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one-degree of-freedom system, solving the related Kolmogorov–Feller equation, has already been pro-
posed in [16].

In this paper an approximate explicit response probability density function of a beam under external
and axial impulsive random Poisson excitation is obtained as a solution of the Kolmogorov–Feller
equation. The main difference between external and parametric Poisson white noise consists in the
presence of a series of correction terms to take advantage of the non-anticipating property between
increments of compound Poisson processes and the response for parametric excitation [5]. However,
if in linear or nonlinear oscillators the multiplicative term appears in displacements, this does not
produce the need for correction terms. The proposed approach considers parametric excitation that
is multiplicative in displacement because the integral term appearing in the differential equation in
terms of probability density function (the well known Kolmogorov–Feller equation) offers a better
opportunity to find approximate solutions through appropriate physical and mathematical considera-
tions than in the case of multiplicative terms in velocity, where an infinite series of terms appears.
The procedure followed consists first in the reduction of the Kolmogorov–Feller equation to a first-
order partial differential equation, using physical considerations about the behavior of the response
for small values of the time step. Then the well-known Method of Characteristics is applied to ob-
tain the required solution. The correctness of the solution has been validated through Monte Carlo
simulation.

2. Beam Under Transversal Poisson Pulses

Let us consider a simply supported beam subjected to a train of stationary Poisson pulses at mid-span
defined by

ξ (t) =
N (t)∑
k=1

Akδ(t − tk), (1)

where δ(·) stands for a Dirac delta. In Equation (1) the random instants tk are independent of the
intensities of the spikes Ak , having assigned probability density function pA(a) and assumed to be
independent random variables, while N (t) is an homogeneous Poisson counting process giving the total
number of impulses occurring in the time interval [0, t) with mean arrival rate equal to λ. The equation
of motion of the beam can be written as follows:

E J
∂4w

∂x4
+ µ

∂2w

∂t2
+ ρ

∂w

∂t
= ξ (t)δ(x − l/2), (2)

w(x, t) being the vertical displacement of the beam. In Equation (2) ρ is the beam density; J is the
moment of inertia of the beam cross section; E is Young’s modulus; µ is a damping factor; l is the
length of the beam.

It is well known that for the simply supported beam, the eigenfunctions are given by the
formula

φn(x) = sin
(πn

l
x
)
. (3)
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Solution of Equation (2) can then be obtained by mode superposition

w(x, t) =
∞∑

n=1

φn(x)Yn(t) (4)

and using the well-known orthogonality properties of the eigenfunction basis, the following set of
stochastic uncoupled linear set of differential equations is obtained

Ÿn + 2DωnẎ n + ω2
nYn = Pnξ (t), n = 1, 2, . . . (5)

where

ωn =
(πn

l

)2
√

E J

µ
,

ρ

µ
= 2Dωn. (6)

For n = 1 the following single-degree-of-freedom equation of motion is obtained

Ÿ + 2Dω1Ẏ + ω2
1Y = ξ (t). (7)

The probabilistic characterization of the response can be achieved, when truncating at the first mode,
by considering the time evolution of the transition probability of the response

p(y, ẏ; t + τ/y′, ẏ′; t) = p(y, ẏ, t + τ ; y′, ẏ′, t)

p(y′, ẏ′, t)
(8)

that respects the Kolmogorov–Feller integro-differential equation

∂p

∂τ
= 2Dω1

∂(ẏ p)

∂ ẏ
+ ω2

1 y
∂p

∂ ẏ
− ẏ

∂p

∂y

+λ

∫
a

p
(
y, ẏ − a; t + τ/y′, ẏ′; t

)
pA(a)da − λp. (9)

Equation (9) must be solved subject to the initial condition

p(y, ẏ; t/y′, ẏ′; t) = δ(y − y′)δ(ẏ − ẏ′). (10)

