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which R = N) [1]. This step requires the introduction of R phase-differences γr , which
remain constant during a periodic motion. Therefore, the fixed points of the (an, γr)-Reduced
Amplitude Modulation Equations (RAME) actually are the periodic motions of the original
system. The choice of the phases γr is naturally suggested by the procedure itself, and is often
justified in literature by invoking the need to render the AME autonomous [1]. The numberM
of the RAME is called the codimension of the problem [2], since, in the system’s parameter
space, it is the codimension of the manifold on which N eigenvalues simultaneously cross the
imaginary axis and, in addition, their imaginary parts satisfy R resonance constraints.

The possibility of reducing the AME to its codimension has the following remarkable
meaning. Although the asymptotic motion develops in a 2N-dimensional space, its essential
aspects (e.g., the existence of periodic motions and their stability) can be described in a smaller
M-dimensional space, where the evolution equations are autonomous. The remaining 2N–M
dimensions govern complementary aspects of the motion (e.g., the frequency corrections), not
affecting the qualitative character of the solution [3].

Nevertheless, the aγ -form of the RAME still entails some computational difficulty. The
equations appear in a non-standard form, since the γ -equations admit some amplitudes ah as
factors which cannot be eliminated if ah identically vanish in some classes of motion. In such
cases some γ -equations are identically satisfied and the relevant γ ’s remain undetermined.
This circumstance is an obvious consequence of having expressed the complex amplitudes
An in polar form, which in fact leaves the phase of zero undetermined. From a geometrical
point of view such fixed points are not-isolated points, lying on a manifold in the (an, γr )
space. When the stability of these points is analyzed, the standard method fails, since some
coefficients of the time-derivative δγ ′

r vanish in the variational equation, so that more difficult
ad hoc methods must be employed.

To overcome this drawback, it is customary in the literature to return to the complex AME
and perform the following steps: first, the amplitudes An are expressed in Cartesian (rather
than polar) form; then, they are multiplied by suitable time-exponential factors, so to render
the equation autonomous; finally, the variational equation is built up [4–9]. In these new
variables the non-isolated fixed points of the aγ -form equations reduce to isolated points,
so that the standard variational equation procedure works well.

Although the procedure described leads to correct results, it is unsatisfactory for the fol-
lowing reasons: (a) The use of different equations to analyze first steady-state solutions and
then their stability is somewhat tedious from a computational point of view. (b) It appears
suspicious that the stability analysis of some classes of motion should call for the enlargement
of the space, from M to 2N , whereas the stability of some other classes can be analyzed in
the smaller space. (c) The role of the time-exponential factors used in the complex variational
equation has not been clarified and, above all, no general rules to determine them are available.
On the other hand, it would be desirable to use suitable variables that allow the RAME to
be put in standard form, in order to accomplish the whole analysis by the same equations.
Moreover, it is worth noting that commercial software (e.g. AUTO) requires the equations are
put in standard form.

This paper contributes to clarify the matter along the following lines. (1) It is shown that
the search for the fixed points representative of the periodic motions and the analysis of their
stability can be performed through a unique 2N-dimensional equation. This is obtained from
the AME by expressing the complex amplitudes in Cartesian components on bases rotating
with unknown angular velocities. It is explained that the exponential time factors used in
the literature to obtain the variational equation represent the rotations of the bases; a rule



to determine them is then given. (2) The problem of existence of a standard form for the
RAME is then addressed. It is shown that, by using rotating bases and a mixed polar-Cartesian
representation of the complex amplitudes, such a standard form does exist, although under
restrective conditions. Thus, a procedure followed in the literature by referring to specific
problems [10, 11] is here generalized.

2. The Polar Form of Amplitude Modulation Equations

The asymptotic motion of a discrete or spatially continuous weakly nonlinear dynamical
system in internal and external resonance conditions, according to the MSM [1], reads

x(t) =
N∑
n=1

εAn(t1, t2, . . .)un eiωnt0 +O(ε2, εhA0 eiω0t0)+ c.c. , (1)

where x is the state vector, t the time, tk = εkt (k = 0, 1, . . .) are time-scales, ε � 1 a
perturbation parameter, un and ωn eigenmodes and eigenfrequencies of the linearized system,
respectively, and An(t1, t2, . . .) (n = 1, 2, . . . , N) are slow varying complex amplitudes.
Moreover A0 and ω0 are the amplitude and the frequency of the hard (h = 1) or soft
(h = 2, 3, . . .) excitations, respectively [1].

The N linear frequencies ωn and the frequency excitation ω0 satisfy the following reso-
nance conditions

N∑
n=0

ksnωn = εKsσs, s = 1, 2, . . . , S, (2)

where ksn ∈ Z are (small) integer numbers and σs = O(1) are detuning parameters. The
integer Ks := ∑N

n=0 |ksn|−1 is called the order of the s-th resonance [12]; this in fact appears
for the first time in the perturbation process in the Ks-th perturbation equation. The remaining
n = N + 1, N + 2, . . . , modes, not involved in the S resonances (2), are assumed to decay
in time, so that they do not contribute to the asymptotic motion (1).

Generally, not all the S resonances (2) are independent; let us assume that the first
R := rank[ksn] of them are independent, the remaining Q := S − R conditions being linear
combinations of the former (i.e. kqn = ∑R

r=1 cqrkrn, σq = ∑R
r=1 cqrσr , q = R+ 1, R+ 2, . . . ,

S).
The evolution of the amplitudes is governed by the AME, as furnished by the MSM [1].

