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Abstract. This article studies the degenerate warped products
of singular semi-Riemannian manifolds. One main result is that a
degenerate warped product of semi-regular semi-Riemannian man-
ifolds with the warping function satisfying a certain condition is
a semi-regular semi-Riemannian manifold. The main invariants of
the warped product are expressed in terms of those of the factor
manifolds. Examples of singular semi-Riemannian manifolds which
are semi-regular are constructed as warped products. Degenerate
warped products are used to define spherical warped products. As
applications of the spherical warped products, cosmological mod-
els and black holes solutions with semi-regular singularities are pro-
posed. Such singularities are compatible with the densitized version
of Einstein’s equation, and don’t block the time evolution.
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Introduction

The warped product provides a way to construct new semi-Riemannian
manifolds from known ones [3, 1, 8]. This construction has useful ap-
plications in General Relativity, in the study cosmological models and
black holes. In such models, singularities are usually present, and at
such points the warping function becomes 0. The metric of the product
manifold in this case becomes degenerate, and we need to apply the
tools of singular semi-Riemannian geometry.

This article continues the study of singular semi-Riemannian mani-
folds [6, 7], [11], extending it to warped products. After a brief recall of
notions related to product manifolds in §1.1, basic notions of singular
semi-Riemannian geometry and the main ideas from [11], which will be
applied here, are remembered in §1.2. Then, in §2 we define the de-
generate warped products of singular semi-Riemannian maniolds, and
study the Koszul form of the warped product in terms of the Koszul
form of the factors. The main results known from the literature about
the non-degenerate warped products of semi-Riemannian maniolds are
recalled in §3. Then, in §4 we show that the warped products of radical-
stationary manifolds are also radical-stationary, if the warping function
satisfies a certain condition. Then we prove a similar result for semi-
regular manifolds, which ensures the smoothness of the Riemann cur-
vature tensor. In §5 we express the Riemann curvature of semi-regular
warped products in terms of the factor manifolds. Then, in §6, we in-
troduce the polar and spherical warped products, which allows us to
construct singular semi-Riemannian manifolds with radial or spherical
symmetry. We conclude in §7 by giving some examples of semi-regular
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warped products, and some applications to General Relativity. Cosmo-
logical models, including cyclical ones, having the Big Bang singularity
semi-regular, are proposed. Spherical solutions with semi-regular singu-
larities are constructed in a general way. Semi-regular singularities are
compatible with a densitized version of Einstein’s equation, and they
don’t block the time evolution.

This article is part of a series developing the Singular Semi-Riemann-
ian Geometry and its applications to the study of the singularities oc-
curring in General Relativity.

1. Preliminaries

1.1. Product manifolds

We first recall some elementary notions about the product manifold B×
F of two differentiable manifolds B and F (cf. e.g. [8], p. 24–25).

At each point p = (p1, p2) of the manifold M1×M2 the tangent space
decomposes as

(1) T(p1,p2)(M1 ×M2) ∼= T(p1,p2)(M1)⊕ T(p1,p2)(M2),

where T(p1,p2)(M1) := T(p1,p2)(M1×p2) and T(p1,p2)(M2) := T(p1,p2)(p1×
M2).

Let πi : M1 ×M2 → Mi, for i ∈ {1, 2}, be the canonical projections.

The lift of the scalar field fi ∈ F (Mi) is the scalar field f̃i := fi ◦ πi ∈
X(M1 × M2). The lift of the vector field Xi ∈ X(Mi) is the unique

vector field X̃i on M1 × M2 satisfying dπi(X̃i) = Xi. We denote the
set of all vector fields X ∈ X(M1 ×M2) which are lifts of vector fields
Xi ∈ X(Mi) by L(M,Mi). The lift of a covariant tensor T ∈ T 0

sMi is

given by T̃ ∈ T 0
s(M1×M2), T̃ := π∗

i (T ). The lift of a tensor T ∈ T 1
sMi

is given, for any X1, . . . ,Xs ∈ X(M1 × M2), by T̃ ∈ T 1
s(M1 × M2),

T̃ (X1, . . . ,Xs) = X̃ , where X̃ ∈ X(M1 ×M2) is the lifting of the vector
field X ∈ X(Mi), X = T (πi(X1), . . . , πi(Xs)).

1.2. Singular semi-Riemannian manifolds

We recall here some notions about singular semi-Riemannian manifolds,
and some of the main results from [11], which will be used in the rest
of the article.

Definition 1.1. (see e.g. [6], [9], p. 265 for comparison) A singular

semi-Riemannian manifold is a pair (M,g), where M is a differentiable
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manifold, and g ∈ Γ(T ∗M⊙M T ∗M) is a symmetric bilinear form on M ,
named metric tensor or metric. If the signature of g is fixed, then (M,g)
is said to be with constant signature. If the signature of g is allowed to
vary from point to point, (M,g) is said to be with variable signature. If
g is non-degenerate, then (M,g) is named semi-Riemannian manifold.
If g is positive definite, (M,g) is named Riemannian manifold.

Definition 1.2. (cf. e.g. [2], p. 1, [7], p. 3 and [8], p. 53) Let (V, g) be
a finite dimensional inner product space, where the inner product g may
be degenerate. The totally degenerate space V ◦ := V ⊥ is named the
radical of V . An inner product g on a vector space V is non-degenerate
if and only if V ◦ = {0}.

Definition 1.3. (see e.g. [6], p. 261, [9], p. 263) We denote by T ◦M
and we call the radical of TM the following subset of the tangent bundle:
T ◦M = ∪p∈M(TpM)◦. We can define vector fields on M valued in T ◦M ,
by taking those vector fields W ∈ X(M) for which Wp ∈ (TpM)◦. We
denote by X◦(M) ⊆ X(M) the set of these sections – they form a vector
space over R and a module over F (M).

The remaining of this section recalls very briefly the main notion and
results on simgular semi-Riemannian manifolds, as presented in [11].

