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Prolégomènes

Toute oeuvre qui se destine aux hommes ne devrait jamais être écrite que sous le

nom de Οὖτίς. C’est le nom par lequel Όδυσσεύς (Ulysse) s’est présenté au cyclope

Polyphème dont il venait de crever l’oeil. Rares sont les moments de l’Odyssée où

Όδυσσεύς communique son véritable nom ; il est le voyageur anonyme par excellence et

ne sera reconnu qu’à la fin de son périple par ceux qui ont fidèlement préservé sa mémoire.

Mais que vient faire un tel commentaire au début d’un livre de mathématiques ? Toutes

les activités de pensée nous amènent, un jour ou l’autre, à nous demander si nous sommes

bien les propriétaires de nos pensées. Peut-on seulement les enfermer dans un livre et y

associer notre nom ? N’en va-t-il pas pour elles comme il en va de l’amour ? Aussitôt

possédées, elles perdent leur attrait, aussitôt enfermées elles perdent vie. Plus on touche

à l’universel, moins la possession n’a de sens. Les Idées n’appartiennent à personne

et la vérité est ingrate : elle n’a que faire de ceux qui la disent. Ô lecteur ! Fuis la

renommée ! Car, aussitôt une reconnaissance obtenue, tu craindras de la perdre et, tel

Don Quichotte, tu t’agiteras à nouveau pour te placer dans une vaine lumière. C’est un

plaisir tellement plus délicat de laisser aller et venir les Idées, de constater que les plus

belles d’entre elles trouvent leur profondeur dans l’éphémère et que, à peine saisies, elles

ne sont déjà plus tout à fait ce qu’on croit. Le doute est essentiel à toute activité de

recherche. Il s’agit non seulement de vérifier nos affirmations, mais aussi de s’étonner

devant ce qui se présente. Sans le doute, nous nous contenterions d’arguments d’autorité

et nous passerions devant les problèmes les plus profonds avec indifférence. On écrit

rarement toutes les interrogations qui ont jalonné la preuve d’un théorème. Une fois

une preuve correcte établie, pourquoi se souviendrait-on de nos errements ? Il est si

reposant de passer d’une cause à une conséquence, de voir dans le présent l’expression

mécanique du passé et de se libérer ainsi du fardeau de la mémoire. Dans la vie morale,

personne n’oserait pourtant penser ainsi et cette paresse démonstrative passerait pour

une terrible insouciance. Ce Petit Livre Magnétique présente une oeuvre continue et

tissée par la mémoire de son auteur au cours de trois années de méditation. Au lieu

de se disperser dans la multitude des représentations et des problèmes qui recouvrent la

surface du monde de l’analyse, il fait le pari qu’une profonde singularité peut parler au

plus grand nombre. Pourquoi courir après les modes, si nous voulons durer ? Pourquoi

vouloir changer, puisque la réalité elle-même est changement ? Ô lecteur, prends le

temps de juger des articulations et du développement des concepts pour t’en forger une

idée vivante ! Si ce livre fait nâıtre le doute et l’étonnement, c’est qu’il aura rempli son

oeuvre.
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CHAPTER 1

A magnetic story

Γνῶθι σεαυτόν.

1. The realm of λ1(h)

1.1. Once upon a time... Let us present the main two reasons which lead to the

analysis of the magnetic Laplacian.

The first motivation arises from the mathematical theory of superconductivity. A

model for this theory (see [151]) is given by the Ginzburg-Landau functional:

G(ψ,A) =

∫

Ω

|(−i∇+ κσA)ψ|2 − κ2|ψ|2 + κ2

2
|ψ|4 dx+ κ2

∫

Ω

|σ∇×A− σB|2 dx,

where Ω ⊂ R
d is the place occupied by the superconductor, ψ is the so-called order

parameter (|ψ|2 is the density of Cooper pairs), A is a magnetic potential and B the

applied magnetic field. The parameter κ is characteristic of the sample (the supercon-

ductors of type II are such that κ >> 1) and σ corresponds to the intensity of the applied

magnetic field. Roughly speaking, the question is to know what the nature of minimizers

is. Are they normal, that is (ψ,A) = (0,F) with ∇× F = B (and ∇ · F = 0), or not?

We can mention the important result of Giorgi-Phillips [69] which states that, if the

applied magnetic field does not vanish, then, for σ large enough, the normal state is the

unique minimizer of G (with the divergence free condition). When analyzing the local

minimality of (0,F), we are led to compute the Hessian of G at (0,F) and to analyze the

positivity of:

(−i∇+ κσA)2 − κ2.

For further details, we refer to the book of Fournais and Helffer [61] and to the papers

by Lu and Pan [116, 117]. Therefore the theory of superconductivity leads to investi-

gate the lowest eigenvalue λ1(h) of the Neumann realization of the magnetic Laplacian

(−ih∇+A)2, where h > 0 is small (κ is assumed to be large).

The second motivation is to understand at which point there is an analogy between

the electric Laplacian −h2∆ + V (x) and the magnetic Laplacian (−ih∇ + A)2. For

instance, in the electric case, when V admits a unique and non-degenerate minimum at

3



4 1. A MAGNETIC STORY

0 and satisfies lim inf |x|→+∞ V (x) > V (0), we know that the n-th eigenvalue λn(h) exists

and verifies:

(1.1.1) λn(h) = V (0) + (2n− 1)γh+O(h2),

where γ is related to the Hessian matrix of V at 0. Therefore a natural question arises:

“Are there similar results to (1.1.1) in pure magnetic cases?”

In order to answer this question this book develops a theory of the Magnetic Harmonic

Approximation. Concerning the Schrödinger equation in presence of magnetic field the

reader may consult the surveys [126], [53] and [83].

Jointly with (1.1.1) it is also well-known that we can perform WKB constructions for

the electric Laplacian (see the book of Dimassi and Sjöstrand [44, Chapter 3]). Unfor-

tunately such constructions do not seem to be possible in general for the magnetic case

(see the course of Helffer [76, Section 6] and the paper by Martinez and Sordoni [123])

and the naive localization estimates of Agmon are no more optimal (see for instance

[93] and [129]). In some generic situations, we can prove accurate asymptotic (in the

semiclassical regime h→ 0) expansions for the eigenvalues of the electric Laplacian and

also provide a very fine (WKB) approximation of the attached eigenfunctions. For the

magnetic situation, such accurate expansions are difficult to obtain. In fact, the more we

know about the expansion of the eigenpairs, the more we can estimate the tunnel effect

in the spirit of the electric tunnel effect of Helffer and Sjöstrand (see for instance [91, 92]

and [153, 154]) when there are symmetries. Estimating the magnetic tunnel effect is

still a widely open question directly related to the approximation of the eigenfunctions

(see [93] for electric tunneling in presence of magnetic field and [13] in the case with

corners). Hopefully the main philosophy living throughout this book will prepare the

future investigations on this fascinating subject. In particular we will provide the first

examples of magnetic WKB constructions inspired by the recent work [17]. This book

proposes a change of perspective in the study of the magnetic Laplacian. In fact, during

the past decade, the philosophy behind the spectral analysis was definitely variational.

Many papers dealt with the construction of quasimodes used as test functions for the

quadratic form associated with the magnetic Laplacian. In any case the attention was

focused on the functions of the domain more than on the operator itself. In this book

we systematically try to inverse the point of view: the main problem is no more to find

appropriate quasimodes but an appropriate representation of the operator. By doing this

we will partially leave the min-max principle and the variational theory for the spectral

theorem and the microlocal and hypoelliptic spirit.
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1.2. Definitions. Let Ω be a Lipschitzian domain in R
d. Let us denote A =

(A1, · · · , Ad) a smooth vector potential on Ω. We consider the 1-form (see [5, Chap-

ter 7]):

ωA =
d∑

k=1

Ak dxk.

We introduce the exterior derivative of ωA:

σB := dωA =
∑

j<k

Bj,k dxj ∧ dxk.

In dimension two, the only coefficient is B12 = β = ∂x1A2 − ∂x2A1. In dimension three,

the magnetic field is defined as:

B = (B1, B2, B3) = (B23,−B13, B12) = ∇×A.

We will discuss in this book the spectral properties of some self-adjoint realizations of

the magnetic operator:

Lh,A,Ω =
d∑

k=1

(−ih∂k + Ak)
2,

where h > 0 is a parameter (related to the Planck constant). We notice the fundamental

property, called gauge invariance:

e−iφ(−i∇+A)eiφ = −i∇+A+∇φ
so that:

e−iφ(−i∇+A)2eiφ = (−i∇+A+∇φ)2,
where φ ∈ H1(Ω,R).

1.3. A fascination for λ1(h).

1.3.1. Constant magnetic field. In dimension two the constant magnetic field case is

treated when Ω is a disk (with Neumann condition) by Bauman, Phillips and Tang in

[8] (see [10] for the Dirichlet case). In particular, they prove a two terms expansion in

the form:

λ1(h) = Θ0h− C1

R
h3/2 + o(h3/2),

where Θ0 ∈ (0, 1) and C1 > 0 are universal constants. This result, which was conjectured

in [9, 43], is generalized to smooth and bounded domains by Helffer and Morame in [85]

where it is proved that:

(1.1.2) λ1(h) = Θ0h− C1κmaxh
3/2 + o(h3/2),

where κmax is the maximal curvature of the boundary. Let us emphasize that, in these

papers, the authors are only concerned by the first terms of the asymptotic expansion



6 1. A MAGNETIC STORY

of λ1(h). In the case of smooth domains the complete asymptotic expansion of all the

eigenvalues is done by Fournais and Helffer in [60]. When the boundary is not smooth, we

may mention the papers of Jadallah and Pan [99, 133]. In the semiclassical regime, we

refer to the papers of Bonnaillie-Noël, Dauge and Fournais [11, 12, 16]. For numerical

investigations the reader may consider the paper [13].

In dimension three the constant magnetic field case (with intensity 1) is treated by

Helffer and Morame in [87] under generic assumptions on the (smooth) boundary of Ω:

λ1(h) = Θ0h+ γ̂0h
4/3 + o(h4/3),

where the constant γ̂0 is related to the magnetic curvature of a curve in the boundary

along which the magnetic field is tangent to the boundary. The case of the ball is

analyzed in details by Fournais and Persson in [62].

1.3.2. Variable magnetic field. The case when the magnetic field is not constant can

be motivated by anisotropic superconductors (see for instance [29, 3]) or the liquid

crystal theory (see [88, 89, 142, 140]). For the case with a non vanishing variable

magnetic field, we refer to [116, 139] for the first terms of the lowest eigenvalue. In

particular the paper [139] provides (under a generic condition) an asymptotic expansion

with two terms in the form:

λ1(h) = Θ0b
′h+ C2D

1 (x0,B, ∂Ω)h
3/2 + o(h3/2),

where C2D
1 (x0,B, ∂Ω) depends on the geometry of the boundary and on the magnetic

field at x0 and where b′ = min
∂Ω

B = B(x0). When the magnetic field vanishes, the first

analysis of the lowest eigenvalue is due to Montgomery in [127] followed by Helffer and

Morame in [84] (see also [134, 78, 80]).

In dimension three (with Neumann condition on a smooth boundary), the first term of

λ1(h) is given by Lu and Pan in [117]. The next terms in the expansion are investigated

in [141] where we can find in particular an upper bound in the form

λ1(h) ≤ ‖B(x0)‖σ(θ(x0))h+ C3D
1 (x0,B, ∂Ω)h

3/2 + C3D
2 (x0,B, ∂Ω)h

2 + Ch5/2,

where σ is a spectral invariant defined in the next section, θ(x0) is the angle of B(x0) with

the boundary at x0 and the constants C3D
j (x0,B, ∂Ω) are related to the geometry and the

magnetic field at x0 ∈ ∂Ω. Let us finally mention the recent paper by Bonnaillie-Noël-

Dauge-Popoff [14] which establishes a one term asymptotics in the case of a polyhedral

Neumann boundary.

1.4. Some model operators. It turns out that the results recalled in Section 1.3

are related to many model operators. Let us introduce some of them.



