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Abstract

We give a purely probabilistic proof of Sklar’s theorem by a simple

continuing technique and sequential arguments. We then consider the case

where the distribution function F is unknown but one observes instead

a sample of i.i.d. copies distributed from F : we construct a sequence of

copula representers associated to the empirical distribution function of the

sample which convergences a.s. to the representer of the copula function

associated to F . Eventually, we extend the last theorem to the case where

the marginals of F are discontinuous. This last result is discussed in

relation to the inferential issues involved in copula models for discrete

data.

WORKING PAPER.

1 Introduction

Let X a d-variate real-valued vector with cdf F , and corresponding vector of
marginal cdfs G = (G1, . . . , Gd), viz. Gi(xi) = F (∞, . . . ,∞, xi,∞, . . . ,∞). We
note vectors by bold letters, and interpret operations between vectors compo-
nentwise. A d-dimensional copula function C can be defined,

• either analytically, as a function defined on [0, 1]d, grounded and d-increasing
with univariate marginals, see Nelsen [12] chapter 2,

• or probabilistically, as the restriction to [0, 1]d of the multivariate cdf of
a random vector U, called a copula representer, whose marginals are uni-
formly distributed on [0, 1].

The interest of copulas lies in Sklar’s theorem, see [17, 18], which asserts that, for
every random vector X, there exists a copula function connecting, or associated
to X, in the sense that,
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Theorem 1.1. For every multivariate cdf F , with marginal cdfs G, there exists
some copula function C such that

F (x) = C(G(x)), ∀x ∈ R
d, (1)

where G(x) = (G1(x1), . . . , Gd(xd)). Whenever all marginals G are continuous,
C is unique, otherwise C is uniquely determined on the range of G. Conversely,
if C is a copula function and G a set of marginal distribution functions, then
the function F defined by (1) is a joint distribution function with marginals G.

By allowing to model separately the marginals from the “dependence”,
Sklar’s theorem offers great flexibility to construct multivariate statistical mod-
els. The last decades have witnessed an increasing interest in copulas, in par-
ticular in economics and finance. Refer to Nelsen [12] for a general introduction
to copulas and Cherubini et al. [2], Jaworski et al. [11] for applications.

Deheuvels [4] stress the difference between the analytical and probabilistic
approach to copulas by introducing the analytical concept of precopula of the
first type, viz. as the function defined by

C∗(u) = F ◦G−1(u), (2)

and the probabilistic concept of precopula of the second type, viz. as the cdf of
the multivariate Probability Integral Transform,

C∗∗(u) = P (G(X) ≤ u). (3)

Whenever G is continuous, this distinction is superfluous and Sklar’s theorem
is trivial: the copula C associated to X in relation (1) is unique and can be
defined from F either by (2) or (3): C := C∗ = C∗∗. To the contrary, it
becomes relevant whenever discontinuity is present, see [7].

Usually, Sklar’s theorem is proved in the literature by analytical methods: in
Nelsen [12] theorems 2.3.3, 2.4.1 and 2.10.9, a subcopula function C ′ is defined
on a subset of [0, 1]d from the set of pairs {(G(x), F (x))} and is then extended to
a genuine copula function by an interpolation technique which preserves the an-
alytical properties of copulas. Rüschendorf [14] give a simple probabilistic proof,
and Faugeras [7] elaborates on the latter and generalises to more complex ran-
domisation structures. In this note, we give another proof of Sklar’s theorem by
a probabilistic method, which is inspired from Denuit and Lambert’s continuing
technique [5].

In the latter article, the authors associate to a bivariate integer-valued ran-
dom vector (X,Y ) a continuous extension (X∗, Y ∗), defined by

X∗ = X + (U − 1), Y ∗ = Y + (V − 1),

where U, V are marginally uniform on [0, 1], (U, V ) is independent of (X,Y ), and
U is independent of V . They show this continuously extended vector preserves
the concordance order and Kendall’s τ corresponding measure of concordance.
They relate the starred copula of (X∗, Y ∗) to the one of (X,Y ), and show they
coincide on the range of the marginals of the latter.
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We emphasise the difference of our approach with the aforementioned arti-
cle: in [5], C is thought of as a primary concept, i.e. a function C is assumed
to exist for a given (X,Y ). In [6], we argued that such point of view is some-
how confusing, especially from an inferential point of view, in the sense that
it carries an implicit arbitrary convention on the probabilistic structure of the
random experiment under study. In this note, only F is considered to be given
beforehand, and we aim at deriving a copula C from F satisfying (1), by a
continuing device similar to that of [5]. Note that the continuing technique of
[5] can also be used to give a proof of Sklar’s theorem for integer-valued r.v.
only, by having a probabilitistic writing of the bilinear interpolation method of
Nelsen [12], see [5] p. 48.

