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Exact Poisson-Gaussian Likelihood
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Hugues Talbot, Member, IEEE

Abstract—The Poisson-Gaussian model can accurately describe
the noise present in a number of imaging systems. However
most existing restoration methods rely on approximations of the
Poisson-Gaussian noise statistics. We propose a convex optimiza-
tion strategy for the reconstruction of images degraded by a
linear operator and corrupted with a mixed Poisson-Gaussian
noise. The originality of our approach consists of considering the
exact, mixed continuous-discrete model corresponding to the data
statistics. After establishing the Lipschitz differentiability and
convexity of the Poisson-Gaussian neg-log-likelihood, we derive
a primal-dual iterative scheme for minimizing the associated
penalized criterion. The proposed method is applicable to a large
choice of convex penalty terms. The robustness of our scheme
allows us to handle computational difficulties due to infinite sums
arising from the computation of the gradient of the criterion. We
propose finite bounds for these sums, that are dependent on the
current image estimate, and thus adapted to each iteration of
our algorithm. The proposed approach is validated on image
restoration examples. Then, the exact data fidelity term is used
as a reference for studying some of its various approximations.
We show that in a variational framework the Shifted Poisson
and Exponential approximations lead to very good restoration
results.

Index Terms—Poisson-Gaussian noise, convex optimization,
proximal methods, primal-dual algorithm, image restoration

I. INTRODUCTION

The recovery of a target image in the presence of degra-

dations (i.e. noise) has been widely studied in the litera-

ture. Image reconstruction problems are often formulated into

the Maximum A Posteriori (MAP) framework. The MAP

estimator is computationally simple and offers significant

flexibility in the choice of a prior, while the data fidelity

term usually consists of the noise neg-log-likelihood or some

approximation. A Gaussian noise model is commonly assumed

in imaging due to the simple and intuitive form of the related

data fidelity function, which is strongly convex and Lipschitz

differentiable. However, recent methodological progress has

ensured that more sophisticated estimation problems can be

efficiently solved numerically. As a consequence, studies are

no longer limited to the simplest Gaussian case. Some con-

tributions concern various standard noise distributions, e.g.

Poisson [2], [3], [4], [5], [6], impulsive [7] or multiplicative [8]
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noise, as well as some mixed noise models, e.g. the mixture

of Gaussian and impulsive noise [9], [10].

A growing interest in Poisson-Gaussian probabilistic models

has recently been observed. The Poisson component is often

related to the quantum nature of light and accounts for photon-

counting principles in signal acquisition, whereas the Gaussian

component is typically related to noise present in the electronic

part of the imaging system. Despite constant improvements,

electronic noise usually cannot be neglected. As a conse-

quence, Poisson-Gaussian noise is frequently encountered in

astronomy [11], [12], medicine [13] and biology [14]. There

has been a growing interest for denoising problems involving

images corrupted in this fashion [15], [16], [17]. However,

the literature involving this model in deconvolution and re-

construction problems remains scarce. Among existing works,

Benvenuto et al. [11] proposed a scaled gradient method and

more recently Gil-Rodrigo et al. [18] developed an alternating

minimization algorithm. An augmented Lagrangian method

grounded on a Poisson approximation of the noise charac-

teristics was proposed in [19], while a similar framework

with a weighted squared ℓ2 norm noise approximation was

proposed in [20]. So far, restoration strategies have relied

on some approximations of the noise statistics, which may

have been detrimental to the quality of the results. The use of

approximations is motivated by the mathematical difficulties

raised by the Poisson-Gaussian model. Indeed, the correspond-

ing probability distribution has a discrete-continuous nature,

and the expression of the associated log-likelihood function

involves infinite sums. For simplification, one usually neglects

either the Poisson or the Gaussian component, or performs

an approximation of the Poisson-Gaussian model based on

variance stabilization techniques [21], [22].

In this paper, we investigate the properties of the Poisson-

Gaussian negative log-likelihood, showing that it is a convex

Lipschitz differentiable function. Since the gradient of the

Poisson-Gaussian neg-log-likelihood requires the computation

of infinite series, we propose to employ proximal optimization

methods whose convergence is guaranteed even in the presence

of summable numerical errors. Among recent approaches, only

a few splitting algorithms [23], [24], [25], [26] can cope with

the sum of a gradient Lipschitz term and possibly nonsmooth

penalty terms. Such terms can model a wide range of prior

information, e.g. range value constraints, criteria promoting

sparsity in a frame, total-variation and more generally hybrid

regularization functions [27].

The paper is organized as follows: Section II introduces

the notation used in this work and investigates the Poisson-
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Gaussian model. In particular, convexity and Lipschitz-

differentiability results are presented. Section III describes the

proposed optimization framework. Next, various approxima-

tion strategies are compared and our approach is illustrated

via experiments in Section IV. Finally, some conclusions are

drawn in Section V.

II. DEGRADATION MODEL

Let y = (yi)1≤i≤Q ∈ R
Q be a vector of observations

related to an original signal x ∈ [0,+∞)N , which is degraded

by a matrix H in [0,+∞)Q×N (e.g., a convolutive model)

and further corrupted with Poisson-Gaussian noise. More

specifically, the observations y are related to x by

y = z(x) + w, (1)

where z(x) =
(
zi(x)

)
1≤i≤Q

and w = (wi)1≤i≤Q are

realizations of mutually independent random vectors Z(x) =(
Zi(x)

)
1≤i≤Q

and W = (Wi)1≤i≤Q featuring indepen-

dent components. It is further assumed that, for every i ∈
{1, . . . , Q},

Zi(x) ∼ P([Hx]i), (2)

Wi ∼ N (0, σ2), (3)

where [Hx]i is the i-th component of vector Hx, and σ ∈
(0,+∞) is the standard deviation of the zero-mean Gaussian

noise component. Hence, y is a realization of a random vector

Y with probability density function

pY |x(y) =

Q∏

i=1




+∞∑

n=0

e−[Hx]i([Hx]i)
n

n!

e
−
(

yi−n√
2σ

)2

√
2πσ


 . (4)

In the context of inverse problems, the original signal can be

recovered by minimizing a penalized criterion:

min
x∈RN

(f(x) = Φ(x) + ρ(x)) , (5)

where Φ is the so-called data fidelity term and ρ is a regu-

larization function incorporating a priori information, so as

to guarantee the stability of the solution w.r.t. the observation

noise. In the Bayesian framework, this allows us to compute

the MAP estimate [28] of the original image. In this context,

the data fidelity term is defined as the negative logarithm of

pY |x(y):

Φ(x) = − log(pY |x(y)) =

Q∑

i=1

Φi([Hx]i), (6)

where, for every i ∈ {1, . . . , Q} and u ∈ [0,+∞),

Φi(u) = − log




+∞∑

n=0

une−u

n!

e
−
(

yi−n√
2σ

)2

√
2πσ


 , (7)

and the regularization term ρ corresponds to the potential

of the chosen prior probability density function of the target

image.

