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❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈

●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡

❊✉❣❡♥✐♦ ❉❡❧❧❛ ❱❡❝❝❤✐❛ ∗✱ ❙✐❧✈✐❛ ❉✐ ▼❛r❝♦ †✱ ❆❧❛✐♥ ❏❡❛♥✲▼❛r✐❡‡

Pr♦❥❡❝t✲❚❡❛♠ ▼❛❡str♦

❘❡s❡❛r❝❤ ❘❡♣♦rt ♥➦ ✽✵✶✾ ✖ ❏✉❧② ✷✵✶✷ ✖ ✷✺ ♣❛❣❡s

❆❜str❛❝t✿ ❲❡ st✉❞② t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ❛♥❞ t❤❡ ❛♣♣r♦①✐♠❛t❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥
♣r♦❝❡❞✉r❡s ❢♦r t❤❡ ❝❛s❡ ♦❢ t✇♦✲♣❡rs♦♥ ③❡r♦✲s✉♠ ❞✐s❝♦✉♥t❡❞ s❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s ✇✐t❤ ✐♥✜♥✐t❡ ❤♦r✐③♦♥✱
✉♥❞❡r s❡✈❡r❛❧ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥✱ ✇❤❡♥ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❛ ❜♦r❡❧✐❛♥ s❡t ❛♥❞ t❤❡
❛❝t✐♦♥ s♣❛❝❡s ❛r❡ ❝♦♥s✐❞❡r❡❞ ❝♦♠♣❛❝t✳ ❯♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s✱ ✇❡ ♣r♦✈❡ t❤❛t t❤❡ ❡q✉✐❧✐❜r✐✉♠
✐s t❤❡ ✉♥✐q✉❡ s♦❧✉t✐♦♥ ♦❢ ✐ts ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ❡q✉❛t✐♦♥✱ ❛♥❞ ✇❡ ♣r♦✈❡ ❜♦✉♥❞s ✇❤✐❝❤ ✐♠♣❧②
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡s ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ ❧❡♥❣t❤ t❡♥❞s t♦ ✐♥✜♥✐t②✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐s
❜❛s❡❞ ♦♥ t❤❡ ❢♦r♠❛❧✐s♠ ❢♦r ❙❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s ❞❡✈❡❧♦♣❡❞ ❜② ▲✉q✉❡✲❱ásq✉❡③ ✐♥ ❬✶✶❪✱ t♦❣❡t❤❡r
✇✐t❤ ❡①t❡♥s✐♦♥s ♦❢ t❤❡ r❡s✉❧ts ♦❢ ❍❡r♥á♥❞❡③✲▲❡r♠❛ ❛♥❞ ▲❛ss❡rr❡ ❬✹❪ ❢♦r ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss❡s
❛♥❞ ❈❤❛♥❣ ❛♥❞ ▼❛r❝✉s ❬✷❪ ❢♦r ▼❛r❦♦✈ ●❛♠❡s✱ ❜♦t❤ ✐♥ ❞✐s❝r❡t❡ t✐♠❡✳ ■♥ t❤✐s ✇❛② ✇❡ ❣❡♥❡r❛❧✐③❡ t❤❡
r❡s✉❧ts ♦♥ t❤❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ❛♥❞ ❛♣♣r♦①✐♠❛t❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ♣r❡✈✐♦✉s❧② ♦❜t❛✐♥❡❞ ❢♦r
❞✐s❝r❡t❡✲t✐♠❡ ♣r♦❜❧❡♠s✳

❑❡②✲✇♦r❞s✿ ❙❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s✱ ❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s

∗ ❈❖◆■❈❊❚ ✲ ❯◆❘✱ ❆r❣❡♥t✐♥❛
† ❈❖◆■❈❊❚ ✲ ❯◆❘✱ ❆r❣❡♥t✐♥❛
‡ ■◆❘■❆ ❛♥❞ ▲■❘▼▼✱ ❈◆❘❙✴❯♥✐✈❡rs✐té ▼♦♥t♣❡❧❧✐❡r ✷✱ ✶✻✶ ❘✉❡ ❆❞❛✱ ❋✲✸✹✸✾✷ ▼♦♥t♣❡❧❧✐❡r✱ ❛❥♠❅❧✐r♠♠✳❢r✳



Pr♦❝é❞✉r❡s ❞✬❤♦r✐③♦♥ r♦✉❧❛♥t ❞❛♥s ❧❡s ❥❡✉①

s❡♠✐✲▼❛r❦♦✈✐❡♥s✿ ❧❡ ❝❛s ❛❝t✉❛❧✐sé

❘és✉♠é ✿ ◆♦✉s ét✉❞✐♦♥s ❧❡s ♣r♦♣r✐étés ❞❡ ❧❛ ♣r♦❝é❞✉r❡ ❞❡ ❞é❝✐s✐♦♥ à ❤♦r✐③♦♥ r♦✉❧❛♥t ❡t ✉♥❡
❛♣♣r♦①✐♠❛t✐♦♥ ❞❡ ❝❡tt❡ ♣r♦❝é❞✉r❡✱ ♣♦✉r ❧❡ ❝❛s ❞❡ ❥❡✉① s❡♠✐✲▼❛r❦♦✈✐❡♥s à s♦♠♠❡ ♥✉❧❧❡ ❛✈❡❝
❤♦r✐③♦♥ ✐♥✜♥✐ ❡t ❛❝t✉❛❧✐s❛t✐♦♥✱ s♦✉s ❞✐✛ér❡♥t❡s ❤②♣♦t❤ès❡s ❝♦♥❝❡r♥❛♥t ❧❛ ❢♦♥❝t✐♦♥ ❞❡ ré❝♦♠♣❡♥s❡✱
q✉❛♥❞ ❧✬❡s♣❛❝❡ ❞✬ét❛ts ❡st ✉♥ ❡♥s❡♠❜❧❡ ❜♦ré❧✐❡♥ ❡t ❧❡s ❡s♣❛❝❡s ❞✬❛❝t✐♦♥s s♦♥t ❝♦♠♣❛❝ts✳ ❙♦✉s
❞❡s ❤②♣♦t❤ès❡s ❛♣♣r♦♣r✐é❡s✱ ♥♦✉s ♠♦♥tr♦♥s q✉❡ ❧✬éq✉✐❧✐❜r❡ ❡st ❧✬✉♥✐q✉❡ s♦❧✉t✐♦♥ ❞❡ ❧✬éq✉❛t✐♦♥ ❞❡
♣r♦❣r❛♠♠❛t✐♦♥ ❞②♥❛♠✐q✉❡ ❛ss♦❝✐é❡ ❛✉ ❥❡✉✱ ♣✉✐s ♥♦✉s ♣r♦✉✈♦♥s ❞❡s ❜♦r♥❡s ❞✬❡rr❡✉r ✐♠♣❧✐q✉❛♥t ❧❛
❝♦♥✈❡r❣❡♥❝❡ ❞❡s ♣r♦❝é❞✉r❡s q✉❛♥❞ ❧✬❤♦r✐③♦♥ ❞❡ ♣r♦❣r❛♠♠❛t✐♦♥ t❡♥❞ ✈❡rs ❧✬✐♥✜♥✐✳ ◆♦tr❡ ❛♣♣r♦❝❤❡
❡st ❜❛sé❡ s✉r ❧❡ ❢♦r♠❛❧✐s♠❡ ♣♦✉r ❧❡s ❥❡✉① s❡♠✐✲▼❛r❦♦✈✐❡♥s ❞é✈❡❧♦♣♣é ♣❛r ▲✉q✉❡✲❱ásq✉❡③ ❬✶✶❪✱
❥♦✐♥t à ❞❡s ❡①t❡♥s✐♦♥s ❞❡s rés✉❧t❛ts ❞❡ ❍❡r♥á♥❞❡③✲▲❡r♠❛ ❡t ▲❛ss❡rr❡ ❬✹❪ ♣♦✉r ❧❡s ♣r♦❝❡ss✉s ❞❡
❞é❝✐s✐♦♥ ▼❛r❦♦✈✐❡♥s ❡t ❈❤❛♥❣ ❡t ▼❛r❝✉s ❬✷❪ ♣♦✉r ❧❡s ❥❡✉① ▼❛r❦♦✈✐❡♥s✱ ❝❡s ❞❡✉① ❞❡r♥✐❡rs tr❛✈❛✉①
ét❛♥t ❡♥ t❡♠♣s ❞✐s❝r❡t✳ ❉❡ ❝❡tt❡ ❢❛ç♦♥✱ ♥♦✉s ❣é♥ér❛❧✐s♦♥s ❧❡s rés✉❧t❛ts s✉r ❧❛ ♣r♦❝é❞✉r❡ à ❤♦r✐③♦♥
r♦✉❧❛♥t ♦❜t❡♥✉s ♣♦✉r ❧❡s ♣r♦❜❧è♠❡s ❡♥ t❡♠♣s ❞✐s❝r❡t✳

▼♦ts✲❝❧és ✿ ❏❡✉① s❡♠✐✲▼❛r❦♦✈✐❡♥s✱ ♣r♦❝é❞✉r❡ à ❤♦r✐③♦♥ r♦✉❧❛♥t



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✸

✶ ■♥tr♦❞✉❝t✐♦♥

■♥ t❤✐s ✇♦r❦ ✇❡ ❛♥❛❧②③❡ t✇♦ ❛♣♣r♦①✐♠❛t✐♦♥ ♣r♦❝❡❞✉r❡s ❛♣♣❧✐❡❞ t♦ ③❡r♦✲s✉♠ s❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s
✇✐t❤ t❤❡ ❡①♣❡❝t❡❞ t♦t❛❧ ❞✐s❝♦✉♥t❡❞ r❡✇❛r❞ ❛s t❤❡ ♣❡r❢♦r♠❛♥❝❡ ❝r✐t❡r✐♦♥✳ ❙♣❡❝✐✜❝❛❧❧②✱ ✇❡ ✇♦r❦
✇✐t❤ ♠❡t❤♦❞s ❞❡r✐✈❡❞ ❢r♦♠ t❤❡ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥ ♣r♦❝❡❞✉r❡✳

❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s ✭❙▼●✮ ❣❡♥❡r❛❧✐③❡ ▼❛r❦♦✈ ●❛♠❡s ✭▼●✮ ❜② ❛❧❧♦✇✐♥❣ t❤❡ ❞❡❝✐s✐♦♥
♠❛❦❡r t♦ ❝❤♦♦s❡ ❛❝t✐♦♥s ✇❤❡♥❡✈❡r t❤❡ s②st❡♠ st❛t❡ ❝❤❛♥❣❡s✱ ♠♦❞❡❧✐♥❣ t❤❡ s②st❡♠ ❡✈♦❧✉t✐♦♥
✐♥ ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ❛♥❞ ❛❧❧♦✇✐♥❣ t❤❡ t✐♠❡ s♣❡♥t ✐♥ ❛ ♣❛rt✐❝✉❧❛r st❛t❡ t♦ ❢♦❧❧♦✇ ❛♥ ❛r❜✐tr❛r② ♣r♦❜✲
❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥✳ ❚❤❡ s②st❡♠ st❛t❡ ♠❛② ❝❤❛♥❣❡ s❡✈❡r❛❧ t✐♠❡s ❜❡t✇❡❡♥ ❞❡❝✐s✐♦♥ ❡♣♦❝❤s ❜✉t
♦♥❧② t❤❡ st❛t❡ ❛t ❛ ❞❡❝✐s✐♦♥ ❡♣♦❝❤ ✐s r❡❧❡✈❛♥t t♦ t❤❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r✳ ❙❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s ✇✐t❤
❞✐s❝♦✉♥t❡❞ r❡✇❛r❞ ❛r❡ ❛♥❛❧②③❡❞ ✐♥ ❬✶✶❪ ❛♥❞ ❧❛t❡r✱ ✐♥ ❬✾✱ ✶✷❪✳ ❆❧❧ t❤❡s❡ ♣❛♣❡rs ❞❡❛❧ ✇✐t❤ t❤❡ ❝❤❛r❛❝✲
t❡r✐③❛t✐♦♥ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛s t❤❡ ✜①❡❞ ♣♦✐♥t ♦❢ ❝❡rt❛✐♥ ❞②♥❛♠✐❝❛❧ ♣r♦❣r❛♠♠✐♥❣ ♦♣❡r❛t♦rs✳
❇❡s✐❞❡s✱ ❞✐s❝r❡t❡✲t✐♠❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss❡s ✭▼❉P✮ ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡ ♦❢
▼● ✇❤❡r❡ ❥✉st ♦♥❡ ♣❧❛②❡r t❛❦❡s ❞❡❝✐s✐♦♥s✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥ ✭❘❍✮ ❝♦♥tr♦❧ ✐s ❛♥ ✉s✉❛❧ ♣r♦❝❡❞✉r❡ ❢♦r ♠❛❦✐♥❣ ❞❡❝✐s✐♦♥s
✐♥ ♠❛♥② ✐♥✜♥✐t❡ st❛❣❡ ❞❡❝✐s✐♦♥ ♣r♦❜❧❡♠s✳ ■t ✐s ❜❛s❡❞ ♦♥ ❝❤♦♦s✐♥❣ t❤❡ ❜❡st ♠♦st ✐♠♠❡❞✐❛t❡ ❛❝t✐♦♥
❜❛s❡❞ ♦♥ t❤❡ ❦♥♦✇❧❡❞❣❡ ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ❥✉st ❢♦r ❛ ❝❡rt❛✐♥ ♥✉♠❜❡r ♦❢ ♣❡r✐♦❞s ✐♥
t❤❡ ❢✉t✉r❡✳ ❖♥❡ ❞❡s✐❣♥ ✐ss✉❡ ♦❢ t❤❡ ❝♦♥tr♦❧❧❡r ✇✐❧❧ ❜❡ t❤❡♥ t♦ ❞❡t❡r♠✐♥❡ ❤♦✇ ♠❛♥② ♣❡r✐♦❞s ✐♥ t❤❡
❢✉t✉r❡ ♠✉st ❜❡ t❛❦❡♥ ✐♥t♦ ❛❝❝♦✉♥t✱ ✐♥ ♦r❞❡r t♦ ♠❛❦❡ t❤❡ ♦♣t✐♠❛❧ ✐♠♠❡❞✐❛t❡ ❞❡❝✐s✐♦♥ ❬✶✻❪✳ ❘❍
str❛t❡❣✐❡s ❛r❡ ❧❛r❣❡❧② ✉s❡❞ ✐♥ s❡✈❡r❛❧ ❛r❡❛s✿ ✇❡ ❝❛♥ ♠❡♥t✐♦♥ ❤❡r❡ ♣r♦❞✉❝t✐♦♥ ❝♦♥tr♦❧ ♣r♦❜❧❡♠s✱
st❛❜✐❧✐③❛t✐♦♥ ♦❢ ❝♦♥tr♦❧ s②st❡♠s✱ ❛♥❞ ♠❛❝r♦✲♣❧❛♥♥✐♥❣ ♣r♦❜❧❡♠s✳ ❚❤❡ st✉❞② ♦❢ t❤✐s ❛♥❞ ♦t❤❡r
❛♣♣❧✐❝❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶✵❪✳

❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♣r❡s❡♥t ✇♦r❦ ✐s t♦ ❡①t❡♥❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡ ❘❍
♠❡t❤♦❞ ❛♥❞ ♦❢ ❛♥ ❆♣♣r♦①✐♠❛t❡ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥ ✭❆❘❍✮ ♠❡t❤♦❞ t♦ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s ✇✐t❤
t❤❡ t♦t❛❧ ❞✐s❝♦✉♥t❡❞ r❡✇❛r❞ ❝r✐t❡r✐♦♥✱ ✇❤❡♥ t❤❡ st❛t❡ s♣❛❝❡ ✐s ❛ss✉♠❡❞ t♦ ❜❡ ❇♦r❡❧✱ ❛♥❞ t❤❡ ❛❝t✐♦♥
s♣❛❝❡ ❝♦♠♣❛❝t✳ ❆s ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧②✱ t❤❡ ❙▼● str✉❝t✉r❡ ✇❛s st✉❞✐❡❞ ❢r♦♠ t❤❡ t❤❡♦r❡t✐❝❛❧
✈✐❡✇♣♦✐♥t ❜② ❬✶✶❪ ❛♥❞ ✇❡ ❜♦rr♦✇ s♦♠❡ ♦❢ t❤❡✐r r❡s✉❧ts✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❬✹✱ ✺✱ ✷❪ ❝❛♥ ❜❡ s❡❡♥ ❛s
♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ♦✉r r❡s✉❧ts s❤♦✇♥ ❤❡r❡ ❜❡❝❛✉s❡ t❤❡ t✇♦ ✜rst ✐♥✈❡st✐❣❛t❡ t❤❡ ❛❝❝✉r❛❝② ♦❢ t❤❡❘❍
♣r♦❝❡❞✉r❡ ❢♦r ❞✐s❝r❡t❡✲t✐♠❡ ▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss❡s ✭▼❉P✮ ✭❥✉st ♦♥❡ ❞❡❝✐s✐♦♥✲♠❛❦❡r✮ ✇✐t❤
❜♦✉♥❞❡❞ ❛♥❞ ✉♥❜♦✉♥❞❡❞ r❡✇❛r❞s ❢✉♥❝t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ t❤❡ ❧❛st ♦♥❡ ❞❡❛❧s ✇✐t❤ ❞✐s❝r❡t❡✲t✐♠❡
③❡r♦✲s✉♠ ▼❛r❦♦✈ ❣❛♠❡s ✇✐t❤ ✜♥✐t❡ st❛t❡ s♣❛❝❡s ✭t✇♦ ♣❧❛②❡rs ✇❤♦ ♣❧❛② ❛ ❣❛♠❡ ✇❤♦s❡ t❡♠♣♦r❛❧
❡✈♦❧✉t✐♦♥ ✐s ❞✐s❝r❡t❡✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤✐s ✇♦r❦ ❛❧s♦ ❣❡♥❡r❛❧✐③❡s ♦✉r ♣r❡✈✐♦✉s ✇♦r❦ ❬✸❪ ✇❤❡r❡
✇❡ st✉❞② t❤❡ ❘❍ ♣r♦❝❡❞✉r❡ ❛♣♣❧✐❡❞ t♦ s❡♠✐✲▼❛r❦♦✈ ❉❡❝✐s✐♦♥ Pr♦❝❡ss❡s ✭❙▼❉P✮ ✭❝♦♥t✐♥✉♦✉s
t❡♠♣♦r❛❧ ❡✈♦❧✉t✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠ ✇❤❡r❡ ❥✉st ♦♥❡ ❞❡❝✐s✐♦♥ ♠❛❦❡r ❛❝ts✮✳ ❆❧s♦ ❛s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✱
❛❧❧ t❤❡ r❡s✉❧ts ♦❜t❛✐♥❡❞ ❤❡r❡ ❛♣♣❧② t♦ ❝♦♥t✐♥✉♦✉s✲t✐♠❡▼● ✇❤❡r❡✱ ✉♣ t♦ ♦✉r ❦♥♦✇❧❡❞❣❡✱ ❘❍ ❛♥❞
❆❘❍ ❤❛✈❡ ♥♦t ❜❡❡♥ ❛♣♣❧✐❡❞ s♦ ❢❛r✳

