
 

1

Structure of Polyelectrolytes with Mixed of Monovalent 

and Divalent Counterions:  

Poisson-Boltzmann Analysis and SAXS Measurements 

 

Macromolecules, 2011, 44 (8), 3039–3052, 2011 DOI: 10.1021/ma102226v 

Jérôme Combet*, Michel Rawiso 

Institut Charles Sadron, Université de Strasbourg, CNRS UPR 22, 23 rue du Loess, B.P. 84047, 67034 

Strasbourg Cedex, France 

Cyrille Rochas 

Université Grenoble 1, CERMAV, CNRS, 38041 Grenoble, France 

Sven Hoffmann  

Dubble CRG, European Synchrotron Radiation Facility (ESRF), BP 220, 38043 Grenoble Cedex, France 

François Boué 

Laboratoire Léon Brillouin, CEA-CNRS, CE Saclay, 91191 Gif-sur-Yvette Cedex, France 

 

jerome.combet@ics-cnrs.unistra.fr,michel.rawiso@ics-cnrs.unistra.fr,hoffmann@esrf.fr, 

boue@llb.saclay.cea.fr, cyrille.rochas@cermav.cnrs.fr 

* Corresponding author: Tel +33 3 88 41 40 96; Fax +33 03 88 41 40 99; jerome.combet@ics-

cnrs.unistra.fr. 



 

2

ABSTRACT: We have studied by Small Angle X Ray Scattering (SAXS) the structure of salt free 

polyelectrolytes solutions containing monovalent and divalent counterions. We have considered 

mixtures of sulfonated polystyrene with monovalent (Na+) and divalent (Ca2+) counterions and measured 

the position of the scattering peak, q*, as a function of the monomer concentration cp and the 

monovalent / divalent content. The aim is to understand the variations observed in q* position when the 

valence of the counterions is gradually increased. This work is a continuation of a previous study in 

which first measurements were performed on a rather small number of sodium-PSS / calcium-PSS 

mixtures. In the present work, we used synchrotron radiation   improved the quality of the data and 

varied the monovalent / divalent ratio with a much finer step. Indeed this gives new interesting results in 

the ranges of low and large divalent content. We analyzed SAXS results through the isotropic model and 

scaling approach description introduced by de Gennes et al. and developed by Dobrynin et al.. In this 

model, one key parameter is the chemical charge and / or the effective charge fraction feff of the polyions. 

Although the chemical charge fraction f of sodium-PSS and calcium-PSS polyelectrolyte is fixed by the 

synthesis, the effective charge fraction in mixtures varies with the monovalent / divalent ratio. This 

quantity has been calculated using the resolution of the Poisson-Boltzmann (PB) equation in the frame 

of the cell model for various monovalent / divalent contents and different concentrations. Severe 

deviations can be found in the effective charge values of mixtures at finite concentrations compared to 

the classical Manning-Oosawa prediction (infinite dilution limiting law). We demonstrate that the 

evolution of q* is still compatible with the isotropic model and the scaling approach in the low 

concentration range provided that the divalent content is not too high. In particular, a power law relation 

3.0 ~* efffq ∝ can be found which looks very close to the one observed for weakly charged 

polyelectrolytes ( q* ∝ f
2 / 7 in good solvent or 3/1* fq ∝ in theta solvent). Mixtures finally provide a way 

to adjust the effective charge fraction without changing the chemical nature of the polyions. However 

this procedure gives improvement of data prediction only in a limited range; it is still not able to fully 
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explain the high concentration range, as well as the high divalent content mixtures. This is certainly due 

to the fact that the PB equations are not able to take into account the local interactions between 

monomers and divalent counterions, which goes beyond the mean field approach.  
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1. Introduction 

 

Polyelectrolytes (PEL) are a particular class of macromolecules, which dissociate in polar solvent -

such as water- into charged macroions and oppositely charged counterions. This solubility is a very 

important characteristic often used in industry in order to take advantage, in water, of the properties of 

polymer solutions (rheology, emulsion stability...). Furthermore, the presence of electrical charges along 

the chemical sequences brings additional potential: for example, it allows the formation of electrostatic 

complexes with oppositely charged molecules / macromolecules and thus offers new possibilities, such 

as drug design. But even when made out of a single species, PEL solutions in water have more 

complexity, hence more tenability, than those of neutral polymers in organic solvents: this is due the 

long-range nature of the electrostatic interactions as well as the presence of counterions in the solution. 

Although a large attention has been paid to this class of material for many years, their properties are not 

fully understood.1-6 Among all the parameters governing the properties of PEL solutions (solvent 

quality, dielectric constant, backbone rigidity, polymer and salt concentrations…)7, particularly 

important is the amount of ionized groups on the chain, which controls the polyion charge through a 

specific mechanism: in the case of highly charged macroions, a fraction of the counterions is condensed 

around the chains. This phenomenon, often referred as Manning-Oosawa (MO) condensation process8,9, 

reduces the net charge of the macroion (see ref 7 for an overall view) and modifies the electrostatic 

interactions in the solution. The initial theories of Manning and Oosawa were established for a rodlike 

macroion. In the case of flexible chains, the problem is more complex: the amount of rigidity is itself 

due to the polyion charge, so the chain conformation is itself coupled with the electrostatic interactions 

and the counterion distribution.  
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The valence of the counterions, or co-ions when multivalent salt is added to the solution, is another 

key parameter, which can directly affect the structure of the chains, the dispersion state, as well as the 

phase diagram. Depending on the chemical nature of the backbones and the overall rigidity of the 

chains, different scenarios are expected. In the case of flexible polyacrylate chains for example, specific 

interactions between divalent cations and the charged backbones (denoted as complex or chemical 

bonding) lead to a charge neutralization, which modifies the electrostatic / hydrophobic interaction 

balance. This phenomenon is responsible for a chain collapse and / or the formation of a precipitate. 10,11 

On the opposite boundary of the rigidity range, very stiff polyions (such as double strand DNA) exhibit 

another behaviour: contrary to highly flexible chains (at least on small length scale), they cannot 

undergo conformational change so that their interactions are bound to their rod shape. In these systems, 

the presence of multivalent counterions generate short range attractive interaction leading for example, 

to the formation of bundles.12  

In this paper we wish to study the effect of the monovalent / divalent counterions ratio on the structure 

of a highly charged flexible PELs in semidilute salt free aqueous solutions. In this context, we are only 

interested in electrostatic effects. Our experimental system has been chosen in order to avoid any 

complexation between macroion and counterions (chemical bonding). We used sulfonated polystyrene 

(PSS) linear macroions with sodium (Na) and-or calcium (Ca) counterions for which this condition 

seems to be fulfilled.13,14 The structure of these solutions has been investigated through Small Angle X 

ray Scattering (SAXS) measurements. This work is a continuation of a previous study15 in which 

scattering measurements were performed on a limited number of sodium-PSS / calcium-PSS mixtures. 

Small Angle X rays or Neutron Scattering (SAXS and SANS) provides an interesting way to investigate 

the structure of the chains as well as the distribution of counterions around the macroions. The structure 

functions of polyelectrolyte solutions display a broad maximum often called “polyelectrolyte peak”. In 

the case of highly charged polyelectrolytes such as sulfonated polystyrene, measurements performed in 

different contrast matching conditions evidence contributions to the peak from both the macroions16 and 
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the counterions.15,17-21 This double contribution is a clear demonstration of the strong coupling between 

the chains and some of the counterion and evidences the presence of a cloud of condensed counterions 

around the polyions. The origin of this maximum is related to the repulsive interactions between the 

macromolecules. Its position maximum, q*, is highly dependent on the monomer concentration cp and 

the charge fraction of the polyions; it can be interpreted as related to the mesh size of a transient 

network, which is only temporary since the system is liquid. When increasing the chemical charge 

fraction f of the polyion, the position of the peak is shifted toward higher q values.22 For higher charge 

fraction, the position of the peak remains almost independent of f.
23 This phenomenon has been 

interpreted as a consequence of the charge renormalization due to counterion condensation: the chemical 

charge fraction f has now to be replaced by the effective charge fraction feff which remains constant. 