Let ✶ denote the vector of RQ with all its components equal

to 1. The gradient and Hessian of Φ on the positive orthant

are respectively given by: for every x ∈ [0,+∞)N ,

∇Φ(x) = H⊤(✶− ξ(Hx)), (8)

∇2Φ(x) = H⊤Diag
(
η1([Hx]1), . . . , ηQ([Hx]Q)

)
H, (9)

where, for every z = (zi)1≤i≤Q ∈ [0,+∞)Q, ξ(z) =(
ξi(zi)

)
1≤i≤Q

, η(z) =
(
ηi(zi)

)
1≤i≤Q

with

ξi(zi) =s(zi, yi − 1)/s(zi, yi), (10)

ηi(zi) =
(
s(zi, yi − 1)2−
s(zi, yi)s(zi, yi − 2)) /s(zi, yi)

2, (11)

and, for every (a, b) ∈ R
2,

s(a, b) =
+∞∑

n=0

an

n!
e
−
(

b−n√
2σ

)2

. (12)

A common, useful technique for solving large-size opti-

mization problems such as those encountered in image recov-

ery consists of splitting (i.e. decomposing) the cost function

f in a sum of simpler functions, which are then processed

individually. For example, each of these functions can be

dealt with through its gradient if the function is µ-Lipschitz

differentiable1, or through its proximity operator [30], [31] if

the latter has a closed form expression.

In view of this, the two following results are essential to

our approach.

Theorem II.1 The function Φ is µ-Lipschitz differentiable on

[0,+∞)N with

µ =‖H‖2
(
1− e−

1
σ2

)

× exp

(
1

σ2

(
2 max
i∈{1,...,Q}

{yi} − 1

))
. (13)

Proof: See Appendix A

The next convexity result can be regarded as an extension

to the one presented in [11].

Theorem II.2 The neg-log-likelihood Φ(β) of a mixture of

Generalized-Gaussian and Poisson variables defined over the

positive orthant as

(
∀x ∈ [0,+∞)N

)
Φ(β)(x) =

Q∑

i=1

Φ
(β)
i ([Hx]i) (14)

where, for every i ∈ {1, . . . , Q} and u ∈ [0,+∞),

Φ
(β)
i (u) = − log

(
+∞∑

n=0

une−u

n!

β

2
√
2σΓ( 1β )

e
−

(

|yi−n|√
2σ

)β)

(15)

is convex if β ≥ 1. It is strictly convex if β > 1 and H is

injective.

Proof: See Appendix B

Some convex Lipschitz differentiable approximations of the

data fidelity term (6) and of its gradient (8) proposed in

various works concerning Poisson-Gaussian data restoration

are summarized in Table I.

1A differentiable function f : R
N → R is said to be µ-Lipschitz

differentiable on a subset C ⊂ R
N if its gradient ∇f is such that, for every

(x, y) ∈ C2, ‖∇f(x)−∇f(y)‖ ≤ µ‖x− y‖.
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Name Expression
Convexity Lipschitz constant

condition

Generalized Anscombe Φ̃i(u) =
1
2
(ν(yi)− ν(u))2,

yi + 3/8 + σ2 ≥ 0 µi = (3/8 + σ2)−3/2 ν(yi)
2Transform (GAST) [21] ξ̃i(u) =

2ν(yi)
ν(u)

− 1

with ν(u) = 2
√

u+ 3/8 + σ2

Exponential (EXP) [11]

Φ̃i(u) = u−
1/2−yi−σ2

e
Ei

(
σ2−1/2+yi

σ2+u

)

yi + σ2 − 1/2 ≥ 0 µi =
2yi+2σ2−1

2σ4 exp
(

2yi−1
2σ2

)−(σ2 + u)e
−

1/2−yi+u

σ2+u ,

ξ̃i(u) = exp
(
− 1+2u−2yi

2u+2σ2

)

Shifted Poisson (SPoiss) [19]

Φ̃i(u) = η(u)− η(yi) log η(u),

yi + σ2 ≥ 0 µi =
yi+σ2

σ4ξ̃i(u) =
η(yi)
η(u)

with η(u) = u+ σ2

Weighted least squares (WL2) Φ̃i(u) =
1
2

(yi−u)2

σ2+u
,

— µi =
(yi+σ2)2

σ6

[11], [18], [20], [29] ξ̃i(u) =
(yi+σ2)2

4(u+σ2)2
+ 3

4

TABLE I
VARIOUS APPROXIMATIONS Φ̃(x) =

∑Q
i=1 Φ̃i([Hx]i) (UP TO AN ADDITIVE CONSTANT) OF THE POISSON-GAUSSIAN NEG-LOG-LIKELIHOOD Φ(x),

TOGETHER WITH THEIR GRADIENT ∇Φ̃(x) = H⊤(✶− (ξ̃i([Hx]i)1≤i≤Q). EI DENOTES THE EXPONENTIAL INTEGRAL FUNCTION. WE PROVIDE THE

CONDITIONS ON y FOR Φ̃ TO BE CONVEX AND THE EXPRESSION OF THE LIPSCHITZ CONSTANT µ = ‖H‖2 maxi∈{1,...,Q} µi OF ∇Φ̃.

