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Abstract

Fully developed turbulent flow and heat transfer in a concentric annular duct is investigated

for the first time by using a direct numerical simulation (DNS) with isoflux conditions imposed

at both walls. The Reynolds number based on the half-width between inner and outer walls,

δ = (r2 − r1)/2, and the laminar maximum velocity is Reδ = 3500. A Prandtl number Pr = 0.71

and a radius ratio r∗ = 0.1 were retained. The main objective of this work is to examine the

effect of the heat flux density ratio, q∗ = q1/q2, on different thermal statistics (mean temperature

profiles, root mean square (rms) of temperature fluctuations, turbulent heat fluxes, heat transfer,

...). To validate the present DNS calculations, predictions of the flow and thermal fields with

q∗ = 1 are compared to results recently reported in the archival literature. A good agreement with

available DNS data is shown. The effect of heat flux ratio q∗ on turbulent thermal statistics in

annular duct with arbitrarily prescribed heat flux is discussed then. This investigation highlights

that heat flux ratio has a marqued influence on the thermal field. When q∗ varies from 0 to 0.01,

the rms of temperature fluctuations and the turbulent heat fluxes are more intense near the outer

wall while changes in q∗ from 1 to 100, lead to opposite trends.

Keywords Direct numerical simulation (DNS); Heat flux ratio effect; Turbulent heat transfer;

Fully developed annular pipe flow.
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Nomenclature

Cp specific heat capacity

Dh equivalent hydraulic diameter 2(r2 − r1)

hj heat transfer coefficient at surface j

k thermal conductivity

L length of the computational domain

Nuj Nusselt number at surface j, Nu = hjDh/k

Pr Prandtl number, Pr = ν/α

qj heat flux density at surface j

q∗ heat flux ratio q∗ = q1/q2

Re Reynolds number Re = Ulδ/ν

r dimensionless coordinate in radial direction scaled by δ

r∗ radius ratio r∗ = r1/r2

T temperature

Tb bulk temperature

Tr reference temperature, Tr = qrδ/k

Tw wall temperature

Tτ friction temperature, Tτ = qw/ρCpuτ

u, v axial and radial velocity components

uτ friction velocity

Ub bulk velocity

Ul maximum velocity of the laminar flow

y+ distance from the wall in viscous wall units

z coordinate in axial direction

Greeks

δ half gap width, δ = (r2 − r1)/2

θ coordinate in circumferential direction

Θ dimensionless temperature, Θ = (〈Tw〉 − T )/Tr

ν kinematic viscosity

ρ specific density

Superscripts
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(.) statistically averaged

(.)+ normalized by uτ , ν and Tτ

(.)′ fluctuation component

1 inner wall

2 outer wall

I. INTRODUCTION

A literature review reveals that the mechanism of turbulent flow and heat transfer

in annular ducts is far from being understood, and that investigations of the thermal

interferences between inner and outer walls and their impact upon the convective heat

transfer is very scarce. Many theoretical analysis and experimental studies have been

devoted to this kind of geometry because of the numerous engineering applications (heat

exchangers, cooling or electric devices, nuclear reactors, ...).

Kays and Leung (1963) gave a review of the previous experimental studies. In 1963,

these authors published the most reliable numerical analysis of broad scope up till now.

Their paper addresses the problem of turbulent flow and heat transfer in a concentric

circular tube annulus with fully developed velocity profile and constant heat rate per unit

of length. Asymptotic solutions were developed for various ranges of radius ratio, Reynolds

number and Prandtl number. A superposition method was used for solving the problem of

asymmetric heating from the two surfaces of an annulus.

Most of prior numerical investigations, including that of Kays and Leung (1962, 1963)

are subjected to considerable errors because of the use of the eddy viscosity model to

represent the time-averaged turbulent shear stress, and in many cases, incoherent and

inaccurate expressions for that heuristic quantity leading to highly inaccurate time-averaged

velocity distribution (Yu et al, 2005a). Recently, Yu et al. (2005a) derived new numerical

solutions for the Nusselt number for fully developed turbulent convection in an annulus

uniformly heated on the inner wall and adiabatic outer wall. They pointed out that their

study was conducted on the basis of theoretical considerations (the numerical solutions
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were based on integration of the differential energy balance using an empirical expression

for the local fraction of the radial transport of energy due to turbulence) which are more

accurate numerically and practically functionally than any prior ones. They concluded that

the available experimental data appear to confirm their assertions, but because of their

limited scope and differences from set to set, they did not provide a critical test of their

new predictions.

