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CORRESPONDENCE IN TERMS OF GEOMETRIC LANGLANDS

FUNCTORIALITY
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Abstract. In this Paper we are interested in the geometric local theta correspon-

dence at the Iwahori level especially for dual reductive pairs of type II over a non

Archimedean field F of characteristic p , 2 as well as the geometric Arthur-

Langlands functoriality at the Iwahori level. We consider the geometric version

of the invariants of the Weil representation of the Iwahori-Hecke algebras. We give

a complete geometric description of the corresponding category for (GL1,GLm).

Additionally given two reductive connected groups G, H over F and a morphism

Ǧ × SL2 → Ȟ of Langlands dual groups, we suggest a bimodule over the affine

extended Hecke algebras of H and G that should realize the local geometric Arthur-

Langlands functoriality at the Iwahori level. We propose a conjecture describing the

geometric Howe correspondence in terms of this bimodule and prove our conjecture

for the pair (GL1,GLm) for any m.
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1. Introduction

Our aim in this paper is to study the local theta correspondence known also as the
Howe correspondence and Arthur-Langlands functoriality at the Iwahori level in the
framework of geometric Langlands program. We develop this work in two directions.
The first path consists in geometrizing the classical Howe correspondence at the Iwa-
hori level by means of perverse sheaves and understanding the underlying geometry.
The second path consists in studying the relation between this geometric Howe cor-
respondence and the Arthur-Langlands funtoriality at the Iwahori level. Some of the
constructions are done in all generality while some others are only established for the
dual reductive pairs of type II.

The basic notions of the Howe correspondence from the classical point of view
have been presented in [36]. Let k = Fq of characteristic different from 2 and F =
k((t)) and O = k[[t]]. All representations will be assumed to be smooth and will be
defined over Qℓ, where ℓ is a prime number different from p. Let (G,H) be a split
dual reductive pair in some symplectic group Sp(W) over k. Let S̃p(W) denote the
metaplectic group which is the twofold topological covering of the symplectic group
Sp(W). Denote by (S, ω) the Weil (metaplectic) representation of S̃p(W), see [36].
We assume that the metaplectic cover admits a section over G(F) and H(F). In this
case, the Howe correspondence becomes a correspondence between some class of
representations of G(F) and representations of H(F).

It is of great interest to understand the relation between the Howe correspondence
and Arthur-Langlands functoriality. Adams in [1] suggested conjectural relations
with functoriality. Let Ǧ (resp. Ȟ) denotes the Langlands dual group of G (resp.
of H) over Qℓ. Under some assumptions, it is expected that there is a morphism
Ǧ ×SL2 → Ȟ such that if π is a smooth irreducible representation of G(F) appearing
in the Weil representation S and π

′

is the smooth irreducible representation of H(F)
the image of π under the Howe correspondence then the Arthur packet of π

′

is the
image of the Arthur packet of π under the above map. For more details the reader
can refer to [3], [22], [34], [35], [37]. It is well known that the Howe correspondence
realizes the Langlands functoriality in some special cases. In the classical setting the
reader may refer to [18], [22], [32], [37], and in the geometric setting one can refer
to [23], [31].

It is also interesting to understand the geometry underlying the Howe correspon-
dence and establish its analog in the framework of geometric Langlands program.
This has been initiated by V.Lafforgue and Lysenko in [23]. The second author then
studied the unramified case in [31] from global and local point of view for dual re-
ductive pairs (Sp2n,SO2m) and (GLm,GLn). One of our motivations is to extend the
results in [31] to the geometric setting of tamely ramified case (the Iwahori level).

Let BG (resp. BH) be a Borel subgroup of G (resp. of H) and let IG (resp. IH) be
the corresponding Iwahori subgroup in G(F) (resp. H(F)). At the Iwahori level we
are interested in the class of tamely ramified representations. A irreducible smooth
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representation of (π,V) of G(F) is called tamely ramified if the space of invariants
under the Iwahori subgroup IG is non-zero. The category of tamely ramified repre-
sentations is the full subcategory of smooth representations of finite length consisting
of those representations whose all irreducible subquotients are tamely ramified. De-
note by HIG the Iwahori Hecke algebra of G. Consider the functor sending a tamely
ramified representation (π,V) of G(F) to the space of invariants V IG . According to
[11, Theorem 4.10] this is an exact functor and an equivalence of categories between
the category of tamely ramified smooth representations of G(F) and the category of
finite-dimensionalHIG -modules. In the classical setting, at the tamely ramified case,
one strategy is to start by describing the space of invariants SIG×IH as a module over
the tensor productHIG ⊗HIH of Iwahori-Hecke algebras. So, our first step toward the
geometrization is to define the geometric counterpoint of the invariants space SIG×IH

and the Hecke actions of HIG and HIH on this space. This is done in §3, where we
define the category of IG × IH-equivariant perverse sheaves PIG×IH (M(F)) on some
ind-scheme M(F) as well as the derived category DIG×IH (M(F)). The construction of
these categories uses some limit procedure. Moreover, we define two Hecke functors
(4.1) geometrizing the bimodule structure of SIG×IH in §4, which is the action of the
category PIG (F lG) of IG-equivariant perverse sheaves on the affine flag variety F lG
(the same for H) on PIG×IH (M(F)). These Hecke functors are actually defined at the
level of the derived category DIG×IH (M(F)).

In the sequel (except in §8), we restrict ourselves to the case of dual reductive
pairs of type II. More precisely, let L0 = kn and U0 = km with n ≤ m and let
G = GL(L0) and H = GL(U0). Denote by Π(F) the space U0 ⊗ L0(F) and S(Π(F))
the Schwartz space of locally constant functions with compact support on Π(F). This
Schwartz space realizes the restriction of the Weil representation to G(F) × H(F)
[36]. According to Minguez [32] the Howe correspondence associate to any smooth
irreducible representation π of G(F) a unique irreducible smooth representation of
H(F) denoted by θn,m(π) such that π ⊗ θn,m(π) is a quotient of the restriction of the
Weil representation to G(F) × H(F). Moreover, he describes this correspondence
explicitly in terms of Langlands parameters.

The next step toward the study of the Hecke functors on PIG×IH (Π(F)) is to con-
sider the category PH(O)×IG (Π(F)) of H(O)×IG-equivariant perverse sheaves onΠ(F).
This category is acted on by the category PH(O)(GrH) of H(O)-equivariant perverse
sheaves on the affine Grassmannian GrH and the category PIG (F lG). In §5, we prove
in Proposition 5.16 and Corollary 5.18 that at least at the level of Grothendieck
groups, there is an isomorphism between K(PH(O)×IG (Π(F))) and K(PIG (F lG)) un-
der the action of K(PIG (F lG)) and the action of K(PH(O)(GrH)). At the unramified
level, this isomorphism is actually verified at level of categories themselves [31] and
one would hope the same would be true at the Iwahori level.

We continue our way toward understanding the geometric Weil representation
PIG×IH (Π(F)) by describing Theorem 6.7 in §6 the simple objects of this category
as the IC-sheaves of some IG× IH-orbits on Π(F). The precise formulation uses some
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combinatorics. Then in §7 we restrict ourselves to the case of the dual pairs GL1 and
GLm for all m ≥ 1. In this setting, in a series of propositions we are able to give a
complete geometric description in (7.10) of the module structure of K(PIG×IH (Π(F)))
under the action of the Hecke functors. More precisely we work with the category
DPIG×IH (Π(F)) which takes in consideration the action of the multiplicative group
Gm by cohomological shift −1. All our computations are at the level of perverse
sheaves and the symmetry in this case comes from the action of the perverse sheaves
in PIH (F lH) associated with the elements of length zero in the affine extended Weyl
group of H.

In §8 we start in a more general setting. Consider G and H two split reductive
connected groups over k and a map Ǧ × SL2 → Ȟ of dual Langlands groups over
Qℓ. To this data we attach a bimodule K(X) over affine extended Hecke algebras HG

and HH . We propose Conjecture 8.7 stating that the bimodule K(X) should realize
the local geometric Arthur-Langlands functoriality at the Iwahori level for this map.
This conjecture uses the essential Kazhdan-Lusztig-Ginzburg isomorphism between
the Ǧ × Gm-equivariant Grothendieck group of the Steinberg variety of Ǧ and the
affine extended Hecke algebra HG. We describe some properties of this bimodule in
this generality in §8.8.

In [15], the authors conjecture the existence of some category CG over the stack of
Ǧ-local systems over D∗ = Spec(k((t))) endowed with a "fiberwise" action of G(F).
Some conjectures about this category have been formulated in [15]. The construction
of this category is more tractable at the Iwahori level, however a lot of improvements
have been made in this area. Denote by NǦ the nilpotent cone of Ǧ and ÑǦ its
Springer resolution. Denote by CG,nilp the category obtained from the base change
NǦ/Ǧ → LS Ǧ(D∗), where LS Ǧ(D∗) stands for the Ǧ-local systems on D∗. The
authors conjecture [15, Formula 0.20] the following isomorphism

(1.1) K(CIG
G,nilp)−̃→K(ÑǦ/Ǧ),

where the left hand side is the Grothendieck group of the category of IG-invariants
in the category CG,nilp and the right hand side is the Grothendieck group of the cate-

gory of coherent sheaves on the stack ÑǦ/Ǧ. Moreover, this isomorphism should be
compatible with the action of the affine extended Hecke algebra.

Consider a dual (split) reductive pair (G,H) over k with a map Ǧ × SL2 → Ȟ.
Assume that the metaplectic cover splits over G(F) and H(F). In [23] the authors
construct a category W called the Weil category equipped with an action of (G ×
H)(F). This is a geometrization of the Weil representation. Inspired from the series
of conjectures presented in [15], Vincent Lafforgue has conjectured that there should
exist the following equivalence of categories

(1.2) W−̃→CG ×LS Ȟ(D∗) CH

as categories equipped with an action of (G × H)(F).
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By using Conjecture (1.1) and Conjecture (1.2), we propose the following con-
jecture at the level of Grothndieck groups linking the Howe correspondence and
Arthur-Langlands functoriality at the Iwahori level. Consider the invariants of the
category DW denoted by (DW)IG×IH . We conjecture in Conjecture 9.1 that the
Grothendieck group of this category is isomorphic to K(X) as a bimodule over the
affine extended Hecke algebras HG and HH . For this conjecture to make sense one
should use the following facts. Denote by DPIG (F lG) the category whose objects
are direct sums of shifted IG-equivariant perverse sheaves on F lG. This category
is monoidal which takes in consideration the action of Gm by cohomological shift.
The group K(DPIG (F lG)) ⊗ Qℓ is isomorphic to the Iwahori-Hecke algebra HIG ,
and by Iwahori-Matsumoto [19] the Iwahori-Hecke algebraHIG is isomorphic to the
affine extended Hecke algebra HG after specialization and finally HG is isomorphic to
Ǧ×Gm-equivariant K-theory KǦ×Gm(ZǦ) of the Steinberg variety ZǦ of Ǧ. The usual
Kazhdan-Lusztig-Ginzburg isomorphism is upgraded to the following isomorphism:

K(DPIG (F lG))−̃→KǦ×Gm(ZǦ).

Recently, Bezrukavnikov proved in [9] an equivalence of categories between DIG (F lG)
and the category of coherent sheaves on the Steinberg variety of Ǧ linking two ex-
treme parts of this chain of isomorphisms at the categorical level. By using these
isomorphisms, both K(X) and K((DW)IG×IH ) are bimodules over the affine extended
Hecke algebras HG and HH .

We give a more precise definition and properties of the stack X and its K-theory
while G = GLn and H = GLm. The above conjecture in the case of linear groups
states that there should exist an isomorphism of bimodules between K(DPIG×IH (Π(F)))
and K(X) over the two affine extended Hecke algebras of G and H, see Conjecture
9.2. Finally in §9 we prove in Theorem 9.3 this conjecture for dual pairs (GL1,GLm).
This theorem expresses the Howe correspondence in terms of K(X). The idea is that
the explicit description of the Howe correspondence obtained by Minguez in [32]
should be upgraded for a finer description of the bimodule in terms of the stack X
attached to the map Ǧ × SL2 → Ȟ. This opens an important perspective as the same
description should also hold for other dual pairs. Especially it should be interesting
to obtain a similar result for the dual pairs (Sp2n, SO2m) and thus provide a concep-
tually new approach to the computation in [4]. Other important perspective is a hope
that the whole derived category DIG×IH (Π(F)) could possibly be described in terms
of the derived category of coherent sheaves over the stack X in the same esprite of
the recent work in [9]. The main results of this paper have been announced in [14].

Acknowledgments: We would like to thank Vincent SÃl’cherre for his guidance
and helpful discussions as well as Vincent Lafforgue who allowed us to include one
of his conjectures in the manuscript.The results presented in this paper are a part of
the Ph.D. thesis of the author under the supervision of Sergey Lysenko.
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2. Notation

Let k will be an algebraically closed field of characteristic p > 2 except in §8
and §9 where k is assumed to be finite. Let F = k((t)) be the field of Laurent series
with coefficients in k and O = k[[t]] its ring of integers. Let ℓ be a prime number
different from p. We will denote by G a connected reductive group over k and by
G(F) the set of its F-points. Fix a maximal torus T and a Borel subgroup B of G
containing T . Throughout the paper we denote by X̌ the lattice of characters of T
and by X we denote the cocharacters lattice of T , see [12]. We denote by Ř the set of
roots and by R the set of coroots. Denote by (X̌, Ř, X,R,∆) the root datum associated
with (G,T, B), where ∆ denotes the basis of simple roots. Denote by X+ the set of
dominant cocharacters of G. Denote by IG the Iwahori subgroup of G(F) associated
with B. The reductive group Ǧ associated with the dual root datum is called the
Langlands dual group of G and will be considered over Qℓ. All representations are
assumed to be smooth and are considered over Qℓ. Denote by Rep(Ǧ) the category
of smooth representations of Ǧ over Qℓ and R(Ǧ) the ring of smooth representations
of Ǧ.

Denote by WG the finite Weyl group of the root datum (X̌, Ř, X,R,∆) and by sα̌ the
simple reflection corresponding to the root α̌. We denote by w0 the longest element
of the Weyl group WG. In all our notation, if there is no ambiguity we will omit
the subscript G. Denote by W̃G the semi-direct product WG ⋉ X, where WG acts on
X in a natural way. This is called the affine extended Weyl group. We will assume
additionally that the root datum is irreducible and the unique highest root will be
denoted by α̌0. Let S a f f = {sα|α ∈ ∆} ∪ {s0}, where s0 = t−α0 sα̌0 . The subgroup Wa f f

of W̃G generated by S a f f is the affine Weyl group associated with the root datum.
Denote by ℓ the length function defined on the coxeter group Wa f f which extends to
a length function on W̃G. Let Q denote a subgroup of X generated by coroots. One has
Wa f f −̃→WG⋉Q and the subgroup Wa f f is normal in W̃G and admits a complementary
subgroup Ω = {w ∈ W̃G |ℓ(w) = 0}, the elements of length zero. Moreover, we have
W̃G−̃→Wa f f ⋊Ω, which we will use as a description of W̃G.

For any scheme or stack S locally of finite type over k, we denote by D(S ) the
bounded derived category of constructible Qℓ-sheaves over S . Write D : D(S ) →
D(S ) for the Verdier duality functor. We denote by P(S ) the full subcategory of
perverse sheaves in D(S ). We will also use a subcategory DP(S ) of D(S ) defined
over any scheme or stack S . The objects of DP(S ) are the objects of

⊕
i∈Z P(S )[i],

and for K,K
′

∈ P(S ) and i, j ∈ Z the morphisms are:

HomDP(S )(K[i],K
′

[ j]) =

{
HomP(S )(K,K

′

) if i = j;
0 if i , j.

Lt X be a scheme of finite type over k and let G be a connected algebraic group acting
on X. We denote by PG(X) the full subcategory of P(X) consisting of G-equivariant
perverse sheaves. The derived category of G-equivariant Qℓ-sheaves on X is denoted
by DG(X). For Z a smooth d-dimensional irreducible locally closed subscheme of X
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and i : Z → X the corresponding immersion, we define the intersection cohomology
sheaf (IC-sheaf for short), IC(Z) as the perverse sheaf iZ!∗(Qℓ)[d].

