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ings, deep reservoirs, confined pillars, etc. An accurate mechanical model is especially
needed in the analysis of damage, aging and degradation phenomena. Following the
approaches initially suggested by Ortiz (1985), Klisinski and Mróz (1988), Pietruszczak
et al. (1988), Lubliner et al. (1989), Frémond and Nedjar (1995), among others, a vast
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number of models have been proposed in the past decades. Most of the recent proposals
include in the model plastic deformations, damage and eventually cracking strains, in an
attempt to achieve reasonable accuracy in the numerical simulation of the various mech-
anisms of deformation and crisis that are experimentally observed.

The necessity of a model for concrete, reliable for numerical simulations, based on firm
mechanical principles and, at the same time, able to reproduce significant experimental
observation was first clearly identified by Ortiz (1985), whose model, based on mixture the-
ory and damage mechanics, met most of the previously stated objectives. He made use of a
Drucker Prager plasticity criterion for the aggregate and considered a prevalently brittle
behavior for the mortar, yielding quite accurate qualitative predictions for simple stress
states. However, more precise specification of model functions for complex load condi-
tions was not considered.

Focussing our attention on continuum models, a variety of combination of plasticity
and damage theories have been formulated. Damage is represented, according to Contin-
uum Damage Mechanics, introducing phenomenological damage variables. Although
damage is inherently a non isotropic phenomenon, in order to overcome some of the dra-
matic convergence problems related to the computational implementations, many authors
have commonly adopted an isotropic damage formulation, making use of a single scalar
variable (Luccioni et al., 1996; Jirásek and Zimmermann, 1998; Brenchic and Gambarotta,
2001; Salari et al., 2004). Scalar models with two damage variables have also been pro-
posed, in an attempt to distinguish between tension and compression damage mechanisms
(Mazars, 1986; Faria et al., 1998; Comi and Perego, 2001; Marfia et al., 2004). Following
the general formulation of Hansen and Schreyer (1994) and Murakami and Kamiya
(1997), anisotropic damage models have been proposed introducing 4th or more fre-
quently 2nd order tensors (Papa and Taliercio, 1996; Dragon et al., 2000; Sellier and Bary,
2002; Litewka and Debinski, 2003; Lü et al., 2004; Kuna-Ciskał and Skrzypek, 2004;
Gambarotta, 2004). However, in many of these models the flow rules for the internal vari-
ables are established on an empirical basis and are not consistently derived from a proper
dissipation functional; this may lead to inconsistencies in the implementation of the model.
The different crisis mechanisms of concrete are generally modelled introducing multiple
limit criteria. In addition to a damage activation law, a plastic-like criterion is used in
order to predict the onset of irreversible deformations. In the microplane model (Baz̆ant
et al., 1996a,b) the non-linear triaxial behavior of concrete is defined on a plane of generic
orientation where the strains are projection of the macroscopic tensor; however, stress
strain boundaries have to be introduced to limit the excessively large lateral strain pre-
dicted at large tensile strains and to simplify the implementation of the model originally
affected by computational inefficiency. Many improvements of Bazant’s initial proposal
have been made (Carol et al., 2001; Baz̆ant and Di Luzio, 2004; Park and Kim, 2005),
some of which including friction phenomena (Jefferson, 2003; Gambarotta, 2004).

In spite of the huge progress made in the field, it is a common feeling that a model or a
set of models generally applicable to any numerical simulations is not still available (e.g.
Jefferson, 2003). The purpose of the paper is not to propose a new general model able to
simulate all the mechanical behaviors of concrete; rather it aims to give methodological



contributions that can help to overcome some of the above described difficulties. The pri-
mary concern is the necessity of a reliable and efficient implementation of the model in tra-
ditional numerical codes, even for rather complex boundary value problems. Recently, a
newly derived globally convergent algorithm has been proposed, specifically developed for
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coupled multiple criteria models such as those characteristic for concrete (Contrafatto and
Cuomo, 2005). Robust algorithms are obtained if the framework of generalized simple
material is preserved (Germain, 1973; Halphen and Nguyen, 1975). Setting this as a start-
ing point, thermodynamic requirements are easily met. It is observed, to this purpose, that
plasticity criteria based on effective stresses may not, in general, be compatible with the
framework of simple materials (Contrafatto and Cuomo, 2002).

The paper adopts a continuum phenomenological approach involving mechanical dam-
age and applies the methodology introduced in Contrafatto and Cuomo (2002). Thanks to
its strong thermodynamical foundation it can be extended to non-mechanical (chemical)
interactions. It assumes cohesive fracture and describes the progressive degradation of
the elastic and hardening properties by means of the introduction of internal damaging
variables. To reproduce the distinctive different behavior in tension and compression a
generalization of Curnier’s bi-modular materials (Curnier et al., 1993) is proposed for
the internal energy and the dissipation functional, obtained through the split of a damage
coupled free energy between tensile and compressive states. Fully coupled damage and
plasticity multiple crisis criteria are used in order to predict the difference between elastic
and peak limit states without introducing a preassigned saturation domain; a continuous
transition from hardening to softening is so obtained, which depends on the load history.
The damage evolution affects the elastic stiffness and the strength of the material as well.
Several phenomena are modelled, such as the non-linearity of the stress strain curve, the
post-peak dilatancy, the cyclic behavior, including the dependence of the peak stress on
the previous history, the progressive increment of the limit strain under cyclic tests, etc.;
strength increment under confined compression and volumetric hardening under triaxial
compression are also detected. Since the model is based on firm thermodynamic principles,
i.e. energy transfer functionals are defined, it is possible to simulate the behavior of differ-
ent types of concrete, including high performance concrete, by simply choosing the correct
values for the model parameters and so moving from a ‘‘ductile’’ to a brittle behavior.

The two energy functionals ruling the model depend on few material parameters, to
which can be given mechanical meanings. In this sense the energy functionals adopted
are not based on interpolation data. It must be pointed out that it is very hard to obtain
a precise estimation of the material parameters for a strongly coupled model like the one
presented. Procedures based on numerical algorithms are often used to this end (Baz̆ant
et al., 1996b; Bolzon et al., 2002). The parameter determination procedure illustrated in
the paper is a simplified one, but it allows approximated values of the constitutive param-
eters for preliminary analyses to be obtained. More accurate instruments, based for
instance on genetic algorithms, would be required.

In the paper specific forms of internal energy, of dissipation functional and of damage
measures are assumed. This does not mean that they are applicable in all cases, since, given
the diversity of phenomena that must be modelled, and the ever increasing findings of
research, better and more realistic forms can surely be suggested, possibly problem-ori-
ented. Our aim is to show how, even when making rather simplified hypotheses, the
adopted framework is able to reproduce many experiments, without introducing ad hoc
assumptions. The authors are perfectly aware of a number of limitations still present in



the current form of the model. The most important is that an accurate description of dam-
age would require anisotropic internal variables. In that case the general form of the inter-
nal energy is well known and derives from the theory of structural tensors (Papadopulos
and Lü, 2001). A complete development of the equations for the anisotropic damage will
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be presented in a subsequent paper. However, since scalar damage, as observed by many
authors even recently, is often sufficient to describe the response of concrete elements,
unless rapidly rotating stress states are present, scalar damage variables are used here in
order to simplify the treatment. It is underlined that, thanks to the introduction of differ-
ent damage mechanisms associated to tensile and compressive strain processes, the model
is quasi-isotropic; as a consequence rotating cracks are predicted, at least for load path
which does not undergo substantial variation. The use of scalar damage is also strongly
motivated by the lack of reliable data on the damage evolution of concrete under rather
complex stress states. In addition, the lack of extensive experimental results for nearly iso-
tropic compression states has been the cause of a very rough choice for the dissipation
functional ruling these stress states. A further limitation is the development of the model
in a time-independent frame, the time dependency having been considered only for the
plastic-damage behavior.