1. THE REALM OF λ1(h) 7

1.4.1. De Gennes operator. The analysis of the magnetic Laplacian with Neumann

condition on R
2
+ makes the so-called de Gennes operator to appear. We refer to [39]

where this model is studied in details (see also [61]). For ξ ∈ R, we consider the Neumann

realization on L2(R+) of

(1.1.3) LdG
ξ = − d2

dt2
+ (t− ξ)2.

We denote by µdG(ξ) the lowest eigenvalue of LdG(ξ). It is possible to prove that the

function ξ 7→ µdG(ξ) admits a unique and non-degenerate minimum at a point ξ0 > 0

and that we have

(1.1.4) Θ0 := min
ξ∈R

µdG(ξ) ∈ (0, 1).

1.4.2. Montgomery operator. Let us now introduce another important model. This

one was introduced by Montgomery in [127] to study the case of vanishing magnetic

fields in dimension two (see also [134] and [87, Section 2.4]). This model was revisited

by Helffer in [77], generalized by Helffer and Persson in [90] and Fournais and Persson

in [63]. The Montgomery operator with parameters η ∈ R is the self-adjoint realization

on R of:

(1.1.5) LMo
η = D2

t +

(
−η + t2

2

)2

.

1.4.3. Popoff operator. The investigation of the magnetic Laplacian on dihedral do-

mains (see [136]) leads to the analysis of the Neumann realization on L2(Sα, dt dz) of:

(1.1.6) LPo
α,η = D2

t +D2
z + (η − t)2,

where Sα is the sector with angle α.

1.4.4. Lu-Pan operator. Let us present a last model operator appearing in dimension

three in the case of smooth Neumann boundary (see [117, 86, 15]). We denote by (s, t)

the coordinates in R
2 and by R

2
+ the half-plane:

R
2
+ = {(s, t) ∈ R

2, t > 0}.

We introduce the self-adjoint Neumann realization on the half-plane R2
+ of the Schrödinger

operator LLP
θ with potential Vθ:

(1.1.7) LLP
θ = −∆+ Vθ = D2

s +D2
t + Vθ,

where Vθ is defined for any θ ∈ (0, π
2
) by

Vθ : (s, t) ∈ R
2
+ 7−→ (t cos θ − s sin θ)2.
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We can notice that Vθ reaches its minimum 0 all along the line t cos θ = s sin θ, which

makes the angle θ with ∂R2
+. We denote by σ1(θ) or simply σ(θ) the infimum of the

spectrum of LLP
θ .

2. An unexpected connection with waveguides

2.1. Existence of a bound state of LLP
θ . Among other things one can prove (cf.

[86, 117]):

Lemma 1.1. For all θ ∈
(
0, π

2

)
there exists an eigenvalue of LLP

θ below the essential

spectrum which equals [1,+∞).

A classical result combining an estimate of Agmon (cf. [1]) and a theorem due to

Persson (cf. [135]) implies that the corresponding eigenfunctions are localized near (0, 0).

This result is slightly surprising since the existence of the discrete spectrum is related

to the association between the Neumann condition and the partial confinement of Vθ.

After translation and rescaling, we are led to a new operator:

hD2
s +D2

t + (t− ξ0 − sh1/2)2 −Θ0,

where h = tan θ. Then one can reduce the analysis to the so-called Born-Oppenheimer

approximation (see for instance [119]):

hD2
s + µdG

1 (ξ0 + sh1/2)−Θ0.

This operator is very easy to analyze with the classical theory of the harmonic approxi-

mation and we get (see [15]):

Theorem 1.2. The lowest eigenvalues of LLP
θ admit the following expansions:

(1.2.1) σn(θ) ∼
θ→0

∑

j≥0

γj,nθ
j

with γ0,n = Θ0 et γ1,n = (2n− 1)

√
(µdG1 )′′(ξ0)

2
.

2.2. A result of Duclos and Exner. Figure 1 can make us think to a broken

waveguide. Indeed, if one uses the Neumann condition to symmetrize LLP
θ and if one

replaces the confinement property of Vθ by a Dirichlet condition, we are led to the

situation described in Figure 2. This heuristic comparison reminds the famous paper [48]

where Duclos and Exner introduce a definition of standard (and smooth) waveguides.
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σ1(θ) 1.0001656284 0.99987798948 0.99910390126 0.99445407220

Figure 1. First eigenfunction of LLP
θ for θ = ϑπ/2 with ϑ = 0.9, 0.85, 0.8

et 0.7.

(0,0) 2θ θ(− π
sin θ

, 0)

Dirichlet

Ωθ Ω+
θ

Neumann

Figure 2. Waveguide with corner Ωθ and half-waceguide Ω+
θ .

For example, in dimension two (see Figure 3), a waveguide of width ε is determined by

a smooth curve s 7→ γ(s) ∈ R
2 as the subset of R2 given by:

{γ(s) + tn(s), (s, t) ∈ R× (−ε, ε)} ,

where n(s) is the normal to the curve γ(R) at the point γ(s).

Assuming that the waveguide is straight at infinity but not everywhere, Duclos and

Exner prove that there is always an eigenvalue below the essential spectrum (in the case

of a circular cross section in dimensions two and three). Let us notice that the essential

spectrum is [λ,+∞) where λ is the lowest eigenvalue of the Dirichlet Laplacian on the

cross section. The proof of the existence of discrete spectrum is elementary and relies
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Figure 3. Waveguide

on the min-max principle. Letting ψ ∈ H1
0 (Ω) :

q(ψ) =

∫

Ω

|∇ψ|2 dx,

it is enough to find ψ0 such that q(ψ0) < λ‖ψ0‖L2(Ω). Such a function can be constructed

by considering a perturbed Weyl sequence associated with λ.

2.3. Waveguides and magnetic fields. Bending a waveguide induces discrete

spectrum below the essential spectrum, but what about twisting a waveguide? This

question arises for instance in the papers [105, 109, 52] where it is proved that twisting

a waveguide plays against the existence of the discrete spectrum. In the case without

curvature, the quadratic form is defined for ψ ∈ H1
0(R× ω) by:

q(ψ) = ‖∂1ψ − ρ(s)(t3∂2 − t2∂3)ψ‖2 + ‖∂2ψ‖2 + ‖∂3ψ‖2,

where s 7→ ρ(s) represents the effect of twisting the cross section ω and (t2, t3) are

coordinates in ω. From a heuristic point of view, the twisting perturbation seems to act

“as” a magnetic field. This leads to the natural question:

“Is the spectral effect of a torsion the same as the effect of a magnetic field?”

If the geometry of a waveguide can formally generate a magnetic field, we can conversely

wonder if a magnetic field can generate a waveguide. This remark partially appears in

[45] where the discontinuity of a magnetic field along a line plays the role of a waveguide.

More generally it appears that, when the magnetic field cancels along a curve, this curve

becomes an effective waveguide.
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3. Organization of the book

3.1. Spectral analysis of model operators and spectral reductions. Chap-

ter 2 deals with model operators. This notion of model operators is fundamental in

the theory of the magnetic Laplacian. We have already introduced some important and

historical examples. There are essentially two natural ways to meet reductions to model

operators. The first approach can be realized thanks to a (space) partition of unity which

reduces the spectral analysis to the one of localized and simplified models (we straighten

the geometry and freeze the magnetic field). The second approach, which is compara-

tively deeper, is to identify the possible different scales of the problem, that is the fast

and slow variables. This often involves an investigation in the microlocal spirit: we shall

analyze the properties of symbols and deduce a microlocal reduction to a spectral prob-

lem in lower dimension. In Chapter 2 we provide explicit examples of this philosophy. In

Chapter 2, Section 1 we introduce a model which is fundamental to describe the effect

of conical singularities of the boundary on the magnetic eigenvalues. This is an example

which is given by the first kind of approach (freeze the geometry and the magnetic field).

It will turn out that the spectral analysis of this model can be done in the spirit of the

second approach (different scales and dimensional reduction). In Chapter 2, Section 2

we present a model related to vanishing magnetic fields in dimension two. Due to an

inhomogeneity of the magnetic operator, this other model leads to a microlocal reduction

and therefore to the analysis of an effective symbol. In fact, the example of Section 2

can lead to a more general framework. In Chapter 2, Section 3 we provide a general

and elementary theory of the “magnetic Born-Oppenheimer approximation” which is

a systematic semiclassical reduction to model operators (under generic assumptions on

some effective symbols).

The model operators are studied in Chapters 7 and 8 (see also basic arguments and

examples in Chapters 5 and 6) and the Born-Oppenheimer approximation is discussed

in Chapters 9 and 10.

3.2. Normal forms philosophy and the magnetic semi-excited states. As we

have seen there is a non trivial connection between the discrete spectrum, the possible

magnetic field and the possible boundary. In fact normal form procedures are often

deeply rooted in the different proofs, not only in the semiclassical framework. We present

in Chapter 3 the results of four studies [46], [143], [138], [146] which are respectively

detailed in Chapters 11, 12, 13, 14. These studies are concerned by the semiclassical

asymptotics of the magnetic eigenvalues and eigenfunctions. Nevertheless, the philosophy

which is developed there may apply to more general situations.
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3.2.1. A new philosophy for the magnetic Laplacian... We now describe the philoso-

phy of the proofs of asymptotic expansions for the magnetic Laplacian with respect to a

parameter α (which tends to zero and which might be for example the semiclassical pa-

rameter). Let us distinguish between the different conceptual levels of the analysis. Our

analysis uses the standard construction of quasimodes, localization techniques (“IMS”

formula) and a priori estimates of Agmon type satisfied by the eigenfunctions. These

“standard” tools, which are used in most of the papers dealing with λ1(α), are not enough

to investigate λn(α) due to the spectral splitting arising sometimes in subprincipal terms.

In fact such a fine behavior is the sign of a microlocal effect. In order to investigate this

effect, we use normal form procedures in the spirit of the Birkhoff normal form. It turns

out that this normal form strategy also strongly simplifies the construction of quasi-

modes. Once the behavior of the eigenfunctions in the phase space is established, we use

the Feshbach-Grushin approach to reduce our operator to an electric Laplacian. Let us

comment more in details the whole strategy.

The first step to analyze such problems is to perform an accurate construction of

quasimodes and to apply the spectral theorem. In other words we look for pairs (λ, ψ)

such that we have ‖(Lα−λ)ψ‖ ≤ ε‖ψ‖. Such pairs are constructed through an homoge-

nization procedure involving different scalings with respect to the different variables. In

particular the construction uses a formal power series expansion of the operator and an

Ansatz in the same form for (λ, ψ). The main difficulty in order to succeed is to choose

the appropriate scalings.

The second step aims at giving a priori estimates satisfied by the eigenfunctions.These

are localization estimates à la Agmon (see [1]). To prove them one generally needs to

have a priori estimates for the eigenvalues which can be obtained with a partition of

unity and local comparisons with model operators. Then such a priori estimates, which

are in general not optimal, involve an improvement in the asymptotic expansion of the

eigenvalues. It turns out that, if we are just interested in the first terms of λ1(α), these

classical tools are enough.

As we are interested in expansions at any order of λn(α) we have to enlighten the

underlying structure of the magnetic Laplacian which is comparatively deeper than the

one of the electric Laplacian. To understand at which point the problem is different from

the situation when we just want to analyze λ1(α), let us describe what is done for the 2D

case in [60] (constant magnetic field, α = h) and in [145] (non constant magnetic field).

In [60, 145] quasimodes are constructed and the usual localization estimates are proved.

Then the behavior with respect to a phase variable needs to be determined to allow a

dimensional reduction. Let us underline here that this phenomenon of phase localization
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is characteristic of the magnetic Laplacian and is intimately related to the structure of

the low lying spectrum. Surprisingly it is almost never investigated. In [60] Fournais

and Helffer are led to use the pseudo-differential calculus and the Grushin formalism. In

[145] the approach is structurally not the same. In [145], in the spirit of the Egorov

theorem (see [50, 149, 121]), we use successive canonical transforms of the symbol of

the operator corresponding to unitary transforms (change of gauge, change of variable,

Fourier transform) and we reduce the operator, modulo remainders which are controlled

thanks to the a priori estimates, to an electric Laplacian being in the Born-Oppenheimer

form (see [33, 119] and more recently [15]). This reduction enlightens the crucial idea

that the inhomogeneity of the magnetic operator is responsible for the spectral structure.