For the optimization methods developed in the next section,

it is also important to note that the definition of the negative

log-likelihood (6) can be extended to the whole space R
N by

setting, for every x ∈ R
N ,

Φ(x) = h(x) + ι[0,+∞)N (x), (16)

where

h(x) =

Q∑

i=1

ϕi([Hx]i), (17)

ι[0,+∞)N (x) =

{
0 if x ∈ [0,+∞)N ,

+∞ otherwise.
(18)

For every i ∈ {1, . . . , Q}, the function ϕi is a convex, twice-

differentiable function, whose expression is given by

ϕi : R → R

u 7→
{
Φi(u) if u ∈ [0,+∞] ,
1
2ηi(0)u

2 + (1− ξi(0))u+Φi(0) otherwise,

(19)

where functions Φi, ξi and ηi are defined in (7), (10) and

(11) respectively. We note that for a = 0 the infinite sum (12)

simplifies to the first sum term, i.e. s(0, b) = e−
b2

2σ2 . Hence,

for every i ∈ {1, . . . , Q}, the expressions of ξi(0) and ηi(0)
in (19) read

ξi(0) = e
1

2σ2 (2yi−1), (20)

ηi(0) =
(
1− e−

1
σ2

)
e

1
σ2 (2yi−1). (21)

Consequently, h is a convex function with a µ-Lipschitz

gradient on R
N . The positivity constraint in the original

problem is imposed by the indicator function (18).

III. PROPOSED OPTIMIZATION METHOD

A. Minimization problem

According to the analysis carried out in Section II, the

objective function has the following form

(∀x ∈ R
N ) f(x) = h(x) + ψ0(x) +

R∑

r=1

ψr(Vrx), (22)

where the regularization term is split into a sum of simpler

functions. More precisely, it will be assumed that ψ0 ∈
Γ0(R

N ) and, for every r ∈ {1, . . . , R}, ψr ∈ Γ0(R
Pr )

and Vr ∈ R
Pr×N .2 Note that (22) covers a large range

of penalization strategies. For instance, a sparsity prior in

an analysis frame with frame operator Vr is introduced by

taking ψr equal to λr‖ · ‖1 with λr > 0 [33]. Block sparsity

measures [34] can also be easily addressed in the proposed

framework. Another popular example in image restoration

is the total variation penalization [35].3 In this case, Pr =

2N , Vr =
[
(∆h)⊤ (∆v)⊤

]⊤
, where ∆h ∈ R

N×N (resp.

∆v ∈ R
N×N ) corresponds to a horizontal (resp. vertical)

gradient operator, and, for every x ∈ R
N , ψr(Vrx) =

λr
∑N
n=1

(
([∆hx]n)

2 + ([∆vx]n)
2
)1/2

with λr > 0. Another

2Following standard notation in convex analysis [32], Γ0(RN ) designates
the class of lower-semicontinuous, proper, convex functions from R

N to
(−∞,+∞].

3Total variation and the Hessian-based penalization correspond to improper
priors.
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interesting choice is the Hessian-based penalization [36], [37]

i.e., Pr = 3N and Vr = [
(
∆hh

)⊤ √
2
(
∆hv

)⊤
(∆vv)

⊤
]⊤

where ∆hh ∈ R
N×N , ∆hv ∈ R

N×N and ∆vv ∈
R
N×N model the second-order partial finite difference

operators between neighbooring pixels as described in

[37, Sec.III-A] and, for every x ∈ R
N , ψr(Vrx) =

λr
∑N
n=1

(
([∆hhx]n)

2 + 2([∆hvx]n)
2 + ([∆vvx]n)

2
)1/2

with

λr > 0. The above penalties can be considered individually

(R = 1) or combined in a hybrid manner (R > 1) [27].

Finally, following (16), ψ0 should be the indicator function

ι[0,+∞)N . However, to take into account the dynamic range of

the expected output image, it can be more generally chosen

equal to the indicator function ιC of a nonempty closed convex

subset C of [0,+∞)N .

B. Primal-dual splitting algorithm

Problem (5) where f takes the form (22) can be efficiently

addressed using proximal splitting algorithms [23], [24], [38],

[39]. The solution is obtained iteratively by evaluating the

individual proximity operators of the functions (ψr)0≤r≤R,

provided that they have an explicit expression. We first require

the notion of proximity operator.

Definition III.1 [30], [31] The value at x ∈ R
N of the

proximity operator of a function f ∈ Γ0(R
N ), denoted by

proxf : RN 7→ R
N , is the unique solution to the following

minimization problem:

(∀x ∈ R
N ) proxf (x) := argmin

p∈RN

f(p) +
1

2
‖x− p‖2 . (23)

The proximity operator is firmly nonexpansive, i.e. for every

(x, x′) ∈ R
N × R

N ,

(
proxf (x)−proxf (x

′)
)⊤

(x−x′) ≥
∥∥proxf (x)− proxf (x

′)
∥∥2

(24)

and its fixed points are the minimizers of function f . Nu-

merous convex optimization algorithms are based on this

concept (see [40], [41] for tutorials) due to these properties.

In the context of the minimization of (22), we are interested

in algorithms which incorporate functions h and (ψr)0≤r≤R
either via their proximity operators or via their gradients. The

presence of a smooth term is of paramount important as we

have shown our data fidelity term h to be µ-Lipschitz differ-

entiable, while its proximity operator does not have a closed

form expression. Note that not all proximal methods offer

the required flexibility to address the minimization of (22).

More precisely, in the case when R = 0, one can employ

either the forward-backward (FB) [42] [43, Chapter 3] or the

forward-backward-forward (FBF) algorithms [44]. Conversely,

celebrated algorithms such as Douglas-Rachford’s [45], [46]

or the Alternating Direction Method of Multipliers [35], [47],

[48], would be difficult to implement. In the case when R 6= 0,

one can resort to primal-dual techniques proposed in [23], [49]

and [26], [25]4 which can be regarded as extensions of the FBF

and FB algorithms, respectively.

4The latter algorithms are generalizations of the primal-dual technique
developed in [50].

We are now ready to present our primal-dual splitting

algorithm. The main advantage of the chosen primal-dual

splitting algorithm is that it allows us to solve (5) for any

Lipschitz differentiable function h while allowing arbitrary

linear operators (Vr)1≤r≤R. Another strong point of this

algorithm is that it does not require any matrix inversion to

be performed at each iteration. Our primal-dual method is

summarized in Algorithm 1. It corresponds to an instance of

the algorithm proposed recently in [23] under a generic form.

Algorithm 1 Proposed algorithm.