Definition 1.4. We denote by T •M the subset of the cotangent bundle
defined as

(2) T •M =
⋃

p∈M

(TpM)•

where (TpM)• ⊆ T ∗
pM is the space of covectors at p which can be

expressed as ωp(Xp) = 〈Yp,Xp〉 for some Yp ∈ TpM and any Xp ∈ TpM .
T •M is a vector bundle if and only if the signature of the metric is
constant. We can define sections of T •M in the general case, by

(3) A•(M) := {ω ∈ A1(M)|ωp ∈ (TpM)• for any p ∈ M}.

Definition 1.5. On T •M we can define a unique non-degenerate inner
product g• by g•(ω, τ) := 〈X,Y 〉, where X,Y ∈ X(M), X• = ω and
Y • = τ . We alternatively use the notation 〈〈ω, τ〉〉• = g•(ω, τ).

Definition 1.6. Let T be a tensor of type (r, s). We call it radical-

annihilator in the l-th covariant slot if T ∈ T r
l−1M⊗M T •M⊗M T 0

s−lM .

Definition 1.7. We can define uniquely the covariant contraction or
covariant trace operator by extending the inner product g•. First, we
define it on tensors T ∈ T •M ⊗M T •M , by C12T = g•

abTab. This
definition is independent on the basis, because g• ∈ T •∗M ⊗M T •∗M .
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This operation extends by linearity to any tensors which are radical in
two covariant indices. We denote the contraction CklT of a tensor field
T by

T (ω1, . . . , ωr, v1, . . . , •, . . . , •, . . . , vs).

If the metric is non-degenerate, we can define the covariant derivative
of a vector field Y in the direction of a vector field X, where X,Y ∈
X(M), by the Koszul formula (cf. e.g. [8], p. 61). If the metric can
be degenerate, the covariant derivative cannot be extracted from the
Koszul formula, but the right part of the Koszul formula continues to
be smooth. We define the Koszul form as a shorthand for the long right
part of the Koszul formula and were emphasized some of its properties.

Let’s recall the definition of the Koszul form and its properties, with-
out proof, from [11].

Definition 1.8 (The Koszul form). The Koszul form is defined as

K : X(M)3 → R,

(4)
K(X,Y,Z) :=

1

2
{X〈Y,Z〉 + Y 〈Z,X〉 − Z〈X,Y 〉

−〈X, [Y,Z]〉 + 〈Y, [Z,X]〉 + 〈Z, [X,Y ]〉}.

Theorem 1.9. The Koszul form of a singular semi-Riemannian mani-
fold (M,g) has the following properties:

(1) It is additive and R-linear in each of its arguments.
(2) It is F (M)-linear in the first argument:

K(fX, Y, Z) = fK(X,Y,Z).
(3) Satisfies the Leibniz rule:

K(X, fY,Z) = fK(X,Y,Z) +X(f)〈Y,Z〉.
(4) It is F (M)-linear in the third argument:

K(X,Y, fZ) = fK(X,Y,Z).
(5) It is metric:

K(X,Y,Z) +K(X,Z, Y ) = X〈Y,Z〉.
(6) It is symmetric or torsionless:

K(X,Y,Z) −K(Y,X,Z) = 〈[X,Y ], Z〉.
(7) Relation with the Lie derivative of g:

K(X,Y,Z) +K(Z, Y,X) = (LY g)(Z,X).
(8) K(X,Y,Z) +K(Y,Z,X) = Y 〈Z,X〉 + 〈[X,Y ], Z〉.

for any X,Y,Z ∈ X(M) and f ∈ F (M). �

Definition 1.10 (The lower covariant derivative). The lower covariant

derivative of a vector field Y in the direction of a vector field X is the
differential 1-form ∇♭

XY ∈ A1(M) defined as

(5) (∇♭
XY )(Z) := K(X,Y,Z)
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for any Z ∈ X(M). The lower covariant derivative operator is the
operator

(6) ∇♭ : X(M) × X(M) → A1(M)

which associates to each X,Y ∈ X(M) the differential 1-form ∇♭
XY .

Definition 1.11 (see [7] Definition 3.1.3). A singular semi-Riemannian
manifold (M,g) is radical-stationary if it satisfies the condition

(7) K(X,Y, ) ∈ A•(M),

for any X,Y ∈ X(M).

Definition 1.12. Let (M,g) be a radical-stationary semi-Riemannian
manifold. We define the covariant derivative of a radical-annihilator
1-form ω ∈ A•(M) in the direction of a vector field X ∈ X(M) by

(8) ∇ : X(M) ×A•(M) → Ad
1(M)

(9) (∇Xω) (Y ) := X (ω(Y ))− 〈〈∇♭
XY, ω〉〉•,

where Ad
1(M) is the set of sections of T ∗M smooth at the points of M

where the signature is constant.

Definition 1.13. Let (M,g) be a radical-stationary semi-Riemannian
manifold. We define the following vector spaces of differential forms
having smooth covariant derivatives:

(10) A
•1(M) = {ω ∈ A•(M)|(∀X ∈ X(M)) ∇Xω ∈ A•(M)},

(11) A
•k(M) :=

k∧

M

A
•1(M).

Definition 1.14. We define the Riemann curvature tensor as

(12) R : X(M) ×X(M) × X(M)× X(M) → R,

(13) R(X,Y,Z, T ) := (∇X∇♭
Y Z −∇Y ∇

♭
XZ −∇♭

[X,Y ]Z)(T )

for any vector fields X,Y,Z, T ∈ X(M).

Definition 1.15. A semi-regular semi-Riemannian manifold is a sin-
gular semi-Riemannian manifold (M,g) which satisfies

(14) ∇♭
XY ∈ A

•1(M)

for any vector fields X,Y ∈ X(M).
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Proposition 1.16. Let (M,g) be a radical-stationary semi-Riemannian
manifold. Then, the manifold (M,g) is semi-regular if and only if for
any X,Y,Z, T ∈ X(M)

(15) K(X,Y, •)K(Z, T, •) ∈ F (M).

�

Example 1.17. An important example of semi-regular metric is pro-
vided by taking the metric to be diagonal in a coordinate chart [11].
The Koszul form, when expressed in coordinates, reduces in fact to
Christoffel’s symbols of the first kind, which, when the metric is di-
agonal, are of the form ±1

2∂agbb. If g =
∑

a εaα
2
adx

a ⊗ dxa, where
εa ∈ {−1, 1}, for the metric to be semi-regular is needed that for any
a, b ∈ {1, . . . , n} and c ∈ {a, b} there is a smooth function fabc ∈ F (M)
so that supp(fabc) ⊆ supp(αc) and

(16) ∂aα
2
b = fabcαc.