3.2.2. ... which leads to the Birkhoff procedure. As we suggested above, our magnetic

normal forms are close to the Birkhoff procedure and it is rather surprising that it has

never been implemented to enlighten the effect of magnetic fields on the low lying eigen-

values of the magnetic Laplacian. A reason might be that, compared to the case of a

Schrödinger operator with an electric potential, the magnetic case presents a major diffi-

culty: the symbol “itself” is not enough to generate a localization of the eigenfunctions.

This difficulty can be seen in the recent papers by Helffer and Kordyukov [79] (dimension

two) and [81] (dimension three) which treat cases without boundary. In dimension three

they provide accurate constructions of quasimodes, but do not establish the semiclassical

asymptotic expansions of the eigenvalues which is still an open problem. In dimension

two, they prove that if the magnetic field has a unique and non-degenerate minimum,

the j-th eigenvalue admits an expansion in powers of h1/2 of the form:

λj(h) ∼ hmin
q∈R2

B(q) + h2(c1(2j − 1) + c0) +O(h5/2),

where c0 and c1 are constants depending on the magnetic field. In Chapter 14, we extend

their result by obtaining a complete asymptotic expansion which actually applies to more

general magnetic wells.

3.3. The spectrum of waveguides. In Chapter 4 we present some results occur-

ring in the theory of waveguides. In particular we consider the question:

“What is the spectral influence of a magnetic field on a waveguide ?”

We answer this question in Chapter 15. Then, when there is no magnetic field, we would

like to analyze the effect of a corner on the spectrum and present a non smooth version

of the result of Duclos and Exner (see Chapter 17). For that purpose we also present

some results concerning the semiclassical triangles in Chapter 16.





CHAPTER 2

Models and spectral reductions

Par conséquent, dans cette connaissance intérieure, la

chose en soi s’est sans doute débarrassée d’un grand

nombre de ses voiles, sans toutefois qu’elle se présente

tout à fait nue et sans enveloppe. [...] C’est en ce sens

que j’enseigne que la volonté est l’essence de toute

chose et que je l’appelle la chose en soi.

Le Monde comme Volonté et comme Représentation,

Chapitre XVIII, Schopenhauer

In this chapter we introduce two model operators (depending on parameters). The

first one is the Neumann Laplacian on a circular cone of aperture α with a constant

magnetic field. This model is quite important in the study of problems with non smooth

boundaries in dimension three. The second one appears in dimension two when studying

vanishing magnetic fields in the case when the cancellation line of the field intersects the

boundary. These models will already give a flavor of the techniques which travel through

this book. We also present in this chapter a general procedure of reduction to model

operators which we call magnetic Born-Oppenheimer approximation.

1. The power of the peaks

We are interested in the low-lying eigenvalues of the magnetic Neumann Laplacian

with a constant magnetic field applied to a “ peak ”, i.e. a right circular cone Cα. The

right circular cone Cα of angular opening α ∈ (0, π) (see Figure 1) is defined in the

cartesian coordinates (x, y, z) by

Cα = {(x, y, z) ∈ R
3, z > 0, x2 + y2 < z2 tan2 α

2
}.

Let B be the constant magnetic field

B(x, y, z) = (0, sin β, cos β)T,

15



16 2. MODELS AND SPECTRAL REDUCTIONS

where β ∈
[
0, π

2

]
. We choose the following magnetic potential A:

A(x, y, z) =
1

2
B× x =

1

2
(z sin β − y cos β, x cos β,−x sin β)T.

We consider Lα,β the Friedrichs extension associated with the quadratic form

QA(ψ) = ‖(−i∇+A)ψ‖2L2(Cα),

defined for ψ ∈ H1
A
(Cα) with

H1
A
(Cα) = {u ∈ L2(Cα), (−i∇+A)u ∈ L2(Cα)}.

The operator Lα is (−i∇+A)2 with domain:

H2
A
(Cα) = {u ∈ H1

A
(Cα), (−i∇+A)2u ∈ L2(Cα), (−i∇+A)u · ν = 0 on ∂Cα}.

We define the n-th eigenvalue λn(α, β) of Lα,β as the n-th Rayleigh quotient (see Chapter

5). Let ψn(α, β) be a normalized associated eigenvector (if it exists).

Remark 2.1. In the constant magnetic field case, due to the dilation invariance of

the cone and to the scaling x = b−1/2X, the operator (−i∇x + bA(x))2 with b > 0 is

unitarily equivalent to b(−i∇X +A(X))2.

B

α

Cα

β

Figure 1. Geometric setting.

1.1. Why studying magnetic cones? One of the most interesting results of the

last fifteen years is provided by Helffer and Morame in [85] where they prove that the

magnetic eigenfunctions, in 2D, concentrates near the points of the boundary where the

(algebraic) curvature is maximal, see (1.1.2). This nice property aroused interest in

domains with corners, which somehow correspond to points of the boundary where the
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curvature becomes infinite (see [99, 133] for the quarter plane and [11, 12] for more

general domains). Denoting by Sα the sector in R
2 with angle α and considering the

magnetic Neumann Laplacian with constant magnetic field of intensity 1, it is proved in

[11] that, as soon as α is small enough, a bound state exists. Its energy is denoted by

µ(α). An asymptotic expansion at any order is even provided (see [11, Theorem 1.1]):

(2.1.1) µ(α) ∼ α
∑

j≥0

mjα
2j, with m0 =

1√
3
.

In particular, this proves that µ(α) becomes smaller than the lowest eigenvalue of the

magnetic Neumann Laplacian in the half-plane with constant magnetic field (of intensity

1), that is:

µ(α) < Θ0, α ∈ (0, α0),

where Θ0 is defined in (1.1.4). An important consequence is that the third critical field is

larger when there are corners than in the regular boundary case (see [16]). This motivates

the study of dihedral domains (see [136, 137]). Another possibility of investigation, in

dimension three, is the case of a conical singularity of the boundary. We would especially

like to answer the following questions: Can we go below µ(α) and can we describe the

structure of the spectrum when the aperture of the cone goes to zero?

1.2. The magnetic Laplacian in spherical coordinates. The spherical coordi-

nates are naturally adapted to the geometry and we consider the change of variable:

Φ(t, θ, ϕ) := (x, y, z) = α−1/2(t cos θ sinαϕ, t sin θ sinαϕ, t cosαϕ).

We denote by P the semi-infinite rectangular parallelepiped

P := {(t, θ, ϕ) ∈ R
3, t > 0, θ ∈ [0, 2π), ϕ ∈ (0, 1

2
)}.

Let ψ ∈ H1
A
(Cα). We write ψ(Φ(t, θ, ϕ)) = α1/4ψ̃(t, θ, ϕ) for any (t, θ, ϕ) ∈ P in these

new coordinates and we have

‖ψ‖2L2(Cα) =
∫

P
|ψ̃(t, θ, ϕ)|2 t2 sinαϕ dt dθ dϕ,

and:

QA(ψ) = αQα,β(ψ̃),

where the quadratic form Qα,β is defined on the form domain H1
Ã
(P) by

(2.1.2) Qα,β(ψ) :=

∫

P

(
|P1ψ|2 + |P2ψ|2 + |P3ψ|2

)
dµ̃,

with the measure

dµ̃ = t2 sinαϕ dt dθ dϕ,
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and:

H1
Ã
(P) = {ψ ∈ L2(P , dµ̃), (−i∇+ Ã)ψ ∈ L2(P , dµ̃)}.

We also have:

P1 = Dt − tϕ cos θ sin β)t2(Dt − tϕ cos θ sin β,

P2 = (t sin(αϕ))−1

(
Dθ +

t2

2α
sin2(αϕ) cos β +

t2ϕ

2

(
1− sin(2αϕ)

2αϕ

)
sin β sin θ

)
,

P3 = (t sin(αϕ))−1Dϕ.

We consider Lα,β the Friedrichs extension associated with the quadratic form Qα,β:

Lα,β = t−2(Dt − tϕ cos θ sin β)t2(Dt − tϕ cos θ sin β)

+
1

t2 sin2(αϕ)

(
Dθ +

t2

2α
sin2(αϕ) cos β +

t2ϕ

2

(
1− sin(2αϕ)

2αϕ

)
sin β sin θ

)2

+
1

α2t2 sin(αϕ)
Dϕ sin(αϕ)Dϕ.

We define λ̃n(α, β) the n-th eigenvalue of Lα,β.

1.3. Spectrum of the magnetic cone in the small angle limit. We aim at

estimating the discrete spectrum, if it exists, of Lα,β. For that purpose, we shall first

determine the bottom of its essential spectrum. From Persson’s characterization of the

infimum of the essential spectrum, it is enough to consider the behavior at infinity and

it is possible to establish:

Proposition 2.2. Let us denote by σess(Lα,β) the essential spectrum of Lα,β. We

have:

inf σess(Lα,β) ∈ [Θ0, 1],

where Θ0 > 0 is defined in (1.1.4).

At this stage we still do not know that discrete spectrum exists. As it is the case in

dimension two (see [11]) or in the case on infinite wedge (see [136]), there is hope to

prove such an existence in the limit α → 0.

Theorem 2.3. For all n ≥ 1, there exist α0(n) > 0 and a sequence (γj,n)j≥0 such

that, for all α ∈ (0, α0(n)), the n-th eigenvalue exists and satisfies:

λn(α, β) ∼
α→0

α
∑

j≥0

γj,nα
j, with γ0,n =

√
1 + sin2 β

25/2
(4n− 1).
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Remark 2.4. In particular the main term is minimum when β = 0 and in this case

Theorem 2.3 states that λ1(α) ∼ 3
25/2

α. We have 3
25/2

< 1√
3
so that the lowest eigenvalue

of the magnetic cone goes below the lowest eigenvalue of the 2D magnetic sector (see

(2.1.1)).

Remark 2.5. As a consequence of Theorem 2.3, we deduce that the lowest eigenvalues

are simple as soon as α is small enough. Therefore, the spectral theorem implies that the

quasimodes constructed in the proof are approximations of the eigenfunctions of Lα,0. In
particular, using the rescaled spherical coordinates, for all n ≥ 1, there exist αn > 0 and

Cn such that, for α ∈ (0, αn):

‖ψ̃n(α)− fn‖L2(P, dµ̃) ≤ Cnα
2,

where fn is related to the n-th Laguerre’s function.

1.3.1. Axissymmetric case: β = 0. We apply the strategy presented in Chapter 1,

Section 3. In this situation, the phase variable that we should understand is the dual

variable of θ given by a Fourier series decomposition and denoted by m ∈ Z. In other

words, we realize a Fourier decomposition of Lα,0 with respect to θ and we introduce the

family of 2D-operators (Lα,0,m)m∈Z acting on L2(R, dµ):

Lα,0,m = − 1

t2
∂tt

2∂t +
1

t2 sin2(αϕ)

(
m+

sin2(αϕ)

2α
t2
)2

− 1

α2 t2 sin(αϕ)
∂ϕ sin(αϕ)∂ϕ,

with

R = {(t, ϕ) ∈ R
2, t > 0, ϕ ∈ (0, 1

2
)},

and

dµ = t2 sin(αϕ) dt dϕ.

We denote Qα,0,m the quadratic form associated with Lα,0,m. This normal form is also

the suitable form to construct quasimodes. Then an integrability argument proves that

the eigenfunctions are microlocalized in m = 0, i.e. they are axisymmetric. This

allows a reduction of dimension. It remains to notice that the last term in Lα,0,0
is penalized by α−2 so that the Feshbach-Grushin projection on the groundstate of

−α−2(sin(αϕ))−1∂ϕ sin(αϕ)∂ϕ (the constant function) acts as an approximation of the

identity on the eigenfunctions. In other words the spectrum of Lα,0,0 is described modulo

lower order terms by the spectrum of the average of Lα,0 with respect to ϕ.