In this paper, the constitutive model is described but all the problems related with the
onset of strain localization are not considered. Applications to some structural problems
will be presented in a subsequent paper, where numerical strategies for the solution of the
non-linear problem and for avoiding mesh-dependency of the solution will be illustrated as
well.

In the following section some considerations about the experimental behaviour of con-
crete and its crisis mechanisms are reported. In Section 3, the model is presented in detail.
Specifically, Section 3.2 concerns the reversible behavior and Section 3.3 the irreversible
behavior. The predictions for some limit states will be discussed in Section 4, where the
identification of the constitutive parameters is treated too. In Section 5, the prediction
of the model under multiaxial stress states is discussed and compared with experimental
results. Some conclusions close the paper.

2. Experimental behavior of concrete under multiaxial stress states

The main experimental observation that the model attempts to reproduce is the lack of
a clearly defined elastic response except for very small deformations; actually, damage and
cracks form and develop from very low values of the load, well before the peak stress is
attained. In uniaxial compression tests the level at which cracks start to propagate is
roughly equal to 30% of the peak stress. Damage evolution needs then to be included in
any phenomenological model, together with, however, some plastic dissipation mode,
since it is known that beyond a certain deformation level permanent deformations arise
in the material. This is due to crushing or the collapse of microvoids. Moreover, crack pat-
terns in tension and compression appear quite different, both in their orientations and
mechanisms (cracks in compression have greater tangential relative displacements). Differ-
ent damage mechanisms in the tension and compression ranges are then introduced.

One major problem in constructing a full triaxial model for concrete is that many exper-
imental observations apply to uniaxial behavior, and indeed a variety of models, empiri-
cally founded, exists for the uniaxial response, that are of great utility in the practical
analysis of frame members. The multiaxial case is still a matter of investigation, and very



few systematic experimental observations exist that can throw some light on basic aspects
of the non-linear response of concrete: among these, loading unloading behavior and
careful detection of the decay of the elastic stiffness, correlation between damage and stress
state, possibly using non-destructive techniques, iso-damage envelopes, measures of duc-
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tility for triaxial stress states, etc. However, some investigations have been carried out
for finding the envelopes of the peak stress under bi- and tri-axial stress states, although
very little information exists for stress states close to the hydrostatic compression axis.
After the classical experiments of Kupfer and Gerstle (1973), extensive but, unfortunately,
not exhaustive data have recently been furnished for instance by Mier (1984) and Sfer et al.
(2002). The crisis modes have also been analyzed, identifying the crack patterns that form
at the collapse point for different ranges of stress states, under biaxial and triaxial stress
states (Mier, 1984). While cracks are nearly orthogonal to the maximum principal stress
in tensile tests, in stress states characterized by predominant compression diagonal shear
cracks form at failure. In triaxial compression two main collapse mechanisms have been
observed. One, characterized by the formation of few large cracks, is typical of stress states
obtained by superimposing an uniaxial tension on a hydrostatic compression state (stress
states lying close to the tension meridian). The other, characterized by the formation of
many small cracks, is typical of stress states obtained superimposing an uniaxial compres-
sion on a hydrostatic compression state (stress states lying close to the compression merid-
ian). Isotropic compression tests reveal a sharp hardening branch, due to the compaction
of the material thanks to void closure (see Fig. 11(a) for an exemplification).

3. A constitutive framework for plain concrete

Aim of the next sections is to show how some of the most significant characteristic
properties of concrete behavior can be adequately reproduced within the mechanics of
simple materials (Germain, 1973; Halphen and Nguyen, 1975) by simply defining appro-
priate internal energy and dissipation functionals, provided they are formulated in a fully
coupled way in the extended space of the internal variables, according to the general plas-
tic-hardening-damage model illustrated in Contrafatto and Cuomo (2002). The model that
will be derived, thus, does not make use of ad hoc rules for catching peculiar aspects of the
mechanical response. In the authors’ minds any improvement to the model should be for-
mulated directly in terms of a redefinition of the energy functionals ruling the problem.
This allows a much more robust numerical implementation of the model, that is one of
the main concerns for practical applications. The model, in this way, does not make a
strong distinction between plasticity and damage, that are thoroughly coupled, in princi-
ple, in any yield function used. It is the form of these functions, and the type of the internal
variables that occur in them that give rise to a plastic-like behavior such as the one in pre-
vailing compression states, or to a brittle-like behavior.

Damage and hardening internal variables are used to obtain the goal described above.
Hardening internal variables are introduced in connection with compression stress states,
when ductility is observed, to model the fact that after the limit elastic state, well below the
peak stress, stresses grow substantially but at the expense of permanent deformations. In
this way, the stress strain curve, even in the pre-peak range, is not linear. Unloading, how-
ever, is linear, given the standard plastic nature of the model. Damage variables are
responsible for phenomenologically reproducing the strength and the stiffness reduction:
two different damage mechanisms associated with tensile and compressive strain processes



are enclosed, related to two different scalar damage variables. The use of two damage vari-
ables is essential in modelling the jump in the tangent stiffness, experimentally observed in
load reversed tests. Moreover, as observed in Section 2, the direction of the microcracks
are essentially different whether a compressive or a tensile stress state is applied. The
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two damage mechanisms lead to a bimodular material, extending the proposal of Curnier
et al. (1993) to a damaging material. Of course, much more complex damage patterns
dependent on the stress states are observed, and a directional description of damage is
in general required. The limitation to the two scalar measures of damage adopted in the
present paper restricts the use of the model to processes where the load path does not
change dramatically during the stress history.

In the following section the generalized constitutive equations are introduced, starting
from the state variables. In Section 3.2, the internal energy potential is defined and specif-
ically in Sections 3.2.1 and 3.2.2, the elastic and hardening potentials are, respectively intro-
duced. In Section 3.2.3 the form of the generalised elastic relations is given in detail. Section
3.3 concerns the inelastic behavior of the material: the dissipation functional is defined in
Section 3.3.1 and, finally, in Section 3.3.2 the generalized elastic domain is specified.

3.1. Field variables and generalized elastic constitutive equations

The model is characterized by the following kinematic and dual static variables:

e 2 D macroscopic strain;
a 2 R isotropic hardening;
av 2 R volumetric hardening;
x1 2 R tensile damage;
x2 2 R compressive damage;
r 2 D stress;
v 2 R hardening internal forces;
vv 2 R volumetric hardening internal forces;
f1 2 R tensile damage driving forces;
f2 2 R compressive damage driving forces

where D being the space of the second-order symmetric tensors.
It is important to underline that the deformations are regular functions throughout the

whole structural domain. Note also that the internal variables are all scalar functions.
Indeed kinematic hardening is not considered important for concrete. Also the damage
variables are considered as scalars: this is an obvious limitation, since for an accurate
description of damage the internal variables should be of tensorial nature, in order to keep
track of the planes of fracture (Mosler and Bruhns, 2004). Furthermore, damage affects
the elastic moduli for tensile or compressive stress states differently, since a discontinuity
is observable in loading unloading stress paths. Only the latter property is included in the
analysis, adopting two different scalar damage variables associated with tensile and com-
pressive strain processes. Following traditional arguments, both damage variables are
assumed ranging into [�1,0].