Let γ ∈ (0,+∞). Let (ck)k∈N
and (ek)k∈N

be some

sequences of elements of R
N corresponding to possible

errors in the computation of the gradient of h.

Initialization:

Set x0 ∈ R
N , and (∀r ∈ {1, . . . , R}) vr,0 ∈ R

Pr .

Iterations:

For k = 0, . . .

y1,k = xk − γ
(
∇h(xk) +

∑R
r=1 V

⊤
r vr,k

)
+ ck

p1,k = proxγψ0
(y1,k)

For r = 1, . . . , R

y2,r,k = vr,k + γVrxk
p2,r,k = y2,r,k − γproxγ−1ψr

(γ−1y2,r,k)
q2,r,k = p2,r,k + γVrp1,k
vr,k+1 = vr,k − y2,r,k + q2,r,k

q1,k = p1,k − γ
(
∇h(p1,k) +

∑R
r=1 V

⊤
r p2,r,k

)
+ ek

xk+1 = xk − y1,k + q1,k

C. Convergence result

The convergence of the proposed primal-dual proximal split-

ting algorithm is guaranteed by the following result deduced

from Theorem II.1 and [23, Theorem 4.2]:

Theorem III.2 Given the following assumptions:

(i) f is coercive, i.e. lim‖x‖→+∞ f(x) = +∞,

(ii) for every r ∈ {1, . . . , R}, ψr is finite valued,

(iii) γ ∈ [ǫ, (1− ǫ)/δ] where ǫ ∈ (0, 1/(δ + 1)) and

δ = µ+

√√√√
R∑

r=1

‖Vr‖2,

(iv) (ck)k∈N
and (ek)k∈N

are absolutely summable se-

quences,

then there exists a minimizer x̂ of (22) such that the sequences

(xk)k∈N and (p1,k)k∈N converge to x̂.

D. Implementation issues

Note that Algorithm 1 is tolerant to numerical errors

(ck)k∈N and (ek)k∈N. This feature is essential in our problem,

as the gradient of the Poisson-Gaussian negative log-likelihood

given by (8) involves infinite sums.

We now propose, for these sums, finite summation bounds

that depend on the current estimate of x. Let us firstly rewrite
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s(a, b) defined in (12) as s(a, b) =
∑+∞
n=0 Π(a, b, n) with

Π(a, b, n) =
an

n!
e
−
(

b−n√
2σ

)2

. (25)

Then, the approximation accuracy is guaranteed by the fol-

lowing result deduced from [51, Proposition A.2]:

Proposition III.3 Let ∆ > 0 and set

n− = ⌊n∗ −∆σ⌋, n+ = ⌈n∗ +∆σ⌉ (26)

with n∗ given by

n∗ = σ2
W

( a
σ2
eb/σ

2
)
, (27)

where W(·) denotes the Lambert function. Then,∑n+

n=max(1,n−) Π(a, b, n) constitutes a lower approximation

to
∑+∞
n=1 Π(a, b, n) with maximum error value

√
2πσΠ(a, b, n∗)

(
1− erf

( ∆√
2

))
.

where erf denotes the error function.

One can observe in Fig. 1 that the bounds defined in (26)

can be quite precise. On the contrary, the summation bounds

n− = 0 and n+ = b+4σ proposed in [11], [52] are not always

guaranteed to include all the significant coefficients or to be

very effective. Note that efficient numerical methods exist to

compute the Lambert function [53].

IV. SIMULATIONS

We now demonstrate the practical performance of our

method on image restoration experiments in the context of

data corrupted with Poisson-Gaussian noise. More specifically,

our study is focused on confocal images. Our simulations aim

at illustrating the usefulness of our approach and discuss the

merits of the various approximations of the Poisson-Gaussian

likelihood. The image resulting from the time series noise

identification procedure described in [51] provides ground

truth for this experiment. The considered ground truth images,

i.e. x1 of size 128 × 128 and x2 of size 190 × 190 were

acquired using a macro confocal laser scanning microscope

(Leica TCS-LSI) and are illustrated in Figs. 2(a) and 3(a),

respectively. Additionally we use the publicly available con-

focal microscopy image x3 of size 256 × 256 illustrated in

Fig. 5(a).5 First, a study of the influence of the data fidelity

choice in terms of image restoration quality is presented. For a

data fidelity term h derived from Gaussian likelihood, GAST,

EXP, WL2 or given by the exact expression given in (6), the

resulting problem involves the minimization of

f = h+ ιC +

R∑

r=1

ψr, (28)

where ιC is the indicator function of C = [x−, x+]N and

(x−, x+) ∈ [0,+∞)
2

defines the expected pixel value range.

In the following x− is set to 0. In the proposed framework,

GAST is thus handled in a manner similar to [55], i.e. by

5www.gensat.org/imagenavigator.jsp?imageID=29109 [54]
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(a) An approximation n∗ (marked with a solid blue line) to the maximizer
of Π(a, b, n) (in dashed green).
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(b) Summation bounds proposed in Proposition III.3 (marked with the
solid blue lines) for ∆ = 3 and given by n− = 0 and n+ = b +
4σ (marked with the dash-dotted red lines). The dotted lines indicate a
(in black with a circle marker) and b (in pink with a square marker),
respectively.

Fig. 1. An approximation n∗ to the maximizer of function Π(a, b, n) (a) and
summation bounds proposed in Proposition III.3 (b) for the settings: a = 100,
b = 30 and σ2 = 50.

taking advantage of Lipschitz-differentiability properties of the

function Φ̃ in the first line of Table I, as studied in the context

of Poisson noise in [55].