A detailed proof is given in Chapter 8.
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1.3.2. Case β ∈
[
0, π

2

]
. In this case we cannot use the axisymmetry, but we are

still able to construct formal series and prove localization estimates of Agmon type.

Moreover we notice that the magnetic momentum with respect to θ is strongly penalized

by (t2 sin2(αϕ))−1 so that, jointly with the localization estimates it is possible to prove

that the eigenfunctions are asymptotically independent from θ and we are reduced to

the situation β = 0.

2. Vanishing magnetic fields and boundary

2.1. Why considering vanishing magnetic fields? A motivation is related to

the papers of R. Montgomery [127], X-B. Pan and K-H. Kwek [134] and B. Helffer

and Y. Kordyukov [78] (see also [84] and [76]) where the authors analyze the spectral

influence of the cancellation of the magnetic field in the semiclassical limit. Another

motivation appears in the paper [45] where the authors are concerned with the “magnetic

waveguides” and inspired by the physical considerations [148, 74] (see also [96]). In any

case the case of vanishing magnetic fields can inspire the analysis non trivial examples

of magnetic normal forms, as we will see later.

2.2. Montgomery operator. Without going into the details let us explain which

model operator is introduced in [127]. Montgomery was concerned by the magnetic

Laplacian (−ih∇ + A)2 on L2(R2) in the case when the magnetic field B = ∇ × A

vanishes along a smooth curve Γ. Assuming that the magnetic field non degenerately

vanishes, he was led to consider the self-adjoint realization on L2(R2) of:

L = D2
t + (Ds − st)2.

In this case the magnetic field is given by β(s, t) = s so that the zero locus of β is the

line s = 0. Let us write the following change of gauge:

LMo = e−i
s2t
2 L ei

s2t
2 = D2

s +

(
Dt +

s2

2

)2

.

The Fourier transform (after changing ξ in −ξ) with respect to t gives the direct integral:

LMo =

∫ ⊕
LMo
ξ dξ, where LMo

ξ = D2
s +

(
−ξ + s2

2

)2

.

Note that this family of model operators will be seen as special case of a more general

family in Section 3.2. From this representation, we deduce that:

(2.2.1) σ(L) = σ(L) = [µMo,+∞) ,
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where µMo is defined as:

µMo = inf
ξ∈R

µMo
1 (ξ),

where µMo
1 (ξ) denotes the first eigenvalue of LMo

ξ . Let us recall a few important properties

of µMo
1 (ξ) (for the proofs, see [134, 77, 90]).

Proposition 2.6. The following properties hold:

(1) For all ξ ∈ R, µMo
1 (ξ) is simple.

(2) The function ξ 7→ µMo
1 (ξ) is analytic.

(3) We have: lim
|ξ|→+∞

µMo
1 (ξ) = +∞.

(4) The function ξ 7→ µMo
1 (ξ) admits a unique minimum at a point ξ0 and it is non

degenerate.

With a finite element method and Dirichlet condition on the artificial boundary, a

upper-bound of the minimum is obtained in [90, Table 1] and the numerical simulations

provide µMo ≃ 0.5698 reached for ξMo ≃ 0.3467 with a discretization step at 10−4 for

the parameter ξ. This numerical estimate is already mentioned in [127]. In fact we can

prove the following lower bound (see [18] for a proof using the Temple inequality).

Proposition 2.7. We have: µMo ≥ 0.5.

If we consider the Neumann realization LMo,+
ξ of D2

s +
(
−ξ + s2

2

)2
on R

+, then, by

symmetry, the bottom of the spectrum of this operator is linked to the Montgomery

operator:

Proposition 2.8. If we denote by µMo,+
1 (ξ) the bottom of the spectrum of LMo,+

ξ and

µMo,+ = infξ∈R µ
Mo,+
1 (ξ), then

µMo,+
1 (ξ) = µMo

1 (ξ) and µMo,+ = µMo.

2.3. A generalized Montgomery operator.

2.3.1. Heuristics and motivation. As mentioned above, the bottom of the spectrum

of L is essential. This fact is due to the translation invariance along the zero locus of B.

This situation reminds what happens in the waveguides framework. Guided by the ideas

developed for the waveguides, we aim at analyzing the effect of breaking the zero locus

of B. Introducing the “breaking parameter” θ ∈ (−π, π], we will break the invariance of

the zero locus in three different ways:

(1) Case with Dirichlet boundary: LDir
θ . We let R

2
+ = {(s, t) ∈ R

2, t > 0} and

consider LDir
θ the Dirichlet realization, defined as a Friedrichs extension, on
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L2(R2
+) of:

D2
t +

(
Ds +

t2

2
cos θ − st sin θ

)2

.

(2) Case with Neumann boundary: LNeu
θ . We consider LNeu

θ the Neumann realiza-

tion, defined as a Friedrichs extension, on L2(R2
+) of:

D2
t +

(
Ds +

t2

2
cos θ − st sin θ

)2

.

The corresponding magnetic field is B(s, t) = t cos θ − s sin θ. It cancels along

the half-line t = s tan θ.

(3) Magnetic broken line: Lθ. We consider Lθ the Friedrichs extension on L2(R2)

of:

D2
t +

(
Ds + sgn(t)

t2

2
cos θ − st sin θ

)2

.

The corresponding magnetic field is β(s, t) = |t| cos θ− s sin θ; it is a continuous

function which cancels along the broken line |t| = s tan θ.

Notation 2.9. We use the notation L•
θ where • can be Dir, Neu or ∅.

2.3.2. Properties of the spectra. Let us analyze the dependence of the spectra of L•
θ

on the parameter θ. Denoting by S the axial symmetry (s, t) 7→ (−s, t), we get:

L•
−θ = SL•

θS,

where the line denotes the complex conjugation. Then, we notice that L•
θ and L•

θ are

isospectral. Therefore, the analysis is reduced to θ ∈ [0, π). Moreover, we get:

SL•
θS = L•

π−θ.

The study is reduced to θ ∈
[
0, π

2

]
.

We observe that at θ = 0 and θ = π
2
the domain of L•

θ is not continuous.

Lemma 2.10. The family (L•
θ)θ∈(0,π2 )

is analytic of type (A).

The following proposition states that the infimum of the essential spectrum is the

same for LDir
θ , LNeu

θ and Lθ.

Proposition 2.11. For θ ∈
(
0, π

2

)
, we have inf σess(L

•
θ) = µMo.

In the Dirichlet case, the spectrum is essential:

Proposition 2.12. For all θ ∈
(
0, π

2

)
, we have σ(LDir

θ ) = [µMo,+∞).

From now on we assume that • = Neu, ∅.
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Notation 2.13. Let us denote by λ•n(θ) the n-th number in the sense of the Rayleigh

variational formula for L•
θ.

The two following propositions are Agmon type estimates and give the exponential

decay of the eigenfunctions (a proof is given in [18]). R2
• denotes R

2
+, R

2 when • = Neu, ∅
respectively.

Proposition 2.14. There exist ε0, C > 0 such that for all θ ∈
(
0, π

2

)
and all eigenpair

(λ, ψ) of L•
θ such that λ < µMo, we have:

∫

R2
•

e2ε0|t|
√
µMo−λ|ψ|2 ds dt ≤ C(µMo − λ)−1‖ψ‖2.

Proposition 2.15. There exist ε0, C > 0 such that for all θ ∈
(
0, π

2

)
and all eigenpair

(λ, ψ) of L•
θ such that λ < µMo, we have:

∫

R2
•

e2ε0|s| sin θ
√
µMo−λ|ψ|2 ds dt ≤ C(µMo − λ)−1‖ψ‖2.

The following proposition (the proof of which can be found in [134, Lemma 5.2])

states that LNeu
θ admits an eigenvalue below its essential spectrum when θ ∈

(
0, π

2

]
.

Proposition 2.16. For all θ ∈
(
0, π

2

]
, λNeu1 (θ) < µMo.

Remark 2.17. The situation seems to be different for Lθ. According to numerical

simulations with finite element method, there exists θ0 ∈
(
π
4
, π
2

)
such that λ1(θ) < µMo

for all θ ∈ (0, θ0) and λ1(θ) = µMo for all θ ∈
[
θ0,

π
2

)
.

2.4. Singular limit θ → 0.

2.4.1. Renormalization. Thanks to Proposition 2.16, one knows that breaking the

invariance of the zero locus of the magnetic field with a Neumann boundary creates a

bound state. We also would like to tackle this question for Lθ and in any case to estimate

more quantitatively this effect. A way to do this is to consider the limit θ → 0 which

reveals new model operators. First, we perform a scaling:

(2.2.2) s = (cos θ)−1/3ŝ, t = (cos θ)−1/3t̂.

The operator L•
θ is thus unitarily equivalent to (cos θ)2/3L̂•

tan θ, where the expression of

L̂•
tan θ is given by:

D2
t̂ +

(
Dŝ + sgn(t̂)

t̂2

2
− ŝt̂ tan θ

)2

.

Notation 2.18. We let ε = tan θ.
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For (α, ξ) ∈ R
2 and ε > 0, we introduce the unitary transform:

Vε,α,ξψ(ŝ, t̂) = e−iξŝψ
(
ŝ− α

ε
, t̂
)
,

and the conjugate operator:

L̂•
ε,α,ξ = V −1

ε,α,ξL̂
•
εVε,α,ξ.

Its expression is given by:

(2.2.3) L̂•
ε,α,ξ = D2

t̂ +

(
−ξ − αt̂+ sgn(t̂)

t̂2

2
+Dŝ − εŝt̂

)2

.

Let us introduce the rescaled variable:

(2.2.4) ŝ = ε−1/2σ̂.

Therefore L̂•
ε,α,ξ is unitarily equivalent to M•

ε,α,ξ whose expression is given by:

(2.2.5) M•
ε,α,ξ = D2

t̂ +

(
−ξ − αt̂+ sgn(t̂)

t̂2

2
+ ε1/2Dσ̂ − ε1/2σ̂t̂

)2

.

2.4.2. New model operators. By taking formally ε = 0 in (2.2.5) we are led to two

families of one dimensional operators on L2(R2
•) with two parameters (α, ξ) ∈ R

2:

M•
α,ξ = D2

t̂ +

(
−ξ − αt̂+ sgn(t̂)

t̂2

2

)2

.

These operators have compact resolvents and are analytic families with respect to (α, ξ) ∈
R

2.

Notation 2.19. We denote by µ•
n(α, ξ) the n-th eigenvalue of M•

α,ξ.

Roughly speaking M•
α,ξ is the operator valued symbol of (2.2.5), so that we expect

that the behavior of the so-called “band function” (α, ξ) 7→ µ•
1(α, ξ) determines the

structure of the low lying spectrum of M•
ε,α,ξ in the limit ε→ 0.

The following two theorems, the proof of which can be found in Chapter 7, state that

the band functions admit a minimum.

Theorem 2.20. The function R×R ∋ (α, ξ) 7→ µNeu
1 (α, ξ) admits a minimum denoted

by µNeu

1
. Moreover we have:

lim inf
|α|+|ξ|→+∞

µNeu
1 (α, ξ) ≥ µMo > min

(α,ξ)∈R2
µNeu
1 (α, ξ) = µNeu

1
.

Theorem 2.21. The function R×R ∋ (α, ξ) 7→ µ1(α, ξ) admits a minimum denoted

by µ
1
. Moreover we have:

lim inf
|α|+|ξ|→+∞

µ1(α, ξ) ≥ µMo > min
(α,ξ)∈R2

µ1(α, ξ) = µ
1
.



3. MAGNETIC BORN-OPPENHEIMER APPROXIMATION 25

Remark 2.22. We have:

(2.2.6) µNeu

1
≤ µ

1
.

Numerical experiments lead to the following conjecture.

Conjecture 2.23. • The inequality (2.2.6) is strict.

• The minimum µ•
1
is unique and non-degenerate.