The internal virtual power for an isothermal process is then:

P vi ¼ hr;_ei þ hv; _ai þ hvv; _avi þ hf1; _x1i þ hf2; _x2i ð1Þ



In (1) the power of the hardening and damage variables is equal to zero. That is the dimen-
sion of the reference volume to which the model applies is large enough so that the energy
flux through its boundaries is due only to the mechanical work of the stresses. Therefore,
the total value of the internal variables a, av, x1, x2 is set equal to zero.
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The model is implemented in the hypothesis of small deformations and each kinematic
variable is additively decomposed in a reversible and an irreversible component, in a clas-
sic way:

e ¼ ee þ ep

a ¼ ae þ ap ¼ 0

av ¼ av
e þ av

p ¼ 0

(
x1 ¼ x1e þ x1p ¼ 0

x2 ¼ x2e þ x2p ¼ 0

(

With compact notation the state of the system is described by the two sets of dual kine-
matic and static state variables g and s:

g ¼ ðe;a;av;x1;x2Þ ¼ ge þ gp; s ¼ ðr;v;vv;f1;f2Þ
Since the evolution of the mechanical properties of concrete depends on physically well
defined dissipation mechanisms, the main effort of the present model is to define all the
evolution mechanisms in an energetic way, postulating the existence of two functionals,
one of the internal energy e(ge) and the other of dissipation dð _gpÞ. Thus concrete is con-
sidered as a simple material, as in the definition of Germain (1973). The apparently redun-
dant distinction between reversible and irreversible components of the internal damage
variables (i.e. xe �xp), is mainly motivated by the intention of distinguishing the kine-
matic variables that are responsible for storage energy and for dissipation, as stated in
Contrafatto and Cuomo (2002).

By standard thermodynamic arguments the driving forces s, dual to the kinematic vari-
ables ge, are obtained differentiating the free energy

s 2 oge
eðgeÞ

where the symbol o denotes sub-differentiation, in order to account for the common case
of non-smooth energy functionals. Conjugated potentials ec(s) and dc(s) are derivable
through a Fenchel transformation; moreover, the following conditions hold:

ecðsÞ þ eðgeÞ ¼ hs;gei
dcðsÞ þ dð _geÞ ¼ hs; _gpi

()
s 2 oge

eðgeÞ; ge 2 osecðsÞ
s 2 ogp dð _gpÞ; _gp 2 osd

cðsÞ ð2Þ

Constitutive conditions, then, can be specified assigning either the energy potentials or
their conjugated.

3.2. Internal stored energy potential

The stored energy, function of the reversible components of all the kinematic variables,
is given by the sum of the elastic deformation energy /ðee;x1e ;x2eÞ and of the hardening
(configuration) energy w1ðae;x1e ;x2eÞ þ w2ðav

eÞ, both coupled with damage:

eðee;ae;a
v
e ;x1e ;x2eÞ ¼/ðee;x1e ;x2eÞþw1ðae;x1e ;x2eÞþw2ðav

eÞþ indW 1ðx1eÞþ indW 2ðx2eÞ
W 1 ¼ x1e :�16x1e 6 0f g W 2 ¼ x2e :�16x2e 6 0f g

indW ðxeÞ ¼
0 if xe 2W

þ1 if xe 62W

�
ð3Þ



where the last two terms enforce the admissibility constraints for the damage variables.
The elastic relations are obtained from the variation of e w.r.t the kinematic variables:

r ¼ oee/ f1 ¼ ox1e
/þ ox1e

w1 þ f1a
f1a
2 oindW 1ðx1eÞ

v ¼ o w f ¼ o /þ o w þ f f 2 oindW ðx Þ
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ae 1 2 x2e x2e 1 2a 2a 2 2e

vv ¼ oav
e
w2

3.2.1. Elastic energy potential
A general methodology for bimodular elastic materials was introduced by Curnier et al.

(1993). It consists in subdividing the strain space into a compression domain D� and a ten-
þ
sion domain D , separated by hypersurfaces (separating interfaces) defined through func-
tions of the strain invariants. The original proposal of Curnier has been extended to a
generalized kinematic space that contains, in addition to the elastic strains, the damage
internal variables.

The continuity of the stress strain law requires the respect of the following properties:

� the separating interface z(ee) must contain the origin of the strain space;
� the positive and negative subdomains Dþ and D� must be simply connected;
� the elastic energy must be continuous across the interface

/ðee;x1e ;x2eÞ ¼ /þðee;x1e ;x2eÞ ¼ /�ðee;x1e ;x2eÞ 8ee : zðeeÞ ¼ 0

� the gradient of the elastic energy must be continuous across the interface (continuity of
the stress strain law)

ree/
þ ¼ ree/

� ) rþðee;x1e ;x2eÞ ¼ r�ðee;x1e ;x2eÞ 8ee : zðeeÞ ¼ 0

� the jump in the hessian of the elastic energy (elastic tensor) across the interface must be
normal to the interface

reer
þ � reer

� ¼ sðeeÞree zðeeÞ � ree zðeeÞ 8ee : zðeeÞ ¼ 0

in which s(ee) is a scalar function of the strain state.

Different proposals for the separating interface are possible. The authors, in a prelimin-
ary work (Contrafatto and Cuomo, 2000), have examined two of them. The simplest
choice directly derived by the original Curnier proposal, is to take, as separating interface,
the deviatoric plane tr ee 0 in the space of the elastic strain. The deviatoric plane tr ee 0
so that the elastic energy takes different forms according to the sign of the trace of the elas-
tic strain tensor. The choice commonly assumed when a bimodular material model is
adopted (Comi and Perego, 2001; Faria et al., 1998) is coupled with an isotropic damage
model. As an alternative choice, the separating interface can be defined by the eigenvalues
of the elastic strain tensor, often splitting it into its tensile and compressive components by
means of a polar decomposition (Lubarda et al., 1994; Papa and Taliercio, 1996; Carlson
and Hoger, 1986). The last choice seems more appropriate for a non-isotropic damage
model. In the following the interface tr ee 0 is adopted, that is sufficient for illustrating
the potentiality of the constitutive framework proposed. It is important to underline that
in both the expressions / and /+ of the elastic energy appears either the tensile damage
x1e and the compressive damage x2e and that the difference between their expressions
relies in their functional dependence on these variables.



The following definition of the elastic energy has then been adopted

U ¼
Uþðee;x1e ;x2eÞ ¼ 1

2
2Gþee � ee þ kþtr 2ee

� �
if tr ee P 0

U�ðee;x1e ;x2eÞ ¼ 1
2

2G�ee � ee þ k�tr 2ee½ � if tr ee 6 0

(
ð4Þ
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where G+, G , k+, k are the generalized Lame coefficients, all depending on the pair
ðx1e ;x2eÞ.