The equations are obtained by zeroing in the ε2-and higher order perturbation equations the
nonlinear (and possibly the forcing) terms causing resonance, and by successively combining
them according to the reconstitution procedure [2, 13]. The nonlinearities of order K produce,
at any step of the perturbation procedure, linear combinations of K products, whose factors
are An exp(iωnt) and An exp(−iωnt); they read:

(∏
n∈N ± Alnn

)
exp

[
i
∑
n∈N +(ln − l−n)ωn

]
t ,

where N + = {0, 1, . . . , N}, N ± = {±0,±1, . . . ,±N}, A−n := An, ln ∈ N and
∑
n∈N ± ln =

K. Now, if ksm �= 0, Equation (2) can be solved with respect to ωm, to furnish

ωm =
N∑
n=0

ksmnωn ± εKsσs, ksmn := ∓ksn + δmn, s = 1, 2, . . . , S, (3)

where the upper sign must be taken if ksm > 0 and the lower sign if ksm < 0. Therefore,
nonlinearities would cause resonance on the m-th mode if ln − l−n = ksmn ∀n ∈ N +; these



terms therefore enter the AME. Moreover, terms as Am(AnAn)k, Am(AiAi)ki (AjAj)kj , . . . ,
(n = 0, 1, 2, . . . , N; (k, ki, kj ) = 0, 1, . . .), produced by odd nonlinearities, although not as-
sociated with any resonance, must be removed from the right hand member of the perturbation
equations, in order to allow solvability. Therefore, the AME read

A′
m = Lm

(
Am(AnAn)

k, . . . ,
∏
n∈N ±

Alsmnn e∓iσs t , . . .

)
, m = 1, 2, . . . , N, (4)

in which the exponents lsmn are (generally not unique) solutions of

lsmn − lsm,−n = ksmn,
∑
n∈N ±

lsmn = K, lsmn ∈ N, K ∈ [Ks,Kmax]. (5)

In Equation (4), the prime denotes differentiation with respect to the reconstituted true time
t, the parameter ε has been reabsorbed and Lm is a complex linear operator with constant
coefficients. Moreover Kmax is a prefixed maximum order of the resonance accounted for, and
one (or more) terms are present for each K and for each of the S resonance conditions in
which ωm is involved (i.e. for which ksm �= 0).

The complex AME can be put in real form by adopting a polar representation for the
amplitudes

A0 = 1

2
a0 eiϑ0 , An(t) = 1

2
an(t) eiϑn(t), n = 1, 2, . . . , N, (6)

where an(t) are real amplitudes, ϑn(t) are phases and a0 and ϑ0 are the constant amplitude and
phase of the excitation, respectively. By substituting Equation (6) in Equation (4), accounting
for Equation (32) and separating real and imaginary parts, it follows that

a′
m = �m

(
ama

2k
n , . . . ,

∏
n∈N ±

alsmnn exp(∓iγs), . . .
)
,

amϑ
′
m = �m

(
ama

2k
n , . . . ,

∏
n∈N ±

alsmnn exp(∓iγs), . . .
)
, m = 1, 2, . . . , N, (7)

where �m(·) = Re[Lm(·)] and �m(·) = Im[Lm(·)] (with the numerical coefficient 1/2
absorbed), a−n = an and

γs :=
∑
n∈N +

ksnϑn + σst, s = 1, 2, . . . , S. (8)

In Equations (7) S new functions γs appear. However, due to the linear dependence of the
resonance conditions (2), only the first R of them are independent of the remaining ones; i.e.
γs = {γr, γq} with

γr :=
N∑
n=0

krnϑn + σrt, r = 1, 2, . . . , R,

γq :=
R∑
r=1

cqrγr, q = R + 1, R + 2, . . . , S, (9)



where the constant coefficients cqr are known.
A differentiation of Equations (91) and substitution of Equations (72) leads to

N∏
j∈Jr

aj γ
′
r =

∑
n∈N +

krm




N∏
j∈Jr
j �=m

aj


�m

(
ama

2k
n , . . . ,

∏
n∈N ±

alsmnn exp(∓iγs), . . .
)

+ σr,

Jr = {j |krj �= 0}, r = 1, 2, . . . , R (10)

since ϑ ′
0 = 0.

TheN real-amplitude Equations (71) and the R phase-combination Equations (10) (with γq
expressed as functions of γr via Equation (92)) constitute a differential system ofM := N+R
autonomous equations in theM (am, γr)-unknowns. SinceM is generally less than 2N , except
for particular cases of forced systems in whichM = 2N , these equations will be referred to as
Reduced Amplitude Modulation Equations (RAME). The integerM is called the codimension
of the problem [2].

RAME have a remarkable property: their fixed points a′
m = 0, γ ′

r = 0 are periodic solu-
tions for the original dynamical system, i.e. x(t + T ) = x(t) with T the generally unknown
period. In fact, Equations (72) and am = const, γr = const entail

ϑn = νnt + ϕn, n = 0, 1, 2, . . . , N, (11)

where νn are frequency corrections, ϕn initial phases and the dummy equation ϑ0 = ν0t + ϕ0

with ν0 = 0, has been appended. By substituting Equations (11) in Equation (91), since this is
satisfied for any t , it follows that∑

n∈N +
krnνn + σr = 0,

∑
n∈N +

krnϕn = γr, r = 1, 2, . . . , R. (12)