Thus, in addition to get insight into the chains organization, a careful investigation of the peak position 

should allow to probe the complex counterion condensation phenomenon.  

In our previous study,15 we presented X ray and Neutron Small Angle Scattering study on mixtures of 

monovalent and divalent counterions in aqueous solutions of polystyrene sulfonate macroions without 

added salt. The main point was the presence of a scattering peak at a position q* which scaled in the low 

concentration regime as cp
1/2, with front factors depending on the monovalent / divalent counterions 

content. We proposed a very simple model based on Manning-Oosawa approach in order to determine 

the effective charge fraction of each mixture. Introducing this new charge fraction value feff in the 

isotropic phase model of de Gennes (and modified by Dobrynin) allowed the general features of the 

scattering behaviour to be explained. This interpretation was based on the modification of the effective 

charge fraction with respect to the monovalent / divalent counterion content. However, the MO model is 

only valid for rigid infinite chains in the limit of highly diluted samples. In the present work, we first 

intend to continue our previous measurements by considering a larger set of mixtures, and increase the 

scattering pattern quality using the high flux of the synchrotron source at its best. Second, in order to 

improve the analysis of the experimental measurements, we intend to determine the effective charge 
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fraction feff at finite concentration through the resolution of the Poisson-Boltzmann (PB) equation within 

the cell model. We also choose to focus only on the relatively low concentration range for which the 

correlation peak is always observed. Although the PB approach will not be able to give correct results in 

the presence of counterion-counterion correlation and / or local monomer / counterions correlations, we 

expect that this description provides new insight on both the structure of the polyions and the 

condensation process in mixture solutions.  

 

The paper is organized as follows:  

- In section 2, we will describe the experimental details such as the characteristics of the 

investigated PSS samples and the setup of synchrotron experiments. 

- Section 3 will recall the main aspects of the PB theory and the effective charge fraction 

determination procedure. 

- Section 4 will present the SAXS results obtained from several monovalent / divalent contents at 

different concentrations and the related effective charge obtained from the PB equation. 

- A Discussion will be given in section 5 in the light of the isotropic model and scaling theories.  
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2. Experimental methods 

2.1. Materials. 
  

The synthesis of the sulfonated polystyrene samples (NaPSS and Ca1/2PSS) has already been 

presented.15 Polystyrene (PS) chains with a narrow molecular weight distribution were synthesized by 

anionic polymerization and then sulfonated according to the Makowski et al procedure.24-27 After 

neutralization with either sodium hydroxide (NaOH) or calcium hydroxide (CaOH2), NaPSS and 

Ca1/2PSS chains were purified by extended dialysis against pure water (conductivity of the order of 1 

µS) and obtained in powder after freeze-drying (note that Ca1/2PSS is labelled CaPSS hereafter). Their 

characterization was carried out by elemental analysis. In this way, the degree of sulfonation τs, defined 

as the ratio of sulfonated monomers to the total number of monomers, and the weight fraction of water 

content τw were determined for each sample. The molecular weights of the parent PS polymer samples 

(before sulfonation) were characterized by size exclusion chromatography (SEC) by using THF as 

eluent. Table 1 lists the main characteristics of these samples. 

 

Table 1. Characteristics of Polystyrene and Sulfonated Polystyrene Samplesa 

 Nn I τs τw 

NaPSS 745 1.04 0.90 0.07 

CaPSS 745 1.04 0.90 0.07 

 

a Nn is the number average degree of polymerization of the macroions; I, the polydispersity index. τs 

and τw are the degree of sulfonation and the weight fraction of water content of the related dried Na or 

Ca polyelectrolytes (from elemental analysis). τs also represents the chemical charge fraction f of the 

polyion in solution. 
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 Parent solutions of salt-free aqueous solutions of Na-CaPSS mixtures were obtained by 

dissolving NaPSS and CaPSS powders in ultra pure water (Millipore grade, conductivity < 1 µS) in 

order to get a monomer concentration cp=0.34 mol/L. Concentrations and volume fractions are 

determined from the masses of solute and solvent, by using the tabulated partial molar volumes28,29 and 

taking into account the water contents of the various PSS powders. These two solutions were heated 

until complete dissolution (at 50°C for 1 hour), then let stand for at least two days prior to their 

manipulation. Successive dilutions from these parent solutions were then performed to obtain other 

lower concentrations. 

Solutions are characterized by their monomer concentration cp (mol/L), and their fraction of NaPSS 

macromolecules X, as defined by the molar ratio       

                 X =
nNaPSS

nNaPSS + nCaPSS

=
nNa+

nNa+ + 2n
Ca2+

    (1)  

where nNaPSS and nCaPSS are the number of mole of NaPSS and CaPSS, nNa+ and nCa2+, the number of 

mole of monovalent and divalent counterions. Note that the X parameter defined in this work is 

equivalent to N 1 introduced in refs 30 and 31. Six concentrations (cp=0.0106, 0.0212, 0.0425, 0.085, 

0.17 and 0.34 mol/L), as well as sixteen or seventeen X values (from X=0, pure CaPSS to X =1, pure 

NaPSS) for each cp have been investigated. All of these solutions are in the semidilute regime. 

 

2.2. Small angle X- rays scattering measurements. 
 

Small Angle X-ray Scattering (SAXS) experiments have been realized at the European Synchrotron 

Radiation Facility (ESRF, Grenoble, France) on two different CRG beamlines: D2AM (BM2) and 

DUBBLE (BM26). 

D2AM has been used to probe the two lowest concentrations (cp=0.0106 and 0.0212 mol/L). 

Measurements have been performed at λ=1.033 Å (12 keV) using a single sample to detector distance (d 
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= 2 m). In this configuration, accessible q values ranged from to 0.005 Å-1 to 0.12 Å-1 (q is the 

magnitude of the scattering vector, defined by the wavelength of the incident beam λ and the angle 

between incident and scattered beam θ through the relation q = 4π λsin(θ /2)). 

The four other concentrations (cp=0.0425, 0.085, 0.17 and 0.34 mol/L) were investigated on DUBBLE 

beamline. This was done at λ=1.127 Å (11 keV) using mostly one sample to detector distance (d = 8 m) 

allowing q values from 0.006 to 0.10 Å-1 to be investigated. For the highest concentration (cp = 0.34 

mol/L), another sample to detector distance (d = 1.84 m) was necessary to correctly measure the 

scattering peak, located at larger q. This distance extended the highest accessible q value to 0.55 Å-1. 

On both beamlines, the scattered intensity was recorded on a 2-dimensionnal detector. Calibrated mica 

sheets, one millimetre apart, were used as sample container. Standard ESRF procedures were used for 

data reduction, and intensity was converted into absolute scale using Lupolen as standard. For the two 

lowest concentrations, the scattering peak position takes place at a quite low q value and can be hidden 

by a strong upturn at very low angle. In order to better elucidate the polyelectrolyte peak, a power law 

contribution describing the upturn contribution was also subtracted from the corrected data. Then error 

bars also account for the dependence of these positions with the power law estimate.  