For a data fidelity term corresponding to the exact Poisson

likelihood or to SPoiss, we set

f = ιC + ψ1 +

R∑

r=2

ψr, (29)

where ψ1 denotes a Kullback-Leibler divergence. The ob-

served image is generated by degrading the original image

x1 with a convolution operator H , which corresponds to a

truncated Gaussian point spread function of standard deviation

1.6 and kernel size 25 × 25. The image is further corrupted

with a scaled Poisson noise and a zero-mean additive white

Gaussian noise. In this experiment the proposed framework is
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Init Poiss. Gauss.
GAST EXP SPoiss WL2

Exact
(x+, σ2) [21] [11] [19] [11], [18], [20]

(15,9)

λ - 0.146 0.140 0.069 0.081 0.077 0.079 0.080

MAE 54.26 13.29 10.87 11.49 10.82 10.87 12.89 10.82

SNR 6.31 18.68 19.73 19.27 19.81 19.78 18.74 19.81

SSIM 0.088 0.752 0.817 0.815 0.818 0.816 0.789 0.818

(30,12)

λ - 0.105 0.121 0.060 0.055 0.059 0.054 0.052

MAE 34.81 9.60 8.47 8.75 8.53 8.56 9.22 8.47

SNR 10.72 21.14 21.60 21.39 21.61 21.61 21.25 21.72

SSIM 0.179 0.839 0.878 0.875 0.875 0.874 0.864 0.875

(120,60)

λ - 0.051 0.044 0.019 0.020 0.020 0.021 0.020

MAE 19.64 6.79 6.19 6.22 6.22 6.21 6.28 6.21

SNR 14.85 23.85 24.22 24.30 24.31 24.31 24.27 24.31

SSIM 0.367 0.904 0.927 0.926 0.925 0.926 0.924 0.925

TABLE II
INTENSITY LEVEL INFLUENCE ON RESTORING IMAGE x1 DEGRADED WITH A CONVOLUTION OPERATOR H CORRESPONDING TO A TRUNCATED

GAUSSIAN POINT SPREAD FUNCTION OF STANDARD DEVIATION 1.6 WITH KERNEL SIZE 25 × 25 AND CORRUPTED WITH POISSON-GAUSSIAN NOISE.

applied to Non Local Total Variation (NLTV) restoration. The

linear operators Vr associated with NLTV are computed from

an initial Wiener filter restoration using code by Bresson [56].6

The NLTV prior term is weighted by a regularization constant

λ > 0. In all our experiments, this parameter is tuned so

as to minimize the Mean Absolute Error (MAE) between the

original image x̄ and its estimate x̂. The quality of the results

is evaluated in terms of MAE, SNR and SSIM [57]. The

provided relative MAE values are normalized with a factor

255/x+. One can observe by inspecting the evaluation scores

in Table II, that the exact model overall leads to the best

quantitative results. In the case of Poisson, SPoiss, WL2 and

GAST data fidelity terms, the required convexity conditions

(see Table I) of the observation image is ensured by data

truncation. The associated results provided in Table II show

that the Poisson, WL2 and GAST strategies lead to relatively

lower performance.

Next a study of penalization strategies for low-count image

is presented. As mentioned previously, the problem formu-

lation given in (22) allows us to address a wide range of

problems. For the sake of illustration we consider the restora-

tion with three penalization strategies, namely TV, NLTV

and hybrid regularization, which integrates TV and a Hessian

prior [37]. TV and Hessian designate the total variation and

second-order difference-based semi-norms defined in Sec-

tion III-A, respectively. We use three images: the same images

as previously x1 with x+ = 30, x2 with x+ = 12 and x3
with x+ = 60. The original images x1 and x2 are degraded

with the same convolutive operator H as previously, further

corrupted with a Poisson noise and a zero-mean additive white

Gaussian noise with noise variance σ2 = 12 and σ2 = 9,

respectively. The original image x3 was degraded with a

convolution operator H corresponding to a truncated Gaussian

point spread function with standard deviation 0.5 and kernel

size 9 × 9, corrupted with a Poisson noise and a zero-mean

additive Gaussian noise with noise variance σ2 = 36. All the

provided examples illustrate the performance of the proposed

6http://www.cs.cityu.edu.hk/∼xbresson/codes.html

technique for image restoration with fairly low initial SNR,

i.e. only 10.05 dB, 2.19 dB and 9.37 dB for the images given

in Figs. 2(b), 4(b) and 5(b), respectively. By inspecting the

numerical evaluation scores presented in Tables III, IV and

V one can conclude that the performance gain obtained by

using the exact data fidelity term is independent of the chosen

regularization strategy.

The Gaussian and EXP data fidelity terms may be very com-

petitive as illustrated in Table IV. However in some instances

the performance gain between the exact and Gaussian data

fidelity term is significant (see Table III). One can observe in

Figs. 2(e) and 5(e) that the hybrid Hessian-TV regularization

strategy leads to very good results. This can be also validated

by inspecting the final MAE relative value equal to 7.90, 7.53
and 11.29, the SNR improvement (ISNR) equal to 11.54 dB,

17.61 dB and 6.45 dB for the first, the second and the third

image, respectively. The NLTV regularization strategy does

not perform as well for the experiment presented in Table IV.

This reflects the fact that the similarity between local image

features is essentially lost in the initial image (Fig. 3(b), SNR =

2.19 dB). Consequently, the NLTV weights cannot be adjusted

properly.

Finally, in Table VI, we illustrate the influence of the

choice of parameter ∆. One can observe that the restoration

performance is stable for ∆ ≥ 3.

Complementary to these numerical results, Figs. 2, 4 and 5

illustrate the visual differences resulting from various data

fidelity terms and regularization strategies. One can observe

that a higher number of low intensity components are lost

when using a data fidelity term derived from Poisson statistics

(Fig. 4(a)). The shape of low intensity component is also

not well reconstructed when using a WL2 data fidelity term

(Fig. 4(f)). Most artifacts are corrected when using the GAST

data fidelity term (Fig. 4(c)) while even better results are

obtained with the Gaussian and SPoiss (Figs. 4(b)-(e)). Finally,

one can hardly find a visual difference between the EXP

approximation (Fig. 4(d)) and the exact data fidelity term

(Fig. 3(c)). The NLTV regularization term should have reduced
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Poiss. Gauss.
GAST EXP SPoiss WL2

Exact
[21] [11] [19] [11], [18], [20]