Exact stationary solutions (i.e., ∂p/∂t = 0) of Equation (9) have been obtained for particular classes
of nonlinear systems [11, 12]. In order to find an approximate solution of Equation (9), because of
Equation (10), for small values of τ the following approximation holds

p(y, ẏ − a; t + τ/y′, ẏ′; t) = δ(y − y′)δ(ẏ − a − ẏ′) + O(τ ). (11)

where O(τ ) goes to zero as τ → 0. Substituing Equation (11) in Equation (9) we obtain

∂p

∂τ
= 2Dω1

∂(ẏ p)

∂ ẏ
+ ω2

1 y
∂p

∂ ẏ
− ẏ

∂p

∂y

+λ

∫
a
δ(y − y′)δ(ẏ − a − ẏ′)pA(a) da − λp. (12)
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Multiplying both members of Equation (12) by the joint probability distribution and then integrating with
respect to the initial variables, one obtains the following differential equation for the joint probability
density function pt+τ = p(y, ẏ; t + τ ) corrected up to the order τ :

∂pt+τ

∂τ
= 2Dω1

∂(ẏ pt+τ )

∂ ẏ
+ ω2

1 y
∂pt+τ

∂ ẏ
− ẏ

∂pt+τ

∂y
+ Gt (y, ẏ; t) − λpt+τ , (13)

where

Gt (y, ẏ; t) = λ

∫
a

pt (y, ẏ − a; t)pA(a) da (14)

Equation (13) is a linear partial differential equation that can be solved by the Method of Characteristics
[17]. In order to construct the solution surface one solves the following system of ordinary differential
equations on s




dτ

ds
= 1

dy

ds
= ẏ

d ẏ

ds
= −(

2Dω1 ẏ + ω2
1 y

)
dp

ds
= Gt (y, ẏ; t) + (2Dω1 − λ)p

(15)

subject to the following initial conditions




τ (0) = 0
y(0) = y′

ẏ(0) = ẏ′

p(0) = pt (y′, ẏ′; t).

(16)

Solution of Equation (15) takes the form




τ = s + C1

y(s) = C2e−Dω1s cos(ω̄1s) + C3e−Dω1s sin(ω̄1s)
p(s) = p(0) exp(cs) + Gt (y, ẏ; t)τ,

(17)

where

ω̄1 = ω1

√
1 − D2, c = 2Dω1 − λ, (18)

and because of the initial conditions Equation (16)

C1 = 0, C2 = y′, C3 = ẏ′ + Dω1 y′

ω̄1
. (19)

The solution found is finally

p(y, ẏ, t + τ ) = ecτ pt (y′(y, ẏ), ẏ′(y, ẏ); t) + Gt (y, ẏ; t)τ, (20)
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where


 y′(y, ẏ) = eDω1τ

ω̄1
[(ω̄1 cos(ω̄1τ ) − Dω1 sin(ω̄1τ ))y − sin(ω̄1τ )ẏ]

ẏ′(y, ẏ) = eDω1τ

ω̄1
[ω2 sin(ω̄1τ )y + (ω̄1 cos(ω̄1τ ) + Dω1 sin(ω̄1τ ))ẏ].

(21)

It should be noted that the solution proposed in Equation (20) is confined to the probabilis-
tic characterization for the case of τ → 0. By increasing the value of τ the solution (20)
needs to consider higher-order terms in power of τ , which have been neglected in the solution
procedure.

3. Beam Under Transversal and Axial Poisson Pulses

Let us now consider a simply supported beam subjected to a transversal harmonic external load and to
a train of stationary axial Poisson pulses, as in Equation (1). The equation of motion of the beam can
be written as follows:

E J
∂4w

∂x4
+ µ

∂2w

∂t2
+ ρ

∂w

∂t
+ ξ (t)

∂2w

∂x2
= sin(
t), (22)

Figure 1. Comparison between analytical solution and simulation for the response probability density function at t = 0, 3, 6 s.
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Figure 2. Comparison between analytical solution and simulation for the velocity probability density function at t = 0, 3, 6 s.