❚❤✐s ♣❛♣❡r ✐s ♦r❣❛♥✐③❡❞ ❛s ❢♦❧❧♦✇s✳ ■♥ ❙❡❝t✐♦♥ ✷✱ ✇❡ ♣r❡s❡♥t t❤❡ ♠♦❞❡❧✱ t❤❡ ♥♦t❛t✐♦♥s ❛♥❞
✇❡ st❛t❡ t❤❡ ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞❛t❛ ♦❢ t❤❡ ♣r♦❜❧❡♠✳ ■♥ ❙❡❝t✐♦♥ ✸ ✇❡ ♣r❡s❡♥t t❤❡ ♣❡r❢♦r♠❛♥❝❡
❝r✐t❡r✐♦♥ ❛♥❞ t❤❡ ❞②♥❛♠✐❝ ♣r♦❣r❛♠♠✐♥❣ ♦♣❡r❛t♦r ❢♦r t❤✐s ❝❛s❡✱ ♠❡♥t✐♦♥✐♥❣ t❤❡ r❡s✉❧ts ♦♥ t❤❡
❛ss♦❝✐❛t❡❞ ♦♣t✐♠❛❧✐t② ❡q✉❛t✐♦♥ ❛♥❞ r❡❝✉rs✐♦♥ s❝❤❡♠❡✳ ❙❡❝t✐♦♥ ✹ ❝♦♥t❛✐♥s ♦✉r ❝♦♥tr✐❜✉t✐♦♥s ❛❜♦✉t
t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ ❘❍ ❛♥❞ ❆❘❍ ♣♦❧✐❝✐❡s r❡✇❛r❞s t♦ t❤❡ ♦♣t✐♠❛❧ r❡✇❛r❞✳ ❚❤❡ ❛♣♣r♦❛❝❤ ✐♥ t❤✐s
s❡❝t✐♦♥ ✐s ❜❛s❡❞ ♦♥ ❬✺❪ ✇❤❡r❡ t❤❡ ❞✐s❝r❡t❡✲t✐♠❡ ▼❉P ❝❛s❡ ✐s tr❡❛t❡❞ ❛♥❞ ♦♥ ❬✷❪ ❢♦r t❤❡ ❝❛s❡ ♦❢
✜♥✐t❡ st❛t❡ s♣❛❝❡s✳ ❆s ❝♦♠♣❛r❡❞ ✇✐t❤ t❤✐s ❧❛st ✇♦r❦✱ ✇❡ ❤❛✈❡ ♥♦t ♦♥❧② ♣r♦✈❡❞ r❡s✉❧ts ♦❢ t❤❡
❆❘❍ ❢♦r ♠♦r❡ ❣❡♥❡r❛❧ st❛t❡ s♣❛❝❡s ❛♥❞ ♣♦ss✐❜❧② ✉♥❜♦✉♥❞❡❞ ❝♦st ❢✉♥❝t✐♦♥s✱ ❜✉t ✇❡ ❛❧s♦ ❤❛✈❡
✐♠♣r♦✈❡❞ s✐❣♥✐✜❝❛♥t❧② t❤❡ ❡rr♦r ❜♦✉♥❞s✳ ❋✐♥❛❧❧②✱ ❙❡❝t✐♦♥ ✺ ✐s ❞❡✈♦t❡❞ t♦ t❤❡ ❝♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s✳

❘❘ ♥➦ ✽✵✶✾



✹ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

✷ Pr❡❧✐♠✐♥❛r✐❡s ❛♥❞ ◆♦t❛t✐♦♥s

❲❡ ❝♦♥s✐❞❡r ❛ s❡♠✐✲▼❛r❦♦✈ ❣❛♠❡ ♦❢ t❤❡ ❢♦r♠

M := (S,A,B, {As : s ∈ S}, {Bs : s ∈ S}, Q, F, ℓ, α)

✇❤❡r❡

❼ S ✐s t❤❡ st❛t❡ s♣❛❝❡✳

❼ A ❛♥❞ B ❛r❡ t❤❡ ❛❝t✐♦♥ s♣❛❝❡s ❢♦r ♣❧❛②❡rs ✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✳

❼ ❋♦r ❡✈❡r② s ∈ S✱ ✇❡ ❞❡✜♥❡ t❤❡ s❡ts As ❛♥❞ Bs ❛s t❤❡ s❡ts ♦❢ ❛❝t✐♦♥s ❛✈❛✐❧❛❜❧❡ ✐♥ st❛t❡ s ❢♦r
r❡s♣❡❝t✐✈❡ ♣❧❛②❡rs✱ ❛♥❞✱ t❤❡r❡❢♦r❡

A =
⋃

s∈S

As, B =
⋃

s∈S

Bs.

❼ ❲❡ s❡t K = {(s, a, b) : s ∈ S, a ∈ As, b ∈ Bs}✳

❼ ❚❤❡ tr❛♥s✐t✐♦♥ ❧❛✇ Q(·|·)✱ ✐s ❛ st♦❝❤❛st✐❝ ❦❡r♥❡❧ ♦♥ S ❣✐✈❡♥ K✱ ❛♥❞ F (·|s, a, b) ✐s t❤❡ ❞✐str✐✲
❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❤♦❧❞✐♥❣ t✐♠❡ ✐♥ st❛t❡ s ∈ S ✇❤❡♥ ❛❝t✐♦♥s a ∈ As ❛♥❞ b ∈ Bs ❛r❡
❝❤♦s❡♥✳

❼ ❚❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥ ✐s ℓ : K 7→ R ❛♥❞ α ✐s ❛ ❞✐s❝♦✉♥t ❢❛❝t♦r✳

■❢ ❛t t✐♠❡ ♦❢ t❤❡ n✲t❤ ❞❡❝✐s✐♦♥ ❡♣♦❝❤✱ t❤❡ st❛t❡ ♦❢ t❤❡ s②st❡♠ ✐s sn = s✱ ❛♥❞ t❤❡ ❝❤♦s❡♥ ❛❝t✐♦♥s
❛r❡ an ∈ As ❛♥❞ bn ∈ Bs✱ t❤❡♥ t❤❡ s②st❡♠ r❡♠❛✐♥s ✐♥ t❤❡ st❛t❡ s ❞✉r✐♥❣ ❛ ♥♦♥♥❡❣❛t✐✈❡ r❛♥❞♦♠
t✐♠❡ δn+1 ✇✐t❤ ❞✐str✐❜✉t✐♦♥ F (·|sn, an, bn) ❛♥❞ ❛ ❝♦♥t✐♥✉♦✉s❧② ❞✐s❝♦✉♥t❡❞✱ st❛t✐♦♥❛r② r❡✇❛r❞
ℓ(sn, an, bn) ✐s r❡❝❡✐✈❡❞ ❜② ♣❧❛②❡r ✶ ❛♥❞ ♣❛✐❞ ❜② ♣❧❛②❡r ✷✳ ❚❤❡ ❞❡❝✐s✐♦♥ ❡♣♦❝❤s ❛r❡ t❤❡r❡❢♦r❡
Tn := Tn−1 + δn ❢♦r n ≧ 1✱ ❛♥❞ T0 = 0✳ ❚❤❡ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ δn+1 = Tn+1 − Tn ✐s ❝❛❧❧❡❞ t❤❡
s♦❥♦✉r♥ ♦r ❤♦❧❞✐♥❣ t✐♠❡ ❛t st❛❣❡ n✳

❋♦r ❇♦r❡❧ s❡ts X ❛♥❞ Y ✱ ✇❡ ✇✐❧❧ ♥♦t❡ ✇✐t❤ P(X) t❤❡ ❢❛♠✐❧② ♦❢ ♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡s ♦♥ X
❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ✇❡❛❦ t♦♣♦❧♦❣②✱ ❛♥❞ ✇✐t❤ P(X|Y ) t❤❡ ❢❛♠✐❧② ♦❢ tr❛♥s✐t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ❢r♦♠ Y
t♦ X✳

❚❤❡ s♣❛❝❡ Hn ♦❢ ❛❞♠✐ss✐❜❧❡ ❤✐st♦r✐❡s ♦❢ t❤❡ ♣r♦❝❡ss ❛t t❤❡ n✲t❤ ❞❡❝✐s✐♦♥ ❡♣♦❝❤✱ ❝♦♥s✐sts ♦❢
s❡q✉❡♥❝❡s ♦❢ st❛t❡s ❛♥❞ ❞❡❝✐s✐♦♥s ✉♣ t♦ t❤❛t ❡♣♦❝❤✳ ❆t t❤❡ ✐♥✐t✐❛❧ ❡♣♦❝❤ T0✱ t❤❡ ❤✐st♦r② ❝♦♥s✐sts
♦❢ t❤❡ ✐♥✐t✐❛❧ st❛t❡ s0 ∈ S✳ ❆t t❤❡ ✜rst ❞❡❝✐s✐♦♥ ❡♣♦❝❤ T1✱ t❤❡ t✇♦ ✐♥✐t✐❛❧ ❛❝t✐♦♥s ❝❤♦s❡♥ ❜② t❤❡
♣❧❛②❡rs✱ t❤❡ ❤♦❧❞✐♥❣ t✐♠❡ ❛t ✐♥✐t✐❛❧ st❛t❡ ❛♥❞ t❤❡ ♥❡✇ st❛t❡ ❛r❡ ❛❞❞❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡✱ ❛♥❞ s♦
♦♥✳ ❆ t②♣✐❝❛❧ ❡❧❡♠❡♥t ♦❢ Hn = (K × R

+)n × S ✐s t❤❡r❡❢♦r❡ ✇r✐tt❡♥ ❛s

hn = (s0, a0, b0, δ1, s1, a1, b1, δ2 . . . , , sn−1, an−1, bn−1, δn, sn).

❆ ▼❛r❦♦✈ str❛t❡❣② ✭♦r ▼❛r❦♦✈ ♣♦❧✐❝②✮ ❢♦r ♣❧❛②❡r ✶ ✐s ❛ s❡q✉❡♥❝❡ π = {πn} ♦❢ st♦❝❤❛st✐❝
❦❡r♥❡❧s πn ∈ P(A|Hn) s✉❝❤ t❤❛t ❢♦r ❡✈❡r② hn ∈ Hn ❛♥❞ n ∈ N✱ πn(Asn

|hn) = 1✳ ❲❡ ❞❡♥♦t❡ ❜②
Π t❤❡ s❡t ♦❢ ❛❧❧ ▼❛r❦♦✈ str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r ✶✳ ❆ ▼❛r❦♦✈ str❛t❡❣② π = {πn} ✐s ❝❛❧❧❡❞ st❛t✐♦♥❛r②
✐❢ t❤❡r❡ ❡①✐sts f ∈ P(A|S) s✉❝❤ t❤❛t f(s) ∈ P(As) ❛♥❞ πn = f ❢♦r ❛❧❧ s ∈ S ❛♥❞ n ∈ N✳ ■♥ t❤✐s
❝❛s❡✱ ✇❡ ✐❞❡♥t✐❢② π ✇✐t❤ f ✱ ✐✳❡✳✱ π = f = {f, f, ...}✳ ❲❡ ❞❡♥♦t❡ ❜② Πstat t❤❡ s❡t ♦❢ ❛❧❧ st❛t✐♦♥❛r②
str❛t❡❣✐❡s✳

❙✐♠✐❧❛r❧②✱ ❛ ▼❛r❦♦✈ str❛t❡❣② ❢♦r ♣❧❛②❡r ✷ ✐s ❛ s❡q✉❡♥❝❡ γ = {γn}✱ ✇❤❡r❡ γn ∈ P(B|Hn)✱ s✉❝❤
t❤❛t ❢♦r ❡✈❡r② hn ∈ Hn ❛♥❞ n ∈ N✱ γn(Bsn

|hn) = 1✳ ■♥ t❤✐s ❝❛s❡ ✇❡ ♥♦t❡ ✇✐t❤ Γ t❤❡ s❡t ♦❢ ❛❧❧
▼❛r❦♦✈ str❛t❡❣✐❡s ♦❢ ♣❧❛②❡r ✷✳ ❆ ▼❛r❦♦✈ str❛t❡❣② γ ✐s ❝❛❧❧❡❞ st❛t✐♦♥❛r② ✐❢ t❤❡r❡ ❡①✐sts g ∈ P(B|S)

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✺

s✉❝❤ t❤❛t g(s) ∈ P(Bs) ❛♥❞ γn = g ❢♦r ❛❧❧ s ∈ S ❛♥❞ n ∈ N✳ ❋♦r ♣❧❛②❡r ✷✱ ✇❡ ❞❡♥♦t❡ Γstat t❤❡ s❡t
♦❢ ❛❧❧ st❛t✐♦♥❛r② str❛t❡❣✐❡s✳

❋♦r ❡❛❝❤ ♣❛✐r ♦❢ str❛t❡❣✐❡s π ∈ Π ❛♥❞ γ ∈ Γ✱ ❛♥❞ ❛♥② ✐♥✐t✐❛❧ st❛t❡ s t❤❡r❡ ❡①✐st ❛ ✉♥✐q✉❡
♣r♦❜❛❜✐❧✐t② ♠❡❛s✉r❡ Pπ,γ

s ❛♥❞ st♦❝❤❛st✐❝ ♣r♦❝❡ss❡s {Sn}✱ {An}✱ {Bn} ❛♥❞ {δn}✳ Sn✱ An ❛♥❞ Bn

r❡♣r❡s❡♥t t❤❡ st❛t❡ ❛♥❞ t❤❡ ❛❝t✐♦♥s ❛t t❤❡ n✲t❤ ❞❡❝✐s✐♦♥ ❡♣♦❝❤✳ E
π,γ
s ❞❡♥♦t❡s t❤❡ ❡①♣❡❝t❛t✐♦♥

♦♣❡r❛t♦r ✇✐t❤ r❡s♣❡❝t t♦ Pπ,γ
s ✳

❲❡ ♥♦t❡

β(s, a, b) :=

∫ ∞

0

e−αtF (❞t|s, a, b) ✭✶✮

❛♥❞

ϑ(s, a, b) =
1 − β(s, a, b)

α
. ✭✷✮

❋r♦♠ ❤❡r❡ ♦♥✱ ✇❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✿ ❢♦r ❡❛❝❤ s ∈ S ❛♥❞ ❣✐✈❡♥ ❛ ♣❛✐r ♦❢
♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥s ξ ❛♥❞ ζ ♦♥ As ❛♥❞ Bs r❡s♣❡❝t✐✈❡❧②✱

∫

As

∫

Bs

h(s, a, b)ζ(❞b)ξ(❞a) ✇❤❡♥❡✈❡r

t❤❡ ✐♥t❡❣r❛❧ ✐s ✇❡❧❧ ❞❡✜♥❡❞✱ ✇✐❧❧ ❜❡ ❞❡♥♦t❡❞ ❜② h(s, ξ, ζ)✳ ❆❧s♦✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ φ ❞❡✜♥❡❞ ♦♥ K✱ ✇❡
♥♦t❡ φ(s, f, g) ✐♥st❡❛❞ ♦❢ φ(s, f(s), g(s))✱ ❢♦r ❣✐✈❡♥ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s f ❛♥❞ g✳

■♥ ♦r❞❡r t♦ ❡✈❛❧✉❛t❡ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ♣♦❧✐❝✐❡s✱ ✇❡ ✉s❡ ❛ t♦t❛❧ ❞✐s❝♦✉♥t❡❞ ❝r✐t❡r✐♦♥✳ ❲❡
❛ss✉♠❡ t❤❛t t❤❡ r❡✇❛r❞s ❛r❡ ❝♦♥t✐♥✉♦✉s❧② ❞✐s❝♦✉♥t❡❞✱ ✇✐t❤ ❛ ❞✐s❝♦✉♥t ❢❛❝t♦r α✳ ▼♦r❡ ♣r❡❝✐s❡❧②
❧❡t✱ ❢♦r n ≧ 1✱ s ∈ S✱ π ∈ Π ❛♥❞ γ ∈ Γ✱ t❤❡ ❡①♣❡❝t❡❞ n✲st❛❣❡ α✲❞✐s❝♦✉♥t❡❞ r❡✇❛r❞ ❜❡ ❞❡✜♥❡❞ ❜②

V π,γ
n (s) := E

π,γ
s

n−1
∑

k=0

∫ Tk+1

Tk

e−αtℓ(Sk, Ak, Bk)❞t

:= E
π,γ
s

n−1
∑

k=0

e−αTk
1 − e−αδk+1

α
ℓ(Sk, Ak, Bk) .

