of Ap stars is poorly studied. It is not known if
it increases monotonically toward arbitrarily small field strength,
or if it is truncated at a minimum magnetic field strength (as pro-
posed by Glagolevskij & Chountonov 2002).

In order to improve our knowledge of the weak-field part of
the magnetic field distribution of Ap stars, we have undertaken a
study of a sample of 28 well-known spectroscopically-identified
Ap/Bp stars, with very weak, poorly-determined or previously-
undetected magnetic fields. We describe our survey in Sect. 2
and report our observational and modeling results in Sects. 3
and 4. We discuss the implications of our results, suggesting one
possible interpretation involving the stability of large scale mag-
netic fields, in Sect. 5 and give our conclusions in Sect. 6.

2. The weak-field Ap stars survey

2.1. The selected sample

Our sample is composed of spectroscopically-identified Ap/Bp
stars belonging to the HD catalogue. Twelve stars were selected
based on the observations of Borra & Landstreet (1980) and
Bohlender et al. (1993), identifying stars for which no signifi-
cant detection of the magnetic field was obtained. Thirteen addi-
tional targets are stars for which only old photographic measure-
ments of the magnetic field were available, typically by Babcock
(1958), and for which measurements have poor precision and do
not provide a significant detection of the magnetic field; these
stars were generally selected using the catalogues of Romanyuk
(2000) or Bychkov et al. (2003). Finally, 3 stars of our sample
were selected which had not been observed for magnetic field
before this work. The observational properties of the 28 stars are
presented in Table 1. Section 3.2 gives more details on each star
and on the obtained results.

Because all of these stars are relatively bright, most have
been known for decades and have been well studied. All appear
in the Hipparcos catalogue (Perryman et al. 1997), and all but 6
haveσπ/π < 0.2. The majority have photometrically-determined
rotational periods and published values of v sin i. Many have
been studied using high-resolution spectroscopy and Doppler
Imaging. Therefore the classification of this sample as bona fide
Ap/Bp stars is generally quite firm. As a consequence of this

careful selection (and as will be described later in the paper), no
non-Ap/Bp star has been mistakenly included in the sample.

2.2. Observations and reduction

Stokes V and Stokes I spectra of the 28 sample stars were ob-
tained during 10 observing runs, from July 2001 to June 2006.
We used the MuSiCoS spectropolarimeter attached the Bernard
Lyot telescope (TBL) at Observatoire du Pic du Midi. The
MuSiCoS spectropolarimeter is composed of a cross-dispersed
echelle spectrograph (Baudrand & Böhm 1992) and a dedicated
polarimeter module (Donati et al. 1999). The spectrograph is
a table-top instrument, fed by a double optical fibre directly
from the Cassegrain-mounted polarimeter. In one single expo-
sure, this apparatus allows the acquisition of a stellar spectrum
in a given polarisation (Stokes V in this case) throughout the
spectral range 450 to 660 nm with a resolving power of about
35 000. Spectra in both orthogonal polarisations are recorded si-
multaneously by the CCD detector. A complete Stokes V expo-
sure consists of a sequence of four subexposures, between which
the quarter-wave plate is rotated by 90o. This has the effect of
exchanging the beams in the whole instrument, and in particular
switching the positions of the two orthogonally polarised spectra
on the CCD, thereby reducing spurious polarisation signatures.

The echelle polarisation spectra were reduced using the
ESpRIT package (Donati et al. 1997). The observation and re-
duction procedures are more thoroughly described by Shorlin
et al. (2002).

The correct operation of the MuSiCoS instrument, and in
particular the absence of spurious magnetic field detections, is
supported by other data obtained during these same observ-
ing runs, including studies of non-magnetic A-type stars (e.g.
Shorlin et al. 2002), magnetic A, B and O-type stars (e.g.,
Ryabchikova et al. 2005a; Donati et al. 2001; Wade et al. 2006a)
and magnetic late-type stars (e.g. Petit et al. 2005).

MuSiCoS has recently been decomissioned, and has been re-
placed with NARVAL (Aurière 2003), the new-generation spec-
tropolarimeter which is a copy of the ESPaDOnS instrument in
operation at the Canada-France-Hawaii Telescope (Donati 2004,
2007: in preparation). The main improvements of NARVAL in
polarisation mode with respect to MuSiCoS are a spectral reso-
lution of about 65 000, spectral response between 370 nm and
1000 nm, and an overall sensitivity increased by a factor of
about 30.

2.3. Physical properties of the sample

For each of the sample stars, we have determined effective tem-
perature Teff, luminosity L and radius R, to allow us to iden-
tify the appropriate line mask for Least-Squares Deconvolution
(Sect. 2.5) and for determination of the rotational axis inclination
for the dipole magnetic field model (Sect. 2.7).

Effective temperatures of stars of our sample were derived
using Geneva and Strömgren photometry (obtained from the
General Catalogue of Photometric Data (GCPD); Mermilliod
et al. 1997) using the calibrations of Hauck & North (1982) and
Moon & Dworetsky (1985). Effective temperatures reported in
Table 1 are the average of the two estimates when both were
available, or the single one which could be derived when only
one photometric set was available. We have assumed for Teff an
uncertainty of the order of 3% for propagation of uncertainties
in all calculations using the effective temperature.
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Table 1. Observational properties of the weak-field Ap star sample. Columns give ID and HD number, visual magnitude, spectral classification,
effective temperature, luminosity and radius (with associated 1σ error bars), adopted LSD mask temperature, number of observations obtained
and detection level (d = definite detection; m=marginal detection), maximum observed unsigned longitudinal field in G, 1σ error in G, and peak
longitudinal field detection significance z = |Bmax

l
|/σ. Bmin,3.3

d is the minimum dipole field (at 2σ) inferred from the maximum measured longitudinal
field and Eq. (7).

±
ID HD mV Spec Teff log L R Mask # Det. |Bℓ|

max ± σ z B
min,3.3
d

Type (K) (L⊙) (R⊙) (kK) level (G) (G)
HN And 8441 6.7 A2p 9060 ± 300 1.90 ± 0.16 3.6 ± 0.9 9 8 8d 157 ± 18 8.7 399
43 Cas 10221 5.5 A0sp 10660 ± 350 2.11 ± 0.09 3.3 ± 0.7 11 10 8d 148 ± 34 4.3 264
ι Cas 15089 4.5 A5p 8360 ± 275 1.38 ± 0.05 2.3 ± 0.4 9 12 12d 486 ± 23 20.8 1452

15144 5.8 A6Vsp 8480 ± 280 1.21 ± 0.07 1.9 ± 0.3 9 6 6d 631 ± 15 42.0 1983
21 Per 18296 5.0 B9p 9360 ± 310 2.08 ± 0.11 4.2 ± 1.0 10 2 2d 213 ± 20 10.6 571
9 Tau 22374 6.7 A2p 8390 ± 275 1.48 ± 0.13 2.6 ± 0.7 9 2 2d 523 ± 24 21.7 1568
56 Tau 27309 5.3 A0sp 12730 ± 420 2.06 ± 0.08 2.2 ± 0.4 12 12 12d 804 ± 50 16.1 2323
11 Ori 32549 4.7 A0sp 10220 ± 335 2.35 ± 0.12 4.7 ± 1.2 11 11 1d3m 186 ± 39 4.7 356

32650 5.4 B9sp 11920 ± 390 2.11 ± 0.07 2.7 ± 0.5 12 18 2m3d 91 ± 18 5.0 237
37687 7.0 B8 9450 ± 310 2.18 ± 0.25 4.6 ± 1.9 10 2 2d 766 ± 119 6.4 1742

137 Tau 39317 5.5 B9spe 10130 ± 330 2.19 ± 0.14 4.0 ± 1.1 11 8 3d1m 216 ± 59 3.6 323
40711 8.5 A0 8070 ± 265 1.94 ± 0.61 4.8 ± 5.3 9 3 1d1m 528 ± 38 13.8 1492
43819 6.2 B9IIIsp 10880 ± 355 2.15 ± 0.20 3.3 ± 1.2 11 8 8d 628 ± 25 25.1 1907

15 Cnc 68351 5.6 B9sp 10290 ± 340 2.65 ± 0.21 6.6 ± 2.4 10 16 1d4m 325 ± 47 6.9 762
3 Hya 72968 5.7 A1spe 9840 ± 320 1.55 ± 0.08 2.0 ± 0.4 10 13 13d 427 ± 16 27.4 1304
45 Leo 90569 6.0 A0sp 10250 ± 335 1.78 ± 0.10 2.5 ± 0.5 11 10 10d 541 ± 23 23.5 1634

94427 7.3 A5 7250 ± 240 1.05 ± 0.11 2.1 ± 0.5 8 8 8d 356 ± 41 8.6 904
EP Uma 96707 6.0 F0sp 7780 ± 255 1.54 ± 0.08 3.2 ± 0.6 8 21 7d7m 69 ± 33 2.3 128
65 Uma 103498 6.9 A1spe 9220 ± 300 2.06 ± 0.20 4.2 ± 1.5 9 14 12d1m 169 ± 19 8.9 432
21 Com 108945 5.4 A2pvar 8870 ± 290 1.72 ± 0.09 3.1 ± 0.6 9 13 12d1m 234 ± 54 4.3 416
ω Her 148112 4.6 B9p 9330 ± 305 1.86 ± 0.08 3.2 ± 0.6 10 12 11d 204 ± 21 9.7 535
45 Her 151525 5.2 B9p 9380 ± 310 2.18 ± 0.13 4.7 ± 1.2 11 14 2d3m 146 ± 38 3.8 231

171586 6.4 A2pvar 8760 ± 290 1.37 ± 0.10 2.1 ± 0.5 10 5 5d 375 ± 56 6.6 868
171782 7.8 A0p 9660 ± 315 1.76 ± 0.30 2.7 ± 1.3 10 6 2d1m 333 ± 78 4.2 584

19 Lyr 179527 5.9 B9sp 10370 ± 340 2.63 ± 0.16 6.4 ± 1.9 11 11 8d2m 156 ± 46 3.4 211
4 Cyg 183056 5.1 B9sp 11710 ± 385 2.69 ± 0.11 5.3 ± 1.2 12 13 13d 290 ± 42 6.9 680

204411 5.3 A6pe 8750 ± 290 1.97 ± 0.07 4.2 ± 0.8 9 12 12d 88 ± 14 6.0 198
κ Psc 220825 4.9 A0p 9450 ± 310 1.40 ± 0.05 1.9 ± 0.3 10 12 12d 312 ± 25 12.8 865

Luminosity was inferred using the GCPD-reported visual
magnitude, the Hipparcos parallax and the bolometric correc-
tion relations of Balona (1994). Radius was then inferred directly
from the luminosity and temperature via the Stefan-Boltzmann
equation for a uniform spherical star.

The inferred values of Teff, log L/L⊙ and R/R⊙ are reported
in Table 1. For the 20 stars which we have in common with the
study of Kochukhov & Bagnulo (2006), these values are all in
good agreement. As pointed out by Landstreet et al. (2007), the
assumed uncertainties of Kochukhov & Bagnulo (2006), which
are comparable to our own, are probably somewhat underesti-
mated. However, as our fundamental parameters are not to be
used for detailed evolutionary studies, we consider them to be
sufficient for this study.

2.4. Least-Squares Deconvolution and magnetic field
detection

The primary aim of our study is to detect line circular polar-
isation (a “Stokes V Zeeman signature”) which is characteris-
tic of the longitudinal Zeeman effect produced by the presence
of a magnetic field in the stellar photosphere. For this we used
the Least-Squares Deconvolution (LSD) procedure, first used by
Donati et al. (1997) to study the magnetic fields of active late-
type stars and by Wade et al. (2000a,b) for Ap stars. This method
enables the “averaging” of several hundred (and possibly several
thousand in some stars) lines and thus to obtain Stokes I and
Stokes V profiles with greatly improved S/N.

LSD provides a single quantitative criterion for the detection
of Stokes V Zeeman signatures: we perform a statistical test in
which the reduced χ2 statistic is computed for the Stokes V pro-
file, both inside and outside the spectral line (Donati et al. 1997).
The statistics are then converted into detection probabilities,
which are assessed to determine if we have a definite detection
(dd, false alarm probability smaller than 10−5), a marginal detec-
tion (md, false alarm probability greater than 10−5 and smaller
than 10−3), or no detection at all (nd). A diagnostic null spec-
trum (called N in the following) is also obtained using the same
subexposures obtained for Stokes V , but by pair processing those
corresponding to identical azimuths of the quarter-wave plate.
By checking that a signal is detected only in V and not in N,
and that any detected signature is located within the line profile
velocity interval, we can distinguish between real magnetic sig-
natures and (infrequent) spurious signatures. In addition, using
the full resolved Stokes V profile enables the detection of the
magnetic field, even if the integrated line-of-sight component is
very weak, or even null.

2.5. LSD masks

LSD is a cross-correlation method which requires comparison
of our observed spectra with synthetic line masks (Donati et al.
1997; Shorlin et al. 2002). To obtain the most realistic masks, we
used spectral line lists from the Vienna Atomic Line Database
(VALD; Piskunov et al. 1995; Ryabchikova et al. 1997; Kupka
et al. 1999). To take into account the chemical peculiarities of
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Ap/Bp stars, we employed an abundance table in which the
abundance of metals (Al, Si, S, Ti, V, Mn, Fe, Co, Ni, Zn, Sr,
Y, Zr, Ba, La, Ce, Pr, Nd, Eu, Gd, Dy) is 10x solar, except
for Cr which was increased to 100x solar (e.g. Shorlin et al.
2002). Masks were then compiled for effective temperature rang-
ing from 7000–13 000 K, with log g = 4.0, a microturbulence
of 2 km s−1, and including all metal lines with a central depth
greater than 10% of the continuum. We also compiled a series of
masks assuming solar abundances. We have found in other stud-
ies that the magnetic field measurements are not very sensitive
to the mask temperature within a couple of thousand K (Wade
et al., in preparation). We therefore computed masks spaced ev-
ery 1000 K.

LSD was performed for several temperatures and in some
cases the most significant magnetic field detection was obtained
for a temperature somewhat hotter than that given by the photo-
metric data. This occurred several times for the hottest sample
stars – this can be seen in Table 1. In the case of the cool Ap
star EP UMa, a solar abundance mask gave a better result (better
detection of magnetic field and smaller error bars on Bℓ) than
Ap abundances as described above. These discrepancies proba-
bly result from differences between the true chemical peculiar-
ities of individual stars and those assumed in the line masks.
For the discrepant hot stars, we computed the longitudinal mag-
netic field for a mask temperature between that corresponding
to the best detection and the derived effective temperature. For
EP UMa, we used solar abundance masks in our analysis. The
number of lines used in the LSD ranged from 1500 to 3000, and
is anticorrelated with the temperature.

2.6. Longitudinal magnetic field

The longitudinal magnetic field was inferred from each of the
Stokes I and V profile sets, using the first-order moment method.
According to this method, the longitudinal field Bℓ (in G) is cal-
culated from the Stokes I and V profiles in velocity units as:

Bℓ = −2.14 × 1011

∫

vV(v)dv

λgc
∫

[Ic − I(v)]dv
, (1)

(Rees & Semel 1979; Donati et al. 1997; Wade et al. 2000b)
where λ, in nm, is the mean wavelength of the LSD profile, c is
the velocity of light (in the same units as v), and g is the mean
value of the Landé factors of all lines used to construct the LSD
profile. Integration ranges used for evaluation of Eq. (1) were
computed automatically, beginning and ending 15 km s−1 be-
fore/after the location in the line wings at which the residual flux
was equal to 85% of the continuum flux. The accuracy of this
technique for determining high-precision longitudinal field mea-
surements has been clearly demonstrated by Wade et al. (2000b),
Donati et al. (2001) and Shorlin et al. (2002).

The resultant longitudinal magnetic field measurements,
which are reported in Table 3, are remarkably precise (this ta-
ble is only available on line). The 282 measurements, with a
median 1σ uncertainty of 40 G, represent the largest compila-
tion of high-precision stellar magnetic field measurements ever
published.

2.7. Modeling the longitudinal field variation

To characterise the dipole components of the magnetic fields of
our sample stars, we use the oblique rotator model (ORM, Stibbs
1950) as formulated by Preston (1967). This model provides a
good first approximation of the large scale magnetic field of Ap

stars (e.g. Landstreet 1988). Because of the weakness of the lon-
gitudinal magnetic field observed for the stars of our sample, we
do not expect to be able to detect departures from a global dipo-
lar configuration.

To begin, we added to our high-precision data set additional
good-quality published magnetic field measurements collected
by Bychkov et al. (2003). Details of these collected measure-
ments were kindly provided by Dr. Victor Bychkov. Then, we
searched the literature for rotational periods for each of our sam-
ple stars. For many stars, published rotational periods were avail-
able which provided an acceptable folded phase variation Bℓ(φ)
of the magnetic measurements. However, for some stars, the
published rotational period or periods did not provide an accept-
able folded magnetic field variation, and for others, no published
period was available. For these latter stars, we used a modified
Lomb-Scargle technique to attempt to infer the rotational pe-
riod, both directly from the longitudinal field measurements, as
well as from the variations of the LSD Stokes I and V profiles.
The period searches of LSD profiles were performed by treat-
ing each pixel in the Stokes I and V profiles as an independent
timeseries (similar to the technique described by Adelman et al.
2002). Individual periodograms were subsequently weighted ac-
cording to their amplitude of variation and averaged to charac-
terise variability of the whole LSD profile. Acceptable periods
were identified by establishing the 99% confidence threshold,
and candidate periods were evaluated by phasing the LSD pro-
files and longitudinal field measurements.

Results of the period searches for individual stars are pro-
vided in their appropriate subsections in Sect. 3. Ultimately, ac-
ceptable rotational periods were obtained for 24 stars, and these
periods are reported in Table 2.

We also searched the literature for published values of the
projected rotational velocity (v sin i) of each star, which we com-
pared to the value measured from the LSD Stokes I profile by
fitting rotationally-broadened synthetic profiles. Sometimes sig-
nificant discrepancies were found between our values of v sin i
and those reported in the literature. These discrepacies are dis-
cussed in Sect. 3, and the adopted rotational velocities (generally
those obtained from the LSD profiles) are shown in Table 2.

Each phased longitudinal field variation Bℓ(φ) was then fit
using a 1st order sine function:

Bℓ(φ) = B0 + B1 sin 2π(φ + φ0). (2)

The phased and fit longitudinal field variations are shown in
Fig. 1. The reduced χ2 of this fit (χ2

2), along with those of lin-
ear fits through Bℓ = 0 (the “null field” model, χ2

0 ) and through
the weighted mean of the measurements (the “constant field”
model, χ2

1), of each star, are reported in Table 2. χ2
lim, the 2σ

upper limit for admissible models, computed according to Press
et al. (1992), is reported in Table 2 as well. A comparison of
these reduced χ2 values with each other allows us to evaluate the
significance of the detection of the longitudinal magnetic field
and its variability. Although variability of the longitudinal field
cannot be established for a few stars (χ2

1 < χ
2
lim), the only star for

which the longitudinal field is not detected with more than 2σ
confidence is HD 96707 (for which χ2

0 < χ
2
lim).

For a tilted, centred magnetic dipole, the surface polar field
strength Bd is derived from the variation of the longitudinal mag-
netic field Bℓ with rotational phase φ using Preston’s (1967)
well-known relation:

Bd = Bmax
ℓ

(

15 + u

20(3 − u)
(cosβ cos i + sin β sin i)

)−1

, (3)
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Table 2. Results of the magnetic field modeling. The contents of the columns are described in Sect. 2.7. The uncertainties associated with the
derived dipole parameters i, β and Bd correspond to 2σ.

star Period v sin i χ2
0 χ2

1 χ2
2 χ2

lim i β Bd Bmin
d Bmax

d

(d) (km s−1) (◦) (◦) (103 G) (103 G) (103 G)
8441 69.2 2 13.71 6.69 1.75 3.35 49 33 ± 73+17

−61 0.683 0.415 2.931
10221 3.15459 24 5.90 1.81 1.56 2.71 27 11 ± 42+38

−41 0.375 0.195 1.202
15089 1.74033 48 57.83 56.37 1.83 2.14 45 11 ± 80+7

−12 2.031 1.560 2.999
15144 2.99787 13 1305.83 4.57 0.04 2.71 24 8 ± 9+6

−3 2.100 2.007 2.281
27309 1.568884 57 157.42 2.43 1.74 2.63 53 17 ± 5+11

−5 3.673 2.325 8.022
32549 4.6393 47 7.19 8.56 1.75 2.75 65 27 ± 77+11

−74 0.546 0.312 28.176
32650 2.7347 30 4.48 1.92 1.19 1.72 37 12 ± 45+31

−30 0.229 0.153 0.477
39317 2.6541 45 4.97 1.84 2.24 3.18 36 12 ± 20+69

−20 0.560 0.113 2.252
43819 15.02 10 135.66 59.32 3.45 4.18 63 66 ± 42+47

−42 2.626 2.488 78.367
68351 4.16 33 7.85 2.17 1.38 2.00 28 37 ± 46+36

−41 0.649 0.437 71.486
72968 5.6525 16 360.16 4.51 1.22 2.03 61 18 ± 5+7

−4 2.388 1.451 6.702
90569 1.04404 13 170.38 36.08 1.93 3.07 9 4 ± 81+5

−7 5.157 2.946 11.284
94427 1.9625 8 37.58 46.61 2.12 3.72 8 4 ± 89+1

−4 8.957 3.806 25.519
96707 3.515 37 0.82 0.91 0.77 1.21 53 16 ± 90+0

−90 0.100 0.0 0.492
103498 15.830 13 25.43 29.71 6.55 7.44 75 68 ± 80+10

−11 0.600 0.572 6.751
108945 2.01011 65 5.31 6.00 2.10 2.83 57 18 ± 85+3

−61 0.735 0.333 1.509
148112 3.04296 44.5 40.67 0.93 0.95 1.73 56 16 ± 3+11

−3 1.042 0.579 2.370
151525 4.1164 35 2.74 2.86 0.97 1.70 37 19 ± 78+11

−43 0.545 0.208 1.927
171586 2.1308 37 10.86 8.27 2.59 6.60 48 19 ± 46+40

−40 1.422 0.716 4.413
171782 4.4674 24 6.88 1.12 1.79 3.79 51 51 ± 5+85

−5 1.651 0.213 22257.276
179527 7.098 33 6.57 7.70 0.30 1.30 74 32 ± 81+8

−34 0.522 0.409 1.233
183056 2.9919 26 25.02 28.74 1.59 2.32 74 8 ± 49+37

−32 1.558 1.172 3.938
204411 4.8456 5.4 20.75 5.43 0.57 1.46 7 5 ± 81+7

−12 0.968 0.416 4.509
220825 1.42539 38 78.54 90.05 2.29 3.18 35 54 ± 83+7

−80 1.957 1.141 21.045

where Bmax
ℓ
= |B0| + B1 and u denotes the limb darkening pa-

rameter (equal to approximately u = 0.5 for our sample). The
rotational axis inclination and obliquity angles i and β are re-
lated by

tan β =
1 − r

1 + r
cot i, (4)

where r = (|B0| − B1)/(|B0| + B1).
We have determined the inclination i for each of our stars

assuming rigid rotation, and computing:

sin i =
Protv sin i

50.6R
, (5)

where Prot is the adopted stellar rotational period in days, v sin i
is the adopted projected rotational velocity in km s−1, and R is
the computed stellar radius in solar units. The magnetic obliq-
uity β was then inferred from Eq. (4) and the polar strength
of the dipole Bd from Eq. (3). Uncertainties associated with
all parameters (at 2σ, including a max(2 km s−1, 10%) uncer-
tainty on v sin i) were propagated through the calculations of i, β
and Bd. The resultant dipole magnetic field models are reported
in Table 2.

An important and interesting consequence of Eq. (3), inde-
pendent of all parameters except limb-darkening, is:

Bd ≥
20(3 − u)

15 + u
Bmax
ℓ , (6)

which, for typical limb-darkening u, yields:

Bd ∼> 3.3Bmax
ℓ . (7)

Therefore, exclusive of the model geometry, a lower limit on
the surface dipole component of the magnetic field is obtained

directly from the maximum measured value of the longitudi-
nal field. The maximum measured longitudinal field is reported
in Col. 11 of Table 1, and the inferred lower limit (2σ) of
Bd, Bmin,3.3

d is reported in Col. 13 of Table 1. It is clear from
these data that Bd for most of our sample is larger than a few
hundred G at 2σ.

3. Observational results

3.1. Global results as compared to previous work

All of the 28 Ap stars studied were found to exhibit signifi-
cant circular polarisation in their spectral lines. Table 1 gives
our global result. For a majority of the sample, the detection of
the magnetic field was obtained during the first observation. For
some objects, obtaining a positive detection of the magnetic field
required several observations, sometimes spanning several ob-
serving seasons. This was due to observations at phases in which
the polarisation was especially weak, and due to low S/N ratio
resulting from poor meteorological conditions. The number of
observations and of Zeeman detections of each star is also indi-
cated in Table 1.

No significant or recent detection of the magnetic field has
been reported in the past for essentially all stars of our sample.
Shorlin et al. (2002), using MuSiCoS and the same procedure as
in this paper, did not detect the magnetic field of 3 Ap stars they
observed. For two of these stars, they suggested a misclassifi-
cation. We re-observed the third star, HD 148112 (ω Her), and
easily detected its field. Glagolevskij & Chountonov (2002) ob-
served 11 weakly-magnetic Ap stars and detected no magnetic
fields in any of them. More recently, Glagolevskij et al. (2005)
presented 9 stars in which they detected no longitudinal fields,
with Bℓ weaker than 100 G. Five of these stars were observed
during this work and the magnetic field was detected for all of
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Fig. 1. Phased longitudinal field measurements of sample stars. The vertical (longitudinal field) scale differs in each frame, and is indicated in each
frame in units of G. The horizontal (phase) axis in each frame runs from –0.25 to 1.25 cycles.

them. Hubrig et al. (2006) and Kochukhov & Bagnulo (2006) re-
duced FORS1 observations of about 100 Ap stars, among which
were about 50 stars for which they detected the magnetic field
for the first time. Four stars of their sample are in common with
ours: 9 Tau, 21 Com, ω Her and 45 Her. In this study, the mag-
netic field is detected and measured for each of them, we give
details in Sect. 3.2. on the results of the FORS1 investigations.

Our higher detection rate of magnetic field with respect to
other techniques is certainly due to in part to the S/N improve-
ment associated with the LSD method. In addition, our magnetic
field detection criterion is based on measurement of significant
circular polarisation within the velocity-resolved line profile (the
Stokes V signature). This signature amplitude is only weakly
sensitive to the global magnetic field geometry, and generally
varies by only a factor of a few during the stellar rotational cy-
cle, unlike the longitudinal field (which frequently varies by or-
ders of magnitude, and which can vanish completely at some
phases). Finally, the fact that we insist on performing multiple
observations of each star is also an important factor in our supe-
rior magnetic field detection rate.

One set of LSD profiles will be shown for each of the stud-
ied stars in the online version of the paper. However, Figs. 2
and 3 illustrate the case of 21 Per (HD 18296) when the field was
respectively 213 ± 20 G (10σ longitudinal field detection) and
−39±24 G (insignificant longitudinal field detection). However,
both of these observations correspond to highly significant de-
tections of the Stokes V Zeeman signatures. Figure 4 illustrates
the non-detection of magnetic field in HD 32650 with MuSiCoS,
and Fig. 5 shows the Zeeman detection of this same star obtained
with NARVAL on 12 March 2007.

We now present our Zeeman detection and modeling results
for each star of our sample.

3.2. Results obtained for each star

3.2.1. HN And (HD 8441)

HN And is a well-studied SB1 A2p star (e.g. North et al. 1998;
Adelman et al. 1995) for which no clear magnetic field detection
has been reported. Babcock (1958) presented measurements of
a relatively weak (some hundreds of G) field, and Bychkov et al.
(2003) did not present any new significant Zeeman detection.
Preston (1971) and Mathys & Lanz (1992) did not succeed in
measuring its field. We observed this star 8 times and obtained
8 definite Zeeman detections. Figure 7 shows the LSD Stokes V
and Stokes I profiles when the longitudinal magnetic field was
Bℓ = 155 ± 18 G.

In the literature we find periods for HN And of 2.9632 days
(Steinitz 1965) based on magnetic data from Babcock (1958),
106.27 days from radial velocity measurements (Renson 1965)
later shown to be the rotation period of the binary (North
et al. 1998), 69.5 days based on Stromgren (Wolff & Morrison
1973) and Johnson (Rakosch & Fiedler 1978) photometry, and
1.80889 days (Bychkov et al. 2005) based mostly on the same
magnetic data as Steinitz (1965). Examining our periodogram
near these periods, we only find a strong χ2 minimum near
69.5 days in both Stokes V and I. The LSD profiles phase in
a sensible fashion at this minimum, thus we can be confident
that it is the correct period. Based on our analysis we adopt
Prot = 69.2+0.6

−0.5 d, where the uncertainties correspond to 99%
confidence.
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Fig. 2. LSD profiles of 21 Per (HD 18296) on 01 Sep. 05. From bot-
tom to top, Stokes I and Stokes V are presented. For display purposes,
the profiles are shifted vertically, and Stokes V profile is expanded
by a factor of 25. The dashed line illustrates the zero level for the
Stokes V profile.

Fig. 3. LSD profiles of 21 Per on 02 Sep. 05 (same as Fig. 2).

Fig. 4. LSD profiles (ND) of HD 32650 on 12 Feb. 04 observed with
MuSiCoS (same as Fig. 2, no Zeeman detection).

Fig. 5. LSD profiles (DD) of HD 32650 on 12 Mar. 07 as observed with
NARVAL (same as Fig. 2 but Stokes V profile is expanded by a factor
of 50, definite Zeeman detection).

The projected rotational velocity of HN And is very low,
and is also not well known. North et al. (1998) report v sin i <
2.35 km s−1. Our R = 35 000 spectra do not allow us to im-
prove upon this estimate. Using a high-resolution (R = 110 000)
CFHT-Gecko spectrum of this star in our possession, we have
attempted to estimate v sin i by modeling the 6150 Å region.
The best fit is obtained for v sin i ≃ 3 km s−1 and very weak
magnetic field (0−500 G). However, acceptable fits are also ob-
tained for moderate fields (1–1.5 kG) and intermediate rotation
(1.5–2 km s−1). For calculation of the dipole field, we adopt
v sin i = 2 km s−1 which results (at 2σ confidence) in i = 49±33,
β = 73+17

−61 and 415 ≤ Bd ≤ 2931 G (with Bmin,3,3
d = 399 G).

Larger values of v sin i result in an increased value of the in-
ferred Bd, and assuming v sin i = 1 km s−1 (which we believe is
the smallest value admissible by the line profiles), the weakest
admissible field remains essentially unchanged.

3.2.2. 43 Cas, HD 10221

43 Cas is a classical Ap star in which magnetic field has been
sought for around 50 years, but neither Babcock (1958), Borra &
Landstreet (1980) nor Glagolevskij & Chountonov (2002) could
detect it. Glagolevskij et al. (2005) reported a 4σ detection. In
this paper, the Stokes V Zeeman signal is clearly detected on 8
occasions. Figure 8 shows the LSD Stokes V and Stokes I pro-
files when the longitudinal magnetic field was measured to be
Bℓ = 148±34 G. Hildebrandt (1975) found a photometric period
of 3.1848 d. for 43 Cas, which was refined to 3.15459 d from
Hipparcos data (van Leeuwen et al. 1997). The projected rota-
tional velocity, measured from modeling of the strongly-variable
LSD Stokes I profiles, is 24 km s−1. We derive i = 27 ± 11◦,
β = 42+38

−41
◦ and 195 ≤ Bd ≤ 1202 G (with Bmin,3,3

d = 264 G).

3.2.3. ι Cas, HD 15089

The magnetic field of ι Cas was not detected by Borra &
Landstreet (1980), but was by Kuschnig et al. (1998). As shown
in Fig. 9 and Table 3, the field is easily detected (12 definite
detections), and a rather large longitudinal field is measured
(Bℓ = −348±28 G). The rotational period of this star has been re-
cently confirmed by Hipparcos (1.74033 d), and Kuschnig et al.
(1998) give v sin i = 48 km s−1 (consistent with Royer et al.
2002, and somewhat lower than the LSD profiles which give
52 km s−1). We adopt v sin i = 48 km s−1. We have included 18
additional measurements from Kuschnig et al. (1998), and ob-
tain i = 45 ± 11◦, β = 80+7

−12
◦ and 1560 ≤ Bd ≤ 2999 (with

Bmin,3,3
d = 1452 G).

3.2.4. HD 15144

Only rather old investigations concerning the magnetic field
are published for this star. Our observations confirm the exis-
tence of a rather strong negative magnetic field at the surface of
HD 15144 as already inferred by Babcock (1958) and Bonsack
(1981). Figure 10 shows the LSD Stokes profiles when the lon-
gitudinal magnetic field was measured as Bℓ = −631 ± 15 G.

We have employed the 2.99787 d photometric period of van
Genderen (1971), and we adopt v sin i = 13 km s−1 from the LSD
profiles. We obtain i = 24 ± 8◦, β = 9+6

−3
◦ and 2007 ≤ Bd ≤ 2281

(with Bmin,3,3
d = 1983 G).
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3.2.5. 21 Per, HD 18296

21 Per was not detected significantly by Borra & Landstreet
(1980). Its rather weak longitudinal field was measured by
Glagolevskij et al. (1995). We detect it easily on two occasions,
and our error bars on Bℓ are about 10 times smaller than those of
previous measurements. Figure 2 shows the LSD spectrum when
the field was 213±20 G, while Fig. 3 corresponds to a cross-over
phase when the longitudinal field is as small as −39 ± 24 G.

Although some photographic longitudinal field measure-
ments are reported in the catalogue of Bychkov et al. (2003),
their uncertainties appear to be seriously underestimated. Given
the small number of precise magnetic field measurements of this
star, we are unable to derive a dipole field model. However, from
the peak value of the longitudinal field obtained here, we can in-
fer that Bd > 571 G with 2σ confidence.

3.2.6. 9 Tau, HD 22374

9 Tau appears to have been only observed for magnetic field by
Babcock (1958). Our two observations provide an easy Zeeman
detection. Figure 11 shows the LSD Stokes profiles when the
longitudinal magnetic field was measured to be Bℓ = 523±24 G.
Although we are unable to model the dipole field, we infer that
Bd > 1568 G with 2σ confidence.

3.2.7. 56 Tau, HD 27309

Neither Borra & Landstreet (1980) nor Glagolevskij (as reported
in the catalogue of Bychkov et al. 2003) could detect the field of
this star. 56 Tau is generously detected in each of our 12 ob-
servations and the longitudinal field reaches Bℓ = −775 ± 40 G
(Fig. 12).

The rotational period P = 1.5688840 ± 0.00000470 d is
from North & Adelman (1995). Although Royer et al. (2002)
report v sin i = 44 km s−1, we find that this value seriously un-
derestimates the width of the LSD profiles, and adopt v sin i =
57 km s−1. Using these values, we derive i = 53± 17◦, β = 5+11

−5
◦

and 2325 ≤ Bd ≤ 8022 G (with B
min,3,3
d = 2323 G).

3.2.8. 11 Ori, HD 32549

Borra & Landstreet (1980) could not detect the magnetic field
of 11 Ori. We detect significant Stokes V signatures in 4 of our
11 observations. Our best circular polarisation detection is ob-
tained at a crossover phase, when the longitudinal field is as
weak as −8 ± 26 G (Fig. 13). Using the photometric period
of 4.6394 d (van Leeuwen et al. 1997) and the LSD-measured
v sin i of 47 km s−1, we obtained i = 65 ± 27◦, β = 77+11

−74
◦ and

312 ≤ Bd ≤ 28176 G (with B
min,3,3
d = 356 G).

3.2.9. HD 32650

This star is classified as B9pSi by Cowley & Cowley (1969) and
spectrophotometry was obtained by Adelman (1997, 1980). It
was found to be a large amplitude variable (up to 0.1 mag in
U-band). We did not detect its field with MuSiCoS, although
we observed it several times. However the magnetic field of
HD 32650 was detected (marginally) during science demonstra-
tion observations with NARVAL, and has since been detected
definitively and repeatedly with this instrument. Figure 4 shows
our MuSiCoS observation on 12 February 2004. Figure 5 shows

one definite Zeeman detection with NARVAL on 12 March 07
when Bℓ = 91 ± 18 G.

Using the rotational period of HD 32650 from Adelman
(1997) and v sin i = 30 km s−1 (from the LSD profiles) we mod-
eled the combined MuSiCoS + NARVAL longitudinal field vari-
ation, obtaining i = 37 ± 12◦, β = 45+31

−30
◦ and 153 ≤ Bd ≤ 477

(with B
min,3,3
d = 237 G). This is one of the weakest dipole inten-

sities inferred in this study.

3.2.10. HD 37687

This star is located in the direction of the Ori OB1 association.
Morrel & Levato (1991) did not find it to be a member. However
the Hipparcos parallax and proper motions do not appear conclu-
sive alone, and radial velocity measurements will be necessary
to conclude definitively on the membership. Magnetic splitting
of the very sharp spectral lines of HD 37687 was not resolved
in the investigation of Mathys & Lanz (1992). We detected eas-
ily the magnetic field of this star for the very first time (Fig. 14)
from only 2 LSD profiles. We find that the longitudinal mag-
netic field reaches Bℓ = 766 ± 119 G (on 17 Feb. 05). From the
maximum longitudinal field measured, we infer a lower limit of
Bd > 1742 G with 2σ confidence.

3.2.11. 137 Tau, HD 39317

The magnetic field of this star was not detected by Borra &
Landstreet (1980). In this study 137 Tau was observed 8 times
and its magnetic field detected 3 times, reaching a peak value
Bℓ = 222 ± 58 G on 10 Feb. 05 (Fig. 15). Using P = 2.6541 d
(Renson & Manfroid 1981) and the LSD-measured v sin i of
45 km s−1, we obtain i = 36 ± 12◦, β = 20+69

−20
◦ and 113 ≤ Bd ≤

2252 G (with B
min,3,3
d = 323 G).

3.2.12. HD 40711

El’kin et al. (2003) observed this star and obtained a lower limit
for the longitudinal magnetic field of more than several hundred
G. We obtain three observations of this star, Fig. 16 shows our
Stokes V and Stokes I LSD profiles on 13 Feb. 04 when the
longitudinal magnetic field was Bℓ = −528 ± 38 G. We obtain a
2σ lower limit on the dipole intensity of Bd > 1492 G.

3.2.13. HD 43819

This star is well studied for photometric and abundance proper-
ties (Lopez-Garcia & Adelman 1994; Adelman & Young 2005).
Adelman & Young (2005) found a period of 15.0313 days, stable
over a 30 year time span, which is compatible with the Hipparcos
period (van Leeuwen et al. 1997). Gollnow (1971) reported one
insignificant longitudinal field measurement, and Bychkov et al.
(2003) reported additional observations. Figure 17 corresponds
to a crossover phase when Bℓ was as weak as −12 ± 29 G.

Using the period of Adelman & Young (2005) and v sin i =
10 km s−1 from the LSD profiles, and including the better-quality
magnetic field measurements reported by Bychkov et al. (2003),
we obtain i = 63 ± 66, β = 42+47

−42
◦ and 2626 ≤ Bd ≤ 78367 G

(with Bmin,3,3
d = 1907 G).
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3.2.14. 15 Cnc, HD 68351

This star was previously observed by Babcock (1958) and
Bohlender et al. (1993), who did not obtain any significant mag-
netic field detection. We observed it 16 times and detected the
magnetic field 5 times. Figure 18 presents our Stokes profiles
obtained on 07 Feb. 03 when the longitudinal magnetic field was
Bℓ = 325 ± 45 G.

The period is not very well known, and we adopt that of
Stepień (1968; P = 4.116 d). With v sin i = 33 km s−1 from
the LSD profiles, we obtain i = 28 ± 37◦, β = 46+36

−41
◦ and

437 ≤ Bd ≤ 71486 G (with Bmin,3,3
d = 762 G).

3.2.15. 3 Hya, HD 72968

This star has been observed by Babcock (1958) and van den
Heuvel (1971) who did not obtain a significant detection of its
magnetic field. We detected it easily 13 times. Figure 19 presents
our Stokes profiles when the longitudinal magnetic field was
Bℓ = 390 ± 16 G.

Adelman (1998) reports a photometric period of
11.305 days, which according to our data appears to be
twice the magnetic period. With a period of 5.6525 d and
v sin i = 16 km s−1, we obtain i = 61 ± 18◦, β = 5+7

−4
◦ and

1451 ≤ Bd ≤ 6702 G (with Bmin,3,3
d = 1304 G).

3.2.16. 45 Leo, HD 90569

This star was observed by Babcock (1958) and Bonsack (1976)
who detected the magnetic field. However, their measurements
have poor precision. Leroy (1993) measured linear polarisation
in the direction of this star, but it is likely at least partly due
to interstellar polarisation. We detected the magnetic field of 45
Leo easily 10 times. Figure 20 presents our Stokes profiles when
the longitudinal magnetic field was Bℓ = 541 ± 23 G.

Adopting the period P = 1.04404 d of Adelman (2006) and
measuring v sin i = 13 km s−1, we find i = 9 ± 4◦, β = 81+5

−7
◦ and

2946 ≤ Bd ≤ 11284 G (with Bmin,3,3
d = 1634 G).

3.2.17. HD 94427

This star is poorly studied, but we detected its magnetic field
clearly on 8 occasions. Figure 21 presents our Stokes profiles
when the longitudinal magnetic field was Bℓ = 356 ± 41 G.

We have determined the rotational period of 1.9625 d from
the LSD profile variations. With v sin i = 8 km s−1, we obtain
i = 8 ± 4◦, β = 89+1

−4
◦ and 3806 ≤ Bd ≤ 25519 G (with B

min,3,3
d =

904 G).

3.2.18. EP UMa, HD 96707

Several studies of EP UMa measured a rather large magnetic
field: van den Heuvel (1971), Bychkov et al. (1997), Leone
& Catanzaro (2001). This star was observed previously with
MuSiCoS by Johnson (2004), who obtained 5 detections of
Stokes V signatures from 7 observations, but with a longitudi-
nal field never larger than 119± 58 G. From the total of 21 LSD
Stokes V profiles of EP UMa (the 7 observations of Johnson
(1994) plus an additional 14 observations), we have obtained
7 definite Zeeman detections, 7 marginal detections and 7 non-
detections, as defined in Sect. 2.2. We confirm the result of
Johnson (2004) – the magnetic field of EP UMa is very weak,
and the longitudinal component is never larger than about 100 G.

Figure 22 presents our LSD profiles of EP UMa when the
longitudinal magnetic field was Bℓ = 59 ± 33 G. The period
of rotation of EP UMa has been subject of debate, with the
main uncertainty being whether to choose the 3.516 d photo-
metric period of Adelman et al. (1999), or the magnetic period
of twice this value (7.0286 d) reported by Leone & Catanzaro
(2001). Using our Stokes profiles, we find independently a mag-
netic period of P = 3.515+0.009

−0.026, consistent with the photo-
metric period. Adopting therefore the photometric period and
v sin i = 37 km s−1, we obtain i = 53 ± 16◦, β = 90+0

−90
◦, and

0 ≤ Bd ≤ 492 G (with Bmin,3,3
d = 128 G). EP UMa exhibits one

of the weakest dipole fields of any star in the sample, and it is the
only star in our sample for which the longitudinal field is not sig-
nificantly detected (although the presence of a field is confirmed
via the Stokes V profiles).

3.2.19. 65 UMa, HD 103498

This star is part of a double system. Its magnetic field has been
reported by Bychkov et al. (2003), who indicate that it reaches
an extreme value of about –800 G. We observed this star 14
times and detected its magnetic field 13 times. We find that the
maximum unsigned longitudinal field is never larger than about
200 G. Figure 23 presents our LSD profiles when the longitu-
dinal magnetic field was Bℓ = −166 ± 20 G. Using the LSD
Stokes I and V profiles, we have determined a rotational period
of 15.830 d and v sin i = 13 km s−1. The magnetic field geometry
is described by i = 75± 68◦, β = 80+10

−11
◦ and 572 ≤ Bd ≤ 6751 G

(with Bmin,3,3
d = 432 G).

3.2.20. 21 Com, HD 108945

21 Com is a member of the Mel 111 cluster in Coma Ber
(Bounatiro 1993). This star was observed by Borra & Landstreet
(1980) who obtained no detection of its magnetic field. Shorlin
et al. (2002) detected it with MuSiCoS. Using FORS1 at VLT,
Hubrig et al. (2006) presented one measurement of the longitudi-
nal magnetic field as a new detection, Bℓ = −347±51 G, whereas
Kochukhov & Bagnulo (2006), using the same observational
data, could not detect the magnetic field, with Bℓ = 65 ± 116 G.
We observed 21 Com 13 times with MuSiCoS and detected its
magnetic field each time. Figure 24 presents our LSD profiles
when the longitudinal magnetic field was Bℓ = −238 ± 55 G.

We adopt the best magnetic period near that of Kreidl et al.
(1990): P = 2.01011 d, and v sin i = 65 km s−1 from Shorlin
et al. (2002). Our derived magnetic field geometry is i = 57±18◦,
β = 85+3

−61
◦ and 333 ≤ Bd ≤ 1509 G (with Bmin,3,3

d = 416 G).

3.2.21. ω Her, HD 148112

Borra & Landstreet (1980) detected the magnetic field in ω Her
and report 9 measurements, but with rather large uncertainties
(σ between 115 and 285 G). Shorlin et al. (2002) and Bychkov
et al. (2005) add one measurement each, the values of which
suggest a small amplitude of variation. Kochukhov & Bagnulo
(2006) and Hubrig et al. (2006) did not detect the magnetic field.
From our 12 observations of ω Her we obtained 11 definite de-
tections. Figure 25 presents our LSD profiles when the longitu-
dinal magnetic field was Bℓ = −204 ± 21 G.

We have adopted the rotational period P = 3.04296 d and
v sin i = 44.5 km s−1 of Hatzes (1991) (we obtained 46 km s−1
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from the LSD profiles). The derived field geometry is i = 56 ±
16◦, β = 3+11

−3
◦ and 579 ≤ Bd ≤ 2370 G (with B

min,3,3
d = 535 G).

3.2.22. 45 Her, HD 151525

This star is the one for which detection of the magnetic field
required the longest time. Babcock (1958) observed it, and
Kochukhov & Bagnulo (2006) and Hubrig et al. (2006) did not
detect the magnetic field. We observed it 14 times and obtained 2
definite Zeeman detections and 3 marginal detections. Figure 26
presents our LSD profiles when the longitudinal magnetic field
was Bℓ = 146 ± 38 G.

We used the period P = 4.1164 d and v sin i = 35 km s−1 of
Hatzes (1991) (we obtained 36 km s−1 from the LSD profiles)
to model the magnetic field geometry, obtaining i = 37 ± 19◦,
β = 78+11

−43
◦ and 208 ≤ Bd ≤ 1927 G (with Bmin,3,3

d = 231 G).

3.2.23. HD 171586

HD 171586 is a classical Ap star (Babcock 1958), which is lo-
cated in the direction of the open cluster IC 4756. However, Gray
& Corbally (2002) found that HD 171586 is not a cluster mem-
ber. Only one magnetic observation by Babcock (1958) has been
reported (Bychkov et al. 2003). We observed and detected this
star 5 times. Figure 27 shows the LSD profiles when the longi-
tudinal magnetic field was measured as Bℓ = −375 ± 56 G.

We have adopted the period of Winzer (1974) of P =

2.1308 d which produces a reasonable phasing of the data, along
with v sin i = 37 km s−1 from the LSD profiles. We obtain
i = 48 ± 19◦, β = 46+40

−40
◦ and 716 ≤ Bd ≤ 4413 G (with

Bmin,3,3
d = 868 G).

3.2.24. HD 171782

This star is located in the direction of IC 4756, but Herzog
& Sanders (1975) discarded it as a member because of rela-
tive proper motion measurements. No magnetic field measure-
ments has been reported for HD 171782. We observed this star
6 times and detected it 3 times. Figure 28 shows the LSD pro-
files when the longitudinal magnetic field was measured to be
Bℓ = −133 ± 78 G.

Adopting the 4.4674 d period of Adelman & Meadows
(2002) and v sin i = 24 km s−1 measured from the LSD pro-
files, we obtain i = 51 ± 51◦, β = 5+85

−5
◦ and Bd ≥ 213 G (with

Bmin,3,3
d = 584 G). Note, due to the large uncertainties associ-

ated with i and β, that the derived Bd upper limit for this star is
unrealistically large.

3.2.25. 19 Lyr, HD 179527

The magnetic field of 19 Lyr was not detected by Borra &
Landstreet (1980). We observed this star 11 times with MuSiCoS
and obtained 10 Zeeman detections. Figure 29 shows the LSD
profiles at a cross-over phase, when the longitudinal magnetic
field was as weak as Bℓ = −42 ± 42 G.

Using the photometric period P = 7.098 d of Adelman
& Rice (1999) and LSD-derived v sin i = 33 km s−1, we ob-
tain i = 74 ± 32, β = 81+8

−44
◦ and 409 ≤ Bd ≤ 1233 (with

Bmin,3,3
d = 211 G).

3.2.26. 4 Cyg, HD 183056

The magnetic field of 4 Cyg was not detected by Borra &
Landstreet (1980). We observed the star 13 times with MuSiCoS
and obtained a Zeeman detection each time. Figure 30 shows
the LSD profiles when the longitudinal magnetic field was Bℓ =
330 ± 83 G.

Using the LSD profile variations of this star, we obtain a
rotational period of 2.9919 d and v sin i = 26 km s−1. The derived
magnetic geometry is i = 74 ± 8◦, β = 49+37

−32
◦ and 1172 ≤ Bd ≤

3938 G (with Bmin,3,3
d = 680 G).

3.2.27. HD 204411

The surface magnetic field of HD 204411 was estimated by
Preston (1971) to be about 500 G. Johnson (2004) detected the
magnetic field with MuSiCoS. Here we have obtained 12 obser-
vations of this star with 12 definite Zeeman detections, although
the longitudinal field is always smaller than 100 G. Figure 31
shows the LSD profiles when the longitudinal magnetic field was
Bℓ = −88 ± 14 G.

We have derived a rotational period of 4.8456 d from LSD
profiles. Figure 1 shows that Bℓ presents a clear variation, al-
though HD 204411 has been for a long time considered as a very
long-period photometric and/or spectroscopic variable (Preston
1970; Adelman 2003). The spectral lines of this star are suffi-
ciently sharp that v sin i cannot be accurate determined from our
spectra, and we adopt v sin i = 5.4 km s−1 (Ryabchikova et al.
2005b). The derived magnetic geometry is i = 7±5◦, β = 81+7

−12
◦

and 416 ≤ Bd ≤ 4509 G (with Bmin,3,3
d = 198 G). This range

of field intensities is consistent with the estimate of the surface
field reported by Ryabchikova et al. (2005b).

3.2.28. κ Psc, HD 220825

The magnetic field of κ Psc was not detected by Borra &
Landstreet (1980). We observed the star 12 times, detecting it
each time. Figure 32 shows the LSD profiles when the longitu-
dinal magnetic field was Bℓ = 350 ± 24 G.

We adopt the 1.420 d period of Kreidl & Schneider (1989;
the only published period that fits out measurements) and
v sin i = 38 km s−1 from the LSD profiles. We derive i = 35±54◦,
β = 83+7

−80
◦ and 1141 ≤ Bd ≤ 21045 G (with Bmin,3,3

d = 865 G).