Yu et al. (2005b) computed solutions with the same model for different thermal

boundary conditions: 1) uniform heating on the outer surface only, 2) equal uniform heat

fluxes on the two surfaces and 3) uniform heating on one surface with equal cooling on the

other. The predicted values of Nusselt number are in good agreement with the somewhat

limited experimental data.

Zeng et al. (2007) reviewed the few recent experimental investigations on forced flow

and heat transfer with water in bilaterally heated narrow annular ducts. They focused

their theoretical analysis on the characterictics of the flow and convective heat transfer on

the conditions of both developed laminar and turbulent flows. Their mathematical model

combines the time-averaged partial differential equation for the conservation of energy in

the radial direction in fully developed convection with an overall energy balance. The radial

heat flux density due to turbulence and the shear stress are based on numerically modified

empirical correlations. Under turbulent flow conditions, they found that the decrease of

the gap size yields heat transfer deterioration on the inner wall while it enhances the heat

transfer on the outer wall.

It is worth noting that all prior numerical analysis are not free of empiricism, quite

limited in scope and thus uncertain in results. Moreover, all these prior numerical analysis

have derived only the heat transfer coefficient (Nusselt number). Direct Numerial Simultions

(DNS) are free of the sources of errors present in prior numerical analysis. With DNS, one

can derive more turbulence statistics (mean velocity and temperature profiles, root mean

squares of velocity and temperature fluctuations, radial and axial heat fluxes, ...). The

present work is the first DNS which investigates the effects of heat flux ratio on turbulent

heat transfer in annular pipe flows under isoflux wall condition. The motivation of this work
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is to deal with the characterictics of the fully developed turbulent air flow and heat transfer

in bilaterally heated annular duct as illustrated in Fig. 1. In section 2 of the present paper,

the formulation of the problem and the numerical method are given. To validate our code,

DNS on turbulent flow (accurate predictions of the flow field being a prerequisite for correct

predictions of the heat transfer) and heat transfer in case of uniform equal heating of both

surfaces has been carried out (section 3), and showed good agreement with available DNS

data of literature (Chung and Sung, 2003). The effect of heat flux ratio, q∗ = q1/q2 (ratio of

heating flux at the inner wall of annulus to that at the outer wall), on the different thermal

statistics (mean temperature profiles, root mean square of fluctuating temperature, radial

and axial heat fluxes) is investigated and discussed in section 3. Conclusions in section 4

ends this work.

II. GOVERNING EQUATIONS AND NUMERICAL METHOD

Figure 1 depicts the annular flow configuration investigated. The turbulent flow is fully

developed and the newtonian fluid is incompressible (Prandtl number Pr = 0.71). At the

inner and outer walls, uniform heat fluxes q1 and q2 are respectively imposed. The fluid

properties are assumed constant and the viscous dissipation term is neglected. Therefore,

temperature may be considered as a passive scalar. The dimensionless temperature Θ is

defined as :

Θ = (〈Tb〉 − T )/Tr (1)

where Tr = qeδ/k is the reference temperature, and qe = q2 + r∗q1.

〈Tb〉 denotes the bulk temperature averaged in time and circumferential direction. Using

the dimensionless variables qr = r.vr, qθ = r.vθ, qz = vz, the governing equations (continuity,

momentum and energy equations) write as follow:

1

r

∂

∂r
(qr) +

1

r

∂

∂θ
(qθ) +

∂

∂z
(qz) = 0 (2)
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with

Dqr
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=
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+

∂

∂r
(
qrqr

r
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∂
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(
qrqθ

r
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∂
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] (9)

where r and the velocity components are scaled by the half of the gap width, δ, and maximum

velocity of the laminar profile, Ul, respectively. The Reynolds number Re is defined as

Re = Reδ = Ulδ/ν.