❚❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ t♦t❛❧ ❡①♣❡❝t❡❞ α✲❞✐s❝♦✉♥t❡❞ ♣❛②♦✛ ✐s

V π,γ(s) := E
π,γ
s

∞
∑

k=0

e−αTk
1 − e−αδk+1

α
ℓ(Sk, Ak, Bk) . ✭✸✮

❆❧t❡r♥❛t✐✈❡❧②✱ ❣✐✈❡♥ ❛ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s π ❛♥❞ γ✱ ✇❡ ❝❛♥ ✇r✐t❡ ✐ts r❡✇❛r❞ ✉s✐♥❣ t❤❡ ✈❛r✐❛❜❧❡s β
❛♥❞ ϑ ❛♥❞ ♦❜t❛✐♥ ❢♦r t❤❡ ✜♥✐t❡ st❛❣❡ ❤♦r✐③♦♥ ❛♥❞ ❢♦r t❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ r❡s♣❡❝t✐✈❡❧②✱

V π,γ(s) = Es

[

∞
∑

t=0

t−1
∏

k=0

β(Sk, Ak, Bk)ϑ(St, At, Bt)ℓ(St, At, Bt)

]

V π,γ
n (s) = Es

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, Ak, Bk)ϑ(St, At, Bt)ℓ(St, At, Bt)

]

,

✇❤❡r❡ ✇❡ ❛❞♦♣t t❤❡ ✉s✉❛❧ ❝♦♥✈❡♥t✐♦♥s t❤❛t
∏−1

k=0 Xk = 1 ❛♥❞
∑−1

t=0 Yt = 0✳ ❇r✐❡✢②✱ t❤❡ ✜rst
❡①♣r❡ss✐♦♥ ❛❜♦✈❡ ❝♦♠❡s ❢r♦♠ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥s✐❞❡r❛t✐♦♥s✳

V π,γ(s) = E
π,γ
s

[

∞
∑

t=0

∫ Tt+δt+1

Tt

e−αu❞u ℓ(St, At, Bt)

]

❘❘ ♥➦ ✽✵✶✾



✻ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

= E
π,γ
s

[

∞
∑

t=0

e−αTt
1 − e−αδt+1

α
ℓ(St, At, Bt)

]

= E
π,γ
s

[

∞
∑

t=0

e−α(
P

t

k=0
δk) 1 − e−αδt+1

α
ℓ(St, At, Bt)

]

= E
π,γ
s

[

∞
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)ϑ(St, At, Bt)

)

ℓ(St, At, Bt)

]

.

❙✐♠✐❧❛r❧②✱ t❤❡ s❡❝♦♥❞ ♦♥❡ ❝❛♥ ❜❡ ❥✉st✐✜❡❞✳
❆t t❤✐s ♣♦✐♥t✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ✇❡ ❝❛♥ ✇♦r❦ ✇✐t❤ ❛♥ ✐♥st❛♥t❛♥❡♦✉s ♦♥❡✲st❡♣ r❡✇❛r❞ ❢✉♥❝t✐♦♥s

r✿ K → R ❞❡✜♥❡❞ ❜② r(s, a, b) = ϑ(s, a, b)ℓ(s, a, b)✳ ❲❡ ♦❜t❛✐♥ t❤❡ ♥❡✇ ❡①♣r❡ss✐♦♥s

V π,γ(s) = E
π,γ
s

[

∞
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt)

]

, ✭✹✮

V π,γ
n (s) = E

π,γ
s

[

n−1
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt)

]

. ✭✺✮

❲❡ s❤❛❧❧ ♠❛❦❡ ❢✉rt❤❡r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♣r♦❜❛❜✐❧✐t✐❡s ♦❢ t❤❡ ❤♦❧❞✐♥❣ t✐♠❡ ❛♥❞
t❤❡ ✐♥st❛♥t❛♥❡♦✉s r❡✇❛r❞ ❢✉♥❝t✐♦♥✱ ✉♥❞❡r ✇❤✐❝❤ ✇❡ ✇✐❧❧ ✇♦r❦ ✐♥ t❤❡ ❢✉t✉r❡✳

❆ss✉♠♣t✐♦♥ ✶✳

✭❛✮ ❚❤❡ st❛t❡ s♣❛❝❡ S ✐s ❛ ❇♦r❡❧ s✉❜s❡t ♦❢ ❛ ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛❜❧❡ ♠❡tr✐❝ s♣❛❝❡✳

✭❜✮ ❋♦r ❡❛❝❤ s ∈ S✱ t❤❡ s❡ts As ❛♥❞ Bs ❛r❡ ❝♦♠♣❛❝t✳

✭❝✮ ❋♦r ❡❛❝❤ s ∈ S✱ ❛♥❞ b ∈ Bs✱ r(s, ·, b) ✐s ✉♣♣❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ As✳

✭❞✮ ❋♦r ❡❛❝❤ s ∈ S✱ ❛♥❞ a ∈ As✱ r(s, a, ·) ✐s ❧♦✇❡r s❡♠✐✲❝♦♥t✐♥✉♦✉s ♦♥ Bs✳

✭❡✮ ❋♦r ❡❛❝❤ (s, a, b) ∈ K ❛♥❞ ❡❛❝❤ ❜♦✉♥❞❡❞ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ v ♦♥ S✱ t❤❡ ❢✉♥❝t✐♦♥ (a, b) 7→
∫

v(y)Q(❞y|s, a, b) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ As × Bs✳

✭❢✮ ❚❤❡ ❢✉♥❝t✐♦♥ (s, a, b) 7→
∫∞

0
tF (❞t|s, a, b) ✐s ❝♦♥t✐♥✉♦✉s ♦♥ K✳

❘❡♠❛r❦ ✷✳✶✳ ■t❡♠s ✭❛✮✲✭❡✮ ✐♥ t❤❡ ♣r❡✈✐♦✉s ❛ss✉♠♣t✐♦♥ ❛r❡ t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ✐♥ ❬✶✶❪✳ ❚❤❡ ❧❛st
♦♥❡ ✐s ❛❞♦♣t❡❞ ❢r♦♠ ❬✽❪✳

❆ss✉♠♣t✐♦♥ ✷✳ ρ := sup(s,a,b)∈K
β(s, a, b) < 1✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t ❤❛s ❜❡❡♥ ❡①tr❛❝t❡❞ ❢r♦♠ ❬✶✶✱ ▲❡♠♠❛ ✹✳✶❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✶✳ ■❢ t❤❡r❡ ❡①✐sts ❛ ♣❛✐r ♦❢ ♣♦s✐t✐✈❡ ♥✉♠❜❡rs θ ❛♥❞ ǫ s✉❝❤ t❤❛t

F (θ|s, a, b) ≦ 1 − ǫ

❢♦r ❛❧❧ (s, a, b) ∈ K✱ t❤❡♥ ❆ss✉♠♣t✐♦♥ ✷ ❤♦❧❞s ✇✐t❤ ρ = 1 − ǫ + ǫeαθ✳

▲❡t ✉s ❞❡♥♦t❡ ✇✐t❤ M(S) t❤❡ s♣❛❝❡ ♦❢ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥s ♦♥ S✱ ❛♥❞ M+(S) t❤❡ s✉❜s♣❛❝❡
♦❢ ♥♦♥♥❡❣❛t✐✈❡ ❢✉♥❝t✐♦♥s ♦❢ M(S)✳ ❖♥ M+(S)✱ ✇❡ ❞❡✜♥❡ t❤❡ ♦♣❡r❛t♦r L ✇❤✐❝❤ ♠❛♣s v t♦ Lv ✐♥
t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿ ❢♦r s ∈ S✱

(Lv)(s) := sup
a∈As,b∈Bs

∫

S

v(z)Q(❞z|s, a, b). ✭✻✮

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✼

▲❡t Lnv = L(Ln−1v) ❢♦r n ∈ N✱ ✇✐t❤ L0v = v✳ ❈❧❡❛r❧②✱ L(λv) = λL(v) ❢♦r ❡✈❡r② ♣♦s✐t✐✈❡ s❝❛❧❛r
λ✳

❆ss✉♠♣t✐♦♥ ✸✳ ▲❡t R(·) : S 7→ R ❜❡

R(s) :=
∞
∑

t=0

ρt(Ltr0)(s) ✭✼✮

✇❤❡r❡ r0(s) = supa∈As,b∈Bs
|r(s, a, b)|✳ ❆ss✉♠❡ R(s) < ∞,∀s ∈ S✳

■❢ µ ∈ M+(S) ✐s str✐❝t❧② ♣♦s✐t✐✈❡✱ ❢♦r v ∈ M(S) ✇❡ ❞❡✜♥❡ t❤❡ µ✲✇❡✐❣❤t❡❞ ♥♦r♠ ||v||µ =
sups∈S |v(s)|/µ(s)✳

❆ss✉♠♣t✐♦♥ ✹✳ ❚❤❡r❡ ❡①✐st ❛ ♠❡❛s✉r❛❜❧❡ ❢✉♥❝t✐♦♥ µ : S → [1,∞) ❛♥❞ ❛ ♣♦s✐t✐✈❡ ❝♦♥st❛♥t m
s✉❝❤ t❤❛t ❢♦r ❛❧❧ (s, a, b) ∈ K✱

✭❛✮ |r(s, a, b)| ≦ m µ(s)✱

✭❜✮
∫

µ(z)Q(❞z|s, a, b) ≦ µ(s)✳

❆ss✉♠♣t✐♦♥ ✺✳ ❚❤❡r❡ ❡①✐sts M > 0 s✉❝❤ t❤❛t |r(s, a, b)| ≦ M ❢♦r ❛❧❧ (s, a, b) ∈ K✳

❘❡♠❛r❦ ✷✳✷✳ ❲✐t❤ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ r0 ✐♥tr♦❞✉❝❡❞ ✐♥ ❆ss✉♠♣t✐♦♥ ✸✱ ❆ss✉♠♣t✐♦♥ ✹ ✭❛✮
❝❛♥ ❜❡ ✇r✐tt❡♥ ||r0||µ ≤ m✳ ■❢ r ✈❡r✐✜❡s ❆ss✉♠♣t✐♦♥ ✺✱ t❤❡♥ ❜② s❡tt✐♥❣ µ ≡ 1 ❛♥❞ m = M ✱
❆ss✉♠♣t✐♦♥ ✹ ✐s s❛t✐s✜❡❞✳

■♥ ❬✺❪ ❛♥❞ ✐♥ ❬✼✱ Pr♦♣♦s✐t✐♦♥ ✹✳✸✳✶✳✱ ♣✳ ✺✸❪✱ ✐t ✐s s❤♦✇♥ t❤❛t ❆ss✉♠♣t✐♦♥ ✹ ✐♠♣❧✐❡s ❆ss✉♠♣✲
t✐♦♥ ✸ ❢♦r t❤❡ ❝❛s❡ ♦❢ ▼❉P✳ ❆ s✐♠✐❧❛r ❛r❣✉♠❡♥t ✐s ✈❛❧✐❞ ❢♦r ❙▼●✬s✳ ■♥❞❡❡❞✱ s✐♥❝❡

|(Ltr0)(s)| ≦ sup
a∈As,b∈Bs

∫

S

|(Lt−1r0)(z)|Q(❞z|s, a, b) ,

✇❡ ❤❛✈❡
||Ltr0||µ ≦ ||Lt−1r0||µ ≦ · · · ≦ ||r0||µ ≦ m

❛♥❞ t❤❡♥ ||R||µ ≦ m
1−ρ

✱ ♦r✱ ❢♦r ❛❧❧ s ∈ S✱

R(s) ≦
m

1 − ρ
µ(s)

✐♠♣❧②✐♥❣ t❤❡ ✜♥✐t❡♥❡ss ♦❢ R✳

❘❡♠❛r❦ ✷✳✸✳ ❚❤❡ t❤❡♦r② ♦❢ ❙▼❉P ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✶❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❇♦r❡❧ st❛t❡ s♣❛❝❡s✱ ❛♥❞
✐♥ ❬✶✺❪ ❛♥❞ ❬✶✹❪ ❢♦r t❤❡ ❝❛s❡ ♦❢ ❞✐s❝r❡t❡ ❛♥❞ ✜♥✐t❡ st❛t❡ s♣❛❝❡s✱ r❡s♣❡❝t✐✈❡❧②✳ ❆❧❧ ♦❢ t❤❡♠ ✇♦r❦
✇✐t❤ ❆ss✉♠♣t✐♦♥ ✷ ❛♥❞ t❤❡ ❝♦♥s❡q✉❡♥t Pr♦♣♦s✐t✐♦♥ ✷✳✶✱ r❡str✐❝t❡❞ t♦ ♦♥❧② ♦♥❡ ♣❧❛②❡r✳

❇❡s✐❞❡s✱ ❛♥ ❛ss✉♠♣t✐♦♥ s✐♠✐❧❛r t♦ ❆ss✉♠♣t✐♦♥ ✸ ❛♣♣❡❛rs ✐♥ ❬✶❪ ❢♦r t❤❡ ❙▼❉P ❝❛s❡ ❛♥❞
✐♥ ❬✺❪ ❢♦r t❤❡ ▼❉P ❝❛s❡✱ ❜♦t❤ ❢♦r ❛ s✐♥❣❧❡ ♣❧❛②❡r✱ ✇❤✐❧❡ ❆ss✉♠♣t✐♦♥ ✹ ❝♦✉❧❞ ❜❡ ❛ss♦❝✐❛t❡❞ t♦
s✐♠✐❧❛r ♦♥❡s ✐♥ ❬✶✹✱ ❈❤❛♣t❡r ✻❪ ❛♥❞ ✐♥ ❬✻✱ ❈❤❛♣t❡r ✷❪✱ ❜♦t❤ ♦❢ t❤❡♠ ❢♦r ▼❉P✳

❘❡♠❛r❦ ✷✳✹✳ ❚❤✐s s❡♠✐✲▼❛r❦♦✈ ❡♥✈✐r♦♥♠❡♥t ❝♦✈❡rs t✇♦ ✐♠♣♦rt❛♥t s♣❡❝✐❛❧ ❝❛s❡s✿

✶✳ ❉✐s❝r❡t❡✲t✐♠❡ ♠♦❞❡❧s✳ ■♥ t❤✐s ❝❛s❡ F (·|s, a, b) = δ1(·) ❢♦r ❛❧❧ (s, a, b) ∈ K✳ ❚❤✐s ❝♦rr❡s♣♦♥❞s
t♦ t❤❡ t❤❡♦r② ♦❢ ▼●s✳ ❙✉❝❤ ❛ ❢✉♥❝t✐♦♥ F (·) s❛t✐s✜❡s ❆ss✉♠♣t✐♦♥ ✶ ✭❢✮✳

✷✳ ❈♦♥t✐♥✉♦✉s✲t✐♠❡ ▼❛r❦♦✈ ♠♦❞❡❧s✳ ❚❤✐s ❛r✐s❡s ✐❢ t❤❡ ❤♦❧❞✐♥❣ t✐♠❡ ❞✐str✐❜✉t✐♦♥s ❛r❡ ❡①♣♦✲
♥❡♥t✐❛❧✿ F (❞u|s, a, b) = δ(s, a, b)e−δ(s,a,b)u❞u✱ ✇❤❡r❡ δ(s, a, b) ✐s ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ ❢r♦♠
K ✐♥t♦ [0,∞) ✭❝♦♥t✐♥✉✐t② ✐s r❡q✉✐r❡❞ ❢♦r s❛t✐s❢②✐♥❣ ❆ss✉♠♣t✐♦♥ ✶ ✭❢✮✮✳ ❚❤❡ ♣r♦❝❡ss {St}
t✉r♥s ♦✉t t♦ ❜❡ ❛ ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤❡♥ (π, γ) ✐s ❛ ♣❛✐r ♦❢ ▼❛r❦♦✈ ♣♦❧✐❝✐❡s✱ ❛♥❞ ❛ t✐♠❡✲
❤♦♠♦❣❡♥❡♦✉s ▼❛r❦♦✈ ♣r♦❝❡ss ✇❤❡♥ (π, γ) ✐s ❛ ♣❛✐r ♦❢ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s✳

❘❘ ♥➦ ✽✵✶✾



✽ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

✸ P❡r❢♦r♠❛♥❝❡ ❈r✐t❡r✐♦♥ ❛♥❞ ❘❡❧❛t❡❞ ❘❡s✉❧ts

❯♥❞❡r s✉✐t❛❜❧❡ ❤②♣♦t❤❡s❡s✱ ✐♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✇❛♥t t♦ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ✜♥✐t❡
❛♥❞ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡s ❛♥❞ t❤❡ str❛t❡❣✐❡s ✇❤✐❝❤ ♣r♦❞✉❝❡s t❤❡ ❡q✉✐❧✐❜r✐❛ t❤r♦✉❣❤ ♦♣❡r❛t♦rs
❞❡✜♥❡❞ ✐♥ ✭✶✵✮ ❛♥❞ ✭✶✶✮✳ ❲❡ ❛❧s♦ ❛♥❛❧②③❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡s ❢♦r t❤❡ ✜♥✐t❡✲❤♦r✐③♦♥
❣❛♠❡s t♦ t❤❛t ♦❢ t❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ♦♥❡✳ ❚❤❡s❡ r❡s✉❧ts ✇✐❧❧ ❜❡ ✉s❡❞ t♦ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢
❘❍ ❛♥❞ ❆❘❍ ♣r♦❝❡❞✉r❡s ❞❡s❝r✐❜❡❞ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳

❚❤❡ ❧♦✇❡r ❛♥❞ t❤❡ ✉♣♣❡r ✈❛❧✉❡ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡ ❛r❡ ❞❡✜♥❡❞✱ ❛s ✉s✉❛❧✱
❢♦r s ∈ S✱ ❛s

V ∗(s) = sup
π∈Π

inf
γ∈Γ

V π,γ(s) ❛♥❞ V
∗

= inf
γ∈Γ

sup
π∈Π

V π,γ(s) ✭✽✮

r❡s♣❡❝t✐✈❡❧②✳ ❲❡ ❦♥♦✇ t❤❛t✱ ✐♥ ❣❡♥❡r❛❧✱ ❢♦r ❛❧❧ s ∈ S✱ V ∗(s) ≦ V
∗
(s)✳ ■❢ ❢♦r ❛❧❧ s ∈ S✱ V ∗(s) =

V
∗
(s)✱ ✇❡ r❡❢❡r t♦ t❤✐s ❝♦♠♠♦♥ ✈❛❧✉❡ ❛s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡✱ ❛♥❞ ✇❡ ♥♦t❡ ✐t ✇✐t❤ V ∗✳ ▲✐❦❡✇✐s❡