Please note that if c = b, from ∂aα
2
b = 2αb∂aαb follows that the func-

tion is fabb = 2∂aαb. This has to satisfy the additional condition that
∂aαb = 0 whenever αb = 0. The condition supp(fabc) ⊆ supp(αc) is re-
quired because for a manifold to semi-regular it first has to be radical-
stationary.

Theorem 1.18. Let (M,g) be a semi-regular semi-Riemannian mani-
fold. The Riemann curvature is a smooth tensor field R ∈ T 0

4M . �

Proposition 1.19. For any vector fields X,Y,Z, T ∈ X(M) on a semi-
regular semi-Riemannian manifold (M,g):
(17)

R(X,Y,Z, T ) = X
(
(∇♭

Y Z)(T )
)
− Y

(
(∇♭

XZ)(T )
)
− (∇♭

[X,Y ]Z)(T )

+〈〈∇♭
XZ,∇♭

Y T 〉〉• − 〈〈∇♭
Y Z,∇

♭
XT 〉〉•

and, alternatively,
(18)

R(X,Y,Z, T ) = XK(Y,Z, T ) − YK(X,Z, T ) −K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y,Z, •)K(X,T, •)

�
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2. Degenerate warped products of singular

semi-Riemannian manifolds

The warped product is defined in general between two (non-degenerate)
semi-Riemannian manifolds, (cf. [3], [1], [8], p. 204–211. It is straight-
forward to extend the definition to singular semi-Riemannian manifolds,
as it is done in this section.

Definition 2.1 (generalizing [8], p. 204). Let (B, gB) and (F, gF ) be
two singular semi-Riemannian manifolds, and f ∈ F (B) a smooth func-
tion. The warped product of B and F with warping function f is the
semi-Riemannian manifold

(19) B ×f F :=
(
B × F, π∗

B(gB) + (f ◦ πB)π
∗
F (gF )

)
,

where πB : B × F → B and πF : B × F → F are the canonical
projections. It is customary to call B the base and F the fiber of the
warped product B ×f F .

We will use for all vector fields XB , YB ∈ X(B) and XF , YF ∈ X(F )
the notation 〈XB , YB〉B := gB(XB , YB) and 〈XF , YF 〉F := gF (XF , YF ).
The inner product on B ×f F takes, for any point p ∈ B × F and for
any pair of tangent vectors x, y ∈ Tp(B × F ), the explicit form

(20) 〈x, y〉 = 〈dπB(x),dπB(y)〉B + f2(p)〈dπF (x),dπF (y)〉F .

Remark 2.2. Definition 2.1 is a generalization of the warped product
definition, which is usually given for the case when both gB and gF are
non-degenerate and f > 0 (see [3], [1] and [8]). In our definition these
restrictions are dropped.

Remark 2.3 (similar to [8], p. 204–205). For any pB ∈ B, π−1
B (pB) =

pB×F is named the fiber through pB and it is a semi-Riemannian man-
ifold. πF |pB×F is a (possibly degenerate) homothety onto F . For each

pF ∈ F , π−1
F (pF ) = B × pF is a semi-Riemannian manifold named

the leave through pF . πB |B×pF is an isometry onto B. For each
(pB, pF ) ∈ B × F , B × pF and pB × F are orthogonal at (pB , pF ).
For simplicity, if a vector field is a lift, we will use sometimes the same
notation if they can be distinguished from the context. For example,
we will be using 〈V,W 〉F := 〈πF (V ), πF (W )〉F for V,W ∈ L(B ×F,F ).

The following proposition recalls some evident facts used repeatedly
in the proofs of the properties of warped products in [8], p. 24–25, 206.

Proposition 2.4. Let B ×f F be a warped product, and let be the
vector fields X,Y,Z ∈ L(B × F,B) and U, V,W ∈ L(B × F,F ). Then

(1) 〈X,V 〉 = 0.
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(2) [X,V ] = 0.
(3) V 〈X,Y 〉 = 0.
(4) X〈V,W 〉 = 2f〈V,W 〉FX(f).

Proof. (1) and (2) are evident because the manifold is B × F .
(3) 〈X,Y 〉 = 〈X,Y 〉B is constant on fibers, and V 〈X,Y 〉 = 0 because

V is vertical.
(4) X〈V,W 〉 = X(f2〈V,W 〉F ) = 2f〈V,W 〉FX(f). �

The following proposition generalizes the properties of the Levi-Civita
connection for the warped product of (non-degenerate) semi-Riemann-
ian manifolds (cf. e.g. [8], p. 206), to the degenerate case. We preferred
to express them in terms of the Koszul form, and to give the proof ex-
plicitly, because for degenerate metric the Levi-Civita connection is not
defined, and we need to avoid the index raising.

Proposition 2.5. Let B ×f F be a warped product, and let be the
vector fields X,Y,Z ∈ L(B × F,B) and U, V,W ∈ L(B × F,F ). Let K
be the Koszul form on B×f F , and KB ,KF the lifts of the Koszul forms
on B, respectively F . Then

(1) K(X,Y,Z) = KB(X,Y,Z).
(2) K(X,Y,W ) = K(X,W,Y ) = K(W,X, Y ) = 0.
(3) K(X,V,W ) = K(V,X,W ) = −K(V,W,X) = f〈V,W 〉FX(f).
(4) K(U, V,W ) = f2KF (U, V,W ).

Proof. (1) and (4) follow from properties of the lifts of vector fields, the
Definition 1.8 of the Koszul form, and the equation (20).

(2) By Definition 1.8,

K(X,Y,W ) =
1

2
{X〈Y,W 〉 + Y 〈W,X〉 −W 〈X,Y 〉

−〈X, [Y,W ]〉 + 〈Y, [W,X]〉 + 〈W, [X,Y ]〉}

We apply the Proposition 2.4. From the relation (1), 〈Y,W 〉 = 〈W,X〉 =
〈W, [X,Y ]〉 = 0, from the relation (2) [Y,W ] = [W,X] = 0, from the
relation (3) W 〈X,Y 〉 = 0. Therefore K(X,Y,W ) = 0.