Our objectives in this article are threefold: in section 2, we give a new proof
of Sklar’s theorem by purely probabilistic methods. We then show in section 3
consistency of a regularised empirical copula function via a.s. constructions: we
consider the case where the distribution function F is unknown but assumed to
be continuous, and one observes instead a sample of i.i.d. copies distributed from
F . A sequence of copula representers associated to the empirical distribution
function of the sample is constructed and is shown to convergence a.s. to the
representer of the copula function associated to X. Eventually, we want to shed
some light in the debate on whether it is well-advised to use copulas to model
discrete data: we extend in section 4 the previous theorem to the case where
the marginals of F are discontinuous, by showing convergence in distribution
of the previous sequence of representers. We discuss the interpretation of this
surprising result from an inferential point of view.

2 A probabilistic proof of Sklar’s theorem

Let ||x||1 =
∑d

i=1 |xi| the l(1) norm on R
d, ||.||∞ the sup-norm on R, and C(F )

the continuity set of F .

Proof of Theorem 1.1. As mentioned in the introduction, we only have to deal
with the case when X has at least one point of discontinuity in its marginals.
Let Z a continuous random vector on R

d, independent of X, and denote K its
joint (continuous) cdf. Set the continued vector

Xn = X+ hnZ, hn ∈ R, hn ↓ 0,

with continuous cdf Fn(x) = P (Xn ≤ x), and vector of marginal cdfs Gn. By
Slutsky (or characteristic functions),

Xn
d
→ X, as n → ∞, (4)

where
d
→ stands for convergence in distribution. Let

Un = Gn(Xn),
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and denote Cn its joint cdf. Since Fn is continuous on R
d, the marginals of

Un are uniform on [0, 1]. Hence, the restriction of Cn to [0, 1]d is a copula
function, (it can be regarded either as a precopula of the first or second type,
viz. Cn(u) = P (Un ≤ u) = Fn ◦G−1

n (u)). Cn thus satisfy Sklar’s theorem for
continuous vectors,

Fn(x) = Cn(Gn(x)), ∀x ∈ R
d. (5)

Since Un has marginals uniformly distributed on [0, 1], Un is in the compact
cube [0, 1]d with probability 1, for all n. In other words, (Un, n ∈ N) is bounded
in probability or uniformly tight. By Prohorov’s theorem, there exists a subse-
quence n′ → ∞ such that

Un′

d
→ U, (6)

for some random vector U. Let us call C the cdf of U. By the continuous
mapping theorem, U has necessarily uniform marginals, i.e. C is also a copula
function. As (the restriction to [0, 1]d of) Cn, C are copula functions, they are
1-Lipsthitz thus continuous for the ||.||1 norm, see Nelsen [12] theorem 2.10.7.

If x ∈ C(F ), then (4) entails that Fn′(x) → F (x) and Gn′(x) → G(x), for
the subsequence n′ → ∞ of (6). Thus,

|F (x)− C(G(x))| ≤ |F (x)− Fn′(x)|+ |Fn′(x)− Cn′(Gn′(x))|

+|Cn′(Gn′(x))− Cn′(G(x))|+ |Cn′(G(x))− C(G(x))|

The first component goes to zero by (4), the second component is zero by def-
inition of (5). By the Lipschitz character of Cn′ , the third quantity is smaller
than ||Gn′(x)−G(x)||1, and the latter quantity goes to zero by (4). By (6),
the last part goes to zero since C is continuous, see Polya’s lemma, e.g. exercise
11.7.2 in [16].

If x /∈ C(F ), it can be approximated by a sequence xm ↓ x as m → ∞ of
(upper-right) continuity points, so that

|F (x)− C(G(x))| ≤ |F (x)− F (xm)|

+|F (xm)− C(G(xm))|+ |C(G(xm))− C(G(x))|

The first part goes to zero by the right-continuity of F , the second is zero by the
result of the previous paragraph, the third is smaller than ||G(xm) − G(x)||1
by the 1-Lipshitz property of C and goes to zero by right-continuity as m → ∞.
Therefore,

F(x) = C ◦G(x), ∀x ∈ R
d.