The continuity and jump conditions across the interface tr ee 0 take the form:

2Gþee ¼ 2G�ee

rrþ � rr� ¼ sðeeÞðkþ � k�ÞI � I

The first of these conditions implies that the shear modulus is constant across the interface
tr ee 0, i.e. Gþðx1e ;x2eÞ ¼ G�ðx1e ;x2eÞ, so that only three parameters can be assigned
independently. The following choice for the elastic moduli has been made:

Gþðx1e ;x2eÞ ¼ G�ðx1e ;x2eÞ ¼ Gðx1e ;x2eÞ ¼ G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2

kþðx1e ;x2eÞ ¼ K0 �
2

3
G0ð1þ x2eÞ

n2

� �
ð1þ x1eÞ

n1

k�ðx1e ;x2eÞ ¼ K0 �
2

3
G0ð1þ x1eÞ

n1ð1þ x2eÞ
n2ð1þ x1eÞ

n1

ð5Þ

G0 and K0 being the undamaged elastic constants. The choice is motivated by experimental
evidence: in fact, the bulk modulus K0 (2G0 + 3k0)/3 remains undamaged in compres-
sion, while on radial paths in traction a progressive loss of stiffness in the deviatoric space
is observed.

3.2.2. Hardening potentials

The hardening potential in (3) is given by the sum of two contributions. The first rules
the evolution of the elastic domain:

W1ðae;x1e ;x2eÞ ¼
1

2
H p1ð1þ x1eÞ

n1 þ p2ð1þ x2eÞ
n2½ �a2

e p1 þ p2 ¼ 1 ð6Þ

In (6) p1 and p2 are weight scalars setting the influence degree of tensile and compressive
damage on hardening. The underlying assumption for the hardening potential (6) is that,
after a rather low level of stress, irreversible phenomena such as microcracks occur, caus-
ing irreversible strains as well as a decay of the tangent stiffness. Thanks to the structure of
formula (6) it is possible to model the non linear ascending branch of the stress strain
behavior of concrete, without introducing ad hoc rules. Moreover, the onset of damage,
observed well before the peak stress is reached, is correctly reproduced.

The second term in (3) is the volumetric hardening potential, accounting for the recov-
ery of stiffness following initial degradation when concrete is loaded along the hydrostatic
compression axis. According to experimental observations (see Section 4) it has been
defined as (Resende, 1987)

W2ðav
eÞ ¼ D

a� av
e

a
ln

a� av
e

a
� 1

� �
ð7Þ

where a is the maximum degree of compaction and D has the dimension of an elastic stiff-
ness and it will be better qualified in Section 4.3. The dimensionless ratio a�av

e

a ranges be-
tween 0 and 1.



3.2.3. Generalized elastic relations

From definitions (4) (7) the expression of the generalized elastic relations follows:

r ¼ rþ ¼ 2Gee þ kþtr ee tr ee P 0

r� ¼ 2Ge þ k�tr e tr e 6 0

�
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e e e

v ¼ Hf ðx1e ;x2eÞae

vv ¼ D
a

ln
a

a� av
e

� �

f1 ¼
fþ1 ¼ 1

2
2 oG

ox1e
ee � ee þ okþ

ox1e
tr 2ee

h i
þ 1

2
Ha2

e
of

ox1e
þ f1a

tr ee P 0

f�1 ¼ 1
2

2 oG
ox1e

ee � ee þ ok
ox1e

tr 2ee

h i
þ 1

2
Ha2

e
of

ox1e
þ f1a

tr ee 6 0

8<
:

f2 ¼ fþ2 ¼ f�2 ¼
1

2
2

oG
ox2e

ee � ee þ
okþ

ox2e

tr 2ee

� �
þ 1

2
Ha2

e

of
ox2e

þ f2a

ð8Þ

f ðx1e ;x2eÞ ¼ p1ð1þ x1eÞ
n1 þ p2ð1þ x2eÞ

n2

of
ox1e

¼ n1p1ð1þ x1eÞ
n1�1 of

ox2e

¼ n2p2ð1þ x2eÞ
n2�1

oG
ox1e

¼ n1G0ð1þ x1eÞ
n1�1ð1þ x2eÞ

n2

oG
ox2e

¼ n2G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2�1

okþ

ox1e

¼ n1 K0 �
2

3
G0ð1þ x2eÞ

n2

� �
ð1þ x1eÞ

n1�1

ok�

ox1e

¼ K0 �
2

3
n1G0ð1þ x1eÞ

n1�1ð1þ x2eÞ
n2

okþ

ox2e

¼ ok�

ox2e

¼ � 2

3
n2G0ð1þ x1eÞ

n1ð1þ x2eÞ
n2�1

Therefore, a different development for the tensile damage driving force f1 is obtained
according to whether a strain process with positive or negative trace is considered (and
in any case with trace different from zero). The compressive damage force f2 develops,
on the contrary, in the same way in both subdomains.

3.3. The inelastic behavior

3.3.1. The dissipation functional

As stated after Eq. (2), constitutive equations for the inelastic behavior are specified
assigning the conjugate dissipation potential. The dual (complementary) potential pro-
posed is the indicator function of a suitable generalized elastic domain

dcðsÞ ¼ indKðsÞ KðsÞ ¼ s : gðsÞ 6 0f g ð9Þ

g(s) being the yield function. Therefore the dissipation is uniquely defined once a form for
the yield function is chosen. From (2) the flow rule for the inelastic variables follows:

_gp 2 kosgðsÞ ð10Þ



A strain rate dependent behavior is also considered for processes whose time scale is com-
parable with a characteristic relaxation time of the material. In this paper the case of a
long relaxation time is considered, characterizing irreversible phenomena such as plasticity
and damage. The model so obtained is a generalized viscoplastic one, including a Perzyna-
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type formulation for the strain rate

_gp ¼ l
gðsÞ
s0

� �
þ
ogðsÞ ð11Þ

the bracket being the overstress function. In (11), g(s) is the yield function defined in (9)
and s0 is a parameter indicating the original radius of the elastic domain.

3.3.2. Generalized elastic domain

The generalized elastic domain K is defined in the extended space of stresses, thermo-
dynamic forces and conjugated damage variables. It is assumed as the convex hull of three
crisis surfaces:

gðsÞ ¼ max g1;g2;g3f g
g1ðr;v;f2Þ ¼ f ðI1;J 2;J 3;v;f2Þ
g2ðr;f1Þ ¼ aI1ðrÞ þ b J 2ðrÞ

p
þ f1 � f0

g3ðr;vvÞ ¼ �rm þ rc
m � vv

I1 ¼ trr; J 2 ¼
1

2
devr � devr; J 3 ¼ det devr f0; rc

m 2 R rm ¼
1

3
I1

The function g1 is a plastic yield criterion, able to model the behavior of concrete in the
range of triaxial compression with low lateral confinement; the introduction of the isotro-
pic hardening variable v and of the static damage variable f2 causes the initial expansion,
followed by the contraction of the domain when damage in compression is active. An ex-
tended Ottosen criterion has been adopted:

g1ðr;v;f2Þ ¼ b1I1ðrÞ þ
b2

f H
c

J 2ðrÞ þ kðcos 3hðrÞÞ J 2ðrÞ
p

� f H

c

b1;b2;f H

c 2 Rþ cos 3hðrÞ ¼ 3

2

3
p

J 3ðrÞ
J 2ðrÞ J 2ðrÞ

p
kðcos 3hðrÞÞ ¼

k1 cos 1
3

arccosðk2 cos 3hðrÞÞ
� �

; cos 3h P 0; k1 > 0

k1 cos p� 1
3

arccosð�k2 cos 3hðrÞÞ
� �

; cos 3h < 0; 0 6 k2 < 1

(

h(r) being the Lode angle and b1, b2, k1, k2 material constants defining the amplitude and
the shape of the deviatoric sections. The compressive strength f H

c is a function of the com-
pression elastic limit fc, of the hardening v and of damage f2, in the form:

f H

c ¼ fc þ v� kff

the parameter kf representing an adjustable damage rate.
The hardening and damage variables evolve according to the elastic constitutive

equations. When a proportional loading is applied, the static variables (r, v, f2) follow
a complex path in the generalized stress space; the Ottosen limit state is obtained when
this path intersects the limit surface g1. Therefore, the elastic domain is rather different
from the classical one proposed by Ottosen (1977) and it depends also on the form



chosen for the internal energy, that links the evolution of the damage energy to the
stress state.

