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Abstract. Recently, a novel multi-scale modelling approach for damage and fracture problems was presented. This
method departs from classical computational homogenization (FE2) and evolves to a discontinuity enriched scheme
upon the localization detection. Rotating boundary conditions allow for microscale localization bands to develop.
The formulation of the macroscopic cohesive discontinuity enables the micro-macro coupling. The presented scheme
is demonstrated on a numerical example which solves both scales in a nested manner up to complete failure.
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1 INTRODUCTION

Materials engineering aims at development of material microstructures tailored to a specific application or product.
At present, more and more microstructurally complex materials are being designed, whereby the reliability and
lifetime assessment play a crucial role. A more recent trendis that the material failure is not simply assessed, but
rather carefully engineered to occur in a desired, well controlled manner. This calls upon powerful simulation tools
able to accurately predict all stages of failure, from initiation to complete fracture.
Material failure is an intrinsically multi-scale process.Damage initiates at a fine scale, e.g. due to the loss of cohe-
sion between microstructural constituents, like grains, second phase particles, reinforcements, etc. On the macro-
scopic, engineering, level this results in zones of highly localized deformation and ultimately leads to macroscopic
failure.
For this reason, a lot of attention has been given in the past decades to the understanding and modelling of material
damage mechanisms at the microstructural scale. These analyses typically make use of a confined model of the
microstructure, usually called a unit cell or representative microstructural volume element (MVE), where relevant
microstructural details, e.g. morphology, constituent material properties, presumed damage initiation and evolution
mechanisms etc., are described in detail. These models yield a valuable understanding of the role of different
microstructural features in various interacting damage mechanisms, yet they do not provide a direct link to the onset
of macroscale failure.
On the other end of the spectrum, various multi-scale solution methods have been proposed to tackle the scale
bridging question. Among these, mixture theories, mean field approaches, asymptotic homogenization schemes,
variational multi-scale methods, computational homogenization frameworks are a few characteristic categories. If
a direct coupling between the micro- and macroscopic scalesis required in a larger macroscopic domain, a com-
putational homogenization scheme (e.g. FE2), is one of the most accurate and general techniques in upscaling the
non-linear behaviour of complex, evolving microstructures [1]. Classical (first-order) computational homogeniza-
tion relies on a separation of scales principle, requiring that the characteristic lengths over which the macroscopic
fields vary in space are much larger compared to the characteristic size of the underlying microstructure. This
assumption of scale separation, however, does not hold in narrow zones of strain localization and damage.
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This short paper presents a summary of a novel multi-scale computational homogenization analysis of damage
and fracture problems. The newly developed framework resolves the limitation of the classical homogenization
approaches to handle strain localization problems, by introducing a macroscale displacement discontinuity, which
effectively represents the microscale strain localization. For the multi-scale coupling, special scale transition rela-
tions have been established that involve the material response of the bulk and the localization zone, obtained from
the same MVE analysis.

2 COMPUTATIONAL HOMOGENIZATION

The developed approach depart from the classical (first-order) computational homogenization framework, which is
essentially based on the solution of nested boundary value problems, one for each scale. If attention is focused on
the nonlinear characteristics of the material behaviour, this technique proves to be a valuable tool in retrieving the
constitutive response. First-order (i.e. including first-order gradients of the macroscopic displacement field only)
computational homogenization schemes fit entirely in a standard continuum mechanics framework (principle of
local action). Main characteristics of this solution strategy are: (i) the constitutive response at the macro-scale isa
priori undetermined; (ii) the method deals with large displacements in a trivial way; (iii) the different phases in the
microstructure can be modelled with arbitrary nonlinear and time-dependent constitutive models; (iv) the influence
of the evolution of the microstructure (as described on the micro-scale) can be assessed directly on the macro-scale;
(v) the micro-scale problem is a classical boundary value problem, for which any appropriate solution strategy can be
used; (vi) macroscopic constitutive tangent operators canbe obtained from the microscopic overall stiffness tensor
through static condensation. Consistency is preserved through this scale transition.
Figure 1 shows the two-scale computational homogenizationframework, where the terms which are not underlined
originate from the classical framework. For each macroscopic material point, the deformation gradient tensorFM

is imposed on the corresponding MVE. In order to allow for arbitrary failure directions, novel rotating boundary
conditions have been developed, whereby the periodicity concept is applied in a weak sense with respect to direc-
tions that are aligned with and orthogonal to the main localization direction [2]. Note, that these rotating boundary
conditions are applied from the onset of loading (i.e. priorto the loss of stability) and updated according to ade-
quate detection algorithms (Hough transform). Upon the solution of the microscale boundary value problem, the
homogenized stress tensorPM is upscaled to the macro level by making use of a specialized Hill-Mandel condition.
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Figure 1: Multi-scale continuous-discontinuous computational homogenization scheme, incorporating localization
and damage. Underlined terms are added after enrichment of the scheme.