Under such a procedure, the total differential cross-section per unit volume Σtotal(q) (cm-1) was 

obtained for each solution. It is defined as the sum of two terms: 

     �
total(q) = Σ (q) + ΣB(q)     (2) 

 Σ (q) is the coherent differential cross-section containing all the information needed to describe the 

structure of the solution. ΣB(q) is a flat background in the explorer q-range and has to be removed from 

�
total(q). For X-ray scattering, this contribution arises from the scattering of the solvent. It can be 

estimated from the differential cross-section of pure water ΣH2O(q) and by taking into account the 

volume fraction of the solvent in the solution Φ : 

     ΣB(q) = Φ ΣH2O(q)      (3) 
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 For pure NaPSS and CaPSS solutions, we have a multi-component solute made of large 

macroions and small counterions, �(q) actually involves three partial scattering functions: 

   Σ(q) = Km
2Smm(q)+ Kc

2Scc(q)+2KmKcSmc(q)      

 (4) 

In this relation m refers to macroions and c to counterions; Km and Kc are the related contrast 

lengths and are related to the difference between the scattering length density of the corresponding 

component and that of pure water. In the case of NaPSS and CaPSS in water, neither Km nor Kc can be 

neglected: both the chains and the condensed counterions participate to the scattered intensity, and in 

particular to the polyelectrolyte peak.  
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3. Theoretical aspects 

3.1. Poisson-Boltzmann equation with cylindrical cell model. 
 

In our previous study,15 we introduced the effective charge fraction feff as a function of the 

monovalent / divalent counterion content X. The effective charge fraction for different X values was 

determined from MO condensation criteria8,9 (limiting law curve in Figure 4). This description is 

theoretically valid only for very low concentrations certainly out of the experimental concentration range 

that can be explored by X-ray and neutron scattering experiments. In order to get a better theoretical 

description of counterion condensation process, and take into account the finite concentration effect, we 

intend to use here the Poisson-Boltzmann (PB) equation in the cylindrical cell model. In the case of 

highly charged polyelectrolytes, the MO approach assumes that counterions can be separated in two 

distinct states: (i) condensed and located near the polyion; (ii) free and scattered in the solution. In the 

PB theory, making this distinction is inconvenient since the assumed counterion spatial distribution 

varies continuously with the distance from the polyion. However, for highly charged polyions the 

electrostatic potential is so high that a great fraction of counterions is still located near the polyion even 

after large dilution. This phenomenon is equivalent to the counterion condensation as defined in MO 

theory.  

 

Although the PB equation has been widely used in the case of monovalent counterions in order to 

investigate thermodynamic properties of polyelectrolytes solutions, there are only few studies 

concerning monovalent-divalent counterions mixtures.30-35 These works essentially concern the 

counterions properties (distribution around the polyions, activity coefficient, osmotic pressure, osmotic 

coefficient…), however the effective charge of the polyions have never been explicitly presented nor 
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calculated. Since it plays a key role in the analysis of the position q* of the electrostatic peak in small 

angle scattering experiments, we focus on this particular quantity.  

 

Let us recall the main features of the PB equation and its resolution within the cylindrical cell model 

in salt free solutions.36,37 The macromolecules are treated as sufficiently long rods of radius r0 so that 

end chains effects can be neglected. The chains are enclosed in independent cylindrical cells. Each cell 

contains the right amount of counterions to ensure global charge neutrality. Electrostatic coupling 

between polyions and counterions of different cells are neglected. The distribution of the polyion 

charges is replaced by a uniform charge density over the surface of the rod.  

The radius of the cell Rc is chosen according to the statistical unit concentration density nP (m-3), or cP 

(mol/L): one unit in a disk of thickness b corresponds to the relation  

     nPπRC

2
b = NA1000cPπRC

2
b =1    (5) 

In the above description, each monomer (with typical length b) is supposed to carry one negative 

elementary charge -e0. Counterions (considered as point-like) are described by their cylindrical density 

n(r)  (r is the distance from the cell axis). Since monovalent (valence Z1= 1) and divalent (valence Z2= 

2) counterions are present in the solution, one has to introduce the monovalent counterion density n1(r)  

and the divalent one n2(r):  

     n1(r) = n1 RC( )exp −Z1e0ψ(r) kBT( )      (6) 

    n2(r) = n2 RC( )exp −Z2e0ψ(r) kBT( ) 

  

n1(RC ) and n2(RC )  are the densities of monovalent and divalent counterions at the border of the cell and 

ψ(r)  is the electrostatic potential which is assumed to be zero at the surface of the cell (r=RC), kB is the 
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Boltzmann’s constant and T is the temperature. Both densities are obtained from the solution of the 

Poisson-Boltzmann equation  

 
d 2

dr2 +
1
r

d

dr

� 

� 
� 

� 

� 
� ψ(r) = −

e0

ε 0ε r

Z1n1 RC( )exp −Z1e0ψ(r) kBT( )+ Z2n2 RC( )exp −Z2e0ψ(r) kBT( )( ) (7) 

  

for r0 ≤ r ≤ RC , where ε0 and ε r are the vacuum permittivity and the relative permittivity of the solvent 

(water).   

 If we introduce the Bjerrüm length lB = e0
2 4πε 0ε r kBT  and the Manning charge parameter 

ζ = lB /b, the boundary conditions of the PB equation read  

      
dψ r( )

dr
r=RC

= 0      (8)

 and 

                                        
dψ r( )

dr
r =r0

= −2ζ kBTe0r0 = −2lB bkBTe0r0 = −e0 2πbε 0ε rr0( )  (9) 

which reflects the electroneutrality condition in the cell.  

Eq. (7) was resolved numerically (for fully charged polyelectrolytes e.g. ζ >1) for different 

concentrations using conditions ψ(RC ) = 0 and Eq. (8). n2(RC ) was arbitrary fixed to a given value and 

n1(RC ) was adjusted until the condition of Eq. (9) was fulfilled within 0.01 %. In order to validate this 

resolution procedure, numerical results for pure monovalent counterions systems were compared to the 

analytical approach: they were found to be identical. In the initial description of the PB equation, r0  was 

assumed to be the polyion radius whereas counterion were considered as point-like. As mentioned in ref 

38, it is more realistic to consider this radius as the distance of closest approach between the centre of 

mass of the counterion and the axis of the cell. Thus, in the following, r0  will include a contribution 

from the diameter of the polyion and from the counterion. 
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In the case of monovalent counterions, the knowledge of counterion distribution has been used to 

investigate structural properties as measured by Small Angle X-ray39,40 and Neutron Scattering 

experiments:19-21 under particular contrast conditions, it is possible to access the scattering from the 

counterions alone, i.e. the partial scattering function SCC. The high q behaviour of SCC (typically at q > 

q*, the abscissa of the PEL peak) is intimately related to the form factor of the cloud of counterions, and 

thus, to the calculated radial counterion distribution: 

 - for rigid polyions,39,40 the cell model provides a good first approximation although yet it 

underestimates macroion / counterions correlations: in order to account for the high q scattering 

behaviour obtained experimentally, the r0  value had to be reduced. 

- for very flexible polyions, the use of the PB equation is not straightforward19-21, in absence of rigid 

parallel cylinders with well-defined linear charge density and radius r0: the chain conformation is much 

more complicate, usually faraway from fully extended linear configuration, and also varies with time. It 

also varies with concentration since flexible chains gradually shrink with increasing concentration: a 

description in terms of charged rod implies that r0 as well as the linear charge density depend on cp. 