Remark 2.24. Under Conjecture 2.23, it is possible to prove complete asymptotic

expansions of the first eigenvalues of Lθ. In fact, this can be done by using the magnetic

Born-Oppenheimer approximation (see Section 3).

3. Magnetic Born-Oppenheimer approximation

This section is devoted to the analysis of the operator on L2(Rm
s × R

n
τ , ds dτ):

(2.3.1) Lh = (−ih∇s + A1(s, τ))
2 + (−i∇t + A2(s, τ))

2,

Note that (2.2.3) can easily be put in this form. For simplicity’s sake we will assume

that A1 and A2 are polynomials. We would like to describe the lowest eigenvalues of

this operator in the limit h → 0 under elementary confining assumptions. The prob-

lem of considering partial semiclassical problems appears for instance in the context of

[119, 103] where the main issue is to approximate the eigenvalues and eigenfunctions of

operators in the form:

(2.3.2) −h2∆s −∆τ + V (s, τ).

The main idea, due to Born and Oppenheimer in [22], is to replace, for fixed s, the

operator −∆τ+V (s, τ) by its eigenvalues µk(s). Then we are led to consider for instance

the reduced operator (called Born-Oppenheimer approximation):

−h2∆s + µ1(s)

and to apply the semiclassical techniques à la Helffer-Sjöstrand [91, 92] to analyze in

particular the tunnel effect when the potential µ1 admits symmetries. The main point

it to make the reduction of dimension rigorous. Note that we have always the following

lower bound:

(2.3.3) −h2∆s −∆τ + V (s, τ) ≥ −h2∆s + µ1(s),

which involves accurate estimates of Agmon with respect to s.
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3.1. Electric Born-Oppenheimer approximation and low lying spectrum.

Before dealing with the so-called Born-Oppenheimer approximation in presence of mag-

netic fields, we shall recall the philosophy in a simplified electric case.

3.1.1. Electric result. Let us explain the question in which we are interested. We

shall study operators in L2(R× Ω) (with Ω ⊂ R
n) in the form:

Hh = h2D2
s + V(s),

where V(z) = −∆t + P (τ, s) is a family of semi-bounded self-adjoint operators, with P

polynomial for simplicity. We will denote by Qh the corresponding quadratic form.

We want to analyze the low lying eigenvalues of this operator. We will assume that

the lowest eigenvalue ν(s) of V(s) (which is simple) admits, as a function of s, a unique

and non degenerate minimum at s0.

We now try to understand the heuristics. We hope that Hh can be described by its

“Born-Oppenheimer” approximation:

HBO
h = h2D2

s + µ(s),

which is an electric Laplacian in dimension one. Then, we guess that HBO(h) is well

approximated by its Taylor expansion:

h2D2
s + µ(s0) +

ν ′′(s0)

2
(s− s0)

2.

In fact this heuristics can be made rigorous.

Assumption 2.25. Let us assume that lim inf
s→±∞

ν(s) > ν(s0) and that

inf
s
σess(V(s)) > ν(s0).

Theorem 2.26. Let us assume that ν(s) admits a unique and non degenerate mini-

mum at s0 and that Assumption 2.25 is satisfied then the n-th eigenvalue of Hh has the

expansion

λn(h) = ν(s0) + h(2n− 1)

(
ν ′′(s0)

2

)1/2

+ o(h).

3.1.2. A non example: the broken δ-interactions. In the last theorem we were only

interested in the low lying spectrum. It turns out that the so-called Born-Oppenheimer

reduction is a slightly more general procedure (see [119, 103]). Let us discuss it with

the example of broken δ-interactions (one may consult [55, 56, 26, 54] for perspectives

and motivation). Le us consider Hh the Friedrichs extension (see [24]) of the rescaled
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quadratic form:

(2.3.4) Qh(ψ) =

∫

R2

h2|∂xψ|2 + |∂yψ|2 dx dy −
∫

R

|ψ(|s|, s)|2 ds, ∀ψ ∈ H1(R2).

Formally we may write

(2.3.5) Hh = −h2∂2x − ∂2y − δΣπ
4
,

where

Σπ
4
= {(|s|, s), s ∈ R}.

In particular, we notice that:

σess(Hh) =

[
− 1

4(1 + h2)
,+∞

)
.

Since δΣπ
4
is not a function we cannot not directly apply the standard theory. Let us

introduce some notation.

Notation 2.27. We denote by W : [−e−1,+∞) → [−1,+∞) the Lambert function

defined as the inverse of [−1,+∞) ∋ w 7→ wew ∈ [−e−1,+∞).

Notation 2.28. Given H a semi-bounded self-adjoint operator and a < inf σess(H),

we denote

N (H, a) = #{λ ∈ σ(H) : λ ≤ a} < +∞.

The eigenvalues are counted with multiplicity.

The following theorem provides the asymptotics of the number of bound states.

Theorem 2.29. There exists M0 > 0 such that for all C(h) ≥ M0h with C(h) →
h→0

C0 ≥ 0:

N
(
Hh,−

1

4
− C(h)

)
∼
h→0

1

πh

∫ +∞

x=0

√
−1

4
− C0 +

(
1

2
+

1

2x
W (xe−x)

)2

dx.

Remark 2.30. It is important to notice that in the above result, we estimate the

counting function below a potentially moving (w.r.t. h) threshold. In particular, the

distance between −1
4
−C(h) and the bottom of the essential spectrum is allowed to vanish

in the semiclassical limit. Therefore our statement is slightly unusual as customary

results would typically concern N (Hh, E) with E fixed and satisfying E < −1
4
, so as to

insure a fixed security distance to the bottom of the essential spectrum (see for instance

the related works [7, 128]).

The next theorem is the analogous of Theorem 2.26.
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Theorem 2.31. For all n ≥ 1, we have:

λn(h) =
h→0

−1 + 22/3zAirev(n)h
2/3 +O(h).

3.2. Magnetic case. We would like to understand the analogy between (2.3.1) and

(2.3.2). In particular even the formal dimensional reduction does not seem to be as

simple as in the electric case. Let us write the operator valued symbol of Lh. For

(x, ξ) ∈ R
n × R

n, we introduce the electro-magnetic Laplacian acting on L2(Rn, dt):

Mx,ξ = (−i∇t + A2(x, t))
2 + (ξ + A1(x, t))

2.

Denoting by µ1(x, ξ) its lowest eigenvalue we would like to replace Lh by them-dimensional

pseudo-differential operator:

µ1(s,−ih∇s).

This can be done modulo O(h) (see [122]). Nevertheless we do not have an obvious

comparison as in (2.3.3) so that the microlocal behavior of the eigenfunctions with respect

to s is not directly reachable (we can not directly apply the exponential estimates of [120]

due to the possible essential spectrum, see Asumption 2.33). In particular we shall prove

that the remainder O(h) is indeed small when acting on the eigenfunctions and then

estimate it precisely.

3.2.1. Main result. We will work under the following two assumptions. The first

assumption states that the lowest eigenvalue of the operator symbol of Lh admits a

unique and non-degenerate minimum.

Assumption 2.32. We assume that, for all (x, ξ) ∈ R
m × R

m, the bottom of the

spectrum Mx,ξ is a simple eigenvalue denoted by µ1(x, ξ) and that (x, ξ) 7→ µ1(x, ξ)

is analytic and associated with a L2-normalized eigenfunction ux,ξ ∈ S(Rn) which also

analytically depends on (x, ξ). Moreover we assume that µ1 admits a unique and non-

degenerate minimum at point denoted by (x0, ξ0). We let µ0 = µ1(x0, ξ0).

The second assumption is a spectral confinement.

Assumption 2.33. For R ≥ 0, we let ΩR = R
m+n \ B(0, R). We denote by LDir,ΩR

h

the Dirichlet realization on ΩR of (−i∇t +A2(x, t))
2 + (−ih∇s +A1(x, t))

2. We assume

that there exist R0 ≥ 0, h0 > 0 and µ∗
0 > µ0 such that for all h ∈ (0, h0):

λ
Dir,ΩR0
1 (h) ≥ µ∗

0.

Remark 2.34. In particular, due to the monotonicity of the Dirichlet realization with

respect to the domain, Assumption 2.33 implies that there exist R0 > 0 and h0 > 0 such
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that for all R ≥ R0 and h ∈ (0, h0):

λDir,ΩR
1 (h) ≥ λ

Dir,ΩR0
1 (h) ≥ µ∗

0.

By using the Persson’s theorem (see [135]), we have the following proposition.

Proposition 2.35. Let us assume Assumption 2.33. There exists h0 > 0 such that

for all h ∈ (0, h0):

inf σess(Lh) ≥ µ∗
0.

Theorem 2.36. Let us assume Assumptions 2.32 and 2.33. We also assume that
1
2
Hessx0,ξ0 µ1(σ,Dσ) has simple eigenvalues (this is true when m = 1). For all n ≥ 1,

there exist a sequence (γj,n)j≥0 and h0 > 0 such that for all h ∈ (0, h0) the n-th eigenvalue

of Lh exists and satifies:

λn(h) ∼
h→0

∑

j≥0

γj,nh
j/2,

where:

γ0,n = µ0, γ1,n = 0, γ2,n = νn

(
1

2
Hessx0,ξ0 µ1(σ,Dσ)

)
,

where νn
(
1
2
Hessx0,ξ0 µ1(σ,Dσ)

)
denotes the n-th eigenvalue of 1

2
Hessx0,ξ0 µ1(σ,Dσ).

3.2.2. A family of examples. In order to make our Assumptions 2.32 and 2.33 more

concrete, let us provide a family of examples in dimension two which is related to [90]

and the more recent result by Fournais and Persson [63]. Our examples are strongly

connected with [78, Conjecture 1.1 and below] and could play a central role in order to

estimate the spectral gap which is only conjectured there.

Assumption 2.37. Let us consider a smooth polynomial γ which admits a unique,

non-degenerate and positive minimum at 0 and such that

lim
s→±∞

γ(s) = γ±∞

and γ(s0) = γ0 < min(γ−∞, γ+∞).

For k ∈ N \ {0}, we consider the operator on L2(R2, dx ds):

~
2D2

x +

(
~Ds − γ(s)

xk+1

k + 1

)2

.

Let us perform the rescaling:

x = ~
1

1+k τ.
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The operator becomes:

~
2k+2
k+2

(
D2
t +

(
~

1
k+2Ds − γ(s)

τ k+1

k + 1

)2
)
.

and the investigation is reduced to the one of:

L
[k]
h = D2

t +

(
hDs − γ(s)

τ k+1

k + 1

)2

,

where h = ~
1

k+2 . Let us verify Assumption 2.32. The symbol of L
[k]
h with respect to s is:

M[k]
x,ξ = D2

t +

(
ξ − γ(x)

tk+1

k + 1

)2

.

The lowest eigenvalue of M[k]
x,ξ, denoted by µ

[k]
1 (x, ξ), satisfies:

µ
[k]
1 (x, ξ) = (γ(x))

2
k+2ν

[k]
1

(
(γ(x))−

1
k+2 ξ

)
,

where ν
[k]
1 (κ) denotes the first eigenvalue of:

D2
t +

(
κ− tk+1

k + 1

)2

.

It is proved in [63, Theorem 1.3] that κ 7→ ν
[k]
1 (κ) admits a unique and non-degenerate

minimum at κ = κ
[k]
0 . Therefore Assumption 2.32 is satisfied. This is much more delicate

to verify Assumption 2.33 and this relies on a basic normal form procedure that we will

use for our magnetic WKB constructions.

Notation 2.38. For real κ, we denote by u
[k]
κ the positive and L2-normalized eigen-

function associated with κ 7→ ν
[k]
1 (κ). We denote in the same way its holomorphic exten-

sion near κ
[k]
0 .

3.3. The magnetic WKB expansions: examples.

3.3.1. WKB expansions for L
[k]
h . The following theorem states that, under Assump-

tion 2.37, the first eigenfunctions of L
[k]
h are in the WKB form. It turns out that this

property is very general and verified for Lh under our generic assumptions. Nevertheless

this general and fundamental result is beyond the scope of this book. We will only give

the flavor of such constructions for our explicit model. As far as we know such a result

was no even known on an example.