4. Modeling results

4.1. Qualitative summary of the survey

Tables 1 and 3, Figs. 2 to 5 and Figs. 7 to 32 show that for all
of the 28 weak-field Ap/Bp sample stars, the magnetic field of
every sample star could be detected when sufficient tenacity and
precision were employed. Thus our first conclusion is that all
magnetic Ap/Bp stars, when confidently identified through spec-
troscopic and photometric observations, can be shown to host a
measurable surface magnetic field. In every case, it was found
that the longitudinal field measurements could be modeled as-
suming an oblique, centred dipole without any significant incon-
sistencies.

4.2. Distribution of dipole intensities Bd of the weakest-field
Ap stars

For 24 of our sample stars, a sufficient number of longitudi-
nal field measurements were obtained to allow modeling of the
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Fig. 6. Histogram of best-fit derived dipole field strengths of the stars in
our sample.

dipolar magnetic field geometry in the manner described in Sect.
2.7. The results of this modeling are summarised in Table 2.

Figure 6 shows the histogram of the derived best-fit dipole
strengths Bd. The remarkable characteristic of this diagram is
the near-absence of Ap stars in our sample with Bd below 300 G.
Only 2 stars (HD 32650 and HD 96707) are found to have best-
fit model dipole field intensities below 300 G. This number in-
creases to only 4 stars if we consider the lower limit of the dipole
strength (either Bmin

d or B
min,3.3
d , whichever is larger). Moreover,

no star is constrained to have Bd below 300 G (i.e. the maximum-
field model for every star has Bd larger than 300 G).

This result cannot be due to a detection threshold effect, be-
cause the magnetic field has been detected for every star in the
sample. Nor is it likely that it is due to a selection effect, as our
sample was constructed specifically to include the Ap/Bp stars
with the weakest magnetic fields.

What is clearly demonstrated is that the number of
Ap/Bp stars does not continue to increase monotonically to arbi-
trarily small field strengths. Instead, it appears to plateau around
1 kG, and to decline rapidly below about 300 G.

That this result is not an artifact of the modeling tech-
nique that we have employed is supported by the distribution
of peak longitudinal fields measured for the sample, and the
minimum dipole strengths derived directly from those measure-
ments (Cols. 11 and 13 of Table 1). Because these minimum
strengths are dependent on essentially no i, β or period (dipole
field strength and known limb-darkening are the only model as-
sumptions), they provide firm 2σ lower limits on the surface
field intensity of each star. In addition, those stars for which the
data quality is sufficiently good show excellent agreement be-
tween the 2σ minimum field intensities Bmin

d and Bmin,3.3
d .

The derived surface field intensities Bd are probably them-
selves only lower limits on the true surface field. When suffi-
cient data are available, detailed models of magnetic Ap stars
nearly always show evidence of higher-order multipolar contri-
butions to the magnetic field (e.g. Landstreet 1988; Landstreet &
Mathys 2000). These higher-order field components contribute
only weakly to the longitudinal field variation, although they can
have surface intensities comparable to that of the dipole compo-
nent. Therefore the magnetic field models derived here probably
systematically underestimate the true surface field intensity.

A straightforward interpretation of the behaviour observed
in Fig. 6 is that there exists a minimum magnetic field strength
necessary for the generation of the chemical peculiarities of
Ap/Bp stars. One possible implication of this hypothesis is that
there may exist a potentially large population of A-type stars

which host magnetic fields which are not sufficiently strong
to generate Ap-type peculiarities (Vauclair & Vauclair 1982).
However, large, high precision investigations of non-Ap tepid
stars (e.g. Shorlin et al. 2002; Wade et al. 2006b; Bagnulo et al.
2006), which are able to rule out the presence of dipole fields
with intensities below 300 G in many stars, suggest that no such
population exists, and that the Ap/Bp stars are the only A-type
stars with detectable magnetic fields.

5. Interpretation

The 100% Zeeman detection rate obtained in our survey strongly
suggests that all Ap/Bp stars host detectable magnetic fields.
Moreover, it appears that a threshold magnetic field of about
300 G exists below which fields are very rare, and perhaps al-
together absent.

A possible interpretation of this result is that there exists a
critical field strength above which stable magnetic configura-
tions exist and below which any large scale field configuration is
destroyed by some instability. The instability is expected to re-
sult in the presence of opposite polarities at small length scales,
thus strongly reducing the magnitude of the integrated longitudi-
nal field through cancellation effects. For a sample of stars con-
taining both stable and unstable field configurations, this sce-
nario would imply a strong jump in the measured values of the
longitudinal fields or a lower bound of the magnetic field, de-
pending on the detection limit.

The existence of stable large scale magnetic fields in stars is
primarily supported by the observations of the magnetic fields
of Ap stars and white dwarfs. Theoretically, although no stable
field configuration is known in an analytical form, it has been
proposed that the combination of azimuthal and poloidal field
might be stable as a recent numerical simulation tends to con-
firm (Braithwaite & Spruit 2004). However, when the magnetic
field is sufficiently weak to be wound up by differential rotation,
the resulting field, predominantly azimuthal with respect to the
rotation axis, can be subject to various instabilities. As recently
reviewed by Spruit (1999) (see also Spruit 2004), the most vig-
orous of these instabilities is a pinch-type instability first con-
sidered in a stellar context by Tayler (1973). Here, we estimate
the critical magnetic field below which the winding-up process
induces an instability and above which the action of magnetic
torques on the differential rotation limits the winding-up before
the instability sets in. The winding-up time scale is tw = 1/(qΩ)
where q = r‖∇Ω‖/Ω = r/ℓ is a dimensionless measure of the
differential rotation. The winding-up of the axisymmetric part of
the original poloidal field B

sym
p by the differential rotation being

governed by ∂tBφ = r sin θBsym
p · ∇Ω, the time scale tw corre-

sponds more specifically to the time necessary to produce an az-
imuthal field component Bφ of the same amplitude as B

sym
p . On

the other hand, Lorentz forces will affect the differential rotation
after a Alfvén travel time calculated on the shear length scale ℓ,
that is tA = ℓ(4π̺)1/2/B. Equating both time scales gives a lo-
cal order of magnitude estimate of the critical magnetic field,
Bc ≃ (4π̺)1/2rΩ. Its value can be expressed in terms of the
equipartition field of a typical Ap star as follows:

Bc

Beq
≃ 2

(

Prot

5day

)−1 (
r

3 R⊙

)

(

T

104 K

)−1/2

· (8)

As Beq = 170 G at the surface (τ5000 = 2/3) of a typical Ap star
(log g = 4, Teff = 104 K) the derived critical field is close to the
300 G observational threshold (B2

eq = 8πP, P is the pressure).
Calculation of the critical field Bc for each star in the sample
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also shows that most stars satisfy Bd > Bc, and all stars sat-
isfy Bmax

d > Bc. Moreover, the magnetic field of the 5 stars with
rotational period under 2d (HD 10589, HD 27309, HD 90569,
HD 94427, HD 220825) is compatible with the dependence of
Bc on Prot (Bc ∝ P−1

rot) since their dipolar fields Bd = 2−9 kG are
substantially greater than the sample median Bd ≈ 1.4 kG. It is
however important to stress that although the local order of mag-
nitude estimate of Bc is coherent with the present observational
data, a detailed and non-local modeling is required to specify
the critical field strength below which differential rotation desta-
bilizes large scale field configurations. Note that the threshold
value of the magnetic field is also higher than the magnetic field
threshold necessary to trigger the Tayler instability, according to
the criterion given by Spruit (1999). The large scale field is then
destroyed by the development of the instability. An example of
the non-linear evolution of such unstable configurations has been
recently considered in a solar context (Brun & Zahn 2006) con-
firming that the resulting field is structured on small latitudinal
length scales.

The above scenario can thus qualitatively explain the exis-
tence of an apparent lower bound in the strength of magnetic
fields of Ap stars. By extension, such a model could provide
a basis to explain why magnetic fields are observed in only a
small fraction of intermediate-mass stars. If the initial magnetic
field strength probability distribution of intermediate-mass stars
increases (say) exponentially toward weak fields, the large ma-
jority of A-type stars, after formation, would have fields weaker
than the critical field described by Eq. (8). The fields of such
stars would be unstable and decay; they would therefore appear
at the main sequence showing no evidence of a magnetic field.

Another advantage of the scenario described above is that it
may also naturally explain the even greater rarity of magnetic
fields detected in massive stars. For a typical main sequence
A0p star (with P = 5 d, R = 3 R⊙ and Teff = 10 000 K),
Eq. (8) yields Bc ≃ 2 Beq ∼ 300 G. However, for a main sequence
B0p star (with Teff = 31 000 K, R = 7.2 R⊙ and P = 2 d), Bc ≃

7Beq ∼ 2 kG. With a substantially larger critical field strength,
massive stars are substantially less likely to retain their magnetic
fields (assuming an initial field probability distribution similar to
that of Ap stars, decreasing toward strong fields). Massive stars
in which relatively weak magnetic fields have been detected are
all quantitatively in agreement with Eq. (8): β Cep (Donati et al.
2001; B0, Bc ≃ 361 G, observed Bd = 360 G), τ Sco (Donati
et al. 2006b; B0, Bc ≃ 70 G, observed B ∼ 500 G), θ1 Ori C
(Donati et al. 2002; O7, Bc ≃ 300 G, observed Bd ≃ 1.1 kG),
HD 191612 (Donati et al. 2006a, Bc ≃ 20 G, estimated mini-
mum Bd ∼ 1.5 kG).

6. Conclusion

We have investigated a sample of 28 well-known
spectroscopically-identified magnetic Ap/Bp stars, obtain-
ing 282 new Stokes V Zeeman signatures and longitudinal
magnetic field measurements using the MuSiCoS and NARVAL
spectropolarimeters. Magnetic field is detected in all sample
stars, and the inferred longitudinal fields are significantly greater
than some tens of G. To characterise the surface magnetic field
intensities of the sample, we modeled the longitudinal field
data to infer the intensity of the dipolar field component. The
distribution of derived dipole strengths for these stars exhibits
a plateau at about 1 kG, falling off to larger and smaller field
strengths. Remarkably, in this sample of stars selected for their
presumably weak magnetic fields, we find only 2 stars for which
the derived dipole strength is weaker than 300 G. Interpreting

this “magnetic threshold” as a critical value necessary for
the stability of large-scale magnetic fields leads to a natural
explanation of the small fraction of intermediate-mass magnetic
stars. It may also explain the near-absence of magnetic fields in
more massive B and O-type stars.
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Fig. 7. LSD profiles of HN And (HD 8441) on 25 Jan. 06. From bot-
tom to top, Stokes I and Stokes V are presented. For display purposes,
the profiles are shifted vertically, and the Stokes V profile is expanded
by a factor of 25. The dashed line illustrates the zero level for the
Stokes V profile.

Fig. 8. LSD profiles of 43 Cas (HD 10221) on 14 Jan. 06 (same as
Fig. 7).

Fig. 9. LSD profiles of ιCas (HD 15089) on 24 Aug. 04 (same as Fig. 7).

Fig. 10. LSD profiles of HD 15144 on 10 Dec. 01 (same as Fig. 7).

Fig. 11. LSD profiles of 9 Tau (HD 22374) on 02 Feb. 04 (same as
Fig. 7).

Fig. 12. LSD profiles of 56 Tau (HD 27309) on 11 Dec. 01 (same as
Fig. 7).
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Fig. 13. LSD profiles of 11 Ori (HD 32549) on 20 Jan. 06 (same as
Fig. 7).

Fig. 14. LSD profiles of HD 37687 on 17 Feb. 04 (same as Fig. 7).

Fig. 15. LSD profiles of 137 Tau (HD 39317) on 10 Feb. 05 (same as
Fig. 7).

Fig. 16. LSD profiles of HD 40711 on 13 Feb. 04 (same as Fig. 7).

Fig. 17. LSD profiles of HD 43819 on 17 Dec. 01 (same as Fig. 7).

Fig. 18. LSD profiles of 15 Cnc (HD 68351) on 07 Feb. 03 (same as
Fig. 7).

Fig. 19. LSD profiles of 3 Hya (HD 72968) on 18 Dec. 01 (same as
Fig. 7).

Fig. 20. LSD spectrum of 45 Leo (HD 90569) on 17 Dec. 01 (same as
Fig. 7).
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Fig. 21. LSD profiles of HD 94427 on 11 Feb. 04 (same as Fig. 7).

Fig. 22. LSD profiles of EP Uma (HD 96707) on 06 Feb. 06 (same as
Fig. 7).

Fig. 23. LSD profiles of 65 Uma (HD 103498) on 11 Dec. 01 (same as
Fig. 7).

Fig. 24. LSD profiles of 21 Com (HD 108945) on 07 Feb. 03 (same as
Fig. 7).

Fig. 25. LSD profiles of ω Her (HD 148112) on 03 Jul. 01 (same as
Fig. 7).

Fig. 26. LSD profiles of 45 Her (HD 151525) on 29 Jul. 03 (same as
Fig. 7).

Fig. 27. LSD profiles of HD 171586 on 31 Jul. 04 (same as Fig. 7).

Fig. 28. LSD profiles of HD 171782 on 30 Aug. 05 (same as Fig. 7).
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Fig. 29. LSD profiles of 19 Lyr (HD 179527) on 13 Aug. 05 (same as
Fig. 7).

Fig. 30. LSD profiles of 4 Cyg (HD 183056) on 24 Jun. 03 (same as
Fig. 7).

Fig. 31. LSD profiles of HD 204411 on 27 May 06 (same as Fig. 7).

Fig. 32. LSD profiles of κ Psc (HD 220825)on 14 Jul. 04 (same as
Fig. 7).
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No detetion of large-sale magneti �elds at the surfaes ofAm and HgMn stars?M. Auri�ere1, G.A. Wade2, F. Ligni�eres1, A. Hui-Bon-Hoa1, J.D. Landstreet3;4, I. Iliev5, J.-F. Donati1, P.Petit1, T. Roudier1, S. Th�eado11 Laboratoire d'Astrophysique de Toulouse-Tarbes, CNRS, Universit�e de Toulouse, 57 Avenue d'Azereix, 65008 Tarbes, Franee-mail: mihel.auriere�ast.obs-mip.fr e-mail: ligniere�ast.obs-mip.fr e-mail: alain.hui�ast.obs-mip.fr e-mail:donati�ast.obs-mip.fr e-mail: petit�ast.obs-mip.fr e-mail: roudier�ast.obs-mip.fr e-mail: stheado�ast.obs-mip.fr2 Department of Physis, Royal Military College of Canada, PO Box 17000, Station 'Fores', Kingston, Ontario, Canada K7K4B4e-mail: gregg.wade�rm.a3 Department of Physis & Astronomy, The University of Western Ontario, London, Ontario, Canada, N6A 3K7e-mail: jlandstr�uwo.a4 Armagh Observatory, College Hill, Armagh, Northern Ireland BT61 9DGe-mail: jls�arm.a.uk5 Institute of Astronomy, Bulgarian Aademy of Sienes, 72 Tsarigradsko shose, 1784 So�a, Bulgariae-mail: iliani�astro.bas.bgReeived ??; aepted ?? ABSTRACTAims. We investigate the magneti dihotomy between Ap/Bp and other A-type stars by performing a deep spetropolarimetristudy of Am and HgMn stars.Methods. Using the NARVAL spetropolarimeter at the T�elesope Bernard Lyot (Observatoire du Pi du Midi, Frane), weobtained high-resolution irular polarisation spetrosopy of 12 Am stars and 3 HgMn stars.Results. Using Least Squares Deonvolution (LSD), no magneti �eld is deteted in any of the 15 observed stars. Unertaintiiesas low as 0.3 G (respetively 1 G) have been reahed for surfae-averaged longitudinal magneti �eld measurements for Am(respetively HgMn) stars.Conlusions. Assoiated with the results obtained previously for Ap/Bp stars, our study on�rms the existene of a magnetidihotomy among A-type stars. Our data demonstrate that there is at least one order of magnitude di�erene in �eld strengthbetween Zeeman deteted stars (Ap/Bp stars) and non Zeeman deteted stars (Am and HgMn stars). This result on�rms thatthe spetrosopially-de�ned Ap/Bp stars are the only A-type stars harbouring detetable large-sale surfae magneti �elds.Key words. stars: hemially peuliar { stars: magneti �eld1. IntrodutionThe spetrosopially-seleted \magneti Ap/Bpstars" (hereafter Ap/Bp stars), orresponding toabout 5% of main sequene (MS) A and B stars (Wol�1968), are known to host relatively strong, ordered mag-neti �elds. On the other hand, the remaining 95% of MSstars at these spetral types appear to have no detetablemagneti �eld (with the exeption of the very smallSend o�print requests to: M. Auri�ere,mihel.auriere�ast.obs-mip.fr? Based on data obtained using the T�elesope Bernard Lyotat Observatoire du Pi du Midi, CNRS/INSU and Universit�ede Toulouse, Frane.

magneti �eld reently deteted on Vega by Ligni�ereset al. 2009). This is the so-alled magneti dihotomy.Using the MuSiCoS and NARVAL spetropolarimeters,Auri�ere et al. (2007) studied the weak part of themagneti �eld distribution of Ap/Bp stars. They found,as had previously been assumed, that all on�dentlyspetrosopially-lassi�ed Ap/Bp stars, when observedwith suÆient preision and tenaity, show evidenefor organised magneti �elds with model dipole polarstrength stronger than about 300 G. However, demon-strating the existene of a magneti �eld dihotomy reliesnot only on establishing the universal presene of largesale �elds in Ap/Bp stars , but also showing on�dentlythat no suh �elds are detetable in the non-Ap/Bp



2 M. Auri�ere et al.: Magneti �elds of Am and HgMn starsstars. The most reent sensitive surveys of apparentlynon magneti A and B stars have led to non-detetion ofmagneti �elds at the level of a few tens of G (Shorlinet al. 2002, Bagnulo et al. 2006). Shorlin et al. (2002)used the high-resolution MuSiCoS spetropolarimeter tosearh for Stokes V Zeeman signatures in spetra of 63non-Ap/Bp intermediate-mass stars, �nding no evideneof magneti �elds, with a median longitudinal �eld (B`)formal error of just 22 G. Bagnulo et al. (2006) usedthe low-resolution FORS1 spetropolarimeter to measuremagneti �elds of a large sample of intermediate-massstars in open lusters. In their sample of 138 non-Ap/Bpstars, no magneti �eld was deteted, with a medianlongitudinal �eld error bar of 136 G. To re�ne ourunderstanding of the dihotomy, using the possibilities ofnew instruments (Donati and Landstreet, 2009), in thisstudy we employ NARVAL to observe bright slow rotatorsamong the Am and HgMn stars previously studied byShorlin et al (2002). In the following, we will desribe ourobservations (Set. 2) and our results for eah ategory ofstars (Set. 3), then give our disussion on magnetidihotomy and onlusion.2. Observations and redution2.1. Observations with NARVALThe observations took plae in Marh and September2007, at the 2-m T�elesope Bernard Lyot (TBL) of Pidu Midi Observatory with the NARVAL high-resolutionspetropolarimeter (Auri�ere 2003). In operation sineDeember 2006, NARVAL is a opy of ESPaDOnS in-stalled at CFHT at the end of 2004 (Donati et al.,2006). NARVAL is a �ber{fed ehelle spetropolarime-ter with whih the whole spetrum from 370 nm to 1000nm is reorded in eah exposure. The 40 grating ordersare aligned on the CCD frame using two ross-disperserprisms. NARVAL was used in polarimetri mode with aspetral resolution of about 65000. Stokes I (unpolarised)and Stokes V (irular polarisation) parameters were ob-tained by means of 4 sub-exposures between whih theretarders (Fresnel rhombs) were rotated in order to ex-hange the beams in the whole instrument and to reduespurious polarization signatures. We aimed to get long ex-posures, up to 6400s, on our bright targets in order to beable to detet ultra-weak or omplex magneti �elds. Inorder to avoid saturation of the CCD we made short subexposures (e.g. 4, 8 seond subexposures for eah StokesV series in the ase of Sirius).2.2. Redution and magneti �eld detetionDuring the tehnial tests and siene demonstration time,magneti and non magneti stars were observed whihshowed that NARVAL works properly and is 30 timesmore eÆient than the previous instrument, MuSiCoS(Baudrand & B�ohm 1992, Donati et al. 1999), whih wasused by Shorlin et al. (2002). Sine then, a great number

of new results have been obtained that on�rm the highsienti� eÆieny of ESPaDOnS and NARVAL (e.g. inDonati and Landstreet 2009). The extration of the spe-tra was done using Libre-ESpRIT (Donati et al. 1997), afully automati redution pakage installed at the TBL.In order to arry out the Zeeman analysis, Least-SquaresDeonvolution analysis (LSD, Donati et al. 1997) was ap-plied to all observations.We used line masks with so-lar abundanes, log g = 4, temperatures lose tothe values given by Shorlin et al. (2002; see ourTable 1), and with a entral depth greater than10% of the ontinuum. For our sample, this methodenabled us to average from about 500 (highest tem-perature HgMn star) to about 5000 (oolest Amstar) lines and to obtain Stokes V pro�les with signal-to-noise ratio (S/N) inreased by a fator of about 10 to40. LSD provides a single quantitative riterion for thedetetion of Stokes V Zeeman signatures: we perform astatistial test in whih the redued �2 statisti is om-puted for the Stokes V pro�le, both inside and outside thespetral line (Donati et al. 1997). The statistis are thenonverted into detetion probabilities, whih are assessedto determine if we have a de�nite detetion (DD, falsealarm probability smaller than 10�5), a marginal dete-tion (MD, false alarm probability greater than 10�5 andsmaller than 10�3), or no detetion at all (nd). Also in-luded in the output are \diagnosti null" spetraN , whih are in priniple featureless, and thereforeserve to diagnose the presene of spurious ontri-butions to the Stokes V spetra. We then omputedthe longitudinal magneti �eld Bl in G, using the �rst-order moment method adapted to LSD pro�les (Rees andSemel 1979, Donati et al. 1997, Wade et al. 2000). For afew seleted stars we onstruted line masks that mathedthe stellar spetrum in detail, by modifying individual linedepths in the mask. While these ustom masks naturallyprovided a better representation of the Stokes I and Vspetra, they did not result in any hange in the dete-tion diagnosis, or any signi�ant improvement in the lon-gitudinal �eld upper limit. As a onsequene, all resultspresented here orrespond to solar abundane line masks.Finally, we measured for eah star (generally the pri-mary) the radial veloity RV from the averaged LSDStokes I pro�le, using a gaussian �t. The long term stabil-ity of NARVAL is about 30 m/s (e.g. Auri�ere et al. 2009a)but the absolute unertainty of individual measurementsrelative to the loal standard of rest is about 1 km s�1.Table 1 gives for eah star its V magnitude, spetrallass, used mask temperature, v sin i, and, for eah ob-servation, the date, HJD (orresponding to the RV mea-surement), number of exposures and total exposure time,RV , the detetion level, and the inferred longitudinal mag-neti �eld with its standard error in G.



M. Auri�ere et al.: Magneti �elds of Am and HgMn stars 3Table 1. Summary of observations.ID HD V Spe. Mask v sin i Date HJD # Exp. RV Detet. B` �mag. K km s�1 2450000 + s km s�1 Level G GAm StarsSirius 48915 -1.47 A1m 10000 16.5 (2) 12Mar07 4172.33 32 1024 -7.3 nd -0.10 0.32� Gem B 60178 2.9 A2m 9000 20 (1) 13Mar07 4173.41 4 2800 -16.3 nd -0.40 0.7915 UMa 78209 4.5 F3m 7500 38 (1) 14Mar07 4174.43 1 3200 +0.7 nd -1.74 2.17� UMa 78362 4.6 F3m 7250 11.3 (1) 11Mar07 4171.39 1 3200 -8.7 nd -0.6 0.54� UMa 89021 3.4 A2m 9000 53 (3) 11Mar07 4171.51 3 3600 +19.9 nd 2.77 2.91� UMa 95418 2.3 A1V 9500 48 (3) 14Mar07 4174.50 6 2880 -12.0 nd -3.03 2.93� Leo 97633 3.3 A2V 9250 23.5 (1) 12Mar07 4172.53 3 3600 +7.4 nd 1.60 1.3932 Vir 110951 5.2 F0IVm 7250 19.3 (1) 12Mar07 4172.58 1 3600 -39.3 (md) 2.15 1.6213Mar07 4173.58 1 3600 -45.0 (md) -1.27 1.5302Apr08 4559.49 1 3600 -57.5 nd -2.53 1.98� Vir 125337 4.5 A2m 9500 13Mar07 4173.63 2 3200 nd -4.47 2.88Comp. A 36 (4) 13Mar07 4173.63 2 3200 +11.5 nd -1.20 2.69Comp. B 10 (4) 13Mar07 4173.63 2 3200 -27.9 nd -3.12 1.4122 Boo 126661 5.4 F0m 8000 36 (1) 13Mar07 4173.68 1 3200 -27.6 nd -1.44 2.18141675 5.8 A3m 8000 33 (1) 14Mar07 4174.66 1 3600 -0.8 nd -4.91 3.11� Ser 141795 3.7 A2m 8500 33.5 (1) 12Mar07 4172.65 2 3200 -10.0 nd -0.79 1.40HgMn� Cn 78316 5.2 B8 13000 6.8 (2) 13Mar07 4173.46 1 3200 +76.2 nd -1.05 3.12� CrB 143807 4.9 A0 10500 1.0 (5) 11Mar07 4171.67 2 6400 -19.6 nd 0.07 1.34� Her 145389 4.2 B9 11000 8.0 (6) 12Mar07 4172.70 3 4800 -15.4 nd -1.76 1.99Note: Individual olumns show target ID, HD number, spetral lass, mask temperature, v sin i (number of referene givenat the end of the note), date observed, assoiated HJD, number of exposures aquired, total exposure time, RV , Detetiondiagnosis, longitudinal �eld B` and its unertainty �. Referenes for v sin i: (1) Shorlin et al. 2002; (2) Landstreet et al. 2009;(3) Fekel 2003; (4) Zaho et al. 2007; (5) Dubaj et al. 2005; (6) Zavala et al. 2007.3. Results of the present survey3.1. The sampleOur aim is to searh for magneti �elds on non Ap/BpA-type stars in order to establish de�nitively the gap ofthe magneti dihotomy. Shorlin et al. (2002) showed thegreat inuene of the value of v sin i on the sensitivity of amagneti survey using high-resolution spetropolarimetry.In order to redue the errors in our survey, we hoose hereto observe the most promising objets already observedby Shorlin et al. (2002).Am stars are frequently found in lose binaries (Abt &Levy 1985), likely beause tidal interations in suh sys-tems slow stellar rotation and thereby redue rotationalmixing. This is also the ase for HgMn stars (Ryabhikova1998). This property does not hamper our study, but theinteresting ases of the SB2 stars 32 Vir and � Vir aredisussed in detail in Set.3.2. Table 1 presents the ob-served RV values for our sample stars. Table 1 shows thatno Zeeman detetion was obtained for any of our samplestars (the ase of 32 Vir is disussed in Set. 3.3). Theresults are disussed further for Am and HgMn stars inSet. 3.2 and 3.3 respetively.3.2. Am starsAm stars are ool A-type stars that an be onsidered as"ordinary" slowly rotating A-stars (Takeda et al. 2008).

A large number of Am stars deserve a sensitive magnetisurvey with NARVAL; we observed 12 of them, amongthem the bright star Sirius. Our main seletion riterionfor the stars observed was low v sin i, whih we required tobe smaller than 50 km s�1, and is often muh smaller. Oursample stars are generally on the main sequene, but twoof them, 32 Vir and 22 Boo, have already left it. The mainresult of our study (no Zeeman detetion and very lowupper limits for a possible surfae-averaged longitudinalmagneti �eld) is visible on Table 1, but we give ommentsabout some stars below.Sirius: Besides being the brightest star in the sky af-ter the Sun, Sirius is a hot Am star. Observing it enabledus to reah the highest preision obtained in our survey,namely 0.32 G for our B` determination. With 32 StokesV series, we got a total exposure of 1024 s. Fig.1 shows theomposite LSD pro�les. The huge enlargement of StokesV and Stokes N show that the amplitude of the noise isurrently smaller than 10�5I . A kind of at feature ap-pears on Stokes V pro�le at the position of the absorptionline in the intensity pro�le. It is not signi�ant with re-spet to the LSD detetion statistial test. Splitting ourspetra into two equal subsets show that this feature ismore visible on our seond subset, and is probably due tonoise. No magneti �eld is therefore deteted on Sirius andthe orresponding Bl value is 0:10� 0:32 G (1�). Equallysmall or even smaller errors in Stokes V pro�les and Blmeasurements were obtained with NARVAL in the ase of



4 M. Auri�ere et al.: Magneti �elds of Am and HgMn starsthe normal A-star Vega (Ligni�eres et al. 2009) and the redgiant Pollux (Auri�ere et al. 2009a), and sub-G magneti�elds ould be deteted at a signi�ant level in these stars.� Gem B (Castor B): Castor is a multiple system om-posed of three visual stars, eah of whih is by itself aspetrosopi binary. Castor A and Castor C were out ofthe slit during the NARVAL observations. Castor A andB have been now resolved in X-rays and this observationshows that the late-type seondaries within eah spetro-sopi binary are the sites of the X-ray prodution (Stelzer& Burwitz 2003). Our non-detetion of a magneti �eldon�rms the absene of magneti ativity at the surfaeof the A-type star Castor B.� UMa: Our observations on�rm that the 3 � de-tetion (66 � 22 G) of a magneti �eld by Shorlin et al.(2002) is spurious, as suspeted by those authors. We haveimproved the preision of �eld measurement by a fa-tor greater than 7 with respet to the MuSiCoS result,though the orresponding error on B` is one of the worstin this paper, 2.91 G, due to the relatively large v sin i of50 km s�1.� Leo: This star is onsidered to a hot Am star (Smith1974, Adelman 2004) and as a standard of radial velo-ity (Morse et al. 1991). Beause of its moderate v sin i =23.5 km s�1, the �eld measurement is one of the most a-urate in the survey (� = 1.39 G) for early A-type stars.32 Vir: 32 Vir is a well known SB2 whose primary ap-pears to be of � Puppis-type Æ Suti star, i.e. an evolvedpulsating Am star (Mitton and Stikland 1979). Fig.2shows the LSD Stokes pro�les derived from a total inte-gration of 3600s obtained on 12 Marh 2007. The StokesI LSD pro�le easily resolves the two omponents, the Amstar orresponding to the sharp line. In both the Stokes Vand null polarization N pro�les, a small signal is visible atthe RV of the Am star, and the LSD statistis announe aMarginal Detetion. Sine this detetion is obtained also,even more strongly, on the null polarizationN pro�le, it issuspeted to be spurious. However weak magneti �elds insubgiant stars have been deteted in the ourse of anothermagneti survey with NARVAL (Auri�ere et al. 2009b). Wetherefore observed 32 Vir again in the same onditions on13 Marh 2007 and on 02 April 2008, and got the sameresult: a weak signal was again visible on Stokes V andN pro�les, MD again in 2007 but nd in 2008. Now 32 Viris both a binary star and a pulsating star (Lampens andBoÆn 2000). Bertiau (1957) derived an orbit with a periodof 38.3 days and a semi amplitude of 48 km s�1. Whenobserved in 2007 the RV of the primary star's line in theStokes I LSD pro�le of 32 Vir was respetively 39.3 km s�1and -45.0 km s�1 (Table 1). As a Æ Suti star, 32 Vir hasa period of about 0.07 day (Bartolini et al. 1983, Kurtzet al. 1976). The RV variation due to pulsations is un-known, but ould be similar to that observed for � Puppisitself, i.e. 8.6 km s�1 (Mathias et al. 1997). These rapidRV variations due to the binary and pulsating status ofthe star indue shifts in RV between the LSD pro�les ofthe four sub-exposures, whih lead to detetion of spuriouspolarization signals (Donati et al. 1997). Beause of the

di�erent time-lags between ombinations of sub-exposuresused for getting N and Stokes V pro�les, the spurious sig-nal is expeted to be stronger on the former than on thelatter pro�les. This proess is probably the reason for thesignal detetions obtained on both 2007 dates, and theweak presene of a signal in the 2008 observation.� Vir: This star is a well-known double lined spetro-sopi Am binary: both stars are very similar in hemi-al abundanes but the primary omponent is broad-linedand the seondary is sharp-lined (Zhao et al. 2007). OurNARVAL observations enabled us to resolve the two om-ponents on our LSD Stokes V pro�les, as already pre-sented by Shorlin et al. (2002). In Table 1 we show thatneither of the two omponents indiates a Zeeman dete-tion and we have inluded individual B` measurements foreah of the two omponents.22 Boo: 22 Boo is onsidered to be an Am star whihhas already left the main sequene (Burkart et al. 1980,Bertet 1990). This is a partiularly interesting objet for amagneti survey sine a dynamo driven magneti �eld mayappear during the subgiant phase (Auri�ere et al. 2009b).However no Zeeman detetion our at a level of � =2:18 G for B`.3.3. HgMn starsThe HgMn stars are generally onsidered as having themost stable atmospheres among intermediate mass stars(Vaulair and Vaulair, 1982). However, some binaryHgMn stars have been shown to display spetro-sopi variations (Adelman et al. 2002, Kohukhovet al. 2005, Hubrig et al. 2006a, Briquet et al.2010). The non-uniform surfae abundanes invokedto explain these variations appear to evolve with time(Kohukhov et al. 2007). It has been proposed that theyould host strong magneti �elds of peuliar topology(Hubrig et al. 2006b, 2008), and that suh �elds ould beresponsible for the surfae strutures. Wade et al. (2006)performed a sensitive magneti study of the brightestHgMn star, � And, and plaed a 3� upper limit of about100 G on the possible presene of any undeteted puredipolar, quadripolar or otupolar surfae magneti �elds.Beause of the rather large v sin i (52 km s�1), the 1� errorbars reahed 6 G at the smallest, even with ESPaDOnS.We have observed here with NARVAL 3 of the brightestof the HgMn stars having v sin i 5 times smaller than �And. The resulting unertainties of B` are �nally 2 to 4times smaller than those obtained for � And.� Cn: For this lassial HgMn star (Z�ohling &Muthsam, 1987), our non detetion with a 1 � er-ror of 3 G for the longitudinal magneti �eld on-�rms the result of Shorlin et al. 2002, that thereis not a strong surfae magneti �eld, as suggestedby older observations.� CrB: Observations of this star with the Geko spe-trograph attahed to the Canada-Frane-Hawaii Telesopehave resolved the two omponents of the spetrosopi bi-



M. Auri�ere et al.: Magneti �elds of Am and HgMn stars 5nary (Dubaj et al. 2005). The v sin i of the HgMn ompo-nent was measured to be only about 1 km s�1; Shorlin etal. (2002) were only able to �nd an upper limit of v sin i <10 km s�1. Our measurement of this star has the best pre-ision obtained for the HgMn stars of our sample, about1 G. Figure 3 shows the Stokes V and Stokes I LSD pro-�les for � CrB.� Her: This star is a spetrosopi binary whih hasreently been resolved (Zavala et al. 2007) and for whihthe mass of the CP star has been re�ned (Torres, 2007).No �eld is deteted, with an longitudinal �eld unertaintyof about 2 G.

Fig. 1. LSD pro�les of the Am star Sirius as observed on 12Marh 2007 with NARVAL. From bottom to top: Stokes I, zeropolarization N and Stokes V pro�les. For display purposes, thepro�les are shifted vertially and the Stokes V and diagnostiN pro�les are expanded by a fator of 1000. The dashed lineillustrates the zero level for the Stokes V and null N pro�les.

Fig. 2. LSD pro�les of the Am star 32 Vir. as observed on 12Marh 2007 with NARVAL. From bottom to top: Stokes I, zeropolarization N and Stokes V pro�les. For display purposes, thepro�les are shifted vertially and the Stokes V and diagnostiN pro�les are expanded by a fator of 100.

Fig. 3. LSD pro�les of the HgMn star � CrB on 11 Mar 07 asobserved with NARVAL From bottom to top, Stokes I, zeropolarization, and Stokes V are presented. For display purposes,the pro�les are shifted vertially, and Stokes V and diagnostiN pro�les are expanded by a fator of 100.4. The magneti dihotomyNo Zeeman detetion was obtained for any of the 15 starsof our sample, although we have ahieved an preisionimprovement of more than one order of magnitude withrespet to the work of Shorlin et al. (2002).Although wehave obtained only one observation for the major-ity of the stars of our sample, the non-detetionof signi�ant Stokes V signatures is a strong neg-ative result beause magneti on�gurations anprodue detetable V signatures through the linepro�le even for zero longitudinal magneti �eld.Error bars in the range of 0.3 to 3 G have been obtainedfor our measurements of the surfae-average longitudinalmagneti �elds and an therefore be used to set upperlimits of this omponent of the magneti �eld of about10 G (3 �). Table 1 of Auri�ere et al. (2007) showsthat for the weak magneti Ap/Bp stars, jB`jmax isgenerally above 100 G, i.e. about 10 times strongerthan the present upper limit. Therefore, a verysigni�ant gap of at least one order of magnitudeis now established between upper limits of �eldsthat might be present in non-deteted Am/HgMnstars and the �elds onsistently deteted in Ap/Bpstars.To interpret this result in term of magneti in-tensity, some assumption has to be done for themagneti topology. Taking into aount the resultsof Auri�ere et al. (2007) who dedued the existeneof a threshold magneti �eld of about 300 G at thesurfae of Ap/Bp stars, for geometrial on�gura-tions similar to those observed in weakly Ap/Bpstars, large sale magneti �elds with dipole �eldstrength greater than about 30 G are not presentat the surfae of Am and HgMn stars. Moreover,the high-resolution spetropolarimetri tehniques used inthis study have been shown to be sensitive to both thelarge-sale (e.g. Auri�ere et al. 2009a) and smaller-sale



6 M. Auri�ere et al.: Magneti �elds of Am and HgMn stars(e.g. Petit et al. 2004) magneti �elds of ative late-typestars. While there is ertainly a limit to this sensitivity,the very high preision obtained in our survey does notsupport previous reports of strong, omplex �elds in Am(Lanz & Mathys 1993) and HgMn stars (Hubrig et al.2006b, 2008).The report of a weak magneti �eld (of about one G)in Vega (Ligni�eres et al., 2009) is onsistent with the ex-istene of a magneti dihotomy in the A-type stars. Theinstability senario of Auri�ere et al. (2007) gives a possi-ble explanation of this gap. The Ap/Bp stars are those forwhih the surfae magneti �eld is strong enough to resistto di�erential rotation and instabilities suh as the Taylerinstability (Spruit, 1999). Conversely, stars with a largesale magneti �eld of lower strength are subjeted to in-stabilities that will strongly redue their surfae-averagedlongitudinal �eld through anellation e�ets. This di-hotomy between stable and unstable large sale �eld on-�gurations naturally leads to a gap in the values of thelongitudinal �elds.5. ConlusionOur limited survey of 15 A-type star of peuliarity typesother than Ap/Bp shows that none of them appear to hosta large sale magneti �eld having a surfae-averaged lon-gitudinal magneti �eld of more than 3 G. Taken togetherwith the result of Auri�ere et al. (2007), who showed theexistene of a magneti threshold of about 300 G for dipolestrength in Ap/Bp stars, this result on�rms the existeneof a magneti dihotomy, and shows that it orrespondsto a gap of more than one order of magnitude in �eldstrength. In fat, up to now a magneti �eld has been de-teted by spetropolarimetry for a non Ap/Bp star onlyin Vega, and the surfae averaged-longitudinal magneti�eld appears to be smaller than one G (Ligni�eres et al.,2009). Our result an be simply explained by the instabil-ity senario desribed in Auri�ere et al. (2007).Aknowledgements. This researh has made use of databasesoperated by CDS, Strasbourg, Frane. GAW and JDL a-knowledge Disovery Grant support from the Natural Sienesand Engineering Researh Counil of Canada (NSERC). II a-knowledges support from Bulgarian NSF grants D002-85 andD002-362.ReferenesAbt H.A., Levy S.G. 1985, ApJS, 59, 229Adelman S.J., Gulliver A.F., Kohukhov O., Ryabhikova T.A.2002, ApJ, 575, 449Adelman, S.J. 2004, in "The A-Star Puzzle", J Zverko, J.Ziznovsky, S.J. Adelman & W.W.Weis, eds, 1Auri�ere M., 2003 in "Magnetism and Ativity of the Sun andStars", Eds J. Arnaud and N. Meunier, EAS Publ. Series9,105Auri�ere M, Wade G.A. , Silvester J., Ligni�eres et al. 2007,A&A, 475, 1053Auri�ere M, Wade G.A. , Konstantinova-Antova R. et al. 2009a,A&A, 504, 231
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ABSTRACT

We report the detection of a magnetic field on Vega through spectropolarimetric observations. We acquired 257 Stokes V , high signal-
to-noise and high-resolution echelle spectra during four consecutive nights with the NARVAL spectropolarimeter at the 2-m Telescope
Bernard Lyot of Observatoire du Pic du Midi (France). A circularly polarized signal in line profiles is unambiguously detected after
combining the contribution of about 1200 spectral lines for each spectrum and summing the signal over the 257 spectra. Due to the
low amplitude of the polarized signal, various tests have been performed to discard the possibility of a spurious polarized signal. They
all point towards a stellar origin of the polarized signal. Interpreting this polarization as a Zeeman signature leads to a value of −0.6 ±
0.3 G for the disk-averaged line-of-sight component of the surface magnetic field. This is the first strong evidence of a magnetic
field in an A-type star which is not an Ap chemically peculiar star. Moreover, this longitudinal magnetic field is smaller by about
two orders of magnitude than the longitudinal magnetic field (taken at its maximum phase) of the most weakly magnetic Ap stars.
Magnetic fields similar to the Vega magnetic field could be present but still undetected in many other A-type stars.
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1. Introduction

Despite recent progress in stellar magnetic field measurements,
spectropolarimetric surveys of early-type stars indicate that pho-
tospheric magnetic fields can only be detected in a small fraction
of these stars. Without direct constraints on the magnetic field of
the vast majority of early-type stars, our understanding of the
role of magnetic fields on the structure and evolution of inter-
mediate mass and massive stars is necessarily limited. In this
Letter, we report the detection of a magnetic field on Vega and
argue that Vega is probably the first member of a new class of
yet undetected magnetic A-type stars.

The proportion of stars hosting a detectable magnetic field is
more firmly established for main sequence stars of intermediate
mass (late-B and A-type stars) than for massive stars (early B
and O-type stars) or intermediate mass pre-main-sequence stars
(Herbig Ae/Be stars). Magnetic A-type stars are indeed iden-
tified with the group of Ap-Bp chemically peculiar stars (ex-
cluding the subgroup of HgMn stars) since all known magnetic
A-type stars belong to this group and, when observed with suffi-
cient precision, Ap/Bp stars always show photospheric magnetic
fields (Landstreet 1992; Aurière et al. 2007). The incidence of
the Ap/Bp chemical peculiarity among A-type stars then leads
to a 5−10% estimate of magnetic stars (Wolff 1968). Note that
magnetic field detections have been reported for a few Am and
HgMn stars (Lanz & Mathys 1993; Mathys & Hubrig 1995) but
remain debated because they could not be confirmed by further
investigations (see the discussion in Shorlin et al. 2002). Thanks

⋆ Based on observations at Telescope Bernard Lyot of Observatoire du
Pic du Midi, CNRS/INSU and Université de Toulouse, France.

to new high-resolution spectropolarimeters, magnetic fields are
now also detected in pre-main-sequence stars and in massive
stars. According to recent surveys, the fraction of magnetic stars
among Herbig Ae/Be stars is 7% (Wade et al. 2009), while
the rate of detection for early B and O-type stars is also small
(Bouret et al. 2008; Schnerr et al. 2008).

The magnetic fields of Ap/Bp stars are characterized by
a strong dipolar component, a long-term stability and dipolar
strengths ranging from a lower limit of about 300 Gauss to tens
of kilo-Gauss (Landstreet 1992; Aurière et al. 2007). Thus, if a
population of weak dipolar-like fields corresponding to a weak
field continuation of Ap/Bp stars exists, a longitudinal compo-
nent of the magnetic field in the range of 10 to 100 Gauss should
have been detected by recent spectropolarimetric surveys of non
Ap/Bp stars (Shorlin et al. 2002; Wade et al. 2006; Bagnulo
et al. 2006; Aurière et al. 2008). Instead, these surveys suggest
there is a dichotomy between the population of strong, stable and
dipolar-like magnetic fields corresponding to the Ap/Bp stars
and the rest of A-type stars, whose magnetic properties remain
unknown, except that their surface longitudinal magnetic field
should be very small.

Vega is well suited for the search of magnetic fields among
A-type non Ap/Bp stars. Its brightness and its low equatorial
projected velocity ensure high signal-to-noise V spectra, while
the number of spectral lines of an A0-type star is important
enough to allow a very large multiplex gain by gathering the
polarimetric signal of all the lines using a cross-correlation
technique (Least-Squares Deconvolution, Donati et al. 1997,
LSD hereafter). Another advantage of Vega’s brightness is
that its fundamental parameters are well known relative to
other more anonymous stars (Gray 2007). In particular, spectral
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analysis and interferometric observations have shown that Vega
is a rapidly rotating star seen nearly pole-on (Aufdenberg et al.
2006; Peterson et al. 2006; Takeda et al. 2008).

Vega was already included in a previous spectropolarimet-
ric survey of A-type non Ap/Bp stars using NARVAL at the
Telescope Bernard Lyot of Pic du Midi, but the analysis of its
11 Stokes V spectra was not conclusive. Here we present the re-
sults of a four night observing run fully dedicated to Vega, during
which more than 300 Stokes V spectra were obtained. Summing
the information over a large number of these spectra leads to an
unambiguous detection of a polarized signal.

The observations are described and interpreted in the next
section. In Sect. 3, the origin of a ∼1 G longitudinal magnetic
field in an A-type non Ap/Bp star is discussed and some of the
perspectives opened by this field detection are considered. Our
conclusions are given in Sect. 4.

2. Instrumental setup, data reduction and multi-line

extraction of Zeeman signatures

The observing material was gathered at the Telescope Bernard
Lyot (Observatoire du Pic du Midi, France) using the NARVAL
spectropolarimeter. As a strict copy of ESPaDOnS (Petit et al.
2003), NARVAL spectra provide a simultaneous coverage of the
whole optical domain (from 370 nm to 1000 nm) at high spec-
tral resolution (R = 65 000). The instrument consists of a bench-
mounted spectrograph and a Cassegrain-mounted polarimeter,
with an optical fiber carrying the light between the two units.
A series of 3 Fresnel rhombs (two half-wave rhombs that can
rotate about the optical axis and one fixed quarter-wave rhomb)
are used in the polarimeter, followed by a Wollaston prism which
splits the incident light into two beams, respectively containing
light linearly polarized perpendicular/parallel to the axis of the
prism. Each Stokes V spectrum is obtained from a combination
of four sub-exposures taken with the half-wave rhombs oriented
at different azimuths (Semel et al. 1993). The data reduction is
performed by Libre-Esprit, a dedicated, fully automated soft-
ware described by Donati et al. (1997).

The data were collected during 4 consecutive nights in the
summer of 2008, from July 25 to July 28, using 6 s integration
times for each sub-exposure of the Stokes V sequences (except
the first two sequences of the run, for which exposure times of
15 and 10 s were adopted). We retained the 257 Stokes V spec-
tra with a typical peak signal-to-noise ratio (S/N hereafter) of
1500 per 1.8 km s−1, around λ = 600 nm.

For each spectrum, both Stokes I and V parameters were
processed using the LSD cross-correlation method (Donati et al.
1997). Using a line mask computed from a stellar atmospheric
model with Teff = 10 000 K and log g = 4.0 (Kurucz 1993), we
calculated LSD line profiles from a total of 1200 photospheric
lines. The multiplex gain in the S/N from the raw spectra to the
LSD mean profiles is about 30, reducing the noise level of the
cross-correlation profiles to between σ = 3 and 7 × 10−5Ic,
where σ is the standard deviation of the noise and Ic stands
for the intensity of continuum. Since no signature was observed
above noise level in individual Stokes V LSD profiles, we then
calculated an average of the 257 profiles, where each profile
is weighted by its S/N. In this global profile, the noise in the
Stokes V parameter is further decreased to σ = 2 × 10−6Ic

(Fig. 1) and a signature is now observed in circular polariza-
tion with an amplitude of 10−5Ic (that is 5 times the noise level).
Running a χ2 test on the signature (Donati et al. 1992), we found
a reduced χ2 of 3.5, which corresponds to a false-alarm proba-
bility of 3 × 10−11.
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Fig. 1. Average of the 257 normalized Stokes I (blue/bottom) and
Stokes V (red/upper) LSD profiles of Vega, as a function of the radial
velocity. The green/middle curve is the “null” profile. The Stokes V
and null curves are shifted vertically and expanded by a factor of 500.
Dashed lines indicate the continuum level for Stokes I, and the zero
level for the circular and null polarization.

Various tests have been performed to make sure that the po-
larization is of stellar origin and not due to an artefact of the in-
strument or the reduction process. This is particularly important
in the present case, as the amplitude of the polarized signal is the
lowest detected by NARVAL to date. A strong test to discard the
possibility of a spurious signal is the “null” profile calculated
from a different combination of the four sub-exposures consti-
tuting the polarimetric sequence (Donati et al. 1997). As shown
in Fig. 1, no detectable counterpart of the Stokes V signal is seen
in the “null” profile (note that a similar conclusion is reached by
calculating another null profile (not shown here) from another
possible combination of the sub-exposures). We then checked
that the signal possesses the expected properties of a stellar po-
larized signal. First, we split the whole time-series into two in-
dependent subsets, containing respectively the first and second
half of the observing run, both subsets having equivalent signal-
to-noise ratios. As can be seen in Fig. 2a, the polarized signal
is present in both sets, the false-alarm probabilities based on the
χ2 test being 5 × 10−6 and 6 × 10−3, respectively. Second, we
built two line-lists from the atmospheric model, containing all
spectral lines with Landé factors respectively higher and lower
than gc = 1.2. The Stokes V profiles computed from the two
line-lists are plotted in Fig. 2b. As expected, the amplitude of the
polarized signal appears higher for the high Landé factor lines
than for the low Landé factor lines. The peak-to-peak amplitudes
of the polarized signals taken inside the line profile are respec-
tively 2.8 × 10−5Ic and 2.0 × 10−5Ic. Their difference slightly
exceeds the noise level (σ = 6 × 10−6Ic and 5 × 10−6Ic, re-
spectively) and their ratio is roughly consistent with the ratio
of the average Landé factors of the line-lists (gm = 1.51 and
gm = 0.94 respectively), taking into account that the correspond-
ing Stokes I LSD profiles have a similar depth, within 10%.
Third, we checked that the signal was still consistently recov-
ered when other ways of splitting our line-list were considered
(low versus high excitation potential or low versus high wave-
lengths). Finally, we tested the effect of changing the line mask.
Indeed, spectroscopic and interferometric studies of Vega have
shown that its surface temperature is inhomogeneous, due to the
gravity darkening effect induced by its rapid rotation. According



F. Lignières et al.: First evidence of a magnetic field on Vega L43

-100 -80 -60 -40 -20 0 20 40 60 80
Radial velocity (km/s)

-1.5

-1.0

-0.5

0.0

0.5

1.0

1.5

V
/
Ic

1e-5

(a)

-100 -80 -60 -40 -20 0 20 40 60 80
Radial velocity (km/s)

-2

-1

0

1

2

V
/
Ic

1e-5

(b)

Fig. 2. a) Averaged LSD Stokes V line profiles obtained from two in-
dependent subsets of the whole observing material, containing respec-
tively the first (green/continuous) and second (red/dashed) half of the
observing run. b) Stokes V profiles obtained from spectral lines with
Landé factors higher (resp. lower) than 1.2 (green/full and red/dashed
lines, respectively).

to the latest model based on interferometric results (Yoon et al.
2008), the equatorial velocity of Vega is 274 km s−1 and the ef-
fective temperature and the gravity decrease from 9988 K and
log g = 4.07 at the pole to 7600 K and log g = 3.5 at the equator.
There is a significant discrepancy with the spectroscopic analysis
of Takeda et al. (2008), who find that the polar to equator tem-
perature difference is only ∼900 K while the equatorial velocity
is reduced to 175 km s−1. Taking the extreme case of a Teff =

7500 K and log g = 3.5 stellar atmosphere, we computed the
LSD line profiles (not shown here) for the associated line mask
and this time obtained a false-alarm probability of 10−1. The po-
larized signal is consistent with the one derived from our previ-
ous (hotter) atmospheric model but the low significance of the
detection is due to the inadequacy of the line mask that results in
a much higher noise level.