The heating condition imposed on the walls implies a linear increase of the bulk temperature

〈Tb〉 in the streamwise direction. For fully developed flows, the following equalities are

satisfied:
∂〈T 〉θ

∂z
=

∂〈Tb〉θ
∂z

=
∂〈Tw2〉θ

∂z
=

∂〈Tw1〉θ
∂z

=
2(r1q1 + r2q2)

ρCpUb(r2
2 − r1

2)
(10)

where 〈Tw1〉 and 〈Tw2〉 are the inner wall and outer wall temperatures averaged in time and

circumferential direction. The boundary conditions are given as:

• At the inner wall :

r = 2r∗/(1 − r∗) −→
∂Θ

∂r
= q∗/(1 + q∗r∗)
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• At the outer wall :

r = 2/(1 − r∗) −→
∂Θ

∂r
= 1/(1 + q∗r∗)

The governing equations were discretized on a staggered mesh in cylindrical coordinates

with a computational length in the axial direction L = 25δ. The numerical integration was

performed by a finite difference scheme, second-order accurate in space and in time. The

time advancement employed a fractional step method. A third-order Runge-Kutta explicit

scheme and a Crank-Nicolson implicit scheme were used to evaluate the convective and

diffusive terms, respectively. Uniform computational grid and periodic boundary conditions

were applied to the circumferential and axial directions. No-slip boundary conditions are

applied on the walls. Computations were carried out on (Nθ ×Nr ×Nz) = (257× 65× 257)

grid. For q∗ = 1, Table I compares the different informations concerning the grid resolution

to those of Chung and Sung (2003). The above grid was found to provide an accurate

prediction of turbulence statistics (in agreement with the available data of literature) and

to give a good compromise between the required CPU-time and accuracy. The time is made

dimensionless using the half gap width, δ, and the maximum velocity of the laminar flow,

Ul. The calculations have been conducted at constant CFL (Courant, Friedrichs and Lewy

condition, CFL = 1.7). In this case, the time step is computed from the imposed CFL, the

time step is however limited by the value 0.08δ/Ul in order to avoid large time discretization

errors.

To ensure that the computational domain used in the present study is adequate to

capture the largest thermal structures, we have analyzed the two-point correlations of the

fluctuating streamwise velocity and temperature, as can be seen in Fig. 2 and Fig. 3, in the

axial and azimuthal directions respectively, at the distance y+ ≃ 5 from inner and outer

walls. In the axial direction, Figure 2 shows that the auto-correlation of the fluctuating

streamwise velocity tends to zero, meaning that the computational domain is large enough

to simulate the largest eddies in the flow. Near the outer wall, the fluctuating temperature

does not decay to zero; its value remains constant and equal to 0.07. This observation has

been also reported by Chung and Sung (2003) with a constant value equal to 0.09. The

auto-correlation of the fluctuations of temperature does not vanish. In their DNS, and with

7



similar boundary conditions (isoflux boundary conditions), Tiselj et al. (2001) showed that

the auto-correlation of fluctuating temperature does not vanish for this kind of boundary

conditions even if the domain is enlarged. They pointed out that a large enough domain (in

the periodic directions) to capture the largest eddies in the flow is also large enough for the

scalar field. The two-point correlations in the azimuthal direction (Fig. 3) fall off to zero at

both walls. There is a slight deviation between the negative peaks of fluctuating temperature

and axial velocity, due to the difference in the boundary conditions for the temperature field

(isoflux boundary conditions) and the velocity field (no-slip boundary conditions).