3 CONTINUOUS-DISCONTINUOUS COMPUTATIONAL HOMOGENIZATION

Localization is detected through the local loss of ellipticity condition, based on the singularity of the acoustic tensor
derived from the underlying microstructure. At the onset oflocalization, the complexity drastically increases. Sta-
bility is lost and a macroscopic crack develops at the macro-scale. The spatial resolution of this evolving localization
zone is close to the resolution of the evolving microstructural phenomena at the micro-scale, i.e. scale separation is
lost. At the micro-scale two regions appear: (1) the material volume participating to further damage growth in the
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localization zone and; (2) the material volume that is unloading adjacent to the localization zone. These two regions
cannot be upscaled anymore towards a single macroscopic material point. Therefore macroscopic kinematics is
enriched by the insertion and propagation of a discontinuity, to deal with this dual micro-scale kinematics [3]. The
underlined terms in Figure 1 are introduced in the enriched framework.
The most important feature of this framework is that the traction-opening response of the discontinuity and the
stress-stain response of the surrounding ‘bulk’ material are both extracted from a single MVE analysis. Moreover,
this formulation enables a smooth transition from a homogenized state to a localized state, all based on the evolution
of a single volume element. To this end, special scale transition relations are established that involve the material
response of the bulk and the localization zone. At a macroscopic (integration) point the macroscale displacement
jump[[~uM]] and the deformation of the surrounding continuum materialFM are used to formulate kinematical bound-
ary conditions for the microscale MVE problem. The new rotating boundary conditions, are continued to be used,
also after strain localization, to allow for the progressive development of microstructural localization bands without
imposing artefacts, [4]. Upon proper averaging of the MVE response, the macroscopic generalized stress is ob-
tained. Simultaneously, an effective microscale displacement jump[[~vM]] is returned to the macrolevel, based on the
MVE deformation field. The equality of the macro- and effective microscale displacement jumps is enforced at the
macroscale by Lagrange multipliers, recovering the cohesive tractions at the interface.

4 NUMERICAL EXAMPLE

To illustrate the proposed scheme, a full 2D problem is shownhere, for which a detailed analysis can be found
in [5]. We herewith limit ourselves to the main results. In this example, a 2D plane strain double notch specimen
is considered. The macroscopic discontinuity is here resolved using an embedded discontinuity approach in an
enhanced assumed strain framework. Each macro-scale integration point contains an underlying MVE with circular
voids in an isotropic elasto-plastic matrix material. The macro-scale discontinuity is coupled in the proposed multi-
scale setting to the response of a localizing MVE.
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Figure 2: Macro-scale problem with its embedded discontinuities (thick black lines), along with their underlying
deformed MVEs.

Figure 2 shows in the center the macroscale mesh with the enriched elements (white colored) at the end of the
simulation; the thick black lines indicate the positions and directions of the embedded discontinuities (plotted on
the undeformed reference geometry). The enriched elementsand the embedded cohesive cracks indeed form the
pattern that is expected for a double notch test. The first crack initiates at the top notch (position ‘h’), after which
a second crack nucleates at the bottom notch (position ‘a’).As described above, the switch to the enriched scheme
and the orientation of the embedded discontinuity are provided by the underlying microstructural analysis. The
traction-opening response of the discontinuity and the stress-stain response of the unloading adjacent bulk material
are both extracted from a single microstructural volume element.
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Note that the percolation aligned boundary conditions are essential for capturing the microstructurally dictated
orientations. The discontinuity enriched macroscopic elements adequately capture the expected pattern for this
double notch test. The intrinsic weakness of the embedded discontinuity approach is also visible, i.e. the lack of
crack path continuity across element edges. In order to remedy this, the multi-scale methodology has to be coupled
to e.g. an X-FEM type approach at the macroscale. This extension is presently being implemented and will be
published in future work [6].

5 CONCLUSIONS

The presented computational homogenization-localization framework and the associated numerical implementation
demonstrated to be powerful in their ability to mutually couple the evolution of the microscale damage and strain
localization to the macroscale crack development.
The theory encompasses many essential ingredients to solvethe problem: novel boundary conditions that do not con-
strain the localization direction; a multi-scale method that extracts the response of a discontinuity and the adjacent
bulk from a single micro-scale boundary value problem; advanced macroscopic discretization methods to handle
the discontinuity; adequate detection algorithms (Hough transform) for the localizing or percolating deformation
region, even prior to the loss of stability; scale transitions using specialized Hill-Mandel condition; extraction ofthe
effective displacement jump by correlating the micro-fluctuations in the localization band.
In its present formulation, however, the developed framework also inherits some intrinsic limitations of the underly-
ing embedded discontinuity approach. It does not allow a description of a compatible displacement field across the
element boundaries. The future development of this work will in particular focus in the direction of eliminating this
constraint.
Finally, it can be concluded, that despite some remaining challenges, computational homogenization-localization
proofs to be a powerful and versatile framework for the analysis of multi-scale problems involving damage and
localization. Where other homogenization methods are inadequate in bridging microscale damage to macroscopic
failure, the computational homogenization-localizationscheme can provide answers.
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