Theorem 2.39. Let us assume that γ admits a unique and non degenerate minimum

at s = 0. Then, there exists a smooth complex valued function Φ = Φ(s) defined in a

neighborhood of 0 and satisfying Φ(0) = Φ′(0) = 0 and Φ′′(0) > 0 such that: for all n ≥ 1,
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there exists h0 > 0 and smooth functions an(s) such that the n-th eigenvalue of L
[k]
h is

simple, associated with a normalized eigenfunction ψn(h) such that, for all h ∈ (0, h0),

ψn(h)− χ(s)an(s)e
ig(s)/he−Φ(s)/hu

[k]

κ
[k]
0 +iγ(s)

−
1

k+2Φ′(s)
(γ(s)

1
k+2 t) = O(hχe−Φ/h),

where

g(s) = κ
[k]
0

∫ s

0

γ(σ̃)
1

k+2 dσ̃

and χ a smooth cutoff function in a neighborhood of s = 0.

Remark 2.40. In fact, if γ(s)−1γ(0) − 1 is small enough (weak magnetic barrier),

our construction of Φ can be made global.

3.3.2. An important non example: WKB expansions for the operator of Fournais

and Helffer. Let us consider the following Neumann realization on L2(R2
+,m(s, t) ds dt),

which is studied in [60],

(2.3.6) LFH
h = −m(s, t)−1h∂tm(s, t)h∂t

+m(s, t)−1

(
−ih∂s + ξ0h

1
2 − t+

k(s)

2
t2
)
m(s, t)−1

(
−ih∂s + ξ0h

1
2 − t+

k(s)

2
t2
)
,

where m(s, t) = (1 − tk(s)). Assuming that k admits a unique and non degenerate

maximum at s = 0, it has been proved in [60] that the n-th eigenvalue of LFH
h is in the

form

λFHn (h) = Θ0h− C1kmaxh
3/2 + C1Θ

1/4
0

√
3k2
2

(2n− 1)h7/4 + o(h7/4).

In fact we can provide a WKB expansion of the normalized n-th eigenfunction in the

form

ψFH
n (h) = e−Φ(s)/h1/4an(s)uξ0(h

−1/2t) +O(h1/4e−Φ(s)/h1/4),

where the phase Φ is given by

Φ(s) =

(
2C1

µ′′(ξ0)

)1/2 ∣∣∣∣
∫ s

0

(k(0)− k(s))1/2 ds

∣∣∣∣ .

This function seems to be a very good candidate to be an effective Agmon distance in

the boundary.





CHAPTER 3

Semiclassical magnetic normal forms

Penses-tu qu’il eût entrepris de chercher ou

d’apprendre ce qu’il croyait savoir, encore

qu’il ne le sût point, avant d’être parvenu à

douter, et jusqu’à ce que, convaincu de son

ignorance, il a désiré savoir ?

Ménon, Platon

In this chapter we enlighten the normal form philosophy explained in Chapter 1,

Section 3 by presenting four results of magnetic harmonic approximation. As we will

see, each situation will present its specific features and difficulties:

• How can we deal with a vanishing magnetic field in dimension two?

• How can we treat a problem with smooth boundary in dimension three?

• Can we still display a semiclassical asymptotics in dimension three if the bound-

ary is not smooth?

• In dimension two and without boundary, can we describe more than λn(h) for

fixed n?

1. Vanishing magnetic fields in dimension two

In this section we study the influence of the cancellation of the magnetic field along

a smooth curve in dimension two.

1.1. Framework. We consider a vector potential A ∈ C∞(R2,R2) and we consider

the self-adjoint operator on L2(R2) defined by:

Lh,A = (−ih∇+A)2.

Notation 3.1. We will denote by λn(h) the n-th eigenvalue of Lh,A.
33
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1.1.1. How does B vanish? In order Lh,A to have compact resolvent, we will assume

that:

(3.1.1) B(x) →
|x|→+∞

+∞.

As in [134, 78], we will investigate the case when B cancels along a closed and smooth

curve C in R
2. We have already discussed the motivation in Chapter 2, Section 2.

Let us notice that the assumption (3.1.1) could clearly be relaxed so that one could

also consider a smooth, bounded and simply connected domain of R2 with Dirichlet or

Neumann condition on the boundary as far as the magnetic field does not vanish near

the boundary (in this case one should meet a model presented in Chapter 2, Section 2).

We let:

C = {c(s), s ∈ R}.

We assume that B is non positive inside C and non negative outside. We introduce the

standard tubular coordinates (s, t) near C:

Φ(s, t) = c(s) + tν(s),

where ν(s) denotes the inward pointing normal to C at c(s). We let:

B̃(s, t) = B(Φ(s, t))

so that:

B̃(s, 0) = 0.

1.1.2. Heuristics and leading operator. Let us adopt first a heuristic point of view

to introduce the leading operator of the analysis presented in this section. We want to

describe the operator Lh,A near the cancellation line of B, that is near C. In a rough

approximation, near (s0, 0), we can imagine that the line is straight (t = 0) and that

the magnetic field cancels linearly so that we can consider B̃(s, t) = γ(s0)t where γ(s0)

is the derivative of B̃ with respect to t. Therefore the operator to which we are reduced

at the leading order near s0 is:

h2D2
t +

(
hDs − γ(s0)

t2

2

)2

.

This operator is a special case of the larger class introduced in Chapter 2, see also

Chapter 10, Section 3.2.
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1.2. Montgomery operator and rescaling. We will be led to use the Mont-

gomery operator with parameters η ∈ R and γ > 0:

(3.1.2) LMo
η,γ = D2

t +
(
−η + γ

2
t2
)2
.

The Montgomery operator has clearly compact resolvent and we can consider its lowest

eigenvalue denoted by µMo
1 (γ, η). In fact one can take γ = 1 up to the rescaling t = γ−1/3τ

and LMo
η,γ is unitarily equivalent to:

γ2/3
(
D2
τ + (−ηγ−1/3 +

1

2
τ 2)2

)
= γ2/3LMo

ηγ−1/3,1.

Let us emphasize that this rescaling gives a non trivial insight on how we should proceed

with the spectral analysis of the semiclassical magnetic Laplacian: it will give rise to

very efficient normal form procedures.

For all γ > 0, we have (see Proposition 2.6 or Chapter 10, Section 3.2):

(3.1.3) η 7→ µMo
1 (γ, η) admits a unique and non-degenerate minimum at a point η0(γ).

If γ = 1, we let η0(1) = η0. We may write:

(3.1.4) inf
η∈R

µMo
1 (γ, η) = γ2/3µMo

1 (η0).

Notation 3.2. We notice that LMo
η = LMo

1,η and we denote by uMo
η the L2-normalized

and positive eigenfunction associated with µMo
1 (η).

For fixed γ > 0, the family (LMo
η,γ)η∈R is an analytic family of type (B) so that the

eigenpair (µMo
1 (η), uMo

η ) has an analytic dependence on η (see [101]).

1.3. Assumptions and main result. We consider the normal derivative of B on

C, i.e. the function γ : s 7→ ∂tB̃(s, 0). We will assume that:

Assumption 3.3. γ admits a unique, non-degenerate and positive minimum at x0.

We let γ0 = γ(0) and assume without loss of generality that x0 = (0, 0). Let us state

the main result of this section:

Theorem 3.4. We assume Assumption 3.3. For all n ≥ 1, there exist a sequence

(θnj )j≥0 such that we have:

λn(h) ∼
h→0

h4/3
∑

j≥0

θnj h
j/6

where:

θn0 = γ
2/3
0 ν1(η0), θn1 = 0, θn2 = γ

2/3
0 C0 + γ

2/3
0 (2n− 1)

(
αµMo

1 (η0)(µ
Mo
1 )′′(η0)

3

)1/2

,
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where we have let:

(3.1.5) α =
1

2
γ−1
0 γ′′(0) > 0

and:

C0 = 〈LuMo
η0
, uMo

η0
〉L2(Rτ̂ ),(3.1.6)

where:

L = 2κ(0)γ
−4/3
0

(
τ̂ 2

2
− η0

)
τ̂ 3 + 2τ̂ γ

−1/3
0 k(0)

(
−η0 +

τ̂ 2

2

)2

,

and:

κ(0) =
1

6
∂2t B̃(0, 0)− k(0)

3
γ0.

Remark 3.5. This theorem is mainly motivated by the paper of B. Helffer and Y.

Kordyukov [78] (see also [76, Section 5.2] where the result of our paper is presented

as a conjecture and the paper [84] where the case of discrete wells is analyzed) where

the authors prove a one term asymptotics for all the eigenvalues (see [78, Corollary

1.1]). Moreover, they also prove an accurate upper bound in [78, Theorem 1.4] thanks

to a Grushin type method (see [73]). In the present case (dimension 2 and the order

of cancellation is k = 1), our result is stronger in the sense that we get a complete

asymptotics (in the same spirit as [60]).

Remark 3.6. It would be quite interesting to apply the magnetic WKB method an-

nounced in Chapter 10 for a simpler operator to get, if it is possible, the WKB expansions

of the eigenfunctions.

2. Variable magnetic field and smooth boundary in dimension three

This section is devoted to the investigation of the relation between the boundary and

the magnetic field in dimension three. We will see that the semiclassical structure is

completely different from the one presented in the previous section.

2.1. A non trivial toy operator with variable magnetic field. Let us introduce

the geometric domain

Ω0 = {(x, y, z) ∈ R
3 : |x| ≤ x0, |y| ≤ y0 and 0 < z ≤ z0},

where x0, y0, z0 > 0. The part of the boundary which carries the Dirichlet condition is

given by

∂DirΩ0 = {(x, y, z) ∈ Ω0 : |x| = x0 or |y| = y0 or z = z0}.
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2.1.1. Definition of the operator. For h > 0, α ≥ 0 and θ ∈
(
0, π

2

)
, we consider the

self-adjoint operator:

(3.2.1) Lh,α,θ = h2D2
y + h2D2

z + (hDx + z cos θ − y sin θ + αz(x2 + y2))2,

with domain:

Dom (Lh,α,θ) = {ψ ∈ L2(Ω0) : Lh,α,θψ ∈ L2(Ω0),

ψ = 0 on ∂DirΩ0 and ∂zψ = 0 on z = 0}.

We denote by (λ(h), uh) an eigenpair and we let Lh = Lh,α,θ (we omit the dependence

on α and θ). The vector potential is expressed as:

A(x, y, z) = (Vθ(y, z) + αz(x2 + y2), 0, 0)

where

(3.2.2) Vθ(y, z) = z cos θ − y sin θ.

The associated magnetic field is given by:

(3.2.3) ∇×A = B = (0, cos θ + α(x2 + y2), sin θ − 2αyz).

2.1.2. Constant magnetic field (α = 0). Let us examine the important case when

α = 0:

Lh,0,θ = h2D2
y + h2D2

z + (hDx + Vθ(y, z))
2,

viewed as an operator on L2(R3
+). We perform the rescaling:

(3.2.4) x = h1/2r, y = h1/2s, z = h1/2t

and the operator becomes (after division by h):

Hθ = D2
s +D2

t + (Dr + Vθ(s, t))
2.

Making a Fourier transform in the variable r denoted by F , we get:

(3.2.5) FHθF−1 = D2
s +D2

t + (τ + Vθ(s, t))
2.

Then, we use a change of coordinates:

(3.2.6) Uθ(τ, s, t) =
(
τ̂ , ŝ, t̂

)
=
(
τ, s− τ

sin θ
, t
)

and we obtain:

HNeu
θ = UθFHθF−1U−1

θ = D2
ŝ +D2

t̂ + Vθ(ŝ, t̂)
2.