These effects can introduce large discrepancies between analytical results and molecular dynamics 

simulations.41 As mentioned in ref 38, the cylindrical cell model can however apply to polyelectrolyte 

systems in which the chains are locally rodlike, provided that their persistence length is much larger that 

the average distance between neighbouring charges. Then, for very flexible PEL, such as PSS, the strong 

local fluctuations of the chain axis may reduce the average effective distance between charges along this 

axis. Indeed, in refs 19-21, b and r0  were treated as adjustable parameters in order to fit the high q 

region of the scattering curves (i.e. at local scale). A good agreement was obtained provided that b is 

reduced compared to the geometrical value expected when assuming all trans conformations.  

Therefore, we see from these former experiments that the PB equation provides a reasonable 

approximation to describe not only rigid but even flexible polyelectrolytes. However, the choice of the 

input parameters r0  and b is not easy. In our case, the situation is even more complicated since divalent 
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counterions may introduce correlations, which are not taken into account in this mean-field approach. 

32,33 This effect is certainly more pronounced in the case of high content of divalent counterions. In any 

case, we expect this description to be more accurate than the simple approach developed in our previous 

study.15 Actually, it is the simplest way to take into account the influence of the concentration on the 

condensation phenomenon and therefore, on the effective charge of the polyions.  

 

3.2. Condensed counterions and effective charge fraction determination.  
 

In the PB approach, counterions are continuously distributed within the cell (for a0 ≤ r ≤ RC ). The 

distinction between so-called condensed and free counterions requires a precise criterion to be achieved. 

There are different ways to identify these two populations.31,42 In this study, we use the method initially 

proposed in ref 43 and revisited in the frame of the PB theory in ref 42 for monovalent counterion, 

which we apply for both monovalent n1(r) and divalent n2(r) species. In this approach, it is necessary to 

consider the integrated radial charge distribution per unit length defined for both valences (Z = 1 or 2) as 

      PZ (r) = b 2πr
r0

r

� ZnZ (r)dr      (10) 

This quantity represents the number of elementary charges associated with counterions per unit length 

b enclosed in a cylinder of radius r. According to this definition, the global electroneutrality leads to 

PZ (RC ) =1 on the border of the cell for pure monovalent (X=1) and divalent counterions (X=0) 

solutions. The evolution of PZ (r) as a function of ln(r), exhibits, at a radius r equal to the Manning 

radius RM, an inflexion point.43 This Manning radius defines the extent of the condensed counterions 

layer in the cell. From the knowledge of RM, it is possible to separate condensed and free counterions 

and to determine the effective charge fraction along the chain feff. 

In the case of pure monovalent or divalent counterions, the effective charge fraction is given 

by feff =1− P(RM ) and equals the prediction b/lB and b/2lB respectively from Manning approach. 
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For a mixture of counterions, due to the numerical procedure, a more complex method is to be applied 

and is described as follows. An obvious but necessary first step is to check, from n1(r)  and n2(r) the 

average concentrations of monovalent c 1 and divalent c 2  counterions (in mol/L) within the cell:  

    1000NAc 1 =
2

RC

2 n1(r)rdr
r0

RC� =
P1(RC )
πRC

2
b

    (11) 

    1000NAc 2 =
2

RC

2 n2r(r)dr
r0

RC� =
1
2

P2(RC )
πRC

2
b

 

which must be compared to the experimental monomer concentration cp: 

      cP = c 1 + 2c 2      (12) 

The monovalent content X is now expressed as  

     X = c 1 (c 1 + 2c 2)      (13) 

which is related to the experimental X value (Eq. (1)). 

Then, the condensation is examined: we find that the variation with r of P1(r)  and P2(r) in 

logarithmical scale displays two different inflexion points corresponding to distinct Manning radii RM 1 

and RM 2  respectively. The average concentration of condensed monovalent ( c 1
cond ) and divalent ( c 2

cond ) 

counterions are defined by:  

  1000NAc 1
cond =

P1(RM 1)
πRC

2
b

      and     1000NAc 2
cond =

1
2

P2(RM 2)
πRC

2
b

   (14) 

whereas concentrations of the free counterions are given by : 

   c 1
free = c 1 − c 1

cond     and    c 2
free = c 2 − c 2

cond      (15) 

Ultimately, the effective charge fraction can be determined from the relation: 

    feff =
(c 1

free + 2c 2
free )

c p

       (16) 

4. Experimental results 

4.1 Evolution of q* as a function of X and concentration. 
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Scattering curves performed cp= 0.0212 and 0.17 mol/L at are presented in Figure 1 (measurements at 

cp= 0.0106, 0.0425, 0.085 and 0.34 mol/L can be found in Supporting Information). The position of q* 

as a function of the concentration for different X values is presented on Figure 2. The results agree fully 

with the previous less refined measurements15 and can be summarized as follows:  

- in the low concentrations range q* variations can be described by a power law close to q* ∝ c p

1/ 2 

whatever the X value. Changing X values changes the front factors. An accurate determination of 

the power law exponent gives 0.45 instead of 0.5 previously reported.15 It must be noticed that our 

initial work combined X-rays and neutron scattering experiments. We have shown that small 

differences may be observed in q* values according to the small angle technique (SAXS or 

SANS), or more exactly, according to the contrast lengths of the condensed counterions and the 

polyions. More precisely, a slight decrease of q* position is observed when intensity from the 

condensed counterions is predominant. This is the case in the present SAXS investigations. The 

slight departure from the cp
1/2 power law is certainly a simple consequence of the scattering 

technique.  

- when the concentration is increased, more important deviations from the c p

1/ 2  law begin to appear. 

This appears at even lower concentrations for higher divalent counterion ratio (smaller X). For 

X=0, onset of deviation is at cp=0.0425 mol/L. For even higher concentrations (above 0.34 mol/L), 

the scattering peak may even vanish. This critical concentration has not been reached in the 

measurements reported here. 
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a) b)  

Figure 1. Scattering curves obtained at cp=0.0106 mol/L (part a), and cp=0.17 mol/L (part b). For clarity, 

only one point over ten is represented. All the scattering curves have been vertically shifted, except the 

one for X=1. 
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Figure 2. Scattering vector q* versus monomer concentration cp for different monovalent / divalent 

fractions X defined as 
nNaPSS

nNaPSS + nCaPSS

=
nNa+

nNa+ + 2n
Ca 2+

. For sake of clarity, only X=0, 0.25, 0.5, 0.70 and 1 

are represented. Dotted line corresponds to a cp
1/2 evolution. The total fraction of monovalent 

counterions (with respect to the total amount of monovalent and divalent counterions) in the solution is 

related to X and is equal to 2X/X+1. For X≈0.18, we only get 30% of monovalent counterions in the 

solution. For X≈0.36, the fraction increases to 53%. 

  

Better than the variation q*(cp) at different X, the variation q*(X) is certainly a more appropriate 

representation to highlight subtle variations. It is presented on Figure 3 (with the theoretical approach 

adressed in the discussion session) for different concentrations. Main features can be summarized as 

follows:   

- q* is a monotonic increasing function of X.  
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- for the higher X values (in between X=0.7 and 1) and the two smallest concentrations, q* tends to a 

plateau. For higher concentration, this plateau starts to disappear and a weak slope appears for the 

highest X values. This slope increases with the concentration.  