Both Equations (12) have meaningful consequences. In fact, a combination of Equa-
tions (2) (with ε reabsorbed) and Equation (121) leads to∑

n∈N +
krn(n = 0, r = 1, 2, . . . , R, (13)

where (n := ωn + νn (n = 0, 1, 2, . . . , N) are nonlinear frequencies. Equations (13)
show that nonlinearities adjust the frequencies in such a way that the resonance conditions
among the nearly-resonant linear frequencies are satisfied with no detunings by the nonlinear
frequencies. Since these are in rational ratios, the motion (1)

x(t) =
∑
n∈N +

1

2
anun ei((nt+ϕn) + c.c. + higher-order terms (14)

is periodic.
A consequence of Equation (122) is the following: since γr assume a finite number of

known values in [0, 2π), Equation (122) is a system of R linearly independent algebraic
equations in the N unknown initial phases ϕn. Consequently, L := N − R phases remain
arbitrary and therefore there exist ∞L periodic motions which differ from each other in the
values of the initial phases. However, higher degrees of arbitrariness can exist in particular
cases, in which the amplitudes are also involved, in addition to the phases. A very important



class of such systems is represented by the (forced or unforced) conservative systems, for
which the linear operators Lm appearing in the AME (4) are purely imaginary. Consequently
the phase-combinations γr appear only as arguments of sinus in Equations (71); moreover,
terms independent of γr are present only in Equations (72), together with cosines terms. Thus,
by requiring sin γr = 0 (r = 1, 2, . . . , R), N equations are satisfied by R ≤ N unknowns,
and therefore L amplitudes remain arbitrary. In conclusion, for conservative systems, periodic
motions constitute families of 2(N–R) parameters, half of which are initial phases and the
remaining half amplitudes.

It is worth noting that, due to the fact that phases ϑn vary linearly in time, the complex
amplitudes An do not remain constant during a periodic motion; therefore, a periodic motion
is not a fixed point for the complex AME (4) or for its polar representation (7).

Although the reduction of the AME to its codimension simplifies the mathematical prob-
lem, it still entails a drawback, due to the fact that the AME are not in standard form. Let us
assume that a set of H amplitudes ah (e.g. h = 1, 2, . . . , H ) exists in which if ah = 0 ∀t the
arguments of �h and �h (h = 1, 2, . . . , H ) identically vanish. Then, from Equations (72) and
(10) it follows that all the phases ϑh (h = 1, 2, . . . , H ) and the phase-differences γr involving
the phases ϑh remain undetermined. Therefore, such periodic motions are represented in the
M-dimensional space (an, γr) by manifolds of non-isolated points. When their local stability
is analyzed, the standard method based on the variational equation fails, since the coefficients
of δγ ′

r vanish.
The circumstance illustrated is not a special case; on the contrary it is often met in practice.

To overcome the drawback it is customary to analyze the stability of such (incomplete) classes
of motion by taking the variation of the complex AME (4) and introducing a suitable change
of variable in order to render the variational equations [4–9] autonomous. As will be shown
in Section 3, such a procedure is a special case of a general method illustrated later.

3. The Rotating Form of Amplitude Modulation Equations

It has been observed in the previous section, that the complex amplitudes An (n =
1, 2, . . . , N), do not remain constant during a periodic motion. They are represented on the
complex plane by vectors rotating with constant (and unknown) angular velocities νn. How-
ever, such vectors appear as fixed vectors to N observers, each being solid with a base rotating
with angular velocity νn. This circumstance suggests the introduction of the following change
of variable

An = Bn(t) eiνnt , n = 0, 1, . . . , N (15)

in order to obtain a form of AME that admits the periodic motions as fixed points. By
substituting Equation (15) in the AME (4), and using Equation (32), it follows that

B ′
m + iνmBm = Lm(Bm(BnBn)

k, . . . ,
∏
n∈N ±

Blsmnn , . . .), m = 1, 2, . . . , N (16)

provided that the auxiliary parameters νn satisfy Equation (121), i.e.∑
n∈N +

krnνn + σr = 0, r = 1, 2, . . . , R (17)

once linear dependence on the remaining resonance conditions (q = R+1, R+2, . . . , S) has
been accounted for.



Equations (16) will be referred to as the rotating (bases) form of the AME. Due to the
choice (17) of parameters νn, the fixed points B ′

m = 0 (m = 1, 2, . . . , N) of Equation (16)
describe periodic motions.

It is worth noting that Equations (16) are autonomous. However, not all the changes of
variables which lead to autonomous equations admit fixed points with this property. For ex-
ample, if the detunings σr were all zero, the AME (4) would be autonomous, but the previous
property would not hold.

The rotating base AME have a powerful property: they naturally lead to real equations
expressed in standard form. In fact, by using the Cartesian representation

Bn = 1

2
(un + ivn) (18)

instead of the polar representation, Equations (16) read

u′
m − νmvm = �m

(
(um + ivm)(un + ivn)2k, . . . ,

∏
n∈N ±

(un + ivn)lsmn, . . .
)
,

v′
m + νmum = �m

(
(um + ivm)(un + ivn)2k, . . . ,

∏
n∈N ±

(un + ivn)lsmn, . . .
)
,

m = 1, 2, . . . , N. (19)

They are a system of 2N equations in the 2N unknowns (un, vn) in which N unknown
parameters νn appear. However, since they must satisfy R ≤ N resonance conditions (17),
L = N − R of them remain arbitrary. If Equations (19) must be numerically integrated for
given initial conditions, the arbitrary νn’s can be set equal to zero. In this way, however, peri-
odic motions are not represented by um = const, vm = const and no advantages are gained by
the change of variable (15). In contrast, if periodic solutions must be sought, the steady version
of Equations (19) must be solved together with Equations (17). It is easy to prove that L initial
phases ϕn = arctan(vn/un) remain undetermined according to the results drawn by the polar
form of the AME, while the parameters νn assume determined values (see Appendix A for an
example). As an exception, if the system admits incomplete solutions, in which uh = vh = 0
for some h’s, the associated parameters νh are left undetermined by Equations (19) since the
relevant equations identically vanish. In some particular cases (especially for small N–R, see
[8]) they can be evaluated by Equations (17); since they represent the frequency corrections of
modes of zero amplitudes, they do not have a physical meaning. In contrast, in more general
cases, Equations (17) are not sufficient to evaluate all the νh, so that some of them remain
undetermined. This circumstance has some consequences on stability, as will be explained
soon.