w(x, t) being the vertical displacement of the beam. In Equation (2) ρ is the beam density; J is the
moment of inertia of the beam cross section; E is Young’s modulus, µ is a damping factor. Using
the mode superposition representation as described in Equations (3–4), and because of the well-known
orthogonality properties of the eigenfunction basis, the following set of uncoupled quasilinear equations
is obtained

Ÿn + 2Dωn ẏn + ω2
n[1 − εnξ (t)]Yn = Pn sin(
t), n = 1, 2, . . . (23)

in which

ωn =
(

πn

l

)2
√

E J

µ
,

ρ

µ
= 2Dωn, εn = 1

E J

(
πn

l

)2

. (24)

For n = 1 one obtains the following single-degree-of-freedom equation of motion, of so-called quasi-
linear type:

Ÿ + 2Dω1 ẏ + ω2
1[1 − ε1ξ (t)]Y = sin(
t). (25)
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Figure 3. Comparison between analytical solution and simulation for the mean of displacement E[X] and velocity E[V]. Contin-
uous line – E[X], dashed line – E[V], dotted line – simulation.

The probabilistic characterization of the response can be achieved, when truncating at the first mode,
by considering the time evolution of the transition probability of the response

p(y, ẏ; t + τ/y′, ẏ′; t) = p(y, ẏ, t + τ ; y′, ẏ′, t)

p(y′, ẏ′, t)
(26)

that respects the Kolmogorov–Feller integro-differential equation

∂p

∂τ
= 2Dω1

∂(ẏ p)

∂ ẏ
+ (

ω2
1 y + sin(
t)

)∂p

∂ ẏ
− ẏ

∂p

∂y

+λ

∫
a

p(y, ẏ − ω2
1εya; t + τ/y′, ẏ′; t)pA(a)da − λp. (27)

Equation (27) must be solved subject to the initial condition, Equation (10). For the case Pn = 0,
that is, when only an axial parametric load is considered, solution techniques of Equation (27) in
the frequency domain in terms of characteristic function were reported in [18]. By the same consid-
erations outlined in the previous section, Equations (10–12), it can be easily shown that, for small
values of τ the following approximation holds for the evolutionary joint probability density function
pt+τ = p(y, ẏ; t + τ ):

∂pt+τ

∂τ
= 2Dω1

∂(ẏ pt+τ )

∂ ẏ
+ (

ω2
1 y + sin(
t)

)∂pt+τ

∂ ẏ
− ẏ

∂pt+τ

∂y
+ Gt (y, ẏ; t) − λpt+τ (28)
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Figure 4. Comparison between analytical solution and simulation for the displacement variance, continuous line – σ 2
y , dotted

line – simulation.

where

Gt (y, ẏ; t) = λ

∫
a

pt (y, ẏ − ω2
1εya; t)pA(a) da. (29)

Equation (28) is a linear partial differential equation that can be solved by the Method of Characteristics.
In order to construct the solution surface one solves the following system of ordinary differential
equations on s




dτ

ds
= 1

dy

ds
= ẏ

d ẏ

ds
= −(

2Dω1 ẏ + ω2
1 y + sin(
t)

)
dp

ds
= Gt (y, ẏ; t) + (2Dω1 − λ)p

(30)
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Figure 5. Comparison between analytical solution and simulation for the velocity variance, continuous line – σ 2
V , dotted

line – simulation.

subject to the following initial conditions




τ (0) = 0

y(0) = y′

ẏ(0) = ẏ′

p(0) = pt (y′, ẏ′; t).

(31)

Solution of Equation (30) takes the form




τ = s + C1

y(s) = C2e−Dω1s cos(ω̄1s) + C3e−Dω1s sin(ω̄1s) + yp(s)

p(s) = p(0) exp(cs) + Gt (y, ẏ; t) τ

(32)

where

ω̄1 = ω1

√
1 − D2, c = 2Dω1 − λ (33)



430 M. Vasta and A. Luongo

Figure 6. Comparison between analytical solution and simulation in the nonlinear case for the mean of displacement and velocity.
Continuous line – E[X], dashed line – E[V], dotted line – simulation.

and yp(s) is the known particular solution of Equation (30) The solution found is finally
again

p(y, ẏ, t + τ ) = ecτ pt (y′(y, ẏ), ẏ′(y, ẏ); t) + Gt (y, ẏ; t) τ (34)

where y′(y, ẏ) and ẏ′(y, ẏ) can be explicitly obtained from Equations (31) and (32).