TV

λ 0.164 0.197 0.093 0.096 0.095 0.099 0.093

MAE 10.71 9.42 9.73 9.49 9.50 10.05 9.14

SNR 20.21 20.79 20.55 20.79 20.79 20.57 21.15

SSIM 0.814 0.859 0.858 0.858 0.858 0.846 0.864

NLTV

λ 0.105 0.121 0.060 0.055 0.059 0.054 0.052

MAE 9.60 8.47 8.75 8.53 8.56 9.22 8.47

SNR 21.14 21.60 21.39 21.61 21.61 21.25 21.72

SSIM 0.839 0.878 0.875 0.875 0.874 0.864 0.875

TV + Hessian

λTV 0.043 0.075 0.027 0.031 0.030 0.037 0.031

λH 0.148 0.136 0.070 0.072 0.070 0.059 0.070

MAE 8.99 7.93 8.18 7.92 7.93 8.70 7.90

SNR 21.09 21.54 21.30 21.59 21.60 21.25 21.61

SSIM 0.861 0.899 0.899 0.899 0.899 0.887 0.900

TABLE III
PENALIZATION STRATEGIES FOR LOW-COUNT IMAGE x1 (x+ = 30) DEGRADED WITH A CONVOLUTION OPERATOR H CORRESPONDING TO A

TRUNCATED GAUSSIAN POINT SPREAD FUNCTION OF STANDARD DEVIATION 1.6 WITH KERNEL SIZE 25 × 25 AND CORRUPTED WITH

POISSON-GAUSSIAN NOISE, NOISE VARIANCE σ2 = 12 (MAE = 34.81, SNR = 10.07 DB, SSIM = 0.178).

Poiss. Gauss.
GAST EXP SPoiss WL2

Exact
[21] [11] [19] [11], [18], [20]

TV

λ 0.338 0.218 0.155 0.156 0.153 0.133 0.154

MAE 11.70 8.79 9.76 8.68 8.78 12.90 8.66

SNR 16.73 18.74 17.73 18.80 18.72 16.18 18.81

SSIM 0.758 0.788 0.783 0.790 0.787 0.770 0.790

NLTV

λ 0.243 0.164 0.115 0.114 0.117 0.101 0.138

MAE 12.03 9.25 10.15 9.26 9.31 13.20 9.25

SNR 16.57 18.38 17.50 18.36 18.33 15.92 18.38

SSIM 0.733 0.759 0.755 0.757 0.757 0.739 0.758

TV + Hessian

λTV 0.016 0.004 0.016 0.012 0.013 0.051 0.008

λH 0.609 0.472 0.293 0.297 0.292 0.119 0.296

MAE 10.89 7.62 8.70 7.53 7.63 12.46 7.53

SNR 17.30 19.72 18.60 19.81 19.72 16.58 19.81

SSIM 0.815 0.845 0.839 0.846 0.844 0.812 0.846

TABLE IV
PENALIZATION STRATEGIES FOR LOW-COUNT IMAGE x2 (x+ = 12) DEGRADED WITH A CONVOLUTION OPERATOR H CORRESPONDING TO A

TRUNCATED GAUSSIAN POINT SPREAD FUNCTION OF STANDARD DEVIATION 1.6 WITH KERNEL SIZE 25 × 25 AND CORRUPTED WITH

POISSON-GAUSSIAN NOISE, NOISE VARIANCE σ2 = 9 (MAE = 61, SNR = 2.19 DB, SSIM = 0.022).

the undesired staircase effect visible in the TV result (see

Fig. 2(c)) but for the considered low SNR observed images

the improvement is actually only incremental (see Fig. 2(d)).

In contrast, the Hessian-TV regularization appears to be more

effective in alleviating this effect (see Fig. 2(e)).

V. CONCLUSION

We have shown that Poisson-Gaussian neg-log-likelihood

is a convex, Lipschitz-differentiable function. The provided

convexity result is actually more general as it applies to

the neg-log likelihood of a mixture of Generalized-Gaussian

and Poisson variables. Building upon these results, we have

proposed a new variational approach for solving data recovery

problems in the presence of Poisson-Gaussian noise. We have

developed a practical implementation of an efficient primal-

dual algorithm, which is particularly flexible, i.e. for which a

large range of penalization strategies and data fidelity terms

are applicable. Among those we employed, the hybrid TV-

Hessian prior was shown to produce naturally looking, high

quality results for low count microscopy image restoration

problems in the presence of Poisson-Gaussian noise. We have

shown the good performance of our restoration algorithm using

the exact data fidelity term and various approximations. In

addition, we also conclude that the EXP and SPoiss fidelity

terms provide good results compared to the exact solution.

In a future work we would like to extend our approach to

encompass the case of Generalized Gaussian-Poisson noise

and to study the performance of other regularization strategies

than those we have considered here. Although only TV, NLTV

and hybrid TV-Hessian priors were analyzed in this work, the

versatility of our approach should allow us to address a variety
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Poiss. Gauss.
GAST EXP SPoiss WL2

Exact
[21] [11] [19] [11], [18], [20]

TV

λ 0.299 0.116 0.078 0.078 0.078 0.075 0.077

MAE 13.55 11.89 11.79 11.69 11.73 11.80 11.69

SNR 14.41 15.42 15.39 15.48 15.46 15.49 15.49

SSIM 0.724 0.759 0.762 0.766 0.764 0.767 0.766

NLTV

λ 0.301 0.118 0.078 0.077 0.077 0.074 0.076

MAE 12.28 12.21 11.79 11.77 11.78 11.91 11.75

SNR 15.10 15.16 15.40 15.44 15.45 15.43 15.45

SSIM 0.742 0.742 0.759 0.759 0.758 0.760 0.759

TV + Hessian

λTV 0.050 0.037 0.052 0.030 0.046 0.046 0.027

λH 0.127 0.054 0.052 0.034 0.027 0.020 0.030

MAE 11.97 11.33 11.44 11.29 11.30 11.45 11.29

SNR 15.24 15.76 15.64 15.77 15.79 15.73 15.82

SSIM 0.760 0.775 0.768 0.782 0.778 0.779 0.781

TABLE V
PENALIZATION STRATEGIES FOR LOW-COUNT IMAGE x3 (x+ = 60) DEGRADED WITH A CONVOLUTION OPERATOR H CORRESPONDING TO A

TRUNCATED GAUSSIAN POINT SPREAD FUNCTION OF STANDARD DEVIATION 0.5 WITH KERNEL SIZE 9 × 9 AND CORRUPTED WITH POISSON-GAUSSIAN

NOISE, NOISE VARIANCE σ2 = 36 (MAE = 25.17, SNR = 9.37 DB, SSIM = 0.506).