We denote by GrG the affine Grassmannian defined as the k-space quotient G(F)/G(O).
If G is the linear algebraic group GLn over k, the k-points of GrG is naturally iden-
tified with the set of lattices in k((t))n, see [5]. The affine Grassmannian is an ind-
scheme of ind-finite type. Given λ in X, the G(O)-orbit associated with WG.λ is

G(O).tλ denoted by GrλG. Denote by GrλG the closure of the G(O)-orbit GrλG and the
Cartan decomposition of G(F)

G(F) =
⋃

λ∈X+
G(O)tλG(O).

For any λ and µ in X+, GrµG ⊂ GrλG, if and only if λ − µ is a sum of positive coroots
and

Grλ =
⊔

µ≤λ

Grµ.

For any λ in X+, the dimension of GrλG is 〈2ρ̌, λ〉, where ρ̌ is
1

2

∑
α̌∈Ř+ α̌, the half sum

of positive roots, see [7] and [33].

Denote byF lG the affine flag variety for G defined as the quotient k-space G(F)/IG,
which is an ind-scheme of ind-finite type as well, [17, Proposition 2.13]. The affine
flag variety decomposes as a disjoint union

F lG =
⋃

w∈W̃G

IGwIG/IG.

The closure of each Schubert cell IGwIG/IG is a union of Schubert cells and the
closure relations are given by the Bruhat order:

IGwIG/IG =

⋃

w′≤w

IGw
′

IG/IG.

For any w ∈ W̃G we will denote the Schubert cell IGwIG/IG by F lwG. It is isomorphic
to Aℓ(w).

Let R be a k-algebra. A complete periodic flag of lattices inside R((t))n is a flag

L−1 ⊂ L0 ⊂ L1 ⊂ . . .

such that each Li is a lattice in R((t))n, each quotient Li+1/Li is a locally free R-module
of rank one and Ln+k = t−1Lk for any k in Z.

For 1 ≤ i ≤ n, set

Λi,R = (⊕i
j=1t−1R[[t]]e j) ⊕ (⊕n

j=i+1R[[t]]e j).

For all i in Z, we set Λi+n,R = t−1
Λi,R. This defines the standard complete lattice flag

Λ−1,R ⊂ Λ0,R ⊂ Λ1,R ⊂ . . .

denoted by Λ•,R in R((t))n. Each point of GLn(R((t))) gives rise to a flag of lattices
inside R((t))n by applying it to the standard lattice flag. The Iwahori subgroup IG ⊂
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GLn(k[[t]]) is precisely the stabilizer of the standard lattice flag Λ•,k. For any k-
algebra R, F lGLn(R) is naturally in bijection with the set of complete periodic lattice
flags in R((t))n.

Let Y = lim
−−→i

Yi be an ind-scheme of ind-finite type, we define the category of

perverse sheaves on it as P(Y) = 2 lim
−−→i

P(Yi), where the functors P(Yi) → P(Yi+1)
are the direct image functors. This is again an abelian category since the functor of
direct image under a closed embedding is exact. So, the notation of the category of
perverse sheaves is well-defined for an ind-scheme of ind-finite type. Similarly one
can define the derived category D(Y) = 2 lim

−−→
D(Yi) which is triangulated category

due to the exactness property mentioned above. In the same way one may define the
category of equivariant perverse sheaves on an ind-scheme for a nice action of an
algebraic group on Y like the case of the affine Grassmannian and affine flag variety.
We define the category of G(O)-equivariant (resp. IG-equivariant) perverse sheaves
on the affine Grassmannian GrG denoted by PG(O)(GrG) (resp. PIG (GrG)) and the
category of IG-equivariant perverse sheaves on the affine flag variety F lG denoted by
PIG (F lG). The category PG(O)(GrG) is equipped with a geometric convolution product
denoted by ⋆ which preserves perversity and makes PG(O)(GrG) into a symmetric
monoidal category, see [33]. We define the extended geometric Satake equivalence
in the following way:

DPG(O)(GrG)−̃→Rep(Ǧ × Gm),

for any perverse sheaf K in PG(O)(GrG) and any integer i, this functor sends K[i] to
loc(K) ⊗ I⊗−i, where I is the standard representation of Gm and loc : PG(O)(GrG) →
Rep(Ǧ) is the satake equivalence.

One may define a geometric convolution product on PIG (F lG) as well but this
convolution product does not preserve perversity and the result is an element of the
derived category DIG (F lG), see [16] and [2].

Assume temporary that the ground field k is the finite field Fq. We define the
Iwahori-Hecke algebra HIG to be the space Cc(IG\G(F)/IG) of locally constant, IG-
bi-invariant compactly supported Qℓ-valued functions on G(F). We fix a Haar mea-
sure dx on G(F) such that IG be of measure 1 and endow HIG with the convolution
product. There are two well-known presentations of this algebra by generators and
relations. The first is due to Iwahori-Matsumoto [19] and the second is by Bern-
stein in [27] and [25]. We will use the second presentation. Moreover, we have the
isomorphism K(DPIG (F lG)) ⊗ Qℓ−̃→HIG .

3. Geometric Howe correspondence at the Iwahori level

Let M0 be a finite-dimensional representation of G and let M = M0 ⊗k O. The
definitions of the derived category D(M(F)) of ℓ-adic sheaves on M(F) and the cate-
gory P(M(F)) of ℓ-adic perverse sheaves on M(F) are given in [31]. We remind their
definition briefly for the sake of the reader.
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For any two integers N, r ≥ 0 with N+r > 0, set MN,r = t−N M/tr M.Given positive
integers N1 ≥ N2, r1 ≥ r2, we have the following Cartesian diagram

(3.1) MN2 ,r1

� � i //

p
����

MN1 ,r1

p
����

MN2 ,r2

� � i // MN1,r2

where i is the natural closed immersion and p is the projection.
Consider the following functor

D(MN,r2) −→ D(MN,r1)

K −→ p∗K[dim rel(p)](3.2)

According to [6, Proposition 4.2.5] the functor (3.2) is fully faithful and exact for
the perverse t-structure. The functor i∗ is fully faithful and exact for the perverse
t-structure as well. This yields a commutative diagram of triangulated categories:

(3.3) D(MN2 ,r1
) � � i∗ // D(MN1 ,r1

)

D(MN2 ,r2
)

p∗[dim]

OO

� � i∗ // D(MN1 ,r2
)

p∗[dim]

OO

The derived category D(M(F)) is defined as the inductive 2-limit of derived cate-
gories D(MN,r) as N, r go to infinity, see [20, Definition 4.2.1]. Similarly, P(M(F)) is
defined as the inductive 2-limit of the categories P(MN,r). The category P(M(F)) is a
geometric analogue of the Schwartz space of locally constant functions with compact
support on M(F).

Assume N + r > 0. The subgroup G(O) acts on MN,r via its finite dimensional
quotient G(O/tN+rO). Denote by Is the kernel of the map G(O) −→ G(O/tsO). The
Iwahori subgroup IG acts on MN,r via its finite-dimensional quotient IG/IN+r. For
s > 0 denote by Ks the quotient IG/Is.

Let r1 ≥ N+r > 0,we have the projection Kr1 ։ KN+r. This leads to the following
projection between stack quotients

q : Kr1\MN,r ։ KN+r\MN,r,

and gives rise to an equivalence of equivariant derived categories

DKN+r (MN,r)−̃→DKr1
(MN,r).

This equivalence is also exact for perverse t-structure. Denote by DIG (MN,r) the de-
rived category of Kr1-equivariant ℓ-adic sheaves DKr1

(MN,r) for any r1 ≥ N + r.
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By taking the stack quotient of Diagram (3.1) by KN1+r1 , we obtain

(3.4) DIG (MN2 ,r1
) � � i∗ // DIG (MN1 ,r1

)

DIG (MN2 ,r2
)

p∗[dimrel]

OO

� � i∗ // DIG (MN1,r2)

p∗[dimrel]

OO

where each arrow is fully faithful and exact for the perverse t-structure. Define
DIG (M(F)) as the inductive 2-limit of DIG (MN,r ) as N, r go to infinity. Similarly
we define the category PIG (M(F)). Since the Verdier duality D is compatible with
the transition functors in both diagrams (3.3) and (3.4) we have the Verdier duality
self-functors D on DIG (M(F)) and D(M(F)).

In order to define an action of the Hecke functors on DIG (M(F)), let us first define
the equivariant derived category DIG (M(F) × F lG). Let s1, s2 ≥ 0 and set

(3.5) s1 ,s2
G(F) = {g ∈ G(F)| ts1 M ⊂ gM ⊂ t−s2 M}.

Then s1 ,s2
G(F) ⊂ G(F) is closed and stable under the left and right multiplication by

G(O). Further, s1 ,s2
F lG = s1 ,s2

G(F)/IG is closed in F lG. For s
′

1 ≥ s1 and s
′

2 ≥ s2, we
have the closed embeddings s1,s2F ℓG ֒→ s

′

1,s
′

2
F ℓG and the union of s1,s2F ℓG is the

affine flag variety F lG. The map sending g to g−1 yields an isomorphism between

s1 ,s2
G(F) and s2 ,s1

G(F).

Assume M0 is a faithful representation of G, then s1,s2F ℓG ⊂ F ℓG is a closed
subscheme of finite type.

Lemma 3.6. For any s1, s2 ≥ 0, the action of G(O) on s1 ,s2
F lG factors through the

quotient G(O/ts1+s2+1O).

Proof. Choose a Borel B
′

in GL(M0) such that B = G ∩ B
′

. Denote by

M ⊂ M1 ⊂ · · · ⊂ Mn = t−1M

the full flag preserved by B
′

. The Iwahori subgroup IG consists of the elements g of
G(F) preserving M together with the flag Mi above. Hence the map from F ℓG to
F ℓGL(M0) sending a point gIG to the flag (gM ⊂ gM1 ⊂ · · · ⊂ gMn) is a closed im-
mersion. Thus s1 ,s2

F lG is realized as the closed subscheme in the scheme classifying

a lattice M
′

such that ts1 M ⊂ M
′

⊂ t−s2 M together with the full flag

M
′

⊂ M
′

1 ⊂ · · · ⊂ M
′

n = t−1M
′

.

The action of G(O) on the latter scheme factors through G(O/ts1+s2+1O). �

The action of IG on s1 ,s2
F lG factors through Ks = IG/Is for s ≥ s1 + s2 + 1. Let

s ≥ max{N + r, s1 + s2 + 1}, the group Ks acts on MN,r × s1 ,s2
F lG diagonally and

the category DKs(MN,r × s1 ,s2
F lG) is well-defined. For s

′

≥ s one has a canonical
equivalence

DKs(MN,r × s1 ,s2
F lG)−̃→DK

s
′ (MN,r × s1 ,s2

F lG).
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Define DIG (MN,r × s1 ,s2
F lG) as the category DKs(MN,r × s1 ,s2

F lG) for any s ≥
max{N + r, s1 + s2 + 1}.

Define the category DIG (M(F)×F lG) as the inductive 2-limit of DIG (MN,r×s1 ,s2
F lG)

as N, r, s1, s2 go to infinity. The subcategory PIG (M(F) × F lG) ⊂ DIG (M(F) × F lG)
of perverse sheaves is defined along the same lines.

4. Hecke functors at the Iwahori level

We use the same notation as in the previous section. Denote by µ̌ in X̌+ the charac-
ter by which G acts on det(M0). The connected components of the affine Grassman-
nian GrG are indexed by the algebraic fundamental group π1(G) of G, see [7]. For θ a
cocharacter in π1(G), choose λ in X+ whose image in π1(G) equals θ. Denote by GrθG
the connected component of GrG containing GrλG. The affine flag manifold F lG is a
fibration over GrG with the typical fibre G/B. Hence the connected components of
the affine flag variety F lG are also indexed by π1(G). For θ in π1(G), denote by F lθG
the preimage of GrθG in F lG. Set s1 ,s2

F lθG = F lθG ∩ s1 ,s2
F lG.

Let us now define the Hecke functors (geometrization of the action of the Iwahori-
Hecke algebra HIG on the invariants of the Weil representation SIG ) of PIG (F lG) on
DIG (M(F)), denoted by

(4.1)
←

HG : PIG (F lG) × DIG (M(F)) −→ DIG (M(F)).

Consider the following isomorphism

α : M(F) ×G(F) // M(F) ×G(F)

(v, g) // (g−1v, g).

Let (a, b) ∈ IG × IG act on the source by (a, b).(v, g) = (av, agb) and act on an element
of the target (v

′

, g
′

) by (a, b).(v
′

, g
′

) = (b−1v
′

, ag
′

b). The map α is IG × IG-equivariant
with respect to these two actions. Hence this yields a morphism of stacks

M(F) × F lG −→ (M(F)/IG) × F lG,

and enables us to define the following morphism of stack quotients

actq : IG\(M(F) × F lG) −→ (M(F)/IG) × (IG\F lG),

where the action of IG on M(F) × F lG is the diagonal one.

Lemma 4.2. There exists an inverse image functor

act∗q : DIG (M(F)) × DIG (F lG) −→ DIG (M(F) × F lG)

which preserves perversity and is compatible with the Verdier duality in the following
way: for any K in DIG (M(F)) and F in DIG (F lG) we have

D(act∗q(K ,T ))−̃→act∗q(D(K),D(T )).

Proof. Given N, r, s1, s2 ≥ 0 with r ≥ s1 and s ≥ max{N + r, s1 + s2 + 1}, one can
define the following commutative diagram
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MN,r × s1 ,s2
G(F) act //

qG

��

MN+s1 ,r−s1

qM

��
MN,r

��

MN,r × s1 ,s2
F lG

��

pr1oo
actq // Ks\MN+s1,r−s1

Ks\MN,r Ks\(MN,r × s1 ,s2
F lG)

pr
oo

actq,s

88
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q
q

q

pr2 // Ks\ (s1 ,s2
F lG)

The action map act sends the couple (v, g) to g−1v. The maps pr1, pr2 and pr are
projections. The map qG sends the couple (v, g) to (v, gIG). All the vertical arrows
are stack quotients for the action of the corresponding group. The group Ks acts
diagonally on MN,r × s1 ,s2

F lG and the map actq is equivariant with respect to this
action. This enables us to define the following functor:

DIG (MN+s1,r−s1) × DIG (s1 ,s2
F lG)

temp
−→ DIG (MN,r × s1 ,s2

F lG)

sending (K ,T ) to

(act∗q,sK) ⊗ pr∗2T [dim(Ks) − c + s1 dim M0]

where c equals 〈θ, µ̌〉 over s1 ,s2
F lθG.

Consider r1 ≥ r2 and s ≥ max{s1 + s2,N + r1}. Then we have the diagram

(4.3) Ks\(MN,r1 × s1 ,s2
F lG)

��

actq,s // Ks\(MN+s1,r1−s1)

��
Ks\(MN,r2 × s1 ,s2

F lG)
actq,s // Ks\(MN+s1,r2−s1)

The functors temp and the transition functors in (4.3) are compatible. This gives
rise to a functor

tempN,s1,s2 : DIG
(MN+s1) × DIG

(s1 ,s2
F lG) −→ DIG

(MN × s1 ,s2
F lG),

where MN = t−N M.
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Let N1 ≥ N + s2 then N ≤ N1 − s2 ≤ N1 + s1 and one has the closed immersion
MN ֒→ MN1+s1 . Thus we have

(4.4) DIG (MN) × DIG (s1 ,s2
F lG) � � // DIG (MN1+s1) × DIG (s1 ,s2

F lG)

tempN1 ,s1 ,s2

��
DIG

(MN1 × s1 ,s2
F lG)

� _

��
DIG (M(F) × s1 ,s2

F lG)

where the first inclusion is the extension by zero under the closed immersion MN ֒→

MN1+s1 . For any K in DIG (MN) and any T in DIG (s1 ,s2
F lG), the image of (K ,T )

under the composition (4.4) does not depend on N1. So we get a functor

temps1,s2 : DIG
(MN) × DIG (s1 ,s2

F lG) −→ DIG
(M(F) × s1 ,s2

F lG).