Remark 1. This continuing method was already used, e.g. in Shorack [16] p.
346, p. 358., to obtain an easy proof of the inversion theorem for characteristic
function and of Esséen’s lemma.
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Remark 2. Compared to [14] and [7], the proof of Sklar’s theorem obtained
here is derived via a limiting sequence argument and does not give an explicit
formula for C. However, it is well suited for asymptotic arguments, as is shown
in the next section. Note also that we did not make appear in the notation the
dependence of C on the distribution function of Z nor the (sub)sequence hn.

Remark 3. When G is continuous, the convergence can be strengthened to an

a.s. one. Indeed, hn → 0 entails Xn
a.s.
→ X ⇒ Xn

d
→ X ⇒ ||||Gn−G||∞||1 → 0

by Polya’s lemma. From the decomposition,

Gn(Xn)−G(X) = Gn(Xn)−G(Xn) +G(Xn)−G(X)

one gets that ||Gn(Xn)−G(Xn)||1 ≤ ||||Gn−G||∞||1 → 0 a.s., and G(Xn) →
G(X) a.s. by continuity of G. Therefore Un → G(X) := U a.s. One recovers
the definition of the (unique) copula function connecting X as the cdf of G(X),
and the influence of the extraneous randomisation Z disappears. However, such
a result is of limited interest in the sense that if G is continuous, C can directly
be defined as C(u) = P (G(X) ≤ u) without the need to resort to a limiting
argument, as explained in the introduction. Nonetheless, see theorem 3.1 below.

3 The case when F is unknown and continuous

In this section, we assume that F (or, equivalently G) is continuous. If F is
unknown, the copula representer U = G(X) can not be computed. If one has
instead a sample X1, . . . ,Xn of i.i.d. copies distributed as F , one can define the
ecdf,

Fn(x) =
1

n

n
∑

i=1

1Xi≤x,

and the corresponding vector of marginal ecdf Gn. The empirical “copula” func-
tion, introduced by Deheuvels [3, 4], is defined as the precopula of the first type
associated to the empirical distribution function, viz.

Cn(u) := C∗
n(u) = Fn(G

−1
n (u)).

As Fn is a discrete (random) cdf, Cn is not a copula function per se. However,
whenever G is continuous, it coincides with any copula function associated to
Fn on the grid of points uk = (k1/n, . . . , kd/n) for k1, . . . , kd = 0, . . . , n, and the
maximal difference between the two objects does not differ more than a O(1/n),
see Deheuvels [4].

An easy way to obtain a genuine copula function is to smooth “the” empirical
“copula” function by convolution. The proposed setup is as follows: Condition-
ally on Fn, one can simulate a (bootstrap) vector X∗

n ∼ Fn. Let Z a continuous
vector in R

d, independent of (X∗
n), with cdf K. Set X̂∗

n = X∗
n + hnZ. X̂∗

n has
cdf

F̂n(x) := P (X̂∗
n ≤ x) =

1

n

n
∑

i=1

K

(

Xi − x

hn

)

,
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and denote Ĝn its marginal cdfs. Set U∗
n = Ĝn(X̂

∗
n), and denote Ĉn its cdf.

F̂n is the Parzen-Rosenblatt kernel-smoothed continuous ecdf with bandwidth
hn, and Ĉn is the kernel-smoothed empirical copula function of Fermanian et
al. [8],

Ĉn(u) = F̂n(Ĝ
−1
n (u)).

Write also F̃n and G̃n the corresponding joint and marginals cdf of X̃n :=
X + hnZ, with hn ↓ 0. Set Un := G̃n(X̃n) and U the corresponding limit
of Un, obtained by letting n → ∞ (possibly along a subsequence), as in the
previous section 2.

Instead of showing consistency of the function Cn (or of its smoothed mod-
ification) to C as in [8], the next theorem provides an alternative probabilistic
analysis by directly showing a.s. convergence of the copula representers U∗

n

associated to X̂∗
n to the copula representer U associated to X.

Theorem 3.1. If G is continuous, as n → ∞,

U∗
n

a.s.
→ U,

conditionally on X1,X2, . . ., for almost every sequence X1,X2, . . ..

Proof. As in Giné and Zinn [10], let (S = R
d, S = B(S), P ) be the probability

space s.t. P (]−∞,x] = F (x). Let Xi(ω) : (SN, SN, PN) 7→ (S, S, P ) be the
coordinate mapping i.i.d. P , defined for ω ∈ SN, byXi(ω) = ωi. Call Pn(ω)(.) =
1
n

∑n

i=1 δXi(ω)(.) the empirical measure based on the sample X1,X2, . . ., and
Fn(x) = Pn(]−∞,x]), (where we suppressed the dependency on ω).