The stability of the steady solutions is analyzed by performing the variation of Equa-
tions (19). For complete solutions, no problem arises, since all the νh’s have been determined.
In contrast, for incomplete solutions, some arbitrariness still exists. However, it is easy to
prove the undetermined parameters ν’s do not affect the (orbital) stability of the steady so-
lution. In fact, the perturbations δA and δB are still related by Equation (15), i.e. δAn =
δBn exp(iνnt). Since the δBn are governed by constant coefficient equations, they vary in
time as

∑2N
m=1 cmn exp(λmt), where λm are the eigenvalues and cmn linear combinations

of the components of the eigenvectors of the variational equation. Consequently, δAn =



∑2N
m=1 cmn exp[(λm + iνn)t]. Since the cmn cannot vanish simultaneously, if Re(λm) depended

on the arbitrary νn’s, δAn would not be unique for any given initial conditions. Therefore
the arbitrariness can only affect the imaginary part of the eigenvalues λm. In Appendix B an
example of the procedure is given which also illustrates the mechanism leading δAn to be
independent of the arbitrariness.

The procedure illustrated suggests the following comments. (a) When the stability of in-
complete solutions is analyzed, the variational equation of Equations (19) does not present
the pathology of the variational equation of the RAME. This property is a consequence of
the fact that Equations (19), unlike the RAME, are expressed in standard form. (b) The varia-
tional equation of Equations (19) is precisely the equation used in the literature to investigate
incomplete periodic solutions. As has been explained, it is usually employed after the RAME
have been used to determine the periodic solutions. The present derivation has shown that
the change of variable to be used to obtain a variational equation with constant coefficients
is given by Equations (15). If some amplitude Ah is zero, the associated νh factors must be
determined by Equations (17); if these are unable to determine all of them, the remaining νh
can be put equal to zero.

The rotating form of the AME therefore represents a general tool for the unitary analysis
of steady solutions as well as their stability, both for complete or incomplete motions.

4. The Standard Form of Amplitude Modulation Equations

Although the procedure previously described, leading to the rotating form of the AME, gives
insight into the problem and allows some computational difficulties to be overcome, it is not
completely satisfactory. According to this procedure, the problem is governed by 2N equa-
tions (Equations (19)) depending on L free parameters, in comparison with the M = N + R
equations of the reduced form (Equations (71) and (10)). Moreover, because of the presence
of the undetermined parameters, they are not amenable to direct numerical integration. The
reasons of the enlargement of the problem stand on the following two circumstances: (a) to ob-
tain the rotating form of the AME, additional parameters νn have been introduced through the
change of variable (15); (b) unlike the RAME, where the evaluation of the phase-modulation
follows that of the amplitudes and phase-combinations, in the rotating form of the AME it
is not possible to split the analysis into two steps, but all the quantities must be determined
together.

Here a new form of AME, that maintains the dimensions of the RAME is sought. The basic
idea is to use a mixed representation. In order to try to separate some phase equations from
the others, certain complex amplitudes must be expressed in polar form; however, in order to
try to obtain standard form equations, Cartesian components in rotating bases must be used
for the remaining complex amplitudes.

To achieve this, the following change of variable, more general than Equation (15), is
introduced

An = Bn(t) eiαn(t), n = 0, 1, . . . , N, (20)

where αn(t) are unknown functions of time (except for the dummy α0 ≡ 0). Equations (20)
reduce to Equation (15) when αn(t) = νnt + const; also make it possible to express some



amplitudes in polar form by letting αn(t) ≡ θn(t) and Bn = 1/2an. A substitution of
Equations (20) in the AME (4) leads to

B ′
m + iα′

mBm = Lm

(
Bm(BnBn)

k, . . . ,
∏
n∈N ±

Blsmnn , . . .

)
, m = 1, 2, . . . , N (21)

if the functions αn(t) are chosen in such a way that∑
n∈N +

krnαn + σr t = 0, r = 1, 2, . . . , R. (22)

Other solutions, obtained by equating the left side of Equation (22) to 2kπ with k integer,
are also possible; however, since they affect the unknowns αr only by a constant, they are
unessential. The similarity among Equations (21) and (22), and Equations (16) and (17),
should be noted.

If R < N , Equations (22) are not sufficient to determine all the functions αn, and L =
N −R of them (e.g. the first L) remain undetermined. In order to avoid indeterminacies, they
are taken as equal to the phases θn of the associated amplitudes. By solving Equations (22) for
the remaining αn’s, it follows that

αp = θp, p = 1, 2, . . . , L,

αq =
L∑
p=1

cqpθp + dqrσrt, q = L+ 1, L+ 2, . . . , N, (23)

where cqp and dqr are constant coefficients. According to this choice, the amplitudes Bp are
assumed to be real (since they are associated with unknown exponents) while the amplitudes
Bq are assumed to be complex (since they are associated with ‘known’ exponents), i.e.