For any s
′

1 ≥ s1, and s
′

2 ≥ s2, we have the extension by zero functors

DIG
(s1 ,s2
F lG) ֒→ DIG

(
s
′

1
,s
′

2

F ℓG),

which are compatible with our functor temps1 s2 , so this yields the desired functor

act∗q : DIG
(M(F)) × DIG

(F lG)
temp
−→ DIG

(M(F) × F lG).

One checks that D(act∗q(K ,T ))−̃→act∗q(D(K),D(T )), and act∗q preserves perver-
sity. �

To define the convolution action, for any N, r, s1, s2 greater than zero satisfying the
condition s ≥ max{N + r, s1 + s2 + 1}, consider the projection

pr : Ks\(MN,r × s1 ,s2
F lG) −→ Ks\MN,r,

which gives us
pr! : DKs(MN,r × s1 ,s2

F lG) −→ DKs(MN,r ).

These functors are compatible with the transition functors in (4.3) and yield a functor

pr! : DIG (M(F) × F lG) −→ DIG (M(F)).

For any K in DIG
(M(F)) and T in DIG

(F lG), the Hecke operator
←

HG( , ) (4.1), is
defined by

←

HG(T ,K) = pr!(act∗q(K ,T )).

Moreover, this functor is compatible with the convolution product on DIG (F lG).
Namely, given T1,T2 in DIG (F lG) and K in DIG (M(F)), one has naturally

←

HG(T1,
←

HG(T2,K))−̃→
←

HG(T1 ⋆ T2,K).

One may also consider the category DPIG (F lG) and consider the Hecke functors in
the form

←

HG : DPIG (F lG) × DIG (M(F)) −→ DIG (M(F))
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defined by
←

HG(T [i],K) =
←

HG(T ,K)[i] for i ∈ Z and T ∈ PIG (F lG).

Let ∗ : PIG (F lG)→̃PIG (F lG) be the covariant equivalence of categories induced by

the map G(F) → G(F), g 7→ g−1. We may define the right action
→

HG : DIG (F lG) ×

DIG (M(F))→ DIG (M(F)) by
→

HG(T ,K) =
←

HG(∗T ,K).

Example. Let R, r ≥ 0 and tr M ⊂ V ⊂ t−RM be an intermediate lattice stable under
IG. Let K ∈ PIG (MR,r) be a shifted local system on V/tr M ⊂ t−RM/tr M. We are going
to explain the above construction explicitly in this case. Let T be in DIG (s1 ,s2

F lG).
Choose r1 ≥ r + s1. If g is a point in s1 ,s2

F lG then tr1 M ⊂ gV. So we can define the
scheme

(V/tr M)×̃s1 ,s2
F lG

as the scheme classifying pairs (gIG,m) such that gIG is an element of s1 ,s2
F lG and m

is in (gV)/(tr1 M). For a point (m, g) of this scheme we have g−1m in V/tr M.Assuming
s ≥ R + r we get the digram

MR+s2,r1

p
←− (V/tr M)×̃s1 ,s2

F lG
actq,s
−→ Ks\(V/t

r M),

where p is the map sending (gIG,m) to m. For gG(O in GrθG, the virtual dimension
of V/gV is 〈θ, µ̌〉. The space (V/tr M)×̃s1 ,s2

F lθG is locally trivial fibration over s1 ,s2
F lθG

with fibre isomorphic to an affine space of dimension dim(V/tr1 M)−〈θ, µ̌〉. Since K is
a shifted local system, the tensor product act∗q,sK ⊗ pr∗2T is a shifted perverse sheaf.
Let K⊠̃T be the perverse sheaf act∗q,sK ⊗ pr∗2T [dim]. The shift [dim] in the definition
depends on the dimension of the connected component and hence on µ̌ as explained
above and is such that the sheaf act∗q,sK ⊗ pr∗2T [dim] is perverse. Then

←

HG(T ,K) = p!(K⊠̃T ).

Compatibility. Assume temporary that k = Fq. Let us explain the relation between
this geometrical convolution and classical convolution action in [32] and [36] at the
level of functions. Given K in DIG (M(F)) we can associate with it the following
function aK in the Schwartz space SIG (M(F)). If K is represented by the ind-pro-
system KN,r in DIG (MN,r) then for m in t−N M0(O) one has

aK(m) = Tr(Frm,KN,r,m)q
rd
2 ,

where d = dim M0, the point m is the image of m in MN,r, and Frm is the geometric
Frobenius at m. For large enough r, this is independent of r. The Hecke functors on
DIG (M(F)) defined above geometrize the action of the Hecke algebras on SIG (M(F))
corresponding to the following left action of G(F) on S(M(F)): for a point g in G(F)
and a function f in S(M(F)) then

g. f (m) = | det g|
−1
2 f (g−1m),

for any m in M(F). To any T in PIG (F lG) one can associate a function on G(F)/IG

given by aT (x) = Tr(Frx,Tx) for x in G(F)/IG. For Ti ∈ PIG (F lG) denote by fi the
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corresponding function then we have

Tr(Frg, (T1 ⋆ T2)g) =

∫

x∈G(F)
f1(x) f2(x−1g)dx,

where dx is the Haar measure on G(F) such that IG is of volume 1. Now if F is in

DIG (M(F)), let K =
←

HG(T ,F ) and denote by f the function associated to F , then
the function aK associated to K is

aK(m) =

∫

x∈G(F)
| det x|−

1
2 f (x−1m)aT (x)dx,

for any m in M(F).

In the following (except §??) we will restrict ourselves to the case of dual reductive
pairs of type II. Let L0 = kn and U0 = km with n ≤ m and let G = GL(L0) and
H = GL(U0). We put Π0 = U0 ⊗ L0, L = L0(O), U = U0(O), and Π = Π0(O). For
any O-module of finite rank M and any pair N, r of integers such that N + r > 0,
we set MN,r = t−N M/tr M. Let TG (resp. TH) be the maximal torus of diagonal
matrices in G (resp. in H). Let BG (resp. BH) be the Borel subgroup of upper-
triangular matrices in G (resp. H). Let IG and IH be the corresponding Iwahori
subgroups. Denote by WG the finite Weyl group of G, XG (resp. XH) the lattice of
cocharacters of G (resp. H), and X+G the lattice of dominant cocharacters of G. Let
I0 denote the constant perverse sheaf on Π. Using the previous construction we have
the well-defined category of IG × IH-equivariant perverse sheaves on Π(F) inside the
derived category DIG×IH (Π(F)) which is the geometrization of the invariants of the
Schwartz space S(Π(F))IG×IH , and two Hecke functors corresponding to the actions
of PIG (F lG) and PIH (F lH) on DIG×IH (Π(F)) :

←

HG : PIG (F lG) × DIG×IH (Π(F)) −→ DIG×IH (Π(F))

and
←

HH : PIH (F lH) × DIG×IH (Π(F)) −→ DIG×IH (Π(F)).

The ultimate goal is to understand these two functors
←

HG and
←

HH . In this article we
will first describe the simple objects of the category PIG×IH (Π(F)) and then we will

restrict ourselves to the computation of
←

HG and
←

HH on the subcategory PIH×IG (Π(F))
of DIG×IH (Π(F)) in the case of n = 1 and m ≥ 1.

5. Structure of the category PH(O)×IG (Π(F))

The purpose here is to understand the module structure PH(O)×IG (Π(F)) under the
action of PIG (F lG) and PH(O)(GrH). Let U∗ denote the dual of U. A point v in
Π(F) may be seen as a O-linear map v : U∗ → L(F). For v in ΠN,r, let Uv,r =

v(U∗) + trL. Then Uv,r is a O-module in L(F). By identifying GrG with the ind-
scheme of lattices in L(F), we may view Uv,r as a point of the affine Grassmannian
GrG. The Iwahori subgroup IG acts on the affine Grassmannian GrG as well. The
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IG-orbits are parametrized by cocharacters λ in X. Each orbit is an affine space. We
have the decomposition

(5.1) G(F) =
⊔

λ∈X

IGtλG(O).

Let λ be in X+, each G(O)-orbit GrλG decomposes into IG-orbits which are parametrized
by W.λ and the orbit IGtλG(O) is open in GrλG. For any λ in X denote by Oλ for the

IG-orbit through tλG(O) in GrG. Denote by Oλ its closure. The scheme Oλ is strat-

ified by locally closed subschemes Oµ, where µ is in X. Remark that Oµ ⊂ Oλ does
not necessarily imply µ ≤ λ. Denote by Aλ the IC-sheaf of Oλ which is an object of
PIG (GrG).

Lemma 5.2. The set of H(O)-orbits on ΠN,r identifies with the scheme of lattices R
such that trL ⊂ R ⊂ t−N L via the map sending v to Uv,r.

Proof. Let M be a free O-module and M
′

be any O-module. If f1 and f2 are two
surjections from M to M′, then the kernel Ker( f1) of the map f1 is a freeO-submodule
of M and Ext1(M,Ker( f1)) = 0. Hence there is an O-linear endomorphism h of M
such that f1 ◦ h = f2. Let us now consider two elements v1 and v2 of ΠN,r such
that Uv1,r = Uv2,r. Adding to vi a suitable element tr

Π, we may assume that both
vi : U∗ → Uv,r are surjective for i = 1, 2. Then the previous argument implies that
there exists h in H(O) such that v1 ◦ h = v2. Thus, for v1 and v2 in ΠN,r, the H(O)-
orbits through v1 and v2 coincide if and only if Uv1,r = Uv2,r. It is straightforward to
see that lattices R such that trL ⊂ R ⊂ t−N L are exactly of the form Uv,r for some v in
ΠN,r. �

Let ω̌1 = (1, 0 . . . , 0) be the highest weight of the standard representation of G and
remind that w0 is the longest element of the finite Weyl group WG.

Lemma 5.3. The H(O) × IG-orbits on ΠN,r are parametrized by elements λ in XG

such that for any ν in WG.λ

(5.4) 〈ν, ω̌1〉 ≤ r and 〈w0(ν), ω̌1〉 ≤ N.

Denote each orbit indexed by λ as above by Πλ,r. Each Πλ,r consists of points v such
that Uv,r lies in IGtλG(O).

Proof. Any lattice R satisfying trL ⊂ R ⊂ t−N L is of the form Uv,r for some v in
ΠN,r. Consider the lattice Uv,r as a point in GrG. Then by Lemma 5.2 the H(O) × IG-
orbits on ΠN,r are exactly the locally closed subschemes (Πλ,r)λ∈XG in ΠN,r such that
λ satisfies (5.4). �

The closure of the orbit Πλ,r will always be denoted in the sequel by Πλ,r. For a
given cocharacter λ, the condition (5.4) is verified for large enough r. This defines a
stratification of ΠN,r by locally closed subschemes Πλ,r.

For any λ in XG, the perverse sheaves IC(Πλ,r) in PH(O)×IG (Π(F)) are independent
of the choice of r provided by the condition 〈ν, ω̌1〉 < r for any ν in WGλ. Hence the
resulting object of PH(O)×IG (Π(F)) will be denoted by IC(Πλ).



GEOMETRIC LOCAL THETA CORRESPONDENCE AND LANGLANDS FUNCTORIALITY 17

Proposition 5.5. The irreducible objects of PH(O)×IG (Π(F)) are in bijection with XG.

The irreducible object corresponding to a cocharacter λ in XG is the intersection
cohomology sheaf IC(Πλ).

Proposition 5.6. For any λ in XG, the complex
←

HG(Aλ, I0) is canonically isomorphic
to IC(Πλ).

Hence any irreducible object of the category PH(O)×IG (Π(F)) is obtained by the
action of Aλ on I0 for some λ in XG. The proof of this proposition will be presented
in several steps. First remark that if λ is dominant then Aλ is G(O)-equivariant and
in this case Proposition 5.6 results from [31, Proposition 5].

Let us give a description of the complex
←

HG(Aλ, I0) by using Example. Choose
two integers N, r satisfying N + r > 0 such that for any ν ∈ WG.λ, the condition (5.4)

be satisfied. Let Π0,r×̃O
λ

be the scheme classifying pairs (v, gG(O)), where gG(O)

belongs to O
λ

and v is an O-linear map from U∗ to gL/trL. Let

(5.7) π : Π0,r×̃O
λ

−→ ΠN,r

be the map sending a pair (v, gG(O)) to the composition

U∗
v
−→ gL/trL֒→ t−N L/trL.

This map is proper. The projection p : Π0,r×̃O
λ

→ O
λ

is a vector bundle of rank
rnm − m〈λ, ω̌n〉, where ω̌n = (1, . . . , 1). We obtain in this particular case an isomor-
phism

(5.8)
←

HG(Aλ, I0)−̃→π!(Qℓ⊠̃A
λ),

where the complex Qℓ⊠̃A
λ is normalized to be perverse, i.e.

Qℓ⊠̃A
λ−̃→p∗Aλ[dim rel(p)].

As mentioned before the category PG(O)(GrG) is equipped with a convolution prod-
uct. Consider the following diagram

(5.9) GrG ×GrG
p
← G(F) ×GrG

q
→ G(F) ×G(O) GrG

m
→ GrG.

Let F1 and F2 be two G(O)-equivariant perverse sheaves over GrG, the convolution
product of these two perverse sheaves is by definition F1 ⋆ F2 = m!(F1⊠̃F2), where
the sheaf F1⊠̃F2 is perverse equipped with an isomorphism

(5.10) p∗(F1 ⊠ F2)−̃→q∗(F1⊠̃F2).

According to [16, Theorem 1] the category PG(O)(GrG) acts on PIG (GrG) by convolu-
tion and this convolution product ⋆ preserves perversity. We want to use this result in
order to give a dimension estimate for the objects of PIG (GrG). Let D = Spec(k[[t]])
and D∗ = Spec(k((t))). Denote by E0 the trivial G-torsor on D. The ind-scheme
G(F) ×G(O) GrG classifies quadruplets (E, E1, β̃, β1).

For µ in X+G, let Bµ be the IC-sheaf associated with the G(O)-orbit tµG(O) in GrG.

Then, for any cocharacter λ in XG the convolution product Aλ ⋆ Bµ is perverse. For
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any ν in XG, and any point (E1, β1) in Oν, let Y be the fibre of the map m over this
point. The fibre Y identifies with the affine Grassmannian GrG. For η in XG and δ in
X+G, let Yη,δ be the stratum of Y defined by the following two conditions:

(1) the G-torsor E is in IG-position η with respect to the trivial G-torsor E0.

(2) the G-torsor E1 is in G(O)-position δ with respect to E.

Note that the restriction ofAλ ⋆Bµ to Oν sites in usual degrees smaller than or equal
to − dim Oν, and the restriction ofAλ⊠̃Bµ|Yη,δ is the constant complex sitting in usual
degrees smaller than or equal to − dim Oη − dim GrδG.

Lemma 5.11. For any η, ν in XG and any δ in X+G the following inequality holds:

2 dim Yη,δ − dim Oη − dim GrδG ≤ − dim Oν.

Proof. Let Bδ,! (resp. Aη,!) be the constant perverse sheaf on GrδG (resp.Oη) extended
by zero (in the perverse sense) on GrG. The extension by zero functor is right exact for
the perverse t-structure. Hence Bδ,! (resp. Aη,!) lies in non positive perverse degrees
and so does the convolution product Aη,! ⋆ Bδ,!. The ∗-restriction of Aη,!⊠̃Bδ,! to Y
is the extension by zero from Yη,δ to Y of the constant complex. Hence this complex
lies in degrees 2 dim Yη,δ − dim Oη − dim GrδG + dim Oν and so we have the desired
inequality. �

Proof of Proposition 5.6 : Let λ be in XG and consider the complex π!(Qℓ⊠̃A
λ)

appearing in (5.8). For ν in XG, take a H(O) × IG-orbit Πν,r in ΠN,r. If v is in Πν,r,
let Yv be the fibre of the map π over v defined in (5.7). The fibre Yv is the scheme

classifying gG(O) in O
λ

such that Uv,r is a sublattice of gL. If v is in Πλ,r then Yv

is just a point and so the map π is an isomorphism over the open subscheme Πλ,r.
On one hand this implies directly that IC(Πλ,r) appears with multiplicity one in the

complex of sheaves
←

HG(Aλ, I0). On the other hand this gives

dim(Πλ,r) = rnm − m〈λ, ω̌n〉 + dim Oλ.