These tests strongly support that the signal is of stellar origin
and therefore that Vega possesses a magnetic field.

The circularly polarized signal has the typical anti-
symmetric shape of a Zeeman signature (Fig. 1). However, as
compared to the width of the Stokes I line profile, it only shows
up within a limited range of radial velocities about the line-
center. This suggests that the magnetic field distribution is ax-
isymmetric and confined in the polar region. However, a more
detailed analysis will be needed to specify the surface field

distribution of Vega. First, as the 257 spectra at our disposal
cover a range of rotation phases, Zeeman signatures from non-
axisymmetric magnetic features, if any, are mostly averaged out
from the time-averaged line profile. Second, due to Vega’s tem-
perature inhomogeneities, the weak line profiles range from flat-
bottomed to “V” shapes (Yoon et al. 2008; Takeda et al. 2008).
As the LSD profile is obtained by assuming that all lines have
a common profile, its interpretation in terms of the surface field
distribution is not straightforward in the present context.

We use the center-of-gravity method (Rees & Semel 1979)
to estimate the longitudinal magnetic field Bℓ:

Bℓ = −2.14 × 1011

∫
vV(v)dv

λ0gmc
∫

(Ic − I(v))dv
(1)

where v (km s−1) is the radial velocity, λ0 (nm) the mean wave-
length of the line-list used to compute the LSD profiles, gm the
mean Landé factor and c (km s−1) the light velocity. The inte-
gration limits cover a ±30 km s−1 velocity range around the line
centroid. Using this equation, we obtain Bℓ = −0.6 ± 0.3 G.

3. Discussion

Three basic features distinguish the present detection from pre-
vious measurements of magnetic fields in main-sequence stars
of intermediate mass: (i) it is the first time a magnetic field is
detected in an A-type star which is not an Ap/Bp chemically pe-
culiar star (if we exclude the debated field detections in a few Am
and HgMn stars, Lanz & Mathys 1993; Mathys & Hubrig 1995;
discussed in Shorlin et al. 2002). (ii) The longitudinal magnetic
field of Vega is smaller by about two orders of magnitude than
the field of the most weakly magnetic Ap/Bp stars. Indeed, the
longitudinal field of a 300 G dipolar field aligned with the stellar
rotation axis and viewed pole-on is close to 100 G, that is about
two orders of magnitude larger than the 0.6 G field of Vega. The
longitudinal component of a dipolar field actually depends on its
angle with respect to the rotation axis. But, whatever this angle,
the amplitude of the circular polarization in the LSD Stokes V
profile of a 300 G dipolar field will be more than one order of
magnitude larger than that of Vega. (iii) The LSD Stokes V pro-
file of Vega is also qualitatively distinct from LSD Stokes V pro-
files of Ap/Bp stars since the polarized signal of Vega is con-
centrated in the weakly Doppler shifted regions of the projected
stellar disk.

These marked observational differences between Vega and
the Ap/Bp magnetic stars suggest that we should consider Vega
as a new type of magnetic A-type star. As there is no reason
to believe Vega is unique among A-type stars, Vega should be
considered as the first member of a new class of magnetic A-type
stars.

The existence of such a new class might help under-
stand some otherwise puzzling observations of the pre-main-
sequence and post-main-sequence intermediate mass stars. The
Herbig Ae/Be stars show a strong activity (e.g. Böhm & Catala
1995) which has led investigators to suspect a widespread pres-
ence of magnetic fields in these stars (Catala et al. 1989).
Nevertheless, these magnetic fields have not been found, since
only a small fraction of Herbig Ae/Be stars appears to host one
(Wade et al. 2009). Note that a similar discrepancy between
widespread activity and a small fraction of detected fields exists
in OB stars (Henrichs et al. 2005; Schnerr et al. 2008). A new
class of magnetic A-type stars would shed new light on this is-
sue. Indeed, the progenitors of these magnetic A-type stars could
be the Herbig Ae/Be stars where magnetic fields have not been
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detected yet, this non-detections being compatible with the fact
that magnetic fields of the same intensity are much more dif-
ficult to detect in the faint Herbig Ae/Be stars than in a bright
A-type star like Vega. On the post-main-sequence side, the study
of the white dwarf magnetic fields suggests that Ap/Bp stars are
not sufficient to be the progenitors of magnetic white dwarfs
(Wickramasinghe & Ferrario 2005). A new class of magnetic
A-type stars might also help to resolve this issue.

The consequences for Vega itself should also be consid-
ered. Its magnetic field could indeed trigger active phenomena
in its atmosphere. Signs of spectroscopic variability have been
reported, but have not been confirmed since (Charlton & Meyer
1985). On the other hand, despite its status as a photometric stan-
dard, a photometric variability of 1−2% with occasional excur-
sions to 4% has been reported (Gray 2007). This might be pro-
duced by photospheric temperature inhomogeneities induced by
its magnetic field. However, because of the near pole-on config-
uration of Vega, the variability would rather be due to intrinsic
changes of the magnetic field than to rotational modulation.

The origin of Vega’s magnetic field could be attributed to
one of the three mechanisms generally invoked for early-type
stars, namely (i) the fossil field hypothesis; (ii) the envelope dy-
namo; (iii) the convective core dynamo. Let us first consider the
fossil field hypothesis, whereby the ISM magnetic field is con-
fined and amplified during stellar formation. It is regarded as
the most consistent explanation of the magnetic fields observed
in Ap/Bp stars (Moss 2001), but, as proposed by Aurière et al.
(2007), it could also account for another population of stars host-
ing weak longitudinal magnetic fields. Their argument is based
on the fact that large-scale, organized magnetic field configu-
rations are subjected to a pinch-type instability driven by dif-
ferential rotation (Tayler 1973; Spruit 1999) when the magnetic
field drops below a critical value. Consequently, for a distribu-
tion of large scale organized fields of different strengths issued
from the star formation process, the instability would produce
a magnetic dichotomy between a population of strong and sta-
ble large scale fields like in Ap/Bp stars and another population
where the destabilized configuration is now structured at small
length scales, thus resulting in a weak longitudinal field. A sim-
ple estimate of the critical field has been found to be consistent
with the reported lower limit of Ap/Bp stars. Here, both the de-
tection of a very small longitudinal field in Vega and the gap be-
tween this field and the lowest magnetic fields of Ap/Bp stars re-
inforce this scenario. Nevertheless, this scenario is not complete
as it does not say what happens to the destabilized field configu-
ration, which could either decay or be regenerated by a dynamo.

The magnetic field of Vega could indeed be generated by
an envelope dynamo where the energy source is the rotation of
the star. Following Spruit (2002), the dynamo loop initiated by
the differential rotation could be closed by the pinch-type in-
stability mentioned above. This interesting possibility has been
investigated by numerical simulations in a simplified cylindrical
configuration (Braithwaite 2006) and in a solar context (Zahn
et al. 2007), leading to opposite outcomes. Simulations in more
realistic conditions for A-type stars are clearly needed to test
this envelope dynamo. An important issue concerns the origin
of the envelope differential rotation, which is a basic ingredi-
ent of this dynamo but which is not forced by a strong stellar
wind in A-type stars, contrary to what is expected to occur in
OB and Herbig Ae/Be stars (Lignières et al. 1996). The third
possibility is a dynamo in the convection core. While magnetic
fields are likely to be generated there, an efficient mechanism to
transport it throughout the radiative envelope to the star surface
has not yet clearly been identified (MacDonald & Mullan 2004).

We note that in the three cases considered, the magnetic field is
expected to be structured at small scales and also probably vari-
able in time. This calls for a spectropolarimetric monitoring of
Vega that will investigate the surface distribution and the tempo-
ral variation of its magnetic field.

4. Conclusion

A circularly polarized signal has been detected by accumulating
a large number of high-quality echelle spectra of Vega with the
NARVAL spectropolarimeter. The data analysis strongly sup-
ports a stellar origin of the polarization and thus the presence
of a magnetic field on Vega. Due to the unprecedented low level
of the detected polarization, new independent measurements will
still be important to confirm this result. A magnetic field on Vega
suggests that other A-type stars which are not Ap/Bp stars host
weak magnetic fields and that their study can shed a new light
on early-type star magnetism. While a spectropolarimetric sur-
vey of bright A-type stars will be necessary to find these stars, a
detailed investigation of Vega’s magnetic field should also pro-
vide clues to the origin of this magnetism.
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▲❛ r♦t❛t✐♦♥ ❡♥❣❡♥❞r❡ ❞❡s ♠♦✉✈❡♠❡♥ts ♠❛❝r♦s❝♦♣✐q✉❡s ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s q✉✐ ♦♥t ✉♥ ✐♠♣❛❝t

❞✐r❡❝t s✉r ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❝❛r ✐❧s r❡❞✐str✐❜✉❡♥t ❧❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s✳ ❖♥ ❞✐st✐♥❣✉❡ ❣é♥ér❛❧❡♠❡♥t

❧❡s ♠♦✉✈❡♠❡♥ts ❞❡ ❝✐r❝✉❧❛t✐♦♥ ♠ér✐❞✐❡♥♥❡ ❛①✐s②♠étr✐q✉❡s ❞❡s ♠♦✉✈❡♠❡♥ts à ♣❧✉s ♣❡t✐t❡s é❝❤❡❧❧❡s ❞✐t

✧t✉r❜✉❧❡♥ts✧✳ ❉❛♥s ❝❡ ❝❛❞r❡ ❥❡ ♠❡ s✉✐s ✐♥tér❡ssé à ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ♥♦t❛♠♠❡♥t

❝❡❧✉✐ ✐♥❞✉✐t ♣❛r ❧❛ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✳ ▲❛ ♣❧✉♣❛rt ❞❡s tr❛✈❛✉① ❞❡ ré❢ér❡♥❝❡s s✉r ❧❡ s✉❥❡t ❛②❛♥t été

ré❛❧✐sés ❞❛♥s ✉♥ ❝♦♥t❡①t❡ ❣é♦♣❤②s✐q✉❡✱ ✉♥ ❝❡rt❛✐♥ ♥♦♠❜r❡ ❞❡ ♠❡s tr❛✈❛✉① s❡ s♦♥t é❣❛❧❡♠❡♥t ♣❧❛❝és

❞❛♥s ❝❡ ❝♦♥t❡①t❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✶✾✾✽✱ ✷✵✵✵❀ ❚♦q✉é ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✶✮✳ ▼❛✐s ❥✬❛✐ ❛✉ss✐ ❡♥❣❛❣é ✉♥❡

ét✉❞❡ ❛♣♣r♦❢♦♥❞✐❡ ❞✬✉♥ ❡✛❡t ❞②♥❛♠✐q✉❡ s♣é❝✐✜q✉❡ ❞❡s ③♦♥❡s r❛❞✐❛t✐✈❡s st❡❧❧❛✐r❡s ✿ ❧✬❡✛❡t ❞❡ ❧❛ ❞✐✛✉s✐✈✐té

t❤❡r♠✐q✉❡ ✭▲✐❣♥✐èr❡s ✶✾✾✾❀ ▲✐❣♥✐èr❡s ❡t ❛❧✳ ✶✾✾✾✱ ✷✵✵✺✮✳ P♦✉r ❧✬❡ss❡♥t✐❡❧✱ ❥❡ ♠❡♥t✐♦♥♥❡r❛✐ ✐❝✐ ❧❡s tr❛✈❛✉①

ré❛❧✐sés ❛♣rès ✷✵✵✵✳

✷✵✾
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❋✐❣✳ ✹✳✶ ✕ ❩♦♦♠ s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ✈♦rt✐❝✐té ♣♦✉r ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❞✐✛ér❡♥t❡s✳ ▲❡s ♣r♦✜❧s ✈❡rt✐✲
❝❛✉① ❞❡ ❧❛ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ ♠♦②❡♥♥❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ♠♦②❡♥♥❡s ❞❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ s♦♥t é❣❛❧❡♠❡♥t
r❡♣rés❡♥tés ❛✈❡❝ q✉❡❧q✉❡s tr❛❥❡❝t♦✐r❡s t②♣✐q✉❡s ❞❡ ♣❛rt✐❝✉❧❡s✳

❉❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s st❡❧❧❛✐r❡s✱ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ tr❛♥s♣♦rt ❞ér✐✈és ❞❡s ♦❜s❡r✈❛t✐♦♥s ✭♣❛r ❤é❧✐♦✲

s✐s♠♦❧♦❣✐❡ ♦✉ ❞ét❡r♠✐♥❛t✐♦♥ s♣❡❝tr♦s❝♦♣✐q✉❡ ❞❡s ❛❜♦♥❞❛♥❝❡s ❞❡ s✉r❢❛❝❡✮ s♦♥t s✉♣ér✐❡✉rs ♣❛r ♣❧✉s✐❡✉rs

♦r❞r❡s ❞❡ ❣r❛♥❞❡✉r à ❞❡s ❡st✐♠❛t✐♦♥s s✐♠♣❧❡s ❞❡ t②♣❡ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ ❜❛sé❡s s✉r ❧❛ r♦t❛t✐♦♥ ❞✐❢✲

❢ér❡♥t✐❡❧❧❡ ❡t ✉♥❡ ❧♦♥❣✉❡✉r ❝❛r❛❝tér✐st✐q✉❡ ❝♦♠♠❡ ♣❛r ❡①❡♠♣❧❡ ❧✬é♣❛✐ss❡✉r ❞❡ ❧❛ t❛❝❤♦❝❧✐♥❡ ❞❛♥s ❧❡ ❝❛s

s♦❧❛✐r❡✳ ❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ◆✳ ❚♦q✉é ✭❡♥ ❝♦✲t✉t❡❧❧❡ ❛✈❡❝ ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥tré❛❧ ✲ ❆✳ ❱✐♥❝❡♥t✮✱

♥♦✉s ❛✈♦♥s ♠♦♥tré ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✬é❝♦✉❧❡♠❡♥ts ❝✐s❛✐❧❧és q✉✬✉♥❡ ❢♦rt❡ ❛♥✐s♦tr♦♣✐❡ ❞❡

❧❛ t✉r❜✉❧❡♥❝❡ ❡♥tr❡ ♠♦✉✈❡♠❡♥ts ✈❡rt✐❝❛✉① ❡t ♠♦✉✈❡♠❡♥ts ❤♦r✐③♦♥t❛✉① ♣♦✉✈❛✐t ❛✐❞❡r à ❝♦♠♣r❡♥❞r❡ ❝❡

♣❤é♥♦♠è♥❡ ✭❚♦q✉é ❡t ❛❧✳ ✷✵✵✻✱ ❆✶✶✮✳ ◆♦✉s ♦❜s❡r✈♦♥s ❡♥ ❡✛❡t q✉❡ ❧❡ r❛♣♣♦rt ❡♥tr❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡

tr❛♥s♣♦rt ❡✛❡❝t✐❢ ❡t ❧✬❡st✐♠❛t✐♦♥ ❞❡ t②♣❡ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡ ❞é❝r♦ît ❧♦rsq✉❡ ❧✬❛♥✐s♦tr♦♣✐❡ ❛✉❣♠❡♥t❡✳

◆♦tr❡ ✐♥t❡r♣rét❛t✐♦♥ ❡st q✉❡ ❞❛♥s ❧❡s ❝♦✉❝❤❡s ❢❛✐❜❧❡♠❡♥t ❝✐s❛✐❧❧é❡s ❧❡s ❢♦rt❡s ✈✐t❡ss❡s ❤♦r✐③♦♥t❛❧❡s ❞✐♠✐✲

♥✉❡♥t ❧❡ t❡♠♣s ❞❡ ♣rés❡♥❝❡ ❞❡s ♣❛rt✐❝✉❧❡s ❞❛♥s ❧❡s str✉❝t✉r❡s ♦ù ❧❡s ✈✐t❡ss❡s ✈❡rt✐❝❛❧❡s s♦♥t s✉✣s❛♠♠❡♥t

❝♦❤ér❡♥t❡s ♣♦✉r ❛ss✉r❡r ✉♥ tr❛♥s♣♦rt ✈❡rt✐❝❛❧❡ ❡✣❝❛❝❡✳ ❈❡s str✉❝t✉r❡s ♥❡ s♦♥t ❡♥ ❡✛❡t ♣❛s ❛❞✈❡❝té❡s

♣❛r ❧✬é❝♦✉❧❡♠❡♥t ❤♦r✐③♦♥t❛❧ ♠♦②❡♥ ❝❛r ❡❧❧❡s s♦♥t ❧✐é❡s ❛✉① ré❣✐♦♥s ❞❡ ❢♦rt❡s ❝♦♥❝❡♥tr❛t✐♦♥ ❞❡ ❧❛ ✈♦rt✐❝✐té

s✐t✉é❡s ❛✉ ❝♦❡✉r ❞❡s ❝♦✉❝❤❡s ❢♦rt❡♠❡♥t ❝✐s❛✐❧❧é❡s ♦ù ❧❛ ✈✐t❡ss❡ ♠♦②❡♥♥❡ ❡st ♥❛t✉r❡❧❧❡♠❡♥t très ❞✐✛ér❡♥t❡✳

▲❛ ❋✐❣✉r❡ ✹✳✶ r❡♣rés❡♥t❡ ✉♥ ③♦♦♠ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ✈♦rt✐❝✐té ♣♦✉r ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❞✐✛ér❡♥t❡s ❞❡

❧✬é❝♦✉❧❡♠❡♥t✳ ▲❡s ♣r♦✜❧s ✈❡rt✐❝❛✉① ❞❡ ❧❛ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ ♠♦②❡♥♥❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ♠♦②❡♥♥❡s ❞❡

✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ s♦♥t ❛✉ss✐ ♠♦♥trés ❛✐♥s✐ q✉❡ q✉❡❧q✉❡s tr❛❥❡❝t♦✐r❡s t②♣✐q✉❡s ❞❡ ♣❛rt✐❝✉❧❡s✳
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❉❛♥s ❧❡s ❝♦❞❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❛❝t✉❡❧s✱ ❧❛ ❝♦♥tr✐❜✉t✐♦♥ ❞❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts ❛✉ tr❛♥s♣♦rt

❞❡s é❧é♠❡♥ts ❝❤✐♠✐q✉❡s ❡st ❞é❝r✐t❡ ♣❛r ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ tr❛♥s♣♦rt ❞♦♥t ❧❡s ❡①♣r❡ss✐♦♥s ♦♥t été ♦❜t❡♥✉❡s

s✉r ❧❛ ❜❛s❡ ❞✬❛r❣✉♠❡♥ts ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡s ✭❩❛❤♥ ✶✾✾✷✮✳ ❈❡s ❡①♣r❡ss✐♦♥s ❞♦✐✈❡♥t ❞♦♥❝ êtr❡ t❡sté❡s ♣❛r

❞✐✛ér❡♥ts ♠♦②❡♥s ❡t ♥♦t❛♠♠❡♥t ♣❛r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞✐r❡❝t❡✳ ❏✬❛✐ ❛❜♦r❞é ❝❡ ♣r♦❜❧è♠❡ ♣❛r ✉♥❡ ét✉❞❡ ❞❡

st❛❜✐❧✐té ❧✐♥é❛✐r❡✱ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ❡t ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡✳

▲✬ét✉❞❡ q✉❡ ❥✬❛✐ ❢❛✐t❡ ❞❡ ❧❛ st❛❜✐❧✐té ❞✬✉♥❡ ❝♦✉❝❤❡ ❞❡ ❝✐s❛✐❧❧❡♠❡♥t ❞❡ t②♣❡ ❑❡❧✈✐♥✲❍❡❧♠❤♦❧t③ ❞❛♥s

✉♥❡ ❛t♠♦s♣❤èr❡ str❛t✐✜é❡ ❞❡ ❢❛ç♦♥ st❛❜❧❡ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ ❢♦rt❡ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳

✶✾✾✾✮ ❛ ♣❡r♠✐s ❡♥ ♣❛rt✐❝✉❧✐❡r ❞❡ ❝♦♥✜r♠❡r ❧❛ ❢♦r♠❡ ❞✉ ❝r✐tèr❡ ❞❡ st❛❜✐❧✐té ♣r♦♣♦sé ♣❛r ❏✳P✳ ❩❛❤♥ ✭❝❡

❝r✐tèr❡ ❡st très ✉t✐❧✐sé ❞❛♥s ❧❛ ❧✐ttér❛t✉r❡✮✳ ▼❛✐s✱ ✐❧ ❢❛✉❞r❛✐t ❡♥ ♣r✐♥❝✐♣❡ ♣♦✉rs✉✐✈r❡ ❝❡tt❡ ét✉❞❡ ❞❛♥s ❧❡

ré❣✐♠❡ ♥♦♥✲❧✐♥é❛✐r❡ ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ ◆é❛♥♠♦✐♥s✱ ✐❧ ❡①✐st❡✱ ❞✉ ❢❛✐t ❞❡ ❧❛ ❢♦rt❡ ❞✐✛✉s✐✈✐té

t❤❡r♠✐q✉❡✱ ✉♥ très ❣r❛♥❞ é❝❛rt ❡♥tr❡ ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞②♥❛♠✐q✉❡ ❡t ❧❡s é❝❤❡❧❧❡s ❞❡ t❡♠♣s ❞✐✛✉s✐❢

q✉✐ ♣é♥❛❧✐s❡ très ❢♦rt❡♠❡♥t ❧❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s✳ P♦✉r rés♦✉❞r❡ ❝❡ ♣r♦❜❧è♠❡ ♠❛❥❡✉r✱ ❥✬❛✐ ét❛❜❧✐

✉♥❡ ❢♦r♠❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❞❡ ❇♦✉ss✐♥❡sq ✈❛❧❛❜❧❡ ❞❛♥s ❧❛ ❧✐♠✐t❡ ❞❡s très ❢♦rt❡s ❞✐✛✉s✐✈✐tés

❡t ♣♦✉r ❧❛q✉❡❧❧❡ ❧❡ ♣r♦❜❧è♠❡ ♥✉♠ér✐q✉❡ ❞✐s♣❛r❛ît✳ ❈❡tt❡ ❢♦r♠❡ ♥♦✉✈❡❧❧❡ ❞❡s éq✉❛t✐♦♥s ♣❡r♠❡t é❣❛❧❡♠❡♥t

❞✬é❧✉❝✐❞❡r ❡♥ ♣❛rt✐❡ ❧❡ rô❧❡ ❞②♥❛♠✐q✉❡ s✉❜t✐❧ ❥♦✉é ♣❛r ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ♣✉✐sq✉❡ ❝❡❧❧❡✲❝✐ ♣❡✉t s♦✐t

❢❛✈♦r✐s❡r s♦✐t ❧✐♠✐t❡r ❧❡s ♠♦✉✈❡♠❡♥ts ✈❡rt✐❝❛✉① ❞❛♥s ✉♥❡ ③♦♥❡ r❛❞✐❛t✐✈❡ ❡♥ ❞✐♠✐♥✉❛♥t ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛

❢♦r❝❡ ❞❡ r❛♣♣❡❧ ❞✬❆r❝❤✐♠è❞❡ ♦✉ ❡♥ ❛✉❣♠❡♥t❛♥t ❧❛ ❞✐ss✐♣❛t✐♦♥ ❞❡ ❧✬é♥❡r❣✐❡ ❝✐♥ét✐q✉❡ ❝♦♥✈❡rt✐❡ ❡♥ é♥❡r❣✐❡

✐♥t❡r♥❡ ♣❛r ❧❡ tr❛✈❛✐❧ ❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ ✭▲✐❣♥✐èr❡s ✶✾✾✾✮✳

❏✬❛✐ ❞❡♣✉✐s ❝♦♠♠❡♥❝é ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✬✉♥ é❝♦✉❧❡♠❡♥t ❝✐s❛✐❧❧é ♣❧❛♥✲♣❛r❛❧❧è❧❡ ❞❛♥s ✉♥❡

❛t♠♦s♣❤èr❡ str❛t✐✜é❡ ❞❡ ❢❛ç♦♥ st❛❜❧❡ ❞❛♥s ❧❡q✉❡❧ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❡st ♣r♦❣r❡ss✐✈❡♠❡♥t ❛✉❣♠❡♥té❡✳

P♦✉r ❡①♣❧♦r❡r ❧❡ ré❣✐♠❡ ❞❡s très ❣r❛♥❞❡s ❞✐✛✉s✐✈✐tés t❤❡r♠✐q✉❡s✱ ♥♦✉s ✉t✐❧✐s❡r♦♥s ❧❛ ❢♦r♠❡ ❛s②♠♣t♦t✐q✉❡

❞❡s éq✉❛t✐♦♥s ❞❡ ❇♦✉ss✐♥❡sq✳ ▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ❞❡ ❧✬é❝♦✉❧❡♠❡♥t ❡st ❞❡ t②♣❡ ✧s❤❡❛r✐♥❣✲❜♦①✧ ❞❛♥s ❧❡ s❡♥s

♦ù ❧❡ ❣r❛❞✐❡♥t ✈❡rt✐❝❛❧ ❞❡ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧ ❡st ♠❛✐♥t❡♥✉ ❝♦♥st❛♥t ♠❛✐s à ❧❛ ❞✐✛ér❡♥❝❡ ❞✉ ❝❛s ✧s❤❡❛r✐♥❣✲

❜♦①✧ ♥♦✉s ✐♠♣♦s♦♥s ✉♥❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ ♥✉❧❧❡ ❛✉① ❜♦r❞s ✐♥❢ér✐❡✉rs ❡t s✉♣ér✐❡✉rs ❞✉ ❞♦♠❛✐♥❡ ❡t ✉♥❡

❝♦♥❞✐t✐♦♥ ❞❡ ❣❧✐ss❡♠❡♥t s❛♥s ❢r♦tt❡♠❡♥t ♣♦✉r ❧❛ ✈✐t❡ss❡ tr❛♥s✈❡rs❡✳ ▲❡ ❝✐s❛✐❧❧❡♠❡♥t ♠♦②❡♥ ❡st ♠❛✐♥t❡♥✉

❝♦♥st❛♥t ♣❛r ❧✬✐♥tr♦❞✉❝t✐♦♥ ❞✬✉♥❡ ❢♦r❝❡ ❡♥ ✈♦❧✉♠❡ ❡t ♣❛r ✉♥❡ ❝♦♥❞✐t✐♦♥ ❛✉① ❜♦r❞s q✉✐ ✜①❡ ❧❡ ❣r❛❞✐❡♥t

❞❡ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ à ❧❛ ✈❛❧❡✉r ✈♦✉❧✉❡✳ ❈❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ❛ été ✉t✐❧✐sé❡ ♣❛r ❙❝❤✉♠❛❝❤❡r ✭✷✵✵✶✮ ❝❛r

❡❧❧❡ ♣❡r♠❡t ❞✬❛tt❡✐♥❞r❡ ✉♥ ét❛t st❛t✐st✐q✉❡♠❡♥t st❛t✐♦♥♥❛✐r❡ ♣❧✉s ❢❛❝✐❧❡♠❡♥t q✉❡ ❞❛♥s ❧❛ ❝♦♥✜❣✉r❛t✐♦♥

✧s❤❡❛r✐♥❣✲❜♦①✧✳ ❯♥ ❣r❛❞✐❡♥t ✈❡rt✐❝❛❧ ❞❡ t❡♠♣ér❛t✉r❡ ❝♦♥st❛♥t ❡st ✐♠♣♦sé ❞❡ ❧❛ ♠ê♠❡ ❢❛ç♦♥ ♣♦✉r ❛ss✉r❡r

✉♥❡ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä N0 ✉♥✐❢♦r♠❡✳ ◆♦✉s s❛✈♦♥s q✉❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ♥✬❛ ✉♥ ❡✛❡t



✷✶✷ ❈❍❆P■❚❘❊ ✹✳ ▼❖❯❱❊▼❊◆❚❙ ❚❯❘❇❯▲❊◆❚❙ ❉❆◆❙ ▲❊❙ ■◆❚➱❘■❊❯❘❙ ❙❚❊▲▲❆■❘❊❙

s✉r ❧❛ ❞②♥❛♠✐q✉❡ q✉❡ s✐ ❝❡❧❧❡✲❝✐ ❡st ❛✛❡❝té❡ ♣❛r ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡✳ ❖r✱ ♣♦✉r ♥♦tr❡ ❝♦♥✜❣✉r❛t✐♦♥

❞✬é❝♦✉❧❡♠❡♥t✱ ✐❧ ❡①✐st❡ ✉♥ ♥♦♠❜r❡ ❞❡ ❘✐❝❤❛r❞s♦♥✱ Ri = N2
0 /(dU/dz)

2✱ ❡♥ ❞❡çà ❞✉q✉❡❧ ❧✬é♥❡r❣✐❡ t✉r❜✉❧❡♥t❡

❝r♦ît ❛✉ ❝♦✉rs ❞✉ t❡♠♣s ❡t ❛✉ ❞❡❧à ❞✉q✉❡❧ ❧❛ str❛t✐✜❝❛t✐♦♥ st❛❜❧❡ ✧t✉❡✧ ❧❛ t✉r❜✉❧❡♥❝❡✳ ❊♥ ♥♦✉s ♣❧❛ç❛♥t

❛✉ ♥♦♠❜r❡ ❞❡ ❘✐❝❤❛r❞s♦♥ ❝r✐t✐q✉❡✱ ♥♦✉s ♣♦✉✈♦♥s ❞♦♥❝ ♦❜t❡♥✐r ✉♥ é❝♦✉❧❡♠❡♥t t✉r❜✉❧❡♥t✱ st❛t✐st✐q✉❡♠❡♥t

st❛t✐♦♥♥❛✐r❡✱ ❡t s✐❣♥✐✜❝❛t✐✈❡♠❡♥t ❛✛❡❝té ♣❛r ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡✳ ❆✉ ❝♦✉rs ❞✉ st❛❣❡ ❞❡ ▼✶ ❞❡ ❋✳

❙♦✉❜✐r❛♥✱ ♥♦✉s ❛✈♦♥s ♦❜t❡♥✉ ✉♥ é❝♦✉❧❡♠❡♥t ❞❡ ❝❡ t②♣❡ ♣♦✉r ❞✐✛ér❡♥t❡s ✈❛❧❡✉rs ❞✉ ♥♦♠❜r❡ ❞❡ ❘❡②♥♦❧❞s

✭❝❡s s✐♠✉❧❛t✐♦♥s à 128 × 128 × 128 ♣♦✐♥ts ♦♥t été ré❛❧✐sé❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❇❛❧❛ït♦✉s✮✳ ◆♦✉s ❛✈♦♥s ❡♥s✉✐t❡

❛✉❣♠❡♥t❡r ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❞❛♥s ❝❡s s✐♠✉❧❛t✐♦♥s✱ ♣❛ss❛♥t ❞✬✉♥ ♥♦♠❜r❡ ❞❡ Pé❝❧❡t Pe = UL/κ

❞❡ ✶✵✵✵ à ✶ ✭❧❡s s✐♠✉❧❛t✐♦♥s à P❡❂✶ s♦♥t très ❧♦♥❣✉❡s à ❡✛❡❝t✉❡r ❝❛r ❧❡ ♣❛s ❞❡ t❡♠♣s ♥✉♠ér✐q✉❡ ❞♦✐t

êtr❡ très ♣❡t✐t✮✳ ▲✬❡✛❡t ❧❡ ♣❧✉s é✈✐❞❡♥t s✉r ❧✬é❝♦✉❧❡♠❡♥t ❝♦♥❝❡r♥❡ ❧❡s ❝♦rré❧❛t✐♦♥s ❡♥tr❡ ❧❡s ✢✉❝t✉❛t✐♦♥s

❞❡ ✈✐t❡ss❡s ✈❡rt✐❝❛❧❡s ❡t ❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✱ ❝❛r ❧❡ ❝♦❡✣❝❡♥t ❞❡ ❝♦rré❧❛t✐♦♥ ❛✉❣♠❡♥t❡ ❞✬✉♥

❢❛❝t❡✉r ❞❡✉① ❡♥tr❡ P❡❂✶✵✵✵ ❡t P❡❂✶✵ ✭✐❧ ♣❛ss❡ ❞❡ ✵✳✹ à ✵✳✽✮✳ ❊♥ ❡✛❡t✱ à ❢♦rt❡ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡✱

❧❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡ s♦♥t ❢♦rt❡♠❡♥t ❛♠♦rt✐❡s ❀ ❧❡s t❡r♠❡s ❞✬❛❞✈❡❝t✐♦♥ ❞❡ t❡♠♣ér❛t✉r❡ q✉✐

❞é♣❡♥❞❡♥t ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❝❡s ✢✉❝t✉❛t✐♦♥s s♦♥t ❞♦♥❝ ❢❛✐❜❧❡s ❛❧♦rs q✉❡✱ ❡♥ ♣rés❡♥❝❡ ❞✉ ❣r❛❞✐❡♥t ✈❡rt✐❝❛❧

♠♦②❡♥ ❞❡ t❡♠♣ér❛t✉r❡✱ ❧❡s ❞é♣❧❛❝❡♠❡♥ts ✈❡rt✐❝❛✉① ♣r♦✈♦q✉❡♥t t♦✉❥♦✉rs ❞❡s ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✳

❈❡❝✐ ❡①♣❧✐q✉❡ ❧❛ ❢♦rt❡ ❝♦rré❧❛t✐♦♥ ❡♥tr❡ ✈✐t❡ss❡s ✈❡rt✐❝❛❧❡s ❡t ✢✉❝t✉❛t✐♦♥s ❞❡ t❡♠♣ér❛t✉r❡✳ P♦✉r ❡①♣❧♦r❡r

❧❡s ré❣✐♠❡s à très ♣❡t✐t ♥♦♠❜r❡ ❞❡ Pé❝❧❡t✱ ♥♦✉s ❛❧❧♦♥s ♠❛✐♥t❡♥❛♥t ❝♦❞❡r ♣✉✐s s✐♠✉❧❡r ❧❡s éq✉❛t✐♦♥s

❛s②♠♣t♦t✐q✉❡s✳ ◆♦✉s ❞✐s♣♦s❡r♦♥s ❛✐♥s✐ ❞✬✉♥❡ sér✐❡ ❞✬é❝♦✉❧❡♠❡♥ts t✉r❜✉❧❡♥ts✱ str❛t✐✜és ❞❡ ❢❛ç♦♥ st❛❜❧❡✱

❞❛♥s ❧❡sq✉❡❧s ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❥♦✉❡ ✉♥ rô❧❡ ❝r♦✐ss❛♥t✳ ◆♦✉s ♣♦✉rr♦♥s ❛❧♦rs ét✉❞✐❡r ❧❡ tr❛♥s♣♦rt ❞✬✉♥

s❝❛❧❛✐r❡ ♣❛ss✐❢ ❞❛♥s ❝❡s é❝♦✉❧❡♠❡♥ts ♣♦✉r q✉❛♥t✐✜❡r ❧❡ rô❧❡ ❞❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ s✉r ❧❡ tr❛♥s♣♦rt ❡t

t❡st❡r ❧❡s ♣r❡s❝r✐♣t✐♦♥s ♣r♦♣♦sé❡s ♥♦t❛♠♠❡♥t ♣❛r ❩❛❤♥ ✭✶✾✾✷✮✳

P❛r ❛✐❧❧❡✉rs✱ ❥✬❛✐ ❛✉ss✐ ♣r♦♣♦sé✱ s✉r ❧❛ ❜❛s❡ ❞✬❛r❣✉♠❡♥ts ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡s✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡s

é❝❤❡❧❧❡s ❝❛r❛❝tér✐st✐q✉❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✵✺✮✳ ▲❛

❋✐❣✉r❡ ✹✳✷ ♣rés❡♥t❡ ❧❡s é❝❤❡❧❧❡s ✈❡rt✐❝❛❧❡s ❡t ❧❡s ❝r✐tèr❡s ❞❡ s✉♣♣r❡ss✐♦♥ ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ❡♥ ❢♦♥❝t✐♦♥

❞✉ ré❣✐♠❡ ❞❡ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❡t ❞❡ ❧❛ ✈✐t❡ss❡ t✉r❜✉❧❡♥t❡ ✈❡rt✐❝❛❧❡ t②♣✐q✉❡ uz✳ ❖♥ ♣❡✉t é❣❛❧❡♠❡♥t

❞é❞✉✐r❡ ❞❡ ❝❡ t②♣❡ ❞❡ r❛✐s♦♥♥❡♠❡♥t q✉❡ ❧❡ ❝♦❡✣❝✐❡♥t ❞❡ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ✈❡rt✐❝❛❧ ❞♦✐t êtr❡ s✉♣ér✐❡✉r à

❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ s✐ ❝❡❧❧❡✲❝✐ ♥❡ ❥♦✉❡ ♣❛s ❞❡ rô❧❡ ✐♠♣♦rt❛♥t s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❛❧♦rs q✉❡ ❝❡ ❝♦❡✣❝✐❡♥t

❞♦✐t êtr❡ ✐♥❢ér✐❡✉r à ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❞❛♥s ❧❡ ré❣✐♠❡ ♦ù ❡❧❧❡ ❝♦♥trô❧❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡✳

❈♦♠♠❡ ❧✬♦♥t ♠♦♥tré ▼✐❝❤❛✉❞ ✫ ❩❛❤♥ ✭✶✾✾✽✮✱ ❧❡s ❝♦❡✣❝✐❡♥ts ❞❡ tr❛♥s♣♦rt ❡✛❡❝t✐❢ Deff ❞❡s é❧é♠❡♥ts

❝❤✐♠✐q✉❡s q✉❡ ❧✬♦♥ ♣❡✉t ❡st✐♠❡r à ♣❛rt✐r ❞❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t très ❢❛✐❜❧❡s ✭❞❛♥s ❧❡ ❙♦❧❡✐❧ Deff/κ ∼
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✛

ℓ
✛

ℓ

uz/N0 ≫ (κ/N0)
1/2

✭❛✮

uz/N0 ≪ (κ/N0)
1/2

✭❜✮

uz/N0 (κ/N0)
1/2 (κ/N0)

1/2 (κuz/N
2
0 )1/3 uz/N0

❆❝t✐✈❡

t✉r❜✉❧❡♥❝❡

❆❝t✐✈❡

t✉r❜✉❧❡♥❝❡

❋✐❣✳ ✹✳✷ ✕ ➱❝❤❡❧❧❡s ✈❡rt✐❝❛❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ✭❛✮ ❧♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ♥❡ ♠♦❞✐✜❡ ♣❛s ❧✬❡✛❡t ❞❡
❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ s✉r ❧❡s ♣❧✉s ❣r❛♥❞❡s é❝❤❡❧❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ lz = uz/N0 ✭❜✮ ❧♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té
t❤❡r♠✐q✉❡ ❝♦♥trô❧❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ s✉r ❧❡s ♣❧✉s ❣r❛♥❞❡s é❝❤❡❧❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ lz =
(κuz/N

2
0 )1/3✳

2 × 10−4✮✳ ❊♥ s✉♣♣♦s❛♥t q✉❡ ❧❡ tr❛♥s♣♦rt ♦❜s❡r✈é s♦✐t ❡✛❡❝t✐✈❡♠❡♥t ❞✉ à ❞❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts✱

♦♥ ❡♥ ❞é❞✉✐t q✉❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❞❡✈r❛✐t ❥♦✉❡r ✉♥ rô❧❡ ♣ré♣♦♥❞ér❛♥t s✉r ❧❛ ❞②♥❛♠✐q✉❡ ❞❡ ❝❡s

♠♦✉✈❡♠❡♥ts✳ ❙✐ ❞❡ ♣❧✉s✱ ♦♥ ❢❛✐t ✉♥❡ ❤②♣♦t❤ès❡ ❞❡ t②♣❡ ❧♦♥❣✉❡✉r ❞❡ ♠é❧❛♥❣❡✱ ❝✬❡st✲à✲❞✐r❡ Deff = lzuz✱

♦♥ ♣❡✉t ❞é❞✉✐r❡ ❞❡s r❡❧❛t✐♦♥s ♣ré❝é❞❡♥t❡s s✉r ❧❡s é❝❤❡❧❧❡s ❝❛r❛❝tér✐st✐q✉❡s✱ ✉♥❡ ❡st✐♠❛t✐♦♥ ❞❡ ❧✬é❝❤❡❧❧❡ ❞❡

❧♦♥❣✉❡✉r ✈❡rt✐❝❛❧❡ t②♣✐q✉❡ ❞❡s ♠♦✉✈❡♠❡♥ts t✉r❜✉❧❡♥ts ✿

lz = [(κDeff)/N2
0 ]1/4 ✭✹✳✶✮

❡t ❞❡ ❧❛ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡ t②♣✐q✉❡ ❞❡ ❝❡s ♠♦✉✈❡♠❡♥ts ✿

uz = [(D3
effN

2
0 )/κ2]1/4 ✭✹✳✷✮

❈❡tt❡ ❛♣♣r♦❝❤❡ ♥♦✉s s❡r✈✐r❛ é❣❛❧❡♠❡♥t ♣♦✉r ❛♥❛❧②s❡r ❧❡s rés✉❧t❛ts ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♠❡♥t✐♦♥♥és

❝✐✲❞❡ss✉s✳

✹✳✷ ❈♦♥✈❡❝t✐♦♥ t❤❡r♠✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧

▲✬♦r✐❣✐♥❡ ❞❡s ❞✐✛ér❡♥t❡s é❝❤❡❧❧❡s ❞✉ ♠♦✉✈❡♠❡♥t ♦❜s❡r✈é❡s à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ r❡st❡ ♠❛❧ ❝♦♠♣r✐s❡✳

▼❛ ❝♦♥tr✐❜✉t✐♦♥ s✬✐♥s❝r✐t ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥ ♣r♦❥❡t ❝♦♠❜✐♥❛♥t ❧✬♦❜s❡r✈❛t✐♦♥ à ❤❛✉t❡ rés♦❧✉t✐♦♥ s♣❛t✐❛❧❡

❡t t❡♠♣♦r❡❧❧❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧ ❛✈❡❝ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❝♦♠♣r❡ss✐❜❧❡✳

▲❡ tr❛✈❛✐❧ ❞✬✐♥t❡r♣rét❛t✐♦♥ ❞❡s ♦❜s❡r✈❛t✐♦♥s q✉❡ ❥✬❛✐ ❡✛❡❝t✉é ❛✈❡❝ ❚❤✳ ❘♦✉❞✐❡r ✭❘♦✉❞✐❡r ❡t ❛❧✳ ✷✵✵✸✱
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❆✶✷✮ ❛ ♣❡r♠✐s ❞❡ ♣r♦♣♦s❡r ✉♥ r❡❣r♦✉♣❡♠❡♥t ❞❡s ❣r❛♥✉❧❡s ♣❛r ❢❛♠✐❧❧❡s ✭❧❡s ❚❋● ♣♦✉r✧ ❚r❡❡s ♦❢ ❋r❛❣✲

♠❡♥t✐♥❣ ●r❛♥✉❧❡s✧✮ q✉✐ s❡♠❜❧❡♥t êtr❡ ❛ss♦❝✐é❡s à ❞❡s é❝❤❡❧❧❡s ♠és♦❣r❛♥✉❧❛✐r❡s ❞✉ ♠♦✉✈❡♠❡♥ts✳ ❯♥ ❛✉tr❡

✐♥térêt ❞❡ ❝❡ t②♣❡ ❞✬❛♥❛❧②s❡ ❡st q✉❡ ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s ❣r❛♥✉❧❡s ❛✐♥s✐ ❞ét❡r✲

♠✐♥é❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s ♣♦✉r t❡st❡r ❧❡ ré❛❧✐s♠❡ ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞❡ ❧❛ s✉r❢❛❝❡ s♦❧❛✐r❡✳ ▲❡s

♣r❡♠✐èr❡s ❝♦♠♣❛r❛✐s♦♥s q✉❡ ♥♦✉s ❛✈♦♥s ❡✛❡❝t✉é❡s ✭❘♦✉❞✐❡r ✷✵✵✹✮ ✐♥❞✐q✉❡♥t q✉❡ ❧❛ ❞✉ré❡ ❞❡ ✈✐❡ ❞❡s ❚❋●

❡t ❧❡ tr❛♥s♣♦rt ❛❞✈❡❝t✐❢ ❞✬✉♥ s❝❛❧❛✐r❡ ♣❛ss✐❢ ♥❡ s♦♥t ♣❛s r❡♣r♦❞✉✐ts ❞❡ ❢❛ç♦♥ ré❛❧✐st❡ ❞❛♥s ❧❡s s✐♠✉❧❛t✐♦♥s

ré❛❧✐sé❡s ♣❛r ❘✐❡✉t♦r❞ ❡t ❛❧✳ ✭✷✵✵✷✮ ❛✈❡❝ ❧❡ ❝♦❞❡ ❞❡ ❙t❡✐♥ ✫ ◆♦r❞❧✉♥❞✳

❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ❋✳ ❘✐♥❝♦♥✱ ❞❡s s✐♠✉❧❛t✐♦♥s ❞❡ ❝♦♥✈❡❝t✐♦♥ ❝♦♠♣r❡ss✐❜❧❡ ✭1024×1024×82

♣♦✐♥ts✮ à très ❣r❛♥❞ r❛♣♣♦rt ❞✬❛s♣❡❝t ✭❧❡ r❛♣♣♦rt ❞❡ ❧❛ ❧♦♥❣✉❡✉r ❞❡ ❧❛ ❜♦ît❡ s✉r s❛ ❤❛✉t❡✉r ❡st ❞❡ ✹✵ ❝❡

q✉✐ ♥✬❛✈❛✐t ❥❛♠❛✐s été t❡♥té ❛✉♣❛r❛✈❛♥t✮ ♦♥t été ré❛❧✐sé❡s ❛✈❡❝ ❧❡ ❝♦❞❡ ❇❛❧❛ït♦✉s ♣♦✉r ét✉❞✐❡r ❧✬♦r✐❣✐♥❡

❞❡s ❞✐✛ér❡♥t❡s é❝❤❡❧❧❡s ❤♦r✐③♦♥t❛❧❡s ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥✳ ❆❧♦rs q✉❡ ❧✬❡①✐st❡♥❝❡ ♠ê♠❡ ❞❡ ❧❛ ♠és♦❣r❛♥✉❧❛t✐♦♥ ❛

♣✉ ❛♣♣❛r❛îtr❡ ❞♦✉t❡✉s❡✱ ❝❡s s✐♠✉❧❛t✐♦♥s ♠❡tt❡♥t ❡♥ é✈✐❞❡♥❝❡ ✉♥❡ é❝❤❡❧❧❡ s✐♠✐❧❛✐r❡ à ❧❛ ♠és♦❣r❛♥✉❧❛t✐♦♥✱

❞✬♦r✐❣✐♥❡ ❝♦♥✈❡❝t✐✈❡ ❡t q✉✐ ♣♦✉rr❛✐t êtr❡ ❧✬é❝❤❡❧❧❡ ❞♦♠✐♥❛♥t❡ ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥ s♦❧❛✐r❡ ❥✉st❡ s♦✉s ❧❛ s✉r❢❛❝❡✱

❧✬é❝❤❡❧❧❡ ❣r❛♥✉❧❛✐r❡ ét❛♥t ❢♦r♠é❡ ❞❛♥s ✉♥❡ ❝♦✉❝❤❡ ❧✐♠✐t❡ t❤❡r♠✐q✉❡ ❞❡ s✉r❢❛❝❡✳ ❉❡ ♣❧✉s✱ ❝❡s s✐♠✉❧❛t✐♦♥s

♦♥t ♠♦♥tré q✉❡ ❧✬é❝❤❡❧❧❡ ❤♦r✐③♦♥t❛❧ ❞❡ ❝❡s ♠♦✉✈❡♠❡♥ts t❡♥❞ à ❛✉❣♠❡♥t❡r ❛✉ ❝♦✉rs ❞✉ t❡♠♣s s❛♥s q✉❡
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Toqué N., Lignières F., Vincent A.

Geophys. and Astrophys. Fluid Dynamics 100,
85-105, 2006



Geophysical and Astrophysical Fluid Dynamics,
Vol. 100, No. 2, April 2006, 85–105

Reduction of vertical transport in two-dimensional

stably stratified forced shear flows
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UMR 5572, 14, Avenue Edouard Belin, 31400 Toulouse, France
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The effect of stable stratification on the vertical transport of passive contaminants in forced,
stationary, two-dimensional (2D) and inhomogeneous shear turbulence is investigated
numerically. The mean flow consists of several superimposed parallel sheared layers in a
stably stratified medium. We find that, as stratification increases, the vertical transport
decreases much faster than predicted by mixing length estimates. For the highest stratification,
particles vertical dispersion nearly vanishes. The proposed interpretation emphasizes the role
of weakly sheared layers where the relative increase of the mean horizontal velocity with
respect to the root-mean-square (rms) vertical velocity causes the decrease of the Lagrangian
correlation timescale.

Keywords: Shear flows; Stable stratification; Turbulent diffusion

1. Introduction

Turbulent diffusion of contaminants in stably stratified flows is ubiquitous in nature,

taking place in the oceans and planetary atmospheres (Csanady 1973, Turner 1973).

It also plays an important role in stellar interiors where spectroscopic and helioseismic

data have revealed that mixing of chemical elements does occur in the stably

stratified layers (also called the radiative zone) of the sun and other stars

(Charbonneau and Michaud 1991, Chaboyer and Zahn 1992, Pinsonneault 1997).

The constraints that the observations put on the effective vertical transport of

contaminants in radiative zones are very severe. Effective diffusivities are

smaller by various order of magnitude than estimates of the eddy diffusivity
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(Michaud and Zahn 1998). For example, in the solar radiative zone, the effective diffu-

sivity derived from helioseismology is ten order of magnitude smaller than the eddy

diffusivity based on the differential rotation and the thickness of the tachocline – a

layer where the rotation rate changes from differential rotation in the convection

zone to nearly solid-body rotation in the interior.

Previous studies of turbulent diffusion in stably stratified medium have shown that

diffusion of contaminants is reduced in the direction of stratification (in the following

the vertical direction). This is not surprising considering the effect of the restoring

buoyancy force on vertical motions. However, a mixing length estimate of the

eddy diffusivity coefficient, ‘zuz, which takes into account the decrease of the root-

mean-square (rms) vertical velocity uz, is not sufficient to account for the reduction

of the vertical transport observed in laboratory experiments (Britter et al. 1983)

or numerical simulations (Kimura and Herring 1996, Kaneda and Ishida 2000).

Here, ‘z, is the vertical correlation length of the vertical velocity fluctuations

(Tennekes and Lumley 1972).

Vincent et al. (1996) have shown that for a given rms vertical velocity, vertical eddy

diffusivity decreases as the rms horizontal velocity increases. The decrease of the ratio

of the vertical eddy diffusivity to the mixing length estimate is inversely proportional

to the flow anisotropy defined as the ratio of horizontal to vertical rms velocities.

They attributed this effect to the stronger horizontal turbulence which smoothes

contaminant fluctuations. The proposed mechanism could help understand the low

effective diffusivity within stellar radiative zones. However, these results have been

obtained solving the advection-diffusion equation of the contaminant concentration

for stochastic velocity fields. The main objective of the present article is to test their

results and interpretation for physical flows which are solutions of the Navier–Stokes

equations.