Bp = 1

2
ap, p = 1, 2, . . . , L,

Bq = 1

2
(uq + ivq), q = L+ 1, L+ 2, . . . , N. (24)

The phases θp and the associated real amplitudes ap will be referred to as principal phases
and principal amplitudes, respectively. From Equations (20), (23), and (24) it follows that

Ap = 1

2
ap eiθp , p = 1, 2, . . . , L,

Aq = 1

2
(uq + ivq) eiαq , q = L+ 1, L+ 2, . . . , N. (25)

In conclusion, the unknowns of the problem are still 2N , as in the original problem: the L
principal phases θp, the L principal amplitudes ap, and the 2(N − L) = 2R components uq
and vq of the complex amplitudes Bq , measured in bases each rotating with a time law given
from Equation (232). With Equations (24), Equations (21) read

a′
p = �p

(
apa

2k
m , ap(un + ivn)2k, . . . ,

L∏
m=0

a
lspm
m

N∏
n=L+1

(un + ivn)lspn, . . .
)
,



apθ
′
p = �p

(
apa

2k
m , ap(un + ivn)2k, . . . ,

L∏
m=0

a
lspm
m

N∏
n=L+1

(un + ivn)lspn, . . .
)
,

u′
q − α′

qvq = �q
(
(uq + ivq)a2k

m , (uq + ivq)(un + ivn)2k,

. . . ,

L∏
m=0

a
lsqm
m

N∏
n=L+1

(un + ivn)lsqn, . . .
)
,

v′
q + α′

qvq = �q
(
(uq + ivq)a2k

m , (uq + ivq)(un + ivn)2k,

. . . ,

L∏
m=0

a
lsqm
m

N∏
n=L+1

(un + ivn)lsqn, . . .
)
, (26)

in which, due to Equations (232)

α′
q =

L∑
p=1

cqpθ
′
p + dqrσr. (27)

Equations (26) will be referred to as the mixed form of the AME. Unlike the rotating form, it
does not contain arbitrary quantities. To obtain periodic motions, a′

p = u′
p = v′

p = 0 must be
enforced, together with θ ′

p = νp = const. Hence, by solving 2N algebraic equations, the 2N
unknowns (ap, νp, uq,vq) are evaluated. By substituting θp = νpt + ϕp in Equations (232),
where the ϕp’s are L arbitrary initial phases, αq = νqt + ϕq is drawn, with the frequency
corrections νq univocally determined and the initial phases ϕq depending on ϕp.

Similarly to the original AME, and due to the presence of the principal phases, periodic
motions are not fixed points for the mixed form of the AME. To remove this drawback it is
necessary to eliminate these phases from the equations. However, this operation is not always
possible, as will be explained. Let us introduce the following fundamental hypothesis: the
L principal amplitudes ap do not vanish in any motions. In this case Equations (262) can
be divided by ap �= 0 and put in the standard form θ ′

p = θ ′
p(am, un, vn). By using these

equations in Equations (27), α′
q = α′

q(am, un, vn) follows. Therefore Equations (261), (263)
and (264) become a standard form system y′ = f(y, t) of M = N + R equations in the
M unknowns y = (ap, uq, vq)

T . This will be referred to as the standard form of the AME.
Once the unknowns have been determined, from Equations (262) the evolution of the principal
phases θp is first drawn and, from Equation (232), that of the phases αq is finally obtained.

The standard form of the AME has the same peculiarities as the reduced form, namely:
(a) it has the smallest dimension M (equal to the codimension of the problem) and, (b) it
admits periodic motions as fixed points a′

p = u′
p = v′

p = 0. In addition, it suffers no problems
when the stability of incomplete classes of motion (i.e. uh = vh = 0 for some h’s) is analyzed.
Appendices C and D illustrate the application of the procedure.

The standard form of AME is the most suitable for a study of the evolution of the ampli-
tudes. However, to obtain it, it is necessary to select L principal amplitudes that do not vanish
in any class of motion. If, in contrast, some of the principal amplitudes vanish in particular
classes, the standard form is unable to give correct information about those motions. In these



circumstances it would be possible to build more than one standard form, each valid for some
classes of motion. However, such a procedure could be inconvenient from a computational
point of view.

The standard form, when it exists, also has the following pathology. Although ap �= 0 by
hypothesis, it can become small in some motions. In these cases, small denominators entailing
numerical problems appear in the standard form, since in Equation (262) θ ′

p is affected by a
small coefficient. The problem can be overcome by adopting a master- and slave-amplitude
representation, in which the non-principal (slave) amplitudes admit the principal (master)
amplitude as factors. A general treatment of the problem will not be developed here, but the
basic idea is outlined by an example in the Appendix C.

5. Conclusions

Alternative forms of Amplitude Modulation Equations (AME) governing the asymptotic dy-
namics of multiresonant systems have been discussed. The AME have been derived (to whitin
their coefficients) under general simultaneous internal and external resonance conditions. By
using polar, Cartesian and mixed representation for the complex amplitudes, different sets
of real equations have been obtained. Their effectiveness in analyzing periodic motions and
their stability has been described, above all when incomplete solutions (i.e. solutions in which
some amplitudes identically vanish) have been studied. Finally, some illustrative examples
have been worked out. The following conclusions are drawn:

1. The polar form (the most popular one) is also the most significant, due to the physical
meaning of the variables, i.e. real amplitudes and phase-combinations. However, due to
its non-standard normal form, it does not permit the stability of incomplete solutions to
be analyzed.