From (5) of the Theorem 1.9 we obtain that

K(X,W,Y ) = X〈W,Y 〉 − K(X,Y,W ) = 0.

From (6) of the Theorem 1.9 and from Proposition 2.4(2) we obtain
that

K(W,X, Y ) = K(X,W,Y )− 〈[X,W ], Y 〉 = 0.
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(3)

K(X,V,W ) :=
1

2
{X〈V,W 〉 + V 〈W,X〉 −W 〈X,V 〉

−〈X, [V,W ]〉 + 〈V, [W,X]〉 + 〈W, [X,V ]〉}

=
1

2
X〈V,W 〉

from Proposition 2.4, using it as in the property (2) of the present
Proposition. By applying the property (4) we have K(X,V,W ) =
f〈V,W 〉FX(f). From Theorem 1.9 property (6),

K(V,X,W ) = K(X,V,W ) − 〈[X,V ],W 〉,

but since [X,V ] = 0, K(V,X,W ) = f〈V,W 〉FX(f) as well.
From Theorem 1.9 property (5),

K(V,W,X) = V 〈W,X〉 − K(V,X,W ),

but since 〈W,X〉 = 0, the property (3) of the present Proposition shows
that

K(V,W,X) = −f〈V,W 〉FX(f).

�

Further, we will study some properties of the warped products, in
situations when the warping function f is allowed to cancel or to be-
come negative, and when (B, gB) and (F, gF ) are allowed to be singular
and with variable signature. But first, we need to recall what we know
about non-degenerate warped products of non-singular semi-Riemann-
ian manifolds.

3. Non-degenerate warped products

Here we recall for comparison and without proofs some fundamen-
tal properties of non-degenerate warped products between non-singular
semi-Riemannian manifolds. The main reference is [8], p. 204–211.
Here, (B, gB) and (F, gF ) are semi-Riemannian manifolds, f ∈ F (B) a
smooth function so that f > 0, and B ×f F the warped product of B
and F .

For the proofs of the next propositions, see for example [8].

Proposition 3.1 (cf. [8], p. 206–207). Let B×fF be a warped product,
and let be the vector fields X,Y ∈ L(B×F,B) and V,W ∈ L(B×F,F ).
Let∇,∇B,∇F be the Levi-Civita connections onB×fF , B, respectively
F . Then

(1) ∇XY is the lift of ∇B
XY .



WARPED PRODUCTS OF SINGULAR SEMIRIEMANNIAN MANIFOLDS 11

(2) ∇XV = ∇V X =
Xf

f
V .

(3) ∇V W = −
〈V,W 〉

f
grad f + ∇̃F

V W , where ∇̃F
VW is the lift of

∇F
V W .

�

Proposition 3.2 (cf. [8], p. 209–210). Let B×fF be a warped product,
and RB, RF the lifts of the Riemann curvature tensors on B and F . Let
be the vector fields X,Y,Z ∈ L(B × F,B) and U, V,W ∈ L(B × F,F ),
and let Hf be the Hessian of f , Hf (X,Y ) = 〈∇X(grad f), Y 〉B . Then

(1) R(X,Y )Z ∈ L(B × F,B) is the lift of RB(X,Y )Z.

(2) R(V,X)Y = −
Hf (X,Y )

f
V .

(3) R(X,Y )V = R(V,W )X = 0.

(4) R(X,V )W = −
〈V,W 〉

f
∇X(grad f).

(5) R(V,W )U =RF (V,W )U

+
〈grad f, grad f〉

f2

(
〈V,U〉W − 〈W,U〉V

)
.

�

Corollary 3.3 (cf. [8], p. 211). Let B ×f F be a warped product,
with dimF > 1, and let be the vector fields X,Y ∈ L(B × F,B) and
V,W ∈ L(B × F,F ). Then

(1) Ric(X,Y ) = RicB(X,Y ) +
dimF

f
Hf (X,Y ).

(2) Ric(X,V ) = 0.
(3) Ric(V,W ) =RicF (V,W )

+

(
∆f

f
+ (dimF − 1)

〈grad f, grad f〉

f2

)
〈V,W 〉.

�

Corollary 3.4 (cf. [8], p. 211). Let B×f F be a warped product, with
dimF > 1. Then, the scalar curvature s of B ×f F is related to the
scalar curvatures sB and sF of B and F by

(21) s = sB +
sF
f2

+2dimF
∆f

f
+dimF (dimF − 1)

〈grad f, grad f〉B
f2

.

�
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4. Warped products of semi-regular semi-

Riemannian manifolds

In the following we will provide the condition for a degenerate warped
product of semi-regular semi-Riemannian manifolds to be a semi-regular
semi-Riemannian manifold.

Theorem 4.1. Let (B, gB) and (F, gF ) be two radical-stationary semi-
Riemannian manifolds, and f ∈ F (B) a smooth function so that df ∈
A•(B). Then, the warped product manifold B×f F is a radical-station-
ary semi-Riemannian manifold.

Proof. We have to show that K(X,Y,W ) = 0 for any X,Y ∈ X(B×f F )
and W ∈ X◦(B ×f F ). It is enough to check this for vector fields which
are lifts of vector fields XB , YB ,WB ∈ L(B × F,B), XF , YF ,WF ∈
L(B×F,F ), where WB ,WF ∈ X◦(B×f F ). Then, from the Proposition
2.5:

(1) K(XB , YB ,WB) = KB(XB , YB ,WB) = 0,
(2) K(XB , YB ,WF ) = K(XB , YF ,WB) = K(XF , YB,WB) = 0,
(3) K(XB , YF ,WF ) = K(YF ,XB ,WF ) = f〈YF ,WF 〉FXB(f) = 0,

because 〈YF ,WF 〉F = 0, and
K(XF , YF ,WB) = −f〈XF , YF 〉FWB(f) = 0, from WB(f) = 0,

(4) K(XF , YF ,WF ) = f2KF (XF , YF ,WF ) = 0.