We shall consider the vertical transport of contaminants in approximatively

stationary two-dimensional (2D) stably stratified sheared turbulence driven by

Kelvin–Helmholtz instabilities. The chosen forcing creates and maintains superimposed

sheared layers in an initially linearly stratified atmosphere. After a transition through

Kelvin–Helmholtz instability, a statistically stationary turbulent flow sets in.

Lagrangian particles are then released and followed over a large number of eddy

turnover times. We also consider the diffusion of a horizontal layer of contaminant

by solving the advection-diffusion equation. We investigate a very low Prandtl

number regime, Pr ¼ 1:9� 10�4, in order to approach physical conditions encountered

in stellar interiors where thermal diffusion of radiative origin is very high. For example,

in the solar radiative zone, the Prandtl number is of the order of 10�5.

This particular flow configuration has been chosen because it allows to study the

contaminant transport in statistically stationary conditions for a wide range of

anisotropy. In laboratory experiments and numerical simulations, stably stratified

turbulence has often been studied in homogeneous conditions where the mean shear

and the stratification are uniform (Rohr et al. 1988, Gerz et al. 1989, Holt et al.

1992). These spatially homogeneous turbulent flows are unsteady while one would

require at least approximate stationarity during the time necessary to establish the

statistical property of the contaminant vertical transport. Stationarity can be obtained

through nonuniform forcing and, in this work, we consider forced Kelvin–Helmholtz

sheared layers which are superimposed to avoid boundary effects on the contaminant

vertical transport. The restriction to two dimensions is motivated by the fact that it
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has proved very useful to investigate the Kelvin–Helmholtz sheared layers (Ho and

Huerre 1984, Comte et al. 1989) and, by its relatively lower computing cost which

allows the exploration of a broader range of parameters.

The plan of the article is as follows: The basic equations are given in section 2.

In section 3, the parameter range of the simulations and the main characteristics of

the flow are presented. In section 4, results on the vertical transport of contaminants

are presented and analyzed. Section 5 is devoted to the discussion and conclusions.

2. Basic equations and numerical model

We consider the Navier–Stokes equations in the Boussinesq approximation

(Chandrasekhar 1961). The motion of the passive contaminant is studied solving

the advection-diffusion equation governing its concentration as well as following

Lagrangian particles. At the top and the bottom of the flow, the boundaries conditions

are of free-slip type for the velocity, the temperature remaining unchanged. In the

horizontal direction, the boundary conditions are periodic. The momentum injection

is driven by a horizontal force, �o fðzÞex, where f (z) is alternatively positive and negative

fðzÞ ¼ ð�1Þifo,
iL

ðnþ 1Þ � z <
ðiþ 1ÞL
ðnþ 1Þ , i 2 ½0, n�, ð1Þ

where L is the vertical extent of the computational domain and fo is a constant

acceleration. The forcing generates n sheared layers in the flow, n being fixed to 7 in

the following. This value has been chosen in order to avoid that the contaminant

mixing layer reaches the top and bottom boundaries during the numerical simulation.

The definition of the half-width of the sheared layers is ls ¼ 1=2� L=7. The initial

profile of the temperature is a linear function of the vertical coordinate z. The uniform

temperature gradient is given by �T=L, where �T is the temperature difference across

the computational domain. It is positive as we consider a stably stratified medium.

When released in the flow, the initial distribution of the passive contaminant

has a Gaussian vertical profile characterized by a half-width equal to 0:1L. Figure 1

displays a sketch of the forcing term and of the initial distributions of temperature

and passive contaminant. Dimensionless equations are obtained using L, fo, �T,

defined earlier as well as Cm, which is the spatial average of the initial contaminant

concentration. The governing equations with the inertial term written in the rotational

form read

@v

@t
¼ v� x� JPþ 1

Re

r2vþ fex þ Ri�ex, J � v ¼ 0, ð2a; bÞ

@�

@t
þ v � J� ¼ �vz

dT0

dz
þ 1

Pe

J
2�; ð2cÞ

@C

@t
þ v � JC ¼ 1

PeC
J
2C, ð2dÞ

where ðex, ezÞ are respectively the horizontal and vertical unit vectors,

P ¼ pþ ðv2x þ v2zÞ=2, with pðx, z, tÞ the pressure and ðvxðx, z, tÞ, vzðx, z, tÞÞ the horizontal
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and vertical components of the flow velocity, x ¼ J� v is the vorticity, Cðx, z, tÞ is the
passive contaminant concentration, and �ðx, z, tÞ is the temperature perturbation with

respect to the initial temperature profile T0ðzÞ. Note that according to the chosen

dimensions, dT0=dz ¼ 1. The PDE system (2) depends on four dimensionless numbers,

the Richardson number, Ri ¼ N2L=fo, where N ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g��T=L
p

is the Brünt–Väisälä

frequency, � being the volume expansion coefficient and g the gravity, the Reynolds

number, Re ¼
ffiffiffiffiffiffiffiffiffi

L3fo

p

=�, the thermal Péclet number, Pe ¼
ffiffiffiffiffiffiffiffiffi

L3fo

p

=�, and the Péclet

number of the contaminant, PeC ¼
ffiffiffiffiffiffiffiffiffi

L3fo

p

=D, where � is the kinematic viscosity of the

fluid, � is the thermal diffusivity, and D is the contaminant molecular diffusivity.

We use a code based on the pseudospectral method which has been initially developed

by (Deane 1997). The nonlinear terms are calculated in real space with the

collocation method. Aliasing is removed by the ‘‘2/3’’ truncation rule. The transforma-

tions from real to wavenumber space and vice-versa are done by Fast Fourier

Transform. In the vertical direction, the vertical velocity component, the temperature

perturbation and the contaminant concentration are expanded into sine series to satisfy

the boundary conditions. Accordingly, the horizontal velocity component is expanded

into cosine series. Equations (2) are advanced in time using a second-order Leapfrog

scheme except for the viscous and diffusive terms which are treated implicitly with the

Cranck–Nicholson scheme. The velocity is first advanced without taking into account

the pressure term. The pressure contribution is then added in order to ensure a divergent

free velocity field. Lagrangian particles tracking is based on an explicit second-order

Heun scheme for time advancement and on a fourth-order Hermite polynomial inter-

polation method used to determine the particle velocity at an instantaneous position

from the velocity on grid points (Balachandar and Maxey 1989).

3. Parameter range and flow description

Our purpose is to study the vertical transport of contaminants in a forced stably

stratified shear turbulence with increasing strength of the stratification. As in

Figure 1. Sketch showing the vertical profiles of the forcing term f(z), the initial temperature T0ðzÞ, and
the initial passive contaminant concentration C0ðzÞ. The vertical extent of the domain L and the shear layer
half-width ls are also indicated.

88 N. Toqué et al.



(Vincent et al. 1996) we shall consider in particular the relation between the vertical

transport and the flow anisotropy defined as

A ¼

ffiffiffiffiffiffiffiffi

hv2xi
hv2zi

s

, ð3Þ

the ratio between the horizontal and the vertical components of the velocity. The

brackets h i denote an average over the two spatial directions, the vertical average

being limited to the extent of the contaminant mixing layer. Each simulation proceeds

in two steps. First, a statistically stationary flow with a given anisotropy is established.

Then the contaminant is released and its vertical transport is analyzed.

Initially, the forcing generates accelerated horizontal strips of alternatively positive

and negative velocity. At their interface, the shear grows while the local Richardson

number decreases. When the local Richardson number reaches 1=4, velocity perturba-

tions are introduced and a Kelvin–Helmholtz type instability develops in each sheared

layer (although the Mile’s criterion is not strictly adequate for our nonsteady flow).

Nonlinear effects soon become important and the vertical motions induced by the

instability drive a vertical flux of horizontal momentum which tends to limit the

shear between the strips.

In neutral conditions (N¼ 0), the vertical transport of horizontal momentum is

very efficient. The initial seven sheared layers mix together and, after a nondimensional

time t ¼ 8, there are only two sheared layers left. Thus, despite the vertically

inhomogeneous forcing, turbulence manages to homogenize the flow in that direction.

By contrast, momentum transport between sheared layers decreases in sufficiently

stratified conditions and the sheared layers do not mix. The local Richardson

number stays lower than 0.1 inside sheared layers. This leads to a statistically stationary

state as shown in figure 2 where the anisotropy evolution is displayed for different

strengths of the initial stable stratification. Table 1 summarizes the parameters of the

different simulations numbered from 1 to 10 as the Richardson number,

Ri ¼ N2L=fo, increases from 100 to 2000. The Reynolds number keeps similar values

around 5000. The thermal Péclet number and the Péclet number of the tracer are

respectively chosen equal to 1 and 5000. Table 1 shows that we obtained a wide

range of values for the flow anisotropy, A, ranging from 1 to 35, as well as Froude

numbers ranging from 1.43 to 0.47. The Froude number characterizes the effect of

the stratification on turbulent motions and is defined by Fr ¼ v=l
ffiffiffiffiffi

Ri
p

where

l ¼ �=2�
R

ðEðkÞ=kÞdk=
R

EðkÞdk is the integral scale and v ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

hv02x þ v02z i
p

a typical

velocity fluctuation. v0x ¼ vx � hvxix is the horizontal velocity fluctuations with

respect to the mean horizontal velocity hvxix, and v0z ¼ vz � hvzix is the vertical velocity

fluctuations with respect to the mean vertical velocity hvzix which is very close to zero.

The symbol h ix denotes the horizontal average. Note that, for each run, the Reynolds

number has been chosen in order to ensure that the effective turbulent Reynolds

number, Ret ¼ lv� Re, keeps similar values. Such as the turbulent Reynolds number,

the turbulent Péclet number of the contaminant, PeCt ¼ lv� PeC, remains between

125 and 230. Table 1 displays for each Richardson number, time averaged values of

the anisotropy, the Froude number, the turbulent Reynolds number, the turbulent

thermal Péclet number and the turbulent Péclet number of the contaminant. This

temporal mean, h it is taken over the period during which the contaminant transport

Reduction of vertical transport in 2D stably stratified forced shear flows 89



1

10

100

1000

0 2 4 6 8 10 12 14 16

A

t

Simulation 1

Simulation 2

Simulation 3

Simulation 4

Simulation 5

1

10

100

1000

0 2 4 6 8 10 12 14 16

A

t

Simulation 6

Simulation 7

Simulation 8

Simulation 9

Simulation 10

(a)

(b)

Figure 2. Evolution of the flow anisotropy A towards a statistically steady state for all simulations listed
in table 1. The final value of the anisotropy increases with the strength of the stratification.

Table 1. Simulation parameters: in addition to the two dimensionless numbers Ri and Re of the runs, the
table lists effective parameters characterizing the flow. The symbol h it denotes the temporal mean calculated

over � 100 turnover times after the anisotropy has reached a statistically stationary state.

Number of simul. Sim1 Sim2 Sim3 Sim4 Sim5 Sim6 Sim7 Sim8 Sim9 Sim10

Ri 100 200 250 300 400 500 700 1000 1500 2000
Re 4950 5000 5000 5050 5050 5100 5150 5200 5400 5555
hRetit 153.45 145 130 126.25 141.4 122.4 154.5 114.4 167.4 200
hFrit 1.43 1.06 0.9 0.8 0.79 0.67 0.65 0.47 0.5 0.5
hPetit 0.031 0.029 0.026 0.025 0.028 0.024 0.03 0.022 0.031 0.036
hPeCtit 155 145 130 125 140 120 150 110 155 180
hAit 2.79 5.12 5.79 7.15 8.33 10.54 14.07 18.76 25.14 31.14
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has been studied. This period starts after a statistically steady state has been reached

and lasts approximatively 100 eddy turnover times, �¼ l/v. The temporal averages

are not sensitive to the exact number of eddy turnover times.

The Schmidt number, Sc ¼ �=D ¼ 1, and the Prandtl number, Pr ¼ 1:9� 10�4, are

kept constant for all simulations. A direct consequence of such a low Prandtl

number is the irrelevance of gravity modes in our simulations as they are very strongly

damped by thermal diffusion. Indeed, as shown for example in (Ligniéres 1999),

harmonic perturbations in an inviscid linearly stably stratified atmosphere can only

oscillate under the condition: 2kx= k2x þ k2z
� �3=2

>1=Pe
ffiffiffiffiffi

Ri
p

, where kx and kz denote

respectively the dimensionless horizontal and vertical wave numbers of the perturba-

tion. Because of the limited size of the computational domain, only some large scale

modes verify this condition. Moreover these modes play no dynamic role as their

thermal damping time scale is very short.

The aspect ratio of the computational domain is equal to 6 in order to allow the

presence of numerous large scale structures (�20 vortices) in the horizontal

direction. The number of grid points is 1536 in the horizontal direction and 256 in

the vertical one.

The 2D structure of the flow is shown in figure 3(a) and (c), where isovorticity

outlines are respectively plotted for simulation 2 (Ri ¼ 200) and simulation 6

(Ri ¼ 500). In figure 4, we also have plotted the vertical variations of the mean horizon-

tal velocity hvxix and of the vertical velocity fluctuations
ffiffiffiffiffiffiffiffiffiffiffi

hv02z ix
p

for two different initial

stratifications (Ri ¼ 200 and Ri¼ 1000). Vorticity is initially distributed in layers and

after the instability develops, it concentrates into vortices centered on the sheared

layer centerline. Then, its evolution depends on the strength of stratification. While

the vertical advection of vortices tends to homogenize the vorticity distribution in the

neutral case (not shown here), vortices stay within the strongly sheared layers in

the stratified cases. The vertical extent of these vortices also tends to reduce for

higher Richardson number. In the strongly stratified cases, between sheared layers

where vorticity concentrates, an interface layer is obvious. This layer is depleted of

vorticity, weakly sheared, and highly anisotropic [see figure 4(a)]. In figure 4(b) we

note that, contrary to the mean horizontal velocity and the anisotropy, the vertical

velocity fluctuations does not present very important variations across the strongly

and weakly sheared layers. Note also that the mean horizontal velocity dominates

the contribution of the horizontal velocities to the anisotropy except in the near vicinity

of the sheared layer centerline where it is null.

Due to the high thermal diffusivity, temperature fluctuations and consequently the

turbulent heat flux are very small. The horizontally averaged temperature is not

modified by this turbulent heat flux and remains a linear function of the vertical

coordinate.

The contaminant is released once the flow has reached a statistically stationary state.

The initially homogeneous layer of contaminant mixes and a mixing layer slowly grows

with time. Since velocity boundary layers develop at the top and the bottom of the

computational domain, the runs are stopped before the mixing layer reaches these

boundaries (at t ¼ 19:9 for the least stratified simulation). This already corresponds

to a large number (�100) of eddy turnover times, � ¼ l=v. Figure 5 illustrates this

behavior by showing the vertical profile of the mean concentration hC ix at three

different times for the least stratified simulation (Ri¼ 100). At the last time

(t ¼ 19:9), the tracer reaches the vertical limits of the domain and the run is stopped.
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(d)

(c)

Figure 3. From the top to the bottom: Isovorticity (a) outlines above isotracer (b) outlines for the simulation 2 (Ri¼ 200) at the time t ¼ 21:4. Then, isovorticity
(c) outlines above isotracer (d) outlines for the simulation 6 (Ri¼ 500) at the time t ¼ 21:4.
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For higher stratifications, the run duration can be longer as the mixing layer grows

slower. Note that the mean concentration profiles are used to define the mixing layer

extent as the layer which contains 99% of the contaminant mass. Figure 3(b) and (d)

show isotracer outlines for the simulation 2 (Ri ¼ 200) and the simulation

6 (Ri ¼ 500). Comparing with isovorticity outlines, advection of contaminant by

vortices in shearing zones is obvious. The vertical extent of the mixed zone is reduced

for the largest Richardson number.

Figure 4. Vertical profiles of the mean horizontal velocity hVxix (a) and of the vertical velocity
fluctuations

ffiffiffiffiffiffiffiffiffiffiffi

hv02z ix
p

(b) for two values of the initial stratification. Simulation 2 (Ri ¼ 200) is represented by
a continuous line, simulation 8 (Ri¼ 1000) by a dotted-dashed line.
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Figure 5. Vertical profiles of the mean contaminants concentration hC ix at three different times for the
simulation 1 (Ri¼ 100). At the last time (t ¼ 19:9), the contaminant reaches the vertical limits of the domain
and the run is stopped.
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At the top of figure 6, we plotted kinetic energy power spectra at two different times

for the Ri¼ 1000 simulation and at the bottom, kinetic energy power spectra at the

earliest time for two resolutions. When the vertical resolution equal to 256 is doubled,

spectra agree very well in the inertial range which shows that our simulations are

enough resolved. From k ¼ 10 and over one decade of the inertial range, kinetic

energy power spectra are well fitted by a straight line with a rate equal to �4 in agree-

ment with previous simulations of unstratified 2D mixing layer (Lesieur 1987).

For k � 10, the exponent is close to 3. Because of the small Prandtl number value,

Pr ¼ 1:9� 10�4, temperature spectra are expected to be of inertial–diffusive type.

The �8 exponent that we find (see figure 7) can be interpreted as a direct consequence

of the simplified thermal balance, vz dT0=dz ¼ J
2�=Pe, which corresponds to an

asymptotic form of the Boussinesq equation in the limit of small Péclet numbers

(Ligniéres 1999). In figure 8 contaminant spectra are plotted for Ri¼ 100 and

Ri¼ 1000 runs. From k ¼ 10 and over half a decade, the spectrum exponent is closed

to �2 for the lowest Richardson number and to �1 for the largest one.
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Figure 6. At the top, kinetic energy spectra at 2 times, t ¼ 8 and t ¼ 16, for the simulation 8 (Ri¼ 1000).
At the bottom, kinetic energy spectra at t ¼ 8 for two vertical resolutions, 256 and 512, for the simulation
8 (Ri¼ 1000).
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Figure 7. Temperature spectra at 2 times, t ¼ 8 and t ¼ 16, for the simulation 8 (Ri¼ 1000).
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Figure 8. Contaminant spectra at the time t ¼ 16 for the simulation 1 (Ri ¼ 100) at the top and the
simulation 8 (Ri ¼ 1000) at the bottom.
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4. Results

4.1. Turbulent transport and particles dispersion

We first analyze the vertical flux of contaminant Fðt, zÞ ¼ �hvzC ix and investigate its

relation with the concentration gradient dhC ix=dz. At any vertical level within the

mixing layer and at any time after a statistically stationary state has been reached,

we can associate a flux value to a corresponding concentration gradient. The large

dispersion of the flux values for a given concentration gradient is reduced by averaging

the flux values on concentration gradients intervals. The resulting relation between flux

and gradient is plotted in figure 9 for all the simulations. The number of concentration

gradient values per interval is fixed at 1500. We observe that the shape of the curves

is similar for all initial Richardson numbers. The flux decreases with stratification

−0.04

−0.02

0

0.02

0.04

−40 −20 0 20 40

−0.008

−0.006

−0.004

−0.002

0

0.002

0.004

0.006

0.008

Simulation 1

Simulation 2

Simulation 3

Simulation 4

Simulation 5

Simulation 6

Simulation 7

Simulation 8

Simulation 9

Simulation 10

M
e
a
n
 v

e
rt

ic
a
l 
fl
u
x

Mean vertical gradient

−40 −20 0 20 40

Mean vertical gradient

M
e
a
n
 v

e
rt

ic
a
l 
fl
u
x

Figure 9. Mean vertical flux of the contaminant as a function of the mean vertical gradient of the
contaminant for the first five simulations of the table 1 at the top and for the last five at the bottom.
The mean flux is defined as an average over 1500 values of F ¼ �hvzC ix associated to 1500 consecutive
values of dhC ix=dz. The mean vertical gradient of the contaminant corresponds to the average of these 1500
consecutive values of dhC ix=dz. Above Ri¼ 1000, the mean flux no longer decreases with stratification.
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and keeps similar values from Ri ¼ 1000. We also notice that the curve is not linear as it

should be for a Fourier/Fick law between flux and gradient.

A simple way of determining the eddy diffusivity is to calculate the mean of the ratio

hvzC ix=ðdhC ix=dzÞ over time and vertical levels. However, this definition requires to

exclude vanishing values of dhC ix=dz from the mean. Although this is possible in

general, we found that the result depends on the extent of the interval of excluded

values. This property can be attributed to the near discontinuity at the origin clearly

visible in figure 9. Instead, we define the eddy diffusivity Dt as the ratio between

a mean flux and a mean concentration gradient:

Dt ¼
hjFjizt

hjdhC ix=dtjizt
ð4Þ

where the symbol hjjizt denotes an average of absolute values over a vertical and a

temporal domain. As before, the vertical domain is the mixing layer extent and the

temporal domain corresponds to approximatively 100 eddy turnover times after a

statistically stationary state has been reached.

The variation of the vertical transport with stratification is illustrated in figure 10

where the ratio, Dt=lzuz, is plotted against the anisotropy A on logarithmic scale.

The mixing length estimate of the eddy diffusion, lzuz, uses the rms vertical

velocity uz, defined as uz ¼ hhv02z i
1=2

x i
zt
, and the mean vertical integral scale lz which

is also a spatio-temporal average of the vertical integral scales, Lzðz, tÞ ¼
R 1�z

0
hv0zðzÞv0zðzþ z0Þixdz0=hv02z ix, calculated at each time and at each level z within the

upper half of the mixing layer. Note that, lz, is close to the shearlayer half-width

ls ¼ 1=2� L=7, up to the Ri¼ 700 simulation. Above Ri¼ 700, lz decreases to

approximatively half this value. First of all, figure 10 shows that the mixing length

eddy diffusivity, lzuz, always severely overestimates the actual vertical transport.

Second, it shows that the ratio Dt=lzuz decreases when stratification increases up to

the Ri ¼ 500 run. For stronger stratification, we have seen that the turbulent flux of
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Figure 10. Turbulent and Lagrangian diffusion coefficients as a function of the mean anisotropy. A straight
line corresponding to a 1=hA it law is also displayed.
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contaminant keeps similar values (see figure 9). However, Dt=lzuz increases above

Ri¼ 700 because uz decreases.

We now consider the vertical dispersion of Lagrangian particles in order to investi-

gate how the stratification acts to reduce the transport. Particles initially located

at the grid points have been tracked during a large number (� 100) of eddy turnover

times. To avoid boundary effects, we only analyzed the displacement of the 280869

particles initially covering five of the seven sheared layers. Figure 11 displays the rms

vertical displacement hðz� z0Þ2i
1=2

p of these particles versus time for all the simulations.

The symbol h ip denotes an average over all the Lagrangian particles. A straight line

with rate equal to 1=2 is displayed in figure 11 and it clearly shows that the dispersion

rate is slower than classical diffusion. Another striking property is that from Ri¼ 500

the mean vertical displacement nearly levels off.

The Lagrangian dispersion coefficient taken from the classical diffusion theory,

DLðtÞ ¼ 1=2� dhðz� z0Þ2i=dt (Batchelor 1949), is used to determine the ratio

DL=lzuz. The ratio is displayed in figure 10 as a function of anisotropy. Note that the
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Figure 11. Rms vertical displacement of Lagrangian particles as a function of time for all simulations at the
top and for the five highest stratified flows at the bottom.
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definitions of the rms vertical velocity and integral scale are different here since the

vertical average is taken over the five sheared layer initially containing the particles

and not over the mixing layer. But the resulting values of the rms vertical velocity

and integral scale are very similar to the ones calculated before. Figure 10 shows that

the variations of DL tend to confirm the behavior observed for the eddy diffusivity Dt.

4.2. The role of anisotropy

In this subsection, we shall interpret the two main results obtained previously, namely

(i) the reduction of the vertical transport is much stronger than predicted by the mixing

length coefficient and (ii) the dispersion rate is sub-diffusive and nearly vanishes for the

strongest stratification.

We first noticed that vertical dispersion is very sensitive to the starting level of the par-

ticles. Indeed, whereas the dispersion of particles located in the strongly sheared part of

the sheared layer is not much affected by stratification, the dispersion of particles initially

situated in the weakly sheared interface layer between two sheared layers undergoes a

very strong reduction with stratification. It follows that the global decrease of the vertical

transport with stratification is mainly controlled by the behavior of the particles starting

in the weakly sheared layer. Moreover, as we have seen that the vertical velocity fluctua-

tions do not present important variations across the layers [see figure 4b], the reduced

dispersion in the weakly sheared layer is not due to a local decrease of the vertical

velocity. It should therefore be an effect of the Lagrangian correlation timescale.

The Lagrangian autocorrelation function of the vertical velocity is related to the

mean-square vertical displacement by Monin and Yaglom (1987):

ðz� z0Þ2
� �

l
ðt, z0Þ ¼

Z t

t0

Z t

t0

Vzðt1, z0ÞVzðt2, z0Þ
� �

l
dt1 dt2, ð5Þ

where h il denotes an average over the 1536 particles of that particular level z0 and

Vzðt1, z0Þ is the Lagrangian vertical velocity at time t1 of a particle that started at

level z0 and time t0. We can thus define a Lagrangian correlation time as

�Lðt, z0Þ ¼
ðz� z0Þ2
� �

l

hV2
zil

 !1=2

¼ 1

hV2
zil

Z t

t0

Z t

t0

Vzðt1ÞVzðt2Þ
� �

l
dt1 dt2: ð6Þ

Note that we do not use the classical Lagrangian integral scale �cL ¼
R1
0
hVzðt1ÞVzðt1 þ t0Þidt0 because it is only useful under the assumption that the

Lagrangian autocorrelation function is stationary and we show later that this assump-

tion is not verified here. Figure 12 shows, at a given time, the vertical profile of the

Lagrangian correlation time �Lðt, z0Þ respectively for weakly (Ri¼ 200) and strongly

(Ri¼ 1000) stratified cases. We observe that for particles starting within the sheared

layer the Lagrangian correlation time has similar values for the two stratifications

considered. There is, however, a striking difference for particles starting in the

weakly sheared layers as the Lagrangian correlation time nearly vanishes for the

strongest stratification. In this case, the vertical dispersion is so small that particles

tend to stay in the weakly sheared layers. As stratification increases a larger proportion

of particles does not disperse out of the weakly sheared layer. This effect explains the
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decrease of Dt=lzuz between Ri¼ 100 and Ri¼ 500. Above Ri¼ 500, most particles

starting in the weakly sheared layers stay there and the dispersion is limited to the

strongly sheared layer thickness which has little variations between Ri¼ 500 and

Ri¼ 2000. This explains why the vertical dispersion shown in figure 11 keeps similar

values above Ri¼ 500.

As noted before the anisotropy of the flow steadily increases with stratification in

the weakly sheared layers and, as we show now, the reduction of the Lagrangian time-

scale in these layers can be attributed to the increase in flow anisotropy. As shown in

figure 3(c), vortices in the stably stratified cases remain concentrated in the strongly

sheared layers, close to the null mean horizontal velocity of the sheared layer centerline.

The spatial structures of the vertical velocity field induced by these vortices are there-

fore nearly static. The consequence is that particles present in the weakly sheared layers

are swept across the static spatially correlated structure of the vertical velocity field by

the strong local horizontal motions. If Lx denotes the horizontal correlation length of

the vertical velocity, the travel time through a structure of correlated vertical velocity

is Lx/Um where Um is the local mean horizontal flow. This provides a crude estimate

of the Lagrangian timescale for particles remaining in the weakly sheared layer.

The corresponding eddy diffusivity coefficient ðLx=UmÞw2 ¼ Lxw=A depends on the

flow anisotropy. Note that this phenomenon has been considered by various authors

(Horntrop and Majda 1994) in very simple flow configurations. This estimate concerns

only particles remaining in the weakly sheared layer, but the number of particles

concerned increases with A. Furthermore, we have seen that the stratification primarily

affects the dispersion of the particles starting in the weakly sheared layer. Then,

as Lx=lz � cste until Ri¼ 500, this estimate predicts that the ratio Dt=lzuz is propor-

tional to 1/A. In figure 10, a straight line corresponding to a 1/A law has been

drawn. It appears to approximatively describe the decrease of Dt=lzuz in the range

from Ri¼ 200 up to Ri¼ 500.

Figure 12. Lagrangian correlation time as a function of the starting level for two values of the initial
stratification. Simulation 2 (Ri ¼ 200) is represented by a continuous line, simulation 8 (Ri¼ 1000) by a
dotted-dashed line. The Lagrangian correlation time is displayed at a given time.
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This relation between anisotropy and turbulent transport can be translated into a

relation between stratification and turbulent transport. The anisotropy can be related

to the shear as A � Umax
x =uz ¼ �Uxð Þmax=uz where U

max
x is the maximum mean horizon-

tal velocity in the sheared layer and �Uxð Þmax is the maximum velocity difference

with respect to the null velocity of sheared layer centerline. Moreover, the shear

increases with stratification and we noticed that the dimensionless number

RiPe ¼ N2l3s=� �Uxð Þmax keeps an approximatively constant value of RiPeð Þc¼ 0:09

for the simulations below Ri ¼ 500. Note that we chose RiPe instead of Ri since

RiPe controls the linear stability of the Kelvin–Helmholtz type sheared layer when

the Péclet number becomes smaller than unity (Ligniéres et al. 1999). As Dt=lzuz is

approximatively proportional to 1/A between Ri¼ 200 and Ri ¼ 500, it follows that

Dt should be proportional to ðlzu2z=N2Þ � ð� RiPeð Þc=l3s Þ in this domain. Figure 13

which displays the ratio ðDtN
2=lzu

2
zÞ � ðl3s=� RiPeð ÞcÞ shows that such a relation is

compatible with our data.

Following Taylor (1921), in the idealized case of stationary homogeneous turbulence,

the mean-square vertical displacement hðz� z0Þ2i grows linearly with time in the limit

t � �cL and if �cL 6¼ 0. Although the conditions t � �cL and �cL 6¼ 0 are verified in the

present flow, the homogeneity assumption is not fulfilled as shown by the strong

vertical variation of the Lagrangian correlation time (see figure 12). As a consequence,

the Lagrangian autocorrelation function hVzðt1ÞVzðt1 þ t0Þi is not independent of t1 and
the vertical dispersion is not expected to be diffusive (Monin and Yaglom 1987).

The quasi-suppression of the vertical dispersion in the most stratified cases is directly

related to the very strong reduction of the dispersion in the weakly sheared layers.

These layers act as a barrier which limits the vertical displacements inside the strongly

sheared layer. This interpretation is confirmed by a simple estimate of the resulting

dispersion: If we assume that particles starting in the weakly sheared layers have no

vertical displacement whereas particles starting in the strongly sheared layers have a

mean displacement equal to the half-width of these layers, we find a vertical dispersion

of 0.0175 which is a value close to the final vertical displacement of the most strongly
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stratified cases shown in figure 11. (We also assumed, according to figure 12, that the

width of the strongly and weakly sheared layers are equal.)

5. Discussion and conclusion

We introduced a forcing that creates and maintains several superimposed parallel

sheared layers. As initial stratification increases, the shear which is necessary to

maintain a stationary turbulence also increases together with the flow anisotropy.

We observed that weakly sheared layers between strongly sheared layers become

depleted of strong vortices for increased stratification. There, contaminants are

advected by strong mean horizontal flows across nearly static flow structure and the

associated Lagrangian correlation time decreases as the local mean horizontal flow

increases. This phenomenon explains the reduction of vertical transport with stratifica-

tion. For the strongest stratification, the Lagrangian correlation time nearly vanishes

and the weakly sheared layers act as a barrier that particles can no longer cross.

At first sight, we may wonder whether this barrier effect is a direct consequence of

the forcing. Indeed, the forcing tends to maintain superimposed sheared layers and

the reduction of the vertical transport is explained by a strong inhomogeneous shear.

However, the forcing, only by itself, cannot impose the layered structure of the flow

vorticity shown in figure 3(c) and cannot generate the associated high anisotropy

values. The simulation in the neutral case (N¼ 0) shows that indeed, despite the forcing,

the vertical transport of horizontal momentum reduces the number of shear layers while

the distribution of vorticity tends to be homogenized vertically, and the anisotropy

remains very close to one. This is in fact the stratification which enables to maintain

the seven sheared layers by inhibiting vertical transport of horizontal momentum.

We found that the relation between the anisotropy and the vertical transport of

contaminants obtained by Vincent et al. (1996) Dt=lzuz / 1=A, is quantitatively

compatible with our results in a limited range of anisotropy 5 < A < 10.

It must be stressed that, contrary to Vincent et al. (1996), the anisotropy of the

present flow is mainly due to the mean horizontal flow whereas the ratio between the

rms fluctuating horizontal and vertical velocity remains close to one. Moreover, the phy-

sical interpretation of the anisotropy role is different. While Vincent et al. (1996) propose

that stronger horizontal turbulence induces a more efficient contaminant mixing by

molecular diffusion, we find here that the rapid horizontal sweeping of particles across

correlated structures of the vertical velocity diminishes the vertical displacements and

thus decreases the associated generation of fluctuations of contaminant concentration.

The small contribution of molecular mixing processes in the transport reduction is high-

lighted by the small difference between the Lagrangian dispersion coefficient and the

eddy diffusivity (see figure 10). Indeed, this difference is due to molecular mixing

and, according to Vincent et al. (1996), it would be expected to grow significantly as ani-

sotropy increases. Above A¼ 10, there is also a strong discrepancy with Vincent et al.’s

(1996) results (see figure 10). But it is simply due to the fact that, in our flow, the

anisotropy varies vertically. Indeed, while the weakly sheared layers where the anisotropy

is large act as a barrier above A¼ 10, the vertical transport is dominated by transport

in layers of small anisotropy. It can therefore no longer decrease because of anisotropy.

This is not the case in Vincent et al. (1996) where the flow and the anisotropy are

statistically homogeneous in the vertical direction.
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However, it should be reminded that the restriction to two dimensions does not

allow definite conclusions. The 2D Kelvin–Helmholtz billows are known to undergo

a secondary transition leading to 3D turbulence. Experiments and numerical simula-

tions of free sheared layers also show that coherent structures consisting of quasi-2D

spanwise rollers are still present after the transition and coexist with fine scale motions

(Balaras et al. 2001). We expect that the structure of weakly sheared layers relatively

depleted of vorticity alternating with strong sheared layers persists in 3D. The mecha-

nism of transport inhibition should then also play a role in 3D even if other mechanisms

associated with the 3D flows could significantly modify the property of the vertical

transport.

The quasi-suppression of vertical dispersion observed in our simulations provides

another example of this phenomenon in stably stratified turbulence. However, the

mechanism responsible for it is different from previous cases. The interpretation of

Kaneda and Ishida (2000) involves gravity waves which play no dynamic role in our

simulations because of the low Prandtl number. Also, the model of Pearson et al.

(1983) predicts that the suppression of vertical dispersion is limited to the thermal

diffusion time scale of the fluid elements. Again because of the low Prandtl number,

this time is very small in our simulation and consequently Pearson et al.’s (1983)

model cannot be applied to our results. Contrary to both models, the mechanism

proposed here is directly related to the strong inhomogeneity of turbulence which

involves layers with strong vortices superimposed on layers which are depleted of

vorticity.

Strong vertical inhomogeneities in the velocity and density field known as horizontal

‘layers’ are a common feature of stably stratified turbulence in geophysical, experimen-

tal and numerical flows (Metais and Herring 1989, Park et al. 1994, Galmiche and Hunt

2002, Mack and Schoeberlein 2003). While the coherent forcing considered in the

present work does not reproduce the random distribution of these horizontal layers,

the mechanism of vertical transport inhibition that we outlined could also play a role

in this type of flows.
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Abstract. 3D analysis (x, y, t) of the granular intensity field (11–hour time sequence from the Swedish Vacuum Solar Telescope
on La Palma, Canary Islands), demonstrates that a significant fraction of the granules in the photosphere areorganized in the
form of “Trees of Fragmenting Granules” (TFGs). A TFG consists of a family of repeatedly splitting granules, originating from
a single granule at its beginning. A striking result is that TFGs can live much longer (up to8 h) than individual granules (10 min).
We find that 62% of the area covered by granules belongs to TFGs of a lifetime>1.5 h. When averaged in time, such long–lived
TFGs correspond to coherent diverging flows which may be identified as mesogranules. We also find a correlation between the
network and the spatial distribution of TFGs.

Key words. Sun: photosphere – Sun: granulation

1. Introduction

A knowledge of the physical nature of the different flow scales
on the Sun is necessary to envisage a realistic model of the gen-
eration (production) and diffusion of the magnetic flux on the
surface of the quiet Sun, in particular to build the network in the
quiet regions, or to understand the action of the different flow
scales in the destruction of sunspots. More precisely, the pro-
cesses which create, and then fragment and disperse Ephemeral
Regions populating the quiet network, is not well known today
and remains quite speculative (Hagenaar et al. 2003). The gen-
eration of these bipolar regions by the local action of the turbu-
lent convection (small–scale local dynamo) is also invoked to
explain the low sensitivity of these small dipoles to the sunspot
cycle (Hagenaar et al. 2003). The mechanisms produced by the
turbulent convective motions at the different scales have to be
elucidated to determine in more detail the role of the turbulent
dynamo in forming these dipoles.

The links between the various scale motions on the Sun’s
surface are still poorly understood today. Recently the physical
nature of the largest flow scales, i.e. the meso– and supergranu-
lation, has been found to vary depending on the spatial and tem-
poral windows used to compute the flow fields (see Rieutord
et al. 2000).

Send offprint requests to: Th. Roudier,
e-mail:roudier@bagn.obs-mip.fr

On the one hand, low resolution measurements of the prop-
erties of solar photospheric flows support the existence of dif-
ferent convective scales. In particular, the work of Muller et al.
(1992) and Shine et al. (2000) shows the persistence of the
supergranulation, and the motion of the mesogranules toward
the supergranular boundaries in accordance with the model of
Simon et al. (1991). On the other hand, Rieutord et al. (2000)
found that computing the flow fields with high spatial (0.7′′)
and temporal resolution (5 min) reveals the important role of
the strong positive divergences (SPDs) in forming the larger
scales (meso– and supergranulation).

To link the measurements at low and high spatial resolu-
tion, one needs a time sequence of the solar granulation ob-
served over several hours with a field of view at least 1′ ×1′, to
get reliable results up to the largest scale, i.e. the supergranula-
tion. Here we make use of an exceptional 11 h time sequence
obtained at the SVST at La Palma.

Using this time sequence we try to understand the differ-
ent results from low and high resolution analyses, as well as
to determine the links between the three scales: granulation,
mesogranulation, and supergranulation. Granule evolution was
investigated by many authors (e.g. Spruit et al. 1990) in order
to characterize the dynamics of the Sun’s surface.

One of these approaches has been developed by Kawaguchi
(1980) using a 46–min time sequence; he showed the existence
of long–lived structures called “families of active granules”.
From his 2D numerical model Ploner (1994) concluded that
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fragmenting granules can split repeatedly for several genera-
tions and discussed the link between these long–lived structures
and the mesogranulation. Using time-slice of the Sun surface,
Müller et al. (2001), found that fragmenting granules can sur-
vive by means of their descendants for more than 3 h. Their
works suggest that mesogranular flow fields may be generated
by actives granules.

In this paper we first present and discuss a new 3D auto-
matic time labeling method of the solar granules. The applica-
tion of this method to the 11 h time sequence obtained at the
SVST confirms the existence of families of active granules and
allows a detailed analysis of their statistical properties. We dis-
cuss the link between these long–lived families and the meso-
granules. Finally, we show some properties of these long–lived
structures with relation to the network.

2. Data

Our analysis is based on a series of 1500 CCD images of size
512× 512 pixels (64′′ × 64′′) of the solar granulation obtained
under excellent seeing conditions with the 50 cm Swedish
Vacuum Solar Telescope on La Palma (Canary Islands) on
June 5, 1993.

A quiet Sun section of that series is extracted from a longer
set of observations obtained from 08:07 UT to 19:07 UT close
to a pore in spot group NOAA 7519 at position N05, E15. The
duration of the analyzed sequence is 8.75 h with a mean time
step of 21 s. The images were corrected for dark current and
gain, rigidly aligned, and destretched. They have been filtered
to remove five-minute oscillations. Most details of the image
reduction procedure are given in Simon et al. (1994).

3. Analysis method

In this section we present the method used to detect families of
splitting granules.

The transformation of the intensity map into a binary map
has been performed following the criterion defined by Strous
(1994), i.e. the local curvature of the intensity fielda = I1 −

2I2 + I3 (I1, I2, I3 being the intensity of three adjacent pixels)
computed in four directions. When the second spatial deriva-
tives have the same sign in the four directions, for example
negative, the pixel belongs to a bright object (granule), in the
opposite case it belongs to a dark intergranule. Before this seg-
mentation, we convolve each frame with a Gaussian window,
the size of which is adjusted such as to avoid over– or under–
segmentation. In order to avoid false identifications of gran-
ules and keep the granule core whatever their size, we used a
Gaussian window of 6 pixels size (0.75′′).

The segmented granules shown in Fig. 1 have relatively
large distances from each other. The granule radial expansion
velocity being of order of 2 km s−1 and their velocity smaller
than 1.0 km s−1, such a segmentation prevents spurious granule
mixing as granules move less than one pixel between consecu-
tive frames at a lag of 21 s.

Once the segmentation is performed, objects are labeled
in each frame. Then, we follow the evolution of the granules
by identifying the temporal links in the 3D data box (2D in

Fig. 1. Example of intensity and binary map using a Gaussian window
of kern= 6 pixels size (0.75′′) and fac= 2 pixels size (0.25′′) for the
structuring element of the “Opening” operator.

space and 1D in time). This step is complicated because gran-
ules change shape during their lifetime and it is well known
that it is quite difficult to define the life history of a typical
granule (Spruit et al. 1990). Hence, splitting into multiple ob-
jects, merging of objects, and disappearances or appearances
between two successive images have all to be taken into ac-
count. As our segmentation keeps the core of all the granules,
we avoid erroneous detections of temporal links between adja-
cent granules due to the different sources of noise or the seg-
mentation technique. Two criteria were used to perform the
temporal labeling of the granules:

1. From a frame at timet to the next at timet+1, we detect for
each granule identified at the timet if there exists a granule
at the timet+1 at the same location with a minimal common
area. As our segmentation was very restrictive, we chose
the minimal common area to be one pixel;

2. When two or more granules merge, we kept only the label
of the larger one in the area.

When these criteria are met, objects are labeled from one frame
to the next with the same number, otherwise the number is
changed to a new one. We constructed in this way 97 053 ob-
jects contained within the 3D (x, y, t) box. Of these 54 135 had
a lifetime greater than one frame. And of those 54 135 objects,
5549 had at least one splitting and formed the set of what we
shall call “Trees of Fragmenting Granules” (TFGs). The re-
maining 48586 objects are called individual granules. TFGs are
families of repeatedly splitting granules, originating from a sin-
gle granule at its beginning. Exploding granules represent the
most vigorous case of fragmenting granules. Figure 2 shows a
3D view and a time slice of the longest lived TFG. Horizontal
arrows indicate the splittings visible in the time slice. This
shows that, with 2D time slices, the temporal continuity is only
visible during a fraction of the TFG lifetime. Because gran-
ules split in any directions, the temporal connection of the re-
peatedly splitting granules is completely described only in the
3D view.

The method to detect the TFGs depends on the segmen-
tation and on the criterion chosen to control granule merging.
The sensitivity of the method to changes of the segmentation
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Fig. 2. Left: 3D (x, y, t) representation of the longest-lived TFG
(8 h 10 min) of our time sequence which influenced a total area
of 15′′ × 17′′ during its life. Right: 2D time slice of one part of the
TFG where the repeatedly connected splitting granules, indicated by
horizontal arrows, are clearly visible.

parameters, i.e. the Gaussian window or the size of the struc-
turing element, has been tested. We found the method to be
quite robust with respect to the temporal labeling of granules in
the range of window sizes of 5−8 pixels and of structuring ele-
ments of 2−3 pixels. Outside this range the granules are over–
or under–segmented leading to a non–conform labeling when
compared with direct labeling by eye from the intensity field.

Fig. 3. Lifetime histogram of individual granules and TFGs. It is well
fitted by a power law with an exponent equal to−1.72.

The increase of the minimal common area does not modify the
results described here because only small granules are affected
and these correspond in general to the end of the life of the
granules. Finally, the segmentation parameters were also suc-
cessful in reproducing the statistical properties of the granule
lifetimes published by Title et al. (1989) (see Fig. 4 described
in the next section).

We tested also the sensitivity of the TFG detection to the
granule merging criterion by considering another criterion. We
kept the number of theolder of the two granules which merge
at time t − 1 as the label of the granule at timet. We verified
that this change did not affect the statistical results (like the
lifetime histograms, e.g. Fig. 3) found previously when keeping
the label of thelarger granule. This can be explained in the
following way.

The number of merging granules relatively to the total num-
ber of granules is very low, i.e. 6.6 × 10−3; this is due to our
very strict segmentation method which reduces very strongly
the merging. Moreover, the number of families that undergo a
change of the family number is very low, i.e. 9× 10−5 yielding
around 30 families, with respect to the total number of families
(or granules labeled in time). When looking into more detail,
most of the merging cases (97%) were found not to affect the
family number because the larger granules correspond to the
older ones, or the merging granules belong to the same family
at timet−1. Half of the remaining 3% of merging granules are
found to be produced by granules whose lifetimes, at timet, are
smaller than 5 min.

Hence, the time labeling of the longest–lived families is
only affected at their beginning which modifies their origins
but not very much their lifetimes.

Regarding the remaining 1.5%, the merging affects the tem-
poral labeling of individual granules and TFGs but their num-
ber is very small compared to the total number of families de-
tected in the data cube. We note for these families some trends
to collect smaller granules because of the choice of the crite-
rion “number of older granule when merging” is not a local
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Fig. 4. Lifetime histograms (solid line) of granules for a set of 30 min
of our time sequence (i.e. the same duration as the SOUP sequence)
measured by the “string” method (like Title et al. 1989) and by our
method (dashed line).

criterion. This is why, in our opinion, “the number of the larger
when merging” for time labeling is more suitable because it is a
local criterion. It avoids the artificial growth of families devel-
oping in this way. However, our analysis shows the very small
effects of this choice on the statistical analysis.

4. Families of long–lived, repeatedly fragmenting
granules: The TFGs

In this section, we present the statistical properties of the
5549 TFGs found in our sample. We characterize their life-
times, their expansion radius and velocity, the area covered by
TFGs as well as the number of splittings undergone during their
lifetime.

As mentioned previously, TFGs are related to the families
described by Kawaguchi (1980) in his 46–min time sequence.
By comparison, the most striking result of our analysis is the
existence of long–lived families, with the longest one lasting
8 h 10 min (shown in Fig. 2). This clearly appears in Fig. 3
which shows the histogram of the lifetimes of individual gran-
ules and TFGs. Individual granules have been added to com-
plete the statistics at small lifetimes.

This lifetime histogram is well fitted by a power lawN ∝ tγ,
with γ = −1.72. Such a self-similar behavior indicates that we
cannot define a characteristic lifetime of the TFGs. By con-
trast, previous works on the lifetime of solar granulation de-
fined a characteristic life time as the decay rate of an exponen-
tial law which fitted well the histogram of individual granule
lifetime. The difference between these results and the power
law found here is clearly due to the definition of the time label-
ing. In our case, we detect structures which can merge or split
while conserving their temporal continuity. In contrast to this,
in the SOUP lifetime measurements for instance, the granules
were only considered between their birth and a splitting or a
merging event; this was called the “string” method.

Figure 4 exhibits the comparison, for a set of 30 min of our
time sequence (i.e. the same duration as the SOUP sequence),

Fig. 5. Average radius of the TFGs as a function of time.

between the histogram of granule lifetimes measured by the
string method (we find an exponential law withT = 212 s
in accordance with the SOUP results presented in Title et al.
1989) and the histogram of the granules and TFGs measured
by our method.

We now consider the spatial expansion of TFGs which
results from the collective effects of granule splittings. The
radius of TFGs, defined as the distance of the most distant
granule from the centre of gravity of the TFG at that time,
has been computed at each time step during the lifetime of
all 5549 TFGs. A mean radius, averaged over all TFGs, is then
calculated and Fig. 5 exhibits its time evolution. The figure
shows that the mean radius increases up to 3000 km (4.1′′)
in 15 000 s (4.16 h); after this the mean radius stays more or
less constant up to 23 500 s (6.5 h). The maximum mean radius
of 3200 km corresponds to the typical radius of a mesogranule.

The expansion velocity derived from the mean radius evo-
lution shows a maximum of 0.85 km s−1 after 200 s, cf. Fig. 6.
This initial step is mainly due to the proper granule expan-
sion. Then the velocity decreases continuously during one hour
until it becomes statistically stationary around 0.15 km s−1.
Beyond 10 000 s, the expansion velocity shows very large fluc-
tuations (not shown here) associated to the mean radius fluc-
tuations shown in Fig. 5. They are due to the relatively small
number of TFGs in this range of lifetime.

The quasi monotonous expansion of TFGs is reflected in
the area they cover at the end of their lifetime. Figure 7 shows
that the final area covered by TFGs increases as a function of
their lifetimes, the plot being well fitted by a power law Area∝
tα, with α = 5/4. The figure also shows that most of the TFGs
cover an area smaller than a disk of radius 4′′ which is the mean
radius of a mesogranule.

Related to the expansion and the lifetime of TFGs is the
total number of splittings that occur in each TFG. As shown
in Fig. 9, this number increases with the lifetime of TFGs the
relation being fitted by a power lawN ∝ t β, with β = 1.8.

Although the number of TFGs decreases with lifetime,
long-lived TFGs still cover a very significant proportion of the
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Fig. 6. Expansion velocity of the TFGs as a function of time.

Fig. 7. Area covered by TFGs as a function of their lifetimes.

solar surface. This is shown in Fig. 8 where the proportion of
the total area covered by granules belonging to TFGs living
more than 1.5 h is displayed during the whole sequence. We see
that the area contribution steeply increases in the first hour of
the sequence; it then stabilizes to a platform slightly above 15%
up to one hour before the end. The lack of contribution at the
beginning and the end of the sequence is due to the loss of the
TFGs lasting more than 1.5 h which are cut by the begin and
end of that period. Such a platform shows that long-lived fam-
ilies are permanently present on the Sun’s surface. Moreover,
from the total area covered by all granules, i.e. 24%, with our
segmentation, we found that 62% of the granule area belongs
to TFGs of a lifetime greater than 1.5 h.

The large area covered as well as the temporal coherence of
long-lived TFGs suggest that they can play a major role in the
dynamics of the solar convection. In the next section, we shall
investigate the contribution of these coherent structures to the
flow field and relate it to mesogranulation.

Fig. 8. Time evolution of the area of granules belonging to TFGs liv-
ing >1.5 h normalized to the total granule area.

5. Relation between TFGs and mesogranules

In the previous section, we showed that long-lived TFGs share
some properties with the classical mesogranules, namely the
size and the lifetime. In this section, we shall specify this rela-
tion by computing the time averaged velocity field at the loca-
tion of long-lived TFGs.

Flow fields of various TFGs have been obtained using dif-
ferent temporal windows but the same spatial window of 1.5′′,
a value which is commonly used in the literature. The first
temporal window used for each family is its full lifetime. The
mean flow fields of the three TFGs shown in Fig. 2 and the one
shown in Fig. 10 are plotted in Fig. 11. The mean flow fields of
Fig. 11 were computed at the locations where TFGs are present.
Only granules belonging to each family were used to derive the
velocities in order to delimit the region of the TFG properly.
Similar flow fields are obtained if all the granules located in
the same field are used.

As can be seen in Fig. 11, the flow fields show a more or
less symmetric diverging aspect at the scale of mesogranules.
In other words, one can say that the mean flow of these long-
lived TFGs is equivalent to a diverging flow at the mesoscale,
that is to mesogranules according to the definition given by var-
ious authors in the literature (e.g. Simon et al. 1991).