❢♦r t❤❡ ✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡s✳
❙✉♣♣♦s❡ t❤❛t ♦✉r ❣❛♠❡s ❤❛✈❡ ❛ ✈❛❧✉❡✱ t❤❡♥✱ t❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤❡ ♣❧❛②❡rs ✐s t♦ ✜♥❞ ✭✇❤❡♥ ✐t

❡①✐sts✮ ❛ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s t❤❛t s♦❧✈❡s✱ ❣✐✈❡♥ t❤❡ ❝✉rr❡♥t st❛t❡ s✿

(π(s), γ(s)) = arg max
π

min
γ

V π,γ(s). ✭✾✮

❙✉❝❤ ❛ ♣❛✐r ♦❢ str❛t❡❣✐❡s π∗ ∈ Π ❛♥❞ γ∗ ∈ Γ ✐s s❛✐❞ t♦ ❜❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳
❲❡ ❞❡♥♦t❡

❼ R(·) ❜❡✐♥❣ ❞❡✜♥❡❞ ✭✼✮✱ ✉♥❞❡r❆ss✉♠♣t✐♦♥ ✸✱ ❞❡✜♥❡R = {v ∈ M(S) : |v(s)| ≦ R(s) ❢♦r ❛❧❧
s ∈ S}✳

❼ Mµ(S) ✐s t❤❡ ❧✐♥❡❛r s✉❜s♣❛❝❡ ♦❢ M(S) ♦❢ t❤❡ ❢✉♥❝t✐♦♥s ✇✐t❤ ✜♥✐t❡ µ✲✇❡✐❣❤t❡❞ ♥♦r♠✳ ❚❤✐s
✐s ❛ ❇❛♥❛❝❤ s♣❛❝❡✳

❉❡✜♥❡ t❤❡ ♦♣❡r❛t♦r T : M(S) 7→ M(S) ❜②

(Tv)(s) := sup
a∈As

inf
b∈Bs

{

r(s, a, b) + β(s, a, b)

∫

S

v(z)Q(❞z|s, a, b)

}

, ✭✶✵✮

❛♥❞✱ ❣✐✈❡♥ ❛ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s π ∈ Π✱ γ ∈ Γ✱ Tπ,γ : M(S) 7→ M(S)

(Tπ,γv)(s) := r(s, π, γ) + β(s, π, γ)

∫

S

v(z)Q(❞z|s, π, γ) . ✭✶✶✮

❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸✱ t❤❡ sup inf ✐s ❛tt❛✐♥❡❞ ❢♦r ❡❛❝❤ s ∈ S✳ ❉❡♥♦t✐♥❣ ✇✐t❤
(f(s), g(s)) ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ❛t st❛t❡ s✱ ❛ ✇❡❧❧✲❦♥♦✇♥ r❡s✉❧t ♦❢ ♠❡❛s✉r❛❜❧❡ s❡❧❡❝t✐♦♥s ✭s❡❡ ❢♦r
❡①❛♠♣❧❡ ❬✶✸✱ ▲❡♠♠❛ ✹✳✸❪✮✱ ❛s❝❡rt❛✐♥s t❤❛t f, g ∈ M(S)✳
❚❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t ρ(LR)(s) =

∑∞

t=1 ρt(Ltr0)(s) = R(s) − r0(s)✱ ♥♦t❡ t❤❛t ❢♦r ❛❧❧ v ∈ R✱

|Tv(s)| ≦ r0(s) + ρ(L|v|)(s) ≦ r0(s) + ρLR(s) = R(s), ✭✶✷✮

✇❤✐❝❤ ✐♠♣❧✐❡s Tv ∈ R✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✉♥❞❡r ❆ss✉♠♣t✐♦♥ ✹✱ ✐❢ v ∈ Mµ(S)✱ ❢♦r ❛❧❧
(s, a, b) ∈ K✱

∫

v(z)Q(❞z|s, a, b) =

∫

v(z)

µ(z)
µ(z)Q(❞z|s, a, b) ≦ ||v||µµ(s) ,

❛♥❞ ||Tv||µ ≦ m+ρ||v||µ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t Tv ∈ Mµ(S)✳ ❲❡ ❤❛✈❡ t❤❡r❡❢♦r❡ ♣r♦✈❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣
♣r❡❧✐♠✐♥❛r② r❡s✉❧t✿

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✾

▲❡♠♠❛ ✸✳✶✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸✱ t❤❡ ♦♣❡r❛t♦r T ♠❛♣s R t♦ ✐ts❡❧❢✳ ❯♥❞❡r ❆s✲
s✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✹✱ T ♠❛♣s Mµ(S) t♦ ✐ts❡❧❢✳ ■❢ v ✐s ❛ ❜♦✉♥❞❡❞ ❢✉♥❝t✐♦♥✱ t❤❡♥ Tv ✐s ❛❧s♦
❜♦✉♥❞❡❞✳ ❚❤❡ s❛♠❡ ❤♦❧❞s ❢♦r t❤❡ ♦♣❡r❛t♦rs Tπ,γ ✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧ts ♣r♦✈✐❞❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ ♦♣t✐♠❛❧ st❛t✐♦♥❛r② str❛t❡❣✐❡s✱ t❤❡♥ ❜♦✉♥❞s ❛♥❞
❝♦♥✈❡r❣❡♥❝❡ r❡s✉❧ts r❡❧❛t❡❞ t♦ t❤❡ ♦♣❡r❛t♦r L✳

▲❡♠♠❛ ✸✳✷✳ ❯♥❞❡r ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸✱ ❢♦r ❡❛❝❤ v ∈ R t❤❡r❡ ❡①✐st st❛t✐♦♥❛r② str❛t❡❣✐❡s
f̃ ∈ Πstat✱ g̃ ∈ Γstat s✉❝❤ t❤❛t

(Tv)(s) = r(s, f̃ , g̃) + β(s, f̃ , g̃)

∫

S

v(z)Q(❞z|s, f̃ , g̃)

= sup
f∈Πstat

{

r(s, f, g̃) + β(s, f, g̃)

∫

S

v(z)Q(❞z|s, f, g̃)

}

✭✶✸✮

= inf
g∈Γstat

{

r(s, f̃ , g) + β(s, f̃ , g)

∫

S

v(z)Q(❞z|s, f̃ , g)

}

.

Pr♦♦❢✳ ❆❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ✸✳✶✱ ❢♦r ❡❛❝❤ v ∈ R✱ Tv ∈ R✳ ❚❤❡ ♣r♦♦❢ ♠❛❦❡s ✉s❡ ♦❢ ✇❡❧❧✲❦♥♦✇♥
♠❡❛s✉r❛❜❧❡ s❡❧❡❝t✐♦♥ t❤❡♦r❡♠s ❛♥❞ ✐s s✐♠✐❧❛r t♦ t❤❛t ♦❢ ▲❡♠♠❛ ✺✳✶ ✐♥ ❬✶✶❪✱ ❜✉t ✇✐t❤ t❤❡ ✇❡❛❦❡r
❆ss✉♠♣t✐♦♥ ✶ ✭❢✮✱ ✇❤✐❝❤ ✐s ❡♥♦✉❣❤ t♦ ❣✉❛r❛♥t❡❡ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s st❛t❡❞✳

▲❡♠♠❛ ✸✳✸✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸ ❤♦❧❞✳ ❚❤❡♥✱ ❢♦r ❛❧❧ s ∈ S✱ π ∈ Π✱ γ ∈ Γ✱
v ∈ R ❛♥❞ t ∈ N✱ ✇❡ ❤❛✈❡

✭❛✮

E
π,γ
s [v(St)] ≦ (Ltv)(s). ✭✶✹✮

✭❜✮

lim
n→∞

E
π,γ
s

[

n−1
∏

k=0

β(Sk, Ak, Bk)v(Sn)

]

= 0. ✭✶✺✮

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✭❛✮ ❜② ✐♥❞✉❝t✐♦♥ ♦♥ t✳ ❈♦♥s✐❞❡r t❤❡ ♣♦❧✐❝✐❡s π = {f0, f1, . . .} ❛♥❞ γ = {g0, g1, . . .}✳
❙✐♥❝❡ ✇❡ ❛r❡ ❞❡❛❧✐♥❣ ✇✐t❤ ▼❛r❦♦✈ ♣♦❧✐❝✐❡s π ∈ Π ❛♥❞ γ ∈ Γ✱ ❜② ❬✻✱ Pr♦♣❡rt✐❡s ✷✳✺ ❡ ❛♥❞ ❢✱ ♣♣✳ ✺✲✻❪✱
✇❡ ❤❛✈❡

E
π,γ
s [v(St+1)|S0 = s, A0 = a, B0 = b, S1 = z] = E

π′,γ′

z [v(St)] ✭✶✻✮

✇❤❡r❡ ✇❡ ❞❡♥♦t❡ ✇✐t❤ π′ = {f ′
0, f

′
1, ...} ❛♥❞ γ′ = {g′0, g

′
1, . . .} t❤❡ ♣♦❧✐❝✐❡s ❞❡✜♥❡❞ ❜② f ′

t(·|ht) =
ft+1(·|s, a, b, ht) ❛♥❞ g′t(·|ht) = gt+1(·|s, a, b, ht)✳
❋♦r t = 0 t❤❡ r❡s✉❧t ✐s ♦❜✈✐♦✉s✳ ❋♦r t = 1✱ s✐♥❝❡

∫

S
v(z)Q(❞z|s, a, b) ≦ (Lv)(s)✱

E
π,γ
s [v(S1)] =

∫

A

∫

B

∫

S

v(z)Q(❞z|s, a, b)g0(❞b)f0(❞a) ≦ (Lv)(s).

■♥ ❣❡♥❡r❛❧✱ ✉s✐♥❣ ✭✶✻✮✱ ✇❡ ❤❛✈❡ ❢♦r ❛♥② t✿

E
π,γ
s [v(St+1)] =

∫

A

∫

B

∫

S

E
π,γ [v(St+1)|S0 = s, A0 = a, B0 = b, S1 = z]

Q(❞z|s, a, b)g0(❞b)f0(❞a)

❘❘ ♥➦ ✽✵✶✾



✶✵ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

=

∫

A

∫

B

∫

S

E
π′,γ′

z [v(St)]Q(❞z|s, a, b)g′0(❞b)f ′
0(❞a)

≦

∫

A

∫

B

∫

S

(Ltv)(z)Q(❞z|s, a, b)g′0(❞b)f ′
0(❞a) ≦ (Lt+1v)(s).

❋♦r t❤❡ ♣r♦♦❢ ♦❢ ✭❜✮✱ ✇❡ ❤❛✈❡✿

E
π,γ
s

[(

n−1
∏

k=0

β(Sk, Ak, Bk)

)

v(Sn)

]

≦ ρn
E

π,γ
s v(Sn) ≦ ρn(Lnv)(s)

≦ ρn(LnR)(s) =

∞
∑

t=n

ρt(Ltr0)(s) → 0,

❛s n → ∞✱ ❜② ❆ss✉♠♣t✐♦♥ ✸✳

❚❤❡ ♥❡①t r❡s✉❧t ❣❡♥❡r❛❧✐③❡s ❚❤❡♦r❡♠s ✹✳✸ ❛♥❞ ✹✳✹ ❢r♦♠ ❬✶✶❪✱ ✇❤❡r❡ ♣r♦♦❢s ❛r❡ ♠❛❞❡ ✉♥❞❡r
❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✹✳

❚❤❡♦r❡♠ ✸✳✶✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸ ❤♦❧❞✳ ❚❤❡♥

✭❛✮ ❋♦r ❛❧❧ π ∈ Π ❛♥❞ γ ∈ Γ✱ V π,γ , V ❛♥❞ V ❛r❡ ✐♥ R✳

✭❜✮ ❚❤❡ ✜♥✐t❡✲st❛❣❡ ❣❛♠❡s ❤❛✈❡ ✈❛❧✉❡s✳ ❲❡ ❤❛✈❡ V ∗
0 ≡ 0 ❛♥❞✱ ❢♦r n ≧ 1✱ t❤❡ ❢✉♥❝t✐♦♥ V ∗

n :=
TV ∗

n−1 ∈ R ✐s t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❢♦r t❤❡ n✲st❛❣❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠✱ ❛♥❞ t❤❡ ▼❛r❦♦✈✐❛♥
♣❛✐r ♦❢ ♣♦❧✐❝✐❡s {f∗

0 , f∗
1 , ..., f∗

n−1}✱ {g
∗
0 , g∗1 , ..., g∗n−1}✱ ✇❤❡r❡ t❤❡ ❢✉♥❝t✐♦♥s f∗

k ❛♥❞ g∗k ❛r❡ t❤❡
❝♦rr❡s♣♦♥❞✐♥❣ ♠❛①✐✲♠✐♥✐♠✐③✐♥❣ ❢✉♥❝t✐♦♥s✱ ❢♦r k = 0, ..., n − 1✱ ❢♦r♠ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳

✭❝✮ ❚❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡✱ ❛♥❞ ❢♦r ❛❧❧ s ∈ S✱ |V ∗(s)−V ∗
n (s)| ≦

∑∞

t=n ρt(Ltr0)(s)
= ρn(LnR)(s) → 0 ❛s n → ∞✳

✭❞✮ V ∗ ✐s t❤❡ ✉♥✐q✉❡ ❢✉♥❝t✐♦♥ ✐♥ R s❛t✐s❢②✐♥❣ t❤❡ ♦♣t✐♠❛❧✐t② ❡q✉❛t✐♦♥ TV ∗ = V ∗✳ ▼♦r❡♦✈❡r✱
t❤❡r❡ ❡①✐sts ❛ ♣❛✐r ♦❢ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s (f∗, g∗) ✇❤✐❝❤ ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♣❛✐r ❢♦r t❤❡ ✐♥✜♥✐t❡✲
❤♦r✐③♦♥ ❣❛♠❡✳

✭❡✮ ■♥ ❛❞❞✐t✐♦♥✱ ✐❢ ❆ss✉♠♣t✐♦♥ ✹ ❤♦❧❞s✱ T ✐s ❛ ❝♦♥tr❛❝t✐✈❡ ♦♣❡r❛t♦r ♦♥ Mµ(S) ♦❢ ♠♦❞✉❧✉s ρ

❛♥❞ ||V ∗ − V ∗
n ||µ ≦ mρn

1−ρ
✳

Pr♦♦❢✳ ✭❛✮ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ r0✱ ❢♦r ❛❧❧ (s, a, b) ∈ K✱ |r(s, a, b)| ≦ r0(s)✱ ❛♥❞ t❛❦✐♥❣ v = r0

✐♥ ▲❡♠♠❛ ✸✳✸ ✭❛✮✱ ❢♦r ❛❧❧ t ∈ N

E
π,γ
s |r(St, At, Bt)| ≦ E

π,γ
s |r0(St)| ≦ (Ltr0)(s),

✇❤✐❝❤ ✐♠♣❧✐❡s

|V π,γ(s)| ≦

∞
∑

t=0

ρt(Lt
E

π,γ
s |r(St, At, Bt)|) ≦ R(s)

❛♥❞ t❤❡r❡❢♦r❡
|V (s)| ≦ R(s), |V (s)| ≦ R(s).

✭❜✮ ❚❤❡ ♠❛✐♥ ✐❞❡❛s ♦❢ t❤❡ ♣r♦♦❢ ❝❛♥ ❜❡ s❦❡t❝❤❡❞ ❛s ❢♦❧❧♦✇s✳ ❇② ❜❛❝❦✇❛r❞ ✐♥❞✉❝t✐♦♥ ❛♥❞
✇❡❧❧✲❦♥♦✇♥ ❛r❣✉♠❡♥ts✱ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ♣r♦✈❡ t❤❛t st❛rt✐♥❣ ❢r♦♠ V ∗

0 ≡ 0 ∈ R✱ ❛❢t❡r n
s✉❝❝❡ss✐✈❡ ❛♣♣❧✐❝❛t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦r T ✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡
❛s ✇❡❧❧ ❛s t❤❡ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣✐❡s✳ ■♥ t❤✐s r❡❝✉rs✐✈❡ ❛♣♣❧✐❝❛t✐♦♥ ✐t ✐s ❝r✉❝✐❛❧ t❛❦✐♥❣
✐♥ ♠✐♥❞ t❤❛t ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧✐❡s t❤❛t T ♠❛♣s R ✐♥t♦ ✐ts❡❧❢ ✭▲❡♠♠❛ ✸✳✶✮✳ ■♥ t❤✐s
✇❛②✱ ❢♦r ❡❛❝❤ k ≦ n✱ V ∗

k ✐s ✐♥ t❤❡ ❞♦♠❛✐♥ ♦❢ T ✱ R✳

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✶✶

✭❝✮ ❋♦r ❛♥② s ∈ S✱ π ∈ Π ❛♥❞ γ ∈ Γ✱ ❝♦♥s✐❞❡r ❢♦r♠✉❧❛s ✭✹✮ ❛♥❞ ✭✺✮ ❢♦r V π,γ(s) ❛♥❞
V π,γ

n (s)✳ ❚❤❡♥ ✇❡ ❤❛✈❡

|V π,γ(s) − V π,γ
n (s)| ≦

∞
∑

t=n

ρt
E

π,γ
s |r(St, At, Bt)| ≦

∞
∑

t=n

ρt(Ltr0)(s). ✭✶✼✮

■♥ ❛❞❞✐t✐♦♥✱ ❛❝❝♦r❞✐♥❣ t♦ ▲❡♠♠❛ ❆✳✷ ✐♥ t❤❡ ❆♣♣❡♥❞✐①✱

|V
∗
(s) − V

∗

n(s)| =

∣

∣

∣

∣

inf
γ

sup
π

V π,γ(s) − inf
γ

sup
π

V π,γ
n (s)

∣

∣

∣

∣

≦ sup
π

sup
γ

|V π,γ(s) − V π,γ
n (s)| .