Notation 3.7. We denote by QNeu
θ the quadratic form associated with HNeu

θ .
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2.1.3. The Lu-Pan operator. We can consider HNeu
θ as an operator acting on L2(R2

+);

this gives the Lu-Pan operator LLP
θ . The bottom of its spectrum is denoted by σ(θ). In

[61] (and [86, 117]), it is proved that σ is analytic and strictly increasing on
(
0, π

2

)
, that

σ(0) ∈ (0, 1), σ
(
π
2

)
= 1 and σess(L

LP
θ ) = [1,+∞[. Therefore, σ(θ) is a simple eigenvalue.

The reader can also read Chapter 6 for details. Let us also recall that the lower bound

of the essential spectrum is related, through the Persson’s theorem (see Chapter 5), to

the following estimate:

qLPθ (χRu) ≥ (1− ε(R))‖χRu‖, ∀u ∈ Dom (qLPθ ),

where qLPθ is the quadratic form associated with LLP
θ , where χR is a cutoff function away

from the ball B(0, R) and ε(R) is tending to zero when R tends to infinity. Moreover, if

we consider the Dirichlet realization LLP,Dir
θ , we have:

(3.2.7) qLP,Dir
θ (u) ≥ ‖u‖2, ∀u ∈ Dom (qLP,Dir

θ ).

2.1.4. A “generic” model. Let us explain why we are led to consider our model. Let

us introduce the fundamental invariant in the case of variable magnetic field and our

generic assumptions. We let:

B̂(x, y) = σ(θ(x, y))‖B(x, y, 0)‖,

where θ(x, y) is the angle of B(x, y, 0) with the boundary z = 0:

‖B(x, y, 0)‖ sin θ(x, y) = B(x, y, 0) · ν(x, y),

where ν(x, y) is the inward normal at (x, y, 0). It is proved in [117] that the semiclassical

asymptotics of the lowest eigenvalue is:

λ1(h) = min(inf
z=0

B̂, inf
Ω0

‖B‖)h+ o(h).

We are interested in the case when the following generic assumptions are satisfied:

(3.2.8) inf
z=0

B̂ < inf
Ω0

‖B‖

(3.2.9) B̂ admits a unique and non degenerate minimum.

Under these assumptions, a three terms upper bound is proved for λ1(h) in [141] and

the corresponding lower bound, for a general domain, is still an open problem.

For α > 0, the toy operator (3.2.1) is the simplest example of a generic Schrödinger

operator with variable magnetic field satisfying Assumptions (3.2.8) and (3.2.9). Using

the computations of [141], we have the Taylor expansion:

(3.2.10) B̂(x, y) = σ(θ) + αC(θ)(x2 + y2) +O(|x|3 + |y|3).
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with:

C(θ) = cos θσ(θ)− sin θσ′(θ).

Moreover, it is proved in Chapter 6, Proposition 6.10 that C(θ) > 0, for θ ∈
(
0, π

2

)
. Thus,

Assumption (3.2.9) is verified if x0, y0 and z0 are fixed small enough. Using σ(θ) < 1

when θ ∈
(
0, π

2

)
and ‖B(0, 0, 0)‖ = 1, we get Assumption (3.2.8).

2.1.5. Remark on the function B̂. Using the explicit expression of the magnetic field,

we have:

B̂(x, y) = B̂rad(R), R = α(x2 + y2)

and an easy computation gives:

B̂rad(R) = ‖Brad(R)‖σ
(
arctan

(
sin θ

cos θ +R

))
,

with

‖Brad(R)‖ =
√
(cos θ +R)2 + sin2 θ.

The results of Chapter 6 imply that B̂rad is strictly increasing and

∂RB̂rad(R = 0) = C(θ) > 0.

Consequently, B̂ admits a unique and non degenerate minimum on R
3
+ and tends to

infinity far from 0. This is easy to see that:

inf
R3
+

‖B‖ = cos θ.

We deduce that, as long as σ(θ) < cos θ, the generic assumptions of [141] are satisfied

with Ω0 = R
3
+.

2.1.6. Model operator and main result. Let us introduce the fundamental operator

Sθ(Dτ̂ , τ̂) =

(
2

∫

R2
+

t̂Vθ(u
LP
θ )2 dŝ dt̂

)
Hharm +

(
2

sin θ

∫

R2
+

t̂Vθ(u
LP
θ )2 dŝ dt̂

)
τ̂ + d(θ),

where

Hharm = D2
τ̂ +

τ̂ 2

sin2 θ
and

d(θ) = sin−2 θ〈t̂(D2
ŝVθ + VθD

2
ŝ)u

LP
θ , u

LP
θ 〉+ 2

∫

R2
+

t̂ŝ2Vθ(u
LP
θ )2 dŝ dt̂.

We recall the important fact that (see [141, Formula (2.31)]):

2

∫

R2
+

tVθ(u
LP
θ )2 ds dt = C(θ) > 0,

so thatSθ(Dτ̂ , τ̂) can be viewed as the harmonic oscillator up to dilation and translations.

We denote νn(Sθ(Dτ̂ , τ̂)) the n-th eigenvalue of Sθ(Dτ̂ , τ̂).
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We can now state the main result of this section.

Theorem 3.8. For all α > 0, θ ∈
(
0, π

2

)
, there exist a sequence (µj,n)j≥0 and ε0 > 0

s. t. for |x0|+ |y0|+ |z0| ≤ ε0,

λn(h) ∼ h
∑

j≥0

µj,nh
j

and we have µ0,n = σ(θ), µ1,n = νn(Sθ(Dτ̂ , τ̂)).

3. When a magnetic field meets a curved edge

We analyze here the effect of an edge in the boundary and how its combines with the

magnetic field to produce a spectral asymptotics.

3.1. Geometrical assumptions and local models.

3.1.1. Description of the lens. We first define the lens Ω.

Definition 3.9. Let Σ be a smooth and connected surface in R
3 and Π be the plane

x3 = 0. We assume that the intersection Σ ∩ Π is a smooth and closed curve and that

Σ and Π intersect neither normally nor tangentially. Denoting by Σ+ the set {x ∈ Σ :

x3 > 0} and by Σ− its symmetric with respect to x3 = 0, the lens Ω is the open set of

the points lying between Σ+ and Σ− whereas the edge is

(3.3.1) E = Σ+ ∩ Σ−.

We define α(x) as the opening angle between Σ− and Σ+ at the point x ∈ E. We assume

that α(x) ∈ (0, π) for all x ∈ E.

In our situation the magnetic field B = (0, 0, 1) is normal to the plane where the

edge lies. For x ∈ ∂Ω \ E we introduce the angle θ(x) defined by:

(3.3.2) B · n(x) = sin θ(x).

A model lens with constant opening angle is given by two parts of a sphere glued

together (see Figure 1). In this case we have

(3.3.3) ∀x ∈ ∂Ω \ E, π − α

2
< θ(x)

where α ∈ (0, π) is the opening angle of the lens and we notice that the magnetic field

is nowhere tangent to the boundary. We will assume that the opening angle of the

lens is variable. For a given point x of the boundary, we analyze the localized (in a

neighborhood of x) magnetic Laplacian and we distinguish between x belonging to the

edge and x belonging to the smooth part of the boundary.
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−→
B

B

E

⊙

π−α
2

θ(x)

x

π
2

Figure 1. A lens Ω: the magnetic field is nowhere tangent to the bound-

ary and it makes the angle θ(x) with the regular boundary.

3.1.2. Leading Operator. Let x ∈ E and V a small neighborhood of x in Ω. We

suppose that the opening angle at x is α. There is a diffeomorphism, denoted by the

local coordinates (ŝ, t̂, ẑ), from V to an open subset of the infinite wedge of opening α:

Wα = R× Sα,

where the 2D corner with fixed angle α ∈ (0, π) is defined by:

Sα =
{
(t̂, ẑ) ∈ R

2 : |ẑ| < t̂ tan
(α
2

)}
.

This diffeomorphism can be explicitly described.

⊙ŝ
E

ẑ

t̂α

Figure 2. Using the local coordinates (ŝ, t̂, ẑ), a neighborhood of a point

of the edge can be described as a subset of the infinite wedge Wα.

Therefore we are led to study the operator Lα defined below.

Definition 3.10. Let LPo
α be the Neumann realization on L2(Wα, dŝ dt̂ dẑ) of

(3.3.4) D2
t̂ +D2

ẑ + (Dŝ − t̂)2.

We denote by µPo
1 (α) the bottom of the spectrum of LPo

α .
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Using the Fourier transform with respect to ŝ, we have the decomposition:

(3.3.5) LPo
α =

∫ ⊕
LPo
α,η dη,

where Lα,η is the following Neumann realization on L2(Sα, dt̂ dẑ):
(3.3.6) LPo

α,η = D2
t̂ +D2

ẑ + (η − t̂)2,

where η ∈ R is the Fourier parameter. As

lim
|(t̂,ẑ)|→+∞
(t̂,ẑ)∈Sα

(η − t̂)2 = +∞,

the Schrödinger operator LPo
α,η has compact resolvent for all (α, η) ∈ (0, π)× R.

Notation 3.11. For each α ∈ (0, π), we denote by µPo
1 (α, η) the lowest eigenvalue of

LPo
α,η and we denote by uPoα,η a normalized corresponding eigenfunction.

Using (3.3.5) we have:

(3.3.7) µPo
1 (α) = inf

η∈R
µPo
1 (α, η).

Properties related to LPo
α,η and LPo

α . Let us gather a few elementary properties.

Lemma 3.12. We have:

(1) For all (α, η) ∈ (0, π)× R, µPo
1 (α, η) is a simple eigenvalue of LPo

α,η.

(2) The function (0, π)× R ∋ (α, η) 7→ µPo
1 (α, η) is analytic.

(3) For all η ∈ R, the function (0, π) ∋ α 7→ µPo
1 (α, η) is decreasing.

(4) The function (0, π) ∋ α 7→ µPo
1 (α) is non increasing.

(5) For all α ∈ (0, π), we have

(3.3.8) lim
η→−∞

µPo
1 (α, η) = +∞ and lim

η→+∞
µPo
1 (α, η) = σ(π−α

2
).

Proof. We refer to [136, Section 3] for the two first statements. The monoticity

comes from [136, Proposition 8.14] and the limits as η goes to ±∞ are computed in

[136, Theorem 5.2]. �

Remark 3.13. As ν(π) = Θ0, we have:

(3.3.9) ∀α ∈ (0, π), ν(α) ≥ Θ0.

Let us note that it is proved in [136, Proposition 8.13] that µPo
1 (α) > Θ0 for all α ∈ (0, π).

The following proposition is fundamental in order to compare the spectral quantities

coming from the model operators:
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Proposition 3.14. There exists α̃ ∈ (0, π) such that for α ∈ (0, α̃), the function

η 7→ µPo
1 (α, η) reaches its infimum and

(3.3.10) µPo
1 (α) < σ

(
π − α

2

)
.

Remark 3.15. By computing Cqm, we notice that (3.3.10) holds at least for α ∈
(0, 1.2035). Numerical computations show that in fact (3.3.10) seems to hold for all

α ∈ (0, π).

We will work under the following conjecture:

Conjecture 3.16. For all α ∈ (0, π), η 7→ µPo
1 (α, η) has a unique critical point

denoted by η0(α) and it is a non degenerate minimum.

Remark 3.17. A numerical analysis seems to indicate that Conjecture 3.16 is true

(see [136, Subsection 6.4.1]). Moreover standard spectral arguments ([136, Section 6.2])

make us think that this conjecture is true at least for small α.

Under this conjecture and using the analytic implicit functions theorem, we deduce:

Lemma 3.18. Under Conjecture 3.16, the function (0, π) ∋ α 7→ η0(α) is analytic

and so is (0, π) ∋ α 7→ µPo
1 (α). Moreover the function (0, π) ∋ α 7→ µPo

1 (α) is decreasing.

3.1.3. Comparison between the models and choice of the lens Ω. The previous sub-

sections lead to compare the two quantities:

inf
x∈E

µPo
1 (α(x)), inf

x∈∂Ω\E
σ1(θ(x)),

where θ(x) is defined in (3.3.2), α(x) and E are defined in Definition 3.9. Let us state

the different assumptions under which we work:

Assumption 3.19.