III. RESULTS AND DISCUSSION

A. Mean velocity profile

To validate the present study, predictions are compared to the DNS data of Chung et al

(2002). Figure 4a illustrates the mean streamwise velocity profile normalized by the bulk

velocity, Ub, along with the DNS data of Chung et al (2002). The comparison between the

two profiles exhibits a surprisingly good agreement between them. The mean streamwise

velocity profiles scaled by the inner friction velocity, uτ 1, and the outer friction velocity,

uτ 2, display the different regions of the flow near the walls (Fig. 4b). At the outer tube,

one can clearly distinguish: the viscous sublayer, 0 ≤ y+ ≤ 5, with a linear law for the

velocity profile; the buffer region, 5 < y+ ≤ 30, and the logarithmic region which extends

up to y+ ≃ 200 and where the profile develops as v+
z = 2.5 ln(y+) + 5.5. At the inner wall,

the viscous sublayer is clearly seen. From y+ ≃ 5, a slight deviation between the inner and

outer walls is observed. The difference is significant in the logarithmic region where the

velocity profile deviates from the log law. This is attributed to the curvature effect near

the inner cylinder. Chung et al (2002) showed that the inner profile tends to the outer

one (and follows a logarithmic law) when the radius ratio increases. Due to the curvature

effects, the friction coefficient (Cf = 2τw/ρUb) of the inner tube (Cf 1
= 0.01314) is larger

than that of the outer one (Cf 2
= 0.00837) , in accordance with Chung et al (2002) findings

(Cf 1
= 0.01300 and Cf 2

= 0.00810) .
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B. Root mean square velocity fluctuations

The root mean square (rms) velocity fluctuations nondimensionalized by friction velocity

are given in Fig. 5 a,b,c, along with the DNS results by Chung et al (2002). The predicted

fluctuations in the streamwise (Fig. 5a) wall-normal (Fig. 5b) and azimuthal (Fig. 5c)

directions show an excellent agreement with the DNS data of Chung et al (2002). The

velocity fluctuations close to the inner wall are smaller than those at the outer wall, owing

to the transverse curvature effect. This difference in the values of the velocity fluctuations

at the inner and outer cylinders is reduced with an increase in the radius ratio. Indeed, the

velocity fluctuations in the plane channel have the same behavior near both walls. In the

annular space with a small radius ratio, the surface of the inner tube is smaller than the

one of the outer tube, and thus supplies less turbulent kinetic energy. The maximum in the

streamwise velocity fluctuations close to the inner and outer walls occurs at the distance

y+ ≃ 14. The value of the peak is v′+
z = 2.2 for the inner side and v′+

z = 2.6 for the outer

side. The latest value (2.6) is also found in the plane channel flow (Kim et al, 1987) as well

as in the cylindrical pipe flow (Redjem et al. 2008) where the peak in the streamwise velocity

fluctuations is also located at y+ ≃ 14. This is a further indication that the radius ratio has

no effect on the peak in the streamwise velocity fluctuations at both walls. It is interesting

to note that the flow geometry also has no effect on the peak value near the outer cylinder.

However, the value close to the inner wall seems to be affected by the flow geometry. Chung

et al (2002) reported that with increases in the radius ratio, this peak rises in the vicinity of

inner wall and tends to the value v′+
z = 2.6. Similar behavior is observed for the two other

velocity components. The small turbulence intensity of the radial and azimuthal velocities

at the inner tube is caused by the curvature effects.

C. Turbulent shear stresses

Figure 6b depicts the radial profiles of the Reynolds shear stress ( v ′

rv
′

z) as well as the

total shear stress ( −v′

rv
′

z + (1/Re)(dvz/dy)) scaled by the friction velocity uτ 1, and versus

the distance from the inner wall. The pipe’s walls being at rest, v ′

rv
′

z is the only non zero

turbulent shear stress. On Fig. 6b, the Reynolds shear stress v ′

rv
′

z is asymmetric like the
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velocity profile for which the maximum is close to the inner wall, at the y/δ = 0.64 Fig.

6a. Note that the position of the total shear stress does not match with the position of the

maximum velocity. The position of the total shear stress is closer to the inner wall and is

located at y/δ = 0.61. The total and Reynolds shear stresses are non-linear, especially in

the vicinity of the wall regions. Moreover, the Reynolds shear stress near the outer tube is

more intense than that near the inner tube. The present predictions agree fairly well with

the DNS findings of Chung et al (2002).