Further evidence of the influence of long-lived TFGs on the
large-scale dynamics and its links with mesogranules is given
by Figs. 12 and 13. Both figures show the flow field averaged
over the whole time sequence (8 h 45 min) but Fig. 13 also dis-
plays the projection of the longest-lived TFG shown in Fig. 10.
We observe that the granules belonging to that TFG are con-
centrated at the location where the mean flow field shows a
diverging flow at the mesoscale.

In order to investigate the evolution of the TFG flow fields
during their lifetime, different temporal windows were used
in the computation, i.e. 15 min, 30 min, and 60 min, with a
constant spatial window of 1.5′′. An example of the resulting
flow fields is shown in Fig. 14. The main conclusion: is by in-
creasing the temporal and spatial window the flow fields of a
TFG appear as a nearly symmetric divergent velocity field at
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Fig. 9. Number of granule splittings in TFGs as a function of the
TFG lifetimes.

Fig. 10. Three examples of TFGs. From left to right: TFG 15786 last-
ing 3 h 1 min and extending over 14.6′′×13.1′′, TFG 1299 (2 h 37 min,
6.9′′ × 7.6′′) and TFG 1151 (1 h 28 min, 6.8′′ × 7.6′′).

the scale of the mesogranulation. But for the lower temporal
and spatial windows like in Fig. 14 we observe a different be-
havior like different diverging sources due to close expanding
granules of the same TFG. We can say that the repeating frag-
menting events of a TFG are equivalent to a positive divergence
feature or “a mesogranule”, if the temporal window is greater
than 30 min.

6. Relation of granular dynamics to the network

Following passive scalars, like corks, over long time scales
enables the formation of a network at supergranular scale.

This has been done using all the granules to compute the flow
field and the location of the corks at the end of the time se-
quence is shown in Fig. 15. Note that the diffusion coefficient
of corks we computed (270 km2 s−1) is in agreement with previ-
ous results (Cadavid et al. 1999). Magnetic fields measured on
KPNO magnetograms have been superimposed on the figure,
showing a rather good correlation between the cork location
and the magnetic network.

In order to correlate the granular dynamics with the net-
work, we plotted in Fig. 16 the density of granule splitting dur-
ing the whole time sequence along with the final location of
the corks. It is striking that corks concentrate at those places
and lanes where the density of granule splitting is low; this un-
derlines a close relation between the spatial distribution of the
splitting density and the network. We also note that the highest
density of splitting is not necessarily located at the centers of
the supergranules, some of them being very close to the limit
of the network.

Figure 16 also demonstrates clearly that on a long time
scale (9 h) the granule splitting does not occur uniformly over
the solar surface – which is a new result. This is related to the
existence of long-lived TFGs which concentrate the splitting to
a small area. This property is again evident in Fig. 17 where
the sum of all large granules (diameter>1.4′′), generally asso-
ciated with the long–lived TFGs, is displayed. The correlation
between the splitting density and the large granule density is
high, i.e. 0.75.

7. Discussion and conclusion

The visual inspection of a white light granulation movie re-
veals the extreme complexity of the turbulent convection on the
Sun’s surface. The difficulties in following visually the com-
plete evolution of solar granules is partly due to the large num-
ber of explosions which catch our eyes. We seem to concen-
trate fully on following them, forgetting the evolution of the
granules in the vicinity. To follow automatically the granule
evolution step by step, one must identify their temporal links in
a 3D space-time box.

The quantitative measure of these links is complicated be-
cause granules change shape during their life and it is well
known that it is quite difficult to define the life history of a
typical granule (Spruit et al. 1990). We described in this paper
a method of determining the 3D granule links which takes care
of the granule splitting into multiple objects, merging of objects
and disappearances or appearances between two successive im-
ages. Various tests, performed by varying the parameters of our
processing algorithm, showed that our method is quite robust
with respect to the temporal labeling of the granules.

The application of this processing to the high spatial res-
olution sequence (duration 8.75 h) observed at the SVST on
La Palma in June 1993 (Simon et al. 1994) allowed us to reveal
new facets of the properties of the turbulent convection sitting
at the top of the convection zone of the Sun. The 3D analy-
sis (x, y, t) of the granulation intensity field demonstrated that
a significant fraction of the granules in the photosphere are or-
ganized in “Trees of Fragmenting Granules” (TFGs). A TFG
consists of a family of repeatedly splitting granules originating
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Fig. 11. Four examples of flow fields averaged over the lifetimes of 4 TFGs (8 h 10 min, 3 h 1 min, 2 h 37 min, 1 h 28 min) of our time sequence;
they correspond to the longest–lived one shown in Fig. 2 and to the 3 examples of Fig. 10.

Fig. 12. Flow field averaged over 8 h 45 min.

from a single granule at its beginning. A striking result is that
TFGs can live much longer (up to 8h 10min) than individual
granules (10 min).

Our study suggests that these longest–lived families are
fundamental in structuring the velocity field that we observe
on the Sun’s surface. First, the longest–lived families (≥1.5 h)
cover a large fraction (62%) of the total granule area (defined

Fig. 13. Flow field averaged over 8 h 45 min with TFG 1204
overplotted.

as per the discussion in Sect. 4). Second, as TFGs lifetimes
are much longer than the typical timescale associated with in-
dividual granules, the flow induced by such coherent structure
should have a strong influence on the dynamics.
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Fig. 14. Example of the horizontal velocity flow field of the longest–
lived TFG (cf. Fig. 2) computed with a temporal window of 30 min
and a spatial window of 1.5′′.

Fig. 15. Magnetic field (grey squares) and final position of the corks
(small crosses) due to the motion of all granules.

Fig. 16. Density of granule splitting displayed in gray scale (high den-
sity= bright, low density= dark) with cork positions superimposed.

We showed also that long-lived TFGs have all the proper-
ties of mesogranules, namely the size, the lifetime and the mean
diverging flow.

The foregoing results enlighten our view of mesogranu-
lation. They tend to confirm the suggestion made by Strauss
& Bonaccini (1997) and by Rieutord et al. (2000) that meso-
granulation is not a specific scale of convection driven by the
first ionization of helium, but just the large-scale extension
of granulation. TFGs show indeed how a coherent meso-scale
structure, a diverging flow, actually builds up from motions at
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Fig. 17. Positions of corks superimposed on locations of large granules
(diameter>1.4′′) throughout the whole series, displayed in gray scale
(high density= bright, low density= dark).

the granular scale. In this framework, TFGs can be viewed as
large scale coherent structures of the solar turbulent convec-
tion. Nevertheless the mechanism by which they actually form
remains to be understood, as well as the power laws describing
their statistical properties. We already note that TFGs are not
driven directly by buoyancy since they cover only a fraction of
the radiating surface of the Sun.

Note also that these structures, whose maximun radius is
around 5′′, are in fact the real-space side of the spectral feature
noticed in Rieutord et al. (2000) when computing the power
spectra of horizontal velocities (see their Fig. 1). This spectral
feature was associated with “Strong Positive Divergences” by
them, but we show here that the true structure is actually a TFG
which may contain many “Strong Positive Divergences”.

Concerning the relation between TFGs and supergranules,
our work shows that the density of splitting granules is very low
on the supergranule boundaries. We also found that, on a long
time scale (9 h), the granule splitting does not occur uniformly
on the solar surface. This is related to the existence of long-
lived TFGs which concentrate the splitting within small areas.

In order to investigate in more detail the possible link be-
tween TFGs and supergranulation, one should analyze a longer
time sequence like the one used by Shine et al. (2000), but with
higher spatial and temporal resolution than they used.

The new insight in the organization of the granulation
brought by the concept of TFGs could also help to understand
other solar surface phenomena. In the following we discuss
some of them.

The persistent structures in the averaged continuum images
described by Baudin et al. (1997) and Getling & Brandt (2002)
can be interpreted as a consequence of the TFGs which con-
centrate granules in certain areas in the space-time box.

Hoekzema & Brandt (2000) pointed out the importance of
meso-scale flows for solar surface waves. We think that TFGs
may play a role in the excitation of these oscillations. Indeed, in
the TFGs the splitting granules (or exploders) originating from
the same parent evolve nearly parallel in time and at close lo-
cations. They split more or less in phase and this introduces an
instantaneous large coherent scale. This scale is larger than that
of the granulation for the strong downflow where the excitation
of the oscillations occurs preferentially (Rimmele et al. 1995).
This is in agreement with previous results (Roudier et al. 1997)
where holes form along the dark lane (downflow) continuously
visible for more than 45 min and systematically distributed at
the periphery of mesogranular cells (i.e. the TFGs).

According to November (1989) the mesogranulation is the
principal component of the vertical velocity for the super-
granular flow. If we identify TFGs with mesogranules, this
indicates the important contribution of the TFGs in the su-
pergranular flows. The cork evolution shows that all families
contribute to form the network but the effect of the long-lived
ones alone (>1.5 h) could be sufficient to produce the network.
However, the motions could be influenced by an existing large–
scale flow which we cannot exclude. More investigations by
numerical simulations are needed to find out if the action of the
cumulative effects of the TFGs alone are sufficient to create the
network.

The treatment of the anomalous transport in disordered me-
dia of magnetic elements (Cadavid et al. 1999) invokes, to in-
terpret their diffusion measurements, “a memory”of the un-
derlying convection. Such a behaviour of the magnetic field
diffusion could be ascribed now to the action of TFGs. Indeed,
TFGs last up to 8 hours which could represent the sought-after
aspect of “memory” required for the granular pattern.

Our findings concerning TFGs and in particular the power
laws characterizing their statistical properties should serve as
a reference for numerical simulations of the solar surface con-
vection. The existence and properties of TFGs in the large scale
numerical simulation described in Rieutord et al. (2001) are
currently being investigated.
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Abstract. We present the results of a very large aspect ratio (A = 42.6) numerical simulation of fully compressible turbulent
convection in a polytropic atmosphere, and focus on the properties of large-scale flows. Mesoscale patterns dominate the
turbulent energy spectrum. We show that these structures, which had already been observed in Boussinesq simulations by
Cattaneo et al. (2001), have a genuine convective origin and do not result directly from collective interactions of the smaller
scales of the flow, even though their growth is strongly affected by nonlinear transfers. If this result is relevant to the solar
photosphere, it suggests that the dominant convective mode below the Sun’s surface may be at mesoscales.

Key words. Sun: granulation – convection – turbulence

1. Introduction

The origin of solar photospheric flows on horizontal scales
larger than granulation (ℓ ∼ 1000 km) has been a puzzling
problem for more than forty years, when supergranulation
(ℓ ∼ 30 000 km) was discovered by Hart (1954) and later
on confirmed by Simon & Leighton (1964). Even though re-
cent breakthroughs in the field of supergranulation imaging
have been made thanks to the emergence of local helioseis-
mology techniques (Duvall & Gizon 2000) and the results of
the MDI instrument (Hathaway et al. 2000), its origin is still
unclear. The existence of an intermediate scale, mesogranula-
tion (ℓ ∼ 8000 km), is also a matter of debate (Hathaway et al.
2000; Shine et al. 2000; Rieutord et al. 2000; Lawrence et al.
2001).

Meso and supergranulation have long been believed to be
due to Helium deep recombinations driving cell-like convec-
tion. This view now appears to be out of date (Rast 2003).
Several numerical experiments of convection (Cattaneo et al.
1991; Stein & Nordlund 2000) at moderate aspect ratio (A
is the ratio of the box width to its depth) have shown a ten-
dency of long-lived large-scale flows to form in depth. Using
large aspect ratio (A = 20) simulations of Boussinesq con-
vection, Cattaneo et al. (2001) have suggested that mesogran-
ulation may result from nonlinear interactions of granules (see
also Rast 2003). A large scale instability (Gama et al. 1994) of
granules has also been proposed by Rieutord et al. (2000) to ex-
plain supergranulation. Local numerical simulations at A = 10
(Rieutord et al. 2002) did not confirm it. DeRosa et al. (2002),
using spherical simulations, have computed flows down to su-
pergranular scales. Actually, the emergence of the three distinct

scales of granulation, mesogranulation, and supergranulation in
the surface layers, among the observed continuum of scales, re-
mains a fully open problem that still deserves much work.

In this Letter, we report new results on three-dimensional
numerical simulations of fully compressible turbulent convec-
tion in a rectangular box with very large aspect ratio A = 42.6.
This configuration allows us to study accurately the turbulent
dynamics at horizontal scales between granulation and super-
granulation, which have not been covered by previous numeri-
cal simulations. A compressible fluid is used to provide a more
realistic model of photospheric convection than a Boussinesq
fluid. Also, density stratification should attenuate the effect of
an artificial bottom boundary (Nordlund et al. 1994).

In Sect. 2 we present our numerical setup and physical
model. Section 3 is devoted to the analysis of the flow. The
main consequences of the results are discussed in Sect. 4,
which is followed by a short conclusion.

2. Numerical model and run parameters

For the purpose of our investigations we use a code designed
to solve the fully compressible hydrodynamic equations for a
perfect gas (e.g. Cattaneo et al. 1991) in cartesian geometry.
Constant dynamical viscosity and thermal conductivity are as-
sumed. A constant thermal flux is imposed at the bottom, while
temperature is held fixed at the surface. The velocity field sat-
isfies stress-free impenetrable boundary conditions. The initial
state is a m = 1 polytropic atmosphere (γ = 5/3) with small
random velocity u, temperature θ, and density ρ perturbations.
The initial density contrast between the bottom and top plates
is 3, a value for which most of the features of stratification
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are already present in the linear convective instability prob-
lem (Gough et al. 1976). The Prandtl number is Pr = 0.3 and
the Rayleigh number evaluated in the middle of the layer is
R = 3 × 105 (650 times supercritical). We do not paste several
smaller boxes initially, as was the case in the paper by Cattaneo
et al. (2001), thus there is no artificial spatial symmetry at t = 0.

A sixth-order compact finite difference scheme (Lele 1992)
is used in the vertical (gravity g) direction and a spectral
scheme in the horizontal (periodic) directions. FFTs are imple-
mented via the MPI version of FFTW (Frigo & Johnson 1998).
Dealiasing by removal is performed using the 2/3 rule (Canuto
et al. 1988). Time-stepping is done with a third-order, low-
storage, fully explicit Runge-Kutta scheme. Energy dissipation
is handled by Laplacian terms, without any subgrid-scale mod-
elling or hyperviscosity. A very large aspect ratio A = 42.6 was
achieved using 82 × 1024 × 1024 grid points. The simulation
ran on 64 processors and a total of 400 GB of raw data was
collected throughout the numerical experiment.

3. Results

In the following, the depth of the layer d is used as unit of
length and the vertical thermal diffusion time d2/κbot as unit of
time (κbot is the thermal diffusivity at the bottom of the layer).

3.1. Flow structure and evolution

We first describe the flow evolution during 0.7 thermal diffu-
sion time, corresponding to twelve turnover times (twice the
vertical crossing time based on the rms velocity). Initially, lin-
ear growth is observed for a normalized horizontal wavenum-
ber k ∼ 45 (length ℓ ∼ 1) predicted by linear theory. The maxi-
mum of the depth-dependent momentum spectrum (hats denote
two-dimensional horizontal Fourier transforms)

E(k, z) =
∫

Ωk

∣∣∣∣(̂ρu)k(z)
∣∣∣∣
2

k dΩk (1)

then progressively shifts from k ∼ 45 to k ∼ 5–8 (ℓ ∼ 5–8) at
the end of the simulation (Fig. 1). As can be seen in Fig. 2, the
integral scale reaches Lint ∼ 7. Horizontal temperature maps at
different times (Fig. 3) clearly show that the dominant scale of
the flow increases during the simulation. This coherent pattern
is best seen in the middle of the layer, but most of the in-depth
dynamics are still clearly visible in the surface layers. In the up-
per layers, a second distinct smaller scale appears (bottom-right
picture of Fig. 3). Its vertical extent (0.2 d) corresponds to the
surface region of superadiabatic stratification, while the interior
is almost isentropic. Referring to the Sun, we shall identify this
thermal boundary layer scale with granulation, thus the larger
internal scale is a mesoscale.

Next we shall try to explain the growth and saturation of the
integral scale as well as the origin of the observed mesoscales.

3.2. Convective origin of mesoscales

After the linear growth, saturation of the velocity amplitude
at k ∼ 45 occurs. At that time, this mode is the scale of

Fig. 1. Normalized momentum E(k, z) and temperature Eθ(k, z) power
spectra at t = 0.7 and z = 0.99 (the temperature spectrum has been
shifted). The maximum around k ∼ 7 corresponds to mesoscales.
Also, a significant power excess in Eθ(k, z) is observed around k ∼ 40
close to the surface, in comparison to the deeper layers. This feature
is associated with granulation in this simulation.

Fig. 2. Integral scale Lint(z)= π2
∫

k−1E(k, z) dk
/∫

E(k, z) dk evolution
at z = 0.87. This scale represents the most energetic flow structures.

energy injection. Larger scales are also highly linearly unsta-
ble for R = 3 × 105 and we observe that they continue to grow.

However, in the nonlinear regime, energy transfer to
smaller scales limits this growth. To show this, we take the
horizontal Fourier transform of the momentum equation and
extract its solenoidal part by applying the projection opera-
tor P [u] = u − ∇∆−1

∇·u = us, denoted by P̂ when acting on
horizontally Fourier-transformed fields. Taking the dot product
with the complex conjugate of the solenoidal part of momen-
tum (̂ρu)s

∗

k(z), integrating over depth z and anglesΩk in the hor-
izontal spectral plane, we obtain a time-evolution equation for
the solenoidal part Es(k, z) of E(k, z), integrated vertically:

∂t

∫ 1

0
Es(k, z) dz = T (k) + F(k) + D(k), (2)

T (k) = −2 Re

[∫ 1

0

∫

Ωk

(̂ρu)s
∗

k · P̂
[ ̂∇·(ρuu)k

]
k dΩk dz

]
, (3)

F(k) = 2 Re

[∫ 1

0

∫

Ωk

(̂ρu)s
∗

k · P̂
[
ρ̂gk

]
k dΩk dz

]
. (4)
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Fig. 3. From left to right and top to bottom, time-evolution of temperature maps at z = 0.63. The size of the visible mesoscale pattern increases
until a quasi-steady state is reached (bottom-left image). Bottom-right picture: same as bottom-left image, for a surface layer (z = 0.99), showing
the differences between in-depth mesoscale dynamics and the smaller-scale flow in the upper thermal boundary layer.

T (k) represents nonlinear transfers, F(k) is the forcing by buoy-
ancy and D(k), which has a similar definition, represents vis-
cous dissipation. In Fig. 4, we plot these quantities averaged
over a time interval during which k > 12 modes are steady,
while modes with smaller k develop. We observe that F(k) is
the basic energy supply on large scales, as in the linear convec-
tive instability mechanism. Nonlinear transfer T (k) is always
negative for modes with 7 ≤ k ≤ 11, which have a small but
positive net energy growth. Therefore large scales do not come
out of nonlinear interactions but have a convective origin. This
effect could also be observed using the energy equation: as in
linear convection, energy is injected in large scales via the ad-
vection of the horizontally averaged entropy profile, while non-
linear transfers and diffusion only remove energy from them.

Note finally that the mesoscale pattern of Fig. 3 is expected
to expand slightly on a much longer time scale that can not
be achieved numerically. Also, the dominant scales may de-
pend on the Rayleigh number, as they result from a balance be-
tween buoyancy and nonlinear transfers. These mesocells are
very probably the same as those observed by Cattaneo et al.
(2001) in Boussinesq simulations with A = 20. Their size is
comparable in both experiments. We therefore confirm these
results for a compressible fluid, in a larger aspect ratio box with
no initial symmetry, but interpret them quite differently.

Fig. 4. Depth-integrated spectral transfer T (k), buoyancy forcing F(k),
dissipation D(k) and net power injected in

∫
Es(k, z) dz following

Eq. (2). An average between t = 0.14 and t = 0.20 has been taken
to outline the mean growth of k < 12 modes during this period owing
to F(k) (note especially that T (k) < 0 for these scales). The maximum
over k of the depth-integrated spectrum has been used for normalizing.

4. Discussion

4.1. Relations with solar photospheric convection

We now discuss the relevance of our results to the Sun. First,
an estimate of the size (in km) of the typical structures of our
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simulation can be computed to clarify the comparison with ob-
servations. Identifying the thermal boundary layer thickness
with the typical vertical extent of solar granulation (∼150 km),
we find our mesocells to be 6000 km wide.

This numerical experiment represents a highly idealized
model of photospheric convection, even though it integrates
density stratification. Differences with observations or with
more realistic simulations (Stein & Nordlund 1998) are there-
fore clearly expected. The most important one is the promi-
nent peak at mesoscales in our power spectrum (Fig. 1), which
might be due to boundary condition effects or to the absence
of radiative transfer in our simulations. As noted by Cattaneo
et al. (2001), granulation is directly related to the formation
of a thermal boundary layer, so that changes in boundary con-
ditions might have a strong impact on the contrast between
mesogranular and granular flows. Also, in radiative convection
simulations by Stein & Nordlund (2000) with an open bottom
boundary, the dominant scale visually increases continuously
with depth, which does not happen in our experiment. Besides,
the absence of radiative transfer in our simulations makes it
impossible to define a τ = 1 surface. Actually, the intensity
map presented by Rieutord et al. (2002) does not exhibit clear
mesoscale intensity modulation whereas temperature maps at
fixed depth do. Since the τ = 1 surface does not correspond to
a fixed depth, mesoscale convective flows may be present in the
subsurface layers and be partly hidden this way.

Besides, various observations suggest some mesoscale or-
ganization. Oda (1984) has reported some clustering of gran-
ules around brighter granules distributed on mesoscales. In
our simulation (Fig. 3), the imprint of mesoscales is very
clear at the surface and clustering of smaller granules also
occurs around bright spots corresponding to mesoscale up-
flows. Finally, a distribution of inter-network magnetic fields
at the scale of mesogranulation has been found recently
(Domínguez Cerdeña 2003; Roudier & Muller 2004), which
might also be related to strong convective mesoscale plumes.

4.2. Very large scales

A final word must be said about very large-scale flows.
According to the previous estimates, the horizontal size of our
box is 35 000 km, which does not leave much room for su-
pergranules. We do not obtain a second peak at small k in the
spectra, so there is strictly speaking no supergranulation in our
simulation. This may be because we do not have the neces-
sary physical ingredients in the model, because our box is not
large or deep enough, or because our run is too short. However,
noticeable positive nonlinear transfer occurs at the smallest k

(Fig. 4) and we observed weak horizontally divergent large-
scale flows of still unclear origin. When subjected to horizontal
strains, strong mesoscale vertical vortices resulting from angu-
lar momentum conservation in sinking plumes (Toomre et al.
1990) might help creating horizontal vorticity on large scales.

5. Conclusions

The results of our simulations of large-scale convection in a
compressible polytropic atmosphere show that the dominant

convective mode is found at mesoscales. We observe that large
aspect ratio simulations are necessary to study the convective
dynamics of these structures, since the integral scale is Lint ∼ 7
in the final quasi-steady state. A slow evolution is expected on
longer time scales, which are unfortunately numerically out of
reach. Some similarities with solar observations are found. If
this kind of model is relevant to study the solar photosphere,
our results suggest that mesoscale convection may be powerful
below the Sun’s surface. This would help to explain the coex-
istence of two apparently distinct granular and mesogranular
scales. Supergranulation is not found in this experiment.
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❈❤❛♣✐tr❡ ✺

Pr♦❥❡t ❞❡ r❡❝❤❡r❝❤❡

❆✉ ❝♦✉rs ❞❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✱ ❧✬ét✉❞❡ ❞❡s ❡✛❡ts ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❞❡ ❧❛

t✉r❜✉❧❡♥❝❡ s✉r ❧✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡ ❞♦✐t ❜é♥é✜❝✐❡r ❞❡ ❧✬❡①♣❧♦✐t❛t✐♦♥ ❞❡s ♥♦✉✈❡❛✉① ♠♦②❡♥s ❞✬♦❜s❡r✈❛t✐♦♥

❡♥ ♣❤♦t♦♠étr✐❡ ❤❛✉t❡ ♣ré❝✐s✐♦♥ ❞❡♣✉✐s ❧✬❡s♣❛❝❡ ✭❈♦r♦t✱ ❑❡♣❧❡r✮✱ s♣❡❝tr♦♣♦❧❛r✐♠étr✐❡ ✭◆❛r✈❛❧✱ ❊s♣❛❞♦♥s✮

❡t ✐♥t❡r❢ér♦♠étr✐❡ ✭❱▲❚■✮✳ ➚ ♠♦②❡♥ t❡r♠❡ ✭✷✵✶✺✲✷✵✷✵✮✱ ✉♥❡ ♥♦✉✈❡❧❧❡ ❣é♥ér❛t✐♦♥ ❞✬✐♥str✉♠❡♥t ✭●❛ï❛

♣♦✉r ❧✬❛str♦♠étr✐❡✱ ❙♣✐r♦✉ ♣♦✉r ❧❛ s♣❡❝tr♦♣♦❧❛r✐♠étr✐❡ ❡t ♣❡✉t✲êtr❡ P❧❛t♦ ♣♦✉r ❧❛ ♣❤♦t♦♠étr✐❡ s♣❛t✐❛❧❡✮

♣r❡♥❞r❛ ❧❡ r❡❧❛✐s✳

▲❡s t❤é♠❛t✐q✉❡s q✉❡ ❥❡ s♦✉❤❛✐t❡ ❞é✈❡❧♦♣♣❡r s✬✐♥s❝r✐✈❡♥t ❞❛♥s ❝❡ ❝❛❞r❡ ♣✉✐sq✉✬❡❧❧❡s ✈✐s❡♥t à ❧❛ ❢♦✐s à

♦❜t❡♥✐r ❞❡s ❝♦♥tr❛✐♥t❡s s✉r ❧❡s ♣r♦❝❡ss✉s ♠❛❣♥ét♦❤②❞r♦❞②♥❛♠✐q✉❡s ❡t à ♠♦❞é❧✐s❡r ❝❡s ♣r♦❝❡ss✉s✳ ❊❧❧❡s

s✬❛rt✐❝✉❧❡♥t ❛✉t♦✉r ❞❡ ❧❛ s✐s♠♦❧♦❣✐❡ ❡t ❞✉ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❡t

❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦❝❡ss✉s ❞❡ tr❛♥s♣♦rt ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s✳ ▲❡s rés✉❧t❛ts ♦❜t❡♥✉s s✉r

❧❛ t❤é♦r✐❡ ❞❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❧è✈❡♥t ✉♥ ♦❜st❛❝❧❡ ✐♠♣♦rt❛♥t à ❧✬✐♥t❡r♣rét❛t✐♦♥

❞❡s ❢réq✉❡♥❝❡s ❞❡s ét♦✐❧❡s ♠❛ss✐✈❡s ❡t ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ▼❛✐s ✐❧ ♥✬❛ ♣❛s ❡♥❝♦r❡ été ♠♦♥tré q✉❡

❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❡st ♣♦ss✐❜❧❡ ❡t ❝✬❡st à ❝❡tt❡ q✉❡st✐♦♥ q✉❡ ♥♦✉s ❡ss❛✐❡r♦♥s ❞✬❛♣♣♦rt❡r ✉♥❡

ré♣♦♥s❡ ❞❛♥s ❧❡s ♣r♦❝❤❛✐♥❡s ❛♥♥é❡s✳ ◆♦✉s s❡r♦♥s ❛♠❡♥é à ❧❛ ❢♦✐s à ❛♠é❧✐♦r❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s s♣❡❝tr❡s

❞✬♦s❝✐❧❧❛t✐♦♥ ❡t ♣r♦❜❛❜❧❡♠❡♥t à ♦❜t❡♥✐r ❞❡s ❝♦♥tr❛✐♥t❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s s✉♣♣❧é♠❡♥t❛✐r❡s s✉r ❧✬✐❞❡♥t✐✜✲

❝❛t✐♦♥✳ ❉❡ ♠ê♠❡ ❧❡s rés✉❧t❛ts ♦❜t❡♥✉s s✉r ❧❡ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ❛♣♣❡❧❧❡♥t

❞❡ ♥♦✉✈❡❛✉① ♣r♦❣r❛♠♠❡s ❞✬♦❜s❡r✈❛t✐♦♥ ❡t ❞❡ ♠♦❞é❧✐s❛t✐♦♥✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡ ♦❜s❡r✈❛t✐♦♥♥❡❧✱ ✐❧ s✬❛❣✐r❛

❞✬✉♥❡ ♣❛rt ❞❡ ♣ré❝✐s❡r ❧✬ét❡♥❞✉❡ ❡t ❧❡s ♣r♦♣r✐étés ❞✉ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ♠❛❣♥ét✐s♠❡ q✉❡ ♥♦✉s ❛✈♦♥s ♠✐s ❡♥

é✈✐❞❡♥❝❡ ❛✈❡❝ ❧❛ ❞ét❡❝t✐♦♥ ❞✉ ❝❤❛♠♣ ❞❡ ❱é❣❛ ❡t ❞✬❛✉tr❡ ♣❛rt ❞❡ ❞ét❡r♠✐♥❡r ❡♠♣✐r✐q✉❡♠❡♥t ❧❛ r❡❧❛t✐♦♥

❡♥tr❡ ❧❡ ❝❤❛♠♣ ♠✐♥✐♠✉♠ ❡t ❧❛ r♦t❛t✐♦♥ ❞❛♥s ❧❡ ❣r♦✉♣❡ ❞❡s ét♦✐❧❡s ❆♣ ♠❛❣♥ét✐q✉❡s✳ ❉✉ ♣♦✐♥t ❞❡ ✈✉❡

✷✺✼



✷✺✽ ❈❍❆P■❚❘❊ ✺✳ P❘❖❏❊❚ ❉❊ ❘❊❈❍❊❘❈❍❊

❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥✱ ❧✬♦r✐❣✐♥❡ ❞✉ ❝❤❛♠♣ ❞❡ t②♣❡ ❱é❣❛ s❡r❛ ❝♦♥s✐❞éré❡ ❡♥ ét✉❞✐❛♥t ❧❛ ♣♦ss✐❜✐❧✐té ❞✬✉♥❡

❞②♥❛♠♦ ❞❛♥s ❧✬❡♥✈❡❧♦♣♣❡ ❞❡ ❝❡s ét♦✐❧❡s ✭♥♦t❛♠♠❡♥t ❧❛ ❞②♥❛♠♦ ❞✐t❡ ❞❡ ❙♣r✉✐t✮ ❡t ❞❡s s✐♠✉❧❛t✐♦♥s ✷❉

♣✉✐s ✸❉ s❡r♦♥t ❡✛❡❝t✉é❡s ♣♦✉r ♣ré❝✐s❡r ❧❛ r❡❧❛t✐♦♥ ❝❤❛♠♣ ❝r✐t✐q✉❡✲r♦t❛t✐♦♥ ❡t ♠♦❞é❧✐s❡r ❧✬ét❡♥❞✉❡ ❞✉

❞és❡rt ♠❛❣♥ét✐q✉❡ ❡♥tr❡ ❧❡ ♠❛❣♥ét✐s♠❡ ❞❡ t②♣❡ ❱é❣❛ ❡t ❝❡❧✉✐ ❞❡s ❆♣✳ ❙✉r ❧❛ t❤é♠❛t✐q✉❡ ❞✉ tr❛♥s♣♦rt

t✉r❜✉❧❡♥t ❞❡s ③♦♥❡s r❛❞✐❛t✐✈❡s✱ ❥❡ ✈❛✐s ❝❤❡r❝❤❡r à ❝♦♥tr❛✐♥❞r❡ ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✐♥t❡♥s✐✈❡s

❧❛ ❢♦r♠❡ ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ tr❛♥s♣♦rt ✉t✐❧✐sés ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡✳ ❋✐♥❛❧❡♠❡♥t✱ s✉r ✉♥❡

t❤é♠❛t✐q✉❡ ♣❧✉s ✧♣❤②s✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡✧✱ ❥❡ ❝❤❡r❝❤❡r❛✐ ❞❡s é✈✐❞❡♥❝❡s ♦❜s❡r✈❛t✐♦♥♥❡❧❧❡s ❞✉ ❝❤❛♦s ❞✬♦♥❞❡

❞❛♥s ❧❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❡t é✈❡♥t✉❡❧❧❡♠❡♥t à ét❡♥❞r❡ ❝❡ ❝♦♥❝❡♣t à ❞✬❛✉tr❡s s②stè♠❡s ♥❛t✉r❡❧s✳

❈❡s r❡❝❤❡r❝❤❡s s✬✐♥s❝r✐✈❡♥t ♣❛r❢❛✐t❡♠❡♥t ❞❛♥s ❧❡s ♦❜❥❡❝t✐❢s ❞❡ ❧✬éq✉✐♣❡ ❙t❡❧❧❛✐r❡ ❡t ❙♦❧❛✐r❡ ❞✉ ♥♦✉✈❡❛✉

❧❛❜♦r❛t♦✐r❡ ❞❡ ❚♦✉❧♦✉s❡ q✉✐ ❞♦✐t ✈♦✐r ❧❡ ❥♦✉r ❡♥ ❥❛♥✈✐❡r ✷✵✶✶✳

✺✳✶ ❙✐s♠♦❧♦❣✐❡ ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

➚ ❧✬✐ss✉❡ ❞✉ tr❛✈❛✐❧ ♣rés❡♥té ❞❛♥s ❝❡tt❡ t❤ès❡✱ ♥♦✉s s♦♠♠❡s ❝❛♣❛❜❧❡s ❞❡ ❝❛❧❝✉❧❡r ❞❡s s♣❡❝tr❡s ❞❡

❢réq✉❡♥❝❡s ❞❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❡t ♥♦✉s ❝♦♠♣r❡♥♦♥s ❧❛ str✉❝t✉r❡ ❞✉ s♣❡❝tr❡ ❞❛♥s ❧❡

ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s✳ ◆♦✉s s♦♠♠❡s ♠❛✐♥t❡♥❛♥t ❡♥ ♠❡s✉r❡ ❞❡ ♥♦✉s ❛tt❛q✉❡r ♣❧✉s

❞✐r❡❝t❡♠❡♥t ❛✉ ♣r♦❜❧è♠❡ ❞❡ ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s ❡t ❥❡ ❝♦♠♣t❡ ❧❡ ❢❛✐r❡ ❡♥ ❞é✈❡❧♦♣✲

♣❛♥t tr♦✐s ❛①❡s ❞❡ r❡❝❤❡r❝❤❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s✳ ▲❡ ♣r❡♠✐❡r ❝♦♥s✐st❡ à ✉t✐❧✐s❡r ❞❡s s♣❡❝tr❡s t❤é♦r✐q✉❡s

♣♦✉r ❝♦♥str✉✐r❡ ❞❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s q✉✐ s❡r♦♥t ❡♥s✉✐t❡ t❡sté❡s s✉r ❞❡s s♣❡❝tr❡s

♦❜s❡r✈és ✭❙❡❝t✳ ✺✳✶✳✶✮✳ ▲❡ ❞❡✉①✐è♠❡ ❛①❡ ❞❡ r❡❝❤❡r❝❤❡ ✈✐s❡ à ❛♠é❧✐♦r❡r ❧❡ ré❛❧✐s♠❡ ❞❡s s♣❡❝tr❡s t❤é♦✲

r✐q✉❡s ❡♥ ♠♦❞é❧✐s❛♥t ❧❛ ✈✐s✐❜✐❧✐té✱ ❧❡ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ❡t ❧❛ s❛t✉r❛t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡s ♠♦❞❡s

✭❙❡❝t✳ ✺✳✶✳✸✮✳ ▲❡ tr♦✐s✐è♠❡ ❛①❡ ❡st ❞❡ ❞é✈❡❧♦♣♣❡r ♦✉ ❞✬❛❞❛♣t❡r ❛✉ ❝❛s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❞❡s

♠ét❤♦❞❡s s✉s❝❡♣t✐❜❧❡s ❞✬❛♣♣♦rt❡r ❞❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s ♣♦✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s✱ ♥♦✲

t❛♠♠❡♥t ♣❛r s♣❡❝tr♦s❝♦♣✐❡ ♦✉ ♣❤♦t♦♠étr✐❡ ♠✉❧t✐✲❝♦✉❧❡✉r ✭❙❡❝t✳ ✺✳✶✳✷✮✳ P❛r ❛✐❧❧❡✉rs ❧❛ ❝♦♥str✉❝t✐♦♥ ❞❡ ❧❛

t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞❛♥s ✉♥❡ ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❞♦✐t êtr❡ ♣♦✉rs✉✐✈✐❡ ❞✬✉♥❡ ♣❛rt ❡♥

❛♣♣r♦❢♦♥❞✐ss❛♥t ❝❡rt❛✐♥s ❛s♣❡❝ts ❝♦♥❝❡r♥❛♥t ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❡t ❞✬❛✉tr❡ ♣❛rt ❡♥ ❞é✈❡❧♦♣♣❛♥t ✉♥❡

t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ♣♦✉r ❧❡s ♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ✭❙❡❝t✳ ✺✳✶✳✹✮✳



✺✳✶✳ ❙■❙▼❖▲❖●■❊ ❉❊❙ ➱❚❖■▲❊❙ ❊◆ ❘❖❚❆❚■❖◆ ❘❆P■❉❊ ✷✺✾

✺✳✶✳✶ ❈♦♥str✉✐r❡ ❞❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s

▲✬♦❜❥❡❝t✐❢ ❡st ❞❡ ❝♦♥str✉✐r❡✱ à ♣❛rt✐r ❞❡ s♣❡❝tr❡s t❤é♦r✐q✉❡s✱ ❞❡s ♦✉t✐❧s ❞✬❛♥❛❧②s❡ q✉✐ ♣❡r♠❡ttr♦♥t

❞✬✐❞❡♥t✐✜❡r ❛✉ ♠♦✐♥s ❝❡rt❛✐♥❡s ❢réq✉❡♥❝❡s ❞❛♥s ❧❡s s♣❡❝tr❡s ♦❜s❡r✈és✳ P♦✉r ❧❡s ♦s❝✐❧❧❛t✐♦♥s ❞❡ t②♣❡ s♦❧❛✐r❡

❞❡s ét♦✐❧❡s à ❢❛✐❜❧❡ r♦t❛t✐♦♥✱ ❧❡ ❞✐❛❣r❛♠♠❡ é❝❤❡❧❧❡ ❡st ✉♥ ♦✉t✐❧ ❞❡ ❝❡ t②♣❡ ♣✉✐sq✉✬✐❧ ♣❡r♠❡t✱ ❛✉ ♠♦✐♥s ❡♥

♣r✐♥❝✐♣❡✱ ❞❡ ❞ét❡r♠✐♥❡r ❧❡ ❞❡❣ré ❞❡ ❧✬❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❛ss♦❝✐é ❛✉① ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳ ▼ê♠❡ s✐

✉♥❡ t❡❝❤♥✐q✉❡ s✐♠✐❧❛✐r❡ ♣♦✉rr❛✐❡♥t êtr❡ ❛♣♣❧✐q✉é❡ ❛✉① ♠♦❞❡s ❞✬î❧♦ts ❞❡ ❤❛✉t❡ ❢réq✉❡♥❝❡✱ ❧✬❛♥❛❧②s❡ ❞❡s

s♣❡❝tr❡s ❞✬ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ❡st ❝♦♠♣❧✐q✉é❡ ♣❛r ♣❧✉s✐❡✉rs ❢❛❝t❡✉rs ✿ ❧❡ s♣❧✐tt✐♥❣ r♦t❛t✐♦♥♥❡❧ ❡st

s✉✣s❛♠♠❡♥t ✐♠♣♦rt❛♥t ♣♦✉r ♠é❧❛♥❣❡r ❧❡s s♣❡❝tr❡s ❛❝♦✉st✐q✉❡s ❞❡ ❞✐✛ér❡♥ts m✱ ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s

♦❜s❡r✈és s❡ s✐t✉❡♥t ❞❛♥s ❧❛ ♣❛rt✐❡ ❜❛ss❡ ❞✉ s♣❡❝tr❡ ✭n ≤ nmax ∼ 10✮ ♦ù ❧❡s ❞é✈✐❛t✐♦♥s ♣❛r r❛♣♣♦rt ❛✉

ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ s♦♥t ♣❧✉s ✐♠♣♦rt❛♥t❡s✱ ✉♥ s♣❡❝tr❡ ✐rré❣✉❧✐❡r ❞❡ ♠♦❞❡s ❝❤❛♦t✐q✉❡s s❡ s✉♣❡r♣♦s❡♥t

très ♣r♦❜❛❜❧❡♠❡♥t ❛✉ s♣❡❝tr❡ ré❣✉❧✐❡r ❞❡s ♠♦❞❡s ❞✬î❧♦ts✳ ❉❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s✱ ❧❡s s♣❡❝tr❡s t❤é♦r✐q✉❡s

s❡r✈✐r♦♥t à ❝♦♥str✉✐r❡ ❡t t❡st❡r ❞❡ ♥♦✉✈❡❧❧❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥✳ ▲❛ ❢❛✐❜❧❡ss❡ ♣r✐♥❝✐♣❛❧❡ ❞❡s s♣❡❝tr❡s

t❤é♦r✐q✉❡s ❡st ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❛♠♣❧✐t✉❞❡s ✐♥tr✐♥sèq✉❡s ❞❡s ♠♦❞❡s✱ ❧❡s ♠é❝❛♥✐s♠❡s ♥♦♥✲❧✐♥é❛✐r❡s q✉✐

❧❡s ❞ét❡r♠✐♥❡♥t r❡st❛♥t très ♠❛❧ ❝♦♥♥✉s✳ P♦✉r ❝❡t ❛s♣❡❝t ❞✉ ♣r♦❜❧è♠❡✱ ❧❛ ❝♦♥❢r♦♥t❛t✐♦♥ ❛✈❡❝ ❧❡s s♣❡❝tr❡s

♦❜s❡r✈és ♣♦✉rr❛✐t ♣❡r♠❡ttr❡ ❞❡ ♠✐❡✉① ❝❛❧✐❜r❡r ❧❡s ❛♠♣❧✐t✉❞❡s ✐♥tr✐♥sèq✉❡s✳

◆♦✉s ❝♦♠♣t♦♥s ❛❜♦r❞❡r ❝❡tt❡ t❤é♠❛t✐q✉❡ ❡♥ s✉✐✈❛♥t ❞❡✉① ❛♣♣r♦❝❤❡s ❝♦♠♣❧é♠❡♥t❛✐r❡s✳ ❉✬✉♥❡ ♣❛rt✱

♥♦✉s ❝♦♥str✉✐s♦♥s ✉♥ s♣❡❝tr❡ t❤é♦r✐q✉❡ ✈❛❧❛❜❧❡ ❞❛♥s ❧❡ ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ❧❛ t❤é♦r✐❡

❛s②♠♣t♦t✐q✉❡ ❢♦✉r♥✐t ❞❡s s♣❡❝tr❡s ♣r❛t✐q✉❡♠❡♥t s❛♥s ❝❛❧❝✉❧ ❝❡ q✉✐ ♣❡r♠❡t ❞❡ t❡st❡r ❞❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥✲

t✐✜❝❛t✐♦♥ s✉r ✉♥❡ ❣❛♠♠❡ ✐♠♣♦rt❛♥t❡ ❞❡ ♠♦❞è❧❡s✳ ❉✬❛✉tr❡ ♣❛rt✱ ♥♦✉s ❝♦♥s✐❞ér♦♥s ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡

♣❛rt✐❝✉❧✐❡r ❝♦rr❡s♣♦♥❞❛♥t à ✉♥❡ ét♦✐❧❡ ♦❜s❡r✈é❡ ❡t ♥♦✉s ✉t✐❧✐s♦♥s ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ♣♦✉r ❝❛❧❝✉❧❡r ✉♥

s♣❡❝tr❡ t❤é♦r✐q✉❡ ❝♦♠♣❧❡t ❞❛♥s ❧❛ ❣❛♠♠❡ ❞❡ ❢réq✉❡♥❝❡ ♦❜s❡r✈é❡✳

◆♦✉s ❛✈♦♥s ❞é❥à ❝♦♠♠❡♥❝é à t❡st❡r ❞❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❡♥ ♥♦✉s ♣❧❛ç❛♥t ❞❛♥s ❧❡ ré❣✐♠❡

❛s②♠♣t♦t✐q✉❡✳ ❉❛♥s ❝❡ ❝❛s✱ ♥♦✉s s❛✈♦♥s q✉✬❛✉ ❞❡❧à ❞✬✉♥❡ ❝❡rt❛✐♥❡ r♦t❛t✐♦♥ ❧❡ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡ ✈✐s✐❜❧❡

❡st ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞❡ ❞❡✉① s♦✉s✲s♣❡❝tr❡s ✿ ✉♥ s♦✉s✲s♣❡❝tr❡ ré❣✉❧✐❡r ❞é❝r✐t ♣❛r ✉♥❡ ❢♦r♠✉❧❡ s✐♠✐❧❛✐r❡ à ❧❛

❢♦r♠✉❧❡ ❞❡ ❚❛ss♦✉❧ ❡t ✉♥ s♦✉s✲s♣❡❝tr❡ ✐rré❣✉❧✐❡r ♠❛✐s ❞♦♥t ❧❡s ♣r♦♣r✐étés st❛t✐st✐q✉❡s s♦♥t ❝♦♥♥✉❡s ✭▲✐✲

❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✷✵✵✾✱ ❆✼✮✳ ◆♦✉s ❛✈♦♥s ❛❧♦rs ❝❤❡r❝❤é ❞❛♥s q✉❡❧❧❡ ♠❡s✉r❡ ❧❛ ❢♦♥❝t✐♦♥ ❞✬❛✉t♦❝♦rré❧❛t✐♦♥

❞✉ s♣❡❝tr❡ ♣❡r♠❡t ❞❡ r❡tr♦✉✈❡r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ♣❛rt✐❡ ré❣✉❧✐èr❡ ❞✉ s♣❡❝tr❡✳ ◆♦✉s ❛✈♦♥s ❢❛✐t ❝❡tt❡

ét✉❞❡ ❡♥ ❢❛✐s❛♥t ✈❛r✐❡r tr♦✐s ♣❛r❛♠ètr❡s ♣r✐♥❝✐♣❛✉① ❞✉ s♣❡❝tr❡✱ ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡ ❝♦♥s✐❞éré✱ ❧✬❛♥❣❧❡

❞✬✐♥❝❧✐♥❛✐s♦♥ ❡♥tr❡ ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ ❞❡ ❧✬ét♦✐❧❡ ❡t ❧✬♦❜s❡r✈❛t❡✉r✱ ❡t ❧❡ s❡✉✐❧ ❡♥ ❛♠♣❧✐t✉❞❡ q✉✐ ♣❡r♠❡t ❞❡ ♥❡
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❝♦♥s❡r✈❡r q✉❡ ❧❡s ♣✐❝s ❞❡ ♣❧✉s ❤❛✉t❡s ❛♠♣❧✐t✉❞❡s ❞✉ s♣❡❝tr❡✳ ◆♦✉s ❛✈♦♥s é❣❛❧❡♠❡♥t ❢❛✐t ❧✬❤②♣♦t❤ès❡ q✉❡

❧❡s ❛♠♣❧✐t✉❞❡s ❞❡s ♣✐❝s ❞✉ s♣❡❝tr❡ s♦♥t ❞ét❡r♠✐♥é❡s ♣❛r ❧❡s ❡✛❡ts ❞✬❛♥♥✉❧❛t✐♦♥ ❞✉s à ❧✬✐♥té❣r❛t✐♦♥ s✉r

❧❡ ❞✐sq✉❡ ✈✐s✐❜❧❡✳ ◆♦s rés✉❧t❛ts ♣ré❧✐♠✐♥❛✐r❡s ✐♥❞✐q✉❡♥t q✉❡ ✭✐✮ ❧❛ ❞ét❡❝t✐♦♥ ❞❡ ♣❛tt❡r♥s ré❣✉❧✐❡rs ❞é♣❡♥❞

❢♦rt❡♠❡♥t ❞✉ r❛t✐♦ ❡♥tr❡ ❧❡ ♥♦♠❜r❡ ❞❡ ♠♦❞❡s ré❣✉❧✐❡rs ❡t ✐rré❣✉❧✐❡rs ✭✐✐✮ ❧❡s ❝♦♥✜❣✉r❛t✐♦♥s ♦ù ❧✬❛♥❣❧❡

❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st ❢❛✐❜❧❡ s♦♥t ♣❧✉s ❢❛✈♦r❛❜❧❡s q✉❡ ❝❡❧❧❡s ♦ù ❧✬ét♦✐❧❡ ❡st ✈✉❡ ♣❛r ❧✬éq✉❛t❡✉r ✭✐✐✐✮ ❡♥ ❧✬❛❜s❡♥❝❡

❞❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡✱ ❧❛ s✐❣♥❛t✉r❡ ❞✉ s♣❧✐tt✐♥❣ r♦t❛t✐♦♥♥❡❧ ❡♥tr❡ ❧❡s ♠♦❞❡s m = 1 ❡t m = −1 ❡st

❢❛❝✐❧❡♠❡♥t ❞ét❡❝t❛❜❧❡ ✭▲✐❣♥✐èr❡s ❡t ❛❧✳ ✷✵✶✵✮✳ ▲❛ ❋✐❣✉r❡ ✺✳✶ ♠♦♥tr❡ ❧❡s ❢♦♥❝t✐♦♥s ❞✬❛✉t♦❝♦rré❧❛t✐♦♥ ❞✉

s♣❡❝tr❡s ❞❛♥s ✉♥ ❝❛s ❢❛✈♦r❛❜❧❡ ♦ù ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st ❢❛✐❜❧❡✳ ❘é❝❡♠♠❡♥t✱ ✉♥❡ ♣r❡♠✐èr❡ ❞ét❡❝t✐♦♥

❞✬✉♥ é❝❛rt ré❣✉❧✐❡r ❡♥tr❡ ❢réq✉❡♥❝❡ ❞❛♥s ✉♥ s♣❡❝tr❡ ❞❡ δ ❙❝✉t✐ ♦❜s❡r✈é❡ ♣❛r ❈♦r♦t ❛ été ❛♥♥♦♥❝é❡ ✭●❛r❝í❛

❍❡r♥á♥❞❡③ ❡t ❛❧✳ ✷✵✵✾✮✳ ◆♦✉s ❛✈♦♥s ❡♥t❛♠é ✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❝❡tt❡ éq✉✐♣❡ ✭♥♦t❛♠♠❡♥t ❏✳❈✳ ❙✉❛r❡③✮

♣♦✉r t❡st❡r ♥♦s ♠ét❤♦❞❡s s✉r ❧❡ s♣❡❝tr❡ ❞❡ ❝❡tt❡ ét♦✐❧❡✳

▲❡ ❝❛❧❝✉❧ ❞✬✉♥ s♣❡❝tr❡ ré❛❧✐st❡ ❛✈❡❝ ❧❡ ❝♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ ❡st ♠❡♥é ♣❛r ❉✳ ❘❡❡s❡ ❛❝t✉❡❧❧❡♠❡♥t ❡♥

♣♦st❞♦❝ à ❧✬❖❜s❡r✈❛t♦✐r❡ ❞❡ ▼❡✉❞♦♥ ❡t ❛✈❡❝ q✉✐ ❥❡ ❝♦❧❧❛❜♦r❡ ♥♦t❛♠♠❡♥t s✉r ❧❡ ❝❛❧❝✉❧ ❞❡ ❧❛ ✈✐s✐❜✐❧✐té

❞❡s ♠♦❞❡s✳ ▲❡ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ré❛❧✐st❡ ❞û♠❡♥t ❞é❢♦r♠és ♣❛r ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❡st

❝❛❧❝✉❧é ❛✈❡❝ ❧❡ ❝♦❞❡ ❊❙❚❊❘ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✬✉♥❡ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ❋✳ ❊s♣✐♥♦s❛ ❡t ▼✳ ❘✐❡✉t♦r❞✳ ❈❡s