�

Theorem 4.2. Let (B, gB) and (F, gF ) be two semi-regular semi-Rie-
mannian manifolds, and f ∈ F (B) a smooth function so that df ∈
A •1(B). Then, the warped product manifold B ×f F is a semi-regular
semi-Riemannian manifold.

Proof. All contractions of the form K(X,Y, •)K(Z, T, •) are well defined,
according to Theorem 4.1. From Proposition 1.16, it is enough to show
that they are smooth. It is enough to check this for vector fields which
are lifts of vector fields XB , YB, ZB , TB ∈ L(B×F,B), XF , YF , ZF , TF ∈
L(B × F,F ). Let’s denote by •B and •F the symbol for the covariant
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contraction on B, respectively F . Then, from the Proposition 2.5:

K(XB , YB , •)K(ZB , TB , •) = K(XB , YB, •B)K(ZB , TB , •B)
+K(XB , YB , •F )K(ZB , TB , •F )

= KB(XB , YB , •B)KB(ZB , TB , •B)
∈ F (B ×f F ).

K(XB , YB , •)K(ZF , TB , •) = K(XB , YB, •)K(ZB , TF , •)
= K(XB , YB, •B)K(ZB , TF , •B)

+K(XB , YB , •F )K(ZB , TF , •F ) = 0.
K(XB , YB , •)K(ZF , TF , •) = K(XB , YB, •B)K(ZF , TF , •B)

+K(XB , YB , •F )K(ZF , TF , •F )
= −KB(XB , YB, •B)f〈ZF , TF 〉Fdf(•B)
= −f〈ZF , TF 〉F (∇

B
XB

YB)(df)
∈ F (B ×f F ).

K(XB , YF , •)K(TF , ZB , •) = K(XB , YF , •)K(ZB , TF , •)
= K(XB , YF , •B)K(ZB , TF , •B)

+K(XB , YF , •F )K(ZB , TF , •F )
= f〈YF , •F 〉FXB(f)K(ZB , TF , •F )
= f3XB(f)KF (ZB , TF , YF )
∈ F (B ×f F ).

K(XB , YF , •)K(ZF , TF , •) = K(XB , YF , •B)K(ZF , TF , •B)
+K(XB , YF , •F )K(ZF , TF , •F )

= f3XB(f)〈YF , •F 〉FKF (ZF , TF , •F )
= f3XB(f)KF (ZF , TF , YF )
∈ F (B ×f F ).

�

Remark 4.3. Even though (B, gB) and (F, gF ) are non-degenerate
semi-Riemannian manifolds, if the function f becomes 0, the warped
product manifold B ×f F is a singular semi-Riemannian manifold.

Proposition 4.4 (The case f ≡ 0). B×0F is a singular semi-Riemann-
ian manifold with degenerate metric of constant rank g = dimB.

Proof. The proof can be found in [6], p. 287. In fact, Kupeli does even
more in [6], by showing that any radical-stationary semi-Riemannian
manifold is locally a warped product of the form B ×0 F . �

Remark 4.5. The warped product of non-degenerate semi-Riemannian
manifolds stays non-degenerate for f > 0. If f → 0, we can see for
example from [8] that the connection ∇ ([8], p. 206–207), the Riemann
curvature R∇ ([8], p. 209–210), the Ricci tensor Ric and the scalar
curvature s ([8], p. 211) diverge in general.
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5. Riemann curvature of semi-regular warped

products

In this section we will assume (B, gB) and (F, gF ) to be semi-regu-
lar semi-Riemannian manifolds, f ∈ F (B) a smooth function so that
df ∈ A •1(B), and B×f F the warped product of B and F . The central
point is to find the relation between the Riemann curvature R of B×f F
and those on (B, gB) and (F, gF ). The relations are similar to those for
the non-degenerate case (cf. [8], p. 210–211) for the Riemann curva-
ture operator R( , ), but since this operator is not well defined and is
divergent for degenerate metric, we need to use the Riemann curvature
tensor R( , , , ). The proofs given here are based only on formulae
which work for the degenerate case as well.

Definition 5.1. Let (M,g) be a semi-regular semi-Riemannian man-
ifold. The Hessian of a scalar field f satisfying df ∈ A •1(M) is the
smooth tensor field Hf ∈ T 0

2M defined by

(22) Hf (X,Y ) := (∇Xdf) (Y )

for any X,Y ∈ X(M).

Theorem 5.2. Let B ×f F be a degenerate warped product of semi-
regular semi-Riemannian manifolds with f ∈ F (B) a smooth function
so that df ∈ A •1(B), and RB, RF the lifts of the Riemann curvature
tensors on B and F . Let X,Y,Z, T ∈ L(B × F,B), U, V,W,Q ∈ L(B ×
F,F ), and let Hf be the Hessian of f (which exists because df ∈
A •1(B), see Definition 5.1. Then:

(1) R(X,Y,Z, T ) = RB(X,Y,Z, T )
(2) R(X,Y,Z,Q) = 0
(3) R(X,Y,W,Q) = 0
(4) R(U, V, Z,Q) = 0
(5) R(X,V,W, T ) = −fHf(X,T )〈V,W 〉F
(6) R(U, V,W,Q) =RF (U, V,W,Q)

+ f2〈〈df,df〉〉•B
(
〈U,W 〉F 〈V,Q〉F

− 〈V,W 〉F 〈U,Q〉F
)

the other cases being obtained by the symmetries of the Riemann cur-
vature tensor.

Proof. In order to prove these identities, we will use the Koszul for-
mula for the Riemann curvature from equation (18). We will denote

the covariant contraction with • on B ×f F , and with B
• and F

• on B,
respectively F .
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(1) R(X,Y,Z, T ) = XK(Y,Z, T ) − YK(X,Z, T ) −K([X,Y ], Z, T )
+K(X,Z, •)K(Y, T, •)−K(Y,Z, •)K(X,T, •)

= XK(Y,Z, T ) − YK(X,Z, T ) −K([X,Y ], Z, T )

+K(X,Z,B• )K(Y, T,B• )−K(Y,Z,B• )K(X,T,B• )
= RB(X,Y,Z, T )

where we applied (2) from the Proposition 2.5.