- q* increases more rapidly in the domain X = 0 to X = 0.3-0.4 for each concentration cp. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3. Experimental (symbols) and theoretical (lines) evolution of q* as a function of X for different 

concentrations cp. The theoretical curves are described in the dicussion session. Dashed lines: effective 

charge evaluated from Manning-Oosawa approach. Solid lines: effective charge evaluated from the 

resolution of the PB equation. 

This more complete set of data brings a lot of new information compared to our previous study:15 
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- firstly, new investigated values for X < 0.2 (Figure 3) do not show any plateau contrary to what 

expected when combining Eq. (18) with the simplest theoretical MO prediction of feff used in ref 15 ( feff 

is supposed to be constant in this range of X, as seen in the limiting law curve in Figure 4).  

- secondly, new investigated values for X > 0.75 evidence the second plateau predicted with the MO 

approach (limiting law curve, Figure 4), but only for the two lowest concentrations (0.0106 and 0.0212 

mol/L). However, even in this case, the width of the plateau is reduced compared the theoretical 

expectation (from X = 0.36 to 1). 

These two facts could not be detected in our previous study due to the limited investigated X fractions 

(0, 0.25, 0.5, 0.75 and 1). 

 

4.2 Effective charge fraction from the PB equation. 
 

The resolution of the PB equation has been achieved for each concentration studied by SAXS. A 

smaller concentration (10-6 mol/L) was also considered in order to check the low concentration 

behaviour. The typical monomer size b was fixed at 2.52Å. Calculations have been performed for fully 

charged macroions. The size of the cylinder r0 was set to 8 Å. As previously mentioned, it includes the 

radius of the counterion. The temperature T was fixed to 298 K and the corresponding relative 

permittivity εr to 78.3. 

The effective charge fraction feff extracted from the PB equation is presented in Figure 4. The effective 

charge fraction still varies between b /2lB  (X=0) and b / lB  (X=1). But it is now concentration dependent 

for all intermediate X values. The Manning-Oosawa limiting law is also drawn for comparison. Our new 

numerical computations reproduce this typical behaviour for the very diluted samples (10-6 mol/L) only.  
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Figure 4. Effective charge fraction feff as a function of X for different concentrations cp. These values 

result from the resolution of the PB equation. The limiting law considered in ref 15 and corresponding to 

MO approach is also indicated. In this approach, the two vertical lines located at X = b /2l
B

≈ 0.18  and 

X = b / l
B

≈ 0.36  separate the three different regimes. In between these two lines, feff is equal to X.  

 

For concentrations higher than 10-6 mol/L, specifically those investigated by SAXS, two facts are clear: 

- no plateau can be found at very low X values (below X=0.18). In this X-range we also note that the 

values of feff are nearly identical for the experimental investigated concentrations.  

- no plateau can be found for X > 0.36 (as predicted in the MO description). It vanishes for the 

investigated SAXS concentration range or, at least, is displaced to higher X range for the lowest 

concentrations. Actually, a close inspection of the curves rather shows that the tangent even for X 

= 1 displays a weak slope; this slope decreases as the concentration is decreased. The evolution of 

the effective charge fraction does not show any particular singularity at X= b /2lB  nor at X= b / lB  

contrary to what expected from the MO law and observed for the very low concentration 

computation (10-6 mol/L). 
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We present in Figure 5, an example of the variation with X of the fraction of condensed or free 

counterions (monovalent and divalent) distribution for three distinct concentrations cp = 10-6, 0.0106 and 

0.17 mol/L. 

For the lowest concentration (10-6 mol/L), the simulation, again, is very similar to the MO approach 

(not shown). It shows three different regimes: below X ≈ 0.18 (≈ b /2lB ), all monovalent counterions are 

free, divalent share between free and condensed. The effective charge is constant (limiting law, Figure 

4). In between X ≈ b /2lB  and X ≈ b / lB , all monovalent counterions are free, all divalent are condensed. 

Changing X value in this interval thus introduces a modification of the effective charge fraction. Above 

X ≈ 0.36 (~ b / lB ), the monovalent condensed fraction begins to increase (the free one stays constant), 

while all divalent counterions are condensed. The effective charge is constant.  

In summary at very low concentration, divalent counterions tend to condense first on the polyions. 

However with increasing concentration, the condensed and free counterion repartitions slowly departs 

from this clear-cut variation, and so does the final effective charge fraction. The transition between the 

previous regimes is gradually smoothed. For example, by comparison with cp=10-6 mol/L, data for 

cp=0.17 mol/L shows that, for 0.18 < X < 0.36: 

- for monovalent counterions, the fraction of free counterions is progressively reduced; 

- by the same time, the fraction of free divalent counterions is not zero anymore.  

Such an evolution of the effective charge fraction as a function of X at finite concentrations is related 

to subtle modifications of counterion distribution within the cell. In the present work, the separation 

between free and condensed counterions is obtained through the determination of the Manning radii, 

which requires a close inspection of the integrated radial charge distribution (as a function of ln(r)) to 

detect a plateau-like evolution. This behaviour is highly sensitive to the counterion valence and the 

polymer concentration. Our results from the PB equation are in accordance with simulations performed 

on flexible polyelectrolytes in the presence of pure monovalent, pure divalent or pure trivalent 

counterions.48 In this study, authors could also evidence that this plateau-like behaviour was less 
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pronounced for higher concentration and lower valence. It must be mentioned that these authors could 

demonstrate an increase of the condensed fraction with increasing polymer concentration. In the present 

work, this cannot be observed due to the procedure applied to separate free from condensed counterions 

(for pure monovalent or pure divalent counterions, feff is constant and equal to b/lB and b/2lB 

respectively).  

 

       a)                 b)         c) 

 

       d)                 e)         f)  

Figure 5. Total, condensed and free counterion concentrations c (mol/L) from the PB equation (upper 

row monovalent, lower row divalent) as a function of X (monovalent / divalent content) for three 

different polymer concentrations: a) and d) cp=10-6 mol/L, b) and e) cp=0.0106 mol/L, c) and f) cp= 0.17 

mol/L. 
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5. Discussion. 

 

We have measured the experimental evolution of q* for different monovalent / divalent contents at 

different concentrations and determined the theoretical evolution of the effective charge fraction feff in 

the same conditions. From a purely qualitative point of view, the measured evolution of the position of 

the maximum q*, and the predicted variation of the effective charge feff show a satisfying enough degree 

of similarities, and our action seem successful. However, the exact relation between the position q* and 

the charge fraction of the macroion (or its effective charge fraction) is not evident to determine. 

 

q* versus f, comparison with literature (monovalent counterions). From an experimental point of 

view, the evolution of q* with the polyion charge density, in semidilute solutions in good solvent and for 

flexible chains, is the starting point and therefore a key point. Surprisingly, experimental studies on this 

subject are not numerous. One pioneer work on that field was proposed by Nishida et col.22 on esterified 

poly(vinyl alcohol). In this study the position of the scattering peak was measured as a function of the 

concentration and the polymer charge density. Beside the classical cp
1/2 evolution, the most interesting 

point was the increase of q* with the chemical charge fraction f up to a crossover value fcrit. For higher 

charge fractions, q* position was found to be almost constant. This was interpreted as the onset of the 

counterion condensation leading to a charge renormalisation. In the varying regime, q* was found to 

vary as f
1/3. The critical charge density fcrit separating the two regimes was also consistent with the 

condensation threshold determined from MO approach. Another interesting experimental work was also 

performed by Essafi et al.23 on poly(acrylamide-co-sodium-2-acrylamido-2-methylpropane sulfonate 

(AMAMPS). In this approach all different charge densities were above the theoretical condensation 

threshold. Once more, the main point was the invariance of the position of the scattering peak. 

