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A novel coupled transmission-reflection tomography
and the V-line Radon transform

Rémi Régnier, and Mai K. Nguyen,

Abstract—The Radon transform (RT ) on straight lines deals as
mathematical foundation for conventional tomographic imaging
(e.g. X-ray scanner, Single Photon Emission Computed Tomog-
raphy (SPECT), Positron Emission Tomography (PET)) which
use only one physical phenomenon, i.e. either transmission or
emission of radiation. An imaging concept exploiting jointly
two phenomena leads to a Radon transform defined on a
geometrical support different from straight lines. In this paper,
we propose a new two-dimensional X-ray imaging based on the
coupling between transmission and reflection. Its modeling leads
to a Radon transform defined on a pair of half-lines forming
a vertical letter V, called V-line RT (V -RT ). Moreover we
establish the analytic inverse formula of this new transform,
which forms the mathematical basis for image reconstruction.
Through simulations, image formation and reconstruction results
show the feasibility of this new imaging. The main advantage is
the use of an one-dimensional detector which does not rotate for
two-dimensional image reconstruction.

Index Terms—X-ray imaging, tomography, reflection, mirrors,
Radon transform.

I. INTRODUCTION

While the classical Radon transform defined on straight
rays models the imaging systems (X-ray scanner, SPECT)
which need a relative rotation between the object and the
detector ([1], [2], [3]), there exists a considerable interest
for systems which do not require such a relative rotation
and a two-dimensional detector for two-dimensional image
reconstruction. The modeling of the last systems leads to the
RT defined on other geometries than the straight-lines.

In this paper, we propose a new tomographic modality
which operate with X-ray. But instead of simply analyzing
the absorption coefficients on a straight line as in X-ray
scanner, we place a special mirror capable of reflecting
radiation and so we project the absorption function on a pair
of half-lines (and no longer on a straight line). This variant
of the tomography would allow to replace the rotation of
source-detector couple by setting a series of point-sources and
a series of point-detectors. So using a one dimensional non
rotating detector for two-dimensional image reconstruction
turns out to be an attractive alternative to conventional
tomography.

Mathematically, the modeling of this coupled transmission-
reflection tomography leads to a Radon transform defined
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on a pair of half-lines forming a V-letter, called V-line RT
(V -RT ). This transform is a member of the family of the
so-called TV -transform ([4], [5], [6], [7], [8]). The simple
TV -transform was first proposed by Basko [9] in 1997 as a
model for image formation in a two-dimensional Compton
camera. However this Basko transform is in fact a V-line
Radon transform with swinging axis around a detection site
whereas the one considered here has a fixed axis direction
[4]. The V-line Radon transform is also considered as a
two-dimensional version of the Conical Radon Transform
(CRT ) which have been introduced some years ago ([5],
[10], [11], [12], [13]). These generalized Radon transforms
(TV and CRT ) have numerous applications in imaging
science, in particular in new Compton scattering emission
imaging ([4], [5], [6], [7], [8], [10], [11], [12], [13]).

In this paper a new application of the TV -transform is
developed in primary radiation transmission imaging, more
precicely as a coupled transmission-reflection tomography.

In this new tomography, X-radiation emitted from the source
falls on the mirror under an incidence angle and registered
later by a detector (see Fig.1). In this way when the object is
scanned by all possible V-lines, then the standard rotational
motion can be avoided.

Fig. 1. The X-ray source can be translated (see red rays) and emits according
to some angle (see the blue rays) which generates enough data on the detector
to reconstruct the attenuation map.

In section 2 we present the modeling of the new
transmission-reflection imaging concept which leads to the
V-line Radon transform. Then we establish its analytic inverse
and derive a corresponding filtered back-projection form.
This last form has the advantage of reconstructing the image
by fast algorithms.

In section 3, we present numerical simulation results on
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image formation and reconstruction to support the feasibility
of this new imaging. The paper ends with a short conclusion
on the obtained results and opens some future research per-
spectives.