❝❛❧❝✉❧s ♣❡r♠❡ttr♦♥t ❞❡ t❡st❡r ❧❡s ♠ét❤♦❞❡s ❞✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞é✈❡❧♦♣♣é❡s ❞❛♥s ❧❡ ré❣✐♠❡ ❛s②♠♣t♦t✐q✉❡ s✉r

❞❡s s♣❡❝tr❡s ♣❧✉s ré❛❧✐st❡s✳

✺✳✶✳✷ ❆♠é❧✐♦r❡r ❧❡ ré❛❧✐s♠❡ ❞❡s s♣❡❝tr❡s t❤é♦r✐q✉❡s

❈♦♠♠❡ ❝❡❧❛ ❛ ❞é❥à été ❢❛✐t ❞❛♥s ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡✱ ❧❡ ré❛❧✐s♠❡ ❞❡s s♣❡❝tr❡s t❤é♦r✐q✉❡s ♣❡✉t

êtr❡ ❛♠é❧✐♦ré ❡♥ ♠♦❞é❧✐s❛♥t ❧✬❡①❝✐t❛t✐♦♥ ❡t ❧❛ ✈✐s✐❜✐❧✐té ❞❡s ♠♦❞❡s✳ P♦✉r ❧❡s ét♦✐❧❡s q✉✐ ♥♦✉s ❝♦♥❝❡r♥❡♥t

❧❡ ♣r✐♥❝✐♣❛❧ ♠é❝❛♥✐s♠❡ ❞✬❡①❝✐t❛t✐♦♥ ❡st ❧❡ κ ♠é❝❛♥✐s♠❡ q✉✐ ❡st ❧✐é à ❧❛ ♣rés❡♥❝❡ ❞✬✉♥ s❛✉t ❞✬♦♣❛❝✐té ❞❛♥s

❧✬ét♦✐❧❡✳ ❈❡ ♠é❝❛♥✐s♠❡ ❡st ❜✐❡♥ ❝♦♠♣r✐s ❞❛♥s ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡ ❡t ✐❧ ♣r♦❞✉✐t ✉♥❡ ❣❛♠♠❡ ❞❡

♠♦❞❡s ✐♥st❛❜❧❡s q✉❡ ❧✬♦♥ ♣❡✉t ✉t✐❧✐s❡r ❡♥s✉✐t❡ ♣♦✉r ❞é✜♥✐r ❧✬✐♥t❡r✈❛❧❧❡ ❞❡ ❢réq✉❡♥❝❡s ❞✉ s♣❡❝tr❡ t❤é♦r✐q✉❡✳

P♦✉r ❢❛✐r❡ ❞❡ ♠ê♠❡ ❛✈❡❝ ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✱ ✐❧ ❢❛✉t ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ q✉✐

♣r❡♥♥❡ ❡♥ ❝♦♠♣t❡ ❧❛ ❢♦r♠❛t✐♦♥ ❞❡ s❛✉t ❞✬♦♣❛❝✐té✳ ❉❡s ♠♦❞è❧❡s ❞❡ ❝❡ t②♣❡ s♦♥t ❛❝t✉❡❧❧❡♠❡♥t ❞é✈❡❧♦♣♣és

❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ ♣r♦❥❡t ❊❙❚❊❘✳ ❯♥❡ ❞❡s q✉❡st✐♦♥s ❡ss❡♥t✐❡❧❧❡s à ❧❛q✉❡❧❧❡ ♣♦✉rr❛✐t ré♣♦♥❞r❡ ✉♥❡ t❡❧❧❡

ét✉❞❡ ❡st ❧❛ ❞✐✛ér❡♥❝❡ é✈❡♥t✉❡❧❧❡ ❡♥tr❡ ❧✬❡①❝✐t❛t✐♦♥ ❞❡s ♠♦❞❡s ❞✬î❧♦ts ❡t ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s✳ ▲❡ ❝❛❧❝✉❧

❞❡ ❧❛ ✈✐s✐❜✐❧✐té ❞❡s ♠♦❞❡s ❝♦♥s✐st❡ à ❞ét❡r♠✐♥❡r✱ ♣♦✉r ✉♥❡ ❛♠♣❧✐t✉❞❡ ✐♥tr✐♥sèq✉❡ ❞♦♥♥é❡✱ ❧✬❛♠♣❧✐t✉❞❡

❞❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ❧✉♠✐♥♦s✐té ✐♥❞✉✐t❡ ♣❛r ❧❡ ♠♦❞❡✳ P♦✉r ❢❛✐r❡ ❝❡ t②♣❡ ❞❡ ❝❛❧❝✉❧s✱ ❞é❥à ré❛❧✐sés ♣♦✉r
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❋✐❣✳ ✺✳✶ ✕ ❆✉t♦❝♦rré❧❛t✐♦♥ ❞✬✉♥ s♣❡❝tr❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ♠♦❞❡s✲♣ rés✉❧t❛♥t ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥
s♣❡❝tr❡ ❞❡ ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❡t ❞✬✉♥ s♣❡❝tr❡ ❞❡ ♠♦❞❡s ❞✬î❧♦ts✳ ▲❛ ✜❣✉r❡ ❞✉ ❤❛✉t r❡♣rés❡♥t❡ ❧✬❛✉t♦❝♦rré✲
❧❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❡♥t✐❡r ❛❧♦rs q✉❡ ❧❡s ✜❣✉r❡s ❞✉ ♠✐❧✐❡✉ ❡t ❞✉ ❜❛s ♠♦♥tr❡♥t ❧✬❛✉t♦❝♦rré❧❛t✐♦♥ ❞❡s s♣❡❝tr❡s
❞❡ ♠♦❞❡s ❝❤❛♦t✐q✉❡s ✭❡♥ r♦✉❣❡✮ ❡t ❞✬î❧♦ts ✭❡♥ ❜❧❡✉✮✳ ▲✬❛❜s❝✐ss❡ ♠❡s✉r❡ ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ❢réq✉❡♥❝❡ ♥♦r♠❛✲
❧✐sé ♣❛r ❧✬éq✉✐✈❛❧❡♥t ❞❡ ❧❛ ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡ ∆✳ ❉❛♥s ❝❡ ❝❛s ❢❛✈♦r❛❜❧❡ ♦ù ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st ❢❛✐❜❧❡
i = 30◦✱ ❧❡s ♣r✐♥❝✐♣❛✉① ♣✐❝s ❞✉ s♣❡❝tr❡ ❞✬î❧♦t ✭q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❡♥tr❡ δn ❡t
δℓ ✲ ✈♦✐r ❊q✳ ✭✷✳✶✸✮✮ ♣❡✉✈❡♥t êtr❡ ❢❛❝✐❧❡♠❡♥t ❞ét❡❝tés ❞❛♥s ❧❡ s♣❡❝tr❡ t♦t❛❧✳ ❖♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t ✉♥ ♣✐❝
à 2Ω q✉✐ ♣r♦✈✐❡♥t ❞✉ s♣❡❝tr❡ ❝❤❛♦t✐q✉❡✳



✷✻✷ ❈❍❆P■❚❘❊ ✺✳ P❘❖❏❊❚ ❉❊ ❘❊❈❍❊❘❈❍❊

❧❡s ét♦✐❧❡s à ❢❛✐❜❧❡ r♦t❛t✐♦♥✱ ✐❧ ❢❛✉t ✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❛✈❡❝ ✉♥❡ ❛t♠♦s♣❤èr❡ ré❛❧✐st❡✳ ◆♦✉s ❝♦♠♣t♦♥s✱ ❧à

❡♥❝♦r❡✱ s✉r ❧❡s ♠♦❞è❧❡s ❞✬ét♦✐❧❡ ✐ss✉s ❞✉ ♣r♦❥❡t ❊❙❚❊❘✳

❋✐♥❛❧❡♠❡♥t✱ ❧❡ ♣♦✐♥t ❞✉r ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ❛♠♣❧✐t✉❞❡s ❞❛♥s ❧❡ s♣❡❝tr❡ t❤é♦r✐q✉❡ ❡st ❧❛ ❞ét❡r♠✐✲

♥❛t✐♦♥ ❞❡s ❛♠♣❧✐t✉❞❡s ✐♥tr✐♥sèq✉❡s ❞❡s ♠♦❞❡s ❝♦♠♠❡ rés✉❧t❛t ❞✬✉♥ ♣r♦❝❡ss✉s ❞❡ s❛t✉r❛t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡

❞❡s ♠♦❞❡s ❡①❝✐tés ♣❛r κ ♠é❝❛♥✐s♠❡✳ ❉❡s rés✉❧t❛ts ré❝❡♥ts ♦❜t❡♥✉s ❞❛♥s ♥♦tr❡ éq✉✐♣❡ ♣❛r ❚✳ ●❛st✐♥❡ ❡t

❇✳ ❉✐♥tr❛♥s ♠♦♥tr❡♥t q✉❡ ❧❛ s✐♠✉❧❛t✐♦♥ ♥✉♠ér✐q✉❡ ❞✐r❡❝t❡ ❞✉ κ ♠é❝❛♥✐s♠❡ ♣❡r♠❡t ❞❡ s✐♠✉❧❡r ❝❡ ♣r♦✲

❝❡ss✉s✱ ❛✉ ♠♦✐♥s ❞❛♥s ❧❡s ❝♦♥❞✐t✐♦♥s s✐♠♣❧❡s✱ ❣é♦♠étr✐❡ ❝❛rtés✐❡♥♥❡ ✶❉✱ ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s✳ ▼ê♠❡ s✐ ❝❡s

s✐♠✉❧❛t✐♦♥s ♥❡ s♦♥t ♣❛s ré❛❧✐st❡s ♣♦✉r ✉♥❡ ét♦✐❧❡✱ ❡❧❧❡s ♣❡✉✈❡♥t êtr❡ ✉t✐❧✐sé❡s ♣♦✉r t❡st❡r ❧❡s ♠♦❞è❧❡s ❞❡

s❛t✉r❛t✐♦♥ ❢❛✐❜❧❡♠❡♥t ♥♦♥✲❧✐♥é❛✐r❡s ✭●❛st✐♥❡ ✫ ❉✐♥tr❛♥s ✷✵✵✽✮✳ ❈❡s ♠♦❞è❧❡s ♣♦✉rr♦♥t ❛❧♦rs êtr❡ ❛♣♣❧✐q✉és

❛✈❡❝ ❧❡s ♠ê♠❡s ❤②♣♦t❤ès❡s ♣❤②s✐q✉❡s à ❧❛ s❛t✉r❛t✐♦♥ ♥♦♥✲❧✐♥é❛✐r❡ ❞❡s ♠♦❞❡s ♥♦♥✲r❛❞✐❛✉① ❞✬ét♦✐❧❡s✳

✺✳✶✳✸ ❖❜t❡♥✐r ❞❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s s✉r ❧❡s ♠♦❞❡s

◆♦✉s ❛✈♦♥s ♠❡♥t✐♦♥♥é ♣ré❝é❞❡♠♠❡♥t q✉❡ ❧❛ s♣❡❝tr♦s❝♦♣✐❡ ❡t ❧❛ ♣❤♦t♦♠étr✐❡ ❞❡s ét♦✐❧❡s ♣✉❧s❛♥t❡s

♣❡r♠❡tt❛✐❡♥t ❞✬♦❜t❡♥✐r ❞❡s ❝♦♥tr❛✐♥t❡s s✉♣♣❧é♠❡♥t❛✐r❡s s✉r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ♦❜s❡r✈é❡s✳ ❈❡s

♠ét❤♦❞❡s ♥✬♦♥t ❝❡♣❡♥❞❛♥t été ✐♠♣❧é♠❡♥té❡s q✉❡ ♣♦✉r ❧❡ ❝❛s à s②♠étr✐❡ s♣❤ér✐q✉❡ ❡t ❡❧❧❡s ❞❡✈r♦♥t êtr❡

❛❞❛♣té❡s s✐ ♦♥ ✈❡✉t ❧❡s ❛♣♣❧✐q✉❡r ❛✉ ❝❛s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥ ♣❛rt✐❝✉❧✐❡r ❧✬❛♥❛❧②s❡ ❞❡s ❞é✲

❢♦r♠❛t✐♦♥s ❞❡s ♣r♦✜❧s ❞❡ r❛✐❡ s✉♣♣♦s❡ ♣♦✉r ❧✬✐♥st❛♥t q✉❡ ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ s✉r❢❛❝❡ ❞✉ ♠♦❞❡ ❡st ❞é❝r✐t❡

♣❛r ✉♥❡ s❡✉❧❡ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ✐❧ ❢❛✉❞r❛✐t ✉t✐❧✐s❡r ❞❡s ❞♦♥♥é❡s s♣❡❝tr♦✲

s❝♦♣✐q✉❡s ♣♦✉r ♠♦♥tr❡r q✉❡ ❝❡tt❡ ❤②♣♦t❤ès❡ ♥❡ ♣❡r♠❡t ♣❛s ❞❡ r❡♣r♦❞✉✐r❡ ❧❡s ♣r♦✜❧s ❞❡ r❛✐❡ ♦❜s❡r✈és

❞❛♥s ❧❡ ❝❛s ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✳ ❊♥s✉✐t❡✱ ♦♥ ❝❤❡r❝❤❡r❛ à ❛♠é❧✐♦r❡r ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡s ♣r♦✜❧s

❞❡ r❛✐❡ ❡♥ ✉t✐❧✐s❛♥t✱ à ❧❛ ♣❧❛❝❡ ❞❡s ❤❛r♠♦♥✐q✉❡s s♣❤ér✐q✉❡s✱ ❧❛ ❞✐str✐❜✉t✐♦♥ ❡♥ s✉r❢❛❝❡ ❞❡s ♠♦❞❡s ❞✬î❧♦t

♦✉ ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s✳ ❖♥ ♣❡✉t ❞✬❛✐❧❧❡✉rs ♣❡♥s❡r q✉❡ ❧❛ s✐❣♥❛t✉r❡ s♣❡❝tr❛❧❡ ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s s❡

❞✐st✐♥❣✉❡r❛ ❢❛❝✐❧❡♠❡♥t ❞❡ ❝❡❧❧❡ ❞❡s ♠♦❞❡s ❞✬î❧♦ts✱ ♣❧✉s ❝♦♥❝❡♥trés s♣❛t✐❛❧❡♠❡♥t✳ ▲❛ ❋✐❣✉r❡ ✺✳✷ ✐❧❧✉str❡ ✉♥

♣r❡♠✐❡r ❝❛❧❝✉❧ ❞❛♥s ❝❡tt❡ ❞✐r❡❝t✐♦♥ ❡✛❡❝t✉é ♣❛r ❉✳ ❘❡❡s❡ ♦ù ❧✬♦♥ ✈♦✐t ❧❛ ❞é❢♦r♠❛t✐♦♥ ❞✉ ♣r♦✜❧ ❞❡ r❛✐❡

✐♥❞✉✐t ♣❛r ✉♥ ♠♦❞❡ ❞✬î❧♦t ❛✐♥s✐ q✉❡ ❧❡s ❧✐♠✐t❡s ❞❡ ❧❛ ♠♦❞é❧✐s❛t✐♦♥ ❞❡ ❝❡tt❡ ❞é❢♦r♠❛t✐♦♥ ♣❛r ✉♥❡ s❡✉❧❡

❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✳

✺✳✶✳✹ ❉é✈❡❧♦♣♣❡r ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❞✬♦s❝✐❧❧❛t✐♦♥

❉❡ ♥♦♠❜r❡✉① ❛s♣❡❝ts ❞❡ ❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ r❡st❡♥t à ❞é✈❡❧♦♣♣❡r✱ ❞✬✉♥❡ ♣❛rt ❡♥ ❛♣♣r♦❢♦♥❞✐ss❛♥t

❧❛ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❡t ❞✬❛✉tr❡ ♣❛rt ❡♥ ❝♦♥str✉✐s❛♥t ✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡
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❋✐❣✳ ✺✳✷ ✕ ❱❛r✐❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ r❛✐❡ ❞✬❛❜s♦r♣t✐♦♥ ❡♥❣❡♥❞ré ♣❛r ✉♥ ♠♦❞❡ ❞✬î❧♦t ❞✬✉♥❡
ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ✭✜❣✉r❡ ❞❡ ❣❛✉❝❤❡✮✳ ▲✬❛❜s❝✐ss❡ ❞é❝r✐t ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ✈✐t❡ss❡ r❛❞✐❛❧❡ ❡t ❧✬é✈♦❧✉t✐♦♥
t❡♠♣♦r❡❧❧❡ ❞❡s ♣r♦✜❧s ❛✉ ❝♦✉rs ❞✬✉♥❡ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ s❡ ❧✐t ❞❡ ❜❛s ❡♥ ❤❛✉t✳ ▲❛ r♦t❛t✐♦♥ ❞✉ ♠♦❞è❧❡
❞✬ét♦✐❧❡ ❡st Ω = 0.3ΩK ❡t ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st i = 60◦✳ ▲❛ ✜❣✉r❡ ❞❡ ❞r♦✐t❡ ♠♦♥tr❡ ❧❡s ✈❛r✐❛t✐♦♥s
t❡♠♣♦r❡❧❧❡s ❞❡ ♣r♦✜❧ q✉❡ ❧✬♦♥ ♦❜t✐❡♥❞r❛✐t s✐ ♦♥ ❝❤❡r❝❤❛✐t à ♠♦❞é❧✐s❡r ❧❡ ♠♦❞❡ ❞✬î❧♦t ❛✈❡❝ ✉♥❡ s❡✉❧❡
❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✳

♣♦✉r ❧❡s ♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s✳

❉❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧❛ t❤ès❡ ❞❡ ▼✐❝❦❛ë❧ P❛s❡❦✱ ♥♦✉s ét✉❞✐♦♥s ❡♥ ❞ét❛✐❧ ❧❛ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s

❞✬î❧♦ts ♣r♦♣♦sé❡ ❞❛♥s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✽✱ ❆✻✮✳ ■❧ s✬❛❣✐t ❞❡ ❝♦♥str✉✐r❡ ❧❡s s♦❧✉t✐♦♥s ❞❡ t②♣❡

❢❛✐s❝❡❛✉ ❣❛✉ss✐❡♥ ❛✉t♦✉r ❞✬✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡ st❛❜❧❡✱ ❞✬❡♥ ❞é❞✉✐r❡ ✉♥❡ ❢♦r♠✉❧❡ ❞❡ q✉❛♥t✐✜❝❛t✐♦♥ ❞❡

t②♣❡ ❊q✳ ✭✷✳✶✸✮✱ ❞✬ét❛❜❧✐r ❧❛ ❢❛ç♦♥ ❞♦♥t ❧❡s q✉❛♥t✐tés ♣♦t❡♥t✐❡❧❧❡♠❡♥t ♦❜s❡r✈❛❜❧❡s δn ❡t δℓ ❞é♣❡♥❞❡♥t ❞❡

❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ ♣✉✐s ❞❡ ❝♦♥❢r♦♥t❡r ❝❡s ♣ré❞✐❝t✐♦♥s ❛✉① ❝❛❧❝✉❧s ♥✉♠ér✐q✉❡s ❞❡ ♠♦❞❡s✳ P❛r ❧❛ s✉✐t❡

♥♦✉s ❝❤❡r❝❤❡r♦♥s é❣❛❧❡♠❡♥t à ét✉❞✐❡r ❧❛ ✈✐s✐❜✐❧✐té ❞❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❡♥ ♠♦❞é❧✐s❛♥t ❧❡✉r ❞✐str✐❜✉t✐♦♥

s♣❛t✐❛❧❡ ♣❛r ✉♥❡ s✉♣❡r♣♦s✐t✐♦♥ ❞✬♦♥❞❡ ♣❧❛♥❡ ❞♦♥t ❧❛ ❞✐r❡❝t✐♦♥ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ ❡t ❧❛ ♣❤❛s❡ s♦♥t ❛❧é❛t♦✐r❡s

✭❇ä❝❦❡r ✷✵✵✼✮✳

▲❛ ♣r❡♠✐èr❡ ét❛♣❡ ♣♦✉r ❝♦♥str✉✐r❡ ✉♥❡ t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ❡st ❞❡ ❞ét❡r✲

♠✐♥❡r ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❛ss♦❝✐é❡✳ ▲❡s éq✉❛t✐♦♥s ré❣✐ss❛♥t ❝❡tt❡ ❞②♥❛♠✐q✉❡ ♦♥t

été ré❝❡♠♠❡♥t ❞ér✐✈é❡s ❛✉ ❝♦✉rs ❞✉ st❛❣❡ ❞❡ ▼❛st❡r ✷ ❞❡ ❱✐♥❝❡♥t Pr❛t ✭Pr❛t ✷✵✶✵✮✳ ▲✬éq✉❛t✐♦♥ ✐❝♦♥❛❧❡

✐♥❝❧✉❛♥t ❧❡s ❡✛❡ts ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✱ ❞❡ ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡ ❡t ❧❛ ré❢r❛❝t✐♦♥ ❞❡s ♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧❧❡s

❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ♣r❡♥❞ ❧❛ ❢♦r♠❡ s✉✐✈❛♥t❡ ❞❛♥s ❧❡ ❝❛s ❞❡ ♠♦❞❡s ❛①✐s②♠étr✐q✉❡s ❞❛♥s

✉♥ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ✿

ω2 = f2 kz
2

k2 + kc
2 +N0

2 k⊥
2

k2 + kc
2 + f2 cos2 Θ

kc
2

k2 + kc
2 avec k2

c =
Γ2µ(µ+ 2)g2

0

4(µ+ 1)2c4s
✭✺✳✶✮
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♦ù kz ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♣❛r❛❧❧è❧❡ à ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥✱ k⊥ ❡st ❧❛ ❝♦♠♣♦s❛♥t❡ ♣❡r♣❡♥✲

❞✐❝✉❧❛✐r❡ à ❧❛ ❣r❛✈✐té ❡✛❡❝t✐✈❡ ~g0✱ f = 2Ω✱ Θ ❧❛ ♣s❡✉❞♦✲❝♦❧❛t✐t✉❞❡ ❞é✜♥✐❡ ♣❛r cos Θ = ~ez · ~e//✱ ♦ù ~e// ❡st

✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡ ♣❛r❛❧❧è❧❡ à ❣r❛✈✐té ❡✛❡❝t✐✈❡✱ ❡t µ ❧✬✐♥❞✐❝❡ ❞✉ ♣♦❧②tr♦♣❡✳ ▲❡ t❡r♠❡ ❡♥ kc ♥❡ ❞❡✈✐❡♥t

✐♠♣♦rt❛♥t q✉❡ ♣rès ❞❡ ❧❛ s✉r❢❛❝❡ ♦ù ✐❧ ♣r♦✈♦q✉❡ ❧❛ ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s✳ ▲❛ ❋✐❣✉r❡ ✺✳✸ ❞♦♥♥❡ ❧✬❡①❡♠♣❧❡ ❞❡

❞❡✉① r❛②♦♥s ❞❡ ❣r❛✈✐té ❝❛❧❝✉❧és à ♣❛rt✐r ❞❡ ❝❡tt❡ éq✉❛t✐♦♥ ✐❝♦♥❛❧❡✱ r❡s♣❡❝t✐✈❡♠❡♥t ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ s✉♣❡r✲

✐♥❡rt✐❡❧ f < ω < N0 ❡t s✉❜✲✐♥❡rt✐❡❧ ω < f ✳ ▲❛ ❞❡✉①✐è♠❡ tr❛❥❡❝t♦✐r❡ ❝♦rr❡s♣♦♥❞ à ✉♥❡ ♦r❜✐t❡ ♣ér✐♦❞✐q✉❡

st❛❜❧❡✳

❋✐❣✳ ✺✳✸ ✕ ❚r❛❥❡❝t♦✐r❡s ❞✬♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧❧❡s ❞❛♥s ❧❡ ré❣✐♠❡ s✉♣❡r✲✐♥❡rt✐❡❧ f < ω < N0 ✭à ❣❛✉❝❤❡✮ ❡t
s✉❜✲✐♥❡rt✐❡❧ ω < f ✭à ❞r♦✐t❡✮ ❞é❝r✐t❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇✳ ▲❡s ❧✐♠✐t❡s ❞✉ ❞♦♠❛✐♥❡ ❞❡
♣r♦♣❛❣❛t✐♦♥ ✭❡♥ r♦✉❣❡✮ s♦♥t ❞ét❡r♠✐♥é❡s à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ ✭✺✳✶✮✳ ▲❡s ❡✛❡ts ❞❡ ❧✬❛❝❝é❧ér❛t✐♦♥
❝❡♥tr✐❢✉❣❡ s♦♥t ♥é❣❧✐❣és ❞❛♥s ❝❡ ❝❛❧❝✉❧✳

➚ ❧❛ ❞✐✛ér❡♥❝❡ ❞❡ ❧✬❛♣♣r♦❝❤❡ ❜❛sé❡ s✉r ❧❡s ❝❛r❛❝tér✐st✐q✉❡s ✭❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✷✵✵✵✮✱ ❧❛ ❞②♥❛♠✐q✉❡

❞❡s r❛②♦♥s ❡st ✐❝✐ ❍❛♠✐❧t♦♥✐❡♥♥❡ ❝❡ q✉✐ ✐♥t❡r❞✐t ❧✬❛♣♣❛r✐t✐♦♥ ❞✬❛ttr❛❝t❡✉rs ❞❛♥s ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s✳ ▲❛

❞✐✛ér❡♥❝❡ ❡♥tr❡ ❝❡s ❞❡✉① ❛♣♣r♦❝❤❡s ❡st ❞✉❡ ❛✉ ❢❛✐t q✉❡ ❧❡s ❡✛❡ts ❞❡ s✉r❢❛❝❡ ❛ss✉r❛♥t ❧❛ ré❢r❛❝t✐♦♥ ❞❡s

♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ♥❡ ♣❡✉✈❡♥t ♣❛s êtr❡ ♣r✐s ❡♥ ❝♦♠♣t❡ ❞❛♥s ❧❡ ❢♦r♠❛❧✐s♠❡ ❞❡s ❝❛r❛❝tér✐st✐q✉❡s✳ ❉❛♥s

❉✐♥tr❛♥s ✫ ❘✐❡✉t♦r❞ ✭✷✵✵✵✮✱ ❧❛ ré✢❡①✐♦♥ ❞❡s ♦♥❞❡s à ❧❛ s✉r❢❛❝❡ ❞❡ ❧✬ét♦✐❧❡ ❛ ❞♦♥❝ été ♠♦❞é❧✐sé❡ ♣❛r

✉♥❡ ré✢❡①✐♦♥ s✉r ✉♥❡ s✉r❢❛❝❡ r✐❣✐❞❡✱ ❝❡ q✉✐ ❞étr✉✐t ❧❡ ❝❛r❛❝tèr❡ ❍❛♠✐❧t♦♥✐❡♥ ❞❡s éq✉❛t✐♦♥s ré❣✐ss❛♥t ❧❡s

❝❛r❛❝tér✐st✐q✉❡s✳

▲❡s ♣r❡♠✐èr❡s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s ✐♥❞✐q✉❡♥t ❞❡ ♥♦✉✈❡❛✉

q✉❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡✈✐❡♥t ♠✐①t❡ ❛✈❡❝ ❧❛ r♦t❛t✐♦♥✳ ❖♥ ❝♦♥st❛t❡ ♥é❛♥♠♦✐♥s q✉❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s t❡♥❞
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à ❧❛ st❛❜✐❧✐s❡r ❞❛♥s ❧❡ ré❣✐♠❡ s✉❜✲✐♥❡rt✐❡❧ ω < f ✳ ❉✬❛♣rès ♥♦tr❡ ❡①♣ér✐❡♥❝❡ ❛✈❡❝ ❧❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s✱

♥♦✉s ♣♦✉✈♦♥s ♥♦✉s ❛tt❡♥❞r❡ à ❝❡ q✉❡ ❧❡s ♣r♦♣r✐étés ❞✉ s②stè♠❡ ❞②♥❛♠✐q✉❡ ♣❡r♠❡tt❡♥t ❞❡ ❝♦♠♣r❡♥❞r❡

❧✬♦r❣❛♥✐s❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❞❡ ❢réq✉❡♥❝❡s ❡t ❧❛ ❝❧❛ss✐✜❝❛t✐♦♥ ♣❤②s✐q✉❡ ❞❡s ♠♦❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧s✳ ❊♥ ❝♦❧❧❛✲

❜♦r❛t✐♦♥ ❛✈❡❝ ▼✳❆ ❉✉♣r❡t ✭❯♥✐✈❡rs✐té ❞❡ ▲✐è❣❡✮✱ ♥♦✉s ❛❧❧♦♥s é❣❛❧❡♠❡♥t ✉t✐❧✐sé ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s

♣♦✉r t❡st❡r ❧❛ ✈❛❧✐❞✐té ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❞✐t❡ tr❛❞✐t✐♦♥♥❡❧❧❡ ♣♦✉r ❞é❝r✐r❡ ❧❡s ♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧❧❡s ❞❡

❜❛ss❡ ❢réq✉❡♥❝❡✳

✺✳✷ ▼❛❣♥ét✐s♠❡ st❡❧❧❛✐r❡

❉❡s ♣r♦❣r❛♠♠❡s ❞✬♦❜s❡r✈❛t✐♦♥s ❞♦✐✈❡♥t êtr❡ ré❛❧✐sés ♣♦✉r ❝❛r❛❝tér✐s❡r ❞✬✉♥❡ ♣❛rt ❧❡ ♥♦✉✈❡❛✉ t②♣❡ ❞❡

♠❛❣♥ét✐s♠❡ ♠✐s ❡♥ é✈✐❞❡♥❝❡ ♣❛r ❧❡ ❝❤❛♠♣ ❞❡ ❱é❣❛ ❡t ❞✬❛✉tr❡ ♣❛rt ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞❡s ❆♣ ✭tr❛✈❛✐❧ ❡♥

❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ P✳ P❡t✐t✱ ❚✳ ❇ö❤♠✱ ▼✳ ❆✉r✐èr❡✱ ●✳ ❲❛❞❡✮✳ ▲❡ s❝é♥❛r✐♦ q✉❡ ❥❡ ♣r♦♣♦s❡ ♣♦✉r ❡①♣❧✐q✉❡r

❧❡ ❞és❡rt ♠❛❣♥ét✐q✉❡ ❡♥tr❡ ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞❡s ❆♣ ❡t ❝❡❧✉✐ ❞❡ ❱é❣❛ s❡r❛ é❣❛❧❡♠❡♥t ❝♦♥❢r♦♥té à ✉♥❡

♠♦❞é❧✐s❛t✐♦♥ ♣❧✉s ❞ét❛✐❧❧é❡✳

✺✳✷✳✶ Pr♦❣r❛♠♠❡s ❞✬♦❜s❡r✈❛t✐♦♥

❉❡s ♣r♦❣r❛♠♠❡s s♦♥t ❞é❥à ❡♥ ❝♦✉rs ❛✈❡❝ ◆❛r✈❛❧ ❡t ❊s♣❛❞♦♥s ♣♦✉r ♣ré❝✐s❡r ❧❡s ♣r♦♣r✐étés ❞✉ ❝❤❛♠♣

♠❛❣♥ét✐q✉❡ ❞❡ ❱é❣❛ ✭s❛ t♦♣♦❧♦❣✐❡ ❡t s❛ ♣♦ss✐❜❧❡ ✈❛r✐❛❜✐❧✐té ✐♥tr✐♥sèq✉❡✮ ❡t ♣♦✉r ❝♦♥✜r♠❡r ❧❛ ♣rés❡♥❝❡

❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞❡ ❙✐r✐✉s✳ ❆✉ ❞❡❧à ❞❡ ❝❡s ❞❡✉① ♦❜❥❡ts ♣❛r♠✐ ❧❡s ♣❧✉s ❜r✐❧❧❛♥ts ❞✉

❝✐❡❧✱ ❧❡ t❡♠♣s ❞✬♦❜s❡r✈❛t✐♦♥ ♥é❝❡ss❛✐r❡ à ❧❛ ❞ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ❞✬❛♠♣❧✐t✉❞❡ s✐♠✐❧❛✐r❡ à ❝❡❧✉✐ ❞❡ ❱é❣❛

❞❡✈✐❡♥t r❛♣✐❞❡♠❡♥t ✉♥ ❢❛❝t❡✉r ❧✐♠✐t❛♥t✳ ❉❛♥s ❧❛ ❣❛♠♠❡ ❞❡s ét♦✐❧❡s ❆♠ q✉❡❧q✉❡s ❝✐❜❧❡s ❞❡ ♠❛❣♥✐t✉❞❡

∼ ✷ r❡st❡♥t ❡♥❝♦r❡ ❢❛❝✐❧❡♠❡♥t ❛❝❝❡ss✐❜❧❡s ❡t ♥♦✉s ❛✈♦♥s ❞✬❛✐❧❧❡✉rs ❞é❥à ❢❛✐t ✉♥❡ ❞❡♠❛♥❞❡ ♣♦✉r ♦❜s❡r✈❡r

❞❡✉① ♦❜❥❡ts ❞❡ ❝❡ t②♣❡ ✭β ❯▼❛ ❡t γ ●❡♠✮✳ ▲✬✉♥ ❞❡✉① ❛ ❞é❥à été ♣❛rt✐❡❧❧❡♠❡♥t ♦❜s❡r✈é ♣❛r ◆❛r✈❛❧ ❡♥

✷✵✶✵✳ ❊♥ r❡✈❛♥❝❤❡✱ ♣♦✉r ♦❜s❡r✈❡r ❞❛♥s ❝❡s ❝♦♥❞✐t✐♦♥s ❞❡s ét♦✐❧❡s ❆ ♥♦r♠❛❧❡s à r❛✐❡ étr♦✐t❡ ❞✉ t②♣❡ ❞❡

❱é❣❛✱ ✐❧ ❢❛✉❞r❛✐t ❞❡ ❧✬♦r❞r❡ ❞❡ ✹✺ ❤❡✉r❡s ❞❡ t❡♠♣s té❧❡s❝♦♣❡ ❛✉ ❈❋❍❚ ✭✸✾ ❤ ♣♦✉r ❧✬ét♦✐❧❡ β Ps❛ ❞❡

♠❛❣♥✐t✉❞❡ ✹✳✸ ❡t ✺✻ ❤ ♣♦✉r ν ❈❛♣ ❞♦♥t ❧❛ ♠❛❣♥✐t✉❞❡ ❡st ✹✳✼✺✮✳ ▲✬❡①♣❧♦r❛t✐♦♥ ❞❡ ❝❡tt❡ ♥♦✉✈❡❧❧❡ ❝❧❛ss❡

❞✬ét♦✐❧❡ ♠❛❣♥ét✐q✉❡ ♥é❝❡ss✐t❡r❛ ❞♦♥❝ ❞❡s ♠♦②❡♥s ❞é❞✐és ❝♦♠♠❡ ❧❡s ▲❛r❣❡ Pr♦❣r❛♠ ❞✉ ❚❇▲ ♦✉ ❞✉ ❈❋❍❚✳

➚ ♣❧✉s ❧♦♥❣ t❡r♠❡✱ ❧❛ ♠✐s❡ ❡♥ ♣❧❛❝❡ ❞✬✉♥ s♣❡❝tr♦♣♦❧❛r✐♠ètr❡ ❞❡ t②♣❡ ❊s♣❛❞♦♥s✴◆❛r✈❛❧ s✉r ❞❡s té❧❡s❝♦♣❡s

❞❡ ♣❧✉s ❣r❛♥❞❡s t❛✐❧❧❡s ✭✽♠✮ ♣❡r♠❡ttr❛✐t ✉♥ r❡❧❡✈é s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡ ♣❧✉s ♣r♦❢♦♥❞ ❞❛♥s ❝❡tt❡ ❣❛♠♠❡

❞❡ ♠❛ss❡✳
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❉❡ ❧✬❛✉tr❡ ❝ôté ❞✉ ❞és❡rt ♠❛❣♥ét✐q✉❡✱ ❧❡ ❝❤❛♠♣ ♠✐♥✐♠✉♠ ❞❡s ét♦✐❧❡s ❆♣ ❡t ❡♥ ♣❛rt✐❝✉❧✐❡r ❧❛ ❢❛ç♦♥

❞♦♥t ✐❧ ❞é♣❡♥❞ ❞❡s ♣❛r❛♠ètr❡s st❡❧❧❛✐r❡s ❞♦✐t êtr❡ ♣ré❝✐sé✳ ❉❛♥s ❆✉r✐èr❡ ❡t ❛❧✳ ✭✷✵✵✼✱ ❆✽✮✱ ♥♦✉s ❛✈♦♥s

❝♦♥st❛té s✉r q✉❡❧q✉❡s ❡①❡♠♣❧❡s q✉❡ ❧❡ ❝❤❛♠♣ ♠✐♥✐♠✉♠ ❞❡s ét♦✐❧❡s ❆♣ s❡♠❜❧❡ ❛✉❣♠❡♥t❡r ❛✈❡❝ ❧❛ r♦t❛t✐♦♥✳

❈✬❡st ✉♥ ❝♦♠♣♦rt❡♠❡♥t ❛tt❡♥❞✉ ❞❛♥s ❧❡ ❝❛❞r❡ ❞✉ s❝é♥❛r✐♦ ♣r♦♣♦sé ♣♦✉r ❧❡ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞❡s ❆♣ ❡t ❝❡❧❛

❝♦rr❡s♣♦♥❞ é❣❛❧❡♠❡♥t à ❧✬❡①♣r❡ss✐♦♥ ❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡ ❞ét❡r♠✐♥é❡ à ♣❛rt✐r ❞✬✉♥ ❝r✐tèr❡ ❧♦❝❛❧ Bc ∝ Ω✳

▼❛✐s ♣♦✉r ❝♦♥✜r♠❡r ❝❡tt❡ t❡♥❞❛♥❝❡ ❡t ♣ré❝✐s❡r ❧❛ ❢♦r♠❡ ❞❡ ❧❛ r❡❧❛t✐♦♥ ❡♥tr❡ Bc ❡t Ω✱ ❥❡ ❝♦♠♣t❡ ♠❡♥❡r✱

❡♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ❛✈❡❝ ▼✳ ❆✉r✐èr❡✱ ✉♥ r❡❧❡✈é s♣❡❝tr♦♣♦❧❛r✐♠étr✐q✉❡ ❞❡s ét♦✐❧❡s ❆♣ à ❢♦rt v sin i ❡t à ❝❤❛♠♣

❢❛✐❜❧❡ ✭à ♥♦t❡r q✉❡ ❧❛ ♠♦❞✉❧❛t✐♦♥ r♦t❛t✐♦♥ ❞✉ s✐❣♥❛❧ ♣♦❧❛r✐♠étr✐q✉❡ ❞♦♥♥❡ ✉♥❡ ❛❝❝ès ❞✐r❡❝t à Ω✮✳ ❈❡s

♥♦✉✈❡❧❧❡s ♦❜s❡r✈❛t✐♦♥s s♦♥t ♥é❝❡ss❛✐r❡s ❝❛r ❝❡s ♦❜❥❡ts ♥✬♦♥t ❣é♥ér❛❧❡♠❡♥t ♣❛s été ❝♦♥s✐❞érés ❞❛♥s ❧❡s ♣ré✲

❝é❞❡♥ts r❡❧❡✈és ❞❡s ét♦✐❧❡s ❆♣✱ ❧✬é❧❛r❣✐ss❡♠❡♥t ❉♦♣♣❧❡r ❞❡s r❛✐❡s ❛ss♦❝✐é ❛✉ ❢♦rt v sin i ❛✉❣♠❡♥t❛♥t ❧❡ s❡✉✐❧

❞❡ ❞ét❡❝t✐♦♥ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡✳ ▲❛ r❡❧❛t✐♦♥ ❡♠♣✐r✐q✉❡ ❡♥tr❡ Bc ❡t Ω ❝♦♥st✐t✉❡r❛ ✉♥❡ ❝♦♥tr❛✐♥t❡ ❢♦rt❡

♣♦✉r ❧❡s ♠♦❞è❧❡s ❞✉ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡✳ ❉❡ ♠ê♠❡✱ ❧❡s ♣r❡♠✐èr❡s ❞ét❡❝t✐♦♥s

❞❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❛♥s ❧❡s ét♦✐❧❡s ♠❛ss✐✈❡s s✉❣❣èr❡♥t ❧✬❡①✐st❡♥❝❡ ❞✬✉♥❡ ❝❧❛ss❡ ❞✬ét♦✐❧❡ ♠❛❣♥ét✐q✉❡

s✐♠✐❧❛✐r❡ à ❝❡❧❧❡ ❞❡s ❆♣✴❇♣ ♣✉✐sq✉❡ ❧❡ ❝❤❛♠♣ ② ❡st ❢♦rt✱ ❞♦♠✐♥é ♣❛r ❧❡s ❣r❛♥❞❡s é❝❤❡❧❧❡s ❡t st❛❜❧❡ ❞❛♥s ❧❡

t❡♠♣s✳ ❯♥❡ r❡❧❛t✐♦♥ ❡♥tr❡ Bc ❡t Ω ❡st ♣❧✉s ❞✐✣❝✐❧❡ à ét❛❜❧✐r ❞❛♥s ❝❡tt❡ ❣❛♠♠❡ ❞❡ ♠❛ss❡ ♣✉✐sq✉❡ ❧❡ s❡✉✐❧

❞❡ ❞ét❡❝t✐♦♥ ❞❡s ❝❤❛♠♣s ♣❛r s♣❡❝tr♦♣♦❧❛r✐♠étr✐❡ ② ❡st ♣❧✉s ❤❛✉t ✭♥♦t❛♠♠❡♥t ♣❛r❝❡ q✉❡ ❧❡ ♥♦♠❜r❡ ❞❡

r❛✐❡ s♣❡❝tr❛❧❡ ❡st ♣❧✉s ❢❛✐❜❧❡ ❞❛♥s ❝❡s ét♦✐❧❡s✮ ❡t q✉❡ ❧✬♦♥ ♥❡ ❞✐s♣♦s❡ ♣❛s ❞✬✉♥ ✐♥❞✐❝❛t❡✉r s✐♠♣❧❡ ❝♦♠♠❡

❧❡s ❛♥♦♠❛❧✐❡s ❞✬❛❜♦♥❞❛♥❝❡ ♣♦✉r ❞✐st✐♥❣✉❡r ❧❡s ét♦✐❧❡s ♠❛❣♥ét✐q✉❡s✳ ◆é❛♥♠♦✐♥s✱ ❧❡ rés✉❧t❛t ❞❡s r❡❧❡✈és

s②sté♠❛t✐q✉❡s ❡♥❣❛❣és ❞❛♥s ❧❡ ▲❛r❣❡ Pr♦❣r❛♠ ▼✐♠❡s ❞✉ ❈❋❍❚ ♣❡r♠❡ttr❛ ✉♥❡ ♣r❡♠✐èr❡ ❡st✐♠❛t✐♦♥ ❞❡

❝❡tt❡ r❡❧❛t✐♦♥ q✉❡ ❧✬♦♥ ♣♦✉rr❛ é✈❡♥t✉❡❧❧❡♠❡♥t ♣ré❝✐s❡r ❛✈❡❝ ❞❡s ♦❜s❡r✈❛t✐♦♥s ❞é❞✐é❡s✳

✺✳✷✳✷ ▼♦❞é❧✐s❛t✐♦♥ ❞✉ ❞és❡rt ♠❛❣♥ét✐q✉❡ ❞❡s ét♦✐❧❡s ❆

■❧ s✬❛❣✐t ✐❝✐ ❞✬✉♥❡ ♣❛rt ❞❡ ♣ré❝✐s❡r ❧❡ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❝r✐t✐q✉❡ ❞✬✉♥❡ ét♦✐❧❡ ❡♥ ❞❡çà ❞✉q✉❡❧ ❧❛ r♦t❛✲

t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❝♦♥❞✉✐t à ✉♥❡ ✐♥st❛❜✐❧✐té ❞❡ ❧❛ ❝♦♥✜❣✉r❛t✐♦♥ ♠❛❣♥ét✐q✉❡ ❡t ❞✬❛✉tr❡ ♣❛rt ❞❡ ❞ét❡r♠✐♥❡r

❧❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ t②♣✐q✉❡ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ♠❛❣♥ét✐q✉❡s ✐♥st❛❜❧❡s✳ ❉❛♥s ✉♥ ♣r❡♠✐❡r t❡♠♣s✱ ♥♦✉s

ré❛❧✐s❡r♦♥s ❞❡s s✐♠✉❧❛t✐♦♥s ❜✐❞✐♠❡♥s✐♦♥♥❡❧❧❡s ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❛①✐s②♠étr✐q✉❡ ✐♥✐t✐❛❧❡♠❡♥t ❞✐♣♦✲

❧❛✐r❡ ❡♥ ♣rés❡♥❝❡ ❞✬✉♥❡ r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❀ ❧✬♦❜❥❡❝t✐❢ ❞❡ ❝❡s s✐♠✉❧❛t✐♦♥s ❡st ❞✬ét✉❞✐❡r ❧❛ ❝♦♠♣ét✐t✐♦♥

❡♥tr❡ ❧✬❛❞✈❡❝t✐♦♥ ❞✉ ❝❤❛♠♣ ♣❛r r♦t❛t✐♦♥ ❞✐✛ér❡♥t✐❡❧❧❡ ❡t ❧✬ét❛❜❧✐ss❡♠❡♥t ❞❡ ❧❛ ❧♦✐ ❞❡ ❋❡rr❛r♦ ♣♦✉r ❞✐✛é✲

r❡♥t❡s ✈❛❧❡✉rs ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞✉ ❝❤❛♠♣ ❡t ❞❡ ❧❛ r♦t❛t✐♦♥ ✐♥✐t✐❛❧❡s✳ ❉❛♥s ❧❡ ré❣✐♠❡ à ❝❤❛♠♣ ❢❛✐❜❧❡✱ ❧❡s

s✐♠✉❧❛t✐♦♥s ✷❉ ♣r♦❞✉✐r♦♥t ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s ❞♦♠✐♥é❡s ♣❛r ✉♥ ❝❤❛♠♣ t♦r♦ï❞❛❧ ❡t ♥♦✉s ét✉❞✐❡r♦♥s ❛❧♦rs



✺✳✸✳ ❚❘❆◆❙P❖❘❚ ❚❯❘❇❯▲❊◆❚ ❉❆◆❙ ▲❊❙ ❩❖◆❊❙ ❘❆❉■❆❚■❱❊❙ ❉✬➱❚❖■▲❊ ✷✻✼

❧❛ st❛❜✐❧✐té ❞❡ ❝❡s ❝♦♥✜❣✉r❛t✐♦♥s ♣❛r ❞❡s s✐♠✉❧❛t✐♦♥s ✸❉✳ ❖✉tr❡ ❧❛ ❞ét❡r♠✐♥❛t✐♦♥ ❞✉ ❝❤❛♠♣ ❝r✐t✐q✉❡✱

❝❡ ♣r♦❥❡t ♥♦✉s ♣❡r♠❡ttr❛ ❞❡ ❝❛❧❝✉❧❡r ❧❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ à ♣❛rt✐r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❞✉ ❞é✲

✈❡❧♦♣♣❡♠❡♥t ❞❡ ❧✬✐♥st❛❜✐❧✐té ❞❡ ❚❛②❧❡r✳ ❖♥ ♦❜t✐❡♥❞r❛ ❛✐♥s✐ ✉♥ ❡st✐♠❛t✐♦♥ t❤é♦r✐q✉❡ ❞❡ ❧✬é❝❛rt ❡♥tr❡ ❝❡

❝❤❛♠♣ ❡t ❧❡ ❝❤❛♠♣ ♠✐♥✐♠✉♠ ❞❡s ❝♦♥✜❣✉r❛t✐♦♥s st❛❜❧❡s q✉❡ ❧✬♦♥ ❝♦♠♣❛r❡r❛ ❛✉① ♦❜s❡r✈❛t✐♦♥s ❞✉ ❞és❡rt

♠❛❣♥ét✐q✉❡ ❞❡s ét♦✐❧❡s ❆✳

✺✳✸ ❚r❛♥s♣♦rt t✉r❜✉❧❡♥t ❞❛♥s ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡

▲✬♦❜❥❡❝t✐❢ ❡st ✐❝✐ ❞❡ t❡st❡r ❡t ❞✬❛♠é❧✐♦r❡r ❧❡s ❡①♣r❡ss✐♦♥s ❞❡s ❝♦❡✣❝✐❡♥ts ❞❡ tr❛♥s♣♦rt t✉r❜✉❧❡♥ts

✉t✐❧✐sés ❞❛♥s ❧❡s ♠♦❞è❧❡s ❞✬é✈♦❧✉t✐♦♥ st❡❧❧❛✐r❡s ✭❩❛❤♥ ✶✾✾✷✮✳ ❆✉ ❝♦✉rs ❞❡s ✹ ❞❡r♥✐èr❡s ❛♥♥é❡s✱ ❥✬❛✐ ❞é✈❡❧♦♣♣é

❞✐✛ér❡♥ts ♦✉t✐❧s ♣♦✉r ❛❜♦r❞❡r ❝❡ ♣r♦❜❧è♠❡ ✭❝♦❞❡ ♥✉♠ér✐q✉❡✱ ❧✐♠✐t❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s éq✉❛t✐♦♥s ❛❞❛♣té❡ à

❧✬ét✉❞❡ ♥✉♠ér✐q✉❡ ❞❡ ❝❡ ♣r♦❜❧è♠❡✱ ♠♦❞è❧❡s ♣❤é♥♦♠é♥♦❧♦❣✐q✉❡s ❞✉ tr❛♥s♣♦rt✮ ❞♦♥t ❥❡ ❝♦♠♣t❡ ♠❛✐♥t❡♥❛♥t

t✐r❡r ♣❧❡✐♥❡♠❡♥t ♣r♦✜t ♣♦✉r ré❛❧✐s❡r ❡t ❛♥❛❧②s❡r ❞❡s s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ✐♥t❡♥s✐✈❡s ❞❡ ❝❡ ♣r♦❝❡ss✉s✳

❏❡ ♣r♦♣♦s❡ ❞✬❛✐❧❧❡✉rs ✉♥ s✉❥❡t ❞❡ t❤ès❡ s✉r ❝❡tt❡ t❤é♠❛t✐q✉❡ ♣♦✉r ❧✬❛♥♥é❡ ✷✵✶✵✳

✺✳✹ ❈❤❛♦s ❞✬♦♥❞❡

▲❛ ❝♦♥✜❣✉r❛t✐♦♥ ♦ù ✉♥❡ ét♦✐❧❡ ❡st ✈✉❡ ♣r❡sq✉❡ ❞❡♣✉✐s ❧❡ ♣ô❧❡ ❡st ❢❛✈♦r❛❜❧❡ ♣♦✉r ❧❛ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ ❞❡s

♣r♦♣r✐étés st❛t✐st✐q✉❡s ❣é♥ér✐q✉❡s ❞❡s ❢réq✉❡♥❝❡s ❝❤❛♦t✐q✉❡s✳ ❈❡tt❡ ❝♦♥✜❣✉r❛t✐♦♥ ♣❡r♠❡t é❣❛❧❡♠❡♥t ❞❡

s✐❣♥✐✜❝❛t✐✈❡♠❡♥t s✐♠♣❧✐✜❡r ❧✬✐❞❡♥t✐✜❝❛t✐♦♥ ❞❡s ♠♦❞❡s ♣✉✐sq✉❡ ❧❛ ✈✐s✐❜✐❧✐té ❞❡s ♠♦❞❡s ♥♦♥✲❛①✐s②♠étr✐q✉❡s

s✬❛♥♥✉❧❡✳ ❏❡ ❝♦♠♣t❡ ❧❛♥❝❡r ❛✈❡❝ ❚✳ ❇ö❤♠ ✉♥ ♣r♦❣r❛♠♠❡ ❞❡ r❡❝❤❡r❝❤❡ ❞✬ét♦✐❧❡s ♣✉❧s❛♥t❡s ❡♥ r♦t❛t✐♦♥

r❛♣✐❞❡ ✈✉❡ ♣r❡sq✉❡ ❞✉ ♣ô❧❡✳ P♦✉r ❞ét❡❝t❡r ❧❡s r♦t❛t❡✉rs r❛♣✐❞❡s ♣❛r♠✐ ✉♥ é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s δ ❙❝✉t✐ à