❚❤❡♥ ✉s✐♥❣ ✭✶✼✮✱

|V
∗
(s) − V

∗

n(s)| ≦ sup
π

sup
γ

∞
∑

t=n

ρt
E

π,γ
s |r(St, At, Bt)| ≦

∞
∑

t=n

ρt(Ltr0)(s).

▲✐❦❡✇✐s❡✱

|V ∗(s) − V ∗
n(s)| ≦ sup

π
sup

γ
|V π,γ(s) − V π,γ

n (s)| ≦

∞
∑

t=n

ρt(Ltr0)(s).

❋r♦♠ ♣❛rt ❜✮ ✇❡ ❦♥♦✇ t❤❛t ❡❛❝❤ ✜♥✐t❡✲st❛❣❡ ❣❛♠❡ ❤❛s ❛ ✈❛❧✉❡ ✭❛♥❞ t❤❡♥ V ∗
n(s) =

V
∗

n(s) = V ∗
n (s)✮✱ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ❆ss✉♠♣t✐♦♥ ✸ ✐♠♣❧✐❡s

∑∞

t=n ρt(Ltr0)(s) → 0 ❛s n → ∞✱ ✇❡ ❤❛✈❡ t❤❛t t❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡ ❤❛s ❛
✈❛❧✉❡✱ ✇❤✐❝❤ ✈❡r✐✜❡s

V ∗(s) = lim
n→∞

V ∗
n (s),

✇✐t❤ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ❜♦✉♥❞

|V ∗(s) − V ∗
n (s)| ≦

∞
∑

t=n

ρt(Ltr0)(s) = ρn(LnR)(s). ✭✶✽✮

✭❞✮ ❋✐rst✱ ✇❡ ✇✐❧❧ ♣r♦✈❡ ✉♥✐q✉❡♥❡ss✳ ❚❤❛t ✐s✱ t❤❛t t❤❡r❡ ✐s ❛t ♠♦st ♦♥❡ V ∈ R s✉❝❤ t❤❛t
TV = V ✳ ❋♦r t❤✐s✱ ♦❜s❡r✈❡ t❤❛t ▲❡♠♠❛ ❆✳✷ ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t② ❢♦r ❛♥②
♣❛✐r ♦❢ ❢✉♥❝t✐♦♥s u ❛♥❞ v ✐♥ R✱ ❢♦r ❛♥② s ∈ S✱

|(Tu − Tv)(s)| ≦ ρ sup
a∈As,b∈Bs

∫

S

|u(z) − v(z)|Q(❞z|s, a, b) = ρ(L|u − v|)(s) . ✭✶✾✮

■♥ ❣❡♥❡r❛❧✱ ❢♦r n ∈ N✱

|(Tnu − Tnv)(s)| ≦ ρn(Ln|u − v|)(s) ≦ 2ρn(LnR)(s) → 0,

❛s ✐♥ ▲❡♠♠❛ ✸✳✸ ✭❜✮✳

◆♦✇ ✇❡ ✈❡r✐❢② t❤❡ ✐❞❡♥t✐t② ♣r♦♣♦s❡❞✳ ❆ss✉♠❡ V ∗ ∈ R✳ ❇② ▲❡♠♠❛ ✸✳✷✱ t❤❡r❡ ❡①✐sts ❛
♣❛✐r ♦❢ st❛t✐♦♥❛r② str❛t❡❣✐❡s f∗ ∈ Πstat ❛♥❞ g∗ ∈ Γstat s✉❝❤ t❤❛t

(TV ∗)(s) = r(s, f∗, g∗) + β(s, f∗, g∗)

∫

S

V ∗(z)Q(❞z|s, f∗, g∗) ✭✷✵✮

❘❘ ♥➦ ✽✵✶✾



✶✷ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

❛♥❞ V ∗ ✐s ❛ ✜①❡❞ ♣♦✐♥t ✐♥ R ♦❢ T f∗,g∗

✳

❲❡ s❤♦✇ ♥♦✇ t❤❛t ❢♦r ❛♥② ❛r❜✐tr❛r② ♣❛✐r π ∈ Π✱ γ ∈ Γ✱ ❛♥❞ s ∈ S✱

V π,g∗

(s) ≦ V f∗,g∗

(s) ≦ V f∗,γ(s), ✭✷✶✮

✇❤✐❝❤ ✇✐❧❧ ✐♠♣❧②✱ ❜② ✭✽✮ ❛♥❞ ✭✾✮✱ t❤❛t V f∗,g∗

✐s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡✱ ❛♥❞ t❤❛t

TV ∗ = T f∗,g∗

V ∗ = T f∗,g∗

V f∗,g∗

= V f∗,g∗

= V ∗.

❚❤❡ ♣r♦♦❢ ♦❢ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐♥ ✭✷✶✮ ❢♦❧❧♦✇s ♣❛ss✐♥❣ t♦ t❤❡ ❧✐♠✐t ❛s n → ∞ ❛♥❞
❢r♦♠ ❛♥ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ▲❡♠♠❛ ✸✳✸ ✭❜✮ t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ✐♥❡q✉❛❧✐t②✱ ❥✉st✐✜❡❞ ✐♥ ▲❡♠♠❛
✸✳✹ ❜❡❧♦✇✿

V f∗,g∗

(s) − E
π,g∗

s

[(

n
∏

k=0

β(Sk, Ak, Bk)

)

V f∗,g∗

(Sn+1)

]

≧ E
π,g∗

s

[

n
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt)

]

,

❢♦r ❛❧❧ n ∈ N✳ ❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✳

✭❡✮ ❚❤❡ ❝♦♥tr❛❝t✐✈✐t② ♦❢ T ✐s ♣r♦✈❡❞ ✐♥ ❬✶✶✱ ▲❡♠♠❛ ✻✳✶❪ ✭✉♥❞❡r ❛ st♦♥❣❡r ❆ss✉♠♣t✐♦♥
✶ ❢✮✳ ❆❧t❡r♥❛t✐✈❡❧②✱ ✐♥ ♦✉r ❝♦♥t❡①t✱ ✇❡ st❛t❡ t❤❡ r❡s✉❧t ❛s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢
■♥❡q✉❛❧✐t② ✭✶✾✮✳

❋♦r t❤❡ s❡❝♦♥❞ ♣❛rt✱ ♦❜s❡r✈❡ t❤❛t ❢r♦♠ ✭✶✽✮✱ |V ∗(s)−V ∗
n (s)| ≦

∑∞

t=n ρt(Ltr0)(s)✱ ❛♥❞
✉s✐♥❣ ❘❡♠❛r❦ ✷✳✷

∞
∑

t=n

ρt(Ltr0)(s) ≦

∞
∑

t=n

ρtmµ(s) =
mρn

1 − ρ
µ(s) ,

✇❤✐❝❤ ❣✐✈❡s

||V ∗ − V ∗
n ||µ ≦

mρn

1 − ρ
.

▲❡♠♠❛ ✸✳✹✳ ❋♦r t❤❡ ♣❛✐r ♦❢ str❛t❡❣✐❡s f∗ ∈ Πstat ❛♥❞ g∗ ∈ Γstat ❛s ✐♥ t❤❡ ♣r♦♦❢ ❚❤❡♦r❡♠ ✸✳✶
✭❞✮✱ ❊q✉❛t✐♦♥ ✭✷✵✮✱ ❛♥❞ ❛♥② str❛t❡❣② π ∈ Π✱ t❤❡r❡ ❤♦❧❞s✿

V f∗,g∗

(s) − E
π,g∗

s

[(

n
∏

k=0

β(Sk, Ak, Bk)

)

V f∗,g∗

(Sn+1)

]

≧ E
π,g∗

s

[

n
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt)

]

.

Pr♦♦❢✳ ❋♦r ❡❛❝❤ t ≧ 1✱ ht ∈ Ht✱ a ∈ Ast
✱ b ∈ Bst

✱ s✐♥❝❡ ❛t t❤❡ t✲t❤ ❡♣♦❝❤ ♦❢ ❞❡❝✐s✐♦♥✱ ❣✐✈❡♥ t❤❡
❤✐st♦r② ht✱ t❤❡ r❡❛❧✐③❛t✐♦♥s ♦❢ t❤❡ ♣r♦❝❡ss❡s Sk✱ Ak✱ ❛♥❞ Bk ❢♦r k ≦ t ✇❡r❡ r❡s♣❡❝t✐✈❡❧② sk✱ ak

❛♥❞ bk✱ ❜② ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥ ✇❡ ❤❛✈❡

E
π,g∗

s

[

t
∏

k=0

β(Sk, Ak, Bk)V f∗,g∗

(St+1)|ht, at, bt

]

= E
π,g∗

s

[

t
∏

k=0

β(sk, ak, bk)V f∗,g∗

(St+1)|ht, at, bt

]

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✶✸

=

(

t
∏

k=0

β(sk, ak, bk)

)

E
π,g∗

s

[

V f∗,g∗

(St+1)|ht, at, bt

]

=

(

t
∏

k=0

β(sk, ak, bk)

)

∫

S

V f∗,g∗

(z)Q(❞z|st, πn(st), g
∗(st)) ✭✷✷✮

=

(

t−1
∏

k=0

β(sk, ak, bk)

)

{

β(st, at, bt)

∫

S

V f∗,g∗

(z)Q(❞z|st, πn(st), g
∗(st))

+ r(st, π(st), g
∗(st)) − r(st, π(st), g

∗(st))

}

=

(

t−1
∏

k=0

β(sk, ak, bk)

)

{

(Tπt(ht),g
∗

V f∗,g∗

)(st) − r(st, π(st), g
∗(st))

}

≦

(

t−1
∏

k=0

β(sk, ak, bk)

)

{

V f∗,g∗

(st) − r(st, π(st), g
∗(st))

}

, ✭✷✸✮

✇❤❡r❡✱ ✐♥ ✭✷✷✮ ✇❡ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥❛❧ ❡①♣❡❝t❛t✐♦♥✱ ❛♥❞ ✐♥ ✭✷✸✮ ♦❢
❊q✉❛t✐♦♥ ✭✶✸✮ ❢r♦♠ ▲❡♠♠❛ ✸✳✷✳ ■♥❡q✉❛❧✐t② ✭✷✸✮ r❡✇r✐t❡s ❛s

(

t−1
∏

k=0

β(sk, ak, bk)

)

V f∗,g∗

(st)

−E
π,g∗

s

[(

t
∏

k=0

β(Sk, Ak, Bk)

)

V f∗,g∗

(St+1)
∣

∣ht, at, bt

]

✭✷✹✮

≧

(

t−1
∏

k=0

β(sk, ak, bk)

)

r(st, π(st), g
∗(st)) .

■♥ ♣❛rt✐❝✉❧❛r ❢♦r t = 0✱ t❤✐s ✇r✐t❡s ❛s✿

V f∗,g∗

(s0) − E
π,g∗

s

[

β(s0, a0, b0)V
f∗,g∗

(S1)
]

≧ r(s0, π0(s0), g
∗(s0)) .

❋✐♥❛❧❧②✱ t❛❦✐♥❣ ❡①♣❡❝t❛t✐♦♥s ✉♥❞❡r t❤❡ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s (π, g∗) ❛♥❞ s✉♠♠✐♥❣ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② t♦
t❤❡ ♦♥❡s ✐♥ ✭✷✹✮✱ ✇r✐tt❡♥ ❢♦r t = 1, ..., n✱ ✇❡ ♦❜t❛✐♥ ❛ t❡❧❡s❝♦♣✐❝ s✉♠ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡ ✐♥❡q✉❛❧✐t②
t♦ ❜❡ ♣r♦✈❡❞✳

✹ ❆♣♣r♦①✐♠❛t✐♦♥ Pr♦❝❡❞✉r❡s

✹✳✶ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥ Pr♦❝❡❞✉r❡

❋♦r ❛ ✇✐❞❡ ❝❧❛ss ♦❢ st♦❝❤❛st✐❝ ❝♦♥tr♦❧ ♦r ❣❛♠❡ ♣r♦❜❧❡♠s✱ ♦❜t❛✐♥✐♥❣ ❛♥ ♦♣t✐♠❛❧ ♣♦❧✐❝② ❡①♣❧✐❝✐t❧②
✐s ❛ ❞✐✣❝✉❧t t❛s❦✳ ❚❤✐s ✐s ✇❤② ♣r❛❝t✐t✐♦♥❡rs ♦❢t❡♥ ✉s❡ ✐♥st❡❛❞ ❛ ❤❡✉r✐st✐❝ ♠❡t❤♦❞ ❝❛❧❧❡❞ t❤❡
❘♦❧❧✐♥❣ ❍♦r✐③♦♥ ♣r♦❝❡❞✉r❡ ✭❛❧s♦✱ ❘❡❝❡❞✐♥❣ ❍♦r✐③♦♥✱ ♦r ▼♦❞❡❧ Pr❡❞✐❝t✐✈❡ ❈♦♥tr♦❧✮✱ ✇❤✐❝❤ ✇♦r❦s
❛s ❢♦❧❧♦✇s✳ ❚♦ t❤❡ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❣❛♠❡ ✐s ❛ss♦❝✐❛t❡❞ ❛ ✜♥✐t❡✲st❛❣❡ ❤♦r✐③♦♥✶ ❣❛♠❡✿ ❢♦r ❛ ❣✐✈❡♥

✶❋♦r ❝♦♥t✐♥✉♦✉s✲t✐♠❡ ♠♦❞❡❧s✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ ❞✐st✐♥❣✉✐s❤ ❛ t✐♠❡ ❤♦r✐③♦♥ ❛♥❞ ❛♥ ❤♦r✐③♦♥ ♠❡❛s✉r❡❞ ✐♥ ❛
♥✉♠❜❡r ♦❢ ❝♦♥tr♦❧✴❣❛♠❡ st❛❣❡s✳

❘❘ ♥➦ ✽✵✶✾



✶✹ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

✐♥t❡❣❡r N ✭t❤❡ st❛❣❡✲❤♦r✐③♦♥ ❧❡♥❣t❤✮ ❛♥❞ ❛ st❛t❡ s✱ ✜♥❞✿

(FHP ) sup
π

inf
γ

E
π,γ
s

[

N−1
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt)

]

. ✭✷✺✮

❙♦❧✈✐♥❣ t❤✐s ♣r♦❜❧❡♠ ❢♦r ❡❛❝❤ ✐♥✐t✐❛❧ st❛t❡ r❡s✉❧ts ✐♥ ❛ s❡q✉❡♥❝❡ ♦❢ ♣❛✐rs ♦❢ ▼❛r❦♦✈✐❛♥ ♣♦❧✐❝✐❡s

π∗
N = (fN , fN−1, . . . , f2, f1), γ∗

N = (gN , gN−1, . . . , g2, g1), ✭✷✻✮

✇❤❡r❡ f1(sN−1) ✐s t❤❡ ❜❡st ❛❝t✐♦♥ t♦ ❜❡ ❛♣♣❧✐❡❞ ❛t st❛❣❡ t = N − 1 ❜② t❤❡ ✜rst ♣❧❛②❡r✱ ❛♥❞
g1(sN−1) ❢♦r t❤❡ s❡❝♦♥❞ ♦♥❡✱ ✇❤❡♥ ♦♥❧② ♦♥❡ st❛❣❡ r❡♠❛✐♥s t♦ r❡❛❝❤ t❤❡ ❤♦r✐③♦♥✱ f2 ❛♥❞ g2 ❛r❡
t❤❡ ❜❡st ❞❡❝✐s✐♦♥ r✉❧❡s t♦ ❜❡ ❛♣♣❧✐❡❞ ❢♦r t❤❡ ♣❧❛②❡rs ✇❤❡♥ t✇♦ st❛❣❡s r❡♠❛✐♥ t♦ ❣❡t t❤❡ ❤♦r✐③♦♥✱
❛t t✐♠❡ t = N − 2✱ ❛♥❞ s♦ ♦♥✳ ■♥ ♣❛rt✐❝✉❧❛r✱ fN (s0) ❛♥❞ gN (s0) ❛r❡ t❤❡ ❜❡st ❞❡❝✐s✐♦♥ r✉❧❡s t♦ ❜❡
❛♣♣❧✐❡❞ t♦ t❤❡ ✐♥✐t✐❛❧ st❛t❡ s0✳

❚❤❡ ❘❍ ♠❡t❤♦❞ ♣r❡s❝r✐❜❡s t♦ r❡♣❡❛t❡❞❧② s♦❧✈❡ ❛ ✜♥✐t❡✲st❛❣❡ ❤♦r✐③♦♥ ♣r♦❜❧❡♠✱ t❛❦✐♥❣ t❤❡
❝✉rr❡♥t st❛t❡ ❛s ✐♥✐t✐❛❧ st❛t❡✳ ❚❤❡♥✱ ♦♥❧② t❤❡ ✜rst ❞❡❝✐s✐♦♥ ✇✐❧❧ ❜❡ ❛♣♣❧✐❡❞✳

❙♣❡❝✐✜❝❛❧❧②✱ t❤❡ ♣r♦❝❡❞✉r❡ t♦ ❝♦♥str✉❝t ❛ ❘❍ ♣♦❧✐❝② ✐s t❤❡ ❢♦❧❧♦✇✐♥❣ ♦♥❡✳ ❋✐① s♦♠❡ ✐♥t❡❣❡r
N ❛♥❞ ❝♦♥s✐❞❡r ❛ ❞❡♥✉♠❡r❛❜❧❡ s❡t ♦❢ ❡♣♦❝❤s✳

❘❍✶ ❆t ✐t❡r❛t✐♦♥ t✱ ❛♥❞ ❢♦r t❤❡ ❝✉rr❡♥t st❛t❡ st✱ s♦❧✈❡ t❤❡ N ✲st❛❣❡ ❣❛♠❡ ✭❋❍P✮✱ t❛❦✐♥❣ st ❛s
✐♥✐t✐❛❧ st❛t❡✳ ❆ ♣❛✐r ♦❢ ❛❝t✐♦♥s fN (st)✱ gN (st) ✐s ♦❜t❛✐♥❡❞✳