(2) R(X,Y,Z,Q) = XK(Y,Z,Q) − YK(X,Z,Q) −K([X,Y ], Z,Q)
+K(X,Z, •)K(Y,Q, •)−K(Y,Z, •)K(X,Q, •)

= K(X,Z, •)K(Y,Q, •)−K(Y,Z, •)K(X,Q, •)

= K(X,Z,B• )K(Y,Q,B• )−K(Y,Z,B• )K(X,Q,B• )
= 0

by the same property, which also leads to

(3) R(X,Y,W,Q) = XK(Y,W,Q) − YK(X,W,Q) −K([X,Y ],W,Q)
+K(X,W, •)K(Y,Q, •)−K(Y,W, •)K(X,Q, •)

= K(X,W, •)K(Y,Q, •)−K(Y,W, •)K(X,Q, •)
= 0.

(4) R(U, V, Z,Q) = UK(V,Z,Q) − VK(U,Z,Q) −K([U, V ], Z,Q)
+K(U,Z, •)K(V,Q, •)−K(V,Z, •)K(U,Q, •)

= U (f〈V,Q〉FZ(f))− V (f〈U,Q〉FZ(f))
−f〈[U, V ], Q〉FZ(f)

+K(U,Z,B• )K(V,Q,B• )−K(V,Z,B• )K(U,Q,B• )

+K(U,Z, F• )K(V,Q, F• )−K(V,Z, F• )K(U,Q, F• )
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )

+K(U,Z, F• )K(V,Q, F• )F −K(V,Z, F• )K(U,Q, F• )F
= fZ(f) (U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )

+f〈U, F• 〉FZ(f)K(V,Q, F• )F
−f〈V, F• 〉FZ(f)K(U,Q, F• )F

= fZ(f)(U〈V,Q〉F − V 〈U,Q〉F − 〈[U, V ], Q〉F )
+K(V,Q,U)F −K(U,Q, V ))F

= 0

where we used (3) and (4) from the Proposition 2.5, together with the
Definition 1.8. We also used the property that the covariant contraction
on F cancels the coefficient f2 of K(U, V,W )F .
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(5) R(X,V,W, T ) = XK(V,W, T ) − VK(X,W,T ) −K([X,V ],W, T )
+K(X,W, •)K(V, T, •)−K(V,W, •)K(X,T, •)

= −X (fT (f)〈V,W 〉F )

−K(V,W,B• )K(X,T,B• )

+K(X,W, F• )K(V, T, F• )F
= −X (fT (f)〈V,W 〉F )

+f〈V,W 〉Fdf(•)K(X,T,B• )B
+X(f)〈W, F• 〉FT (f)〈V,

F
• 〉F

= −X(f)T (f)〈V,W 〉F − fX(T (f))〈V,W 〉F
+f〈V,W 〉FK(X,T,B• )Bdf(

B
• )

+X(f)T (f)〈W,V 〉F

= f〈V,W 〉F

[
K(X,T,B• )Bdf(

B
• )−X(T (f))

]

= f〈V,W 〉F

[
K(X,T,B• )Bdf(

B
• )−X〈T, grad f〉B

]

= −fHf (X,T )〈V,W 〉F

where we applied the definition of the Hessian for semi-regular semi-
Riemannian manifolds, for f so that df ∈ A •1(B), and the properties
of the Koszul derivative of warped products, as in the Proposition 2.5.

(6) R(U, V,W,Q) = UK(V,W,Q) − V K(U,W,Q) −K([U, V ],W,Q)
+K(U,W, •)K(V,Q, •)−K(V,W, •)K(U,Q, •)

= RF (U, V,W,Q)

+K(U,W,B• )K(V,Q,B• )−K(V,W,B• )K(U,Q,B• )
= RF (U, V,W,Q)

+f2〈U,W 〉Fdf(
B
• )〈V,Q〉F df(

B
• )

−f2〈V,W 〉F df(
B
• )〈U,Q〉F df(

B
• )

= RF (U, V,W,Q)
+f2〈〈df,df〉〉•B

(
〈U,W 〉F 〈V,Q〉F

−〈V,W 〉F 〈U,Q〉F
)

�

Remark 5.3. Despite the fact that the Riemann tensor R( , ) is diver-
gent when the warping function converges to 0 even for warped products
of non-degenerate metrics ([8], p. 209–210), Theorem 5.2 shows again
that the Riemann curvature tensor R( , , , ) is smooth.
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6. Polar and spherical warped products

In the following, we use the degenerate inner product of semi-regular
manifolds to construct other manifolds. We start by providing a recipe
to obtain from warped products spherical solutions of various dimension.

6.1. Polar warped products

Let µ, ρ ∈ F (R) be smooth real functions so that µ2(−r) = µ2(r) and
ρ2(−r) = ρ2(r) for any r ∈ R, i ∈ {1, 2}. We can construct the following
warped products between the spaces (R,±µ2dr ⊗ dr) and S1:

(23) (R×r S
1,±µ2dr ⊗ dr + ρ2dϑ⊗ dϑ).

We define on R ×r S
1 the equivalence relation (r1, ϑ1) ∼ (r2, ϑ2) if

and only if either r1 = r2 and ϑ1 = ϑ2, or r1 = −r2 and ϑ1 ≡ (ϑ2 + π)
mod 2π.

Definition 6.1. The manifold (M,g) := (R,±µ2dr ⊗ dr) ×ρ S
1/ ∼ is

named the polar warped product between (R,±µ2dr ⊗ dr) and S1.

The manifold M is diffeomorphic to R2.
We are looking for conditions which ensure the smoothness of the

metric g on M .

Proposition 6.2. The metric g on M is smooth if and only if the
following limit exists and is smooth:

(24) lim
r→0

±µ2r2 − ρ2

r4
.