Let U be the open subscheme of Π0,r×̃O
λ

consisting of pairs (v, gG(O)) such that
gG(O) lies in Oλ and v : U∗ −→ gL/trL is surjective. The image of U by π is
contained in Πλ,r. So, π induces a surjective proper map

πλ : Π0,r×̃O
λ

−→ Πλ,r.

For v in Πν,r, we stratify Yv by locally closed subschemes Yη
v indexed by cocharac-

ters η in XG. For any η, the stratum Yη
v parametrizes elements gG(O) in Oη. The ∗-

restriction of Qℓ⊠̃A
λ to Yη

v lives in usual degrees smaller than or equal to − dim Oη −

rnm + m〈η, ω̌n〉 and the inequality is strict unless η = λ. We will show that

(5.12) 2 dim Yη
v − dim Oη − rnm + m〈η, ω̌n〉 ≤ − dimΠν,r

and that the inequality is strict unless ν = λ, this would imply our claim. Since we
have dim(Πν,r) = rnm − m〈ν, ω̌n〉 + dim Oν, the inequality (5.12) becomes

(5.13) 2 dim Yη
v ≤ m〈ν − η, ω̌n〉 + dim Oη − dim Oν.



GEOMETRIC LOCAL THETA CORRESPONDENCE AND LANGLANDS FUNCTORIALITY 19

Considering the map πη : Π0,r×̃O
η

−→ Πη,r, we see that Πν,r ⊂ Πη,r. A dominant
cocharacter δ in X+G is called very positive if

δ = (b1 ≥ · · · ≥ bn ≥ 0).

It is natural to stratify Yη
v by locally closed subschemes Yη,δ

v , where δ runs through
very positive cocharacters. For any such δ, the stratum Yη,δ

v consists of elements
(v, gG(O)) such that the lattice Uv,r is in G(O)-position δ with respect to the lattice
gL. For a point (v, gG(O)) of Yη,δ

v the formula of virtual dimensions dim(L/gL) +
dim(gL/Uv,r) = dim(L/Uv,r) gives

〈δ + η − ν, ω̌n〉 = 0.

Finally the equation (5.13) is equivalent to

2 dim Yη,δ
v ≤ n〈δ, ω̌n〉 + dim Oη − dim Oν.

By using Lemma 5.11 we are reduced to show that for any very positive δ, 〈δ, nω̌n −

2ρ̌G〉 ≥ 0. To prove this inequality notice that

nω̌n − 2ρ̌G = (1, 3, 5, . . . , 2n − 1).

Thus nω̌n − 2ρ̌G is very positive and so for any very positive cocharacter δ we have
〈δ, nω̌n − 2ρ̌G〉 ≥ 0. This proves the inequality (5.13). Moreover for any very positive
δ this inequality is strict unless δ = 0 which is the case if and only if ν = η. This
finishes the proof. �

Remind that according to the Satake isomorphism, PH(O)(GrH) is equivalent to the

category Rep(Ȟ) of representations of the Langlands dual group Ȟ over Qℓ. The
module structure of PH(O)×G(O)(Π(F)) under the action of the category PH(O)(GrH)
has been described in [31, § 5]. Let U1 (resp. U2) be the vector subspace of U0,

generated by the first n basis vectors (resp. by the last m − n basis vectors) of U0.
Thus, U0 = U1 ⊕ U2. Let P ⊂ H be the parabolic subgroup preserving U1. Let
M →̃GL(U1) ×GL(U2) the standard Levi factor in P and the map κ : Ǧ × Gm → Ȟ
be the composition

(5.14) Ǧ × Gm
id×2ρ̌GL(U2)

−→ Ǧ × ǦL(U2) = M̌ ֒→ Ȟ.

By using the extended Satake equivalence, write

gResκ : PH(O)(GrH) −→ DPG(O)(GrG)

for the functor corresponding to the restriction Rep(Ȟ)→ Rep(Ǧ ×Gm) with respect
to κ.

Proposition 5.15. [31, Proposition 4] The two functors

PH(O)(GrH)→ DH(O)×G(O)(Π(F))

given by

T →
←

HH(T , I0) and T →
←

HG(gResκ(T ), I0)

are isomorphic.
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Proposition 5.16. For any λ in XG and T in PH(O)(GrH) we have the following
isomorphism

←

HH(T , IC(Πλ)) →̃
←

HG(Aλ ⋆ gResκ(T ), I0).

Proof. Since PIG (F lG) and PH(O)(GrH)-actions on PH(O)×IG (Π(F)) commute, we get
from Proposition 5.6 and [31, Proposition 4]

←

HH(T , IC(Πλ)) −̃→
←

HH(T ,
←

HG(Aλ, I0))

−̃→
←

HG(Aλ,
←

HH(T , I0))

−̃→
←

HG(Aλ,
←

HG(gResκ(T ), I0))

−̃→
←

HG(Aλ ⋆ gResκ(T ), I0).

�

From Proposition 5.6 it also follows that the functor

(5.17) DIG (GrG)→ DH(O)×IG (Π(F))

given by A 7→
←

HG(A, I0) is exact for the perverse t-structures. It is easy to see
that neither of the categories PIG (GrG) or PH(O)×IG (Π(F)) is semi-simple. The func-
tor (5.17) commutes with the actions of PIG (F lG) by convolutions on the left. Let
PH(O)(GrH) act on DIG (GrG) via gResκ composed with the natural action of DG(O)(GrG)
by convolutions on the right. According to Proposition 5.16, it is natural to expect
that (5.17) commutes with the actions of PH(O)(GrH). From Proposition 5.6 and
Proposition 5.15 one derives the following.

Corollary 5.18. The functor (5.17) yields an isomorphism at the level of Grothendieck
groups between K(PIG (GrG)) and K(PH(O)×IG (Π(F))) commuting with the above ac-
tions of K(PH(O)(GrH)) and K(PIG (F lG)).

6. Simple objects of PIG×IH (Π(F))

We use the same notation as in the previous section. Our goal is to describe the
simple objects of PIH×IG (Π(F)). To do so we study the IH × IG-orbits on Πλ,r defined
in [§6, Lemma 5.3]. It turns out that it is not necessary to do the study for all cochar-
acters λ. Indeed if λ = (a1, . . . , an) we will restrict ourselves to the case where all ai’s
are strictly smaller than r. This will be sufficient for our purpose.

Let
Stabλ = {g ∈ IG | g(tλL) = tλL}

and
Xλ

N,r = {v ∈ ΠN,r | Uv,r = tλL + trL}.

Describing IH × IG-orbits on Πλ,r is equivalent to describe IH × Stabλ-orbits on
Xλ

N,r. Assume n = m.

Lemma 6.1. The IH ×Stabλ- orbits on Xλ
N,r are in bijection with the finite Weyl group

WG.
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Proof. Let {e1, e2, . . . , en} be the standard basis of the vector space L0 such that the
Borel subgroup BG preserves the standard flag associated with the basis (ei)1≤i≤n. Let
(u∗1, u

∗
2 . . . , u

∗
m) be the standard basis of the dual space U∗0. Let v be a point in Xλ

N,r and
consider the induced map

(6.2) v : U∗/tU∗ −→ Uv,r/(tUv,r + trL) = tλL/tωn+λL,

where ωn = (1, . . . , 1). The map v is an isomorphism and it may be considered as an
element of Aut(tλL/tωn+λL). Denote by

· · · ⊂ L−1 ⊂ L0 ⊂ L1 ⊂ . . .

the standard complete flag of lattices inside L(F) preserved by the Iwahori group
IG. Then for any i in Z the images of Li ∩ tλL in tλL/tωn+λL define a complete flag
which is preserved by Stabλ. Thus the image of Stabλ in Aut(tλL/tωn+λL) is a Borel
subgroup of G but not necessary the standard one. Hence the IH ×Stabλ-orbits on the
set of isomorphisms (6.2) are parametrized by the finite Weyl group WG. By Lemma
6.3 below each IH × Stabλ-orbit on Xλ

N,r is the preimage of a IH × Stabλ-orbit on the

scheme of isomorphisms (6.2). Finally one gets that IH × Stabλ-orbits on Xλ
N,r are

exactly indexed by WG. �

Hence by this Lemma, any IH × IG-orbit on Πλ,r is parametrized by WG under the
assumption that all ai’s are strictly smaller than r.

Lemma 6.3. Let p, q be two integers such that p ≤ q. Let B be a free O-module of
rank p and A be a free O-module of rank q. Let v1, v2 : A→ B be surjective O-linear
maps such that for i = 1, 2 the induced maps vi : A/tA → B/tB coincide. Then there
is h ∈ GL(A)(O) with h = 1 mod t such that v2 ◦ h = v1.

Proof. Let Ai be the kernel of vi for i = 1, 2. These are free O-modules of rank q− p.
Choose a direct sum decomposition A = Ai⊕Wi,where Wi is a free O-module of rank

p. Then there is a unique isomorphism a : W2 −→ W1 such that W2
a
−→ W1

v1
−→ A

coincides with W2
v2
−→ A. The images of Ai ⊗O k in A ⊗O k coincide, therefore there

exists an isomorphism of O-modules b : A2 −→ A1 such that b : A2 ⊗O k −→ A1 ⊗O k
is identity. Then a ⊕ b is the desired map h. �

Lemma 6.4. Any element w of W̃G defines an IH × IG-orbit on ΠN,r for large enough
r denoted by Πw

N,r. More precisely if w = tλτ and λ = (a1, . . . , an), all values of r
strictly bigger than ai’s are admissible.

Proof. According to Lemma 6.1, for any cocharacter λ = (a1, . . . , an) in XG such that
for all i, ai is strictly smaller than r the set of IH × IG-orbits on Πλ,r is indexed by WG.

For any such λ and any τ in WG, let w = tλτ be the associated element of W̃G. Then
the IH × IG-orbit passing through a point v of ΠN,r is given by

v(u∗i ) = taτi eτ(i) f or i = 1, . . . , n.

For any w = tλτ in W̃G we denote this orbit by Πw
N,r. �
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For any w in W̃G denote by Iw the IC-sheaf of the IH × IG-orbit Πw
N,r indexed by

w, and by Iw! the constant perverse sheaf on Πw
N,r extended by zero to ΠN,r. As an

object of PIH×IG (Π(F)) is independent of r, so that our notation is unambiguous. We
underline that this notation is only introduced under the assumption ai < r for all i.
Remind that n = m.

Proposition 6.5. Any irreducible object of PIH×IG (Π(F)) is of the form Iw for some
w in W̃G.

Proof. An irreducible object of PIH×IG (Π(F)) is the IC-sheaf of an IH × IG-orbitY on
Πλ,r for some integer r and for some cocharacter λ satisfying (5.4). In particular all
ai’s are smaller than or equal to r. First we will show that we can restrict ourselves to
the case where all ai’s are strictly less than r. Assume that ai = r for some i. For s > r
consider the projection q : ΠN,s → ΠN,r. Then the H(O) × IG-orbit Πλ,s is open in
q−1(Πλ,r). The map q : Πλ,s → Πλ,r is not surjective but the sheaf IC(Y) is non-zero
over the locus in q−1(Πλ,r) of maps v : U∗ → t−N L/trL whose geometric fibre of the
image is of maximal dimension n. Hence the IC-sheaf of Y is a also an IC-sheaf of
some IH × IG-orbit on Πλ,s. Thus we are reduced to the case where all ai are strictly
less than r. Remind that the geometric fibre of an O-module L is L ⊗k O.

Next we are going to prove that each IH × IG-equivariant local system on Πw
N,r is

constant. The map Xλ
N,r → Isom(U∗/tU∗, tλL/tλ+ωn L) given by v → v̄ is an affine

fibration. The group Hom(U∗, tλ+ωn L/trL) acts freely and transitively on the fibres of
this map. So we are reduced to show that any BG × BH-equivariant local system on
any BH × BG-orbit on U0 ⊗ L0 is constant. Indeed this is true because the stabilizer
in BG of a point in the double coset BGwBG/BG for any w in WG is connected. �

If λ is dominant then the image of Stabλ in Aut(tλL/tλ+ωn L) is the standard Borel
subgroup of G. Thus when w = tλ with λ being dominant we have that Πw

N,r is an
open subscheme of Πλ,r and Iw

= IC(Πλ,r).

Assume that n ≤ m. In this case the map (6.2) is not an isomorphism but only a
surjection. We may consider the IH × Stabλ-orbits on the set of surjections (6.2). Let
S n,m be the set of pairs (s, Is), where Is is a subset of n elements of {1, . . . ,m} and
s : Is −→ {1, . . . , n} is a bijection. Let W1 ⊂ W2 ⊂ · · · ⊂ Wm = U∗0 be a complete

flag preserved by BH . We denote by W i the image of Wi under the map (6.2). Then
Is = {1 ≤ i ≤ m| dim W i > dim W i−1}.

Lemma 6.6. Any element of XG × S n,m defines an IH × IG-orbit on ΠN,r for large
enough r. More precisely if w = (λ, s) and λ = (a1, . . . , an), all values of r strictly
bigger than ai’s are admissible.

Proof. It is sufficient to describe the IH × Stabλ-orbits on the set Xλ
N,r. By Lemma

6.3 each IH × Stabλ-orbit on Xλ
N,r is the preimage of a IH × Stabλ-orbit on the set of

surjections (6.2). Let λ = (a1, . . . , an). If all ai’s are strictly less than r, the IH×Stabλ-
orbits on the set of surjections (6.2) are indexed by the set S n,m. Let w = (λ, s) be in
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XG × S n,m then the IH × IG-orbit passing through v a point of ΠN,r is given by
{

v(u∗i ) = tasiesi for i ∈ Is;
v(u∗i ) = 0 for i < Is.

�

We denote this orbit by Πw
N,r and its closure by Π

w
N,r. For any w = (λ, s) in XG ×

S n,m, where λ is in XG and s is in S n,m, denote by Iw the IC-sheaf of Πw
N,r. The

corresponding object of DIH×IG (Π(F)) is well-defined and independent of N, r.

Theorem 6.7. Any irreducible object of PIH×IG (Π(F)) is of the form Iw for some w
in XG × S n,m.

Proof. An irreducible object of PIH×IG (Π(F)) is the IC-sheaf of an IH × IG-orbit Y
on Πλ,r for some integer r and for some cocharacter λ = (a1, . . . , an) satisfying (5.4).
As in the proof of Proposition 6.5 we may assume that all ai’s are strictly less than r.
Consider a IH × IG-orbit Πw

N,r on ΠN,r passing through v as defined in Lemma 6.6. Let
S t(v) be the stabilizer of v in IH × IG. We are going to show that S t(v) is connected.
This will imply that any IH × IG-equivariant local system on IH × IG-orbit Πw

N,r is
constant.

The stabilizer S t(v) of v is a subgroup of IH × Stabλ. Let Bλ be the image of Stabλ
in Aut(tλL/tλ+ωn L) then Bλ is a Borel subgroup of Aut(tλL/tλ+ωn L). We define two
groups I0,λ and I0,H by the exact sequences

1 −→ I0,λ −→ Stabλ −→ Bλ −→ 1,

and
1 −→ I0,H −→ IH −→ BH −→ 1.

Note that IH is semi-direct product of I0,H and BH . Let S t0(v) be the stabilizer of v
in I0,H × I0,λ. By Lemma 6.3, the I0,H × I0,λ-orbit through v on Xλ

N,r is the affine space

of surjections f : U∗ −→ tλL/trL such that f = v mod t. Thus S t0(v) is connected.
Let v : U∗/tU∗ −→ tλL/tλ+ωn L be the reduction of v mod t. The stabilizer S t(v) of
v in BH × Bλ is connected. By Lemma 6.3 the reduction map from S t(v) to S t(v) is
surjective. Using the following exact sequence we obtain that S t(v) is connected.