In the same way, the elastic limit state changes with the damage coefficient n2, that is, it
can also be influenced by environmental factors affecting the damage rate. The peak
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domain, on the contrary, can only be evaluated numerically, and it depends, consequently,
on the particular load path followed. This aspect will be discussed in Section 4.

The function g2 is a damage-like criterion for tensile stresses. The limit f0 is related to
the fracture energy, as will be better examined in Section 4.1. Moreover, the criterion is
coupled with the first and the second stress invariant, so that permanent deformations
are found upon unloading.

The function g3 represents a volumetric cap along the hydrostatic axis translating
with the hardening conjugated variable vv. Introducing the constitutive equation for
vv it can be observed that the cap moves toward infinity as the compaction degree
grows. The expression of this yield function is quite primitive since experimental infor-
mation is insufficient. Coupling with the deviatoric part of the stress tensor, in a way
similar to the elliptic cap model (DiMaggio and Sandler, 1971), would be required for
the transition regime.

4. Predictions of the model for simple loading histories and parameters estimate

The model presented in Section 3 is characterized by a fair number of material param-

eters. Namely,
� Internal energy:
initial elastic moduli G0 and k0 (or initial Young modulus E0 and Poisson’s ratio m0);
initial hardening modulus H0;
damage rate exponents n1 and n2.

� Ottosen-like criterion:
b1, b2, k1, k2 coefficients;
uniaxial elastic limit stress in compression fc;
damage rate kf.

� Fracture criterion:

energy of fracture propagation f0;
a, b coefficients.

� Hydrostatic cap:
maximum degree of compaction a;

compaction rate D;
limit elastic hydrostatic stress rc

m.
Not all of them can be easily correlated to a single material property. In this sec-
tion we will examine some simple loading histories, in order to highlight the perfor-
mance of the model and the physical meaning of the parameters. The model has
been calibrated and compared to classical experimental data available in the literature.
However, the effect of the parameters on the predictions of the model is deeply coupled
and, given a limited set of experimental results, usually identification procedures should
be adopted.



Few experimental campaigns on concrete behavior under multiaxial stress states are
available. In this work Van Mier data, concerning uniaxial, biaxial and triaxial states
of stress, have been used especially for parameter calibration, as they include the
results of cyclic tests that allow the estimation of the linear elastic limit stress with
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some accuracy and give information about the damaged unloading behavior (Mier,
1984).

For the numerical simulation the constitutive model has been implemented in the
FEAP code (Taylor, 2002).

4.1. Tensile processes

For uniaxial tensile process the constitutive relations state that:
n n
r1 ¼
9G0K0ð1þ x1eÞ 1ð1þ x2eÞ 2

3K0 þ G0ð1þ x2eÞ
n2

ee1

n1�1 n2
f ¼ n1 9G0K0ð1þ x1eÞ ð1þ x2eÞ e2

1 2 3K0 þ G0ð1þ x2eÞ

n2 e1

f2 ¼
n2

2

27G0K2
0ð1þ x1eÞ

n1ð1þ x2eÞ
n2�1

3K0 þ G0ð1þ x2eÞ
n2½ �2

e2
e1

mþ ¼ 3K0 � 2G0ð1þ x2eÞ
n2

2 3K0 þ G0ð1þ x2eÞ
n2½ �

ð12Þ

Note that both the damage static variables f1 and f2 are different from zero even in
the elastic range when x1e ¼ x2e ¼ 0. They develop during the entire elastic loading
process.

The tensile limit stress is obtained enforcing the condition g 0 in the uniaxial
2
state:

r01 ¼
E0

n1

aþ b

3
p

� �
1þ 2n1

E0

f0

aþ b
3
p


 �2

vuut � 1

2
64

3
75 ð13Þ
It depends on the values of the parameters a and b. For a b 0 one has a pure dam-

age process, with r01 !
2Ef0

n1

q
. After the tensile limit, the stress decreases as shown in the

plot of Fig. 1(a) as does the elastic stiffness following the law Eðx1eÞ ¼ Eð1þ x1eÞ
n1 . In
Graph 1(b) the lateral deformation is reported. Given the form chosen for the fracture-

like criterion, it was assumed that in tension tests the elastic limit coincides with the peak
one.

The area Ef below the uniaxial curve is proportional to the fracture energy divided by a
characteristic length, of the order of the diameter of the largest aggregate. In the present
model the expression of the fracture energy Ef is given by the sum of two contributions:



Ef ¼ Ef1
þ Ef2

Ef1
¼ f 2

t

2E0

þ n1 � 1

n1

f0
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Fig. 1. Uniaxial cyclic tensile process. (a) Axial strain vs. axial stress. (b) Lateral strain vs. axial stress.
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Ef2
¼

n2
1ðG0 þ 3K0Þ q2

�
q2

q1ða;bÞ¼ 27a6þ54 3
p

a5bþ135a4b2þ60 3
p

a3b3þþ45a2b4þ6 3
p

ab5þb6

q2ða;bÞ¼ ð3a2þ2 3
p

abþb2Þ2

q3ða;bÞ¼ 81a7þ189 3
p

a6bþ567a5b2þ315 3
p

a4b3þ315a3b4þ63 3
p

a2b5þ21ab6þ 3
p

b7

q4ða;bÞ¼ 9a2þ6 3
p

abþ3b2þ2ðG0þ3K0Þn1f0

G0K0

s

It is possible to demonstrate the identity:

Ef ¼ f0 ð14Þ

Fig. 2(a) presents the plot of the two terms of the fracture energy as a function of the dam-
age exponent n1. The relative weight of the two contributions changes with n1 but their
sum remains constant and equal to f0. Therefore, the value of the constitutive parameter
f0 can be estimated from the fracture energy of the material.

The presence of coupling between damage and stress influences the shape of the limit
envelope predicted by the criterion. Fig. 3 compares the biaxial limit envelope in the case
a b 0 (Fig. 3(a)), a 6¼ 0, b 0 (Fig. 3(b)), a 6¼ 0, b 6¼ 0 (Fig. 3(c)).

The first form is not valid, since it is isotropic. In addition only the latter form with
both the a and b parameters not equal to zero presents a corner point along the biaxial
tensile axis, as it is observed in experimental failure envelopes. The latter has been used
in the model.



Therefore, the parameters a and b affect the shape of the limit envelope as well as
the compression limit value of the strength predicted by the fracture criterion g2. This
limit, not applicable to normal concrete for which crashing occurs, can be effectively
observed in highly compact rocks, such as marble or basalt, that collapse with abrupt
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Fig. 3. Fracture criteria biaxial domains. (a) Pure damage fracture criterion a = b = 0. (b) Fracture criterion
a 6 0, b = 0. (c) Fracture criterion a 6 0, b 6 0.
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Fig. 2. (a) Fracture energy contributions. (b) Contour plot of the compressive tensile strength ratio.
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explosions, so that no significant ductile deformation in compression is present. How-
ever, for these materials the ratio between compressive and tensile strength is quite
large, of the order of 20 30, as predicted by criterion. Moreover, for some type of high
strength concrete the compressive behavior can approach the one predicted by the cri-
terion g2.