II. MODELING OF THE TRANSMISSION-REFLEXION
IMAGING AND THE V-LINE RADON TRANSFORM

A. Image formation modeling and the V-line Radon transform
(V -RT )

In tomographic transmission imaging, the attenuation map
of a two-dimensional object is represented by a non negative
continuous function f(x, y) with bounded support. A linear
detector collects the transmitted radiation after a reflection on
a mirror. We may assume that the reflection coefficient of the
mirror is of the form e−c(θ), where θ is the angle of incidence.
From now on, we consider the ideal case where c(θ) = 0. This
does not affect the validity of the modeling.

Each measurement on the detector represents the sum of the
radiation attenuation along a trajectory in the shape of letter V,
since photons travel from the point of emission at the source
up to the point of detection after a reflection on the mirror.
Thus f(x, y) is integrated on a discontinuous line having the
form of the V-line with a symmetry axis parallel to the Oy-
direction (see Fig.2).

Mirror

Object

x

y

xS

L

xDxR

θ
rRθ

0

Fig. 2. Parameters of the V-line Radon transform

The projection data ĝ(xR, θ) on the detector can be written
as

ĝ(xR, θ) =

∫ ∞
0

f(xR + r sin(θ), r cos(θ))dr

+

∫ ∞
0

f(xR − r sin(θ), r cos(θ))dr. (1)

Equation (1) gives ĝ(xR, θ), as the V-line Radon transform of
the unknown attenuation distribution f(x, y). This is the im-
age formation equation in the transmission-reflection imaging
procedure.

B. The inverse transformation (V −RT )−1 and image recon-
struction

For convenience of notations, let us define g(xR, t) =
ĝ(xR, θ), with t = tan θ. The inverse transform (V −RT )−1
can be worked out using Fourier transforms f̃(q, y) (resp.

g̃(q, t)) with respect to the variable x (resp. (xR)) of f(x, y)
(resp. g(xR, t)),

g(xR, t) =

∫ ∞
−∞

g̃(q, t) e2iπqxR dq (2)

f(x, y) =

∫ ∞
−∞

f̃(q, y) e2iπqx dq.

Equation (1) becomes now with the change of variable z =
r cos(θ)

g̃(q, t)√
1 + t2

=

∫ ∞
0

f̃(q, z) 2 cos(2πqzt) dz for θ ∈ [0, π/2] (3)

g̃(q,−t)√
1 + t2

=

∫ ∞
0

f̃(q,−z) 2 cos(2πqzt) dz for θ ∈ [−π/2, 0] .
(4)

We multiply equations (4) on both sides by∫∞
0

2 cos(2πzt) d (qt) and using the identity∫ ∞
0

4 cos(2πηx) cos(2πη′x)dx = δ(η+ η′)+ δ(η− η′), (5)

we obtain

f̃(q, z) = |q|
∫ ∞
0

g̃(q, t)√
1 + t2

2 cos(2πqtz)dt, (6)

f̃(q,−z) = |q|
∫ ∞
0

g̃(q,−t)√
1 + t2

2 cos(2πqtz)dt. (7)

So for the full angular range, we can write

f̃(q, z) = |q|
∫ ∞
0

2 cos(2πqtz).U(z)g̃(q, t)
dt√
1 + t2

+ |q|
∫ ∞
0

2 cos(2πqtz).U(−z)g̃(q,−t) dt√
1 + t2

, (8)

where U is the Heaviside unit step function. By inverse Fourier
transform we recover

f(x, z) =

∫ ∞
−∞

dq e2πiqx |q|[∫ ∞
0

2 cos(2πqtz).U(z)g̃(q, t)
dt√
1 + t2

+

∫ ∞
0

2 cos(2πqtz).U(−z)g̃(q,−t) dt√
1 + t2

]
. (9)

This formula is also a so-called filtered back-projection
method for image reconstruction [5]. It has the advantage
of offering fast algorithms. Technically the back-projection
operation consists in assigning the value g(xR, t) = ĝ(xR, θ)
to every point on the ”projection” V-line, which has given rise
to this value, and then to sum over all contributions for every
V-line ”projections”. Therefore we shall follow this procedure
in our numerical simulations in the next section.