4. Nonlinear Oscillations of a Beam Under Transversal and Axial Poisson Pulses

Let us now consider the case in which a simply supported beam is subjected to a train of stationary axial
Poisson pulses and external harmonic loading and presents a nonlinear behavior defined by [19]

E J
∂4w

∂x4
+ µ

∂2w

∂t2
+ ρ

∂w

∂t
+ Pξ (t)

∂2w

∂x2
+ 1

2l

∂2w

∂x2

∫ l

0

(
∂w

∂x

)2

dx = sin(
t). (35)

Again we express the solution as an expansion in terms of the linear free oscillation modes

w(x, t) =
∞∑

n=1

φn(x)Yn(t) (36)
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Figure 7. Comparison between analytical solution and simulation in the nonlinear case for the mean square of displacement.
Continuous line – E[X2], dotted line – simulation.

and using the well-known orthogonality properties of the eigenfunction basis, the following set of
coupled nonlinear equations is obtained:

Ÿn + 2Dωn ẏn + ω2
n[1 − εnξ (t)]Yn +

∞∑
m,p,q=1=0

nmpqYmYpYq = Pn sin(
t), n = 1, 2, . . . (37)

in which

nmpq = − 1

2l

[ ∫ l

0
φ′

nφ
′
mdx

][ ∫ l

0
φ′

pφ
′
qdx

]
. (38)

For the simple case in which n = m = p = q = 1, the following parametric, nonlinear stochastic
differential equation is obtained

Ÿ + 2Dω1 ẏ + ω2
1[1 − ε1ξ (t)]Y + γ Y 3 = sin(
t) (39)

where γ = 1111. The probabilistic characterization of the response can be achieved, when truncating
at the first mode, by considering the well-known Kolmogorov–Feller integro-differential equation
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Figure 8. Comparison between analytical solution and simulation in the nonlinear case for the mean square of velocity. Continuous
line – E[V 2], dotted line – simulation.

∂p

∂τ
= 2Dω1

∂(ẏ p)

∂ ẏ
+ (

ω2
1 y + γ y3

)∂p

∂ ẏ
− ẏ

∂p

∂y

+ λ

∫
a

p
(
y, ẏ − ω2

1εya; t + τ/y′, ẏ′; t
)

pA(a)da − λp. (40)

Using the same approach outlined for the linear case, the following differential equation for the joint
probability density function pt+τ = p(y, ẏ; t + τ ) is obtained

∂pt+τ

∂τ
= 2Dω1

∂(ẏ pt+τ )

∂ ẏ
+ (

ω2
1 y + γ y3 + sin(
t)

)∂pt+τ

∂ ẏ
− ẏ

∂pt+τ

∂y
+ λGt (y, ẏ; t) − λpt+τ . (41)

To construct the solution surface by the Method of Characteristics one solves the following system of
ordinary differential equations on s:




dτ

ds
= 1

dy

ds
= ẏ

d ẏ

ds
= −(

2Dω1 ẏ + ω2
1 y + γ y3 + sin(
t)

)
dp

ds
= Gt (y, ẏ; t) + (2Dω1 − λ)p,

(42)
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Figure 9. Comparison between analytical solution and simulation in the nonlinear case for the cross mean square of displacement
velocity. Continuous line – E[XV], dotted line – simulation.

where

Gt (y, ẏ; t) = λ

∫
a

p
(
y, ẏ − ω2

1εya; t
)

pA (a) da (43)

subject to the following initial conditions




τ (0) = 0

y(0) = y′

ẏ(0) = ẏ′

p(0) = pt (y′, ẏ′; t).