Glivenko-Cantelli theorem asserts that there exists some Ω0 ⊂ SN, with
PN(Ω0) = 1, such that for all ω ∈ Ω0,

sup
x∈Rd

|Fn(x)− F (x)| → 0,

as n → ∞. Fix ω ∈ Ω0. On (Ω∗,A∗, P ∗) = ([0, 1],B([0, 1]), λ), where λ stands
for Lebesgue measure, define for ω∗ ∈ Ω∗, X∗

n(ω
∗) distributed according to

Pn(ω) and X∗(ω∗) distributed according to F . (Let A(j, n) = ((j − 1)/n, j/n]
and define

X∗
n(ω

∗) =

n
∑

j=1

Xj1ω∗∈A(j,n).

Then X∗
n

P∗

∼ Pn(ω) and X∗(ω∗)
P∗

∼ P can be defined via Borel’s isomorphism,
see Shorack [16] Proposition 19.1.2).

Glivenko-Cantelli theorem can now be rephrased by stating that,

X∗
n

d
→ X∗,

w.r.t. the measure P ∗. By Skorokhod’s representation theorem [19], there exists
a probability space (Ω∗′

,A∗′

, P ∗′

) such that one can define on it a sequence X∗′

n

together with X′ such that X∗′

n

d
= X∗

n, X
′ d
= X∗(

d
= X), and

X∗′

n

a.s.
→ X′, (7)
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w.r.t. the measure P ∗′

. We work now on this probability space (extended if
needed to carry the extra randomisation Z, see e.g. Thorisson [20] chapter 3),
on which we consider all our variables live and forget the prime in the notation
of X∗

n,X, as is customary.
Decompose,

U∗
n −U = Ĝn(X̂

∗
n)− G̃n(X̂

∗
n) + G̃n(X̂

∗
n)− G̃n(X̃n) +Un −U. (8)

Write

G̃n(x) =

∫

G(x− hny)dK(y), (9)

where K(x) := (K1(x1), . . . ,Kd(xd)) stands for the vector of marginals cdf of
Z, and where this formula has to be understood componentwise:

G̃n(x) =

(
∫

R

G1 (x1 − hny1) dK1(y1), . . .

∫

R

Gd (xd − hnyd) dKd(yd)

)

.

Hence,

G̃n(x)− Ĝn(x) =

∫

(G(x− hny)−Gn(x− hny))dK(y).

Therefore, as n → ∞,

|| sup
x

|G̃n(x)− Ĝn(x)|||1 := ||||G̃n − Ĝn||∞||1 ≤ ||||Gn −G||∞||1
a.s.
→ 0

by Glivenko-Cantelli. Therefore,

||Ĝn(X̂
∗
n)− G̃n(X̂

∗
n)||1 ≤ ||||G̃n − Ĝn||∞||1

a.s.
→ 0. (10)

(7) entails that, as n → ∞, X̂∗
n − X̃n

a.s.
→ 0, therefore continuity of G yields

that, for all y, as n → ∞,

G(X̂∗
n − hny)−G(X̃n − hny)

a.s.
→ 0

and Dominated convergence theorem in (9) implies that

||G̃n(X̂
∗
n)− G̃n(X̃n)||1

a.s.
→ 0. (11)

Eventually,
Un

a.s.
→ U (12)

as n → ∞, by the proof and remark 3 of section 2, where the cdf C of U satisfy
(1). Plugging (10), (11), (12) in (8) yields the desired result.

Corollary 3.2. As n → ∞, supu∈[0,1]d |Ĉn(u) − C(u)| → 0, conditionally on
X1,X2, . . ., for almost every sequence X1,X2, . . ..

Proof. U∗
n

a.s.
→ U ⇒ U∗

n

d
→ U, then apply Polya’s lemma.
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Remark 4. We used the “method of a single probability space”, as advocated by
Shiryaev in [15] section III.8. p. 354. This setup of proving consistency of the
kernel-smoothed copula associated to the empirical measure from a resampling
point of view is similar to the analysis of the Bootstrap empirical measure used
in Giné and Zinn [10]. See Vadarajan [22] and Ranga Rao [13] for an early
reference on such a similar approach, as quoted in Billingsley [1] p. 29.