∆ 0.33 0.5 1 2 3 4 5

MAE 8.10 7.98 7.89 7.90 7.90 7.90 7.90

SNR 21.51 21.57 21.63 21.61 21.61 21.61 21.61

SSIM 0.892 0.897 0.898 0.899 0.900 0.900 0.900

Image x1, (x+ = 30) degraded with H corresponding to a truncated
Gaussian PSF of standard deviation 1.6 with kernel size 25 × 25 ,
σ2 = 12 (MAE = 35, SNR = 10.07 dB, SSIM = 0.178)

∆ 0.33 0.5 1 2 3 4 5

MAE 10.98 9.30 7.69 7.53 7.53 7.53 7.53

SNR 17.42 18.51 19.72 19.81 19.81 19.81 19.81

SSIM 0.832 0.841 0.846 0.846 0.846 0.846 0.846

Image x2, (x+ = 12) degraded with H corresponding to a truncated
Gaussian PSF of standard deviation 1.6 with kernel size 25 × 25,
σ2 = 9 (MAE = 61, SNR = 2.19 dB, SSIM = 0.022)

∆ 0.33 0.5 1 2 3 4 5

MAE 11.36 11.34 11.30 11.29 11.29 11.29 11.29

SNR 15.81 15.81 15.83 15.82 15.82 15.82 15.82

SSIM 0.783 0.783 0.784 0.784 0.783 0.783 0.783

Image x3, (x+ = 60) degraded with H corresponding to a truncated
Gaussian PSF of standard deviation 0.5 with kernel size 9 × 9, σ2 = 36
(MAE = 25.17, SNR = 9.37 dB, SSIM = 0.506)

TABLE VI
INFLUENCE OF ∆ ON RESTORATION RESULTS. IMAGES RECONSTRUCTED

WITH HESSIAN-TV PRIOR.

of applications by making use of various forms of convex

penalty functions.

APPENDIX A

PROOF OF THEOREM II.1

Our proof consists of showing that, for every i ∈
{1, · · · , Q}, ηi is upper bounded on [0,+∞) by ηi(0), where

ηi(0) is defined in (21). Firstly, we recall that for a = 0
the infinite sum (12) simplifies to the first sum element.

Consequently, for every zi ∈ (0,+∞), we have the following

equivalences:

ηi(0)− ηi(zi) ≥ 0 (30)

⇔ (s(zi, yi))
2
ηi(0)−(
(s(zi, yi − 1))

2 − s(zi, yi)s(zi, yi − 2)
)
≥ 0

⇔
∞∑

m=0

∞∑

n=0

zm+n
i

m!n!

(
e

−(yi−m)2−(yi−n)2

2σ2 ηi(0)−

e
−(yi−1−m)2−(yi−1−n)2

2σ2 + e
−(yi−m)2−(yi−2−n)2

2σ2

)
≥ 0

⇔
∞∑

m=0

∞∑

n=0

zm+n
i

m!n!
e

−(yi−n)2−(yi−m)2+4yi−2

2σ2

×
{
1− e−

n+m

σ2 + e−
1
σ2

(
e−

2n
σ2 − 1

)}
≥ 0

⇔
∞∑

m=0

m−1∑

n=0

zm+n
i

m!n!
e

−(yi−n)2−(yi−m)2+4yi−2

2σ2

×
{
2
(
1− e−

n+m

σ2

)(
1− e−

1
σ2

)
+ e−

1
σ2

(
e−

n
σ2 − e−

m
σ2

)2}

+

∞∑

m=0

z2mi
(m!)2

e
−(yi−m)2+2yi−1

σ2 (1− e−
2m
σ2 )(1− e−

1
σ2 ) ≥ 0.

The latter inequality holds, since the left-hand side is a sum

of nonnegative terms. Hence, the expression of the Lipschitz

constant µ in (13) is obtained by searching the maximum value

of ηi(0) for all possible values of i ∈ {1, . . . , Q}.

APPENDIX B

PROOF OF THEOREM II.2

It is sufficient to show that, for every i ∈ {1, · · · , Q},

(∀a ∈ (0,+∞))

{
Φ̈

(β)
i (a) > 0 if β > 1,

Φ̈
(β)
i (a) ≥ 0 if β = 1,

(31)
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(a) Original x1 (x+ = 30) (b) Degraded (MAE = 35, SNR = 10.07 dB)

(c) Restoration result with TV prior (MAE =
9.14 , SNR = 21.15 dB, ISNR = 11.08 dB,
SSIM = 0.864)

(d) Restoration result with NLTV prior
(MAE = 8.47 , SNR = 21.72 dB,
ISNR = 11.65 dB, SSIM = 0.875)

(e) Restoration result with Hessian-TV
prior (MAE = 7.91 , SNR = 21.52 dB,
ISNR = 11.44 dB, SSIM = 0.854)

Fig. 2. An example of macroconfocal image restored with our proposed techniques. (A) was degraded by a 25 × 25 truncated Gaussian blur with standard
deviation 1.6 and corrupted with Poisson-Gaussian noise (σ2 = 12). Image results obtained with exact data fidelity term and various prior terms.

where

Φ̈
(β)
i (a) =

((
s(β)(a, yi − 1)

)2
(32)

−s(β)(a, yi)s(β)(a, yi − 2)
)
/
(
s(β)(a, yi)

)2
,

and, for every b ∈ R,

s(β)(a, b) =

+∞∑

n=0

an

n!
ζ
(β)
b (n), (33)

with ζ
(β)
b (·) = e

−
(

|·−b|√
2σ

)β

. The proof reduces to studying the

sign of the numerator of Φ̈
(β)
i . For every a ∈ [0,+∞), b ∈ R

and β ∈ (0,+∞), the following equivalences hold:

(
s(β)(a, b− 1)

)2
− s(β)(a, b)s(β)(a, b− 2) ≥ 0 (34)

⇔
∞∑

m=0

∞∑

n=0

an+m

n!m!
(
ζ
(β)
b (m+ 1)ζ

(β)
b (n+ 1)− ζ

(β)
b (m)ζ

(β)
b (n+ 2)

)
≥ 0

⇔
∞∑

m=0

∞∑

n=0

an+m−1

n!m!
n

×
(
ζ
(β)
b (m+ 1)ζ

(β)
b (n)− ζ

(β)
b (m)ζ

(β)
b (n+ 1)