❘❍✷ ❆♣♣❧② at = fN (st)✱ bt = gN (st)✳

❘❍✸ ❖❜s❡r✈❡ t❤❡ ❛❝❤✐❡✈❡❞ st❛t❡ ❛t t✐♠❡ t + 1✿ st+1✳

❘❍✹ ❙❡t t := t + 1 ❛♥❞ st := st+1 ❛♥❞ ❣♦ t♦ st❡♣ ✶✳

❚❤❡ ❘❍ ♣r♦❝❡❞✉r❡ ❞♦❡s ♥♦t s♣❡❝✐❢② ❤♦✇ t♦ ❝♦♠♣✉t❡ t❤❡ ✈❛❧✉❡s fN (st) ❛♥❞ gN (st)✳ ■ts
❡✣❝✐❡♥❝② ✐s ❜❛s❡❞ ♦♥ t❤❡ ✐❞❡❛ t❤❛t ❝♦♠♣✉t✐♥❣ t❤❡ ✈❛❧✉❡s fN (st) ❛♥❞ gN (st) ❛❧♦♥❡ ✐s ✉s✉❛❧❧②
♠✉❝❤ ❡❛s✐❡r t❤❛♥ ❝♦♠♣✉t✐♥❣ t❤❡ N ❞❡❝✐s✐♦♥ r✉❧❡s ✐♥ ✭✷✻✮✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡
♦❢ t❤❡ r❡s✉❧t✐♥❣ s❡q✉❡♥❝❡ ♦❢ ❞❡❝✐s✐♦♥s ✐s ♥♦t t❤❡ ♦♣t✐♠❛❧ ♦♥❡✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥t✉✐t✐♦♥ ✐s t❤❛t ✇❤❡♥
N ✐s ✏❧❛r❣❡ ❡♥♦✉❣❤✑✱ t❤❡ ♣❡r❢♦r♠❛♥❝❡ s❤♦✉❧❞ ❜❡ ❝❧♦s❡ t♦ t❤❡ ♦♣t✐♠❛❧✳ ❚❤❡ ♣r❛❝t✐❝❛❧ ✐ss✉❡ ✐s
t❤❡♥ t♦ ❝❤♦♦s❡ N s♦ ❛s t♦ ♦❜t❛✐♥ ❛ ♣r♦♣❡r ❝♦♠♣r♦♠✐s❡ ❜❡t✇❡❡♥ ♣r❡❝✐s✐♦♥ ❛♥❞ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧
❡✛♦rt ♥❡❡❞❡❞ t♦ ♦❜t❛✐♥ fN (st) ❛♥❞ gN (st)✳ ❲❡ ❛❞❞r❡ss t❤✐s ✐ss✉❡ t❤r♦✉❣❤ t✇♦ ❢♦r♠❛❧ q✉❛❧✐t❛t✐✈❡
❛♥❞ q✉❛♥t✐t❛t✐✈❡ q✉❡st✐♦♥s✳ ▲❡t UN (s) ❜❡ t❤❡ ❡①♣❡❝t❡❞ ❣❛✐♥ ❛❝❤✐❡✈❡❞ ❜② ♣❧❛②❡r ✶ ✇✐t❤ t❤❡ ❘❍
♣r♦❝❡❞✉r❡ ✇✐t❤ ❤♦r✐③♦♥ ❧❡♥❣t❤ N ✱ st❛rt✐♥❣ ✐♥ st❛t❡ s✿

◗✶ ❯♥❞❡r ✇❤✐❝❤ ❝♦♥❞✐t✐♦♥s ♦♥ t❤❡ ♣r♦❜❧❡♠ ✐s ✐t tr✉❡ t❤❛t limN→∞ UN (s) = V ∗(s)❄

◗✷ ●✐✈❡♥ ❛ st❛t❡ s ❛♥❞ ǫ > 0✱ ✐s ✐t ♣♦ss✐❜❧❡ t♦ ❝♦♠♣✉t❡ N s✉❝❤ t❤❛t |UN (s) − V ∗(s)| < ǫ❄

■♥ ✇❤❛t ❢♦❧❧♦✇s ✇❡ ♣r♦✈❡ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ♣r♦❝❡❞✉r❡ t♦ t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ♦r✐❣✐♥❛❧ ❣❛♠❡✳ ❚❤❡
t❡r♠ ✏❝♦♥✈❡r❣❡♥❝❡✑ ❤❛s t♦ ❜❡ ✉♥❞❡rst♦♦❞ ✐♥ t❤❡ s❡♥s❡ t❤❛t ✇❤❡♥ t❤❡ ❤♦r✐③♦♥ N ❣♦❡s t♦ ✐♥✜♥✐t②✱
t❤❡ ✈❛❧✉❡ ♦❜t❛✐♥❡❞ ✇✐t❤ t❤❡ ♣r♦❝❡❞✉r❡ ❛♣♣r♦❛❝❤❡s t❤❡ ✈❛❧✉❡ ♦❢ t❤❡ ❣❛♠❡✳ ❚❤❡ ♣r❡❧✐♠✐♥❛r② ♦❜s❡r✲
✈❛t✐♦♥✱ ❝❧❛ss✐❝❛❧ ❢♦r st✉❞②✐♥❣ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥✱ ✐s t❤❛t t❤❡ ♣r♦❝❡❞✉r❡ ❘❍ ❡✛❡❝t✐✈❡❧② ✐♠♣❧❡♠❡♥ts✱
❢♦r ❜♦t❤ ♣❧❛②❡rs✱ ❛ st❛t✐♦♥❛r② ▼❛r❦♦✈ ♣♦❧✐❝②✳ ❙✐♥❝❡ ♣❧❛②❡r ✶ ✇✐❧❧ r❡♣❡❛t❡❞❧② ♣❧❛② ❛❝❝♦r❞✐♥❣ t♦
t❤❡ st❛t❡✲❢❡❡❞❜❛❝❦ ❢✉♥❝t✐♦♥ fN ✱ ❛♥❞ ♣❧❛②❡r ✷ ✇✐❧❧ ♣❧❛② gN ✱ ✇❡ ❤❛✈❡ UN = V fN ,gN ✳

❚❤❡♦r❡♠ ✹✳✶✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✸ ❤♦❧❞✳ ❚❤❡♥✱ ❢♦r ❛❧❧ s ∈ S✱

0 ≦ V ∗(s) − UN (s) ≦ 2ρN (LNR)(s) .

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✶✺

Pr♦♦❢✳ ❇② ❞❡✜♥✐t✐♦♥ ♦❢ ❛♥ ♦♣t✐♠❛❧ N ✲st❛❣❡ str❛t❡❣②✱ ❢♦r ❛❧❧ s ∈ S ❛♥❞ N ≧ 1✱

V ∗
N (s) = r(s, fN , gN ) + β(s, fN , gN )

∫

S

V ∗
N−1(z)Q(❞z|s, fN , gN ), ✭✷✼✮

❛♥❞ ❜② ✭✺✮ ❛♥❞ ❚❤❡♦r❡♠ ✶✱ ♣❛rt ❜✮✱

V ∗
N−1(s) = sup

π
inf
γ

E
π,γ
s

N−2
∑

t=0

(

t−1
∏

k=0

β(Sk, Ak, Bk)

)

r(St, At, Bt).

■❢ ✇❡ ❛❞❞ ❛♥❞ s✉❜tr❛❝t
∏N−2

k=0 β(Sk, Ak, Bk)r(SN−1, AN−1, BN−1)✿

V ∗
N−1(s) = sup

π
inf
γ

E
π,γ
s

[N−1
∑

t=0

t−1
∏

k=0

β(Sk, Ak, Bk)r(St, At, Bt)

−

N−2
∏

k=0

β(Sk, Ak, Bk)r(SN−1, AN−1, BN−1)

]

.

❙✐♥❝❡ ❢♦r ❛❧❧ s ∈ S✱ a ∈ As ❛♥❞ b ∈ Bs✱ ❜② ❆ss✉♠♣t✐♦♥ ✸✱ −r(s, a, b) ≦ r0(s) ✇❡ ❤❛✈❡✿

V ∗
N−1(s) ≦ V ∗

N (s) + sup
π

sup
γ

E
π,γ
s

[

N−2
∏

k=0

β(Sk, Ak, Bk)r0(SN−1)

]

.

❆❧s♦✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t r0 ≧ 0✱ ❜② ▲❡♠♠❛ ✸✳✸✱ E
π,γ
s r0(St) ≦ (Ltr0)(s)✱ ❛♥❞

V ∗
N−1(s) ≦ V ∗

N (s) + ρN−1(LN−1r0)(s). ✭✷✽✮

❇② ✉s✐♥❣ t❤✐s ✐♥❡q✉❛❧✐t② ✐♥ ✭✷✼✮ ❛♥❞ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t t❤❛t β(s, fN , gN ) ≦ ρ✱ ✇❡ ❤❛✈❡ t❤❛t✿

V ∗
N (s) ≦ r(s, fN , gN ) + β(s, fN , gN )

∫

S

(V ∗
N (z) + ρN−1(LN−1r0)(z))Q(❞z|s, fN , gN )

≦ r(s, fN , gN ) + ρN (LNr0)(s) + β(s, fN , gN )

∫

S

V ∗
N (z)Q(❞z|s, fN , gN ) . ✭✷✾✮

❲r✐tt❡♥ ❢♦r V ∗
N (z)✱ ✭✷✾✮ r❡❛❞s ❛s✿

V ∗
N (z) ≦ r(z, fN , gN ) + ρN (LNr0)(z) + β(z, fN , gN )

∫

S

V ∗
N (y)Q(❞y|z, fN , gN ) .

❙✉❜st✐t✉t✐♥❣ ✐♥s✐❞❡ t❤❡ ✐♥t❡❣r❛❧ ✐♥ ✭✷✾✮✱ ✇❡ ♦❜t❛✐♥

V ∗
N (s) ≦ r(s, fN , gN ) + ρN (LNr0)(s)

+ β(s, fN , gN )

∫

S

[

r(z, fN , gN ) + ρN (LNr0)(z)

+ β(z, fN , gN )

∫

S

V ∗
N (y)Q(❞y|z, fN , gN )

]

Q(❞z|s, fN , gN )

≤ r(s, fN , gN ) + β(s, fN , gN )

∫

S

r(z, fN , gN )Q(❞z|s, fN , gN )

+ρN (LNr0)(s) + ρN+1(LN+1r0)(s)

❘❘ ♥➦ ✽✵✶✾



✶✻ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

+

∫

S

∫

S

β(s, fN , gN )β(z, fN , gN )V ∗
N (y)Q(❞y|z, fN , gN )Q(❞z|s, fN , gN ) .

■♥ ❣❡♥❡r❛❧✱ ❢♦r ❡✈❡r② n ≧ 1✱

V ∗
N (s) ≦ E

fN ,gN

s

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, fN , gN )r(St, fN , gN )

]

+
N+n−1
∑

t=N

ρt(Ltr0)(s) + E
fN ,gN

s

[

n−1
∏

t=0

β(St, fN , gN )V ∗
N (Sn)

]

. ✭✸✵✮

▲❡t ✉s ❛♥❛❧②③❡ t❤❡ t❡r♠s ♦❢ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✵✮✱ ❛s n → ∞✳ ❚❤❡ ✜rst ♦♥❡ ❝♦♥✈❡r❣❡s t♦ UN (s)✳
❚❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥✈❡r❣❡s t♦

∑∞

t=N ρt(Ltr0)(s)✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ s✐♥❝❡✱ ❜② ❚❤❡♦r❡♠ ✸✳✶ ♣❛rt
✭❜✮✱ ❢♦r ❛❧❧ s ∈ S✱ |V ∗

N (s)| ≦ R(s)✱ t❤❡ t❤✐r❞ t❡r♠ s❛t✐s✜❡s✱ ❜② ▲❡♠♠❛ ✸✳✸

∣

∣

∣

∣

∣

E
fN ,gN

s

[

n−1
∏

t=0

β(St, fN , gN )V ∗
N (Sn)

]
∣

∣

∣

∣

∣

≦ E
fN ,gN

s

∣

∣

∣

∣

∣

n−1
∏

t=0

β(St, fN , gN )V ∗
N (Sn)

∣

∣

∣

∣

∣

≦ ρn
E

fN ,gN

s |V ∗
N (Sn)| ≦ ρn

E
fN ,gN

s [R(Sn)]

≦ ρn(LnR)(s) ,

✇❤✐❝❤ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ s✐♥❝❡

ρn(LnR)(s) =

∞
∑

t=n

ρt(Ltr0)(s)

❛♥❞
∑∞

t=0 ρt(Ltr0)(s) ✐s s✉♣♣♦s❡❞ t♦ ❜❡ ❝♦♥✈❡r❣❡♥t ❢♦r ❛❧❧ s ∈ S ✐♥ ❆ss✉♠♣t✐♦♥ ✸✳ ❋✐♥❛❧❧② ✭✸✵✮
✐♠♣❧✐❡s

V ∗
N (s) ≦ UN (s) +

∞
∑

t=N

ρt(Ltr0)(s), ✭✸✶✮

❛♥❞ ✉s✐♥❣ ❚❤❡♦r❡♠ ✸✳✶ ✭❝✮✱

V ∗(s) − UN (s) ≦ V ∗(s) − V ∗
N (s) +

∞
∑

t=N

ρt(Ltr0)(s)

≦ ρN (LNR)(s) +

∞
∑

t=N

ρt(Ltr0)(s)

= 2ρN (LNR)(s) .

❘❡♠❛r❦ ✹✳✶✳ ❚❤❡♦r❡♠ ✹✳✶ ❣❡♥❡r❛❧✐③❡s t♦ ❙▼●s t❤❡ r❡s✉❧ts ✐♥ ❬✺✱ ❚❤❡♦r❡♠ ✹✳✷❪ ❢♦r ❞✐s❝r❡t❡✲t✐♠❡
▼❉P✳

■♥ ♦r❞❡r t♦ ✐♠♣r♦✈❡ t❤❡ ❜♦✉♥❞s ♦❜t❛✐♥❡❞✱ ✇❡ ❛❧s♦ ❝❛♥ ❛ss✉♠❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❆ss✉♠♣t✐♦♥ ✻✳ ❋♦r ❛♥② s ∈ S✱ V ∗
1 (s) ≧ 0✳

❖❜s❡r✈❡ t❤❛t t❤✐s ✐s t❤❡ ❝❛s❡✱ ❢♦r ✐♥st❛♥❝❡✱ ✇❤❡♥ t❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥ r ✐s ♣♦s✐t✐✈❡✳

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✶✼

Pr♦♣♦s✐t✐♦♥ ✹✳✶✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✳ ❚❤❡♥ ❢♦r n ∈ N ❛♥❞ ❢♦r ❛❧❧ s ∈ S✱
V ∗

n (s) ≦ V ∗
n+1(s)✳

Pr♦♦❢✳ ❙✐♥❝❡ V ∗
0 ≡ 0✱ ✇❡ ❝❛♥ ✇r✐t❡ ❆ss✉♠♣t✐♦♥ ✻ ❛s V ∗

0 (s) ≦ V ∗
1 (s)✱ ❢♦r ❛❧❧ s ∈ S✳ ■❢ t❤✐s ✐s

t❤❡ ❝❛s❡✱ ❢♦r ❛♥② ♣❛✐r ♦❢ str❛t❡❣✐❡s f ∈ Πstat ❛♥❞ γ ∈ Γstat✱ ✐t ✐s T f,gV ∗
0 (s) ≦ T f,gV ∗

1 (s)✱ ❛♥❞ ❜②
▲❡♠♠❛ ❆✳✶✱ TV ∗

0 (s) ≦ TV ∗
1 (s)✳ ❚❤❡ ❧❛st ✐♥❡q✉❛❧✐t② r❡✇r✐t❡s ❛s V ∗

1 (s) ≦ V ∗
2 (s)✱ ❢♦r ❛❧❧ s ∈ S✳

❚❤❡ r❡s✉❧t ❢♦❧❧♦✇s ♥♦✇ ❜② ✐♥❞✉❝t✐♦♥ ✇✐t❤ s✐♠✐❧❛r ❛r❣✉♠❡♥ts✳

❈♦r♦❧❧❛r② ✹✳✶✳ ■❢ ✐♥ ❚❤❡♦r❡♠ ✹✳✶ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱ t❤❡♥✱ ❢♦r ❛❧❧ s ∈ S✱

0 ≦ V ∗(s) − UN (s) ≦ ρN (LNR)(s).

Pr♦♦❢✳ ■❢ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱ ❜② Pr♦♣♦s✐t✐♦♥ ✹✳✶ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ✐♠♣r♦✈❡ t❤❡ ❜♦✉♥❞ ✭✷✽✮ ✐♥t♦✿
V ∗

N−1(s) ≦ V ∗
N (s)✳ ❚❤❡♥✱ ✐♥st❡❛❞ ♦❢ ■♥❡q✉❛❧✐t② ✭✸✵✮✱ ✇❡ ❤❛✈❡✿

V ∗
N (s) ≦ E

fN ,gN

s

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, fN , gN )r(St, fN , fN )

]

+ E
fN ,gN

s

[

n−1
∏

t=0

β(St, fN , gN )V ∗
N (Sn)

]

.

❋r♦♠ ❤❡r❡✱ ❢♦❧❧♦✇✐♥❣ ✇✐t❤ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ t❤❡ ♥❡✇ ❜♦✉♥❞ ❢♦❧❧♦✇s✳

❈♦r♦❧❧❛r② ✹✳✷✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✹ ❤♦❧❞✳ ❚❤❡♥✱ ❢♦r ❛❧❧ s ∈ S✱

0 ≦ V ∗(s) − UN (s) ≦
2mρN

1 − ρ
µ(s),

❛♥❞ t❤❡r❡❢♦r❡

||V ∗ − UN ||µ ≦
2mρN

1 − ρ
.

■❢ ✐♥ ❛❞❞✐t✐♦♥ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱ t❤❡♥

||V ∗ − UN ||µ ≦
mρN

1 − ρ
.