1 −→ S t0(v) −→ S t(v) −→ S t(v) −→ 1.

�

7. Study of Hecke functors, n = 1 and m ≥ 1

We will assume that n = 1 and m ≥ 1 in the entire section and we will give a com-
plete description of DPIH×IG (Π(F)) under the actions of PIH (F lH) et PIG (F lG). We
use the same notation as in previous section. Additionally for 1 ≤ i ≤ m we denote
by ωi the cocharacter of TH equal to (1, . . . , 1, 0, . . . , 0), where 1 appears i times. The
Iwahori group IH preserves t−ωiU and tωiU∗. Let ΩH be the normal subgroup in the
affine extended Weyl group W̃H of elements of length zero. Note that ωm = (1, . . . , 1)
is in ΩH .
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For 1 ≤ i ≤ m, let U i
= t−ωiU. Define U i for all i ∈ Z by the property that

U i+m
= t−ωmU i for all i. Thus,

· · · ⊂ U−1 ⊂ U0 ⊂ U1 ⊂ . . .

is the standard flag preserved by IH . For any integer k in Z, we denote by ICk the
IC-sheaf of Uk ⊗ L.

Proposition 7.1. The irreducible objects of PIH×IG (Π(F)) are exactly the perverse
sheaves ICk, k ∈ Z.

Proof. The assertion follows from Theorem 6.7. �

We will denote by ICk,! the constant perverse sheaf on Uk ⊗ L − Uk−1 ⊗ L ex-
tended by zero. This is a (non irreducible) perverse sheaf. In the Grothendieck group
K(DPIH×IG (Π(F))) of the category PIH×IG (Π(F)) we have

ICk,!
= ICk

+ ICk−1(1/2).

At the level of functions, the objects ICk,! for k in Z generate a subspace of codi-
mension one in S(Π(F))IG×IH . Denote by I0 = IC0 the constant perverse sheaf on
Π. Assume temporary that k is finite. For w ∈ W̃G, denote by jw the inclusion
of F lwG in F lG, and let Lw = jw!∗Qℓ[ℓ(w)](ℓ(w)/2), the IC-sheaf of F lwG. We write

Lw! = jw!Qℓ[ℓ(w)](ℓ(w)/2) and Lw∗ = jw∗Qℓ[ℓ(w)](ℓ(w)/2) for the standard and co-
standard objects. As jw is an affine map, both Lw! and Lw∗ are perverse sheaves. They
satisfy D(Lw∗) = Lw!, where D denotes the Verdier duality. Remark that in the no-
tation of Lw! and Lw∗ we wrote the Tate twists, when working over an algebraically
closed field, we will forget the Tate twists. To G in PIG (F lG) we attach a function
[G] : G(F)/IG −→ Qℓ given by [G](x) = Tr(Frx,Gx), for x a point in G(F)/IG and
where Frx is the geometric Frobenius at x. The function [G] is an element ofHIG . In
particular [Lw!] = (−1)ℓ(w)q−1/2

w Tw and [Lw∗] = (−1)ℓ(w)q1/2
w T−1

w−1 , where qw = qℓ(w).

Here Tw denotes the characteristic function of the double coset IGwIG.

Let us describe
←

HH(Aλ, I0), for any cocharacter λ of H. Remind that Aλ is the
IC-sheaf of the IH-orbit Oλ through tλH(O) in GrH . Let λ = (a1 . . . , am) and choose

N, r such that −N ≤ ai < r for all i. Let Π0,r×̃O
λ

be the scheme classifying pairs

(v, hH(O)), where hH(O) is a point in O
λ

and v is a O-linear map L∗ → hU/trU. Let

π : Π0,r×̃O
λ
−→ ΠN,r

be the map sending (v, hH(O)) to the composition L∗
v
−→ hU/trU −→ t−NU/trU. By

definition we have
←

HH(Aλ, I0)−̃→π!(Qℓ⊠̃A
λ),

where Qℓ⊠̃A
λ is normalized to be perverse. Denote by pH the projection of F lH →

GrH . Note that for any T in PIH (F lH) we have
←

HH(T , I0)−̃→
←

HH(pH!(T ), I0).

For 1 ≤ i < m, let si be the simple reflection (permutation) (i, i + 1) in WH .
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Proposition 7.2. For 1 ≤ i < m we have
←

HH(Lsi , I0)−̃→I0 ⊗ RΓ(P1,Qℓ)−̃→I0 ⊗ (Qℓ[1] ⊕ Qℓ[−1]).

Similarly,
←

HH(Lsi! , I0)−̃→I0[−1].

Proof. One has pH!(Lsi)−̃→RΓ(P1,Qℓ)[1] and the assertion follows. �

Assume that m > 1 and let sm = tλτ, where λ = (−1, 0, . . . , 0, 1) and τ = (1,m)
is the reflection corresponding to the highest root. This is the unique affine simple
reflection in W̃H .

Proposition 7.3. If m > 1, we have the following canonical isomorphisms
←

HH(Lsm , I0)−̃→IC1 ⊕ IC−1 and
←

HH(Lsm!, I0)−̃→IC1,! ⊕ IC−1

Proof. The composition

F lH
sm
֒→ F lH

pH
−→ GrH

is a closed immersion and so pH!(Lsm)−̃→Aλ. Thus we have
←

HH(Lsm , I0)−̃→
←

HH(Aλ, I0).

In this case the scheme O
λ

classifies lattices U
′

such that

· · · ⊂ U−1 ⊂ U
′

⊂ U1 ⊂ . . .

and dim(U
′

/U−1) = 1. Let N = r = 1, then the image of the projection

π : Π0,1×̃O
λ
−→ Π1,1

is contained in L ⊗ (U1/tU). Let v be a map from L∗ to U1/tU in the image of π. If
v factors through U−1/tU then the fibre of π over the point v is P1, otherwise it is a
point. The first claim follows, the second is analogous. �

In a similar way one gets the following.

Proposition 7.4. For for 1 ≤ i ≤ m, we have
←

HH(Lsi , IC
i)−̃→ICi+1 ⊕ ICi−1 and

←

HH(Lsi!, IC
i)−̃→ICi+1,! ⊕ ICi−1.

Proof. The proof follows from Lemma 7.2 and 7.3. �

The symmetry in our situation is due to the fact thatΩH acts freely and transitively
on the set of irreducible objects of PIG×IH (Π(F)).

For 1 ≤ i ≤ m there is a unique permutation σi in WH such that t−ωiσi is of length
zero. Indeed, σi is the permutation sending

(1, 2, . . . ,m − i,m − i + 1, . . . ,m) −→ (i + 1, i + 2, . . . ,m, 1, . . . , i).

For 1 ≤ i ≤ m we put wi = t−ωiσi. Extend this definition as follows, for any i ∈ Z let
wi in ΩH be the unique element such that wiUr

= Ur+i for any r. For 1 ≤ i ≤ m − 1
we have w1siw−1

1 = si+1 and w1smw−1
1 = s1. Thus, the affine Weyl group of H acts on

the set {s1, . . . , sm} by conjugation.
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Proposition 7.5. 1) For any i and k in Z one has canonically
←

HH(Lwi , IC
k)−̃→ICk+i.

2) For 1 ≤ i ≤ m, j ∈ Z with j , i mod m one has
←

HH(Lsi , IC
j) →̃ IC j ⊗ (Q̄ℓ[1] ⊕ Q̄ℓ[−1]).

Propositions 7.4 and 7.5 describe completely the action of PIH (F lH) on the simple
objects ICk, k ∈ Z and thus the module structure of K(DPIH×IG (Π(F))) under the ac-
tion of K(PIH (F lH)). Now we are going to define the action of the center of PIH (F lH)
on ICk. Let us recall that there is a central functor constructed by Gaitsgory in [16] :

Theorem 7.6. [16, Theorem 1] Let H be a connected reductive group. There exists
a functorZ : PH(O)(GrH) −→ PIH (F lH) verifying the following properties:

(1) For S ∈ PH(O)(GrH) and an arbitrary perverse sheaf T on F lH , the convo-
lution product T ⋆Z(S) is a perverse sheaf.

(2) For S ∈ PH(O)(GrH) and T ∈ PIH (F lH) there is a canonical isomorphism
betweenZ(S) ⋆ T and T ⋆Z(S).

(3) We haveZ(δ1GrH
) = δF lH and for any S1, S2 in PH(O)(GrH) there is a canon-

ical isomorphismZ(S1) ⋆Z(S2) ≃ Z(S1 ⋆ S2).

Let σ : Ǧ×Gm −→ Ȟ be given by (5.14). Denote by Resσ : Rep(Ȟ) −→ Rep(Ǧ×
Gm), the corresponding geometric restriction functor. For any G(O)-equivariant per-
verse sheaf T on GrH , T is naturally isomorphic to pH!(Z(T )).

Denote by s the standard representation ofGm and by g the standard representation
of Ǧ. The category Rep(Ǧ × Gm) acts on DPIG×IH (Π(F)) as follows:

(7.7)



←

HG(s j, ICk)−̃→ICk[ j].
←

HG(g j, ICk)−̃→ICk−m j.

It follows that the representation ring R(Ǧ × Gm) acts on K(DPIG×IH (Π(F))), which
becomes in this way a free R(Ǧ×Gm)-module of rank m with basis {IC0, . . . , ICm−1}.

Theorem 7.8. The respective actions of the centre of PIH (F lH) and the center of
PIG (F lG) on the category DPIG×IH (Π(F)) are compatible. More precisely, the center
of PIH (F lH) acts via the geometric restriction functor Resσ : Rep(Ȟ) −→ Rep(Ǧ ×
Gm) on the irreducible objects ICk for any integer k.

Proof. For any S in PH(O)(GrH), we have

(7.9)
←

HH(Z(S), IC0)−̃→
←

HH(pH!(Z(S)), IC0)−̃→
←

HH(S, IC0)−̃→
←

HG(Resσ(S), IC0),

where the last isomorphism is [31, Proposition 5]. Remind that for any k ∈ Zwe have
←

HH(Lwk , IC
0)−̃→ICk For S in PH(O)(GrH) we get by definition thatZ(S) is central so

←

HH(Z(S), ICk)−̃→
←

HH(Lwk ,
←

HH(Z(S), IC0))−̃→
←

HG(Resσ(S), ICk),

where the last isomorphism is from (7.9). The assertion follows. �
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Assume that k is a finite field Fq. Let us rewrite all useful formulas obtained
above with taking in consideration the Tate twists which will be compared to the
computation obtained in §9.

According to Propositions 7.2 and 7.3 and Proposition 7.5,

(7.10)



For 1 ≤ i ≤ m :
←

HH(Lsi , IC
i)−̃→ICi+1 ⊕ ICi−1.

For 1 ≤ i ≤ m :
←

HH(Lsi! , IC
i)−̃→ICi+1,! ⊕ ICi−1.

If j , i mod m :
←

HH(Lsi , IC
j)−̃→IC j(Qℓ[1](1/2) + Qℓ[−1](−1/2)).

If j , i mod m :
←

HH(Lsi! , IC
j)−̃→IC j[−1](−1/2).

For any i and k in Z :
←

HH(Lwi , IC
k)−̃→ICk+i

More generally, for a < b, denote by ICa,b,! the sheaf Qℓ[b − a] defined on
(Ub/Ua) − {0} extended by zero to Ub/Ua. This is not perverse in general. In
Grothendieck group K(DPIH×IG (Π(F))) we have

ICa,b,!
= ICb − ICa[b − a].

Let ωi = (1, . . . , 1, 0, . . . , 0) where 1 appears i times and 0 appears m − i times.

Proposition 7.11. We have a canonical isomorphism in K(DPIH×IG (Π(F))):
←

HH(Ltωi! , IC
0)−̃→ICi−m,0,![i − 〈ωi, 2ρ̌H〉] + IC−m[m − i − 〈ωi, 2ρ̌H〉].

Proof. First remark that
←

HH(Ltωi , IC0)−̃→
←

HH(Aωi!, IC0).

Let N = r = 1, the scheme Oωi classifies lattices tU0 ⊂ U
′

⊂ U0 such that
dim(U

′

/tU0) = m − i and (U
′

/tU0) ∩ (Um−i/tU0) = 0. Therefore the orbit Oωi

is an affine space of dimension ℓ(tωi) = 〈ωi, 2ρ̌H〉 = (m − i)i. Let Π0,1×̃Oωi be the
scheme classifying pairs (v,U

′

),where U
′

is in Oωi and v is a map from L∗ to U
′

/tU0.
Consider the map

π : Π0,1×̃Oωi −→ Π0,1

sending (v,U
′

) to v. Then we have
←

HH(Aωi!, IC0)−̃→π! IC(Π0,1×̃Oωi)

and the assertion follows from the remark above on the elements ICa,b,!. �

8. On the geometric local Langlands functoriality at the Iwahori level

For basic notions in equivariant K-theory, one can refer to [13, Chapter 5]. Some
of the constructions we will use are recaled in the Appendix 10. Let us just recall the
Kazhdan-Lusztig-Ginzburg isomorphism and fix some additional notation.

Let k be the finite filed Fq. Let G be a connected reductive group over k and denote

by Ǧ its Langlands dual group over Qℓ. Assume additionally that [Ǧ, Ǧ] is simply
connected. Let v be an indeterminate. Let (W, S ) be the Coxeter group associated
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with the root datum defined on G, where W is the finite Weyl group and S the set of
simple reflections. The finite Hecke algebra HW is free Z[v−1, v]-algebra with basis
{Tw,w ∈ W} such that the following rules hold:

(1) (Ts + 1)(Ts − v) = 0 if s ∈ S is a simple reflection.
(2) Ty.Tw = Tyw if ℓ(yw) = ℓ(y) + ℓ(w).

These rules define completely the ring structure of HW thus any algebra satisfying
the properties of the proposition is isomorphic to the Hecke algebra HW . The group
algebra Z[X] is isomorphic to R(Ť ), the representation ring of the dual torus to T . We
will write eλ for the element of R(Ť ) corresponding to the coweight λ in X. The affine
extended Hecke algebra associated with G was introduced by Bernstein [8] (it first
appeared in [26]) and is isomorphic to the so-called Iwahori-Hecke algebra of a split
p-adic group with connected center. The latter was introduced in [19] and reflects the
structure of Cc(IG\G(F)/IG) the space of locally constant compactly supported Qℓ-
valued functions on G(F) which are bi-invariant under the action of IG. The extended
affine Hecke algebra HG is a free Z[v, v−1]-module with basis {eλTw|w ∈ W, λ ∈ X},
such that:

(1) The {Tw} span a sub-algebra of HG isomorphic to HW .

(2) The {eλ} span a Z[v, v−1]-sub-algebra of HG isomorphic to R(Ť )[v−1, v].
(3) For any sα ∈ S with 〈λ, α̌〉 = 0 we have Tsαeλ = eλTsα .

(4) For any sα ∈ S with 〈λ, α̌〉 = 1 we have Tsαesα(λ)Tsα = veλ.

The properties (3),(4) together are equivalent to the following useful formula

(8.1) Tsαesα(λ) − eλTsα = (1 − v)
eλ − esα(λ)

1 − e−α
,

where α is a simple coroot, sα the corresponding simple reflection and λ ∈ X. The
properties (1) and (2) give us two canonical embeddings of algebras

R(Ť )[v−1, v] ֒→ HG and HW ֒→ HG.

The multiplication in HG gives rise to a Z[v−1, v]-module isomorphism

HG ≃ R(Ť )[v−1, v] ⊗Z[v−1,v] HW .

This is a v-analogue of the Z-module isomorphism, [13, 7.1.14],

Z[W̃G] ≃ R(Ť ) ⊗Z Z[WG].

Let ǧ be the Lie algebra of Ǧ, BǦ be the variety of Borel subalgebras in ǧ, andNǦ

be the nilpotent cone in ǧ. The Springer resolution ÑǦ of NǦ is given by

ÑǦ = {(x, b) ∈ NǦ × BǦ |x ∈ b}.