)
≥ 0

⇔
∞∑

m=0

{
m∑

n=0

an+m−1

n!m!
n
(
ζ
(β)
b (m+ 1)ζ

(β)
b (n)−

ζ
(β)
b (m)ζ

(β)
b (n+ 1)

)
+

∞∑

n=m

an+m−1

n!m!
n

×
(
ζ
(β)
b (m+ 1)ζ

(β)
b (n)− ζ

(β)
b (m)ζ

(β)
b (n+ 1)

)}
≥ 0

⇔
∞∑

m=0

{
m∑

n=0

an+m−1

n!m!
n
(
ζ
(β)
b (m+ 1)ζ

(β)
b (n)−

ζ
(β)
b (m)ζ

(β)
b (n+ 1)

)
+

m∑

n=0

an+m−1

n!m!
m

×
(
ζ
(β)
b (n+ 1)ζ

(β)
b (m)− ζ

(β)
b (n)ζ

(β)
b (m+ 1)

)}
≥ 0

⇔
∞∑

m=0

m∑

n=0

an+m−1

n!m!
(m− n)

×
(
ζ
(β)
b (n+ 1)ζ

(β)
b (m)− ζ

(β)
b (n)ζ

(β)
b (m+ 1)

)
≥ 0.

Furthermore, for all a ∈ (0,+∞), b ∈ R, and (n,m) ∈ N
2
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a) Original x2 (x+ = 12) b) Degraded (MAE=61, SNR=2.19 dB) c) Exact (MAE=7.53, SNR=19.81 dB)

Fig. 3. The original x2, its degraded version and reconstructed with exact Poisson-Gaussian data fidelity term and a Hessian-TV prior.

a) Poiss. (MAE=10.89m SNR=17.30 dB) b) Gauss (MAE=7.62, SNR=19.72 dB) c) GAST (MAE=8.70, SNR=18.60 dB)

d) EXP (MAE=7.53, SNR=19.81 dB) e) SPoiss (MAE=7.63, SNR=19.72 dB) f) WL2 (MAE = 12.46, SNR=16.58 dB)

Fig. 4. The image x2 reconstructed with various approximation of the Poisson-Gaussian neg-log likelihood and a Hessian-TV prior.

with m > n,

an+m−1

n!m!
(m− n)

(
ζ
(β)
b (n+ 1)ζ

(β)
b (m)− ζ

(β)
b (n)ζ

(β)
b (m+ 1)

)
≥ 0

⇔ ζ
(β)
b (n+ 1)ζ

(β)
b (m)− ζ

(β)
b (n)ζ

(β)
b (m+ 1) ≥ 0

⇔ exp

(
−
( |b− n− 1|

σ

)β
−
( |b−m|

σ

)β)

− exp

(
−
( |b− n|

σ

)β
−
( |b−m− 1|

σ

)β)
≥ 0

⇔ |b− n|β − |b− n− 1|β

− (|b−m|β − |b−m− 1|β) ≥ 0. (35)

The above inequality holds if the function

π(β) : R → R

u 7→ |u|β − |u− 1|β (36)
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(a) Original x3 (x+ = 60) (b) Degraded (MAE = 25.27, SNR = 9.37 dB)

(c) Restoration result obtained with TV prior
(MAE = 11.69 , SNR = 15.49 dB, ISNR =
6.12 dB, SSIM = 0.766)

(d) Restoration result obtained with NLTV
prior (MAE = 11.75 , SNR = 15.45 dB,
ISNR = 6.08 dB, SSIM = 0.759)

(e) Restoration result obtained with Hessian-
TV prior (MAE = 11.29 , SNR = 15.82 dB,
ISNR = 6.45 dB, SSIM = 0.781)

Fig. 5. An example of confocal image restored with our proposed techniques. The original image (a) was degraded by a 9 × 9 truncated Gaussian blur
with standard deviation 0.5 and Poisson-Gaussian noise (σ2 = 36). Image results were obtained with exact data fidelity term and various prior terms.

is increasing. To prove this fact, let us study the sign of the

derivative of the function π(β) over its domain. The singularity

points, i.e. u ∈ {0, 1}, can be excluded from the study due to

the continuity of π(β). Then, for β ≥ 1 and u ∈ R\{0, 1} the

derivative is given by

∂π(β)(u)

∂u
=

β (sign(u) |u|β−1 − sign(u− 1) |u− 1|β−1
) = (37){

β (|u|β−1
+ |u− 1|β−1

) if u ∈ (0, 1) ,

β sign(u)(|u|β−1 − |u− 1|β−1
) if u ∈ (−∞, 0) ∪ (1,∞),

where sign denotes the signum function, and

sign

(
∂π(β)(u)

∂u

)
=





sign
(
1− |u/(u− 1)|β−1

)
if u ∈ (−∞, 0) ,

sign
(
|u/(u− 1)|β−1

+ 1
)

if u ∈ (0, 1) ,

sign
(
|u/(u− 1)|β−1 − 1

)
if u ∈ (1,+∞) .

(38)

Hence, it is positive (resp. nonnegative) for β > 1 (resp. β =
1), so that π(β) is strictly increasing (resp. increasing).
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[26] B. C. Vũ, “A splitting algorithm for dual monotone inclusions involving
cocoercive operators,” Adv. Comput. Math., vol. 38, no. 3, pp. 667–681,
2013.

[27] N. Pustelnik, C. Chaux, and J.-C. Pesquet, “Parallel proximal algorithm
for image restoration using hybrid regularization,” IEEE Trans. Image

Process., vol. 20, no. 9, pp. 2450–2462, Sep. 2011.

[28] G. Demoment, “Image reconstruction and restoration: Overview of
common estimation structure and problems,” IEEE Trans. Acous.,

Speech Signal Process., vol. 37, no. 12, pp. 2024–2036, Dec. 1989.

[29] A. Repetti, E. Chouzenoux, and J. Pesquet, “A penalized weighted
least squares approach for restoring data corrupted with signal-dependent
noise,” in Proc. 20th Eur. Sig. Proc. Conf. (EUSIPCO 2012), Bucharest,
Roumania, 27-31 Aug. 2012, pp. 1553–1557.
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