D. Mean temperature profiles

Figure 7 depicts the mean temperature distributions nondimensionalized by the friction

temperature of each wall, versus the distance to the inner or outer annulus wall for various

heat flux ratios q∗ = q1/q2. In the vicinity of the inner cylinder, Fig. 7a, the well known

asymptotic behavior Θ+ = Pr.y+ is observed in the viscous sublayer, irrespective to the

heat flux ratio. Beyond this sublayer, the turbulent heat transfer in the annular duct

is clearly affected by the heat flux ratio. Heat transfer at the inner annulus wall is less

important when the heat flux ratio decreases. For the smallest value of heat flux ratio,

q∗ = 0.01, the buffer region as well as the logarithmic one are practically non-existent. For

the highest heat flux ratio, q∗ = 100, the buffer region can be better distinguished and the

logarithmic part of the temperature profile extends further.

On the contrary, Figure 7b shows that the turbulent heat transfer at the outer wall

increases with decreases in q∗. The logarithmic zone in the temperature profile extends more

when the heat flux ratio is reduced. The outer temperature profile is significantly affected

for the highest q∗-value (q∗ = 100), and the logarithmic region totally disappears. It should

be noted that for a given heat flux ratio, the inner and outer temperature profiles are

appreciably different. Chung and Sung (2003) reported the same observation and showed

that the deviation between the inner and outer temperature profiles is more pronounced for

the radius ratio r∗ = 0.1 than that for r∗ = 0.5, due to a stronger curvature effects.
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E. Root Mean Square of temperature fluctuations

Figure 8 depicts the root mean square (rms) profile of temperature fluctuations normal-

ized by the friction temperature of each wall, for q∗ = 1. The present DNS predictions are in

accordance with the findings of literature. At the inner wall, the agreement is remarquably

good; at the outer wall, the rms of fluctuating temperature is slightly underestimated in

comparison to the rms obtained by Chung and Sung (2003), in the region y+ > 10, which

may be due to the different grid size in the radial direction (Table I). In the present DNS, a

cosine function is used for clustering the grid points in the radial direction and the grid size

in the wall-normal direction is thinner than that used by Chung and Sung (2003).

Because of the curvature effects, the intensity of the temperature fluctuations at the

outer cylinder is larger than that at the inner cylinder. The peaks of the temperature

fluctuations are located at the same distance from the walls, y+ ≃ 14, which coincides

with the position of the peaks of axial velocity fluctuations shown by Redjem (2008).

Unlike the results found for the pipe flow (Redjem et al., 2007), the rms of temperature

fluctuations in the annular space does not vanish as the wall is approached. This difference

is attributed to the different boundary conditions in pipe and annular flows. In the

pipe flow, a mixed condition is imposed (Θ+ = 0) which implies that the temperature

fluctuations vanish at the wall. In the annular flow, these fluctuations are not zero at the

walls, since isoflux boundary conditions are imposed. The rms of temperature fluctuations

at the outer tube is equal to 2.2, irrespective to the geometry flow. In the literature, this

value is generally found between 2 and 2.2 (Lu et al., 1995; Kong et al., 2000; Tiselj et al.,

2001). In the region y+ > 20, in the vicinity of the outer surface, the rms of temperature

fluctuation coincides with that for the pipe flow, because of the small radius ratio (r∗ = 0.1).

The root mean square fluctuations normalized by the bulk temperature are plotted for a

wide range of heat flux ratios, q∗ ≤ 1 (Fig. 9a) and q∗ ≥ 1 (Fig. 9b). When investigating

the fully developed turbulent flow in concentric annuli, it has been established that the

distribution of velocity fluctuations display smaller turbulence intensities near the inner

wall, in comparison to those in the vicinity of the outer wall. Since the surface of the inner

tube is smaller than the outer wall surface, the inner wall supplies relatively less turbulent

kinetic energy. Similarly, for the heat flux ratio q∗ = 1, the temperature fluctuation intensity
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is more important near the outer wall of annulus than at the inner wall. The surface of the

outer cylinder is larger than the inner wall surface, and produces more heat. This trend is

observed only for the heat flux ratios q∗ ≤ 1. For q∗ > 1, the opposite is seen: the fluctuating

inner temperatures surpass the fluctuating outer temperatures, and this difference is more

apparent when increasing the heat flux ratio. An increase in heat flux ratio, q∗ = q1/q2, (from