Let µ : ÑǦ → NǦ be the Springer map. Let s be the standard coordinate on Gm.
We let Gm act on ǧ by requiring that s sends an element x to s−2x. We also define an
action of Ǧ × Gm on ÑǦ by the formula

(g, s).(x, b) = (s−2gxg−1, gbg−1).
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The map µ is Ǧ × Gm-equivariant. The Steinberg variety is defined by

ZǦ = NtildeǦ ×NǦ
ÑǦ = {(x, , b, b′) ∈ NǦ × BǦ × BǦ |x ∈ b ∩ b

′

}.

The extended affine Hecke algebra HG can be considered as Z[s, s−1]-algebra, where
v = s2. Viewing Z[s, s−1] as the representation ring of Gm, one has the following due
to Kazhdan-Lusztig-Ginzburg:

Theorem 8.2. [13, Theorem 7.2.5] There is a natural Z[s, s−1]-algebras isomor-
phism

KǦ×Gm(ZǦ)−̃→HG.

Now assume given two connected reductive groups G,H and a homomorphism
Ǧ × SL2 → Ȟ, where Ǧ (resp., Ȟ) denotes the Langlands dual group of G over
Qℓ (resp., of H). We assume that the respective derived groups of Ǧ and Ȟ are
simply connected. We suggest that there is a bimodule over the affine extended Hecke
algebras HG and HH realizing the Arthur-Langlands functoriality at the Iwahori level
for this homomorphism. We propose a definition of this explicit kernel at this level
of generality given in Conjecture 8.7. It is based to a large extent on the Kazhdan-
Lusztig-Ginzburg isomorphism in Theorem 8.2.

Let α : Gm → SL2 be the standard maximal torus sending an element x to
diag(x, x−1) and ξ (resp. η) be a homomorphism from SL2 (resp. Ǧ) to Ȟ. We
fix a maximal torus TG (resp. TH) in G (resp. H) and a Borel subgroup BG (resp. BH)
in G (resp. H) containing TG (resp. TH). Assume we are given a morphism

σ : Ǧ × Gm −→ Ȟ

as the composition

(8.3) Ǧ × Gm
id×α // Ǧ × SL2

η×ξ
// Ȟ .

For any element g in Ǧ we will often denote its image η(g) in Ȟ by the same letter
g as well as for the linearised morphisms between the corresponding Lie algebras.
Denote by

σ : Ǧ × Gm −→ Ȟ × Gm

the morphism whose first component is σ and whose second component is the second
projection pr2 : Ǧ ×Gm −→ Gm. The representation ring of Ǧ ×Gm over Qℓ denoted
by R(Ǧ × Gm) is isomorphic to R(Ǧ)[s, s−1]. According to [31], the local Langlands
functoriality at the unramified level sends the unramified representation with Lang-
lands parameter γ in Ǧ to the unramified representation with Langlands parameter
σ(γ, q1/2) of Ȟ. This is realized by the restriction homomorphism

Resσ : Rep(Ȟ) −→ Rep(Ǧ × Gm)

induced by σ.

On one hand, it is understood that the standard representation s of Gm corresponds
to the cohomological shift −1 in order to have the compatibility with [31]. On the
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other hand while specializing s, we should think of s as q1/2 to makes things com-
patible with the theory of automorphic forms. The reader may refer to [29] for more
details.

Let e denote the standard nilpotent element of Lie(S L2)

e =

(
0 1
0 0

)
.

If dξ : Lie(S L2) → Lie(Ȟ) is the linearised morphism associated to ξ, we denote
dξ(e) by x.

Lemma 8.4. The map f from NǦ to NȞ sending any element z in NǦ to z + x is a
σ-equivariant map. It defines a morphism of stack quotients

(8.5) f : NǦ/(Ǧ × Gm) −→ NȞ/(Ȟ × Gm).

Proof. We have the following equality in Lie(SL2)

(8.6) ses−1
= s2e.

This implies that s−2ξ(s)xξ(s)−1
= x. For (g, s) in Ǧ × Gm, let (h, s) = σ(g, s) =

(gξ(s), s). Then for any z in NǦ

s−2gzg−1
+ x = s−2h(z + x)h−1,

which implies that f is σ-equivariant and the morphism of stack quotients f is well-
defined. �

The Springer map ÑȞ −→ NȞ is (Ȟ×Gm)-equivariant. By using this and Lemma
8.4 we obtain the following diagram:

X = (ÑǦ/(Ǧ × Gm)) ×NȞ/(Ȟ×Gm) (ÑȞ/(Ȟ × Gm)) //

��

ÑǦ/(Ǧ × Gm)

��

ÑȞ/(Ȟ × Gm) // NȞ/(Ȟ × Gm),

where the bottom horizontal map is induced from the Springer map for Ȟ and
the vertical right arrow is the composition of the Ǧ × Gm-equivariant Springer map
for Ǧ with the map f defined in Lemma 8.4. Note that in the left top corner of the
diagram we took the fibre product in sense of stacks, see [24, §2.2.2], we denoted it
by X. The K-theory K(X) of X is naturally a module over the associative algebras
KǦ×Gm(ÑǦ ×NǦ

ÑǦ) and KȞ×Gm(ÑȞ ×NȞ
ÑȞ). The action is by convolution (see

Appendix 10, § A, B, and C). Thanks to Theorem 8.2, these two algebras may be
identified with the extended affine Hecke algebras HG and HH respectively. We may
now state the conjecture :



GEOMETRIC LOCAL THETA CORRESPONDENCE AND LANGLANDS FUNCTORIALITY 31

Conjecture 8.7. The bimodule over the affine extended Hecke algebras KǦ×Gm(ZǦ)

and KȞ×Gm(ZȞ) realizing the local geometric Langlands functoriality at the Iwahori
level for the map σ : Ǧ × Gm −→ Ȟ identifies with K(X).

If Ǧ = Ȟ then the map ξ is trivial, X equals ZǦ and K(X) identifies with the
extended affine Hecke algebra HG for G. Thus K(X) is naturally a free module of
rank one over both algebras HH and HG.

8.1. Properties of the stack X. Consider the induced variety with respect to σ de-
fined by

NǦ,Ȟ = (Ȟ × Gm) ×Ǧ×Gm NǦ.

Similarly we can define the induced space

ÑǦ,Ȟ = (Ȟ × Gm) ×Ǧ×Gm ÑǦ.

Proposition 8.8. There exists a natural isomorphism of stacks

X−̃→(ÑǦ,Ȟ ×NȞ
ÑȞ)/(Ȟ × Gm),

and so an isomorphism of K-groups

K(X)−̃→KȞ×Gm(ÑǦ,Ȟ ×NȞ
ÑȞ).

Proof. Since the map f defined in Lemma 8.4 is σ-equivariant, it induces a Ȟ ×Gm-
equivariant map

(8.9) f1 : (Ȟ × Gm) ×Ǧ×Gm NǦ −→ NȞ .

The map f1 in (8.9) induces a map from ÑǦ,Ȟ to NȞ and we can consider the fibre

product ÑǦ,Ȟ ×NȞ
ÑȞ . Note that ÑǦ,Ȟ/(Ȟ ×Gm) is isomorphic to the stack quotient

ÑǦ/(Ǧ×Gm), see Appendix 10 §C. It follows thatX identifies with the stack quotient

of ÑǦ,Ȟ ×NȞ
ÑȞ by the action of Ȟ × Gm thanks to the following general fact : If

φ : X −→ Z and ψ : Y −→ Z are equivariant morphisms of G-schemes, then the fibre
product X/G ×Z/G Y/G in the category of stacks identifies with the quotient stack
(X ×Z Y)/G. This yields the desired equivalence of categories. �

The module structure of KȞ×Gm(ÑǦ,Ȟ×NȞ
ÑȞ) under the action of the two algebras

KȞ×Gm(ÑȞ×NȞ
ÑȞ) and KǦ×Gm(ÑǦ×NǦ

ÑǦ) is defined in Appendix, sections B and
C.

If the map σ is the inclusion of Ǧ in Ȟ, the natural map

Ȟ ×Ǧ NǦ → (Ȟ × Gm) ×Ǧ×Gm NȞ,Ǧ = NǦ,Ȟ

is an isomorphism. We can identify NǦ,Ȟ with the variety of pairs

(hǦ ∈ Ȟ/Ǧ, v ∈ NȞ)

satisfying h−1vh ∈ x + NǦ via the map sending any element of (h, z) of Ȟ × NǦ to
(hǦ, v = h(z + x)h−1). The latter map makes sense because Ǧ centralizes x. Thus the
map f1 (8.9) becomes the projection sending any element (hǦ, v) of NǦ,Ȟ to v. In
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this case the left Ȟ × Gm-action on NǦ,Ȟ is such that for any (h1, s) in Ȟ × Gm and

any (hǦ, v) in NǦ,Ȟ we have

(h1, s).(hǦ, v) = (h1hξ(s)−1Ǧ, s−2h1vh−1
1 ).

Proposition 8.10. There is a natural isomorphism

K(X)−̃→KǦ×Gm(ÑǦ ×NȞ
ÑȞ),

and the R(Ȟ × Gm)-module structure on the right hand side is given by the functor
Resσ : R(Ȟ × Gm)→ R(Ǧ × Gm).

Proof. The scheme ÑǦ ×NȞ
ÑȞ classifies couples ((z, b1), b), where (z, b1) lies in ÑǦ

and b is Borel subalgebra in Lie(H) containing z + x. We define an action of Ǧ × Gm
on ÑǦ ×NȞ

ÑȞ as follows: for any (g, s) in Ǧ ×Gm and any ((z, b1, b) in ÑǦ ×NȞ
ÑȞ

(g, s).((z, b1), b) = (s−2gzg−1, gb1g−1, gξ(s)bξ(s)−1g−1).

By Lemma E.1 in Appendix 10 we have an Ȟ × Gm-equivariant isomorphism

(Ȟ × Gm) ×Ǧ×Gm (ÑǦ ×NȞ
ÑȞ)−̃→ÑǦ,Ȟ ×NȞ

ÑȞ .

Combining this with Proposition 8.8 we get the desired isomorphism. �

In the following we will restrict ourselves to the case of G = GLn and H = GLm

and we will describe a filtration and a grading on K(X) in this special case. We will
always use the same notation for GLr and its Langlands dual over Qℓ. In this setting
we choose the morphism η to be the canonical inclusion of GLn into GLm. The map
σ is obtained by the composition

GLn × Gm → GLn × SL2
id×ξ
−→ GLn ×GLm−n −→ GLm,

where the last arrow is the inclusion of the standard Levi subgroup associated to the
partition (n,m − n) of m and ξ corresponds to the principal unipotent orbit as in [3].
Then the restriction of the map ξ to Gm is the cocharacter (0, . . . , 0,m− n− 1,m− n−
3, . . . , 1+n−m). Let U0 = km be the standard representation of GLm, and {u1, . . . , um}

be the standard basis of U0. The element x = dξ(e) is a nilpotent element of Lie(GLm)
such that x(ui) = 0 for 1 ≤ i ≤ n + 1 and that x(ui+1) = ui for n + 1 ≤ i < m. Let
G2 = GLm−n and B2 be the unique Borel subgroup in G2 such that x lies in Lie(B2).

Let ZG2(x) be the stabilizer of x in G2. It acts naturally on ÑǦ ×NȞ
ÑȞ : for any y

in ZG2(x) and any (z, b1, b) in ÑǦ ×NȞ
ÑȞ : we have

y.(z, b1, b) = (z, b1, yby
−1).

For any s is inGm then the element ξ(s) clearly normalizes ZG2(x) and the semi-direct
product ZG2(x)⋊Gm, is a subgroup of G2. The group ZG2(x)⋊Gm acts on ÑǦ×NȞ

ÑȞ

and this action commutes with the Ǧ-action.
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Theorem 8.11. There exists a Ǧ × Gm-invariant filtration

∅ = F0 ⊂ F1 ⊂ . . . ⊂ Fr
= ÑǦ ×NȞ

ÑȞ

such that for 0 ≤ i ≤ r, each KǦ×Gm(Fi) is a submodule over both affine extended
Hecke algebras KǦ×Gm(ÑǦ ×NǦ

ÑǦ) and KȞ×Gm(ÑȞ ×NȞ
ÑȞ). Moreover the spaces

KǦ×Gm(Fi) for 0 ≤ i ≤ r define a filtration on K(X).

Proof. For any Ǧ-orbit O on NǦ we denote by YO the preimage of O in ÑǦ ×NȞ
ÑȞ

under the projection

ÑǦ ×NȞ
ÑȞ → NǦ

sending (z, b1, b) to z. We refer the reader to [13, § 3.2] for details on nilpotent orbits
and stratification of the nilpotent coneNǦ into Ǧ-conjugacy classes and the stratifica-
tion of the Steinberg variety of Ǧ. The orbits YO form a Ǧ×Gm-invariant stratification
of ÑǦ ×NȞ

ÑȞ , which is also ZG2(x)-invariant. The Ǧ-orbit O is given by a partition
θ = (n1 ≥ n2 ≥ · · · ≥ nr ≥ 1) of n. Let Mθ denote the standard Levi subgroup
corresponding to this partition, Namely

Mθ−̃→GLn1 × · · · ×GLnr .

We denote by zθ the standard upper triangular regular nilpotent element in Lie(Mθ);
zθ lies in the orbit O. Let Zθ be the stabilizer of zθ in Ǧ × Gm, Zθ is connected.

Denote byBǦ,θ the preimage of zθ under the Springer map ÑǦ → NǦ. LetBȞ,θ be

the preimage of zθ + x under the Springer map ÑȞ → NȞ . We have an isomorphism

(Ǧ × Gm) ×Zθ (BǦ,θ × BȞ,θ)−̃→YO

sending (g, s, b1, b) to (s−2gzθg−1, gb1g−1, gξ(s)bξ(s)−1g−1). Hence we have an iso-
morphism of groups

(8.12) KǦ×Gm(YO)−̃→KZθ(BǦ,θ × BȞ,θ).

According to [38] the scheme BǦ,θ and BȞ,θ respectively admit a finite paving by
affine spaces stable under the action of Zθ. Hence (8.12) is a free R(Zθ)-module of
finite type.

We enumerate the nilpotent orbits O1,O2,. . . ,Or in NǦ in such an order that

dim(O1) ≤ dim(O2) ≤ · · · ≤ dim(Or).

If F
j
= ∪i≤ jOi, then F

j
is closed in NǦ and we have a filtration

∅ = F
0
⊂ F

1
⊂ · · · ⊂ F

r
= NǦ.

Let F j be the preimage of F
j
in ÑǦ ×NȞ

ÑȞ . We get a Ǧ ×Gm-invariant filtration

∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fr
= ÑǦ ×NȞ

ÑȞ .

We can refine the filtration Fi in such way that the refined filtration be Ǧ ×Gm-stable
and the corresponding strata of the stack quotient of (ÑǦ ×NȞ

ÑȞ)/(Ǧ ×Gm) satisfy
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the assumptions of Lemma 8.13. Then by using this Lemma, we see that for each i
the sequence

0 −→ KǦ×Gm(Fi−1) −→ KǦ×Gm(Fi) −→ KǦ×Gm(YOi) −→ 0

is exact and KǦ×Gm(Fi), 0 ≤ i ≤ r define a filtration on K(X). Moreover, for each i,
KǦ×Gm(Fi) is a submodule over both extended affine Hecke algebras KǦ×Gm(ÑǦ ×NǦ

ÑǦ) and KȞ×Gm(ÑȞ ×NȞ
ÑȞ). �

Lemma 8.13 (Cellular fibration). Let us consider the following general situation: k
is an algebraically closed field of arbitrary characteristic and X is a k-stack of finite
type equipped with a filtration

∅ = F0 ⊂ F1 ⊂ · · · ⊂ Fr
= X,

by closed substacks of X. Assume that for 1 ≤ i ≤ r there exists an affine space Ei

and a connected linear algebraic group Pi such that

Fi − Fi−1−̃→Ei/Pi,

where Ei/Pi is the stack quotient. Let U i be the unipotent radical of Pi and Gi
=

Pi/U i be the reductive quotient. Then the natural sequence

0 −→ K(Fi−1) −→ K(Fi) −→ K(Ei/Pi) −→ 0

is exact and K(Fi) is a free Z-module.