Proof. The metric on R2 − {(0, 0)} is, in Cartesian coordinates:
(25)

g =
1

r2

(
r cos ϑ − sinϑ
r sinϑ cos ϑ

)(
±µ2 0
0 ρ2

)(
r cos ϑ r sinϑ
− sinϑ cosϑ

)

=
1

r2

(
±µ2r2 cos2 ϑ+ ρ2 sin2 ϑ (±µ2r2 − ρ2) sinϑ cos ϑ
(±µ2r2 − ρ2) sinϑ cos ϑ ±µ2r2 sin2 ϑ+ ρ2 cos2 ϑ

)

=
1

r2

(
±µ2r2 − (±µ2r2 − ρ2) sin2 ϑ (±µ2r2 − ρ2) sinϑ cos ϑ
(±µ2r2 − ρ2) sinϑ cos ϑ ±µ2r2 − (±µ2r2 − ρ2) cos2 ϑ

)

=
1

r2




±µ2r2 −
±µ2r2 − ρ2

r2
y2

±µ2r2 − ρ2

r2
xy

±µ2r2 − ρ2

r2
xy ±µ2r2 −

±µ2r2 − ρ2

r2
x2




Hence, g is smooth if and only if the limit (24) exists and is smooth. �
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Remark 6.3. The smoothness of g on M is ensured by the condition
that ρ2(r) = ±µ2r2 − u(r)r4 for some smooth function u : R → R.

The metric becomes, in Cartesian coordinates,

(26) g =

(
±µ2 − uy2 uxy
uxy ±µ2 − ux2

)

The determinant of the metric is

(27) det g = µ4 − u± µ2r2,

and it follows that the metric becomes degenerate if µ = 0 or ±µ2 = ur2.

Remark 6.4. If we want the metric to be semi-regular, we need to
make sure that the equation (16) is respected. Since the coefficients µ
and ρ depend only on r, it suffices that supp(∂rµ) ⊆ supp(µ) and that
there exists a smooth function f ∈ F (R) so that supp(f) ⊆ supp(µ)
and

(28)
∂ρ2(r)

∂r
= f(r)µ(r).

The next example shows how we can obtain the Euclidean plane R2

from a degenerate warped product.

Example 6.5. The flat metric on R2 − {(0, 0)} can be expressed in
polar coordinates (r, ϑ) as

(29) g = dr ⊗ dr + r2dϑ⊗ dϑ.

Themanifold R2−{(0, 0)} can be obtained as the non-degenerate warped
product R+×rS

1, where R+ = (0,∞), with the natural metric dr2, and
S1 is the unit circle parameterized by ϑ, with the metric dϑ2. The met-
ric of R+ ×r S

1 becomes degenerate at the point r = 0. We can use
the degenerate warped product R×r S

1, where the metric has the same
form as in equation (29), and obtain a cylinder whose metric becomes
degenerate at the points r = 0. The coordinate r is allowed here to
become 0 or negative. The polar warped product M = R ×r S

1/ ∼ is
isometric to the Euclidean space R2.

The following example shows how we can obtain the sphere S2 from
a degenerate warped product.

Example 6.6. Let’s rename the coordinate r to ϕ, let’s take instead of
ρ(r) the function sinϕ, and let’s make the metric on R to be dϕ ⊗ dϕ

(hence µ2(ϕ) = 1). Since sinϕ = ϕ −
ϕ3

3!
+

ϕ5

5!
− . . ., it follows that

sinϕ = ϕ − ϕ3h(ϕ), where h is a smooth function. Hence, sin2 ϕ =
ϕ2 − ϕ4u(ϕ), where u(ϕ) = 2h(ϕ) − ϕ2h2(ϕ) is a smooth function,
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and the smoothness of the metric g at (0, 0) is ensured. Let us now
use instead the equivalence relation from §6.1, the relation defined by
(ϕ1, ϑ1) ∼ (ϕ2, ϑ2) if and only if either ϕ1 ≡ ϕ2 mod 2π and ϑ1 = ϑ2,
or ϕ1 ≡ −ϕ2 mod 2π and ϑ1 ≡ (ϑ2+π) mod 2π. We obtain the sphere
S2 ∼= R×sinϕ S1/ ∼, having the metric

(30) gS2 = dϕ⊗ dϕ+ sin2 ϕdϑ⊗ dϑ.

The usual spherical coordinates can be obtained by restraining the co-
ordinates (ϑ,ϕ) to the domain [0, 2π) × [0, π].

6.2. Spherical warped products

In a similar manner as in §6.1, we can define spherical warped products.
We will work on R ×ρ S2, where the sphere S2 has the metric and
parameterization as in the Example 6.6. The equivalence relation is
defined as (r1, ϑ1, ϕ1) ∼ (r2, ϑ2, ϕ2) if and only if either r1 = r2 and
ϑ1 = ϑ2 and ϕ1 = ϕ2, or r1 = −r2 and ϑ1 ≡ (ϑ2 + π) mod 2π and
ϕ1 = ϕ2. We start with real smooth functions µ, ρ ∈ F (R) so that
µ2(−r) = µ2(r) and ρ2(−r) = ρ2(r) for any r ∈ R, i ∈ {1, 2}, exactly
as in the polar case. We can construct the following warped products,
between the spaces (R,±µ2dr ⊗ dr) and S2:

(31)
(
R× ρS2,±µ2dr ⊗ dr + ρ2(dϕ⊗ dϕ+ sin2 ϕdϑ⊗ dϑ)

)
.

Let (M,g) = (R,±µ2dr ⊗ dr) ×ρ S
2/ ∼. The manifold is M = R3.

From §6.1 it follows that for any plane of M containing the axis R×(0, 0)
the smoothness results from the condition ρ2(r) = ±µ2r2 − u(r)r4 for
some function u : R → R. The smoothness of g in these planes ensures
its smoothness on the entire M . Moreover, by similar considerations
it follows that M is semi-regular from the same condition given by the
equation (28).

The same method can be used to obtain n-spherical warped products,
by factoring the warped product R× ρSn.

Example 6.7. As a direct application we can obtain the Euclidean
space R3 in spherical coordinates from the degenerate warped product
R×r S

2.

Example 6.8. Similar to the Example 6.6, we can define an equivalence
∼ so that the 3-sphere S3 can be obtained as the spherical warped
product S3 ∼= R×sinγ S

2/ ∼, having the metric

(32) gS3 = dγ ⊗ dγ + sin2 γ(dϕ⊗ dϕ+ sin2 ϕdϑ⊗ dϑ).
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Example 6.9. If in equation (30) we replace sin2 γ with sinh2 γ, and
∼ with the equivalence relation defined at the beginning of this section,
we obtain the hyperbolic 3-space H3 of constant sectional curvature −1.