2. In the rotating form the complex amplitudes are expressed through Cartesian components
in suitably rotating frames. The equations are well-suited to find periodic solutions and are
in standard normal form, so that no problems arise in analyzing stability. However, they
are not amenable to direct numerical integrations. Moreover, they call for an enlargement
of the state-space with respect to the polar form, since they simultaneously describe the
evolution of both amplitudes and phases, rather than of phase-combinations. Therefore,
their importance is chiefly conceptual, since they systematically explain the use of changes
in variables which have been used in the literature to overcome the problems of the polar
form.

3. The mixed (i.e. polar and Cartesian) form, leads to standard normal form equations suit-
able to analyze the stability of incomplete solutions. However, such a standard form does
not always exist, since it is conditional on the finding of a suitable number of (principal)
amplitudes which are different from zero in any motion. If this is not the case, more than
one standard normal form should be sought, each one valid for some classes of motion.

4. The possible occurrence of small denominators in the standard normal form is highlighted.
A strategy to overcome the problem is only sketched here; it could be the subject for future
work.

The previous findings have illustrated the expedience of creating a tool that is able to
ascertain in advance (i.e. before solving any forms of the AME) whether or not the system



admits non-vanishing principal amplitudes, in order to proceed or not with the construction
of the standard form. This subject is addressed in a companion paper, in which a method
answering the problem is developed [14].

Appendix A: An Example of AME in the Rotating Form

As an example, a system is considered under R = 2 simultaneous internal combination and
primary external resonance conditions, namely: ω3 = ω1 + ω2 + εσ1, ω0 = ω3 + εσ2. The
relevant complex AME, up to order-two are [1]

2i(A′
1 + µ1A1)− c1A3Ā2 eiσ1t = 0,

2i(A′
2 + µ2A2)− c2A3Ā1 eiσ1t = 0,

2i(A′
3 + µ3A3)− c3A2A1 e−iσ1t − A0 eiσ2t = 0, (28)

since other non-independent conditions like ω0 = ω1 + ω2 + ε(σ1 + σ2) would lead to terms
A0Ā1, A0Ā2 which are of higher order, being the excitation of soft type (A0 � Ai, i =
1, 2, 3). In Equations (28), the damping coefficients µn are allowed to assume negative values
(self-excitation). By using An = Bn eiνnt and requiring, in accordance with Equations (17)

ν3 − ν1 − ν2 + σ1 = 0,

−ν3 + σ2 = 0, (29)

the complex AME transform into

2i(B ′
1 + iν1B1 + µ1B1)− c1B3B̄2 = 0,

2i(B ′
2 + iν2B2 + µ2B2)− c2B3B̄1 = 0,

2i(B ′
3 + iν3B3 + µ3B3)− c3B1B2 − A0 = 0. (30)

By expressing the rotating amplitudes in Cartesian components, Bn = (un + ivn)/2,
Equations (30) lead to

u̇1 = ν1v1 − µ1u1 + c1(u2v3 − u3v2)/4,

v̇1 = −ν1u1 − µ1u1 − c1(u2u3 + v3v2)/4,

u̇2 = ν2v2 − µ2u2 + c2(u1v3 − u3v1)/4,

v̇2 = −ν2u2 − µ2u2 − c2(u1u3 + v3v1)/4,

u̇3 = ν3v3 − µ3u3 + c3(u1v2 + u2v1)/4,

v̇3 = −ν3u3 − µ3u3 − c3(u1u2 − v1v2)/4. (31)

Equations (31) are a system of equations in the six unknowns (un, vn), depending on one of
the νm-parameters (m = 1, 2), left arbitrary by the algebraic Equation (291). It can be checked,
however, that such a parameter must assume a specified value in order for the steady version
of Equations (31) to admit a solution, while a vm/um ratio (m = 1, 2) remains undetermined.



To prove this, it is easier to work directly on Equations (30). By requiring B ′
n = 0, solving

and ignoring the trivial solution, it follows that

B1 = − ic1B̄2B3

2(µ1 + iν1)
,

B2B̄2 = 4

c2c3
(µ1 − iν1)(µ3 + iν3)+ i 2

c1
(µ1 − iν1)

A0

B3
,

B3B̄3 = 4

c1c2
(µ1 − iν1)(µ2 + iν2). (32)

By separating in Equations (323) the real and imaginary parts, two real equations are obtained

1

4
|B3|2 = 4

c1c2
(µ1µ2 + ν1ν2),

0 = 4

c1c2
(µ1ν2 − ν1µ2). (33)

Equations (332), together with Equations (29), univocally determine the parameters νn; Equa-
tion (331) then furnishes the modulus of B3, while its phase ϕ3 is still unknown. From
Equation (322), however, ϕ3 and |B2| are successively determined and, finally, from Equa-
tion (321) a1 and a relation between ϕ1 and ϕ2 are drawn. Therefore one phase remains
undetermined.

In particular, if A0 = 0 (free self-excited oscillations), also Equations (322) leads to
equations similar to (33). The two homogenous equations, together with the only resonance
condition (291), again univocally determine the parameters νn. A unique relation among ϕ1,
ϕ2 and ϕ3 is found from Equation (321), so that two phases remain undetermined.