Proof. Choose a section of the natural projection from Pi to Pi , it yields a map from
Ei/Gi to Ei/Pi inducing an isomorphism

K(Ei/Pi)−̃→K(Ei/Gi)−̃→KGi
(Spec(k))−̃→R(Gi),

where R(Gi) denotes the ring of representations of Gi ( which is a free Z-module.)
One has an exact sequence

K1(Ei/Pi)
δ
−→ K(Fi−1) −→ K(Ei/Pi) −→ 0.

Let us show that the map δ vanishes. By [13, 5.2.18], we have that

KPi

1 (Ei)−̃→KGi

1 (Ei)

and by Thom isomorphism [13, 5.4.17] we obtain that

KGi

1 (Ei)−̃→KGi

1 (Spec(k)).

Now, by [39, Corollary 6.12], KGi
(Spec(k)) is isomorphic to k∗ ⊗Z S , where S is a

free abelian group generated by the irreducible representations of Gi. By induction
on i we may assume that Ki(Fi−1) is a free Z-module. To finish the proof note that for
any free Z-module S , one has HomZ(k∗, S ) = 0. Indeed, Let φ be such a morphism
and take y in the image of φ. Then there exists an element x in k∗ such that φ(x) = y.
As k is algebraically closed, for any integer n , there exists t in k such that that tn

= x.
This gives nφ(t) = y in S . As S is a free abelian group, the element y is dividable by
a finite number of integers. Thus, y = 0 and φ vanishes.

�
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9. Howe correspondence in terms of K(X)

Let DW be the category whose objects are direct sums of cohomologically shifted
objects of W defined in [23]. This category is equipped with an action of Gm by
chomological shifts. Consider the invariants of this category denoted by (DW)IG×IH .

The group K((DW)IG×IH ) is naturally a module over K(DPIG (F lIG )). This K-group
K(DPIH (F lIH )) ⊗ Qℓ is isomorphic to the Iwahori-Hecke algebra HIH . According
to [19], the Iwahori-Hecke algebra HIH identifies with HH ⊗Z[s,s−1] Q̄ℓ for the map

Z[s, s−1] → Q̄ℓ sending s to q
1
2 . This isomorphism is naturally upgraded to the

isomorphism

K(DPIH (F lH)) ⊗ Qℓ →̃HH ⊗Z[s,s−1] Qℓ

such that the multiplication by s in HH corresponds to the cohomological shift by −1
in K(DPIH (F lH)). Hence under these isomorphisms and Kazhdan- Lusztig-Ginzburg
isomorphism K(X) and K((DW)IG×IH ) are two bimodules over the affine extended
Hecke algebras HG and HH . We obtain the following conjecture:

Conjecture 9.1. The bimodule K(X) is isomorphic (after specializing s to q1/2) to
the Grothendieck group of the category (DW)IG×IH under the action of the affine
extended Hecke algebras KǦ×Gm(ÑǦ ×NǦ

ÑǦ) and KȞ×Gm(ÑȞ ×NȞ
ÑȞ)

Assume that G = GLn and H = GLm,where n ≤ m. Then we obtain the following:

Conjecture 9.2. The bimodule K(X) over each extended affine Hecke algebra HH

and HG is isomorphic (after specializing s to q1/2) to the Grothendieck group of the
category DPIH×IG (Π(F)).

The principal result of this paper is the following theorem describing geometric
Howe correspondence in terms of geometric Langlands functoriality for all dual re-
ductive pairs (GL1,GLm).

Theorem 9.3. Conjecture 9.2 is true for (GL1,GLm) for any m.

9.1. The proof of the conjecture. The rest of the paper is devoted to the proof of
Theorem 9.3. Let n = 1 and m ≥ 1 and let G = GL1 and H = GLm, where we
consider them as Langlands dual groups. The map Ǧ ×Gm −→ Ȟ is the composition

Ǧ × Gm −→ Ǧ × SL2 −→ Ǧ ×GLm−1 −→ Ȟ,

where the latter map is the inclusion of the standard Levi subgroup GL1 ×GLm−1 in
Ȟ and ξ : SL2 → GLm−1 corresponds to the principal unipotent orbit. In particular
the inclusion Ǧ in Ȟ is the coweight (1, 0, . . . , 0) of the standard maximal torus of Ȟ.
The restriction of ξ to the maximal torus Gm of SL2 is the coweight (0,m − 2,m −
4, . . . , 2 − m) of Ȟ. The element x = dξ(e) in NȞ is the subregular nilpotent element
given by x(u1) = x(u2) = 0 and x(ui+1) = ui for all 2 ≤ i < m.

Proposition 9.4. The bimodule K(X) identifies with the Springer fibre BȞ,x of the

Springer map ÑH → NȞ over the point x
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Proof. In this case we have ÑǦ,Ȟ = Ȟ/Ǧ in such way that the map f1 : ÑǦ,Ȟ =

Ȟ/Ǧ −→ NȞ defined in (8.9) sends hǦ to hxh−1. The element s inGm acts on the left

hand side on ÑǦ,Ȟ by sending the right coset hǦ to hξ(s)−1Ǧ. The variety ÑǦ,Ȟ ×NȞ

ÑȞ identifies with the variety of pairs (hǦ, b) such that b is a Borel subalgebra in

Ȟ and hxh−1 lies in b. Any element (h1, s) in Ȟ × Gm acts on ÑǦ,Ȟ ×NȞ
ÑȞ by the

formula:

(h1, s).(hǦ, b) = (h1hξ(s)−1Ǧ, h1bh
−1
1 ).

Denote by BȞ,x the fibre of the Springer map ÑȞ → NȞ over x. The map

σ : Ǧ × Gm −→ Ȟ × Gm

sending (g, s) to (gξ(s), s) identifies Ǧ × Gm with the stabilizer in Ȟ × Gm of the
right coset of the neutral element in Ȟ/Ǧ. Any element (g, s) of Ǧ × Gm acts on the
Springer fibre BȞ,x by

(g, s).b
′

= (gξ(s)b
′

ξ(s)−1g−1).

This yields an isomorphism

K(X) = KȞ×Gm(ÑȞ,Ǧ ×NȞ
ÑȞ)−̃→KǦ×Gm(BȞ,x).

�

To compute K(X), we provide an explicit description of the Springer fibre BȞ,x.

Lemma 9.5. The Springer fibreBȞ,x is a configuration of projective lines (Vi)1≤i≤m−1.
For 1 ≤ i < j ≤ m − 1 the intersection V j ∩ Vi is empty unless j = i + 1. The fixed
locus in BȞ,x under the action of Ǧ × Gm consists of m points p1, p2, . . . , pm−1, pm,
where p1 and pm are distinguished points on V1 and Vm and for 2 ≤ i ≤ m − 1, the
point pi is the intersection of Vi with Vi+1.

Proof. Denote by

F1 ⊂ F2 ⊂ · · · ⊂ Fm = U0

a complete flag on the standard representation U0 of Ȟ preserved by x. The vec-
tor space F1 is a subspace of the vector space Ker(x) = Vect(u1, u2). We have
Vect(u2) = Ker(x) ∩ Im(x). If F1 , Vect(u2) then F2 = x−1(F1) = Vect(u1, u2),
F3 = x−1(F2) = Vect(u1, u2, u3), . . . , and finally the space Fm is equal to x−1(Fm−1) =
Vect(u1, u2, . . . , um) = U0. So we may identify V1 with the projective space of lines in
Vect(u1, u2). The point p2 is F1 = Vect(u2). If F1 = Vect(u2) ⊂ Im(x) then x−1(F1) =
Vect(u1, u2, u3) and V2 can be identified with the space of lines in x−1(F1)/F1. In-
side Vect(u1, u2, u3) one has a distinguished subspace Vect(u1, u2, u3) ∩ Im(x) =
Vect(u2, u3). If F2 is different from this subspace then the whole flag Fi is uniquely
defined. So the point p3 of V2 corresponds to F2 = Vect(u2, u3). If now F1 = Vect(u2)
and F2 = Vect(u2, u3) then x−1(F2) = Vect(u1, u2, u3, u4) and D3 is the space of
lines in x−1(F2)/F2. The point p4 of V3 corresponds to F3 = Vect(u2, u3, u4), and
one can continue the construction till Fm. The points p1 is the standard complete
flag on U0 and pm is the flag Vect(u2) ⊂ Vect(u2, u3) ⊂ · · · ⊂ Vect(u2, . . . , um) ⊂
Vect(u1, . . . , um). �
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This result combined with the Cellular fibration Lemma in [13, § 5.5] implies the
following

Proposition 9.6. The K-group KǦ×Gm(BȞ,x) is a free R(Ǧ × Gm)-module of rank m.

Moreover, the R(Ȟ)-module structure on KǦ×Gm(BȞ,x) comes from Resσ : R(Ȟ) −→

R(Ǧ × Gm).

According to [13, Lemma 7.6.2] the assignment sending Tw to sℓ(w) for w in WH ,

extends by linearity to an algebra homomorphism

ǫ : HWH −→ Z[s, s−1]

and it is known that the induced HH-module IndHH
HWH

ǫ = HH ⊗HWH
ǫ is isomorphic

to the polynomial representation [13, 7.6.8]. We have the following crucial set of
isomorphisms of Z[s, s−1]-modules [13, Formula (7.6.5)]

KȞ×Gm(T ∗BȞ)
Thom
−→ KȞ×Gm(BȞ)

α
−→ R(ŤH)[s, s−1]

β
−→ IndHH

HWH
ǫ,

where the first arrow is the Thom isomorphism [13, Theorem 5.4.16], the map α is
the canonical isomorphism

KȞ×Gm(BȞ)−̃→KȞ×Gm(Ȟ/BȞ)−̃→KBȞ×Gm(pt)(9.7)

−̃→R(ŤH × Gm)−̃→R(ŤH)[s, s−1],(9.8)

and the map β is given for any λ by β(eλ) = e−λ.

There is a natural action of HH on KǦ×Gm(BȞ,x) defined uniquely by the property

that the inclusion ofBȞ,x inBȞ yields a R(Ǧ×Gm)⊗R(Ȟ×Gm)HH-equivariant surjection

R(Ǧ × Gm) ⊗R(Ȟ×Gm) KȞ×Gm(BȞ)−̃→KǦ×Gm(BȞ) −→ KǦ×Gm(BȞ,x).

Consider the diagram

(9.9) HH
γ1 //

γ2

��

K(DPIH×IG (Π(F)))

KǦ×Gm(BȞ,x),

where γ1 sends T to
←

HH(T , I0), and γ2 sends T to the action of T on the structure
sheaf O of BȞ,x. Note that γ1 and γ2 are surjective. We are now going to construct a
morphism

J : KǦ×Gm(BȞ,x)→ K(DPIH×IG (Π(F))).

which will be induced by γ1. One sees that γ1 factors through the surjective morphism
γ̄1 : HH ⊗HWH

ǫ → K(DPIH×IG (Π(F))) of HH-modules. Moreover, remark that If

m = 2 then both K(DPIH×IG (Π(F))) and HH ⊗HWH
ǫ are free R(Ǧ × Gm)-modules of

rank 2, and γ̄1 is an isomorphism. For proving Theorem 9.3 we are reduced to prove
the following:
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Proposition 9.10. There is a unique isomorphism of HH-modules J making diagram
(9.9) commutative. The map J commutes with the HG-actions.

Note that if n = m = 1 then one has IH = H(O) and this proposition can
be deduced from [31, Proposition 4]. We have seen in section 7 that the module
K(DPIG×IH (Π(F))) is free of rank m over R(Ǧ × Gm). In the notation of this sec-
tion, a basis of K(DPIG×IH (Π(F))) is given by the elements ICk for 0 ≤ k ≤ m − 1,
and the action of R(Ǧ × Gm) is given on this basis in (7.10). Besides, according
to Theorem 7.8, R(Ȟ) acts via Resσ. A part of these properties has been already
proved for KǦ×Gm(BȞ,x) in Proposition 9.6. In the sequel we will construct a basis of

KǦ×Gm(BȞ,x) and we will identify the action of HH on this basis and the basis ICk.
The morphism sending one basis to another will be induced by γ1. Surprisingly the
basis we will construct is not the canonical basis of Lusztig constructed in [30].

We will use the polynomial representation of the affine extended Hecke algebra
HH to describe the action of HH on this new basis that we will construct. So let
us first describe the representation of HH in R(ŤH)[s, s−1]. Consider the polynomial
representation of the extended affine Hecke algebra HH of H in R(ŤH)[s, s−1]. For
v in HH and z in R(ŤH)[s, s−1] write v ∗ z for the action of v on z. The element eλ

denotes the element in R(ŤH)[s, s−1] corresponding to λ; according to [13, Formula
(7.6.1)], eλ as an element of HH acts on any element u of R(ŤH)[s, s−1] by

(9.11) eλ ∗ u = e−λu,

and for any simple root α, the action of Tsα on eλ is given by the formula [13, Theorem
7.2.16]:

(9.12) Tsα ∗ eλ =
eλ − esα(λ)

eα − 1
− s2 eλ − esα(λ)+α

eα − 1
.

This formula was discovered by Lusztig and was the starting point of the K-theoretic
approach to Hecke algebras. The formulas (9.11) and (9.12) together completely de-
termine the polynomial representation of HH . For λ dominant, the element eλ corre-
sponds in the Iwahori-Hecke algebra to the function s−ℓ(λ)Ttλ , where ℓ(λ) = 〈λ, 2ρ̌H〉

and Ttλ is the characteristic function of the double coset IGtλIG. Denote by ωi the
coweight (1, . . . , 1, 0, . . . , 0), where 1 appears i times. For 1 ≤ i < m , denote by
wi = tωiσi the element of length zero. The element w1 is the generator of the group
ΩH of length zero elements in W̃H; for any i in Z, wi = wi

1. In the extended affine
Hecke algebra HH we have

Ttωi Twi = Tσi .

Further we have ℓ(tωi) = ℓ(σi) = 〈ωi, 2ρ̌Ȟ〉 = i(m − i) and this gives

(9.13) eωi = si(i−m)Ttωi .

In R(ŤH)[s, s−1], Tσi ∗ 1 = s2i(m−i) and this yields

(si(m−i)eωiTwi) ∗ 1 = s2i(m−i),
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and

(9.14) Twi ∗ 1 = si(m−i)eωi .

Till now we have described the action of the Wakimoto objects and the elements
of length zero. We are going to compute the action of the simple reflections si =

(i, i + 1) and the affine simple reflection sm = tλw0, where λ = (−1, 0 . . . , 0, 1) and
w0 = (1,m) is the longest element of the finite Weyl group of H. For 1 ≤ i ≤ m we
have Tw1TsiT

−1
w = Tsi+1 and Tw1TsmT−1

w1
= Ts1 . For all integer j in Z set s j = s j+m and

rewrite the above formulas all together as

Tw1TsiT
−1
w1
= Tsi+1

Thus, for all i and j in Z

Tw jTsiT
−1
w j
= Tsi+ j .

For any cocharacter µ we have witµw−1
i = tσi(µ) and we get

TwiTtµT
−1
wi
= Ttσi(µ) .

Proposition 9.15. In the polynomial representation the element Tsm acts on 1 by
(s2 − 1) + s2(m−1)eξ+ω1 , where ξ = (0, 0, . . . , 0,−1).

Proof. Since Tsm = T−1
w1

Ts1Tw1 , we get using (9.14) :

Tsm ∗ 1 = (T−1
w1

Ts1) ∗ sm−1eω1 .

Let αi = (0, . . . , 0, 1,−1, 0 . . . , 0) and µi = (0, . . . , 0, 1, 0 . . . , 0), where 1 appears on
ith place then

Ts1 ∗ eω1 = eω1−α1 .

Thus,

(9.16) Tsm ∗ 1 = T−1
w1
∗ sm−1eω1−α1

If ξ = −σ−1
1 ω1 = (0, . . . , 0,−1), then ξ is a dominant character, and we have TtξT

−1
w1
=

T−1
σ1

. Thus

T−1
w1
= s1−me−ξTσ−1

1
.

Finally we have to compute

Tsm ∗ 1 = s1−me−ξTσ−1
1
∗ sm−1eω1−α1 .