Furthermore, a close inspection of the partial scattering function related to the polyions (SANS 

experiments) evidenced very similar scattering functions indicating analogous chains structure whatever 
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the chemical charge fraction above the condensation threshold. In another set of experiments, the 

authors tried to determine the effective charge through osmotic pressure measurements.49 It was 

concluded that, the effective charge was in striking agreement with MO predictions. More recently, the 

same system has been re-examined using AFM (thin films) and SAXS (bulk) techniques above and 

below the condensation threshold.50 The extraction of the correlation length with these two techniques 

gave identical results: below the condensation threshold, the inverse of the correlation length (thus, 

proportional to q*) scales as f-2/7 within the error bars. For higher charged systems, it becomes constant. 

The experimental condensation threshold was localized (in between 0.4 and 0.6) very close to MO 

predictions (around 0.36). Similarly, for different rates of partial sulfonation, the scattering of partially 

sulfonated polystyrene solutions in a solvent good both for sulfonated and non sulfonated sequences 

(non selective solvent) does not depend on the chemical charge fraction (for f values above 0.36, e.g. 

above the theoretical condensation threshold close to 0.2).51 

From these observations, it is clear that q* is strongly linked to the charge fraction f and thus, is very 

sensitive to the condensation process: above the condensation the charge density has to be replaced by 

the effective one feff.  

Yet, predictions of the exact relation between q* and f, or feff, above cp* are diverse. From a theoretical 

point of view, the structure of the semidilute solutions has been analyzed in term of an “isotropic” 

transient network by de Gennes.45 The system is then governed by a single characteristic length: the 

mesh size of the transient network ξ that also represents the screening length of the electrostatic 

interactions. Thus, the determination of the scattering peak position q* provides a direct measurement of 

ξ ( q* = 2π ξ ) and gives insights into the structure of the semidilute solutions.  

The scaling approach of de Gennes has been reviewed by Dobrynin, Colby and Rubinstein.46 In a good 

solvent condition, the correlation or screening length ξ can be written as: 

ξ = f -2/7 lB /b( )
−1/ 7

bc p( )
-1/2

     (17) 
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Here, f is the charge fraction of the polyelectrolytes. For a given concentration, varying f makes vary 

ξ ,47 and therefore q*. This dependence is correlated to the variation of the electrostatic blob size with 

the charge fraction. We can note that even if experimental measurements agree with the isotropic model, 

a direct evidence of the existence of electrostatic blobs has never been given.  

The scaling model initially applied to weakly charged polyelectrolytes, for which the charge fraction is 

the chemical charge fraction of the macroions. However, it is usually assumed also to apply to highly 

charged polyelectrolytes. In that case, the macroions are treated as weakly charged polyelectrolytes with 

an effective charge fraction feff taking into account the condensation of part of the counterions. Under 

this condition, Eq. (17) becomes  

ξ = f
eff

-2/7 l
B
/b( )

−1/ 7

bc
p( )

-1/2

     (18) 

 

Replacing the chemical charge fraction f by the effective one feff (when necessary) as done in Eq. (18), 

gives:                                  

q* =  2 π f
eff

2/7 l
B
/b( )

1/ 7

bc
p( )

1/2

     (19) 

Eq. (19) perfectly accounts for the experimental observations of Nishida et al and Essafi et al:22,23,50 

q* ∝c p

1/ 2and q* ∝ f
≈2 / 7. Moreover, as we could show formerly,15 introducing feff (when necessary), this 

description also accounts for q* of many more systems taken from the literature (e.g. different polyions, 

solvents, counterions, chemical charge fractions, above and below the condensation threshold) in the 

case of monovalent counterions, through a master curve of q* as a function of 2π ξ (instead of the usual 

concentration cp). In the scaling approach, the relationship between q* and the charge fraction f depends 

on the nature of the interactions between the chains and the solvent. However, if we depart from the case 

of good solvent conditions, the power law dependence changes with solvent quality: q* is found to vary 

as f1/3 in theta solvent and as f1/2 in bad solvent condition.45,46 The bad solvent condition has been the 

subject of an intense theoretical and experimental research, linked with the expectation of a pearl 
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necklace conformation. This conformation is in agreement with scattering observations of the solution 

structure,25 and of the polyion conformation.52 The pearl necklace model also predicts different 

variations of the power law exponent with the concentration, which we use below. 

 

Mixtures and scaling. Now, our concern is the transposition of such a relation in the case of mixtures 

of monovalent / divalent counterions. In this case, the chemical charge fraction f (or the degree of 

sulfonation τs) is kept constant but the effective charge can be changed by varying the monovalent / 

divalent content X (and in a less important way, by changing the concentration of the mixture). If the 

chemical charge fraction f as found in Eq. (17) were the pertinent parameter, inside the isotropic model, 

there should be no modification of the position of the electrostatic peak q* with the monovalent / 

divalent content, a conclusion obviously not compatible with our observations. This prompts us to 

replace the charge fraction f, by the effective charge feff  (Eq. (18)) as determined from the resolution of 

the PB equation. The measurement of q* thus becomes a quite powerful way to investigate the 

condensation process in these systems, under one condition: the nature of the interaction between 

charges has to be purely electrostatic. It must be noticed that in our different mixtures, where cp > cp*, 

q* always scales as cp
1/2 in the low concentration regime for pure monovalent counterions, as commonly 

reported, but also for mixtures with divalent. This experimental observation was first reported (at our 

knowledge) in ref 15. A theoretical approach involving divalent counterions only, predicts the same 

effect.53 Both experiments and theory support our scaling approach of data analysis, as long as cp is 

concerned. 

Coming to the dependence over feff, an additional difficulty in our case is that the effective charge 

fraction (as determined from the PB equation) also varies with the concentration cp. Thus Eq. (19) has to 

be replaced by: 

q* =  2 π ( f
eff

(c
p
))2/7 l

B
/b( )

1/ 7

bc
p( )

1/2

     (20) 
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This concentration dependence provides a clear improvement, compared with our previous study.15 

For a given X value (but X ≠ 0 and X ≠1), q* should theoretically vary with the concentration through 

the effective charge dependence feff(cp). Due to the related weak exponent of the power law (2/7), this 

effect should lead to very subtle - while measurable – variations and could introduce small deviations to 

the cp
1/2 classical behaviour. Note that due to our effective charge determination procedure, feff does not 

depend on cp for pure monovalent (X=1), and pure divalent (X=0), while Monte Carlo simulations show 

a slight variation in practice (which is expectable). 

We will now compare systematically below the variation of q* as a function of X with the calculated 

ones using the scaling q*(feff) and our two determinations of feff. This is done in Figure 3 for the effective 

charge fraction evaluated from MO approach (using Eq. (19)) and from the PB equation (using Eq. 

(20)). In these plots, the vertical position of the theoretical curves is adjusted to the experimental values 

obtained for X = 1. Since the experimental and theoretical evolutions are in accordance with q* ∝  c p

1/2 

for X=1, this is equivalent to consider a single global prefactor for the whole set of data (which, in 

theory should be closed to 2 π lB /b( )
1/ 7

b
1/2). 

 

Comparison with Manning-Oosawa approach. The first comparison is with computations of the 

effective charge in the classical MO approach. The theoretical evolution of q* as a function of X can be 

divided in three portions which reproduce the evolution of the effective charge (Figure 3, dashed lines). 