1 to 100) means indeed that the increase in the heat flux at the inner wall of the annulus,

q1, is more pronounced and more important than that at the outer wall, q2. Bringing more

heating flux at the smaller surface compensates the difference between the two walls. Note

that for q∗ ≃ 2, Figure 9b shows a nearly symmetric distribution of the temperature rms.

Bringing more and more heating flux at the inner wall leads to larger fluctuating inner

temperature, when q∗ → 100 (even if the outer wall supplies more turbulent kinetic energy

than the inner one). This suggests that the flow field has less impact on the temperature field

when q∗ >> 1∗ than it has in the case q∗ ≤ 1 (for which a strong similarity exists between

the flow and thermal fields) .

At both the inner and outer walls, the peak of the temperature fluctuations is always

located at the same position, irrespective to the value of heat flux ratio. The effect of heat

flux ratio on the magnitude of the peak in the rms profiles is very marked close to the inner

wall, as can be seen in Fig. 9a, and Figure 9b shows that it is more pronounced for q∗ > 1.

When q∗ decreases from 1 to 0.01, the temperature fluctuation level reduces near the inner

wall. The peak desappears for q∗ < 0.5, while the temperature fluctuation level slightly

increases in the vicinity of the outer cylinder. When q∗ varies from 1 to 100, the peak

remains distinct near the two cylinders. For q∗ = 100, it desappears near the outer wall,

whereas the temperature fluctuation intensity is significantly enhanced near the inner wall.

F. Turbulent heat fluxes

The streamwise and wall-normal turbulent heat fluxes normalized by the friction velocity

and friction temperature are displayed for q∗ = 1 in Fig. 10a and Fig. 10b, respectively.

The turbulent heat fluxes near the outer wall are larger than those near the inner one,

like the rms profile of temperature fluctuations. There is a good agreement between our

calculations and the DNS data by Chung and Sung (2003), despite a small discrepancy at
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the outer wall for y+ > 20. The turbulent heat fluxes obtained for a pipe flow (Redjem et

al., 2007) are also depicted in Fig. 10. The radius ratio being small (r∗ = 0.1), the present

predictions near the outer wall behave as turbulent heat fluxes for a pipe flow.

The streamwise turbulent heat flux is shown in Fig. 11 for various values of the heat

flux ratio. When q∗ varies from 1 to 0.01, there is a noticeable reduction of the streamwise

turbulent heat fux close to the inner tube, while it undergoes a slight changes close to the

outer tube. These results suggest that, for the range of heat flux ratio q∗ ≤ 1, the heat

transfer si significantly affected near the inner wall and remains nearly constant near the

outer wall. On the contrary, for q∗ > 1, the streamwise heat flux is more intense close to the

inner cylinder, and this tendency is more distinct with increases in q∗ values. A variation

in q∗ from 1 to 100 leads to a sharp rise of the maximum in the streamwise heat flux at

the inner side. The maximum is reduced at the outer side and tends to zero close to the

outer wall for q∗ = 100. For this range of heat flux ratios, q∗ > 1, the heat transfer is thus

affected both at inner and outer walls of the annular space.

Figure 12 illustrate the distribution of the wall-normal (radial) turbulent heat flux

normalized by friction velocity and friction temperature, for heat flux ratio ranges q∗ ≤ 1

(Fig. 12a) and q∗ ≥ 1 (Fig. 12b). In case of equal uniform heat fluxes on both walls

(q∗ = 1), the wall-normal turbulent heat flux profile is asymmetric, like the Reynolds shear

stress profile is. The position of the zero wall-normal heat flux is y∗ = y/δ = 0.46 and it

is closer to the inner surface than is the position of the zero Reynolds shear stress, y∗ = 1.39.