On one hand the reduced decomposition of σ−1
1 is sm−1 . . . s2s1 and it follows that

Tσ−1
1
= Tsm−1 . . . Ts2Ts1 . From (9.12) we get that Ts1 ∗ eµ2 = (s2 − 1)eµ2 + s2eω1 . For

2 ≤ i ≤ m − 1 we have Tsi ∗ eω1 = s2eω1 . We also have Ts2 ∗ eµ2 = eµ2−α2 = eµ3 and
more generally, for 1 ≤ i < m, Tsi ∗ eµi = eµi+1 . By induction we get

Tσ−1
1
∗ eµ2 = (s2 − 1)eµm + s2(m−1)eω1 .

This implies that

(9.17) Tsm ∗ 1 = (s2 − 1) + s2(m−1)eξ+ω1

�
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In order to prove Proposition 9.10 we have to study the HH-module structure of
KǦ×Gm(BȞ,x) and compare this action with the results obtained §(7.10). Now let us

construct the desired basis of KǦ×Gm(BȞ,x). Denote by Lλ the line bundle on BȞ

corresponding to coweight λ of H as in [13, §6.1.11]. The Ȟ-module H0(BȞ , Lλ)
vanishes unless (a1 ≤ · · · ≤ am). Recall that the nilpotent subregular element x in
End(U0) is such that x(u1) = x(u2) = 0 and x(ui) = ui−1 for all 3 ≤ i ≤ m. The natural
morphism from R(ŤH)[s, s−1] to KǦ×Gm(BȞ,x) sends an element eλ to L−λ. Besides,

any element L in KȞ×Gm(ÑȞ) acts on KǦ×Gm(BȞ,x) as the tensor product by L|BȞ,x
.

Let {u1, . . . um} be the canonical basis of U0 and {u∗1, . . . , u
∗
m} the corresponding

dual basis. For 1 ≤ i ≤ m set

Ui = Vect(u1, . . . , ui)

and for 1 ≤ i ≤ m − 1 set

U
′

i = Vect(u2, . . . , ui+1),

with U
′

0 being equal to {0}. Note that for 0 ≤ i ≤ m− 2 the element x acts on Ui+2/U
′

i
by zero. For 1 ≤ i < m let Vi be the projective line classifying flags

U
′

1 ⊂ . . .U
′

i−1 ⊂ Wi ⊂ Ui+1 ⊂ · · · ⊂ Um,

where Wi is i-dimensional. The line Vi is isomorphic to P(Vect(u1, ui+1)) via the map
sending a line l to the flag given by

U
′

1 ⊂ . . .U
′

i−1 ⊂ l ⊕ U
′

i−1 ⊂ Ui+1 ⊂ · · · ⊂ Um.

Then we have BȞ,x = ∪iVi, (see Lemma 9.5). Recall that there are m fixed points

on BȞ,x under the action of Ǧ × Gm corresponding to the following flags:

(1) p1 = U1 ⊂ U2 ⊂ · · · ⊂ Um.

(2) For 2 ≤ k ≤ m − 1,

pk = U
′

1 ⊂ . . .U
′

k−1 ⊂ Uk ⊂ · · · ⊂ Um.

(3) pm = U
′

1 ⊂ U
′

2 ⊂ · · · ⊂ U
′

m−1 ⊂ Um.

Note that for 2 ≤ k ≤ m − 1, the point pk equals Vk−1 ∩ Vk.

Each line Vi is endowed with a tautological equivariant line bundle OVi(−1) which
is an equivariant subbundle of gOVi ⊕ sm−2iOVi . Note that: for 1 ≤ i ≤ m − 1

OVi(−pi) = s2i−mOVi(−1) and OVi(−pi+1) = g−1OVi(−1).

Thanks to Lusztig [30, §4.7] the elements Op1
, OV1(−1), . . . ,OVm−1(−1) define a basis

of KǦ×Gm(BȞ,x) over R(Ǧ)[s, s−1].

For 1 ≤ i < m, consider the line bundle Lωi on BȞ,x whose fibre at a point F1 ⊂

· · · ⊂ Fm is det(Fi). Remind that det(U
′

i )−̃→si(m−i−1) as a Ǧ ×Gm-representation. We

also have Lωm = gO in KǦ×Gm(BȞ,x).

Proposition 9.18. The set of line bundles {O, L−ω1 , . . . L−ωm−1} forms a basis of K-
group KǦ×Gm(BȞ,x) after specialization.
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Proof. For 1 ≤ k ≤ m − 1 and for any Ǧ × Gm-equivariant line bundle L on BȞ,x, we

have the following equality in KǦ×Gm(BȞ,x):

L =
k−1∑

j=1

L|V j
(−p j+1) + L|Vk

+

m−1∑

j=k+1

L|V j
(−p j)

We apply this formula to Lωk . Note that :

- If j < k, Lωk |V j
= gs(k−1)(m−k)OV j .

- If j = k, Lωk |V j
= OV j(−1).

- If j > k, Lωk |V j
= sk(m−k−1)OV j .

Hence we get:

Lωk = OVk (−1) + s(k−1)(m−k)
[k−1∑

j=1

OV j(−1) +
m−1∑

j=k+1

s2( j−k)OV j(−1)
]
.

Lastly

O = Op1
+

m−1∑

j=1

s2 j−mOV j(−1).

Since Op1
, OV1(−1), . . . ,OVm−1(−1) is a basis of KǦ×Gm(BȞ,x), the previous formulas

imply that O, Lω1 . . . , Lωm−1 is a free family which becomes a basis after specializ-
ing s to q1/2. If we apply the duality functor, we get the same result for the family
O, L−ω1 . . . , L−ωm−1 .

�

Consider the family {O, sm−1L−ω1 , s
2(m−2)L−ω2 , . . . , s

m−1L−ωm−1}. Thanks to Propo-

sition 9.18 this family is also a basis of KǦ×Gm(BȞ,x) after specialization. The map

γ1 factors through morphism J sending this basis to {IC0, . . . , ICm−1}.

According to (9.14), we have

γ2(Twi) = Twi(O) = si(m−i)eωi = si(m−i)L−ωi .

Hence the action of length zero elements on the basis is compatible with their
action on {IC0, . . . , ICm} in [§7, (7.10)].

Now we will compute the action of the affine simple reflection sm. If λ be the
cocharacter (−1, 0 . . . , 0, 1), and consider the associated line bundle Lλ (resp. E) on
BȞ,x whose fibre over a flag F1 ⊂ · · · ⊂ Fm = Um is F∗1 ⊗ Fm/Fm−1(resp. Fm/Fm−1).
The section um of the line bundle E yields an exact sequence

0 −→ s2−mO −→ E −→ (Lm−1,m)pm −→ 0.

Note that (E)pm = gOpm
, and (L−ω1)pm = s2−mOpm

. Tensoring by L−ω1 , we get the
exact sequence on BȞ,x

0 −→ s2−mL−ω1 −→ Lλ −→ gs2−mOpm
−→ 0.
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Consider u∗1 ∧ · · · ∧ u∗m−1 as global section of L−ωm−1 over BȞ,x. It vanishes only at
pm and gives an exact sequence

0 −→ g−1s2−mO −→ L−ωm−1 −→ Opm
−→ 0.

Finally we conclude that in KǦ×Gm(BȞ,x)

Lλ = s2−mL−ω1 + gs2−mOpm
, and gs2−mOpm

= gs2−mL−ωm−1 − s4−2mO.

Thus

Lλ = s2−mL−ω1 + gs2−mL−ωm−1 − s4−2mO.

From Proposition 9.15 we obtain that

(9.19) γ2(Tsm) = Tsm(O) = (s2 − 1)O + s2m−2Lλ = −O + smL−ω1 + gsmL−ωm−1 .

Finally, s−1Tsm(O)+ s−1O corresponds to
←

HH(Lsm , I0), and the formula (9.19) is com-

patible with (7.10) by using the fact that Lsm is isomorphic to Q̄ℓ[1]( 1
2 ) over F l

sm

H .
Moreover, for 1 ≤ i < m one has Tsi ∗ 1 = v in the polynomial representation, hence

Tsi(O) = vO in KǦ×Gm(BȞ,x). The other relations are readily obtained by symmetry
(the action of elements of length zero). This finishes the proof of Proposition 9.10
and so Conjecture 9.2.

10. Some generalities on convolution product

Let k be an algebraically closed field of characteristic zero. Let G be a linear
algebraic group, and X be a scheme of finite type over k. Denote by R(G) the ring of
representation of G over Qℓ.

Appendix A.

Let Y be a smooth G-variety and π : Y → X be a proper G-equivariant map
then according to [13, 5.2.20] KG(Y ×X Y) is an associative R(G)-algebra. Moreover,
KG(Y) is naturally a left module over KG(Y ×X Y). Namely, for any L in KG(Y ×X

Y) and F in KG(Y), consider the restriction with supports of L ⊠ F an element of
KG((Y ×X Y) × Y) with respect to the smooth closed embedding

Y × Y
id× diag
→ Y × Y × Y

∪ ∪

Y ×X Y → (Y ×X Y) × Y

and denote the result by L⊗p∗2F ∈ KG(Y×XY). Then we have L∗F = (p1)∗(L⊗p∗2F) ∈
KG(Y).

By using this KǦ×Gm(ÑǦ) is a module over KǦ×Gm(ÑǦ ×NǦ
ÑǦ).
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Appendix B.

Let Z be a smooth variety. Consider a G-equivariant morphism from Z to X. Then
KG(Y×X Y) acts on KG(Z×X Y) by convolutions on the right. Additionally, this action
is R(G)-linear. Namely, for any F in KG(Z ×X Y) and any L in KG(Y ×X Y), consider
the element p∗12F ⊠ p∗34L in KG((Z ×X Y) × (Y ×X Y)). Let us apply the restriction
with supports functor with respect to the smooth closed embedding id× diag× id in
the following diagram to p∗12F ⊠ p∗34L

Z × Y × Y
id× diag× id
→ Z × Y × Y × Y

∪ ∪

Z ×X Y ×X Y → (Z ×X Y) × (Y ×X Y)

,

and denote the result by p∗12F ⊗ p∗23L in KG(Z ×X Y ×X Y). The projection p13 :
Z ×X Y ×X Y → Z ×X Y is proper, and we obtain the convolution product of F and L
denoted by

F ∗ L = (p13)∗(p∗12F ⊗ p∗23L) ∈ KG(Z ×X Y).

By using this, KȞ×Gm(ÑǦ,Ȟ ×NȞ
ÑȞ) appeared in §8 is a module over the algebra

KȞ×Gm(ÑȞ ×NȞ
ÑȞ).

Appendix C.

Let G be a closed subgroup of H and assume Y ′ to be smooth. Let π′ : Y ′ → X′ be
a proper morphism of G-varieties. Assume that X −̃→H ×G X′ and Y −̃→H ×G Y ′ as
H-varieties, and that π is obtained from π′ by induction in the sense of [13, 5.2.16].
Then we have the following isomorphism

Y ×X Y −̃→H ×G (Y ′ ×X′ Y ′)

as H-varieties. So, we have an isomorphism of stack quotients

(Y ×X Y)/H −̃→ (Y ′ ×X′ Y ′)/G,

and we get an isomorphism of algebras

KH(Y ×X Y) −̃→KG(Y ′ ×X′ Y ′).

In a more general setting we have the following: let G and H be two algebraic groups,
φ : G → H be a morphism and X be a G-variety. The induced H-variety with H ×G X
respect to φ is the stack quotient (H × X)/G, where G acts on H × X by

g.(h, x) = (hφ(g)−1, g.x).

The group H acts on the stack H ×G X by h
′

.(h, x) = (h
′

h, x), and (H ×G X)/H is
isomorphic to the stack quotient X/G. There exists two functors "res" and "Ind" (
restriction and induction) which are mutually inverse and give rise to the following
isomorphisms of categories :

KG(X)⇆ KH(H ×G X).
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By using this construction we have the following equivalence of categories:

(ÑǦ,Ȟ ×NǦ,Ȟ
ÑǦ,Ȟ)/Ȟ−̃→(ÑǦ ×NǦ

ÑǦ)/Ǧ.

This allows us to define a left action by convolution of KǦ×Gm(ÑǦ ×NǦ
ÑǦ) on

KȞ×Gm(ÑǦ,Ȟ ×NȞ
ÑȞ), see §8.

Appendix D.

Let Y be a smooth G-variety and π : Y → X a proper G-equivariant morphism. Let
X → X̄ and Z → X̄ be G-equivariant morphisms of varieties. Assume Z to be smooth.
Then KG(Y ×X Y) acts on the left by convolution on KG(Y ×X̄ Z). Indeed, for any F in
KG(Y ×X̄ Z) and L in KG(Y ×X Y), consider p∗12L⊠ p∗34F in KG((Y ×X Y)× (Y ×X̄ Z)).
Apply the restriction with supports with respect to the smooth closed embedding
id× diag× id in the following diagram to p∗12L ⊠ p∗34F

Y × Y × Z
id× diag× id
→ Y × Y × Y × Z

∪ ∪

Y ×X Y ×X̄ Z → (Y ×X Y) × (Y ×X̄ Z).

and denote the result by p∗12L ⊗ p∗34F in KG(Y ×X Y ×X̄ Z). The projection p13 :
Y ×X Y ×X̄ Z → Y ×X̄ Z is proper, and we obtain the convolution product of L and F
denoted by

L ∗ F = (p13)∗(p∗12L ⊗ p∗34F) ∈ KG(Y ×X̄ Z).

Note actually that the essential thing we need is the fact that the structure sheaf OY

of the diagonal Y ⊂ Y ×Y admits a finite G-equivariant resolution by coherent locally
free OY×Y -modules. Then restrict this resolution with respect to the flat projection
p23 : Y × Y × Y × Z → Y × Y . It seems that the smoothness of Z is not necessary.
Moreover, assume Z to be smooth and Z → X̄ to be proper, then KG(Z ×X̄ Z) acts
on KG(Y ×X̄ Z) by convolutions on the right, and the actions of KG(Z ×X̄ Z) and of
KG(Y ×X Y) commute.

Let x be a G-fixed point in X. Assume that the morphism X → X factors through
X → x → X. Let Zx be the fibre of Z → X over x. Moreover, assume that Zx

is smooth and that it satisfies the conditions of Künneth of formula [13, Theorem
5.6.1]. Then, we have

(D.1) KG(Y ×X Z)−̃→KG(Y × Zx)−̃→KG(Y) ⊗R(G) KG(Zx).

Note that KG(Zx) is naturally a KG(Z ×X Z)-module and this is action is R(G)-linear.
The action of KG(Z ×X Z) on KG(Y ×X Z) is R(G)-linear as well. One checks that the
action of KG(Z ×X Z) on the right hand side of (D.1) comes by functoriality from the
corresponding action on KG(Zx).
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Appendix E.

Let G be a closed algebraic subgroup of H, Y1 be a G-scheme, and Y, Ỹ be two
H-schemes. Consider the Cartesian diagram

Y1 ×Y Ỹ //

��

Y1

��
Ỹ // Y,

where the map Ỹ → Y is H-equivariant and the map f : Y1 → Y is G-equivariant,
the action of G on Y being induced by the action of defined H. The group G acts
diagonally on the fibre product Y1 ×Y Ỹ . This allows us to consider the induced space
H ×G (Y1 ×Y Ỹ). On the other hand, we have a H-equivariant map f1 : H ×G Y1 → Y
given by f1(h, y1) = h f (y1). Consider the cartesian diagram

(H ×G Y1) ×Y Ỹ //

��

H ×G Y1

f1

��
Ỹ // Y,

and let H act diagonally on the fibre product (H ×G Y1) ×Y Ỹ .

Lemma E.1. There is a H-equivariant isomorphism of schemes

(E.2) H ×G (Y1 ×Y Ỹ)−̃→(H ×G Y1) ×Y Ỹ .

Proof. The isomorphism is furnished by the H-equivariant map

H ×G (Y1 ×Y Ỹ)→(H ×G Y1) ×Y Ỹ

(h, (y1, u))→((h, y1), hu)

�
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