❢❛✐❜❧❡ v sin i✱ ♥♦✉s ❝♦♠♣t♦♥s ✉t✐❧✐s❡r ❧❡s s✐❣♥❛t✉r❡s s♣❡❝tr❛❧❡s ❞❡ ❧✬❛ss♦♠❜r✐ss❡♠❡♥t ❣r❛✈✐t❛t✐♦♥♥❡❧ ✐♥❞✉✐t

♣❛r ❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✳ ▲✬❡①❡♠♣❧❡ ❞❡ ❱é❣❛ ✭❚❛❦❡❞❛ ❡t ❛❧✳ ✷✵✵✽✮ ♠♦♥tr❡ ❧✬❡✛❡t ✐♥❞✉✐t s✉r ❧❛ ❢♦r♠❡ ❞❡s

♣r♦✜❧s ❞❡ r❛✐❡✳ ◆♦✉s ❝♦♠♣t♦♥s ♠❡ttr❡ à ♣r♦✜t ❝❡t ❡✛❡t ♣♦✉r ❞ét❡❝t❡r ❧❡s r♦t❛t❡✉rs r❛♣✐❞❡s ♣❛r♠✐ ✉♥

é❝❤❛♥t✐❧❧♦♥ ❞✬ét♦✐❧❡s δ ❙❝✉t✐ à ❢❛✐❜❧❡ v sin i✳ ■❧ ❢❛✉❞r❛ ♣♦✉r ❝❡❧❛ ♦❜t❡♥✐r ❞❡s s♣❡❝tr❡s à très ❤❛✉t ❙✴◆

✭∼ 1000✮ ❞❡s ❝✐❜❧❡s ❝❤♦✐s✐❡s✳
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❇✐❜❧✐♦❣r❛♣❤✐❡

❆❡rts✱ ❈✳✱ ❚❤♦✉❧✱ ❆✳✱ ❉❛s③②➠s❦❛✱ ❏✳✱ ❡t ❛❧✳ ✷✵✵✸✱ ❙❝✐❡♥❝❡✱ ✸✵✵✱ ✶✾✷✻

❆✉r✐èr❡✱ ▼✳✱ ❉♦♥❛t✐✱ ❏✳✱ ❑♦♥st❛♥t✐♥♦✈❛✲❆♥t♦✈❛✱ ❘✳✱ ❡t ❛❧✳ ✷✵✶✵✱ ❆✫❆✱ s♦✉s ♣r❡ss❡✱ ❬❛r❳✐✈ ✿✶✵✵✺✳✹✽✹✺❪

❆✉r✐èr❡✱ ▼✳✱ ❲❛❞❡✱ ●✳ ❆✳✱ ❑♦♥st❛♥t✐♥♦✈❛✲❆♥t♦✈❛✱ ❘✳✱ ❡t ❛❧✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✹✱ ✷✸✶

❆✉r✐èr❡✱ ▼✳✱ ❲❛❞❡✱ ●✳ ❆✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❡t ❛❧✳ ✷✵✶✵✱ s♦✉♠✐s à ❆✫❆

❆✉r✐èr❡✱ ▼✳✱ ❲❛❞❡✱ ●✳ ❆✳✱ ❙✐❧✈❡st❡r✱ ❏✳✱ ❡t ❛❧✳ ✷✵✵✼✱ ❆✫❆✱ ✹✼✺✱ ✶✵✺✸

❇❛❜❝♦❝❦✱ ❍✳ ❲✳ ✶✾✹✼✱ ❆♣❏✱ ✶✵✺✱ ✶✵✺

❇ä❝❦❡r✱ ❆✳ ✷✵✵✼✱ ❊✉r♦♣❡❛♥ P❤②s✐❝❛❧ ❏♦✉r♥❛❧ ❙♣❡❝✐❛❧ ❚♦♣✐❝s✱ ✶✹✺✱ ✶✻✶

❇❛❧❧♦t✱ ❏✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❘❡❡s❡✱ ❉✳ ❘✳✱ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✾✱ ✐♥ Pr♦❝✳ ❍❊▲❆❙ ❲♦r❦s❤♦♣ ♦♥ ❵◆❡✇ ✐♥s✐❣❤ts

✐♥t♦ t❤❡ ❙✉♥✬✱ P♦♥t❡ ❞❡ ▲✐♠❛✱ P♦rt✉❣❛❧✱ ❡❞✳ ▼✳❙✳ ❈✉♥❤❛ ✫ ▼✳❏✳ ❚❤♦♠♣s♦♥✱ ❬❛r❳✐✈ ✿✵✾✶✷✳✶✻✼✾❪

❇❛❧❧♦t✱ ❏✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❘❡❡s❡✱ ❉✳ ❘✳✱ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✶✵✱ ❆✫❆✱ s♦✉s ♣r❡ss❡✱ ❬❛r❳✐✈ ✿✶✵✵✺✳✵✷✼✺❪

❇❛❧❧♦t✱ ❏✳✱ ❚✉r❝❦✲❈❤✐è③❡✱ ❙✳✱ ✫ ●❛r❝í❛✱ ❘✳ ❆✳ ✷✵✵✹✱ ❆✫❆✱ ✹✷✸✱ ✶✵✺✶

❇❡♥♦♠❛r✱ ❖✳✱ ❇❛✉❞✐♥✱ ❋✳✱ ❈❛♠♣❛♥t❡✱ ❚✳ ▲✳✱ ❡t ❛❧✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✼✱ ▲✶✸

❇❡rr②✱ ▼✳ ❱✳ ✫ ❘♦❜♥✐❦✱ ▼✳ ✶✾✽✹✱ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❆ ▼❛t❤❡♠❛t✐❝❛❧ ●❡♥❡r❛❧✱ ✶✼✱ ✷✹✶✸

❇♦❤❧❡♥❞❡r✱ ❉✳ ❆✳ ✫ ▲❛♥❞str❡❡t✱ ❏✳ ❉✳ ✶✾✾✵✱ ▼◆❘❆❙✱ ✷✹✼✱ ✻✵✻

❇r❛✐t❤✇❛✐t❡✱ ❏✳ ✷✵✵✾✱ ▼◆❘❆❙✱ ✸✾✼✱ ✼✻✸

❇r❡❣❡r✱ ▼✳✱ ▲❡♥③✱ P✳✱ ❆♥t♦❝✐✱ ❱✳✱ ❡t ❛❧✳ ✷✵✵✺✱ ❆✫❆✱ ✹✸✺✱ ✾✺✺

❇r♦✇♥✱ ❙✳ ❋✳✱ ❉♦♥❛t✐✱ ❏✳✱ ❘❡❡s✱ ❉✳ ❊✳✱ ✫ ❙❡♠❡❧✱ ▼✳ ✶✾✾✶✱ ❆✫❆✱ ✷✺✵✱ ✹✻✸

✷✻✾
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❇r✉♥✱ ❆✳ ❙✳ ✫ ❚♦♦♠r❡✱ ❏✳ ✷✵✵✷✱ ❆♣❏✱ ✺✼✵✱ ✽✻✺

❇r✉♥✱ ❆✳ ❙✳ ✫ ❩❛❤♥✱ ❏✳ ✷✵✵✻✱ ❆✫❆✱ ✹✺✼✱ ✻✻✺

❇✉r❦❡✱ ❑✳✱ ❘❡❡s❡✱ ❉✳ ❘✳✱ ✫ ❚❤♦♠s♣♦♥✱ ▼✳ ✷✵✶✵✱ ❡♥ ♣ré♣❛r❛t✐♦♥

❈❤❛r♣✐♥❡t✱ ❙✳✱ ✈❛♥ ●r♦♦t❡❧✱ ❱✳✱ ❘❡❡s❡✱ ❉✳✱ ❡t ❛❧✳ ✷✵✵✽✱ ❆✫❆✱ ✹✽✾✱ ✸✼✼

❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞✱ ❏✳ ✷✵✵✷✱ ❘❡✈✐❡✇s ♦❢ ▼♦❞❡r♥ P❤②s✐❝s✱ ✼✹✱ ✶✵✼✸

❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞✱ ❏✳ ✫ ▼✉❧❧❛♥✱ ❉✳ ❏✳ ✶✾✾✹✱ ▼◆❘❆❙✱ ✷✼✵✱ ✾✷✶

❈❧❡♠❡♥t✱ ▼✳ ❏✳ ✶✾✽✶✱ ❆♣❏✱ ✷✹✾✱ ✼✹✻

❈❧❡♠❡♥t✱ ▼✳ ❏✳ ✶✾✽✹✱ ❆♣❏✱ ✷✼✻✱ ✼✷✹

❈❧❡♠❡♥t✱ ▼✳ ❏✳ ✶✾✽✻✱ ❆♣❏✱ ✸✵✶✱ ✶✽✺

❈❧❡♠❡♥t✱ ▼✳ ❏✳ ✶✾✽✾✱ ❆♣❏✱ ✸✸✾✱ ✶✵✷✷

❈❧❡♠❡♥t✱ ▼✳ ❏✳ ✶✾✾✽✱ ❆♣❏❙✱ ✶✶✻✱ ✺✼

❉❡❣r♦♦t❡✱ P✳✱ ❆❡rts✱ ❈✳✱ ❇❛❣❧✐♥✱ ❆✳✱ ❡t ❛❧✳ ✷✵✶✵✱ ◆❛t✉r❡✱ ✹✻✹✱ ✷✺✾

❉❡❤❡✉✈❡❧s✱ ❙✳✱ ❇r✉♥tt✱ ❍✳✱ ▼✐❝❤❡❧✱ ❊✳✱ ❡t ❛❧✳ ✷✵✶✵✱ ❆✫❆✱ s♦✉s ♣r❡ss❡✱ ❬❛r❳✐✈ ✿✶✵✵✸✳✹✸✻✽❪

❉❡s♠❡t✱ ▼✳✱ ❇r✐q✉❡t✱ ▼✳✱ ❚❤♦✉❧✱ ❆✳✱ ❡t ❛❧✳ ✷✵✵✾✱ ▼◆❘❆❙✱ ✸✾✻✱ ✶✹✻✵

❉✐♥tr❛♥s✱ ❇✳ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✵✱ ❆✫❆✱ ✸✺✹✱ ✽✻

❉✐♥tr❛♥s✱ ❇✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ✫ ❱❛❧❞❡tt❛r♦✱ ▲✳ ✶✾✾✾✱ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✸✾✽✱ ✷✼✶

❉♦♠✐❝✐❛♥♦ ❞❡ ❙♦✉③❛✱ ❆✳✱ ❑❡r✈❡❧❧❛✱ P✳✱ ❏❛♥❦♦✈✱ ❙✳✱ ❡t ❛❧✳ ✷✵✵✸✱ ❆✫❆✱ ✹✵✼✱ ▲✹✼

❉♦♥❛t✐✱ ❏✳ ✫ ▲❛♥❞str❡❡t✱ ❏✳ ❉✳ ✷✵✵✾✱ ❆❘❆✫❆✱ ✹✼✱ ✸✸✸

❉✉♣r❡t✱ ▼✳✱ ❉❡ ❘✐❞❞❡r✱ ❏✳✱ ❉❡ ❈❛t✱ P✳✱ ❡t ❛❧✳ ✷✵✵✸✱ ❆✫❆✱ ✸✾✽✱ ✻✼✼

❉✉♣r❡t✱ ▼✳✱ ❚❤♦✉❧✱ ❆✳✱ ❙❝✉✢❛✐r❡✱ ❘✳✱ ❡t ❛❧✳ ✷✵✵✹✱ ❆✫❆✱ ✹✶✺✱ ✷✺✶

❋♦♥t✱ ❏✳ ❆✳✱ ❙t❡r❣✐♦✉❧❛s✱ ◆✳✱ ✫ ❑♦❦❦♦t❛s✱ ❑✳ ❉✳ ✷✵✵✵✱ ▼◆❘❆❙✱ ✸✶✸✱ ✻✼✽
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●❛r❝í❛ ❍❡r♥á♥❞❡③✱ ❆✳✱ ▼♦②❛✱ ❆✳✱ ▼✐❝❤❡❧✱ ❊✳✱ ❡t ❛❧✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✻✱ ✼✾

●❛st✐♥❡✱ ❚✳ ✫ ❉✐♥tr❛♥s✱ ❇✳ ✷✵✵✽✱ ❆✫❆✱ ✹✾✵✱ ✼✹✸

●♦✉❣❤✱ ❉✳ ❖✳ ✶✾✾✵✱ ✐♥ Pr♦❣r❡ss ♦❢ ❙❡✐s♠♦❧♦❣② ♦❢ t❤❡ ❙✉♥ ❛♥❞ ❙t❛rs✱ ❡❞✳ ❨✳ ❖s❛❦✐ ✫ ❍✳ ❙❤✐❜❛❤❛s❤✐

✭▲❡❝t✉r❡ ◆♦t❡s ✐♥ P❤②s✐❝s✱ ❙♣r✐♥❣❡r✮✱ ✷✽✸

●♦✉❣❤✱ ❉✳ ❖✳ ✷✵✵✼✱ ❆str♦♥♦♠✐s❝❤❡ ◆❛❝❤r✐❝❤t❡♥✱ ✸✷✽✱ ✷✼✸

●✉t③✇✐❧❧❡r✱ ▼✳ ❈✳ ✶✾✾✵✱ ❈❤❛♦s ✐♥ ❝❧❛ss✐❝❛❧ ❛♥❞ q✉❛♥t✉♠ ♠❡❝❤❛♥✐❝s ✭❙♣r✐♥❣❡r✮

❍❛q✱ ❘✳ ❯✳✱ P❛♥❞❡②✱ ❆✳✱ ✫ ❇♦❤✐❣❛s✱ ❖✳ ✶✾✽✷✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇ ▲❡tt❡rs✱ ✹✽✱ ✶✵✽✻

■♣s❡r✱ ❏✳ ❘✳ ✫ ▲✐♥❞❜❧♦♠✱ ▲✳ ✶✾✾✵✱ ❆♣❏✱ ✸✺✺✱ ✷✷✻

❑❛❧❧✐♥❣❡r✱ ❚✳ ✫ ▼❛tt❤❡✇s✱ ❏✳ ▼✳ ✷✵✶✵✱ ❆♣❏✱ ✼✶✶✱ ▲✸✺

❑❡♥♥❡❧❧②✱ ❊✳ ❏✳ ✶✾✾✹✱ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐t② ♦❢ ❇r✐t✐s❤ ❈♦❧✉♠❜✐❛

▲❡❜r❡t♦♥✱ ❨✳ ✷✵✵✵✱ ❆❘❆✫❆✱ ✸✽✱ ✸✺

▲✐❣♥✐èr❡s✱ ❋✳ ✶✾✾✾✱ ❆✫❆✱ ✸✹✽✱ ✾✸✸

▲✐❣♥✐èr❡s✱ ❋✳ ✷✵✵✹✱ ✐♥ ❙❋✷❆✲✷✵✵✹ ✿ ❙❡♠❛✐♥❡ ❞❡ ❧✬❆str♦♣❤②s✐q✉❡ ❋r❛♥❝❛✐s❡✱ ❡❞✳ ❋✳ ❈♦♠❜❡s✱ ❉✳ ❇❛rr❡t✱

❚✳ ❈♦♥t✐♥✐✱ ❋✳ ▼❡②♥❛❞✐❡r✱ ✫ ▲✳ P❛❣❛♥✐✱ ✷✸✼

▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳✱ ✫ ▼❛♥❣❡♥❡②✱ ❆✳ ✶✾✾✽✱ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✽✽✱

✽✶

▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳✱ ✫ ▼❛♥❣❡♥❡②✱ ❆✳ ✶✾✾✾✱ ❆✫❆✱ ✸✹✾✱ ✶✵✷✼

▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳✱ ✫ ▼❛♥❣❡♥❡②✱ ❆✳ ✷✵✵✵✱ ❈♦♠♣✉t❡r P❤②s✐❝s ❈♦♠♠✉♥✐❝❛t✐♦♥s✱ ✶✸✷✱ ✶✾✼

▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛t❛❧❛✱ ❈✳✱ ✫ ▼❛♥❣❡♥❡②✱ ❆✳ ✶✾✾✻✱ ❆✫❆✱ ✸✶✹✱ ✹✻✺

▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛t❛❧❛✱ ❈✳✱ ✫ ▼❛♥❣❡♥❡②✱ ❆✳ ✷✵✵✵✱ ❬❛r❳✐✈ ✿✵✵✵✷✵✷✻❪

▲✐❣♥✐èr❡s✱ ❋✳ ✫ ●❡♦r❣❡♦t✱ ❇✳ ✷✵✵✽✱ P❤②s✳ ❘❡✈✳ ❊✱ ✼✽✱ ✵✶✻✷✶✺

▲✐❣♥✐èr❡s✱ ❋✳ ✫ ●❡♦r❣❡♦t✱ ❇✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✵✱ ✶✶✼✸
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▲✐❣♥✐èr❡s✱ ❋✳✱ ●❡♦r❣❡♦t✱ ❇✳✱ ✫ ❇❛❧❧♦t✱ ❏✳ ✷✵✶✵✱ ■❱ ■♥t❡r♥❛t✐♦♥❛❧ ❍❡❧❛s ❝♦♥❢❡r❡♥❝❡ ♣r♦❝❡❡❞✐♥❣s✱ s✉❜♠✐tt❡❞

t♦ ❆str♦♥♦♠✐❝❛❧ ◆♦t❡s

▲✐❣♥✐èr❡s✱ ❋✳✱ P❡t✐t✱ P✳✱ ❇ö❤♠✱ ❚✳✱ ✫ ❆✉r✐èr❡✱ ▼✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✵✱ ▲✹✶

▲✐❣♥✐èr❡s✱ ❋✳ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✹✱ ✐♥ ❙t❡❧❧❛r ❘♦t❛t✐♦♥✱ ■❆❯ ❙②♠♣♦s✐✉♠✱ ✷✶✺✱ ❡❞✳ ❆✳ ▼❛❡❞❡r ✫ P✳ ❊❡♥❡♥s

✭❆str♦♥♦♠✐❝❛❧ ❙♦❝✐❡t② ♦❢ t❤❡ P❛❝✐✜❝✮✱ ✹✶✹

▲✐❣♥✐èr❡s✱ ❋✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ✫ ❘❡❡s❡✱ ❉✳ ✷✵✵✻✱ ❆✫❆✱ ✹✺✺✱ ✻✵✼

▲✐❣♥✐èr❡s✱ ❋✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ✫ ❱❛❧❞❡tt❛r♦✱ ▲✳ ✷✵✵✶✱ ✐♥ ❙❋✷❆✲✷✵✵✶ ✿ ❙❡♠❛✐♥❡ ❞❡ ❧✬❆str♦♣❤②s✐q✉❡ ❋r❛♥❝❛✐s❡✱

❡❞✳ ❋✳ ❈♦♠❜❡s✱ ❉✳ ❇❛rr❡t✱ ✫ ❋✳ ❚❤é✈❡♥✐♥✱ ✶✷✼

▲✐❣♥✐èr❡s✱ ❋✳✱ ❚♦q✉é✱ ◆✳✱ ✫ ❱✐♥❝❡♥t✱ ❆✳ ✷✵✵✺✱ ✐♥ ❊❧❡♠❡♥ts ❙tr❛t✐✜❝❛t✐♦♥ ✐♥ ❙t❛rs ✿ ✹✵ ②❡❛rs ♦❢ ❆t♦♠✐❝

❉✐✛✉s✐♦♥✱ ❡❞✳ ●✳ ❆❧❡❝✐❛♥✱ ❖✳ ❘✐❝❤❛r❞✱ ✫ ❙✳ ❱❛✉❝❧❛✐r ✭❊❆❙ P✉❜❧✐❝❛t✐♦♥s ❙❡r✐❡s✱ ❊❉P ❙❝✐❡♥❝❡s✮✱ ✷✵✾✕✷✶✹

▲✐❣♥✐èr❡s✱ ❋✳ ✷✵✶✵✱ ✐♥ P✉❧s❛t✐♦♥s ❞✉ ❙♦❧❡✐❧ ❡t ❞❡s ét♦✐❧❡s✱ ❡❞✳ ❏✳✲P✳ ❘♦③❡❧♦t ✫ ❈✳ ◆❡✐♥❡r ✭▲❡❝t✉r❡ ◆♦t❡s

✐♥ P❤②s✐❝s✱ ❙♣r✐♥❣❡r✱ s♦✉s ♣r❡ss❡✮

▼❛❝❉♦♥❛❧❞✱ ❏✳ ✫ ▼✉❧❧❛♥✱ ❉✳ ❏✳ ✷✵✵✹✱ ▼◆❘❆❙✱ ✸✹✽✱ ✼✵✷

▼❛❡❞❡r✱ ❆✳ ✫ ▼❡②♥❡t✱ ●✳ ✷✵✵✵✱ ❆❘❆✫❆✱ ✸✽✱ ✶✹✸

▼✐❝❤❛✉❞✱ ●✳ ✷✵✵✹✱ ✐♥ ❚❤❡ ❆✲❙t❛r P✉③③❧❡✱ ■❆❯ ❙②♠♣♦s✐✉♠ ✷✷✹✱ ❡❞✳ ❏✳ ❩✈❡r❦♦✱ ❏✳ ❩✐③♥♦✈s❦②✱ ❙✳ ❏✳ ❆❞❡❧♠❛♥✱

✫ ❲✳ ❲✳ ❲❡✐ss ✭❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✮✱ ✶✼✸✕✶✽✸

▼✐❝❤❛✉❞✱ ●✳ ✫ ❩❛❤♥✱ ❏✳ ✶✾✾✽✱ ❚❤❡♦r❡t✐❝❛❧ ❛♥❞ ❈♦♠♣✉t❛t✐♦♥❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✶✶✱ ✶✽✸

◆♦r❞❧✉♥❞✱ ➴✳✱ ❙t❡✐♥✱ ❘✳ ❋✳✱ ✫ ❆s♣❧✉♥❞✱ ▼✳ ✷✵✵✾✱ ▲✐✈✐♥❣ ❘❡✈✐❡✇s ✐♥ ❙♦❧❛r P❤②s✐❝s✱ ✻✱ ✷

❖tt✱ ❊✳ ✶✾✾✸✱ ❈❤❛♦s ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✭❈❛♠❜r✐❞❣❡ ❯♥✐✈❡rs✐t② Pr❡ss✮

❖✉❛③③❛♥✐✱ ❘✳✱ ●♦✉♣✐❧✱ ▼✳✱ ❉✉♣r❡t✱ ▼✳✱ ✫ ❘❡❡s❡✱ ❉✳ ✷✵✵✾✱ ❈♦♠♠✉♥✐❝❛t✐♦♥s ✐♥ ❆st❡r♦s❡✐s♠♦❧♦❣②✱ ✶✺✽✱ ✷✽✸

P❡r❝✐✈❛❧✱ ■✳ ❈✳ ✶✾✼✸✱ ❏♦✉r♥❛❧ ♦❢ P❤②s✐❝s ❇ ❆t♦♠✐❝ ▼♦❧❡❝✉❧❛r P❤②s✐❝s✱ ✻✱ ▲✷✷✾

P❡t❡rs♦♥✱ ❉✳ ▼✳✱ ❍✉♠♠❡❧✱ ❈✳ ❆✳✱ P❛✉❧s✱ ❚✳ ❆✳✱ ❡t ❛❧✳ ✷✵✵✻✱ ◆❛t✉r❡✱ ✹✹✵✱ ✽✾✻

P✐♥s♦♥♥❡❛✉❧t✱ ▼✳ ✶✾✾✼✱ ❆❘❆✫❆✱ ✸✺✱ ✺✺✼
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Pr❛t✱ ❱✳ ✷✵✶✵✱ ❘❛♣♣♦rt ❞❡ st❛❣❡ ❞❡ ▼❛st❡r ✷✱ ❤tt♣ ✿✴✴✇✇✇✳❛st✳♦❜s✲♠✐♣✳❢r✴✉s❡rs✴❧✐❣♥✐❡r❡✴❘❛♣♣♦rt✲

Pr❛t✳♣❞❢

❘❡❡s❡✱ ❉✳ ✷✵✵✻✱ P❤❉ t❤❡s✐s✱ ❯♥✐✈❡rs✐té ❚♦✉❧♦✉s❡ ■■■ ✲ P❛✉❧ ❙❛❜❛t✐❡r

❘❡❡s❡✱ ❉✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✻✱ ❆✫❆✱ ✹✺✺✱ ✻✷✶

❘❡❡s❡✱ ❉✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✽✱ ❆✫❆✱ ✹✽✶✱ ✹✹✾

❘❡❡s❡✱ ❉✳ ❘✳✱ ▼❛❝●r❡❣♦r✱ ❑✳ ❇✳✱ ❏❛❝❦s♦♥✱ ❙✳✱ ❙❦✉♠❛♥✐❝❤✱ ❆✳✱ ✫ ▼❡t❝❛❧❢❡✱ ❚✳ ❙✳ ✷✵✵✾✱ ❆✫❆✱ ✺✵✻✱ ✶✽✾

❘✐❡✉t♦r❞✱ ▼✳✱ ▲✉❞✇✐❣✱ ❍✳✱ ❘♦✉❞✐❡r✱ ❚✳✱ ◆♦r❞❧✉♥❞✱ ✳✱ ✫ ❙t❡✐♥✱ ❘✳ ✷✵✵✷✱ ◆✉♦✈♦ ❈✐♠❡♥t♦ ❈ ●❡♦♣❤②s✐❝s

❙♣❛❝❡ P❤②s✐❝s ❈✱ ✷✺✱ ✺✷✸

❘✐♥❝♦♥✱ ❋✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ✫ ❘✐❡✉t♦r❞✱ ▼✳ ✷✵✵✺✱ ❆✫❆✱ ✹✸✵✱ ▲✺✼

❘♦✉❞✐❡r✱ ❚✳ ✷✵✵✹✱ ❚r❡❡ ♦❢ ❋r❛❣♠❡♥t✐♥❣ ●r❛♥✉❧❡s ✐♥ s♦❧❛r ♦❜s❡r✈❛t✐♦♥s ❛♥❞ s✐♠✉❧❛t✐♦♥s ✭♣r✐✈❛t❡ ❝♦♠♠✉✲

♥✐❝❛t✐♦♥✮

❘♦✉❞✐❡r✱ ❚✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ❇r❛♥❞t✱ P✳ ◆✳✱ ✫ ▼❛❧❤❡r❜❡✱ ❏✳ ▼✳ ✷✵✵✸✱ ❆✫❆✱ ✹✵✾✱ ✷✾✾

❙❛❛❞✱ ❨✳ ✶✾✾✷✱ ◆✉♠❡r✐❝❛❧ ▼❡t❤♦❞s ❢♦r ▲❛r❣❡ ❊✐❣❡♥✈❛❧✉❡ Pr♦❜❧❡♠s ✭▼❛♥❝❤❡st❡r ❯♥✐✈❡rs✐t② Pr❡ss✮

❙❝❤✉♠❛❝❤❡r✱ ❏✳ ✷✵✵✶✱ ❏♦✉r♥❛❧ ♦❢ ❋❧✉✐❞ ▼❡❝❤❛♥✐❝s✱ ✹✹✶✱ ✶✵✾

❙❤♦r❧✐♥✱ ❙✳ ▲✳ ❙✳✱ ❲❛❞❡✱ ●✳ ❆✳✱ ❉♦♥❛t✐✱ ❏✳✱ ❡t ❛❧✳ ✷✵✵✷✱ ❆✫❆✱ ✸✾✷✱ ✻✸✼

❙♣r✉✐t✱ ❍✳ ❈✳ ✶✾✾✾✱ ❆✫❆✱ ✸✹✾✱ ✶✽✾

❙♣r✉✐t✱ ❍✳ ❈✳ ✷✵✵✷✱ ❆✫❆✱ ✸✽✶✱ ✾✷✸

❙✉àr❡③✱ ❏✳✱ ●♦✉♣✐❧✱ ▼✳✱ ❘❡❡s❡✱ ❉✳✱ ❡t ❛❧✳ ✷✵✶✵✱ s♦✉♠✐s à ❆✫❆

❚❛❦❡❞❛✱ ❨✳✱ ❑❛✇❛♥♦♠♦t♦✱ ❙✳✱ ✫ ❖❤✐s❤✐✱ ◆✳ ✷✵✵✽✱ ❆♣❏✱ ✻✼✽✱ ✹✹✻

❚❛ss♦✉❧✱ ▼✳ ✶✾✽✵✱ ❆♣❏❙✱ ✹✸✱ ✹✻✾

❚❤♦✉❧✱ ❆✳✱ ❆❡rts✱ ❈✳✱ ❉✉♣r❡t✱ ▼✳ ❆✳✱ ❡t ❛❧✳ ✷✵✵✸✱ ❆✫❆✱ ✹✵✻✱ ✷✽✼

❚♦q✉é✱ ◆✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ✫ ❱✐♥❝❡♥t✱ ❆✳ ✷✵✵✻✱ ●❡♦♣❤②s✐❝❛❧ ❛♥❞ ❆str♦♣❤②s✐❝❛❧ ❋❧✉✐❞ ❉②♥❛♠✐❝s✱ ✶✵✵✱ ✽✺
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❱❛❧❞❡tt❛r♦✱ ▲✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ❇r❛❝♦♥♥✐❡r✱ ❚✳✱ ✫ ❋r❛②ss❡✱ ❱✳ ✷✵✵✼✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ ❛♥❞ ❆♣♣❧✐❡❞

▼❛t❤❡♠❛t✐❝s✱ ✷✵✺✱ ✸✽✷

❱♦❧❧❡r✱ ❱✳ ❘✳ ✫ P♦rté✲❆❣❡❧✱ ❋✳ ✷✵✵✷✱ ❏♦✉r♥❛❧ ♦❢ ❈♦♠♣✉t❛t✐♦♥❛❧ P❤②s✐❝s✱ ✶✼✾✱ ✻✾✽

❱♦r♦♥ts♦✈✱ ❙✳ ❱✳ ✶✾✽✽✱ ✐♥ ❆❞✈❛♥❝❡s ✐♥ ❍❡❧✐♦✲ ❛♥❞ ❆st❡r♦s❡✐s♠♦❧♦❣②✱ ■❆❯ ❙②♠♣♦s✐✉♠ ✶✷✸✱ ❡❞✳

❏✳ ❈❤r✐st❡♥s❡♥✲❉❛❧s❣❛❛r❞ ✫ ❙✳ ❋r❛♥❞s❡♥ ✭❘❡✐❞❡❧✮✱ ✶✺✶

❲✐❣♥❡r✱ ❊✳ ✶✾✸✷✱ P❤②s✐❝❛❧ ❘❡✈✐❡✇✱ ✹✵✱ ✼✹✾

❲✐♥❣❡t✱ ❉✳ ❊✳✱ ◆❛t❤❡r✱ ❘✳ ❊✳✱ ❈❧❡♠❡♥s✱ ❏✳ ❈✳✱ ❡t ❛❧✳ ✶✾✾✶✱ ❆♣❏✱ ✸✼✽✱ ✸✷✻

❩❛❤♥✱ ❏✳ ✶✾✾✷✱ ❆✫❆✱ ✷✻✺✱ ✶✶✺

❩✐♠❛✱ ❲✳ ✷✵✵✻✱ ❆✫❆✱ ✹✺✺✱ ✷✷✼



❚❛❜❧❡ ❞❡s ✜❣✉r❡s

✷✳✶ ❉✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞✬✉♥ ♠♦❞❡ ❛❝♦✉st✐q✉❡ ❛①✐s②♠étr✐q✉❡ ❞❛♥s ✉♥ ♣❧❛♥ ♠ér✐❞✐❡♥✳ ■❧ ❛

été ♦❜t❡♥✉ ❡♥ s✉✐✈❛♥t ✉♥ ♠♦❞❡ ℓ = 1✱ n = 25 ❞❡ Ω = 0 ❥✉sq✉✬à Ω/ΩK = 0.59 ♦ù

ΩK = (GM/R3
e)

1/2 ❡t Re ❡st ❧❡ r❛②♦♥ éq✉❛t♦r✐❛❧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✷✳✷ ❉✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞✬✉♥ ♠♦❞❡ ❛❝♦✉st✐q✉❡ ❛①✐s②♠étr✐q✉❡ ❞❛♥s ❧❡ ♣❧❛♥ ♠ér✐❞✐❡♥ ❞✬✉♥

♠♦❞è❧❡ ❞✬ét♦✐❧❡ à ✉♥❡ r♦t❛t✐♦♥ ❞❡ Ω/ΩK = 0.59 ♦ù ΩK = (GM/R3
e)

1/2 ❡t Re ❡st ❧❡ r❛②♦♥

éq✉❛t♦r✐❛❧✳ ❉❡s ✐s♦✲❝♦♥t♦✉rs ❞❡ ❧✬❛♠♣❧✐t✉❞❡ ❞❡ ❧❛ ♣❡rt✉r❜❛t✐♦♥ ❡✉❧ér✐❡♥♥❡ ♥♦r♠❛❧✐sé❡ ♣❛r

❧❛ ❢♦♥❝t✐♦♥ α ❞é✜♥✐❡ ♣❛r ❊q✳ ✭❆✳✺✮ ❡t ❧❛ r❛❝✐♥❡ ❝❛rré ❞❡ ❧❛ ❞✐st❛♥❝❡ à ❧✬❛①❡ ❞❡ r♦t❛t✐♦♥ s♦♥t

r❡♣rés❡♥tés✳ ▲❡ rés❡❛✉ ❞❡s ❧✐❣♥❡s ♥♦❞❛❧❡s ✭❡♥ ♥♦✐r✮ ❡st ✐rré❣✉❧✐❡r ❡t ♥❡ ♣❡r♠❡t ♣❛s✱ ❝♦♠♠❡

❞❛♥s ❧❡ ❝❛s s♣❤ér✐q✉❡✱ ❞❡ ❝❛r❛❝tér✐s❡r ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞✉ ♠♦❞❡ ♣❛r ❞❡✉① ♥♦♠❜r❡s

❡♥t✐❡rs ❜✐❡♥ ❞é✜♥✐s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✺

✷✳✸ ❙✉✐✈✐ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ℓ = 0 − 7, n ≤ 10, m = 0 ❡♥ ❛✉❣♠❡♥t❛♥t ♣r♦❣r❡ss✐✈❡♠❡♥t

❧❛ r♦t❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ♣♦❧②tr♦♣✐q✉❡ ❞✬ét♦✐❧❡ ❞❡ Ω = 0 ❥✉sq✉✬à Ω/ΩK = 0.59✳ ▲❛ ✜❣✉r❡

❞❡ ❣❛✉❝❤❡ ❞♦♥♥❡ ✉♥❡ ✈✐s✐♦♥ ❣❧♦❜❛❧❡ ❞❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s ❡♥ ❢♦♥❝t✐♦♥

❞❡ ❧❛ r♦t❛t✐♦♥✳ ▲❡s ✜❣✉r❡s ❞❡ ❞r♦✐t❡ s♦♥t ❞❡s ❛❣r❛♥❞✐ss❡♠❡♥ts q✉✐ ♠♦♥tr❡♥t ❧❡ ♣❤é♥♦♠è♥❡

❞❡ ❝r♦✐s❡♠❡♥t é✈✐té ❡♥tr❡ ❞❡✉① ♠♦❞❡s ❞❡ ❧❛ ♠ê♠❡ ❝❧❛ss❡ ❞❡ s②♠étr✐❡✳ ▲❛ ✜❣✉r❡ s✉✐✈❛♥t❡

♠♦♥tr❡ ❧✬é✈♦❧✉t✐♦♥ ❞❡ ❧❛ ❞✐str✐❜✉t✐♦♥ s♣❛t✐❛❧❡ ❞❡s ♠♦❞❡s ♣❡♥❞❛♥t ❧❡ ❝r♦✐s❡♠❡♥t ❡♥tr❡ ❧❡s

♠♦❞❡s ✭ℓ = 0 n = 4✮ ❡t ✭ℓ = 4 n = 3✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✼

✷✳✹ ❈♦❡✣❝✐❡♥ts ❞❡ ❧❛ ❞é❝♦♠♣♦s✐t✐♦♥ ❡♥ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡ ❞❡ ❞❡✉① ♠♦❞❡s ❛✉ ❝♦✉rs ❞✬✉♥

❝r♦✐s❡♠❡♥t é✈✐té ❡♥tr❡ ❧❡s ♠♦❞❡s ✭ℓ = 0 n = 4✮ ❡t ✭ℓ = 4 n = 3✮ ♠♦♥tré à ❧❛ ✜❣✉r❡

♣ré❝é❞❡♥t❡✳ ▲❡s ♠♦❞❡s q✉✐ ♦♥t ✉♥❡ ✐❞❡♥t✐té ❝❧❛✐r❡ ❛✈❛♥t ❡t ❛♣rès ❧❡ ❝r♦✐s❡♠❡♥t é✈✐té s♦♥t

♠✐①t❡s ❧♦rsq✉❡ ❧❛ sé♣❛r❛t✐♦♥ ❡♥tr❡ ❧❡s ❢réq✉❡♥❝❡s ❡st ♠✐♥✐♠❛❧❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✷✼✺
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✷✳✺ ❉♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✉ ♣r❡♠✐❡r ✭❜❧❡✉✮✱ ❞❡✉①✐è♠❡ ✭✈❡rt✮ ❡t

tr♦✐s✐è♠❡ ✭r♦✉❣❡✮ ♦r❞r❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❝♦rr❡s♣♦♥❞❛♥t

à ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❈♦r♦t ✭✵✳✵✽ µ❍③✮ ❡t ✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ δ ❙❝✉t✐ ✭M = 1.9M⊙, R = 2.3R⊙✮✳

▲❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s ℓ = 1− 3, n ≤ 10, m = −ℓ, ...,+ℓ, ♦♥t été s✉✐✈✐❡s

❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥ ♥✉❧❧❡ ❥✉sq✉✬à Ω/ΩK = 0.59✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✵

✷✳✻ ❉♦♠❛✐♥❡ ❞❡ ✈❛❧✐❞✐té ❞❡s ♠ét❤♦❞❡s ♣❡rt✉r❜❛t✐✈❡s ❛✉ ♣r❡♠✐❡r ✭✈❡rt✮✱ ❞❡✉①✐è♠❡ ✭r♦✉❣❡✮ ❡t

tr♦✐s✐è♠❡ ✭❜❧❡✉✮ ♦r❞r❡ ♣♦✉r ❧❡ ❝❛❧❝✉❧ ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ❛✈❡❝ ✉♥❡ ❡rr❡✉r ❝♦rr❡s♣♦♥❞❛♥t

à ❧❛ ♣ré❝✐s✐♦♥ ❞❡ ❈♦r♦t ✭✵✳✶ µ❍③✮ ❡t ✉♥❡ ét♦✐❧❡ ❞❡ t②♣❡ γ ❉♦r❛❞✉s ✭M = 1.55M⊙, R =

1.6R⊙✮✳ ▲❡s ❢réq✉❡♥❝❡s ❞❡s ♠♦❞❡s ❞❡ ❣r❛✈✐té ℓ = 1✱ n = 1✕✶✹✱ m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥

❤❛✉t à ❣❛✉❝❤❡✮✱ ℓ = 2✱ n = 1✕✺✱ ✶✻✕✷✵✱ m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥ ❤❛✉t à ❞r♦✐t❡✮ ❡t ℓ = 3✱

n = 1✕✺✱ ✶✻✕✷✵✱ m = −ℓ, ..., ℓ ✭✜❣✉r❡ ❡♥ ❜❛s à ❣❛✉❝❤❡✮ ♦♥t été s✉✐✈✐❡s ❞❡♣✉✐s ❧❛ r♦t❛t✐♦♥

♥✉❧❧❡ ❥✉sq✉✬à Ω/ΩK = 0.71✳ ▲❛ ❝♦✉r❜❡ ω = 2Ω ❡st r❡♣rés❡♥té❡ ❡♥ ♠❛❣❡♥t❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✶

✷✳✼ ■♥t❡rs❡❝t✐♦♥ ❞✬✉♥ r❛②♦♥ ❛❝♦✉st✐q✉❡ ✭❡♥ ♠❛rr♦♥✮ ❛✈❡❝ ❧❛ ❝♦✉r❜❡ r = rP (θ) ✭❡♥ ♠❛❣❡♥t❛✮✳

▲❡ ♣♦✐♥t ❝♦rr❡s♣♦♥❞❛♥t s✉r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ❡st s♣é❝✐✜é ♣❛r ❧❛ ❝♦❧❛t✐t✉❞❡ θ ❡t ✉♥❡

❝♦♠♣♦s❛♥t❡ ❧❛t✐t✉❞✐♥❛❧❡ ❞✉ ✈❡❝t❡✉r ❞✬♦♥❞❡ ♥♦r♠❛❧✐sé❡ ♣❛r ❧❛ ❢réq✉❡♥❝❡ kθ/ω✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✼

✷✳✽ ❚r♦✐s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ♣♦✉r ❞❡s r♦t❛t✐♦♥s r❡❧❛t✐✈❡♠❡♥t ❢❛✐❜❧❡s ♠♦♥tr❛♥t ❧❛ tr❛♥s✐✲

t✐♦♥ ✈❡rs ❧❡ ❝❤❛♦s ❞❡ ❧❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❛❝♦✉st✐q✉❡s✳ ▲✬✉♥✐té ❞❡ ❧✬♦r❞♦♥♥é❡ ❡st

(GM/R3
p)

−1/2 ♦ù Rp ❡st ❧❡ r❛②♦♥ ♣♦❧❛✐r❡ ❞❡ ❧✬ét♦✐❧❡✳ ➚ r♦t❛t✐♦♥ ♥✉❧❧❡✱ ❧❛ ❝♦rr❡s♣♦♥❞❛♥❝❡

❡♥tr❡ ❧❡s t♦r❡s ❡t ❧❡s ♠♦❞❡s ❡st ✐♥❞✐q✉é❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✽

✷✳✾ ❚r♦✐s s❡❝t✐♦♥s ❞❡ P♦✐♥❝❛ré ♣♦✉r ❞❡s ✈❛❧❡✉rs ♣❧✉s é❧❡✈é❡s ❞❡ ❧❛ r♦t❛t✐♦♥ ✭♦♥ ♥♦t❡r❛ ❧❡ ❝❤❛♥❣❡✲

♠❡♥t ❞✬é❝❤❡❧❧❡ ❞❡ ❧✬♦r❞♦♥♥é❡ ♣❛r r❛♣♣♦rt à ❧❛ ✜❣✉r❡ ♣ré❝é❞❡♥t❡✮✳ ▲❡s str✉❝t✉r❡s ❞♦♠✐♥❛♥t❡s

❞❡ ❧✬❡s♣❛❝❡ ❞❡s ♣❤❛s❡s s♦♥t ❧❛ ❝❤❛î♥❡ ❞✬î❧♦t ❝❡♥tr❛❧❡ ❢♦r♠é❡ ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡

♣ér✐♦❞❡ ✷ ❡t ✉♥❡ ❣r❛♥❞❡ ré❣✐♦♥ ❝❤❛♦t✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✾
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✷✳✶✵ ❙❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré ✭❛✉ ❝❡♥tr❡✮ ❡t tr❛❥❡❝t♦✐r❡s ❞❡ r❛②♦♥s ❛❝♦✉st✐q✉❡s t②♣✐q✉❡s à ✉♥❡ r♦t❛✲

t✐♦♥ Ω/ΩK = 0.59✳ ❯♥❡ tr❛❥❡❝t♦✐r❡ ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧ ✭✈❡rt✮✱ ❞❡✉① tr❛❥❡❝t♦✐r❡s

❛ss♦❝✐é❡s à ❞❡s ❝❤❛î♥❡s ❞✬î❧♦t st❛❜❧❡ ✭❜❧❡✉ ❡t ♠❛❣❡♥t❛✮ ❡t ✉♥❡ tr❛❥❡❝t♦✐r❡ ❝❤❛♦t✐q✉❡ ✭r♦✉❣❡✮

s♦♥t ♠♦♥tré❡s à ❧❛ ❢♦✐s ❞❛♥s ❧✬❡s♣❛❝❡ ♣❤②s✐q✉❡ ❡t s✉r ❧❛ s❡❝t✐♦♥ ❞❡ P♦✐♥❝❛ré✳ ▲✬♦r❜✐t❡ st❛❜❧❡

❞❡ ♣ér✐♦❞❡ ✷✱ ❡♥tr❡ ❧❡s ♣♦✐♥ts ♥♦té ❛ ❡t ❜✱ ❡st ❛✉ss✐ ♠♦♥tré❡ ❡♥ ❥❛✉♥❡✳ ❯♥ t❡❧ ❡s♣❛❝❡ ❞❡s

♣❤❛s❡s ❡st ❞✐t ♠✐①t❡ ❝❛r ❞❡s ③♦♥❡s ❝❤❛♦t✐q✉❡s ❝♦❡①✐st❡♥t ❛✈❡❝ ❞❡s t♦r❡s ✐♥✈❛r✐❛♥ts t❡❧s q✉❡

❝❡✉① ❢♦r♠és ❛✉t♦✉r ❞❡s ♦r❜✐t❡s ♣ér✐♦❞✐q✉❡s st❛❜❧❡s ♦✉ ❝❡✉① ❛ss♦❝✐és ❛✉① tr❛❥❡❝t♦✐r❡s ❞❡

t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✵

✷✳✶✶ ❙♦✉s✲s♣❡❝tr❡s ❞❡ ❢réq✉❡♥❝❡s ❝♦rr❡s♣♦♥❞❛♥t à q✉❛tr❡ ❝❧❛ss❡s ❞❡ ♠♦❞❡s ✿ ✭❛✮ ❧❡s ♠♦❞❡s ❞✬î❧♦t

❢♦r♠és ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡ ✷✱ ✭❜✮ ❧❡s ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❛♥t✐s②♠étr✐q✉❡s

♣❛r r❛♣♣♦rt à ❧✬éq✉❛t❡✉r✱ ✭❝✮ ❧❡s ♠♦❞❡s ❞✬î❧♦t ❢♦r♠és ❛✉t♦✉r ❞❡ ❧✬♦r❜✐t❡ st❛❜❧❡ ❞❡ ♣ér✐♦❞❡

✻✱ ✭❞✮ ❞❡s ♠♦❞❡s ❞❡ t②♣❡ ✧✇❤✐s♣❡r✐♥❣ ❣❛❧❧❡r②✧✳ P♦✉r ❧❡s s♦✉s s♣❡❝tr❡s ✭❛✮ ❡t ✭❞✮ ❧❛ ❤❛✉t❡✉r

❞❡ ❧❛ ❜❛rr❡ ✈❡rt✐❝❛❧❡ ❝♦rr❡s♣♦♥❞ à ❧✬✉♥ ❞❡s ❞❡✉① ♥♦♠❜r❡s q✉❛♥t✐q✉❡s q✉✐ ❝❛r❛❝tér✐s❡♥t ❧❡

♠♦❞❡✳ ▲✬✉♥✐té ❞❡ ❢réq✉❡♥❝❡ ❡st ❧❛ ❢réq✉❡♥❝❡ ❛❝♦✉st✐q✉❡ ❢♦♥❞❛♠❡♥t❛❧❡ ❞❡ ❧✬ét♦✐❧❡✳ ✳ ✳ ✳ ✳ ✹✼

✷✳✶✷ ▲❛ ❞✐str✐❜✉t✐♦♥ ✐♥té❣ré❡ ❞❡s é❝❛rts ❡♥tr❡ ❢réq✉❡♥❝❡s ❝♦♥sé❝✉t✐✈❡s ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s

❝❤❛♦t✐q✉❡s ✭❡♥ tr❛✐t ♥♦✐r✮ ❡st ❝♦♠♣❛ré❡ à ❧❛ st❛t✐st✐q✉❡ ❞❡ ❲✐❣♥❡r ✐♥té❣ré❡ ✭tr❛✐ts ✐♥t❡r✲

r♦♠♣✉s✮ ❡t à ❧❛ st❛t✐st✐q✉❡ ❞❡ P♦✐ss♦♥ ✐♥té❣ré❡ ✭♣♦✐♥t✐❧❧és✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✽

✸✳✶ ❉ét❡❝t✐♦♥ ❞✬✉♥ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s✉r ❱é❣❛ ❛✈❡❝ ◆❆❘❱❆▲ ❛✉ ❚❇▲ ✿ ▼♦②❡♥♥❡ ❞❡s ✷✺✼

♣r♦✜❧s ♠♦②❡♥s ♦❜t❡♥✉s ♣❛r ❧❛ ♠ét❤♦❞❡ ❞❡ ❞é❝♦♥✈♦❧✉t✐♦♥ ❞✉ s♣❡❝tr❡ ✭▲❡❛st ❙q✉❛r❡ ❉❡✲

❝♦♥✈♦❧✉t✐♦♥✮ ❡♥ ❙t♦❦❡s ■ ✭❜❧❡✉✴❜❛s✮ ❡t ❡♥ ❙t♦❦❡s ❱ ✭r♦✉❣❡✴❤❛✉t✮ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡

r❛❞✐❛❧❡✳ ▲❛ ❝♦✉r❜❡ ✈❡rt❡✴♠✐❧✐❡✉ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❙t♦❦❡s q✉✐ ❞♦✐t êtr❡

♥✉❧❧❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❜r✉✐t✳ ❈❡tt❡ ❝♦✉r❜❡ ❡t ❝❡❧❧❡ ❡♥ ❙t♦❦❡s ❱ s♦♥t ❞é❝❛❧é❡s ✈❡rt✐❝❛❧❡♠❡♥t

❡t ❛❣r❛♥❞✐❡s ❞✬✉♥ ❢❛❝t❡✉r ✺✵✵✳ ❯♥ s✐❣♥❛❧ ♣♦❧❛r✐sé ❞❡ très ❢❛✐❜❧❡ ❛♠♣❧✐t✉❞❡ ✭V/I ∼ 10−5✮ ❡st

❞ét❡❝té s❛♥s ❛♠❜✐❣✉ïté✳ ▲❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t✱ ❝♦rr❡s♣♦♥❞❛♥t à ❧✬é❝❛rt✲t②♣❡ ❞❡s ✢✉❝t✉❛t✐♦♥s

❞✉ s✐❣♥❛❧ ❡♥ ❞❡❤♦rs ❞❡ ❧❛ r❛✐❡✱ ❡st ❡♥ ❡✛❡t σ = 2 × 10−6Ic ♦ù Ic ❡st ❧✬✐♥t❡♥s✐té ❞✉ ❝♦♥t✐♥✉✳ ✶✻✻

✸✳✷ ▼♦②❡♥♥❡s ❞❡s ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ♦❜t❡♥✉s ❞✉r❛♥t q✉❛tr❡ ré❝❡♥t❡s ❝❛♠♣❛❣♥❡s ❞✬♦❜✲

s❡r✈❛t✐♦♥ ❞❡ ❱é❣❛ ✭❡♥ ✈❡rt✮✳ ▼♦②❡♥♥❡ ❞❡ ❧✬❡♥s❡♠❜❧❡ ❞❡s ✼✾✾ ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ❞❡s

q✉❛tr❡ ❝❛♠♣❛❣♥❡s ✭❡♥ r♦✉❣❡✮✳ ▲❡s ♥✐✈❡❛✉① ❞❡ ❜r✉✐t ♣♦✉r ❝❤❛q✉❡ ❝❛♠♣❛❣♥❡ s♦♥t ❞♦♥♥és