Between X=0 and X=b/2lB, as well as X=b/lB and X=1, we get a plateau since the effective charge is 

constant. In between X=b/2lB, and X=b/lB, q* varies rapidly as X2/7.   

It is obvious that the theoretical plateau for X <b/2lB is never observed experimentally. Above b/2lB, 

the general theoretical trend is only reproduced for the two lowest concentrations (cp = 0.0106 and 

0.0212 mol/L). However, even for these two concentrations, a close inspection already shows a decrease 

of experimental q* values below X=0.6 indicating a deviation from the theoretical plateau. This 
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deviation is more and more pronounced as cp is increased and the plateau disappears for cp �0.0425 

mol/L. 

If the MO approach roughly describes the low concentration regime above X= b/2lB (as already 

mentioned in ref 15), it can not explain the deviations from high X theoretical plateau at higher densities, 

as well as the absence of any plateau below X=b/2lB. 

 

Comparison with the Poisson Boltzmann approach. The continuous increase of q* with X just seen 

for data, can be obtained solving the PB equation (Figure 3, solid lines). 

Variation for the two lowest concentrations is nicely predicted for X > 0.25. In particular, the deviation 

from the high X theoretical plateau (from MO approach as discussed above) is fairly reproduced. For 

higher concentrations, the domain of agreement starts to reduce down to the highest X values only. The 

variation of the effective charge with the concentration is not large enough to properly explain the 

experimental behaviour. The general tendency is however correctly rendered.  

For X < 0.25, no plateau is predicted. This is in contrast with the MO approach, and closer to data. But 

the theoretical variation of q* is much weaker than the experimental one: there is no quantitative 

agreement in this region even at the two lowest concentrations. Remember low X corresponds to a 

majority of divalent Ca2+ counterions. It is possible that their local correlations are not accounted for. 

 

q* versus feff. The partial failure of comparison of experimental q*(X) with calculated values obtained 

through the scaling of q* (feff,), can be due either to a wrong scaling assumption or to a wrong estimate 

of feff. Though this will not suffice to distinguish between thee two origins, focussing on such scaling of 

experimental q* versus feff calculated from the PB approach reveal interesting behaviours. Figure 6 is in 

log-log scale to evidence apparent power laws. We see that the function q* (feff) can be roughly 

described, for each concentration, by two successive power law regimes, noted A for low feff, and B for 

large feff (more accurately, a third regime can be guessed out of a few points at the highest feff). The 
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crossover between A and B occurs at a charge fraction feff crossover. For the two lowest concentrations feff 

crossover ~ 0.27 and separates a large X regime B close to the theoretical variation (exponent α Β = 0.30 ±  

0.05 close to 2/7), from a low X regime A with exponent αΑ = 0.70 ±  0.20. This also applies, to a lower 

extend, to cp = 0.0425 mol/L, though α starts to increase in regime B (α Β  = 0.45 ±  0.05). If cp is 

increased, feff crossover reduces, while both α Α and α Β increase, as summarized in Table 2, so that the 

theoretical feff
2/7 line is not followed at all.  

 

 

Table 2. Power law exponents and crossover effective charge fractionsb 

cp feff crossover αΑ (regime A) αΒ (regime B) 

0.0106 0.27 ±0.02 αΑ=0.70 ±  0.20 α Β = 0.30 ±  0.05 

(2/7 = 0.286) 

0.0212 0.28 ±0.02 α Α =0.70 ±  0.20 α Β =0.30 ±  0.05 

0.0412 0.27 ±0.02 α Α =0.70 ±  0.20 α Β =0.45 ±  0.05 

0.085 0.23 ±0.01 α Α =1.18 ±  0.05 α Β =0.60 ±  0.05 

0.17 0.215 ±0.010 α Α =1.44 ±  0.10 α Β =0.73 ±  0.05 

0.34 0.205 ±0.010 α Α =2.35 ±  0.10 α Β =1.00 ±  0.05 

bCrossover effective charge fraction feff crosssover, and power law exponent αA and αB in regime A and 

regime B. Regime A and regime B correspond to smaller and higher X values and higher X values 

respectively.  
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Figure 6. Evolution of experimental q* values as a function of the theoretical effective charge feff 

determined from the resolution of the PB equation. Long dashed lines represent power laws for small X 

values (regime A). Lines represent power laws for large X values (regime B). Dashed lines, correspond 

to the theoretical law q* ∝ f eff

2 / 7 . Power law exponents are listed in Table 2.  
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Therefore, if we consider the lowest concentrations, we clearly see that for effective charge fraction 

larger that 0.27, the evolution of q* is compatible with the scaling law q* ∝ f eff

2 / 7 as predicted in Eq. 

(20) (α ~ 0.3 ~ 0.285 = 2/7). This means that for the low concentration regime, and effective charge 

fraction larger than 0.27 (X > 0.30, i.e. more than 46% of monovalent counterions), the variation of the 

structure of the solution can be fully understood solely on the basis of an effective charge modification: 

the scaling initially predicted for weakly charged polyelectrolytes (and experimentally found to be close 

to 1/3 in ref 22 and to 2/7 in ref 50) also applies for highly charged polyions and mixtures of monovalent 

and divalent counterions if we replace the chemical charge fraction by the effective one. Mixing 

counterion valences thus provides a different way to tune the effective charge fraction without 

modification of the chemical sequence of the polyions. 

However, the presence of divalent counterions reduces the validity range of this assumption: both the 

divalent counterion ratio and the concentration (therefore the divalent concentration) must remain small 

enough. This conclusion appears close to the results of ref 33. In this study, authors compare theoretical 

osmotic coefficients derived from PB calculations, modified PB calculations, and Monte Carlo 

simulations. If all of their calculations capture the main features of experimental measurements, it is 

however demonstrated that for large divalent contents (small X values in our study), simple PB 

calculations overestimate the osmotic coefficients, and thus underestimate the counterion condensation, 

as we do here also at small X. This would imply that here the estimate of feff is wrong, not necessarily the 

scaling. But other reasons may exist. 

 

Physical origins of discrepancy. These discrepancies at large divalent content are likely due to the 

fact that ion-ion correlations are neglected in the PB equation approach. But more precisely it is also 

important, as mentioned in ref 33, to keep in mind that these different models completely ignore the 

details on a molecular scale, details that could be very important in the case of specific interactions 

(which we ignored until now). Let us remember the fundus of the isotropic model: the chain is modelled 
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as an assembly of electrostatic blobs. The relation between ξ and feff in semidilute regime (Eq. (17) to 

(20)) thus implies the internal structure within the blob, like self avoiding walk in good solvent 

conditions giving ξ ∝ f
−2 7 (or ξ ∝ feff

−2 7), whereas a random walk in theta solvent, ξ ∝ f
−1 3 .  

These interactions between chain segments make vary the electrostatic blob size and by consequence 

the effective contour length22 and the linear density. Thus, any other phenomena (distinct from charge 

fraction or blob statistics) able to change the local structure or the effective contour length, may also 

induce q* variations. Naturally we must also keep in mind the effect of charge fraction: different recent 

theoretical approaches, in the case of rigid polyion and for multivalent counterions, predict an effective 

charge fraction much lower than MO model.54 But we will focus now on conformational aspects.  