When varying the heat flux ratio from q∗ = 1 to q∗ = 0.01, Fig. 12a shows that the radial

heat flux is gradually attenuated in the vicinity of the inner wall and its peak desappears

for the smallest values of q∗. Close to the outer tube, the peak is nearly insensitive to the

diminution in q∗ although a slight augmentation can be seen. The wall-normal heat flux

values are more intense near the outer side like the rms temperature fluctuation profiles

and like the streamwise heat flux distributions. It is notable that the position of zero radial

heat flux moves towards the inner wall when q∗ decreases, until the wall-normal heat flux

vanishes on the inner wall for q∗ = 0.01.
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On the contrary, the differences in wall-normal heat flux level close to the inner cylinder

are more significant when q∗ increases from 1 to 100, as can be seen in Fig. 12b. The

augmentation in q∗ seems to compensate for the difference between the inner and outer

cylinder areas. The position of zero radial heat flux shifts towards the outer cylinder when

q∗ increases, revealing that the heat transfer normal to the walls goes mainly from the inner

to the outer wall.

Figure 13 shows the dimensionless position of zero wall-normal turbulent heat flux,

y∗ = y/δ, versus the heat flux ratio q∗. Two distinct evolutions of this position are clearly

diplayed: for q∗ ≤ 1, the position y∗ develops as the power law y/δ = 0.46q∗0.53 (which is

the best fit of this evolution) while it deviates significantly from this law for q∗ > 1.

One of the major difficulties in studying turbulent annular pipe flows is the estimation

of the ratio of the shear stresses on the two surfaces, and the related problem of evaluating

the radial position of maximum streamwise velocity, rmax, and the radial position of zero

shear stress, r0. In many previous work reported in the literature, these two positions

were assumed to be equal (ξ = rmax = r0). By this way, the ratio of shear stresses

is easily derived as a function of ξ for fully developed flow, allowing thus to establish

the shear stress distribution, the velocity and eddy viscosity profiles (Kays and Leung,

1962). It was also assumed in these models that the eddy viscosity equation could be used

directly for determining the thermal eddy diffusivity. The shear stress distribution was

a prequisite to calculate heat transfer, since a heat and momentum analogy method was used.

Based on an intensive experimental work, Rehme (1974) showed that the positions of

zero shear stress and maximum velocity do not coincide. Therefore, the concept of eddy

viscosity cannot be suitably applicable for annular flows. The concept of mixing length,

the semi-empirical equations of conservation for the kinetic energy turbulence and the

rate of dissipation of turbulence are also precluded for an annular flow. More recently,

Kaneda (2003) employed the semi-empirical analytical solutions obtained by Churchill and

Chan (1995a, 1995b) and Churchill (1997) for circular tube and parallel-plate channels,

he extended these solutions to the annular pipe flow by introducing some modifications.

Zeng et al. (2007) proposed a mathematical model (semi-empirical-integral method) for
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fully developed turbulent heat transfer in narrow annuli. To our best knowledge, there

is no complete analysis of this problem in the archival literature. In this context, DNS

of turbulent heat transfer and fluid flow in an annular duct appears to be an inestimable

resource to determine : 1) the velocity and temperature profiles, 2) the positions of

maximum and zero shear stress, 3) the shear stress distribution which is extremely difficult

to measure directly, and 4) the friction and heat transfer coefficients. Based on DNS

predictions, one can derive well appropriate correlation equations for the turbulent velocity

and shear stress profiles in annular space, and thus develop more accurate turbulence models.

G. Nusselt number

A literature survey reveals that investigations on the effect of heat flux ratio on turbulent

heat transfer in annular spaces with arbitrary prescribed heat flux are very few, and when

available, are incomplete and uncertain. The present results were thus validated through

comparisons with those reported in the case q∗ = 1, only.

