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the thickness (see e.g., [10]). Integrating equation (1.1)
over z and taking into account (1.2), we obtain

(3)

Taking the vector product of (1.1) with zi3 from the
left and integrating over the thickness, we will obtain
the second equilibrium equation:

(4)

Introducing the force and momentum tensors using
the equations T = A · 〈s〉, M = –A · 〈zs × i3〉 [10, 11],
Eqs. (3), (4) can be written in the following form:

(5)

where q =  +  + 〈ρf〉, m = i3 × (  + )  + 〈ρzi3 × f〉

are the external forces and moments, which are acting on
the plate, and T× is the vector invariant of the tensor T.
Let us point out, that the existence of the terms, related to
t±, distinguishes the equilibrium equations (5) from the
ones that are known thus far in the theory of plates and
shells [10–12]. The structure of equations (5) allows us
to introduce the effective effect and momenta tensors

(6)

Then equilibrium equations (5) take the form

(7)

Let us fetch the equations of state for T* and M*
assuming the smallness of the deformations of plates.
To describe the deformations of the plates, we assume
an approximation for the field of displacements that is
linear in thickness, which is used in the theory of shear
deformable plates [10, 13]:

(8)

Here we assume that the rotation vector J kinemati-
cally does not depend on the displacement vector of the
middle surface of the plate w. From (8) we obtain the
following equations:

where v = w · A and � =(1/2)(∇Sv + (∇Sv)T) and k =
(1/2)(∇SJ + (∇SJ)T) are two-dimensional tensors of
strain and twist-torsion. Using (2), we will obtain the
following expressions for the surface tensions t±:
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From now on we restrict ourselves to the case of the
symmetrical plates and accept that the surface proper-
ties of the boundary faces of the plate are the same:

Then

(9)

Considering the plate to be homogeneous in the
thickness direction, for T and M we will accept the fol-
lowing equations of state [10, 12]

(10)

where C, D are the tangential and twist stiffnesses of
the plate, Γ is the stiffness with respect to the transverse

shear, E = 2µ(1 + ν), ν =  are the Young mod-

ulus and Poisson ratio of the material from which the
plate is made, k is the coefficient of the transverse shear
[10, 12, 13], g = ∇Sw – J is the vector of the transverse
shear, and w = w · i3 is the normal deflection of the plate.

Taking into account Eqs. (9), (10), one can deduce
from (6) that T* and M* depend on � and k, similarly
to T and M, but with different moduli:

(11)

where 

Note that the surface effects do not influence the trans-
verse shear forces: T* · i3 = T · i3.

The equations of state (11) allow us to write the
equilibrium equations for the plate, with the surface
tension being taken into account (7), in terms of the dis-
placements v and rotations J. We have to stress that the
equations of state for the effective forces and moments
(11) are qualitatively different from the equations of
state for the isotropic homogeneous plates (10). The
dependence of T and M on deformations is defined by
the four elastic constants: C, D, ν, Γ. At the same time,
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the dependencies T* and M* are defined by the five
independent elastic constants: C1, C2, D1, D2, Γ.

The application of the two-dimensional equations of
the linear theory of plates to nanosize plates seems to be
quite plausible in the case of small deformations, if one
considers the equations of state of type (11) in the
framework of the direct approach to the construction of
the theory of plates and shells [10–12]. Here the equa-
tions of equilibrium and state are formulated directly
for the two-dimensional medium, while the determina-
tion of the corresponding elastic constants should be
based directly on the experimental results.

3. CONCLUSIONS

Thus, we have obtained the two-dimensional equa-
tions of equilibrium for plates taking into account the
transverse shear and in the presence of surface effects.
We have presented the relations between the force and
moment tensors and found the expressions for the
effective stiffnesses of the plate. In particular, we have
shown that, if one takes into account surface effects, the
stiffnesses of the plate do change significantly, which
agrees with the results of [4, 6, 14, 15]. The obtained
results can also be applied to the case of multilayer
nanosize plates, where one can expect a greater influ-
ence of the surface effects, as well as to the case of
nanosize shells, including isotropic shells.
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