♣❛r ❞❡s ❜❛rr❡s ❞✬❡rr❡✉r s✉r ❧❛ ❣❛✉❝❤❡ ❞❡s ♣r♦✜❧s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✼
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✸✳✸ ▼♦②❡♥♥❡ ❞❡s ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ❱ ❝❛❧❝✉❧és ❛✈❡❝ ❞❡s ❧✐st❡s ❞❡ r❛✐❡ à ❢❛✐❜❧❡s ❢❛❝t❡✉rs ❞❡

▲❛♥❞é ✭❡♥ ✈❡rt✮ ❡t à ❢♦rts ❢❛❝t❡✉rs ❞❡ ▲❛♥❞é ✭❡♥ r♦✉❣❡✮✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻✾

✸✳✹ ❈❛rt❡ ❞✉ ✈❡❝t❡✉r ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❞❡ ❱é❣❛ ❡♥ ♣r♦❥❡❝t✐♦♥ ♣♦❧❛✐r❡ ✭♦❜s❡r✈❛t✐♦♥s ❞❡ ❥✉✐❧❧❡t

✷✵✵✽✮✳ ▲❡s tr♦✐s ❝♦♠♣♦s❛♥t❡s ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ s♦♥t r❡♣rés❡♥té❡s sé♣❛ré♠❡♥t ❡t ❧✬✐♥✲

t❡♥s✐té ❞✉ ❝❤❛♠♣ ❡st ❡①♣r✐♠é❡ ❡♥ ●❛✉ss✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼✵

✸✳✺ ▼♦②❡♥♥❡ ❞❡ ✽✻ ♣r♦✜❧s ▲❙❉ ❡♥ ❙t♦❦❡s ■ ✭❜❧❡✉✮ ❡t ❙t♦❦❡s ❱ ✭r♦✉❣❡✮✱ ❡♥ ❢♦♥❝t✐♦♥ ❞❡ ❧❛ ✈✐t❡ss❡

r❛❞✐❛❧❡✳ ▲❛ ❝♦✉r❜❡ ✈❡rt❡✴♠✐❧✐❡✉ ❡st ✉♥❡ ❝♦♠❜✐♥❛✐s♦♥ ❞❡s ♣❛r❛♠ètr❡s ❞❡ ❙t♦❦❡s q✉✐ ❞♦✐t êtr❡

♥✉❧❧❡ ❡♥ ❧✬❛❜s❡♥❝❡ ❞❡ ❜r✉✐t✳ ❈❡tt❡ ❝♦✉r❜❡ ❡t ❝❡❧❧❡ ❡♥ ❙t♦❦❡s ❱ s♦♥t ❞é❝❛❧é❡s ✈❡rt✐❝❛❧❡♠❡♥t

❡t ❛❣r❛♥❞✐❡s ❞✬✉♥ ❢❛❝t❡✉r ✺✵✵✳ ❯♥ s✐❣♥❛❧ ♣♦❧❛r✐sé ❝✐r❝✉❧❛✐r❡♠❡♥t ❡st ♦❜s❡r✈é à ✉♥ ♥✐✈❡❛✉

❞❡ 2×10−5Ic ❛❧♦rs q✉❡ ❧❡ ♥✐✈❡❛✉ ❞❡ ❜r✉✐t ❡st ❞❡ 9×10−6Ic ♦ù Ic ❡st ❧✬✐♥t❡♥s✐té ❞✉ ❝♦♥t✐♥✉✳

▲❛ ❢♦r♠❡ ❞✉ s✐❣♥❛❧ ❞✐✛èr❡ ❞❡ ❝❡❧❧❡ ❞❡ ❱é❣❛ ♣✉✐sq✉✬♦♥ ♦❜s❡r✈❡ ✉♥ ❧♦❜❡ ♣♦s✐t✐❢ ❛✉ ❝❡♥tr❡ ❞❡

❧❛ r❛✐❡ ❡t ♣♦ss✐❜❧❡♠❡♥t ❞❡✉① ❧♦❜❡s ♥é❣❛t✐❢s ❞❛♥s ❧❡s ❛✐❧❡s✳ ▲❡ ❝❤❛♠♣ ❧♦♥❣✐t✉❞✐♥❛❧ ❛ss♦❝✐é à

❝❡tt❡ ❞ét❡❝t✐♦♥ ♠❛r❣✐♥❛❧ ❡st ✵✳✺ ± ✵✳✸ ●✱ ✉♥❡ ✈❛❧❡✉r s✐♠✐❧❛✐r❡ ❛✉ ❝❤❛♠♣ ❞❡ ❱é❣❛✳ ✳ ✳ ✳ ✳ ✶✼✷

✹✳✶ ❩♦♦♠ s✉r ❧❛ ❞✐str✐❜✉t✐♦♥ ❞❡ ❧❛ ✈♦rt✐❝✐té ♣♦✉r ❞❡✉① ❛♥✐s♦tr♦♣✐❡s ❞✐✛ér❡♥t❡s✳ ▲❡s ♣r♦✜❧s ✈❡r✲

t✐❝❛✉① ❞❡ ❧❛ ✈✐t❡ss❡ ❤♦r✐③♦♥t❛❧❡ ♠♦②❡♥♥❡ ❡t ❞❡s ✢✉❝t✉❛t✐♦♥s ♠♦②❡♥♥❡s ❞❡ ✈✐t❡ss❡ ✈❡rt✐❝❛❧❡

s♦♥t é❣❛❧❡♠❡♥t r❡♣rés❡♥tés ❛✈❡❝ q✉❡❧q✉❡s tr❛❥❡❝t♦✐r❡s t②♣✐q✉❡s ❞❡ ♣❛rt✐❝✉❧❡s✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✵

✹✳✷ ➱❝❤❡❧❧❡s ✈❡rt✐❝❛❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡ ✭❛✮ ❧♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ♥❡ ♠♦❞✐✜❡ ♣❛s

❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ s✉r ❧❡s ♣❧✉s ❣r❛♥❞❡s é❝❤❡❧❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ lz = uz/N0

✭❜✮ ❧♦rsq✉❡ ❧❛ ❞✐✛✉s✐✈✐té t❤❡r♠✐q✉❡ ❝♦♥trô❧❡ ❧✬❡✛❡t ❞❡ ❧❛ ❢♦r❝❡ ❞✬❆r❝❤✐♠è❞❡ s✉r ❧❡s ♣❧✉s

❣r❛♥❞❡s é❝❤❡❧❧❡s ❞❡ ❧❛ t✉r❜✉❧❡♥❝❡✱ lz = (κuz/N
2
0 )1/3✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✶✸

✺✳✶ ❆✉t♦❝♦rré❧❛t✐♦♥ ❞✬✉♥ s♣❡❝tr❡ ❛s②♠♣t♦t✐q✉❡ ❞❡ ♠♦❞❡s✲♣ rés✉❧t❛♥t ❞❡ ❧❛ s✉♣❡r♣♦s✐t✐♦♥ ❞✬✉♥

s♣❡❝tr❡ ❞❡ ♠♦❞❡s ❝❤❛♦t✐q✉❡s ❡t ❞✬✉♥ s♣❡❝tr❡ ❞❡ ♠♦❞❡s ❞✬î❧♦ts✳ ▲❛ ✜❣✉r❡ ❞✉ ❤❛✉t r❡♣rés❡♥t❡

❧✬❛✉t♦❝♦rré❧❛t✐♦♥ ❞✉ s♣❡❝tr❡ ❡♥t✐❡r ❛❧♦rs q✉❡ ❧❡s ✜❣✉r❡s ❞✉ ♠✐❧✐❡✉ ❡t ❞✉ ❜❛s ♠♦♥tr❡♥t ❧✬❛✉✲

t♦❝♦rré❧❛t✐♦♥ ❞❡s s♣❡❝tr❡s ❞❡ ♠♦❞❡s ❝❤❛♦t✐q✉❡s ✭❡♥ r♦✉❣❡✮ ❡t ❞✬î❧♦ts ✭❡♥ ❜❧❡✉✮✳ ▲✬❛❜s❝✐ss❡

♠❡s✉r❡ ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ❢réq✉❡♥❝❡ ♥♦r♠❛❧✐sé ♣❛r ❧✬éq✉✐✈❛❧❡♥t ❞❡ ❧❛ ❣r❛♥❞❡ ❞✐✛ér❡♥❝❡ ∆✳ ❉❛♥s

❝❡ ❝❛s ❢❛✈♦r❛❜❧❡ ♦ù ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st ❢❛✐❜❧❡ i = 30◦✱ ❧❡s ♣r✐♥❝✐♣❛✉① ♣✐❝s ❞✉ s♣❡❝tr❡

❞✬î❧♦t ✭q✉✐ ❝♦rr❡s♣♦♥❞❡♥t à ❞❡s ❝♦♠❜✐♥❛✐s♦♥s ❧✐♥é❛✐r❡s ❡♥tr❡ δn ❡t δℓ ✲ ✈♦✐r ❊q✳ ✭✷✳✶✸✮✮

♣❡✉✈❡♥t êtr❡ ❢❛❝✐❧❡♠❡♥t ❞ét❡❝tés ❞❛♥s ❧❡ s♣❡❝tr❡ t♦t❛❧✳ ❖♥ ♦❜s❡r✈❡ é❣❛❧❡♠❡♥t ✉♥ ♣✐❝ à 2Ω

q✉✐ ♣r♦✈✐❡♥t ❞✉ s♣❡❝tr❡ ❝❤❛♦t✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✶
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✺✳✷ ❱❛r✐❛t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞✬✉♥ ♣r♦✜❧ ❞❡ r❛✐❡ ❞✬❛❜s♦r♣t✐♦♥ ❡♥❣❡♥❞ré ♣❛r ✉♥ ♠♦❞❡ ❞✬î❧♦t ❞✬✉♥❡

ét♦✐❧❡ ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ✭✜❣✉r❡ ❞❡ ❣❛✉❝❤❡✮✳ ▲✬❛❜s❝✐ss❡ ❞é❝r✐t ❧❡ ❞é❝❛❧❛❣❡ ❡♥ ✈✐t❡ss❡ r❛❞✐❛❧❡

❡t ❧✬é✈♦❧✉t✐♦♥ t❡♠♣♦r❡❧❧❡ ❞❡s ♣r♦✜❧s ❛✉ ❝♦✉rs ❞✬✉♥❡ ♣ér✐♦❞❡ ❞✬♦s❝✐❧❧❛t✐♦♥ s❡ ❧✐t ❞❡ ❜❛s ❡♥

❤❛✉t✳ ▲❛ r♦t❛t✐♦♥ ❞✉ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡st Ω = 0.3ΩK ❡t ❧✬❛♥❣❧❡ ❞✬✐♥❝❧✐♥❛✐s♦♥ ❡st i = 60◦✳

▲❛ ✜❣✉r❡ ❞❡ ❞r♦✐t❡ ♠♦♥tr❡ ❧❡s ✈❛r✐❛t✐♦♥s t❡♠♣♦r❡❧❧❡s ❞❡ ♣r♦✜❧ q✉❡ ❧✬♦♥ ♦❜t✐❡♥❞r❛✐t s✐ ♦♥

❝❤❡r❝❤❛✐t à ♠♦❞é❧✐s❡r ❧❡ ♠♦❞❡ ❞✬î❧♦t ❛✈❡❝ ✉♥❡ s❡✉❧❡ ❤❛r♠♦♥✐q✉❡ s♣❤ér✐q✉❡✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✻✸

✺✳✸ ❚r❛❥❡❝t♦✐r❡s ❞✬♦♥❞❡s ❣r❛✈✐t♦✲✐♥❡rt✐❡❧❧❡s ❞❛♥s ❧❡ ré❣✐♠❡ s✉♣❡r✲✐♥❡rt✐❡❧ f < ω < N0 ✭à

❣❛✉❝❤❡✮ ❡t s✉❜✲✐♥❡rt✐❡❧ ω < f ✭à ❞r♦✐t❡✮ ❞é❝r✐t❡s ❞❛♥s ❧❡ ❝❛❞r❡ ❞❡ ❧✬❛♣♣r♦①✐♠❛t✐♦♥ ❲❑❇✳

▲❡s ❧✐♠✐t❡s ❞✉ ❞♦♠❛✐♥❡ ❞❡ ♣r♦♣❛❣❛t✐♦♥ ✭❡♥ r♦✉❣❡✮ s♦♥t ❞ét❡r♠✐♥é❡s à ♣❛rt✐r ❞❡ ❧✬éq✉❛t✐♦♥

✐❝♦♥❛❧❡ ✭✺✳✶✮✳ ▲❡s ❡✛❡ts ❞❡ ❧✬❛❝❝é❧ér❛t✐♦♥ ❝❡♥tr✐❢✉❣❡ s♦♥t ♥é❣❧✐❣és ❞❛♥s ❝❡ ❝❛❧❝✉❧✳ ✳ ✳ ✳ ✳ ✳ ✷✻✹
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❆♥♥❡①❡ ❆

❉✐✛ér❡♥t❡s ❢♦r♠✉❧❛t✐♦♥s ❞❡s éq✉❛t✐♦♥s

❞✬♦♥❞❡ ❞❛♥s ❧❡s ét♦✐❧❡s

❖♥ é❝r✐t ✐❝✐ ❞✐✛ér❡♥t❡s ❢♦r♠✉❧❛t✐♦♥s ♣♦ss✐❜❧❡s ❞❡s éq✉❛t✐♦♥s ❞é❝r✐✈❛♥t ❧✬é✈♦❧✉t✐♦♥ ❧✐♥é❛r✐sé❡ ❞❡ ♣❡t✐t❡s

♣❡rt✉r❜❛t✐♦♥s ❛❞✐❛❜❛t✐q✉❡s ❛✉t♦✉r ❞✬✉♥ ♠♦❞è❧❡ ❞✬ét♦✐❧❡ ❡♥ s❡ r❡str❡✐❣♥❛♥t ❛✉ ❝❛s ❞✬✉♥❡ ét♦✐❧❡ ♥♦♥ ♠❛❣♥é✲

t✐q✉❡✱ ❡♥ r♦t❛t✐♦♥ ✉♥✐❢♦r♠❡ ❞♦♥t ❧❡s ♣❡rt✉r❜❛t✐♦♥s s♦♥t ❛❞✐❛❜❛t✐q✉❡s ❡t ♥♦♥ ❛✛❡❝té❡s ♣❛r ❧❛ ✈✐s❝♦s✐té✳ ▲❛

❢♦r♠❡ ✐♥✐t✐❛❧❡ ❞❡ ❝❡s éq✉❛t✐♦♥s ❡st ❧❡ s②stè♠❡ ❞✬éq✉❛t✐♦♥ ✭✷✳✶✮✱ ✭✷✳✷✮✱ ✭✷✳✸✮✱ ✭✷✳✹✮✱ ♣rés❡♥té à ❧❛ ❙❡❝t✳ ✷✳✶✳✶✳

❊♥ ♥é❣❧✐❣❡❛♥t ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❈♦r✐♦❧✐s✱ ❝❡ s②stè♠❡ ♣❡✉t êtr❡ réé❝r✐t ❞❡ ❧❛ ❢❛ç♦♥ s✉✐✈❛♥t❡ ✿

∂2
tt~u · ~g0 = ~g0 · ~∇

(

c2sχ+ ~u · ~g0 − ∂tψ
)

− χ~g0 · ~A0 ✭❆✳✶✮

∂2
ttχ = ∆(c2sχ+ ~u · ~g0 − ∂tψ) − ~∇ · (χ ~A0) ✭❆✳✷✮

∆∂tψ = −4πG
(

~u · ~∇ρ0 + ρ0χ
)

✭❆✳✸✮

♦ù ❧❡ ♥♦♠❜r❡ ❞❡ ✈❛r✐❛❜❧❡s ❞é♣❡♥❞❛♥t❡s ❛ été ré❞✉✐t ❞❡ s✐①✱ ~u✱ ρ✱ P ✱ Ψ✱ à tr♦✐s✱ ~u ·~g0✱ χ = ~∇·~u✱ ψ ❡t ♦ù ❧❡

s②stè♠❡ ♣❡✉t t♦✉❥♦✉rs êtr❡ ♠✐s s♦✉s ✉♥❡ ❢♦r♠❡✱ ✭✷✳✺✮ ❛✈❡❝ λ = −ω2✱ ❛❞❛♣té❡ à ❧❛ ♠ét❤♦❞❡ ❞❡ rés♦❧✉t✐♦♥

❞✉ ♣r♦❜❧è♠❡ ❞✐s❝rét✐sé q✉❡ ♥♦✉s ❛✈♦♥s ✉t✐❧✐sé❡✳ ▲❡ ✈❡❝t❡✉r ~A0 ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ ❡t ❡st

❞é✜♥✐ ♣❛r ~A0 = (c2sN
2
0 /‖~g0‖)~n0✱ ♦ù N0 ❡st ❧❛ ❢réq✉❡♥❝❡ ❞❡ ❇r✉♥t✲❱ä✐sä❧ä ❡t ~n0 ❡st ✉♥ ✈❡❝t❡✉r ✉♥✐t❛✐r❡

❞❛♥s ❧❛ ❞✐r❡❝t✐♦♥ ♦♣♣♦sé❡ à ❧❛ ❣r❛✈✐té ❡✛❡❝t✐✈❡ ~g0 = −‖~g0‖~n0✳ ▲❡ ❞ét❛✐❧ ❞❡ ❧❛ ❞ér✐✈❛t✐♦♥ ♣❡✉t êtr❡ tr♦✉✈é

✷✽✶



✷✽✷❆◆◆❊❳❊ ❆✳ ❉■❋❋➱❘❊◆❚❊❙ ❋❖❘▼❯▲❆❚■❖◆❙ ❉❊❙ ➱◗❯❆❚■❖◆❙ ❉✬❖◆❉❊ ❉❆◆❙ ▲❊❙ ➱❚❖■▲❊❙

❞❛♥s ▲✐❣♥✐èr❡s ❡t ❛❧✳ ✭✷✵✵✻✱ ❆✶✮✳

❙✐ ♦♥ s❡ r❡str❡✐♥t ♠❛✐♥t❡♥❛♥t ❛✉ s♦❧✉t✐♦♥ ❤❛r♠♦♥✐q✉❡ ❡♥ t❡♠♣s ∝ exp(−iωt) ❡t q✉❡ ❧✬♦♥ ♥é❣❧✐❣❡✱

❡♥ ♣❧✉s ❞❡ ❧✬❛❝❝é❧ér❛t✐♦♥ ❞❡ ❈♦r✐♦❧✐s✱ ❧❡s ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♣♦t❡♥t✐❡❧ ❣r❛✈✐t❛t✐♦♥♥❡❧ ψ ✭❛♣♣r♦①✐♠❛t✐♦♥ ❞❡

❈♦✇❧✐♥❣✮✱ ♦♥ ♣❡✉t s❡ r❛♠❡♥❡r à ✉♥❡ éq✉❛t✐♦♥ ♣♦✉r ✉♥❡ s❡✉❧❡ ✈❛r✐❛❜❧❡ ❞é♣❡♥❞❛♥t❡ ✿

ω2
c − ω2

c2s
Ψ̂ +

N2
0

ω2
[∆ − 1

g2
0

(~g0 · ~∇)(~g0 · ~∇)]Ψ̂ = ∆Ψ̂ ✭❆✳✹✮

♦ù Ψ̂ = P̂ /α✱ P̂ ❡st ❧✬❛♠♣❧✐t✉❞❡ ❝♦♠♣❧❡①❡ ❛ss♦❝✐é❡ ❛✉① ♣❡rt✉r❜❛t✐♦♥s ❞❡ ♣r❡ss✐♦♥ P = ℜ{P̂ exp(−iωt)}

❡t α ❞é♣❡♥❞ ❞❡ ❧❛ str✉❝t✉r❡ ❞❡ ❧✬ét♦✐❧❡ ❡t ❡st ❞♦♥♥é ♣❛r

~∇α =
B

2c2s
α~g0. ✭❆✳✺✮

♦ù

B = 1 +
c2sN

2
0

g2
0

− c2s ~∇ ·
(

(1 − fp)~g0
fpg2

0

)

✭❆✳✻✮

❛✈❡❝

fp = 1 − N2
0

ω2
. ✭❆✳✼✮

▲❛ ❢réq✉❡♥❝❡ ❞❡ ❝♦✉♣✉r❡ ωc ❡st ❞♦♥♥é❡ ♣❛r

ω2
c =

g2
0B

2

4c2s
+ c2sfp

~∇ · ( ~g0
c2sfp

) − c2s
2
~∇ · (B~g0

c2s
) +

(1 − fp)

2
Bg2

0
~∇ · (~g0

g2
0

), ✭❆✳✽✮

▲❡ ❞ét❛✐❧ ❞❡ ❧❛ ❞ér✐✈❛t✐♦♥ ♣❡✉t êtr❡ tr♦✉✈é ❞❛♥s ▲✐❣♥✐èr❡s ✫ ●❡♦r❣❡♦t ✭✷✵✵✾✱ ❆✼✮✳ ▲✬éq✉❛t✐♦♥ ✭❆✳✹✮ r❡♥❞

❝♦♠♣t❡ à ❧❛ ❢♦✐s ❞❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ❡t ❞❡s ♦♥❞❡s s♦♥♦r❡s ❞❛♥s ❧❡s ét♦✐❧❡s é✈❡♥t✉❡❧❧❡♠❡♥t ❞é❢♦r♠é❡s ♣❛r

❧❛ ❢♦r❝❡ ❝❡♥tr✐❢✉❣❡✳ P♦✉r ❧❡s ♦♥❞❡s s♦♥♦r❡s ❞❡ ❤❛✉t❡ ❢réq✉❡♥❝❡✱ ❧❡s ❤②♣♦t❤ès❡s q✉✐ ♦♥t ♣❡r♠✐s ❞❡ ❧✬♦❜t❡♥✐r

s♦♥t ❥✉st✐✜é❡s ✭à ❧✬❡①❝❡♣t✐♦♥ ❞❡ ❧✬❤②♣♦t❤ès❡ ❞✬❛❞✐❛❜❛t✐❝✐té ❞❛♥s ❧❡s ❝♦✉❝❤❡s s✐t✉é❡s ❛✉ ✈♦✐s✐♥❛❣❡ ❞❡ ❧❛

s✉r❢❛❝❡✮✳ ❈❡ ♥✬❡st ❡♥ r❡✈❛♥❝❤❡ ♣❛s ❧❡ ❝❛s ♣♦✉r ❧❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ❞❛♥s ❧❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡

♥♦t❛♠♠❡♥t ♣❛r❝❡ q✉✬❡❧❧❡s s♦♥t ❛✛❡❝té❡s ❞❡ ❢❛ç♦♥ s✐❣♥✐✜❝❛t✐✈❡ ♣❛r ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✳

❘é❝❡♠♠❡♥t ✉♥❡ éq✉❛t✐♦♥ ♣❧✉s ❣é♥ér❛❧❡ ❛ été ♦❜t❡♥✉❡ ❛✉ ❝♦✉rs ❞✉ st❛❣❡ ❞❡ ▼❛st❡r ✷ ❞❡ ❱✳ Pr❛t ❡♥

✐♥❝❧✉❛♥t ❧❡s ❡✛❡ts ❞❡ ❧❛ ❢♦r❝❡ ❞❡ ❈♦r✐♦❧✐s✳ ❙♦♥ ❡①♣r❡ss✐♦♥ ♣♦✉r ❧❡s ♠♦❞❡s ❛①✐s②♠étr✐q✉❡s ❡st ❧❛ s✉✐✈❛♥t❡ ✿



✷✽✸

D∆Ψ̂ − (ω2 − f2 −N0
2)~f · ~∇(~f · ~∇Ψ̂) + N0

2ω2

g0
2 ~g0 · ~∇(~g0 · ~∇Ψ̂) ✭❆✳✾✮

−N0
2

g0
2 (~f · ~g0)[~g0 · ~∇(~f · ~∇Ψ̂) + ~f · ~∇(~g0 · ~∇Ψ̂)] + CΨ̂ = 0 ✭❆✳✶✵✮

♦ù Ψ̂ = P̂ /a✱ ❧❛ ❢♦♥❝t✐♦♥ a ✈ér✐✜❛♥t

~∇a = a~Q
4Gcs

2D
✭❆✳✶✶✮

❡t ❧❡s t❡r♠❡s D✱ C✱ Q ❡t G s♦♥t ❞é✜♥✐s ♣❛r ✿

D = ω4 − ω2(f2 +N0
2) + N0

2(~f ·~g0)2

g0
2 ✭❆✳✶✷✮

C = D
4G

[

~∇ ·
(

~Q
cs

2D

)

+ Q2

4Gcs
4D2

]

+ N0
2ω2

4Gg0
2

[

~g0 · ~∇
(

~g0· ~Q
cs

2D

)

+ ( ~g0· ~Q)2

4Gcs
4D2

]

✭❆✳✶✸✮

−ω2−f2−N0
2

4G

[

~f · ~∇
(

~f · ~Q
cs

2D

)

+ (~f · ~Q)2

4Gcs
4D2

]

✭❆✳✶✹✮

−N0
2(~f ·~g0)

4Gg0
2

[

~f · ~∇
(

~g0· ~Q
cs

2D

)

+ ~g0.~∇
(

~f · ~Q
cs

2D

)

+ 2(~f · ~Q)(~g0· ~Q)
4Gcs

4D2

]

✭❆✳✶✺✮

+
[(~f ·~g0)N+α

2
(~f ·~∇K)]

4Gcs
2ω2

~f · ~Q
cs

2D
− N

4Gcs
2

~g0· ~Q
cs

2D
+ M

cs
2ω2 ✭❆✳✶✻✮

~Q =
[

2ND + α0
N0

2

g0
2 (~f · ~g0)~f · ~∇K

]

~g0 − α0ω
2(~f · ~∇K)~f ✭❆✳✶✼✮

G = ω2(ω2 − f2) ✭❆✳✶✽✮

❛✈❡❝

α0 = cs
2N0

2

g0
2 ✭❆✳✶✾✮

K = (~f.~g0)
2 − ω2g0

2 = ~F .~g0 ✭❆✳✷✵✮

M = G
[

G+ cs
2D~∇.

(

~F
cs

2D

)]

✭❆✳✷✶✮

N = (1 + α0)G+ cs
2D~∇

(

α0
~F

cs
2D

)

✭❆✳✷✷✮

~F = (~f · ~g0)~f − ω2~g0 ✭❆✳✷✸✮

◆♦✉s ❛✈♦♥s ✉t✐❧✐sé ❝❡s éq✉❛t✐♦♥s ❞✬♦♥❞❡s ré❞✉✐t❡s à ✉♥❡ ✈❛r✐❛❜❧❡ Ψ ♣♦✉r ❛♣♣❧✐q✉❡r ❧✬❛♣♣r♦①✐♠❛t✐♦♥

❲❑❇✳ ➚ ❧✬♦r❞r❡ ❞♦♠✐♥❛♥t ❞✉ ❞é✈❡❧♦♣♣❡♠❡♥t ❲❑❇ ❊q✳ ✭✷✳✾✮✱ ♦♥ ♦❜t✐❡♥t ✉♥❡ éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ q✉✐ ♣r❡♥❞

✉♥❡ ❢♦r♠❡ s✐♠♣❧✐✜é❡ ❧♦rsq✉❡ ❧✬♦♥ s❡ ♣❧❛❝❡ ❞❛♥s ❧❡ ❞♦♠❛✐♥❡ ❞❡ ❢réq✉❡♥❝❡ ω = O(Λ) ❞❡s ♦♥❞❡s ❛❝♦✉st✐q✉❡s



✷✽✹❆◆◆❊❳❊ ❆✳ ❉■❋❋➱❘❊◆❚❊❙ ❋❖❘▼❯▲❆❚■❖◆❙ ❉❊❙ ➱◗❯❆❚■❖◆❙ ❉✬❖◆❉❊ ❉❆◆❙ ▲❊❙ ➱❚❖■▲❊❙

❊q✳ ✭✷✳✶✵✮ ♦✉ ❞❛♥s ❝❡❧✉✐ ω = O(1) ❞❡s ♦♥❞❡s ❞❡ ❣r❛✈✐té ❊q✳ ✭✺✳✶✮✳ ▲❛ ❞②♥❛♠✐q✉❡ ❞❡s r❛②♦♥s ❡st ❛❧♦rs

❝♦♥str✉✐t❡ ❝♦♠♠❡ ❧❛ r❡❝❤❡r❝❤❡ ❞❡ s♦❧✉t✐♦♥s ❞❡ ❧✬éq✉❛t✐♦♥ ✐❝♦♥❛❧❡ ❧❡ ❧♦♥❣ ❞✬✉♥ ❝❤❡♠✐♥ ♣❛rt✐❝✉❧✐❡r✳



❆♥♥❡①❡ ❇

❈❯❘❘■❈❯▲❯▼ ❱■❚❆❊

❈❤❛r❣é ❞❡ ❘❡❝❤❡r❝❤❡ ✶èr❡ ❈❧❛ss❡ ❛✉ ❈◆❘❙ ❞❡♣✉✐s ❖❝t♦❜r❡ ✷✵✵✵

❆❞r❡ss❡

❖❜s❡r✈❛t♦✐r❡ ▼✐❞✐✲P②ré♥é❡s✱ ❯▼❘ ✺✺✼✷✱ ✶✹✱ ❆✈❡♥✉❡ ❊❞♦✉❛r❞ ❇❡❧✐♥

✸✶✹✵✵ ❚❖❯▲❖❯❙❊

❊✲♠❛✐❧ ✿ ❋r❛♥❝♦✐s✳▲✐❣♥✐❡r❡s❅❛st✳♦❜s✲♠✐♣✳❢r

❚❡❧ ✿ ✵✺✳✻✶✳✸✸✳✷✽✳✾✽

❋❛① ✿ ✵✺✳✻✶✳✸✸✳✷✽✳✹✵

❊t❛t ❝✐✈✐❧

◆é ❧❡ ✶✽✳✶✵✳✶✾✻✻ à P❛r✐s

◆❛t✐♦♥❛❧✐té ❢r❛♥ç❛✐s❡

▼❛r✐é✱ tr♦✐s ❡♥❢❛♥ts

❋❖❘▼❆❚■❖◆

✶✾✾✸✲✶✾✾✼ ❚❤ès❡ à ❧✬❖❜s❡r✈❛t♦✐r❡ ❞❡ ▼❡✉❞♦♥ ♦❜t❡♥✉❡ ❧❡ ✼ ❥✉✐❧❧❡t ✶✾✾✼

❛✈❡❝ ▼❡♥t✐♦♥ ❚❍ ❡t ❢é❧✐❝✐t❛t✐♦♥s ❞✉ ❥✉r②

❚✐tr❡ ✿ ❉✐str✐❜✉t✐♦♥ ❡t é✈♦❧✉t✐♦♥ ❞✉ ♠♦♠❡♥t ❝✐♥ét✐q✉❡

❞❡s ét♦✐❧❡s ♣ré✲séq✉❡♥❝❡✲♣r✐♥❝✐♣❛❧❡ ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡

❈♦✲❞✐r❡❝t❡✉rs ✿ ▼▼✳ ❆♥❞ré ▼❛♥❣❡♥❡② ❡t ❈❧❛✉❞❡ ❈❛t❛❧❛

✷✽✺



✷✽✻ ❆◆◆❊❳❊ ❇✳ ❈❯❘❘■❈❯▲❯▼ ❱■❚❆❊

✶✾✾✵✲✶✾✾✶ ❉✳❊✳❆✳ ❆str♦♣❤②s✐q✉❡ ❡t ❚❡❝❤♥✐q✉❡s ❙♣❛t✐❛❧❡s ❞❡ ❧✬❯♥✐✈❡rs✐té

P❛r✐s ✼✱ ❏✉✐♥ ✶✾✾✶

✶✾✽✼✲✶✾✾✵ ❊❝♦❧❡ ❈❡♥tr❛❧❡ P❛r✐s✱ ❏✉✐♥ ✶✾✾✵

✶✾✽✹✲✶✾✽✼ ❈❧❛ss❡s ♣ré♣❛r❛t♦✐r❡s ❛✉ ▲②❝é❡ ▲♦✉✐s✲▲❡✲●r❛♥❞ ✭P❛r✐s✮

▲❆◆●❯❊❙

❆♥❣❧❛✐s ✭❝♦✉r❛♥t✮✱ ❊s♣❛❣♥♦❧ ✭❝♦✉r❛♥t✮

❙❊❏❖❯❘❙ ➚ ❧✬❊❚❘❆◆●❊❘

✶✾✾✽✲✷✵✵✵ P♦st❞♦❝ ❛✉ ◗✉❡❡♥ ▼❛r② ❛♥❞ ❲❡st✜❡❧❞ ❈♦❧❧❡❣❡ ✲ ▲♦♥❞r❡s

✶✾✾✶✲✶✾✾✸ ■♥❣é♥✐❡✉r ❞✬❛✛❛✐r❡s ❞❛♥s ❧✬❡♥tr❡♣r✐s❡ ❈❡❣❡❧❡❝ ▼❡①✐❝♦ ✲ ▼❡①✐q✉❡

❉❖▼❆■◆❊❙ ❉❊ ❈❖▼P➱❚❊◆❈❊

• ❉②♥❛♠✐q✉❡ ❞❡s ✢✉✐❞❡s ❛str♦♣❤②s✐q✉❡s

• ❆stér♦s✐s♠♦❧♦❣✐❡

• ❙✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ♠✉❧t✐✲❞✐♠❡♥s✐♦♥♥❡❧❧❡s

• ❖❜s❡r✈❛t✐♦♥s ❡♥ s♣❡❝tr♦ ❡t s♣❡❝tr♦✲♣♦❧❛r✐♠étr✐❡ st❡❧❧❛✐r❡

P❘■◆❈■P❆❯❳ ❘➱❙❯▲❚❆❚❙ ❙❈■❊◆❚■❋■◗❯❊❙

▼❡s tr❛✈❛✉① ✈✐s❡♥t à ♠✐❡✉① ❝♦♠♣r❡♥❞r❡ ❧✬✐♥✢✉❡♥❝❡ ❞❡ ❧❛ r♦t❛t✐♦♥✱ ❞✉ ❝❤❛♠♣ ♠❛❣♥ét✐q✉❡ ❡t ❞❡ ❧❛

t✉r❜✉❧❡♥❝❡ s✉r ❧❛ str✉❝t✉r❡ ❡t ❧✬é✈♦❧✉t✐♦♥ ❞❡s ét♦✐❧❡s✳ ▼❡s ♣r✐♥❝✐♣❛✉① rés✉❧t❛ts ❝♦♥❝❡r♥❡♥t ✿

✭✐✮ ▲❛ s✐s♠♦❧♦❣✐❡ ❞❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡ ✿ ❈❛❧❝✉❧ ❡t t❤é♦r✐❡ ❛s②♠♣t♦t✐q✉❡ ❞❡s ♠♦❞❡s ❛❝♦✉st✐q✉❡s✳

✭✐✐✮ ▲❡ ♠❛❣♥ét✐s♠❡ ❞❡s ét♦✐❧❡s ❞❡ ♠❛ss❡ ✐♥t❡r♠é❞✐❛✐r❡ ✿ ❞é❝♦✉✈❡rt❡ ❞✬✉♥ ♥♦✉✈❡❛✉ t②♣❡ ❞❡ ♠❛❣♥ét✐s♠❡

✭❧❡ ❝❤❛♠♣ ❞❡ ❱é❣❛✮ ❡t ♠♦❞é❧✐s❛t✐♦♥s ❞❡ ❧❛ ❧✐♠✐t❡ ✐♥❢ér✐❡✉r❡ ❞✉ ❝❤❛♠♣ ❞❡s ét♦✐❧❡s ❆♣ ❡t ❞❡ ❧✬❛❝t✐✈✐té ❞❡s

ét♦✐❧❡s ❞❡ ❍❡r❜✐❣✳

✭✐✐✐✮ ▲❛ t✉r❜✉❧❡♥❝❡ ❞❛♥s ❧❡s ✐♥tér✐❡✉rs st❡❧❧❛✐r❡s ✿ ♣❛r❛❧❧é❧✐s❛t✐♦♥ ❡t é✈♦❧✉t✐♦♥ ❞✉ ❝♦❞❡ ▼❍❉ ❇❛❧❛ït♦✉s✱

s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡t ♠♦❞é❧✐s❛t✐♦♥ ❞✉ tr❛♥s♣♦rt t✉r❜✉❧❡♥t ❞❛♥s ❧❡s ❛t♠♦s♣❤èr❡s str❛t✐✜é❡s ❞❡ ❢❛ç♦♥

st❛❜❧❡ ❡t ❧❡s ③♦♥❡s r❛❞✐❛t✐✈❡s ❞✬ét♦✐❧❡✱ s✐♠✉❧❛t✐♦♥s ♥✉♠ér✐q✉❡s ❡t ❛♥❛❧②s❡ ❞❡s ❞♦♥♥é❡s ❞❡ ❧❛ ❝♦♥✈❡❝t✐♦♥

t❤❡r♠✐q✉❡ à ❧❛ s✉r❢❛❝❡ ❞✉ ❙♦❧❡✐❧✳



✷✽✼

✭✐✈✮ ▲❛ ♣❤②s✐q✉❡ ❞❡s ♦♥❞❡s ✿ ♣r❡♠✐èr❡ ♠✐s❡ ❡♥ é✈✐❞❡♥❝❡ t❤é♦r✐q✉❡ ❞✉ ❝❤❛♦s ❞✬♦♥❞❡ ❞❛♥s ✉♥ s②stè♠❡

♥❛t✉r❡❧ à ❣r❛♥❞❡ é❝❤❡❧❧❡ ✭❧❡s ét♦✐❧❡s ❡♥ r♦t❛t✐♦♥ r❛♣✐❞❡✮✳

❊◆❈❆❉❘❊▼❊◆❚ ❉❊ ❚❍❊❙❊

✲ ◆✳ ❚♦q✉é ✿ t❤ès❡ ❡♥ ❝♦✲t✉t❡❧❧❡ ❡♥tr❡ ❧✬❯♥✐✈❡rs✐té ❞❡ ▼♦♥tré❛❧ ✭❆✳ ❱✐♥❝❡♥t✮ ❡t ❧✬❯♥✐✈❡rs✐té P❛r✐s ✻✱

s♦✉t❡♥✉❡ ❡♥ ✷✵✵✹

✲ ❋✳ ❘✐♥❝♦♥ ✿ t❤ès❡ ❞❡ ❧✬❯P❙✱ ♣❛rt✐❝✐♣❛t✐♦♥ à ❧✬❡♥❝❛❞r❡♠❡♥t✱ s♦✉t❡♥✉❡ ❡♥ ✷✵✵✹

✲ ❉✳ ❘❡❡s❡ ✿ t❤ès❡ ❞❡ ❧✬❯P❙ ❡♥ ❝♦✲❡♥❝❛❞r❡♠❡♥t ❛✈❡❝ ▼✳ ❘✐❡✉t♦r❞✱ s♦✉t❡♥✉❡ ❡♥ ✷✵✵✻

✲ ▼✳ P❛s❡❦ ✿ t❤ès❡ ❞❡ ❧✬❯P❙ ❡♥ ❝♦✲❡♥❝❛❞r❡♠❡♥t ❛✈❡❝ ❇✳ ●❡♦r❣❡♦t✱ ❞é❜✉té❡ ❡♥ ✷✵✵✾

❊◆❙❊■●◆❊▼❊◆❚✱ ❋❖❘▼❆❚■❖◆

✲ ❈♦✉rs ❡t ❚✳P✳ ❞❡ ♠ét❤♦❞❡s ♥✉♠ér✐q✉❡s ❡♥ ▼✷ ❆str♦ ✭✶✶❤✴❛♥ ❞❡♣✉✐s ✷✵✵✼✮

✲ ❚✳P✳ ❞❡ ♣❤②s✐q✉❡ st❛t✐st✐q✉❡ à ❙✉♣❛❡r♦ ✭✻❤✴❛♥ ❞❡♣✉✐s ✷✵✵✺✮

✲ ■♥térr♦❣❛t❡✉r ❞❡ ♣❤②s✐q✉❡✲❝❤✐♠✐❡ ❡♥ ❝❧❛ss❡s ♣ré♣❛r❛t♦✐r❡s ✭✻✵❤✴❛♥ ❞❡♣✉✐s ✷✵✵✸✮

✲ ❈❤❛r❣é ❞❡ ❝♦✉rs ❛✉ ◗✉❡❡♥ ▼❛r② ❛♥❞ ❲❡st✜❡❧❞ ❈♦❧❧❡❣❡ ✭✻✵❤✴❛♥ ❞❡ ✶✾✾✽ à ✷✵✵✵✮

✲ ■♥térr♦❣❛t❡✉r ❞❡ ♠❛t❤é♠❛t✐q✉❡s ❡♥ ❝❧❛ss❡s ♣ré♣❛r❛t♦✐r❡s ✭✻✵❤✴❛♥ ❞❡ ✶✾✽✽ à ✶✾✾✶✮

✲ ❈♦✉rs s✉r ❧❛ s✐s♠♦❧♦❣✐❡ st❡❧❧❛✐r❡ à ❧✬é❝♦❧❡ ❞❡ ❙t ❋❧♦✉r✱ ❋r❛♥❝❡ ✭✷✵✵✽✮

✲ ❈♦✉rs ✧❈♦♠♣✉t❛t✐♦♥❛❧ ❙t❡❧❧❛r ❋❧✉✐❞ ❉②♥❛♠✐❝s✧ à ❧✬é❝♦❧❡ ❋✳ ▲✉❝❝❤✐♥✱ ■t❛❧✐❡ ✭✷✵✵✾✮

❆◆■▼❆❚■❖◆ ❙❈■❊◆❚■❋■◗❯❊

✲ Pr♦❥❡t ❆◆❘ ❙✐r♦❝♦ ✲ r❡s♣♦♥s❛❜❧❡ ❞✉ ♥♦❡✉❞ t♦✉❧♦✉s❛✐♥

✲ ❊❧❛❜♦r❛t✐♦♥s ❞❡ ♣r♦❥❡ts ❞❡ r❡❝❤❡r❝❤❡ ✭❞❡♠❛♥❞❡s ❞❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧s ■❉❘■❙✴❈❆▲▼■P✱ ❞❡ t❡♠♣s

❞✬♦❜s❡r✈❛t✐♦♥s ◆❆❘❱❆▲✴❊❙P❆❉❖◆❙✱ ❞❡♠❛♥❞❡s P◆P❙✱ ❆◆❘ ❏❈✱ ❆❈■✱ ❆❚■✱ P♦st❡s ❘♦✉❣❡s✱ Pr♦❢✳ ❡t

▼❞❈ ✐♥✈✐tés✱ ❇◗❘ ✳✳✳✮✳

✲ ▼❛✐♥t❡♥❛♥❝❡ ❞✉ ❝♦❞❡ ▼❍❉ ❝❛rtés✐❡♥ ❇❛❧❛ït♦✉s✳

▼❆◆❆●❊▼❊◆❚ ❉❊ ▲❆ ❘❊❈❍❊❘❈❍❊

✲ ▼❡♠❜r❡ ❞✉ ❈❙ ❞❡ ❧✬❖❜s❡r✈❛t♦✐r❡ ▼✐❞✐✲P②ré♥é❡s ✭❞❡♣✉✐s ✷✵✵✾✮

✲ ▼❡♠❜r❡ ❞✉ ❈❙ ❞✉ P◆P❙ ✭✷✵✵✼✲✷✵✶✵✮

✲ ▼❡♠❜r❡ ❞✉ ❈❙ ❞✉ P◆❙❚ ✭✷✵✵✻✲✷✵✵✾✮



✷✽✽ ❆◆◆❊❳❊ ❇✳ ❈❯❘❘■❈❯▲❯▼ ❱■❚❆❊

✲ ▼❡♠❜r❡ ❞✉ ❈♦♠✐té ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ t❡♠♣s ❞✬♦❜s❡r✈❛t✐♦♥ ❞✉ ❈❋❍❚ ✭✷✵✵✼✲✷✵✵✾✮

✲ ▼❡♠❜r❡ ❞✉ ❈♦♠✐té ❞✬❛❧❧♦❝❛t✐♦♥ ❞❡ t❡♠♣s ❞❡ ❝❛❧❝✉❧ ❞✉ ♠és♦❝❡♥tr❡ ❈❆▲▼■P ✭✷✵✵✺✲✷✵✵✽✮

✲ ▼❡♠❜r❡ s✉♣♣❧é❛♥t ❞❡ ❧❛ ❈❙❊ ✸✹ ✭✷✵✵✼✲✷✵✵✽✮

✲ ❆✉ ❧❛❜♦r❛t♦✐r❡ ✭♠❡♠❜r❡ ❞✉ ❈▲ ❞❡♣✉✐s ✷✵✵✽✱ ❝♦rr❡s♣♦♥❞❛♥t ❊✉r♦♣❡✱ ❝♦♠♠✐ss✐♦♥ ❜✐❜❧✐♦t❤èq✉❡✮✳



❆♥♥❡①❡ ❈

▲✐st❡ ❞❡ ♣✉❜❧✐❝❛t✐♦♥s

❈✳✶ P✉❜❧✐❝❛t✐♦♥s ❞❛♥s ❞❡s r❡✈✉❡s ❛✈❡❝ ❝♦♠✐té ❞❡ ❧❡❝t✉r❡

✶✳ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛t❛❧❛✱ ❈✳ ❛♥❞ ▼❛♥❣❡♥❡②✱ ❆✳✱ ❆♥❣✉❧❛r ♠♦♠❡♥t✉♠ tr❛♥s❢❡r ✐♥ ♣r❡✲♠❛✐♥✲s❡q✉❡♥❝❡

st❛rs ♦❢ ✐♥t❡r♠❡❞✐❛t❡ ♠❛ss✱ ❆str♦♥♦♠② ❛♥❞ ❆str♦♣❤②s✐❝s ✸✶✹✱ ✹✻✺✲✹✼✻✱ ✶✾✾✻

✷✳ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳✱ ▼❛♥❣❡♥❡②✱ ❆✳✱ ✧❙tr❡ss✲❞r✐✈❡♥ ♠✐①❡❞ ❧❛②❡r ✐♥ ❛ st❛❜❧② str❛t✐✜❡❞ ✢✉✐❞✧✱

●❡♦♣❤②s✳ ❆str♦♣❤②s✳ ❋❧✉✐❞ ❉②♥✳ ✱ ✽✽✱ ✽✶✲✶✶✸✱ ✶✾✾✽

✸✳ ▲✐❣♥✐èr❡s✱ ❋✳✱ ✧❚❤❡ s♠❛❧❧✲Pé❝❧❡t✲♥✉♠❜❡r ❛♣♣r♦①✐♠❛t✐♦♥ ✐♥ r❛❞✐❛t✐✈❡ st❡❧❧❛r ③♦♥❡s✧✱ ❆✫❆✱ ✸✹✽✱

✾✸✸✲✾✸✾✱ ✶✾✾✾

✹✳ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳✱ ▼❛♥❣❡♥❡②✱ ❆✳✱ ✧❙❤❡❛r ❧❛②❡r ✐♥st❛❜✐❧✐t② ✐♥ ❛ ❤✐❣❤❧② ❞✐✛✉s✐✈❡ st❛❜❧②

str❛t✐✜❡❞ ❛t♠♦s♣❤❡r❡✧✱ ❆✫❆✱ ✸✹✾✱ ✶✵✷✼✲✶✵✸✻✱ ✶✾✾✾

✺✳ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❛❧✐❢❛♥♦✱ ❋✳ ❛♥❞ ▼❛♥❣❡♥❡②✱ ❆✳✱ ✧❆ ♥✉♠❡r✐❝❛❧ st✉❞② ♦❢ t❤❡ ❡✈♦❧✉t✐♦♥ ♦❢ ❛ ♠✐①❡❞

❧❛②❡r ✐♥ ❛ st❛❜❧② str❛t✐✜❡❞ ✢✉✐❞✧✱ ❈♦♠♣✉t❡r P❤②s✐❝s ❈♦♠♠✉♥✐❝❛t✐♦♥ ✶✸✷✱ ✶✾✼✲✷✷✸✱ ✷✵✵✵✳

✻✳ ▲❛st❡♥♥❡t✱ ❊✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❇✉s❡r✱ ❘✳ ▲❡❥❡✉♥❡✱ ❚✳ ▲ü❢t✐♥❣❡r✱ ❚✳ ❈✉✐s✐♥✐❡r✱ ❋✳ ✈❛♥✬t ❱❡❡r✲▼❡♥♥❡r❡t✱

❈✳✱ ✧❊①♣❧♦r❛t✐♦♥ ♦❢ t❤❡ ❇❛❙❡▲ st❡❧❧❛r ❧✐❜r❛r② ❢♦r ✾ ❋✲t②♣❡ st❛rs ❈❖❘❖❚ ♣♦t❡♥t✐❛❧ t❛r❣❡ts✳ ❈♦♠✲

♣❛r✐s♦♥s ♦❢ ❢✉♥❞❛♠❡♥t❛❧ st❡❧❧❛r ♣❛r❛♠❡t❡r ❞❡t❡r♠✐♥❛t✐♦♥s✧✱ ❆✫❆ ✸✻✺✱ ✺✸✺✲✺✹✹✱ ✷✵✵✶✳

✼✳ ▲❛st❡♥♥❡t✱ ❊✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❋✳ ❇✉s❡r✱ ❘✳ ▲❡❥❡✉♥❡✱ ❚✳ ▲ü❢t✐♥❣❡r✱ ❚✳ ❈✉✐s✐♥✐❡r✱ ❋✳ ✈❛♥✬t ❱❡❡r✲

▼❡♥♥❡r❡t✱ ❈✳✱ ✧Pr❡♣❛r❛t✐♦♥ ♦❢ t❤❡ ❈❖❘❖❚ ♠✐ss✐♦♥ ✿ ❢✉♥❞❛♠❡♥t❛❧ st❡❧❧❛r ♣❛r❛♠❡t❡rs ❢r♦♠ ♣❤♦✲

t♦♠❡tr✐❝ ❛♥❞ s♣❡❝tr♦s❝♦♣✐❝ ❛♥❛❧②s❡s ♦❢ t❛r❣❡t ❝❛♥❞✐❞❛t❡s✧✱ ❚❤❡ ❏♦✉r♥❛❧ ♦❢ ❆str♦♥♦♠✐❝❛❧ ❉❛t❛ ✼✱

✷✸✲✸✼✱ ✷✵✵✶

✷✽✾



✷✾✵ ❆◆◆❊❳❊ ❈✳ ▲■❙❚❊ ❉❊ P❯❇▲■❈❆❚■❖◆❙

✽✳ ❇r✉♥tt✱ ❍✳✱ ❈❛t❛❧❛✱ ❈✳✱ ●❛rr✐❞♦✱ ❘✳✱ ❘♦❞r✐❣✉❡③✱ ❊✳✱ ❇♦✉r❡t✱ ❏✳✲❈✳✱ ❍✉❛✱ ❚✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❈❤❛r♣✐✲

♥❡t✱ ❙✳✱ ❱❛♥✬t✱ ❱❡❡r✲♠❡♥♥❡r❡t✱ ❈✳✱ ❇❛❧❧❡r❡❛✉✱ ❉✳✱ ✧❆❜✉♥❞❛♥❝❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❣❛♠♠❛ ❉♦r st❛r ❍❉

✹✾✹✸✹✧✱ ❆✫❆✱ ✸✽✾✱ ✸✹✺✲✸✺✹✱ ✷✵✵✷✳

✾✳ ❘♦✉❞✐❡r✱ ❚❤✳✱ ▲✐❣♥✐èr❡s✱ ❋✳✱ ❘✐❡✉t♦r❞✱ ▼✳✱ ❇r❛♥❞t✱ P✳◆✳✱ ▼❛❧❤❡r❜❡ ✱❏✳▼✳✱ ✧❋❛♠✐❧✐❡s ♦❢ ❢r❛❣♠❡♥t✐♥❣
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