III. NUMERICAL SIMULATIONS

In this section, we simulate image formation and reconstruc-
tion using the V -RT and its inverse for a point object and for
a Shepp-Logan phantom (Fig. 3, 6)). The original images are
of size 128×128 of length units and the angular sampling rate
is dθ = 0.005 rad. Fig. 4 shows the V -RT transform of the
point object. It is also called the point spread function (PSF)
of the transform.
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Fig. 3. Original point object

Fig. 4. The V-line Radon transform of the point object shown in Fig. 3 with
dθ =0.005 rad. (It is also the point spread function of the transformation)

Fig. 5. Reconstruction of the point object with dθ =0.005 rad. In order to
qualify the reconstruction quality we use the mean square error MSE =
1.9 ∗ 10−4.

We note that the shape of the V-line Radon transform (or
the shape of the projections) in the (θ, xS)-representation (xS
is the source position) is consistent with the arctan-curve [7].
The reconstruction of the point object is presented in Fig. 5.

The point object is well reconstructed but there are some
artifacts. The use of back-projection on V-lines generates more
artifacts than back-projection on straight lines in classical
Radon transform. This is due to the existence of more spurious
line intersections. In order to reduce these artifacts, the Hann
filter H is used. It is defined on the Fourier domain by its
action on the first variable of a function f as follows :

H̃f(q, y) =
|q|
2
(1 + cos(2πq))f̃(q, y), (10)

where the Fourier transform is taken on the first variable.
Moreover for a better reconstruction, we would have to scan

the angular range of reflection between 0 and π/2. This is not
possible because we would have to take away the source from
the detector over huge distances. We are thus limited to a
restricted angular range between 0 and π/4 in our simulations
(314 projections for every position of the source). This causes
a loss of information resulting in incomplete data.

However this lack of information can be recovered by a
second mirror opposite to the first one and two sets of data
are used for the reconstruction (see Fig. 7, Fig. 8). We can
observe an improvement on the reconstruction of the Shepp-
Logan phantom from two sets of data (Fig. 9). There are
less artifacts and the small structures in the object are clearly
reconstructed.

These results illustrate undoubtedly the feasibility of the
new imaging modality.

IV. CONCLUSION AND PERSPECTIVES

In this paper, we propose a novel coupled transmission-
reflection tomography based on the V-line Radon transform,
which is a generalization of the classical Radon transform
and can be used in biomedical imaging, in material non-
destructive testing or in homeland security applications. The
corresponding back-projection inversion formula generalizes
the one of the ordinary Radon transform. In this new imaging
the rotational motion between object and detector is replaced
by the translational motion which is less stringent in some
working conditions, for example for long objects or a series
of object on a conveyor belt. The numerical simulation re-
sults support the feasibility and the performance of this new
imaging.

The V-line Radon transform with its family of associ-
ated TV-transforms are instrumental in new possible tomo-
graphic processes involving scattering, emission and coupled
transmission-reflection phenomena. More general Radon trans-
forms on piecewise continuous curves consisting of connected
pieces of arcs, e.g. arcs of circle [14], [15], as well as
Radon transforms on swinging V-line around a fixed point are
interesting to be considered since their inversion would open
the way to new advantageous imaging processes. These topics
are planned for future research.
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Fig. 6. Original Shepp-Logan phantom

Fig. 7. The V-line Radon transform of the Shepp-Logan phantom shown in
Fig. 6 with dθ =0.005 rad for one set of data.

Fig. 8. The V-line Radon transform of the Shepp-Logan phantom shown in
Fig. 6 with dθ =0.005 rad for the second set of data.

Fig. 9. Reconstruction of the Shepp-Logan phantom from the two sets of
data. The MSE = 1.15 ∗ 10−2.
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