If, in a second particular case, µn = 0 while A0 �= 0 (undamped forced system), Equa-
tion (322) identically vanishes and one of the νm’s (m = 1, 2) remains undetermined. From
Equation (331) and Equation (322) |B1|, |B2| and ϕ3 are obtained as functions of the undeter-
mined νm (m = 1, 2); finally, from Equation (311) |B1| and a relation between ϕ1 and ϕ2 are
drawn, also as functions of the undetermined νm. Therefore ∞2 solutions exist.

In a third particular case, if µn = 0 and A0 = 0 (free undamped oscillations), both the νm’s
(m = 1, 2) remain undetermined. Equations (322,3) furnish only the modulus of B2 and B3,
while from Equation (321) a1 and a relation between ϕ1, ϕ2 and ϕ3 are obtained, all of them
as functions of the undetermined νm’s. Therefore ∞4 solutions exist.

These cases are examples of the validity of the statements of Section 2 regarding the degree
of arbitrariness of the periodic solutions of forced and unforced conservative systems.

Appendix B: Stability Analysis of Incomplete Motions by the Rotating Form of AME:
An Illustrative Example

Let us consider a system with quadratic nonlinearities in which N = 4 modes are involved in
R = 2 independent resonances condition ω2 = 2ω1 + σ1, ω2 = ω3 +ω4 + σ2, that entail the
third order (dependent) resonance condition 2ω1 = ω3 + ω4 + σ2 − σ1. Up to order-three, by
neglecting terms as Am(AnĀn), the AME read

A′
1 + ic1A2Ā1 eiσ1t + A3A4Ā1 ei(σ1−σ2)t = 0,



A′
2 + ic2A

2
1 e−iσ1t + ic3A3A4 e−iσ2t = 0,

A′
3 + ic4A2Ā4 eiσ2t + A2

1Ā4 ei(σ2−σ1)t = 0,

A′
4 + ic5A2Ā3 eiσ2t + A2

1Ā3 ei(σ2−σ1)t = 0, (34)

where the ci coefficients are assumed to be real, as occurs in conservative systems.
Equations (34) admit the monomodal solution (A0

1, A
0
2, A

0
3, A

0
4) = (0, (1/2)a2, 0, 0) with

frequency correction ν2 = 0. Its stability is governed by the variational equation

δA′
1 + 1

2
ic1a2δĀ1 eiσ1t = 0,

δA′
2 = 0,

δA′
3 + 1

2
ic4a2δĀ4 eiσ2t = 0,

δA′
4 + 1

2
ic5a2δĀ3 eiσ2t = 0. (35)

The rotating form of the variational equation is obtained by performing the change of
variable δAn = δBn eiνnt (n = 1, . . . , 4) where the coefficient νn satisfies the following
conditions

ν2 = 2ν1 − σ1, ν2 = ν3 + ν4 − σ2. (36)

Since ν2 = 0, Equations (36) furnish ν1 = σ1/2 and ν3 = σ2 − ν4, with ν4 being arbitrary.
The rotating form of (35) then reads

δB ′
1 + 1

2
iσ1δB1 + 1

2
ic1a2δB̄1 = 0,

δB ′
3 + i(σ2 − ν4)δB3 + 1

2
ic4a2δB̄4 = 0,

δB ′
4 + iν4δB4 + 1

2
ic5a2δB̄3 = 0, (37)

having ignored the trivial Equation (352). By letting δBn = (xn + iyn) eλt , two uncou-
pled eigenvalue problems follow, governing stability to A1- or (A3, A4)-perturbations of A0

2,
respectively[

λ 1
2 (c1a2 − σ1)

1
2 (c1a2 + σ1) λ

](
x1

y1

)
=
(

0
0

)
, (38)




λ ν4 − σ2 0 1
2c4a2

σ2 − ν4 λ 1
2c4a2 0

0 1
2c5a2 λ −ν4

1
2c5a2 0 ν4 λ





x3

y3

x4

y4


 =




0
0
0
0


 . (39)

From Equation (38), λ1,2 = ±
√
(c2

1a
2
2 − σ 2

1 )/4 is obtained, from which the monomodal
solution is stable if a2 < a2c := σ1/c1. From Equation (39)

λ1,2 = i
(
ν4 − σ2

2
± 1

2

√
σ 2

2 − c4c5a
2
2

)
, λ3,4 = λ̄1,2 (40)



is drawn. When a2 ≤ a2c := σ2/(
√
c4c5) the four eigenvalues lie on the imaginary axis,

and the solution is stable to (A3, A4)-perturbations. At a2 = a2c two couples of eigenvalues
coalesce, after which they become complex conjugate, two of them with positive real parts.
Therefore, the monomodal solution loses stability at a2 = a2c, irrespective of the value fixed
for the arbitrary parameter ν4. This, therefore, can be put equal to zero, since the change of
variable in the amplitudes is performed.

It can be shown, that according to the comments of Section 3, the evolution of the per-
turbations δAn = δBn eiνnt (n = 3, 4) does not depend on ν4. The question is not trivial,
since δAn vary in time according to exponents exp[(λm + iνn)t], some of which depend on
ν4. Therefore it is to be expected that there exists a mechanism involving the eigenvectors φm
of the variational matrix, which cancels the effects of such exponents. The general solution of
the variation equation reads

{
δA3

δA4

}
=

2∑
k=1

{
ck

(
(φk1 + iφk2) eiν3t

(φk3 + iφk4) eiν4t

)
eλkt + dk

(
(φ̄k1 + iφ̄k2) eiν3t

(φ̄k3 + iφ̄k4) eiν4t

)
eλ̄k t

}
, (41)

where φkj is the j -th component of φk and ck, dk are arbitrary constants. Since ν3 + ν4 = σ2,
λk + iν3 and λ̄k + iν4 are independent of ν4; in contrast, ν3 + λ̄k and ν4 + λk depend on ν4.
However, since the eigenvectors are found to be of the following type

φk = (αk + iβk βk − iαk γk − iδk δk + iγk)T , φk+2 = φ̄k, k = 1, 2, (42)

it follows that φk1 + iφk2 �= 0, φ̄k3 + iφ̄k4 �= 0 while φ̄k1 + iφ̄k2 = 0, φk3 + iφk4 = 0, i.e. the
coefficients of the exponents depending on ν4 vanish.