Pr♦♦❢✳ ❋♦❧❧♦✇✐♥❣ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶ ✉♣ t♦ ■♥❡q✉❛❧✐t② ✭✷✽✮ ✇❡ ♦❜t❛✐♥ V ∗
N−1(s) ≦ V ∗

N (s) +
ρN−1(LN−1r0)(s)✳ ■❢ ❆ss✉♠♣t✐♦♥ ✹ ❤♦❧❞s✱ t❤❡♥ ✭s❡❡ ❘❡♠❛r❦ ✷✳✷✮✱ ||LN−1r0||µ ≦ m s♦ t❤❛t

V ∗
N−1(s) ≦ V ∗

N (s) + mρN−1µ(s) ✭✸✷✮

❛♥❞ ✭✷✾✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤

V ∗
N (s) ≦ r(s, fN , gN ) + mρNµ(s) + β(s, fN , gN )

∫

S

V ∗
N (y)Q(❞y|s, fN , gN ) .

❋♦❧❧♦✇✐♥❣ t❤❡ ❧✐♥❡ ♦❢ ♣r♦♦❢✱ ✇❡ ♦❜t❛✐♥ t❤❛t ✭✸✵✮ ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤

V ∗
N (s) ≦ E

fN ,gN

s

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, fN , gN )r(St, fN , gN )

]

+
N+n−1
∑

t=N

mρtµ(s) + E
fN ,gN

s

[

n−1
∏

t=0

β(St, fN , gN )V ∗
N (Sn)

]

.

❘❘ ♥➦ ✽✵✶✾



✶✽ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

❆s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✶✱ t❤❡ ✜rst t❡r♠ ❝♦♥✈❡r❣❡s t♦ UN (s) ❛♥❞ t❤❡ t❤✐r❞ ♦♥❡✱ t❛❦✐♥❣ ✐♥t♦
❛❝❝♦✉♥t t❤❡ ❢❛❝t t❤❛t ❆ss✉♠♣t✐♦♥ ✹ ✐♠♣❧✐❡s ❆ss✉♠♣t✐♦♥ ✸✱ t❡♥❞s t♦ ③❡r♦ ❛s n → ∞✳ ❚❤❡

t❤✐r❞ t❡r♠ ❝♦♥✈❡r❣❡s t♦
∑∞

t=N mρtµ(s) = mρN

1−ρ
µ(s)✱ ❛♥❞ t❤❡♥ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s

V ∗
N (s) ≦ UN (s) +

mρN

1 − ρ
µ(s).

❋✐♥❛❧❧②✱ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ✭❡✮✱

V ∗(s) − V ∗
N (s) ≦

mρN

1 − ρ
µ(s), ✭✸✸✮

❛♥❞ t❤❡♥

V ∗(s) − UN (s) ≦
2mρN

1 − ρ
µ(s).

◆♦✇✱ ✐❢ ✇❡ ❤❛✈❡❆ss✉♠♣t✐♦♥ ✻✱ ■♥❡q✉❛❧✐t② ✭✸✷✮ ❝❛♥ ❜❡ ♣✉t ✐♥ t❤❡ t✐❣❤t❡r ❢♦r♠ V ∗
N−1(s) ≦ V ∗

N (s)✱
❛♥❞ ❝♦♥t✐♥✉✐♥❣ ✇✐t❤ t❤❡ ♣r♦♦❢ ✉♣ t♦ ■♥❡q✉❛❧✐t② ✭✸✸✮✱ ❢♦r ❛❧❧ s ∈ S✱ V ∗

N (s) ≦ UN (s)✳ ❆❣❛✐♥ t❤❡
r❡s✉❧t ❢♦❧❧♦✇s ❝♦♠❜✐♥✐♥❣ ❚❤❡♦r❡♠ ✹✳✶ ✇✐t❤ t❤✐s ✐♥❡q✉❛❧✐t②✳

❲❤❡♥✱ ✐♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ r❡q✉✐r❡ ❆ss✉♠♣t✐♦♥ ✺ ✐♥st❡❛❞ ♦❢ ❆ss✉♠♣t✐♦♥ ✹✱ ❜♦✉♥❞s ✐♥ ❈♦r♦❧✲
❧❛r② ✹✳✷ t❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢♦r♠✿

❈♦r♦❧❧❛r② ✹✳✸✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ❆ss✉♠♣t✐♦♥ ✺ ❤♦❧❞✱ t❤❡♥ ❢♦r ❛❧❧ s ∈ S

0 ≦ V ∗(s) − UN (s) ≦
2MρN

1 − ρ
,

❛♥❞ t❤❡r❡❢♦r❡✱

||V ∗ − UN ||∞ ≦
2MρN

1 − ρ
.

■❢ ✐♥ ❛❞❞✐t✐♦♥ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱

||V ∗ − UN ||∞ ≦
MρN

1 − ρ
.

✹✳✷ ❆♣♣r♦①✐♠❛t❡ ❘♦❧❧✐♥❣ ❍♦r✐③♦♥ Pr♦❝❡❞✉r❡

❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤❡ ♣❧❛②❡rs ❞♦ ♥♦t ❤❛✈❡ ❡①❛❝t ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ ♣r♦❜❧❡♠ t♦ ❜❡ s♦❧✈❡❞ ❛t
❘❍✶ ✐♥ t❤❡ ❘❍ ♣r♦❝❡❞✉r❡✱ ❜✉t s✉♣♣♦s❡ t❤❡② ❦♥♦✇ ♦r ❛r❡ ❛❜❧❡ t♦ ❝♦♠♣✉t❡ ❛♥ ❛♣♣r♦①✐♠❛t✐♦♥
♦❢ t❤❛t ✈❛❧✉❡✳ ❲❡ ❛r❡ ✐♥t❡r❡st❡❞ ✐♥ ✐♠♣❧❡♠❡♥t✐♥❣ ❛ ♣r♦❝❡❞✉r❡ ✇❤❡r❡ t❤✐s ❧❛st ❛♣♣r♦①✐♠❛t✐♦♥ ✐s
✉s❡❞ ✐♥st❡❛❞ ♦❢ t❤❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❣❛♠❡ ✇✐t❤ ✜♥✐t❡ ❤♦r✐③♦♥✳ ❲❡ ✇❛♥t t♦ ❡st✐♠❛t❡ t❤❡ ❡rr♦r
✐♥tr♦❞✉❝❡❞✳

❚❤❡♥✱ ❢♦r ❛ ❢✉♥❝t✐♦♥ V ✱ s✉♣♣♦s❡❞ t♦ ❜❡ ❝❧♦s❡ ✐♥ s♦♠❡ s❡♥s❡ t♦ V ∗
N−1✱ ❝❤♦♦s❡

(f̃N (s), g̃N (s)) ∈ arg max
a∈As

min
Bs

{

r(s, a, b) + β(s, a, b)

∫

S

V (z)Q(❞z|s, a, b)

}

.

❙♣❡❝✐✜❝❛❧❧②✱

❆❘❍✶ ❈❤♦♦s❡ s♦♠❡ ❢✉♥❝t✐♦♥ V ❛ ♣r✐♦r✐ ♥❡❛r V ∗
N−1 ✇❤❡r❡ V ∗

N−1 ✐s t❤❡ N−1✲st❛❣❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✳

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✶✾

❆❘❍✷ ❆t ✐t❡r❛t✐♦♥ t✱ ❛♥❞ ❢♦r t❤❡ ❝✉rr❡♥t st❛t❡ st✱ s♦❧✈❡

max
a∈Ast

min
b∈Bst

{

r(st, a, b) + β(st, a, b)

∫

S

V (z)Q(❞z|st, a, b)

}

.

❆ ♣❛✐r ♦❢ ❛❝t✐♦♥s f̃N (st)✱ g̃N (st) ✐s ♦❜t❛✐♥❡❞✳

❆❘❍✸ ❆♣♣❧② at = f̃N (st)✱ bt = g̃N (st)✳

❆❘❍✹ ❖❜s❡r✈❡ t❤❡ ❛❝❤✐❡✈❡❞ st❛t❡ ❛t t✐♠❡ t + 1✿ st+1✳

❆❘❍✺ ❙❡t t := t + 1 ❛♥❞ st := st+1 ❛♥❞ ❣♦ t♦ st❡♣ ✷✳

❲❡ ✇✐❧❧ ♥♦t❡ ✇✐t❤ ŨN t❤❡ t♦t❛❧ ❞✐s❝♦✉♥t❡❞ r❡✇❛r❞ ♦❢ t❤❡ ♣❛✐r ♦❢ st❛t✐♦♥❛r② ♣♦❧✐❝✐❡s f̃N ❛♥❞ g̃N ✳
❚❤❡ ♥❡①t r❡s✉❧t ❣✐✈❡s ❛♥s✇❡rs t♦ q✉❡st✐♦♥s ◗✶ ❛♥❞ ◗✷ st❛t❡❞ ✐♥ t❤✐s s❡❝t✐♦♥ ❢♦r t❤❡ s❡q✉❡♥❝❡ ♦❢
s✉❝❝❡ss✐✈❡ r❡✇❛r❞s ŨN ✳

❚❤❡♦r❡♠ ✹✳✷✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✹ ❤♦❧❞✳ ●✐✈❡♥ V ∈ Mµ(S) ❛ ❢✉♥❝t✐♦♥
s✉❝❤ t❤❛t ❢♦r s♦♠❡ N ≧ 1✱ ||V ∗

N−1 − V ||µ ≦ ε✱ ❝♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s f ∈ Πstat ❛♥❞ g ∈ Γstat

s✉❝❤ t❤❛t T f,gV = TV ✳ ❚❤❡♥✱

||V ∗ − V f,g||µ ≦
2mρN

1 − ρ
+

2ρε

1 − ρ
.

■❢ ✐♥ ❛❞❞✐t✐♦♥ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱

||V ∗ − V f,g||µ ≦
mρN

1 − ρ
+

2ρε

1 − ρ
.

Pr♦♦❢✳ ❲❡ s❤❛❧❧ ♣r♦✈❡ t❤❡ ✜rst st❛t❡♠❡♥t ❜② ❜♦✉♥❞✐♥❣ t❤❡ t✇♦ t❡r♠s ♦♥ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②

||V ∗ − V f,g||µ ≦ ||V ∗ − TV ||µ + ||TV − V f,g||µ . ✭✸✹✮

■♥ ♦r❞❡r t♦ ✇♦r❦ ✇✐t❤ t❤❡ ✜rst t❡r♠✱ ♦❜s❡r✈❡ t❤❛t✱ ❢r♦♠ ❚❤❡♦r❡♠ ✸✳✶ ♣❛rt ✭❡✮✱

||TV ∗
N−1 − TV ||µ ≦ ρ||V ∗

N−1 − V ||µ ≦ ρε, ✭✸✺✮

❛♥❞ ❛❧s♦

||V ∗ − V ∗
N ||µ ≦

mρN

1 − ρ
.

❚❤❡ ♣r❡✈✐♦✉s ✐♥❡q✉❛❧✐t✐❡s ❣✐✈❡s t❤❡♥

||V ∗ − TV ||µ ≦ ||V ∗ − TV ∗
N−1||µ + ||TV ∗

N−1 − TV ||µ ≦
mρN

1 − ρ
+ ρε. ✭✸✻✮

◆♦✇ ✇❡ ✇♦r❦ ✇✐t❤ t❤❡ s❡❝♦♥❞ t❡r♠ ✐♥ t❤❡ r✳❤✳s✳ ♦❢ ✭✸✹✮✳ ❖❜s❡r✈❡ t❤❛t✱ ❢r♦♠ ■♥❡q✉❛❧✐t✐❡s ✭✸✷✮
❛♥❞ ✭✸✺✮ ❢♦r ❛❧❧ s ∈ S✱

V (s) ≦ V ∗
N−1(s) + εµ(s) ≦ V ∗

N (s) + (ε + mρN−1)µ(s) ≦ (TV )(s) + (ρε + ε + mρN−1)µ(s).
✭✸✼✮

❚❤❡♥✱ t❛❦✐♥❣ ✐♥t♦ ❛❝❝♦✉♥t ❆ss✉♠♣t✐♦♥ ✹✱ ♣❛rt ✭❜✮✱ ❢♦r ❛❧❧ s ∈ S✱

(TV )(s) = (T f,g)V (s) = r(s, f, g) + β(s, f, g)

∫

S

V (z)Q(❞z|s, f, g)

❘❘ ♥➦ ✽✵✶✾



✷✵ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

≦ r(s, f, g) + β(s, f, g)

∫

S

[(TV )(z) + (ρε + ε + mρN−1)µ(z)]Q(❞z|s, f, g)

≦ r(s, f, g) + β(s, f, g)

∫

S

(TV )(z)Q(❞z|s, f, g) + (ρε(1 + ρ) + mρN )µ(s)

= r(s, f, g)

+β(s, f, g)

∫

S

Q(❞z|s, f, g)

(

r(z, f, g) + β(z, f, g)

∫

S

V (y)Q(❞y|z, f, g)

)

+(ρε(1 + ρ) + mρN )µ(s)

= r(s, f, g)

+β(s, f, g)

∫

S

Q(❞z|s, f, g)r(z, f, g)

+β(s, f, g)

∫

S

β(z, f, g)

∫

S

V (y)Q(❞z|s, f, g)Q(❞y|z, f, g) + (ρε(1 + ρ) + mρN )µ(s)

≦ r(s, f, g) + β(s, f, g)

∫

S

Q(❞z|s, f, g)r(z, f, g)

+β(s, f, g)

∫

S

β(z, f, g)

∫

S

(TV )(y)Q(❞z|s, f, g)Q(❞y|z, f, g)

+
{[

ρ2ε(1 + ρ) + ρε(1 + ρ)
]

+ (mρN+1 + mρN )
}

µ(s).

■♥ ❣❡♥❡r❛❧✱ ❢♦r ❡✈❡r② n ≧ 1 ❛♥❞ s ∈ S✱

TV (s) ≦ E
f,g
s

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, f, g)r(St, f, g)

]

+ E
f,g
s

[

n−1
∏

t=0

β(St, f, g)TV (Sn)

]

+
{

[ρε(1 + ρ) + · · · + ρnε(1 + ρ)] + (mρN + · · · + mρN+n−1)
}

µ(s). ✭✸✽✮

■♥ ♦r❞❡r t♦ st✉❞② t❤❡ ❜❡❤❛✈✐♦r ♦❢ t❤❡ t❡r♠s ✐♥ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ❧❛st ✐♥❡q✉❛❧✐t②✱ ♥♦t❡ t❤❛t t❤❡ ✜rst
t❡r♠ ❝♦♥✈❡r❣❡s t♦ V f,g ❛s n → ∞✱ ❛♥❞ t❤❛t t❤❡ s❡❝♦♥❞ ♦♥❡ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ s✐♥❝❡ TV ∈ Mµ(S)✱
❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❈♦r♦❧❧❛r② ✹✳✷✳ ◆♦✇ ✐t ❢♦❧❧♦✇s t❤❛t ❢♦r ❛❧❧ s ∈ S✱

TV (s) − V f,g(s) ≦

[

ρε(1 + ρ)

1 − ρ
+

mρN

1 − ρ

]

µ(s).

❙✐♠✐❧❛r❧② ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t TV (s) − V f,g(s) ≧ −
[

ρε(1+ρ)
1−ρ

+ mρN

1−ρ

]

µ(s) ❢♦r ❛❧❧ s ∈ S✳

❋✐♥❛❧❧②✱

||V ∗ − V f,g||µ ≦ ||V ∗ − TV ||µ + ||TV − V f,g||µ

≦
mρN

1 − ρ
+ ρε +

ρε(1 + ρ)

1 − ρ
+

mρN

1 − ρ

=
2mρN

1 − ρ
+

2ρε

1 − ρ
,

✇❤✐❝❤ ❣✐✈❡s t❤❡ ❞❡s✐r❡❞ r❡s✉❧t✳

◆♦✇✱ ✐❢ ✐♥ ❛❞❞✐t✐♦♥❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱ t❤❡ ♣r❡❝❡❞✐♥❣ ♣r♦♦❢ ❝❛♥ ❜❡ ❞♦♥❡ ✇✐t❤ t❤❡ ✐♥❡q✉❛❧✐t②
V (s) ≦ (TV )(s) + (ρε + ε)µ(s) ✐♥st❡❛❞ ♦❢ ■♥❡q✉❛❧✐t② ✭✸✼✮✱ ❛♥❞ t❤❡ ❜♦✉♥❞ t❛❦❡s t❤❡ ❢♦r♠

||V ∗ − V f,g||µ ≦
mρN

1 − ρ
+

2ρε

1 − ρ
.

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✷✶

❘❡♠❛r❦ ✹✳✷✳ ❖❜s❡r✈❡ t❤❛t t❤❡ r❡s✉❧t ❢♦r t❤❡ ❝❛s❡ ε = 0 ❝♦rr❡s♣♦♥❞ t♦ t❤❡ N ✲❤♦r✐③♦♥ ❘❍
❛♣♣r♦①✐♠❛t✐♦♥✱ ❛♥❞ ✐t ✇❛s ❛❧r❡❛❞② ♣r♦✈❡❞ ✐♥ ❈♦r♦❧❧❛r② ✹✳✷✳

❈♦r♦❧❧❛r② ✹✳✹✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✺ ❤♦❧❞✳ ●✐✈❡♥ V ∈ M(S) ❛ ❜♦✉♥❞❡❞
❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r s♦♠❡ N ≧ 0✱ ||V ∗

N−1 − V ||∞ ≦ ε✱ ❝♦♥s✐❞❡r ❛ ♣❛✐r ♦❢ ♣♦❧✐❝✐❡s f ∈ Πstat ❛♥❞

g ∈ Γstat s✉❝❤ t❤❛t T f,gV = TV ✳ ❚❤❡♥✱

||V ∗ − V f,g||∞ ≦
2MρN

1 − ρ
+

2ρε

1 − ρ
.

■❢ ✐♥ ❛❞❞✐t✐♦♥ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱

||V ∗ − V f,g||∞ ≦
MρN

1 − ρ
+

2ρε

1 − ρ
.