Contour plots of the ratio between the compressive and the tensile limit stresses are
reported in Fig. 2(b) as a function of the parameters a and b. The regions highlighted
in the plot refer to ratios equal to 10, 20, 30, respectively. From this graph the pairs



(a,b) that guarantee the fulfillment of an assigned ratio and condition (13) can be
estimated.

4.2. Compressive processes
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In uniaxial compression the constitutive equations take the form:
9G0K0ð1þ x1eÞ
n1ð1þ x2eÞ

n2
r1 ¼
3K0 þ G0ð1þ x1eÞ

n1ð1þ x2eÞ
n2

ee1
;

v ¼ H p1ð1þ x1eÞ
n1 þ p2ð1þ x2eÞ

n2½ �ae;
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2

27G0K2
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n1�1ð1þ x2eÞ
n2

3K0 þ G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2½ �2
e2

e1
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f2 ¼
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27G0K2
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n1ð1þ x2eÞ
n2�1

3K0 þ G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2½ �2
e2

e1
;

m� ¼ 3K0 � 2G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2

2 3K0 þ G0ð1þ x1eÞ
n1ð1þ x2eÞ

n2½ � :

ð15Þ

Both the damage static variables evolve during the process. As will be shown in the next
section, initially only the plastic criterion g1 is activated and the variables x2 and a devel-
op. However, since the damage forces f1 keep increasing, the fracture criterion can also be
activated, simulating the mixed form of the fracture pattern in the transition zone.

A numerical uniaxial compression test is presented in Fig. 4(a), where both the axial
and the lateral strains are reported vs. the axial stress. The simulation is compared with
experimental data from Imran and Pantazopoulou (1996) as elaborated by Park and
Kim (2005); the predictions of the latter authors are also reported on the graph. The pro-
posed model is able to simulate the initial non-linear damaging response, after the elastic
limit has been reached, the attainment of the peak stress and the subsequent softening. In
spite of the relative simplicity of our model with respect to competitive ones, it fits, with
reasonable accuracy, either the axial or the lateral strain. A plot of the volumetric strain
ev tr ee as a function of the axial strain is also shown in Fig. 4(b). The trend of the exper-
imental data is reproduced, although using an associative plastic model.

The limit stress fc appearing in the criterion g1 refers to the elastic limit, usually quite dif-
ficult to detect experimentally and conventionally taken roughly equal to 30 40% of the
peak stress. From the linear branches of the test it possible to estimate the initial elastic mod-
ulus E0 and the Poisson ratio m0. The transition from the linear to the non-linear behavior is
ruled by the initial hardening modulus H0. In the experimental tests this transition is very
smooth, so that in the model H 0 ¼

E0Ep0

E0�Ep0
should tend to infinity, Ep0

being the initial elasto-

plastic modulus. However, an exceeding high value of H0 would introduce severe numerical
stability problems. Therefore a value near to 30 50E0 has been used in the numerical sim-
ulations. The values of the damage parameters n2 and kf essentially affect the peak stress, the
post-peak region, the amplitude of the area below the r e curve and the unloading modulus
as well. They can be obtained by fitting uniaxial loading unloading tests. The same consid-
erations hold true for the damage weight on the hardening p1 and p2. Lower values of p2 and
higher values of n2 generate a less steep slope of the softening branch.



A more severe comparison is presented in Fig. 5 with experimental data by Mier (1984)
for prismatic specimens with eight H 100 mm. The test was carried up to strains larger
than those commonly accepted in technical practice. The material parameters utilized in
the simulation are indicated in the figure and have been obtained from the concrete prop-
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(b) Damaged Young modulus.
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erties reported in the original work. The fit is quite good for the axial strain (see Figs. 5(a)
and (b) where the decay of the Young modulus is also shown) but it is rather poor for the
lateral strain, even accounting for the large dispersion of the experimental data, as shown
in Fig. 6.

It is well known that the post-peak curve is relative to localized deformations, so that its
shape depends on the size of the specimen as has been shown, for instance, by the exper-



iments carried out by Mier (1984): a decreasing height of the specimen results in a decreas-
ing slope in the stress strain curve descending branch, for a fixed cross-section, and in a
lower dispersion of lateral strain measurements, as is shown in Fig. 6. No significant effect
is evident, on the contrary, on the maximum stress. The experimental data should be delo-
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calized, in order to be representative of the mechanical damage arising in a limited volume
of the specimen (Baz̆ant et al., 1996b)). The parameter jf that enters the model allows to a
certain extent for delocalization, since it relates a localized damage to a damage variable
defined per unit of volume. Indeed, the larger the value of jf, the sharper is the decay of
the post-peak branch, as happens for high specimens. The necessity of some correction on
the experimental data is one reason for the deviation in the numerical simulation of lateral
strain from experimental data for high values of the axial strain. The main source of error,
however, is probably due to the fact that the model is associated, i.e. no artificial dilatancy
is introduced. In the following applications, however, the associative formulation is used,
since it is a simplification for the convergence of the numerical algorithm and reasonably
accurate within the technical range of interest.

The behavior of the model for the case of cyclic compression tension uniaxial test is
analyzed in Fig. 7(a). The monotonic and cyclic cases are compared in order to underline
that the peak stress, as well as the inelastic evolution of the deformation, are strongly path-
dependent. The test has been performed between fixed strain limits, always unloading the
specimen to zero deformation. Therefore, the trace of the elastic strain tensor is always
negative, and no change in the slope of the unloading branches is observed.

On the contrary, performing the test of Fig. 7(b) where first a tensile strain is reached
and then the strain is reversed to compression, it can be observed as the elastic slope
changes between the tensile and the compressive range. In such a test, where severe tensile



strains are reached, beyond the fracture limit, the stiffness of the material in compression
rapidly decays.

A uniaxial loading unloading test on a notched specimen up to full crack closure at
zero axial strain was carried out by Reinhardt (1984). Fig. 8(a) reports the experimental
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Fig. 7. (a) Uniaxial cyclic tension compression test. Degradation of the tangent modulus. (b) Uniaxial cyclic
compression tension test. Comparison of monotonic and cyclic response.

Fig. 8. Uniaxial cyclic tension test with crack opening and closing. (a) Reinhardt’s experimental results.
(b) Present model numerical results and Reinhardt’s cyclic testing arrangement.

2290 L. Contrafatto, M. Cuomo / International Journal of Plasticity 22 (2006) 2272 2300
results, where the change of the tangent stiffness upon unloading can be clearly seen. It is
quite well caught by the simulation, reported in Fig. 8(b) that was carried out at consti-
tutive level only, i.e. the resistance of elastic area between the notches was not accounted
for.

Confined compression tests are simulated in Fig. 9. First a hydrostatic pressure is
applied, then the axial strain is increased up and beyond the peak stress. In the graph



the axial stress takes the initial stress state into account, so at zero strain the curve departs
from the value of the confinement pressure. At low levels of the confinement the behavior
is distinctly softening and the peak stress is well-defined. Increasing the confinement pres-
sure either the peak stress and the strain corresponding to the peak increase. For larger
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confinement ratios no peak stress can be detected. Therefore, the confinement implies
an increase in the compressive strength and in the ductility of the material. In the numer-
ical simulation the data of the uniaxial compression test in Fig. 9 and of the hydrostatic
compression in Fig. 11(b) were used for calibrating the model.