7. Applications of semi-regular warped products

In this section we apply the spherical warped product to construct cos-
mological models and to model black holes having semi-regular singu-
larities.

The degenerate warped product allows the warping function to be-
come 0 at some points. Under the hypothesis of the Theorem 1.18 the
Riemann curvature still remains well-defined and smooth. As we shown
in [11], for a smooth Riemann curvature tensor of a four-dimensional
semi-regular manifold we can write a densitized version of Einstein’s

equation which remains smooth, and which reduces to the standard
version if the metric is non-degenerate:

(33) Gdet g + Λg det g = κT det g,

where G = Ric − 1
2sg, T is the stress-energy tensor, κ :=

8πG

c4
, G is

Newton’s constant and c the speed of light.
Therefore, the degenerate warped products of semi-regular (in par-

ticular non-degenerate) manifolds can be used to construct singularities
which allow the densitized Einstein equation to be defined and which
ensure its smoothness.

7.1. Cosmological models

In the following we propose a generalization of the Friedmann-Lemâıtre-

Robertson-Walker spacetime, allowing singularities.
If (Σ, gΣ) is a connected three-dimensional Riemannian manifold of

constant sectional curvature k ∈ {−1, 0, 1} (i.e. H3, R3 or S3) and a ∈
(t1, t2), −∞ ≤ t1 < t2 ≤ ∞, a ≥ 0, then the warped product (t1, t2)×aΣ
is called a Friedmann-Lemâıtre-Robertson-Walker spacetime:

(34) g = −dt⊗ dt+ a2(t)gΣ

For more generality, we use instead of the constant metric on R, a
metric −µ2dr × dr, where µ ∈ F (R), and we allow a to become 0 or
negative. The warped product becomes then

(35) g = −µ2dt⊗ dt+ a2(t)gΣ
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The singularities are semi-regular if there exists a smooth function f ∈
F (R) so that supp(f) ⊆ supp(µ) and

(36)
∂a2(r)

∂r
= f(r)µ(r).

Example 7.1. By allowing a to become 0 from time to time, we can
study cyclic cosmological models in which the evolution equation can
pass through the singularities.

Example 7.2. Another possible application of the semi-regular warped
products to the Friedmann-Lemâıtre-Robertson-Walker spacetime is to
cosmological models with initial singularity, by making the Big Bang
to be semi-regular. The model is obtained as an n-spherical warped
product, as in the section §6.2. The initial singularity is smooth if a is
smooth on R, and a2(r) = −µ2r2 − u(r)r4 for some function u. It is
semi-regular if the condition from equation (36) is satisfied at r = 0.

7.2. Spherical black holes

The spherically symmetric solutions (M,g) in General Relativity are
usually of the form M = R× R+ × S2, and the metric g has the form

(37) g = −α2
t (t, r)dt⊗ dt+ α2

r(t, r)dr ⊗ dr + ρ2(t, r)gS2 ,

where αt, αr, ρ ∈ F (R×R+) and gS2 is given by the equation (30). This
spacetime is in fact the warped product

(R× R+)×ρ(t,r) S
2

between the semi-Riemannian manifold
(
R× R+,−α2

t (t, r)dt⊗ dt+ α2
r(t, r)dr ⊗ dr

)

and the Riemannian manifold S2, with warping function ρ(t, r). This
example is known for non-degenerate metric (cf. e.g. [10], p. 228), and
it usually has singularities at r = 0.

Let M̃ be a manifold R2×ρS
2, where the functions αt, αr, ρ ∈ F (R2)

are taken so that α2
t , α

2
r and ρ are symmetric in r. We can choose αt, αr

and ρ so that, by identifying each point (t, r, ϑ, ϕ) with (t,−r, (ϑ + π)
mod 2π, ϕ), we obtain a smooth singular semi-Riemannian manifold M .
By appropriately choosing them, we can make the singularities at r = 0

of M̃ to be semi-regular, or we can even remove them, similar to the
examples from §6.

If at some points αt or αr becomes 0, the metric on R2 is degenerate.
From the condition (16) it follows that if for any a, b ∈ {t, r}, c ∈ {a, b},
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there are some functions fabc ∈ F (R2) satisfying supp(fabc) ⊆ supp(αc),
so that

(38) ∂aα
2
b = fabcαc,

then the manifold
(
R2,−α2

t (t, r)dt⊗ dt+ α2
r(t, r)dr ⊗ dr

)
is semi-regu-

lar. Let us now find a condition ensuring that dρ ∈ A •1(R2) (and, by
the Theorem 4.2, that the manifold M is semi-regular). From Definition
1.12, dρ ∈ A •1(R2) is equivalent to dρ ∈ A•1(R2) and the condition

(39) 〈〈∇♭
∂a∂b,dρ〉〉• ∈ F (R2)

for any a, b ∈ {t, r}. From (dρ)(X) = X(ρ) it follows that the equa-
tion (39) is equivalent to the existence of some functions habc ∈ F (R2)
satisfying supp(habc) ⊆ supp(αc), so that

(40) Kabc∂cρ = habcα
2
c .

Remember that the components of the Koszul form in a coordinate
chart reduces to Christoffel’s symbols of the first kind, which, when the
metric is diagonal, are of the form ±1

2∂aα
2
b . The condition (40) becomes

equivalent to a condition of the form

(41) ∂aα
2
b∂cρ = habcα

2
c

for all a, b ∈ {t, r}, c ∈ {a, b}. If there is a function Fc ∈ F (R2) so that

(42) ∂cρ = Fcαc,

from (38), we can take habc = fabcFc. This ensures that dρ ∈ A •1(R2),
and it follows that M is semi-regular.

Remark 7.3. This discussion suggests a possibility to construct black
holes having semi-regular singularities, and being therefore compatible
with the densitized version of Einstein’s equation. Such singularities
don’t block the time evolution. They are compatible with a unitary evo-
lution, and Hawking’s information loss paradox [4, 5] may be avoided.
We will develop this viewpoint in the following articles.
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