❙♦ ❢❛r ✐♥ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s✐t✉❛t✐♦♥ ✇❤❡r❡✱ ❣✐✈❡♥ ❛♥ ❛♣♣r♦①✐♠❛t❡ ✈❛❧✉❡
❢✉♥❝t✐♦♥ V ✱ t❤❡ ♠❛①✐♠✐③❡r ♣❧❛②s t❤❡ ♣♦❧✐❝② f ∈ Πstat s✉❝❤ t❤❛t✱ ❢♦r ❡❛❝❤ s ∈ S✱ T f,gV = TV ✳
❙✉♣♣♦s❡ ♥♦✇ t❤❛t t❤✐s ♣❧❛②❡r ❝❤♦♦s❡s ❛♥② f ∈ Πstat s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ s ∈ S✱

(T fV )(s) = (TV )(s) ,

✇❤❡r❡

(T fV )(s) := inf
b∈Bs

{

r(s, f, b) + β(s, f, b)

∫

S

V (z)Q(❞z|s, f, b)

}

.

❚❤✐s s✐t✉❛t✐♦♥ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ ✇♦rst✲❝❛s❡ s❝❡♥❛r✐♦ ❢♦r ♣❧❛②❡r ✶✳ ❚❤❡ ♥❡①t r❡s✉❧t ❣✐✈❡s ✉s
❜♦✉♥❞s ❢♦r t❤✐s s❡❝♦♥❞ ❆❘❍ ❢r❛♠❡✇♦r❦✳

❚❤❡♦r❡♠ ✹✳✸✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✹ ❤♦❧❞✳ ●✐✈❡♥ V ∈ Mµ(S) ❛ ❢✉♥❝t✐♦♥
s✉❝❤ t❤❛t ❢♦r s♦♠❡ N ≧ 1✱ ||V ∗

N−1 − V ||µ ≦ ε✱ ❛♥❞ ❛ ♣♦❧✐❝② f ∈ Πstat s✉❝❤ t❤❛t ❢♦r ❛❧❧ s ∈ S✱

(T fV )(s) = (TV )(s)✳ ❚❤❡♥✱

||V ∗ − V f,g∗

||µ ≦
2mρN

1 − ρ
+

2ρε

1 − ρ
,

✇❤❡r❡ g∗ ∈ Γstat ✐s ❛♥ ✐♥✜♥✐t❡✲❤♦r✐③♦♥ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❢♦r ♣❧❛②❡r ✷✳

■❢ ❆ss✉♠♣t✐♦♥ ✻ ❛❧s♦ ❤♦❧❞s✱ t❤❡♥

||V ∗ − V f,g∗

||µ ≦
mρN

1 − ρ
+

2ρε

1 − ρ
.

Pr♦♦❢✳ ■♥ t❤✐s ❝❛s❡ ✇❡ s❤❛❧❧ ❜♦✉♥❞ t❤❡ t❡r♠s ♦♥ t❤❡ r✳❤✳s✳ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t②✱ ✇✐t❤ T fV = TV ✱

||V ∗ − V f,g∗

||µ ≦ ||V ∗ − TV ||µ + ||T fV − V f,g∗

||µ .

◆♦t❡ t❤❛t ✇❡ ❛❧r❡❛❞② ❤❛✈❡ t❤❡ ❜♦✉♥❞ ❢♦r t❤❡ ✜rst t❡r♠ ❢r♦♠ ■♥❡q✉❛❧✐t② ✭✸✻✮✿ ||V ∗ − TV ||µ ≦
mρN

1−ρ
+ ρε✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛s ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ❚❤❡♦r❡♠ ✹✳✷✱

V (s) ≦ V ∗
N−1(s) + εµ(s) ≦ V ∗

N (s) +
(

ε + mρN−1
)

µ(s)

≦ (TV )(s) +
(

ε + ρε + mρN−1
)

µ(s)

= (T fV )(s) +
(

ε(1 + ρ) + mρN−1
)

µ(s) , ✭✸✾✮

❘❘ ♥➦ ✽✵✶✾



✷✷ ❊✳ ❉❡❧❧❛ ❱❡❝❝❤✐❛✱ ❙✳ ❉✐ ▼❛r❝♦ ❛♥❞ ❆✳ ❏❡❛♥✲▼❛r✐❡

❛♥❞✱ ❢♦r ❡✈❡r② s ∈ S✱

(T fV )(s) = inf
b∈Bs

{

r(s, f, b) + β(s, f, b)

∫

S

V (z)Q(❞z|s, f, b)

}

≦ r(s, f, g∗) + β(s, f, g∗)

∫

S

V (z)Q(❞z|s, f, g∗)

≦ r(s, f, g∗) + β(s, f, g∗)

∫

S

[(T fV )(z) +
(

ε(1 + ρ) + mρN−1
)

µ(z)]Q(❞z|s, f, g∗)

≦ r(s, f, g∗) + β(s, f, g∗)

∫

S

(T fV )(z)Q(❞z|s, f, g∗) + ρ
(

ε(1 + ρ) + mρN−1
)

µ(s) .

■♥ ❣❡♥❡r❛❧✱ ❢♦r ❡✈❡r② n ∈ N✱ ❛♥❞ s ∈ S✱

(T fV )(s) ≦ E
f,g∗

s

[

n−1
∑

t=0

t−1
∏

k=0

β(Sk, f, g∗)r(St, f, g∗)

]

+ E
f,g∗

s

[

n−1
∏

t=0

β(St, f, g∗)T fV (Sn)

]

+
[

(ρ + · · · + ρn)ε(1 + ρ) + (ρ + · · · + ρn)mρN−1
]

µ(s),

■♥ t❤✐s ❝❛s❡ t❤❡ ✜rst t❡r♠ ❝♦♥✈❡r❣❡s t♦ V f,g∗

(s) ❛s n → ∞ ❛♥❞ ❛❣❛✐♥ t❤❡ s❡❝♦♥❞ t❡r♠ ❝♦♥✈❡r❣❡s
t♦ ③❡r♦✳

❋✐♥❛❧❧②✱

T fV (s) − V f,g∗

(s) ≦

[

ρε(1 + ρ)

1 − ρ
+

mρN

1 − ρ

]

µ(s) ,

❛♥❞

||V ∗ − V f,g∗

||µ ≦
mρN

1 − ρ
+ ρε +

ρε(1 + ρ)

1 − ρ
+

mρN

1 − ρ

=
2mρN

1 − ρ
+

2ρε

1 − ρ
.

❆❣❛✐♥ ✐❢ ❆ss✉♠♣t✐♦♥ ✻ ❤♦❧❞s✱ ■♥❡q✉❛❧✐t② ✭✸✾✮ r❡✇r✐t❡s V (s) ≦ (T fV )(s) + ε(1 + ρ)µ(s) ❛♥❞

||V ∗ − V f,g∗

||µ ≦
mρN

1 − ρ
+

2ρε

1 − ρ
.

❈♦r♦❧❧❛r② ✹✳✺✳ ❙✉♣♣♦s❡ t❤❛t ❆ss✉♠♣t✐♦♥s ✶✱ ✷ ❛♥❞ ✺ ❤♦❧❞✳ ●✐✈❡♥ V ∈ M(S) ❛ ❢✉♥❝t✐♦♥
s✉❝❤ t❤❛t ❢♦r s♦♠❡ N ≧ 1✱ ||V ∗

N−1−V ||∞ ≦ ε✱ ❝♦♥s✐❞❡r ❛ ♣♦❧✐❝② f ∈ Πstat s✉❝❤ t❤❛t ❢♦r ❛❧❧ s ∈ S✱

(T fV )(s) = (TV )(s)✳ ❚❤❡♥✱

||V ∗ − V f,g∗

||µ ≦
2MρN

1 − ρ
+

2ρε

1 − ρ
,

✇❤❡r❡ g∗ ∈ Γstat ✐s ❛♥ ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ❢♦r ♣❧❛②❡r ✷✳
■❢ ❆ss✉♠♣t✐♦♥ ✻ ❛❧s♦ ❤♦❧❞s✱ t❤❡♥

||V ∗ − V f,g∗

||µ ≦
MρN

1 − ρ
+

2ρε

1 − ρ
.

❘❡♠❛r❦ ✹✳✸✳ ❚❤❡♦r❡♠s ✹✳✷ ❛♥❞ ✹✳✺ ❣❡♥❡r❛❧✐③❡ t♦ ❙▼● ♦✉r r❡s✉❧ts ❢♦r ❙▼❉P ♣r❡s❡♥t❡❞ ✐♥ ❬✸❪
❛♥❞ ✐♠♣r♦✈❡ r❡s✉❧ts ❢♦r ✜♥✐t❡ st❛t❡ ❞✐s❝r❡t❡✲t✐♠❡ ▼● ❞❡s❝r✐❜❡❞ ✐♥ ❬✷✱ ❚❤❡♦r❡♠s ✻✱ ✼❪✳ ❚❤❡ ✉s❡
♦❢ ✜♥❡r ❜♦✉♥❞s ❡✈❡♥ ❛❧❧♦✇s ✉s t♦ ✐♠♣r♦✈❡ t❤❡✐r ✏O((1 − ρ)−2)✑ t❡r♠ ✐♥t♦ ❛ ✏O((1 − ρ)−1)✑ ♦♥❡✳

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✷✸

✺ ❈♦♥❝❧✉❞✐♥❣ ❘❡♠❛r❦s

❚❤r♦✉❣❤ t❤✐s ✇♦r❦ ✇❡ ❤❛✈❡ ❞❡❛❧t ✇✐t❤ s❡♠✐✲▼❛r❦♦✈ ❣❛♠❡s ♠♦❞❡❧s ✇✐t❤ ❞✐s❝♦✉♥t❡❞ ♣❛②♦✛✱ ✉♥❞❡r
❞✐✛❡r❡♥t ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r❡✇❛r❞ ❢✉♥❝t✐♦♥✳ ❲❡ ❤❛✈❡ ❣❡♥❡r❛❧✐③❡❞ ❦♥♦✇♥ ♣r♦♣❡rt✐❡s ♦❢ t❤❡
❡q✉✐❧✐❜r✐❛ ♦❢ ❣❛♠❡s ❢♦r ❜♦t❤ t❤❡ ✜♥✐t❡✲❤♦r✐③♦♥ ❛♥❞ t❤❡ ✐♥✜♥✐t❡ ❤♦r✐③♦♥ ❝❛s❡✳

■♥ ❛❞❞✐t✐♦♥✱ ✇❡ ❤❛✈❡ st✉❞✐❡❞ t❤❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡ ❛♥❞ ♦❢ ❛♥ ❛♣✲
♣r♦①✐♠❛t❡ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡✳ ❲❡ ❤❛✈❡ ♣r♦✈❡❞ t❤❡ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ✈❛❧✉❡s r❡❧❛t❡❞ t♦ t❤❡
r♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡ t♦ t❤❡ ♦♣t✐♠❛❧ r❡✇❛r❞ ❢✉♥❝t✐♦♥✳ ❲❡ ♦❜t❛✐♥ s✐♠♣❧❡ ♣♦✐♥t✇✐s❡ ❝♦♥✈❡r✲
❣❡♥❝❡ ✐❢ ❆ss✉♠♣t✐♦♥ ✸ ✐s ✈❡r✐✜❡❞ ❛♥❞ ♣♦✐♥t✇✐s❡ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ✇❤❡♥ ❆ss✉♠♣t✐♦♥
✹ ❤♦❧❞s✳ ❆s ❛ ♣❛rt✐❝✉❧❛r ❝❛s❡✱ ✇❡ ❤❛✈❡ ♦❜t❛✐♥❡❞ ✉♥✐❢♦r♠ ❣❡♦♠❡tr✐❝❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r t❤❡ ❝❛s❡ ♦❢
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❬✶✺❪ ❘♦ss✱ ❙✳❀ ❆♣♣❧✐❡❞ Pr♦❜❛❜✐❧✐t② ▼♦❞❡❧s ✇✐t❤ ❖♣t✐♠✐③❛t✐♦♥ ❆♣♣❧✐❝❛t✐♦♥s✱ ❍♦❧❞❡♥✲❉❛②✱ ✶✾✼✵✳

❬✶✻❪ ❙❡t❤✐ ❚✳✱ ❙♦r❣❡r ●✳❀ ✏❆ t❤❡♦r② ♦❢ r♦❧❧✐♥❣ ❤♦r✐③♦♥ ❞❡❝✐s✐♦♥ ♠❛❦✐♥❣✑✳ ❆♥♥✳ ❖♣s✳ ❘❡s✳✱ ✷✾✱ ✶✱
✶✾✾✶✱ ♣♣✳ ✸✽✼✕✹✶✺✳

❆ ❆♣♣❡♥❞✐①

▲❡♠♠❛ ❆✳✶✳ ❈♦♥s✐❞❡r t✇♦ ❢✉♥❝t✐♦♥s f, g : X × Y → R s✉❝❤ t❤❛t✱ ❢♦r ❛❧❧ x ∈ X ❛♥❞ y ∈ Y ✱
f(x, y) ≦ g(x, y)✳ ❚❤❡♥

sup
x∈X

inf
y∈Y

f(x, y) ≦ sup
x∈X

inf
y∈Y

g(x, y) .

Pr♦♦❢✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t✐♦♥s F (x) = infy∈Y f(x, y) ❛♥❞ G(x) = infy∈Y g(x, y)✳ ❋♦r ❛♥② x ∈ X
✜①❡❞✱ ❛♥❞ ❢♦r ❛❧❧ y ∈ Y ✱ F (x) ≦ f(x, y) ≦ g(x, y)✱ ❛♥❞ t❤❡♥ F (x) ≦ infy∈Y g(x, y) = G(x)✳
❈♦♥s❡q✉❡♥t❧②✱ supx∈X F (x) ≦ supx∈X G(x)✱ ✇❤✐❝❤ ✐s t❤❡ st❛t❡❞ ✐♥❡q✉❛❧✐t②✳

▲❡♠♠❛ ❆✳✷✳ ❈♦♥s✐❞❡r t✇♦ ❢✉♥❝t✐♦♥s f, g : X × Y → R✳ ❚❤❡♥✿
∣

∣

∣

∣

inf
y∈Y

sup
x∈X

f(x, y) − inf
y∈Y

sup
x∈X

g(x, y)

∣

∣

∣

∣

≤ sup
x∈X

sup
y∈Y

|f(x, y) − g(x, y)|

❛♥❞
∣

∣

∣

∣

sup
x∈X

inf
y∈Y

f(x, y) − sup
x∈X

inf
y∈Y

g(x, y)

∣

∣

∣

∣

≤ sup
x∈X

sup
y∈Y

|f(x, y) − g(x, y)| .

Pr♦♦❢✳ ❲✐t❤♦✉t ❧♦s✐♥❣ ❣❡♥❡r❛❧✐t②✱ ❧❡t ✉s s✉♣♣♦s❡ infy∈Y supx∈X f(x, y)− infy∈Y supx∈X g(x, y) ≧

0✳ ■❢ ✐t ✐s ♥♦t t❤❡ ❝❛s❡✱ ✐♥t❡r❝❤❛♥❣❡ f ✇✐t❤ g✳

●✐✈❡♥ ε > 0✱ t❛❦❡ y∗ ∈ Y s✉❝❤ t❤❛t

sup
x∈X

g(x, y∗) − ε ≦ inf
y∈Y

sup
x∈X

g(x, y) .

❚❤❡♥
inf
y∈Y

sup
x∈X

f(x, y) − inf
y∈Y

sup
x∈X

g(x, y) ≦ sup
x∈X

f(x, y∗) − sup
x∈X

g(x, y∗) + ε .

◆♦✇✱ t❛❦✐♥❣ x∗ ∈ X s✉❝❤ t❤❛t

sup
x∈X

f(x, y∗) ≦ f(x∗, y∗) + ε,

sup
x∈X

f(x, y∗) − sup
x∈X

g(x, y∗) + ε ≦ f(x∗, y∗) − g(x∗, y∗) + 2ε ,

✇❤✐❝❤ ✐♠♣❧✐❡s
∣

∣

∣

∣

inf
y∈Y

sup
x∈X

f(x, y) − inf
y∈Y

sup
x∈X

g(x, y)

∣

∣

∣

∣

≤ sup
x∈X

sup
y∈Y

|f(x, y) − g(x, y)| + 2ε .

■♥r✐❛



❘♦❧❧✐♥❣ ❤♦r✐③♦♥ ♣r♦❝❡❞✉r❡s ✐♥ ❙❡♠✐✲▼❛r❦♦✈ ●❛♠❡s✿ ❚❤❡ ❉✐s❝♦✉♥t❡❞ ❈❛s❡ ✷✺

❙✐♥❝❡ ε ✐s ❛♥② ❛r❜✐tr❛r② ♣♦s✐t✐✈❡ ♥✉♠❜❡r✱ t❤❡ ✜rst ✐♥❡q✉❛❧✐t② ✐s ♣r♦✈❡❞✳

❚❤❡ s❡❝♦♥❞ ✐♥❡q✉❛❧✐t② ❢♦❧❧♦✇s ✐♥ t❤❡ s❛♠❡ ♠❛♥♥❡r✱ t❛❦✐♥❣✱ ❢♦r ε > 0✱ x∗ ∈ X s✉❝❤ t❤❛t

sup
x∈X

inf
y∈Y

f(x, y) ≦ inf
y∈Y

f(x∗, y) + ε

❛♥❞ y∗ ∈ Y s✉❝❤ t❤❛t
g(x∗, y∗) − ε ≦ inf

y∈Y
g(x∗, y) .

■♥❞❡❡❞✱ ✐❢ supx∈X infy∈Y f(x, y) − supx∈X infy∈Y g(x, y) ≧ 0✱

sup
x∈X

inf
y∈Y

f(x, y) − sup
x∈X

inf
y∈Y

g(x, y) ≦ inf
y∈Y

f(x∗, y) − inf
y∈Y

g(x∗, y)

≦ f(x∗, y∗) − g(x∗, y∗) + 2ε ,

❛♥❞
∣

∣

∣

∣

sup
x∈X

inf
y∈Y

f(x, y) − sup
x∈X

inf
y∈Y

g(x, y)

∣

∣

∣

∣

≤ sup
x∈X

sup
y∈Y

|f(x, y) − g(x, y)| + 2ε .

❘❘ ♥➦ ✽✵✶✾
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