4.3. Hydrostatic compression

Let’s examine a process with eex ¼ eey ¼ eez ¼
ev

e

3
< 0. In the elastic regime, with

x1 x2 0, from (8) we have:

rm ¼ K0ev
e

vv ¼ 0

�

K0 being the undamaged bulk modulus. When the elastic limit hydrostatic stress is
reached, i.e. rm ¼ rc

m, the hydrostatic cap g3 is activated and from the flow rule (10) we
find:

epx
¼ epy

¼ epz
¼ � k

3
av

p ¼ �k ¼ ev
p ¼ �av

e

Therefore, in the post-elastic regime, it results:



rm ¼ K0ev
e ¼ K0ðev � ev

pÞ ¼ K0ðev þ kÞ
vv ¼ � D

a ln a�k
a

(

In this kind of loading condition the kinematic damage variables are constantly null, be-
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cause only the cap g3 is activated, that is no damage develops in hydrostatic compression.
Furthermore, the damage forces f1 and f2 do not evolve during the entire process.

The yield condition becomes then:

�K0ðev þ kÞ þ rc
m þ

D
a

ln
a� k

a
¼ 0 ð16Þ

Solving (16) for k as a function of the imposed volumetric strain ev, it is possible to draw
the plot of the hydrostatic stress rm vs. ev. A typical graph is shown in Fig. 10. The slope of
the rm � ev curve is given by:

orm

oev
¼ K0 if k ¼ 0; ev < ev

0

orm

oev
¼ K0 1þ ok

oev

� �
if k 6¼ 0; ev > ev

0

From (16) we have

ev ¼ 1

K0
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D
a
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� K0k

� �

so that:

oev

ok
¼ � 1

K0

D
a

1

a� k
þ K0

� �
orm

oev
¼ K

1

1þ K0

D aða� kÞ

typical hydrostatic
compression behavior
volumetric strain εv

p
re

ss
u

re
   

σ m

σc
m

K0

Kp0

K0

a=εv
pmax

Fig. 10. Typical hydrostatic compression curve.



The initial slope of the plastic region is given by:
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¼ orm
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Fig. 11. (a) Fitting of hydrostatic compression test data by Green and Swanson (1973). (b) Fitting of hydrostatic
compression data obtained at USAE. Waterways Experiment Station (1994).
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The value of Kp0
can be easily identified on the diagram of Fig. 10, as well as the rm limit

stress. The maximum plastic volumetric strain a ¼ ev
pmax

is reached when k! a with slope
equal to the elastic unloading:

orm

oev

����
k!a

¼ K0

Then the maximum void compaction a can be estimated reading on the rm � ev graph of
Fig. 10 the value of the residual volumetric strain corresponding to the point of the plastic
branch with a slope near K0. From (17) the estimation of the material parameter D is
obtained:

D ¼ K0Kp0

K0 � Kp0

a2

Fig. 11(a) presents a comparison of the model prediction with the experimental hydro-
static compression test by Green and Swanson (1973). The agreement between the numer-
ical and measured curves is good in both the loading and unloading branches. However, if
a cyclic process is considered, despite the good reproduction of the envelope curve, the
model is not able to predict hysteresis phenomena, as it is shown in the comparison of
Fig. 11(b) with the experimental data obtained at the US Army Engineers Waterways
Experiment Station (WES) in 1994 (Baz̆ant et al., 1996b).

5. Multiaxial stress states and failure envelope

A numerical procedure has been used for calculating the evolution of the stresses up to
the peak for several multiaxial load paths.



Any loading process is represented by a parametric curve in the extended space of stres-
ses and conjugated forces. In the case of a virgin material the damage forces f1 and f2

evolve together with the stresses and their values have to be considered for the evaluation
of the elastic limit state. The envelope of the elastic limit states, obtained by superposing
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the three criteria g1, g2, g3, must therefore be evaluated for any particular loading path and
depends on the values of the parameters of the three failure modes. Once the elastic limit is
reached, the peak stress value can be evaluated only numerically and it is, as underlined in
Section 4, path dependent.

The case of load paths defined by a fixed ratio between the stresses, i.e. radial paths,
has been examined. Fig. 12 compares the elastic and the failure (peak) domain for biax-
ial stress states. The elastic domain is given by the intersection of the elastic generalized
Ottosen domain and of the fracture domain, represented by the solid thin lines. The
thickest solid line represent the failure envelope. The dotted line denotes the simple
Ottosen damaged limit surface. Note the sharp difference between the elastic and the
limit domain.

As mentioned in Section 4.2, in a uniaxial compression process first the Ottosen crite-
rion is activated, but, due to the increase of both the damage variables, the fracture surface
is reached, so that the peak stress in uniaxial compression is lower than the one obtained if
only the plastic criterion is considered. On the contrary, in biaxial compression only plas-
ticity is activated. In Fig. 12 the data by Mier (1984) have been used for parameter
calibration.

Fig. 13 presents typical meridian sections of the elastic domain for the two values of the
Lode angle # 0� and # 60�, corresponding to the tensile and the compressive meridian
respectively. The gap between the curves results in a marked triangular shape of the devi-
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Fig. 12. Biaxial elastic and limit(peak) domain. Experimental data by Mier (1984).



atoric sections, as shown in Fig. 14. However, for large values of the confinement pressure,
i.e. moving farther along the isotropic compression axis, the shape of the deviatoric sec-
tions gets more rounded, asymptotically tending to circular. In Fig. 14, a comparison with
an isotropic damage model (Contrafatto and Cuomo, 2002) is also reported, showing that
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the present model predicts, according to experimental evidence, sharper deviatoric
sections.

In Fig. 15(a) compression meridians (# 60�) for elastic and limit envelopes are com-
pared with the experimental results of triaxial tests by Mier (1984). The meridian sections
present an asymptotic behavior for high values of the confinement pressure.



Fig. 15(b) shows the deviatoric sections of the failure domain for different values of the
hydrostatic stress n; the dots report once again Van Mier experimental data. The agree-
ment of the calculated peak stress with the experimental results is considerable for any
value of the mean compressive stress n and of the Lode angle #.

-160 -120 -80 -40 0 40
hydrostatic stress = I1/31/2

0

10

20

30

40

50

d
ev

ia
to

ri
c 

st
re

ss
 r

 =
 (

2J
2)

1/
2

Meridian sections of the domain
 elastic
 peak

Van Mier 60° elastic 
Van Mier 60° peak

Elastic parameters:
0=0.1 E0=35000

Hardening parameters:
H0=40E  p1=0.8 p2=0.2
Ottosen criterion:
fc=16.40  k2=0.97 n2=3.9 k =1200
Fracture criterion
ft=2.95 n1=2.

=0.0012 =0.00039 0=0.003

 peak domain - deviator

(a) (b)

ic sections

=-24.88
=-30.62
=-35.09

=-41.24
=-50.69
=-58.72

=60˚
=57˚
=55˚
=41˚
=57˚
=60˚

data: Van Mier 1984

Fig. 15. Comparison with Mier (1984) experimental data. (a) Meridian section of the yield and peak domain.
(b) Deviatoric sections of the failure envelope.