The Nusselt numbers based on the hydraulic diameter are listed in Table II for several

heat flux ratios q∗. Nu1 and Nu2 stand for the inner and outer wall values, respectively. For

q∗ = 1, the predicted values Nu1 = 60.2 and Nu2 = 26.1 are consistent with the DNS data

of Chung and Sung (2003) who reported Nu1 = 62.53 and Nu2 = 27.63. The diminution in

heat flux ratio from 1 to 0.01 results in a substantial reduction in heat transfer at the inner

wall. On the outer cylinder, Nu2 increases slightly. The imposed heat flux on the inner

tube has a weak influence on the heat transfer at the outer wall because of the small radius

ratio considered. When q∗ varies from 1 to 100, the Nusselt number is enhanced at the in-

ner wall while it undergoes an significant decrease at the outer wall for the largest value of q∗.

IV. CONCLUSION

Direct numerical simulation of the fully developed turbulent flow and heat transfer in a

pipe of annular cross-section, with arbitrarily prescribed heat fluxes on the walls, has been
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performed.

The present DNS predictions of the flow field are in good agreement with the results

of literature. Close to the outer surface, the viscous sublayer, the buffer and logarithmic

regions are clearly distinguished on the mean streamwise velocity profiles. At the inner

surface, the velocity distribution deviates from the logarithmic law. Due to the curvature

effect, the rms of velocity fluctuations and the Reynolds shear stress v ′

zv
′

r near the outer

cylinder are more intense than those near the inner one.

The main emphasis has been placed on the effect of the heat flux ratio q∗ = q1/q2 on

turbulent thermal fields. For q∗ = 1, the present calculations agree with results reported in

the literature. The rms of temperature fluctuations near the outer wall of the annulus are

larger than those at the inner wall, like the turbulent heat fluxes. The surface of the outer

cylinder being larger than the inner one produces more heat.

In the vicinity of the walls, when q∗ varies, the mean temperature distribution develops

asymptotically as Θ+ = Pry+, in the conductive sublayer, irrespective to the heat flux

ratio. Beyond this sublayer, the turbulent thermal field is clearly affected by the heat flux

ratio. For q∗ = 0.01, the buffer and logarithmic regions are practically non-existent near the

inner tube, while they are better distinguishable for the highest heat flux ratio (q∗ = 100).

The opposite trend is seen in the vicinity of the outer tube. For q∗ = 1, the inner and

outer Nusselt number values are consistent with those predicted by Chung and Sung. (2003)

When the heat flux ratio decrease from 1 to 0.01, the temperature fluctuation intensities,

the wall-normal and streamwise turbulent heat fluxes and the Nusselt numbers are reduced

near the inner wall, whereas they change slightly near the outer wall. When the heat

flux ratio increases from 1 to 100, the opposite trends are observed: there is a substantial

enhancement of the thermal statistics (temperature fluctuation intensities and turbulent

heat fluxes) close to the inner wall. An augmentation in the inner Nusselt number is seen,

while a reduction in the outer Nusselt number is found.

The position of the zero radial turbulent heat flux shifts towards the inner wall, until
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the radial heat flux vanishes at the inner wall, for q∗ = 0.01. For the ratios q∗ ≤ 1, a power

law correlation is proposed: y/δ = 0.46q∗0.53. The present DNS predictions will be helpful

for developing more accurate turbulence models for heat transfer and fluid flow in annular

ducts with arbitrarily prescribed heat fluxes on the walls.

∗ Electronic address: ould@univ-mlv.fr
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DNS Chung and Sung (2003)
Nθ 257 256
Nr 65 65
Nz 257 192
L+

θi
249.93 250.28

L+

θe
2499.31 1975.57

L+
z 4475 2688.75

ri∆θ+ 0.97 0.98
re∆θ+ 9.72 7.72
∆r+

i 0.107 0.15
∆r+

e 0.09 0.12
∆r+

max 8.7 15.23
∆z+ 17.4 14

TABLE I: Grid resolutions compared to those of Chung and Sung (2003)

TABLE II: Effect of heat flux ratio on inner and outer Nusselt numbers.

q∗ Nu1 Nu2

0.01 0.27 28.1
0.1 2.92 27.5
0.25 8.01 27.3
0.5 18.94 26.8

1 60.2 26.1

2 62.3 24.3
5 65.8 20.6
10 70.7 12.4
100 75.1 5.6
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