 

Chain conformation aspects. Along this line of thought about conformation, an additional point to 

discuss is the relation with hydrophobicity via the pearl necklace model.55 In the effective charge range 0 

< feff < 0.27, we have seen just above an apparent power law with exponent αA~ 0.70 ±  0.20 for cp = 

0.0106, 0.212 and 0.425 mol/L (see long dashed lines in Figure 6). This is far from 2/7 = 0.285 or 1/3 = 

0.33 expected in good or theta solvent, but close to the one encountered for polyelectrolytes in poor 

solvent. For these conditions, the pearl-necklace model for the polyion conformation predicts more than 

one concentration regime above cp*. In a first “low concentration” regime, called string controlled 

regime, q* varies as cp
1/2 and f1/2. For higher concentrations, we enter in the bead controlled regime, and 

q* varies as cp
1/3 and f2/3. If we consider that the charge fraction can be replaced by the effective one feff, 

we see that our low concentration observations (for which q* varies as cp
1/2) could be compatible with 

the string-controlled regime (q* ~ f
0.7 ±  0.2 to compare to f

1/2). In other words, the origin of a high 

exponent αA could be related to the hydrophobic properties of the macroions, as in the case of partially 

sulfonated PSS. This interpretation was indirectly invoked in ref 56, but it is not supported by pyrene 

fluorescence measurements performed formerly in our group15, which do not indicate the existence of 
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any hydrophobic zones. In practice, accurate comparisons can be done using form factor measurements, 

achieved using SANS. In the case of hydrophobicity due to uncomplete sulfonation of the polystyrene, 

the form factor is well described by a pearl necklace conformation.52 If reducing the effective charge of 

PSS by increasing the divalent counterion ratio were equivalent to reducing the sulfonation rate, this 

effect should be maximal for X=0 (CaPSS). Indeed, form factor measurements realized for pure CaPSS57 

does reveal a change of conformation, but it is different from the pearl necklace one: the conformation is 

also a more compact one, akin to a shrinking of the chain at short scales, shortening the contour length 

and increasing the linear density, while the wormlike conformation is kept at large scale.57 This is 

accompanied by a shift of the correlation peak to smaller value (as in our measurements), in agreement 

with the transient network picture. The mechanism of such a local shrink is still unclear but could be 

related to local bridging – maybe in a soft, statistical, aspect- of the chain by divalent counterions.  

The form factor results also contradict another recent theoretical prediction on flexible macroions in 

good solvent conditions, which proposes the possibility of necklace globule formation, not due to 

hydrophobicity but to the counterions condensation.58 But the form factors clearly suggest that the 

deviation in q*(X or feff) which we observe is associated, at least in part, to a change of conformation 

towards a more compact one. 

Finally, for higher concentrations (cp=0.085, 0.17 and 0.34 mol/L) and high divalent contents, 

deviations from the q* ∝ c p

1/ 2 law appear (Figure 2, see also ref 15). This behaviour is consistent with 

Eq. (20) since the effective charge fraction is reduced with increasing concentration. However, as can be 

found from Figure 3, the calculated deviations are definitively too small to reproduce the data, at least as 

determined from the PB equation. Like for the smallest concentrations, two power law regimes are still 

visible on q*(feff) in Figure 6. We can notice that in this concentration range, electrostatic interactions 

are more screened than for the lowest concentrations. Thus, local modifications of the polyion structure 

become easier and easier. Form factor measurement in this concentration range should certainly be very 

useful to understand these particular effects. This would enable us to assess the level of influence of the 
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conformational effects in the observed deviations, compared to purely inter-counterions correlations. 

Note that even in the regime where scaling is obeyed, we should observe an evolution of the form factor, 

since the electrostatic blob size varies. 

 

Final summary. In this work, the use of the cell model is an attempt to determine the effective charge 

fraction, a very important parameter for explaining the scattering behaviour in mixture solutions, which 

we combined with the isotropic model approach. The result is two-fold:  

- for high concentrations, as well as for large divalent content, this approach fails. There are 

currently very little theories, or simulations dealing with monovalent / divalent mixtures under salt 

free conditions in the case of flexible polyelectrolytes. Most of them only focus on monovalent or 

divalent counterions only, or only introduce divalent ions through added salt, and most often only 

consider rigid polyelectrolytes. We hope that this experiment and its rather complete set of 

experimental measurements will help in theory improvement. Conformation measurements should 

also be accounted for better understanding of the way multivalent counterions act on the chain. We 

do not know yet the level of influence of such conformational effects. 

- for low concentrations providing that the divalent content is not too high, it gives reasonable 

effective charge values and allows a reasonable understanding of the main experimental features. 

Thus in this range, the cell model is useful, in expectation of a more adequate approach.  
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6. Summary and Conclusion 

 

 In this article, we studied the structure of salt free semidilute solutions of flexible 

polyelectrolytes containing monovalent and divalent counterions through Small Angle X Rays 

Scattering. This work is a continuation of a previous study in which only a limited number of mixtures 

were investigated. We have chosen to work on NaPSS / CaPSS mixture solutions for which specific 

interactions are not supposed to play a key role. Polyions were highly charged and carried almost one 

charge per monomer. This high chemical charge fraction is responsible for a counterion condensation, 

which leads to a charge renormalization. 

 Experiments show a scattering peak at a position q* which depends on the concentration and the 

monovalent / divalent mixture content. In the low concentration range, each mixture (including pure 

divalent counterions solution) shows an evolution of the type q* ∝ c p

1/ 2. Within the isotropic model, the 

position of this peak is related to the correlation length ξ, and therefore, to the local structure of the 

polyions as well as to their effective charge fraction. Thus, measuring q* as a function of the 

concentration and of the monovalent / divalent content provides a way to understand the structure of the 

solution and to get insight into the complex condensation phenomena. 

The effective charge fraction has been computed from the PB equation within the cell model for 

several mixtures. It exhibits a clear dependence with the monovalent / divalent content. In these 

solutions, the divalent counterions condense first. Depending on the monovalent / divalent content, 

monovalent and divalent counterions can be free or condensed along the macroions. This scenario also 

shows a complex concentration dependence and MO predictions can only be retrieved for infinitely 

diluted samples. Mixtures can also be seen as a way to tune the effective charge fraction without 

changing the chemical nature of the polyions.  
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 The experimental q* positions have been analyzed within the isotropic model including the 

calculated effective charge fraction. This model captures the main features of the experimental data and 

can even be taken as quantitative for very low concentrations if the divalent content is not too high. The 

evolution of the position of the scattering peak versus the calculated effective charge fraction seems to 

evidence two power law regimes for the whole set of concentrations. Main results can be summarized as 

follows: 

- in the low concentration regime, and providing that the divalent content is not too large, the 

position of the polyelectrolyte peak q* is compatible with the scaling approach. In particular, the 

power law exponent in the relation q* ∝ feff

α is found to be very close to 2/7, a typical exponent 

encountered for PEL in good solvent conditions. Thus, the position of the peak can be understood 

on the basis of a simple effective charge fraction variation. The structure of the solution, and 

probably of the chain, is then very similar to that of a weakly charged polyion if we replace the 

chemical charge fraction by the effective one. 

- in the low concentration regime, when the divalent content is increased, deviations from the 

previous description occur. New effects start to appear and are not taken into account in the PB 

equation. These effects are in agreement with a contraction of the chain leading to a decrease of 

the total contour length and finally lead to an additional decrease of the peak position, as seen 

before by Dubois et al.57 for pure CaPSS. This could be due to bridging phenomena from the 

divalent ions. But we ignore the level of influence of the conformational effects in the observed 

deviations, with respect to purely inter-counterions correlations. 

- in the high concentration range, scaling exponents in both regimes are not quantitatively 

consistent with any theoretical predictions. It is clear that form factor measurements with neutron 

scattering would certainly improve our understanding in this concentration range. This will be 

presented in a forthcoming paper. 
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