(44)

The solution p(y, ẏ, t + τ ) can be written as follows:

p(y, ẏ, t + τ ) = ecτ pt (y′(y, ẏ), ẏ′(y, ẏ); t) + Gt (y, ẏ; t)τ. (45)

It should be noted that in this case the nonlinear behavior of the beam does not allow construction of
an explicit solution for the characteristic curves and only numerical integration can be pursued.
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5. Applications

A cell-to-cell mapping numerical procedure has been used to describe the features of the analytical
solution found in Equation (20) for the analysis of a linear beam under transversal Poisson pulses. A
simply supported steel beam has been considered, having dimensions b × h = 7 × 200 mm, length
l = 5 m and damping ratios D = 0.01. The initial distribution p0(y, ẏ, 0) has been assumed to be a
zero-mean Gaussian distribution with variances σ 2

Y = 1 and σ 2
ẏ = 1. The Poisson train pulses considered

have mean arrival rate λ = 10 and zero-mean Gaussian distribution with intensity variance σ 2
a = 0.5.

The time integration step used for the numerical integration has been set as �t = 0.001 s and the mesh
grid has size �y = 0.02 mm and �ẏ = 0.02 mm. Figures 1 and 2 show the transition to the stationary
solution (t = 0, 3, 6 s) for the marginal displacement and velocity distribution compared to Monte
Carlo simulation solution (v = ẏ). The results obtained confirm that the analytical solution described
above is highly effective when compared to simulation techniques.

The effect of an axial Poisson train of pulses on a linear beam has also been investigated, Equation
(34), for a simply supported steel beam with damping ratios D = 0.1, while 
 = 3 rad/s. The
initial distribution p0(y, ẏ, 0) has been assumed as a zero-mean Gaussian distribution with variances
σ 2

Y = 0.1 and σ 2
ẏ = 0.1. Poisson train pulses are considered with mean arrival rate λ = 5 and zero-mean

Gaussian distribution with intensity variance σ 2
a = 0.5. The time integration step used for the numerical

integration has been set as �t = 0.001 s and the mesh grid has size �y = 0.02 mm and �ẏ = 0.02 mm.
Figures 3–5 show the time evolutionary mean and variance of displacement and velocity, respectively,
compared to Monte Carlo simulation.

Finally, the effect of an axial Poisson train of pulses on a beam having nonlinear behavior has been
investigated, Equation (45), on a simply supported beam with damping ratios D = 0.3, 
 = 3 rad/s and
nonlinear restoring force coefficient γ = 200. The initial distribution p0(y, ẏ, 0) has been assumed as a
zero-mean Gaussian distribution with variances σY = 0.012 and σẏ = 0.012. The Poisson train pulses
considered have mean arrival rate λ = 10 and zero-mean Gaussian distribution with intensity variance
σa = 0.5. The time integration step used for the numerical integration has been set as �t = 0.001 s and
the mesh grid has size �y = 0.0015 mm and �ẏ = 0.002 mm. Figures 6–9 show the time evolutionary
mean and variance of displacement and velocity, respectively, compared to Monte Carlo simulation. The
evaluation of the characteristic curves, Equation (42), has been obtained through numerical integration
by a Runge–Kutta fourth-order method. Comparison with the statistics obtained in the quasilinear case
(Figures 6–9) shows that the nonlinear effect is effective, especially in the evaluation of the nonstationary
solution, while the stationary solution is obtained with good accuracy. This is due to the knowledge,
in the quasilinear case, of a closed-form solution of the characteristic curves, while only a numerical
solution can be pursued in the nonlinear case.

6. Conclusions

An approximate explicit response probability density function of a beam under external and axial im-
pulsive random Poisson excitation has been obtained as approximate solution of the Kolmogorov–Feller
equation. The integro-differential Kolmogorov–Feller equation has been reduced to a first-order partial
differential equation, using physical considerations about the behavior of the response for small values
of the time step. The well-known Method of Characteristics has then been applied to obtain the required
solution. The correctness of the solution has been validated through Monte Carlo simulation of a linear
and a nonlinear beam driven by Poisson external and parametric pulses.
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