4 The case when F is unknown and possibly dis-

continuous

As explained in the introduction, the copula function associated to a random
vector X is a uniquely defined object only when F is continuous: C is non-
unique outside of the range of the marginals. For discontinuous X, there are
several copulas functions associated to X, see Faugeras [7] for some explicit
probabilistic constructions. Exactifying C on its whole domain amounts to
making a choice among the possible copulas compatible with X (in our present
proof of Sklar’s theorem, it amounts to choosing a particular continuous Z and
a sequence hn ↓ 0). In other words, there is no identifiability of the copula
function. For that reason, most applied papers in the literature who use copula
models deal with continuous data. There is debate on whether it is well-advised
to make inference in copula models for discrete data, see Genest and Neslehova
[9], Faugeras [6] for a discussion on parametric copula models.

However, the restriction in theorem 3.1 on continuous G can be dispensed
of. For completeness, we provide below a proof to cover such a case. We hope
it can be also helpful to clarify ideas in the debate on the opportunity to use
copula models for discrete data.

Write Xm = X+hmZ, with hm ↓ 0, and note F̃m and G̃m the corresponding
joint and marginals cdf of Xm. Set as before Um := G̃m(Xm) and U the copula
representer obtained by letting m → ∞ (possibly along a subsequence), as in
the section 2. Let Fn the ecdf, Gn the corresponding vector of marginal ecdf.
Set X∗

n ∼ Fn, conditionally on Fn. Define X∗
n,m = X∗

n + hmZ, where Z is
independent of (X∗

n). Call Fn,m and Gn,m the joint and marginal cdfs of X∗
n,m.

Set Un,m = Gn,m(X∗
n,m), and denote Cn,m its cdf.

Theorem 4.1. As n,m → ∞,

Un,m
d
→ U,

conditionally on X1,X2, . . ., for almost every sequence X1,X2, . . ..

Proof. As before, we work on the probability space such that

X∗
n

a.s.
→ X, (13)

on which we consider all our variables live. We will also forget to add the
sentence “conditionally on X1,X2, . . ., for almost every sequence X1,X2, . . ..”
in all our subsequent limiting statements, as in e.g. [21] chapter 23.
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Decompose,

Un,m−U = Gn,m(X∗
n,m)−G̃m(X∗

n,m)+G̃m(X∗
n,m)−G̃m(Xm)+Um−U. (14)

Proceeding as in (9), write

G̃m(x)−G∗
n,m(x) =

∫

(G(x− hmy)−Gn(x− hmy))dK(y).

For every m, as n → ∞

|| sup
x

|G̃m(x)−G∗
n,m(x)|||1 := ||||G̃m −G∗

n,m||∞||1 ≤ ||||Gn −G||∞||1 → 0

almost surely by Glivenko-Cantelli. Therefore, for every m, as n → ∞

||Gn,m(X∗
n,m)− G̃m(X∗

n,m)||1 ≤ ||||G̃m −G∗
n,m||∞||1 → 0. (15)

almost surely. (13) entails that, for every m, as n → ∞, X∗
n,m → Xm almost

surely, therefore continuity of G̃m yields that, for every m, as n → ∞

||G̃m(X∗
n,m)− G̃m(Xm)||1 → 0 (16)

almost surely. Eventually,

Um
d
→ U (17)

as m → ∞ (possibly along a subsequence), by the proof of section 2, where the
cdf C of U satisfy (1). Plugging (15), (16), (17) in (14) yields the desired result
by Slutsky.

Corollary 4.2. As n,m → ∞, supu∈[0,1]d |Cm,n(u)−C(u)| → 0, conditionally
on X1,X2, . . ., for almost every sequence X1,X2, . . ..

Proof. Apply Polya’s lemma.

With the proviso that this double asymptotic result can be given a factual
content (see Van der Vaart [21] chapter 1.3 and 1.4), this result can be inter-
preted as follows: when the sample size grows and the bandwidth decreases, the
kernel smoothed copula “estimator” obtained by kernel smoothing the empirical
copula will be uniformly close to the copula function associated to X obtained
by smoothing the latter with the corresponding kernel of the “estimator”.

A copula enthusiast may thus argue that since it is possible to infer a cop-
ula function from discrete data, the limitation on the use of copula models to
continuous data usually encountered in the literature can be dispensed of. A
skeptic may reply that the copula function “estimated” here nonparametrically
from discontinuous data depends on the kernel of the estimator chosen. He is
likely to conclude that it is therefore devoid of interest from an epistemological
point of view to “infer” a/some copula for discrete data, as the copula inferred
here is subjective and depends on a convention laid at the beginning in the
estimation method.
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