Appendix C: Standard Form of AME for a 1:2 Internally Resonant System

An example of the procedure illustrated in Section 4 is given here. The AME governing the
free vibrations of a system in the 1:2 resonance condition ω2 = 2ω1 + εσ are [1]

−2i(A′
1 + µ1A1)+ c1A2Ā1 eiσ t = 0,

−2i(A′
2 + µ2A2)+ c2A

2
1 e−iσ t = 0. (43)

Since N = 2, R = 1, it is necessary to choose L = N − R = 1 principal amplitudes. From
Equation (43), it follows that A2 �= 0 in any motion, while the same property does not hold
for A1. Therefore A2 must be taken as the principal amplitude.

Equation (22) reads α2 − 2α1 + σ = 0. By taking α2 = ϑ2, α1 = (ϑ2 + σ )/2 follows.
Therefore, the mixed representation Equation (22) to be used is

A1 = 1

2
(u1 + iv1) e(i/2)(ϑ2+σ t), A2 = 1

2
a2 eiϑ2 . (44)

By substituting it in Equations (43), four real equations in the unknowns (a2, ϑ2, u1, v1) are
drawn. The equation governing the ϑ2-evolution reads

ϑ̇2 = − c2

4a2
(u2

1 − v2
1), (45)



which, after substitution into the other three equations, leads to the following standard form
AME

ȧ2 = −1

2
(2µ2a2 − c2u1v1),

u̇1 = − 1

8a2
(8µ1a2u1 − 4σa2v1 + 2c1a

2
2v1 + c2u

2
1v1 − c2v

3
1),

v̇1 = − 1

8a2
(4σa2u1 + 2c1a

2
2u1 − 2c2u

3
1 + 8µ1a2v1 + c2u1v

2
1). (46)

Although a2 �= 0, if it is small in some motions, small denominators appear in Equa-
tions (46), as a consequence of Equation (45). To eliminate these terms, the following
alternative representation is adopted

A1 = 1

2
a2(u1 + iv1) e(i/2)(ϑ2+σ t), A2 = 1

2
a2 eiϑ2 , (47)

in whichA1 plays the role of slave amplitude andA2 that of master amplitude, sinceA1 cannot
exist without A2. From Equations (43) and (47)

ϑ̇2 = −c2a2

4
(u2

1 − v2
1) (48)

and

ȧ2 = −1

2
(2µ2a2 − c2a

2
2u1v1),

u̇1 = −1

8
(8µ1u1 − 8µ2u1 − 4σv1 + 2c1a2v1 + 5c2a2u

2
1v1 − c2a2v

3
1),

v̇1 = −1

8
(4σu1 + 2c1a2u1 − c2a2u

3
1 + 8µ1v1 − 8µ2v1 + 5c2a2u1v

2
1) (49)

follow, as counterparts of Equations (45) and (46). Equations (49) do not suffer the numerical
problems of Equations (46); however, it is necessary to use variables (u1, v1) and a2, which in
general are not of the same order of magnitude.

The procedure illustrated here should be generalized for more complex problems. It has
already been adopted in [10], where, however, its use was suggested an account of the nature
of the problem, rather than for reasons of mathematical convenience.

Appendix D: Standard Form of AME for a 1:2 Internally and a 1:1 Externally
Resonant System

The previous system is considered again, with the mode-2 now excited by a sinusoidal force
of frequency ω0 � ω2. The resonance conditions are ω2 = 2ω1 + εσ1 and ω0 = ω2 + εσ2. The
AME (43) modify as follows [1]

−2i(A′
1 + µ1A1)+ c1A2Ā1 eiσ1t = 0,

−2i(A′
2 + µ2A2)+ c2A

2
1 e−iσ t + 1

2
A0 eiσ2t = 0, (50)



since, as in the example of the Appendix A, the dependent resonance conditions are of higher
order. Since R = N = 2, it is L = N − R = 0, so that no principal amplitudes need be
sought, i.e. all the complex amplitudes must be expressed in Cartesian form. Equation (22)
read: α2 − 2α1 + σ1 = 0, -α2 + σ2 = 0. By solving them α1 = (σ1 + σ2)/2, α2 = σ2 are found
and, therefore, the change of variable to be used is

A1 = 1

2
(u1 + iv1) e(i/2)(σ1−σ2)t , A2 = 1

2
(u2 + iv2) eiσ2t . (51)

From Equations (50) and (51), the standard form equations follow

u′
1 = −1

4
(4µ1u1 − 2σ1v1 − 2σ2v1 + c1u2v1 − c1u1v2),

v′
1 = −1

4
(2σ1u1 + 2σ2u1 + c1u1u2 + 4µ1v1 + c1v1v2),

u′
2 = −1

2
(2µ2u2 − c2u1v1 − 2σ2v2),

v′
2 = −1

4
(a0 + c2u

2
1 + 4σ2u2 − c2v

2
1 + 4µ2v2). (52)
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