2296 L. Contrafatto, M. Cuomo / International Journal of Plasticity 22 (2006) 2272 2300
Iso-damage contour domains 
in the biaxial compression zone
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One interesting feature of the model is the possibility of using the damage variables for
structural control, defining serviceability limit states better than arbitrarily choosing defor-
mation levels. In Fig. 16(a) iso-damage contour domains are reported for biaxial compres-
sion states. It is observed that the peak value is reached for the same damage level
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(x2p ’ 0:30), independently of the stress ratio, so that the correspondent iso-damage con-
tour domain coincides with the peak envelope. Further numerical investigations on differ-
ent types of concrete and with different stress paths are needed to validate this result.

The evolution of the compression meridian with damage in the n r plane, obtained
elaborating the numerical data of simulation of triaxial tests is represented in
Fig. 16(b), showing how its slope, for values of the stress comparable to the uniaxial
strength, decreases as damage progresses. This means that dilatancy decays from the initial
value and tends to zero after the peak stress. This is in qualitative accordance with exper-
imental findings and to an extent justifies the choice of an associative model.

6. Conclusions

The applications reported in Sections 4 and 5 suggest that following the methodology
described in Section 3 some significant aspects of concrete mechanical behavior can be
reproduced by a single elastic plastic-damage model. Simple and complex stress states have
been simulated. The evolution of deformation and damage has been shown to be dependent
on the load history as well as the peak stress and the energy dissipated after the peak. The
implementation of the model is quite straightforward, being based on Continuum Damage
Mechanics and an associative flow rule. This is a great advantage for the robustness of the
numerical algorithm and for its use in structural codes for large 3D applications.

In the form presented in the paper the model has a certain number of limitations, some
of which could easily be removed at the cost of greater complexity, as happens when a non
associative plasticity is considered; other limitations are due to the uncertainties of the
experimental data.
Fig. 17. Reinforced concrete wall. (a) Mesh, material data and loading condition. (b) Tensile damage distribution
after the peak load.



In the model only isotropic damage has been considered for the sake of simplicity; in
this way damage is spread over a finite zone and its directionality is accounted for by
the evolution of the stress state. As an example, the behavior of a reinforced concrete wall,
the top of which is subjected to constant compression and to an increasing horizontal dis-
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placement, has been investigated. The structure has been modelled with 3D elements. The
tensile damage starts at the lower left corner, then, due to the confinement imposed by the
built-in end of the wall, it migrates along the vertical edge and then progresses, as
expected, following the horizontal direction, as shown in Fig. 17, where the geometry
and the model parameters are also reported. A viscoplastic regularization was used for
the simulation.

The extension of the model to anisotropic damage will be the subject of a subsequent
paper. Other aspects of the model need better specification, like the form of the limit func-
tion for hydrostatic compression. Finally, a systematic optimization procedure should be
developed for the parameter identification. Nevertheless, in the paper the main physical
meaning of the various material parameters has been illustrated. Numerical issues, such
as strain localization and computational procedures will be reported in a forthcoming
paper that deals with applications to plain and reinforced concrete structure as well.
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Klisinski, M., Mróz, Z., 1988. Description of inelastic deformation and degradation of concrete. Int. J. Solids

Struct. 24 (4), 391 416.
Kuna Ciskał, H., Skrzypek, J., 2004. CDM based modelling of damage and fracture mechanisms in concrete

under tension and compression. Eng. Fract. Mech. 71, 681 698.
Kupfer, H., Gerstle, K., 1973. Behavior of concrete under biaxial stresses. J. Eng. Mech. Div. (ASCE) 99, 853

866.
Litewka, A., Debinski, J., 2003. Load induced oriented damage and anisotropy of rock like materials. Int. J.

Plasticity 19, 2171 2191.
Lu, P., Li, Q., Song, Y., 2004. Damage constitutive of concrete under uniaxial alternate tension compression

fatigue loading based on double bounding surfaces. Int. J. Solids Struct. 41, 3151 3166.
Lubarda, V., Krajcinovic, D., Mastlovic, S., 1994. Damage model for brittle elastic solids with unequal tensile

and compressive strenghts. Eng. Fract. Mech. 49, 681 697.
Lubliner, J., Oliver, J., Oller, S., Onate, E., 1989. A plastic damage model for concrete. Int. J. Solids Struct. 25 (3),

299 326.
Luccioni, B., Oller, S., Danesi, R., 1996. Coupled plastic damage model. Comput. Methods Appl. Mech. Eng.

129, 81 89.
Marfia, S., Rinaldi, Z., Sacco, E., 2004. Softening behavior of reinforced concrete beams under cyclic loading. Int.

J. Solids Struct. 41, 3293 3316.
Mazars, J., 1986. A description of micro and macroscale damage of concrete structures. Eng. Fract. Mech. 25 (5/

6), 729 737.
Mosler, J., Bruhns, O., 2004. A 3D anisotropic elastoplastic damage model using discontinuos displacement

fields. Int. J. Numer. Methods Eng. 60, 923 948.
Murakami, S., Kamiya, K., 1997. Constitutive and damage evolution equations of elasti brittle materials based

on irreversible thermodynamics. Int. J. Mech. Sci. 39 (4), 473 486.
Ortiz, M., 1985. A constitutive theory for the inelastic behavior of concrete. Mech. Mater. 4 (1), 67 93.
Ottosen, N., 1977. A failure criterion for concrete. J. Eng. Mech. Divi. (ASCE) 103 (4), 527 535.
Papa, E., Taliercio, A., 1996. Anisotropic damage model for the multiaxial static and fatigue behaviour of plain

concrete. Eng. Fract. Mech. 55 (2), 163 179.
Papadopulos, P., Lu, J., 2001. On the formulation and numerical solution of problems in anisotropic finite

plasticity. Comput. Methods Appl. Mech. Eng. 190, 4889 4910.
Park, H., Kim, J., 2005. Plasticity model using multiple criteria for concrete in compression. Int. J. Solids Struct.

42, 2303 2322.
Pietruszczak, S., Jiang, J., Mirza, F., 1988. An elastoplastic constitutive model for concrete. Int. J. Solids Struct.

24 (7), 705 722.
Reinhardt, H., 1984. Fracture mechanics of an elastic softening material like concrete. Heron 29 (2), 1 42.
Resende, L., 1987. A damage mechanics constitutive theory for the inelastic behaviour of concrete. Comput.

Meth. Appl. Mech. Eng. 60, 57 93.
Salari, M., Saeb, S., Willam, K., Patchet, S., Carrasco, R., 2004. A coupled elastoplastic damage model for

geomaterials. Comput. Methods Appl. Mech. Eng. 193, 2625 2643.
Sellier, A., Bary, B., 2002. Coupled damage tensors and weakest link theory for the description of crack induced

anisotropy in concrete. Eng. Fract. Mech. 69, 1925 1939.
Sfer, D., Carol, I., Gettu, R., Etse, G., 2002. Study of the behaviour of concrete under triaxial compression. J.

Eng. Mech. (ASCE) 128 (2), 156 163.



Taylor, R., 2002. FEAP – A Finite Element Analysis Program. University of California at Berkeley, Berkeley,
CA.

Van Mier, J., 1984. Strain softening of concrete under multiaxial loading conditions. Ph.D. Thesis, Technische
Wetenschappen aan de Technische Hogeschool, Eindhoven.

2300 L. Contrafatto, M. Cuomo / International Journal of Plasticity 22 (2006) 2272–2300