(3.3.11) inf
x∈E

µPo
1 (α(x)) < inf

x∈∂Ω\E
σ1(θ(x)).

Remark 3.20. Using (3.3.3), the fact that σ1 is increasing and Proposition 3.3.10,

we check that, in the model case when Ω is made of two parts of a sphere glued together,

Assumption 3.19 is satisfied for α small enough. By a continuity argument, Assumption

3.19 holds for not too large perturbations of this lens.

From the properties of the leading operator we see that we will be led to work near

the point of the edge of maximal opening. Therefore we will assume the following generic

assumption:
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Assumption 3.21. We denote by α : E 7→ (0, π) the opening angle of the lens. We

assume that α admits a unique and non degenerate maximum at the point x0 and we let

α0 = max
E

α.

We denote τ = tan α
2
and τ0 = tan α0

2
.

3.2. Normal form. This is “classical” that Assumption 3.19 leads to localization

properties of the eigenfunctions near the edge E and more precisely near the points of

the edge where E ∋ x 7→ ν(α(x)) is minimal. Therefore, since ν is decreasing and thanks

to Assumption 3.21, we expect that the first eigenfunctions concentrate near the point

x0 where the opening is maximal. This is possible to introduce, near each x ∈ E, a local

change of variables which transforms a neighborhood of x in Ω in a ε0-neighborhood of

(0, 0, 0) of Wα(x), denoted by Wα(x),ε0 .

For the convenience of the reader, let us write below the expression of the mag-

netic Laplacian in the new local coordinates (š, ť, ž) where š is a curvilinear abscissa of

the edge. The magnetic Laplacian Lh is given by the Laplace-Beltrami expression (on

L2(|Ǧ|1/2 dš dť dž)):
(3.3.12) Ľh := |Ǧ|−1/2∇̌h|Ǧ|1/2Ǧ−1∇̌h

where:

(3.3.13) ∇̌h =




hDš

hDť

hτ(š)−1τ(0)Dž


+



−ť+ η0h

1/2 − h τ
′

2τ
(žDž +Dž ž) + Ř1(š, ť, ž)

0

0


 .

The precise forms of the Taylor expansions of the remainder Ř1, the metric Ǧ and the

function š 7→ τ(š) are analyzed in [138]. The reader will not need them to understand

the structure of the investigation.

Remark 3.22. Such a normal form allows us to describe the leading structure of this

magnetic Laplace-Beltrami operator. Indeed, if we just keep the main terms in (3.3.12)

by neglecting formally the geometrical factors, our operator takes the simpler form:

(hDš − ť+ η0h
1/2)2 + h2D2

ť + h2τ(0)2τ(š)−2D2
ž .

Performing another formal Taylor expansion near š = 0, we are led to the following

operator:

(hDš − ť+ η0h
1/2)2 + h2D2

ť + h2D2
ž + ch2š2D2

ž ,

where c > 0. Using a scaling, we get a rescaled operator L̂h whose first term is the leading

operator LPo
α0

and which allows to construct quasimodes. Moreover this form is suitable

to establish microlocalization properties of the eigenfunctions with respect to Dš.
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3.3. Main result. The main result of this section is a complete asymptotic expan-

sion of all the first eigenvalues of Lh:

Theorem 3.23. We assume that Conjecture 3.16 is true. We also assume Assump-

tions 3.19 and 3.21. For all n ≥ 1 there exists (µj,n)j≥0 such that we have:

λn(h) ∼
h→0

h
∑

j≥0

µj,nh
j/4.

Moreover, we have:

µ0,n = ν(α0), µ1,n = 0, µ2,n = ω0 + (2n− 1)
√
κτ−1

0 ‖DẑuPoη0 ‖2∂2ηµPo
1 (α0, η0),

where the geometrical constants ω0 and κ are respectively given in (13.1.13) and (13.1.6).

Remark 3.24. We observe that, for all n ≥ 1, λn(h) is simple for h small enough.

This simplicity, jointly with a quasimodes construction provides an approximation of the

corresponding normalized eigenfunction.

4. Birkhoff normal form

Sections 1, 2 and 3 are mainly structured around the idea of normal forms. Indeed,

in each case we have introduced an appropriate change of variable or equivalently a

Fourier integral operator and we have normalized the magnetic Laplacian by transfer-

ring the magnetic geometry into the coefficients of the operator. We can interpret this

normalization as a very explicit application of the Egorov theorem. Then we have used

the Feshbach projection to simplified again the situation. This projection method can

also be heuristically interpreted as a normal form in the spirit of Egorov: taking the

average of the operator in a certain quantum state is nothing but the quantum analog of

averaging a full Hamiltonian with respect to a reduced Hamiltonian. In problems with

boundaries or with vanishing magnetic fields it appears that the dynamics of the reduced

Hamiltonian is less understood (due to the boundary conditions for instance) than the

spectral theory of its quantization. Keeping this remark in mind it now naturally appears

that we should implement a general normal form for instance in the simplest situation

of dimension two, without boundary and with a non vanishing magnetic field.

4.1. Preliminary considerations. As we shall recall below, a particle in a mag-

netic field has a fast rotating motion, coupled to a slow drift. It is of course expected

that the long-time behaviour of the particle is governed by this drift. From the quantum

point of view we will see that this drift is governed by a reduced Hamiltonian which can

be approximated by the magnetic field itself.



46 3. SEMICLASSICAL MAGNETIC NORMAL FORMS

Figure 3. This photograph shows the motion of an electron beam in a non-

uniform magnetic field. One can clearly see the fast rotation coupled with a

drift. In the magnetic literature, the turning point (here on the right), due to

the projection of the phase space motion onto the position space, is called a

mirror point. Credits: Prof. Reiner Stenzel, http://www.physics.ucla.edu/plasma-

exp/beam/BeamLoopyMirror.html

Let (e1, e2, e3) be an orthonormal basis of R3 and let us consider the plane R
2 =

{q1e1 + q2e2; (q1, q2) ∈ R
2}, and the magnetic field is B = B(q1, q2)e3. For the moment

we only assume that q := (q1, q2) belongs to an open set Ω where B does not vanish.

With appropriate constants, Newton’s equation for the particle under the action of

the Lorentz force writes

(3.4.1) q̈ = 2q̇ ×B.

The kinetic energy E = 1
4
‖q̇‖2 is conserved. If the speed q̇ is small, we may linearize the

system, which amounts to have a constant magnetic field. Then, as is well known, the

integration of Newton’s equations gives a circular motion of angular velocity θ̇ = −2B

and radius ‖q̇‖ /2B. Thus, even if the norm of the speed is small, the angular velocity

may be very important. Now, if B is in fact not constant, then after a while, the particle

may leave the region where the linearization is meaningful. This suggests a separation

of scales, where the fast circular motion is superposed with a slow motion of the center

(Figure 4.1).

It is known that the system (3.4.1) is Hamiltonian and that the usual kinetic energy

has to be replaced by the so-called Peierls kinetic energy. Let A ∈ C∞(R2,R2) such that

B = ∇×A.
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As usual we may identify A = (A1, A2) with the 1-form A = A1 dq1 + A2 dq2. Then, as

a differential 2-form, dA = (∂A2

∂q1
− ∂A1

∂q2
) dq1 ∧ dq2 = B dq1 ∧ dq2. In terms of canonical

variables (q, p) ∈ T ∗
R

2 = R
4 the Hamiltonian of our system is

(3.4.2) H(q, p) = ‖p−A(q)‖2 .

We use here the Euclidean norm on R
2, which allows the identification of R2 with (R2)∗

by

(3.4.3) ∀(v, p) ∈ R
2 × (R2)∗, p(v) = 〈p, v〉.

Thus, the canonical symplectic structure ω on T ∗
R

2 is given by

(3.4.4) ω((Q1, P1), (Q2, P2)) = 〈P1, Q2〉 − 〈P2, Q1〉.

It is easy to check that Hamilton’s equations for H imply Newton’s equation (3.4.1).

In particular, through the identification (3.4.3) we have q̇ = 2(p−A).

4.2. Magnetic normal forms. We consider first large time classical dynamics.

Indeed, while it is quite easy to find an approximation of the dynamics for finite time,

the large time problem has to face the issue that the conservation of the energy H is not

enough to confine the trajectories in a compact set: the set H−1(E) is not bounded.

The first result shows the existence of a smooth symplectic diffeomorphism that

transforms the initial Hamiltonian into a normal form, up to any order in the distance

to the zero energy surface.

Theorem 3.25. Let

H(q, p) := ‖p−A(q)‖2 , (q, p) ∈ T ∗
R

2 = R
2 × R

2,

where the magnetic potential A : R
2 → R

2 is smooth. Let B := ∂A2

∂q1
− ∂A1

∂q2
be the

corresponding magnetic field. Let Ω ⊂ R
2 be a bounded open set where B does not vanish.

Then there exists a symplectic diffeomorphism Φ, defined in an open set Ω̃ ⊂ Cz1 ×R
2
z2
,

with values in T ∗
R

2, which sends the plane {z1 = 0} to the surface {H = 0}, and such

that

(3.4.5) H ◦ Φ = |z1|2 f(z2, |z1|2) +O(|z1|∞),

where f : R2 × R → R is smooth. Moreover, the map

(3.4.6) ϕ : Ω ∋ q 7→ Φ−1(q,A(q)) ∈ ({0} × R
2
z2
) ∩ Ω̃

is a local diffeomorphism and

f ◦ (ϕ(q), 0) = |B(q)| .
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In the following theorem we denote by K = |z1|2 f(z2, |z1|2) ◦ Φ−1 the (completely

integrable) normal form of H given be Theorem 3.25 above. Let ϕtH be the Hamiltonian

flow of H, and let ϕtK be the Hamiltonian flow of K. Let us state, without proofs, the

important dynamical consequences of Theorem 3.25.

Theorem 3.26. Assume that the magnetic field B > 0 is confining: there exists

C > 0 and M > 0 such that B(q) ≥ C if ‖q‖ ≥M . Let C0 < C. Then

(1) The flow ϕtH is uniformly bounded for all starting points (q, p) such that B(q) ≤
C0 and H(q, p) = O(ǫ) and for times of order O(1/ǫN), where N is arbitrary.

(2) Up to a time of order Tǫ = O(|ln ǫ|), we have

(3.4.7)
∥∥ϕtH(q, p)− ϕtK(q, p)

∥∥ = O(ǫ∞)

for all starting points (q, p) such that B(q) ≤ C0 and H(q, p) = O(ǫ).

It is interesting to notice that, if one restricts to regular values of B, one obtains the

same control for a much longer time, as stated below.

Theorem 3.27. Under the same confinement hypothesis as Theorem 3.26, let J ⊂
(0, C0) be a closed interval such that dB does not vanish on B−1(J). Then up to a time

of order T = O(1/ǫN), for an arbitrary N > 0, we have
∥∥ϕtH(q, p)− ϕtK(q, p)

∥∥ = O(ǫ∞)

for all starting points (q, p) such that B(q) ∈ J and H(q, p) = O(ǫ).

We may now describe the magnetic dynamics in terms of a fast rotating motion with

a slow drift. In order to do this, we introduce the adiabatic action

I := |z1|2 =
∫

γ

p dq,

where γ is the loop corresponding to the fast motion (which we can obtain by using a

local approximation by a constant magnetic field). Since {I,K} = 0, I is a constant of

motion for the flow ϕtK . Moreover, the Hamiltonian flow of I generates a 2π-periodic

S1 action on the level set {I = const}. For I 6= 0, the reduced symplectic manifold

ΣI := {I = const}/S1 may be identified with Σ := I−1(0) = H−1(0), endowed with the

symplectic form dξ2 ∧ dx2. (As we shall see in Lemma 14.1 below, we may also identify

Σ with R
2
(q1,q2)

endowed with the symplectic form B dq1 ∧ dq2.) Then, for each value of

I, the function K defines a Hamiltonian hI on Σ:

hI(z2) := If(z2, I).
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In the next statement, we assume that B is confining and we denote by T (ǫ) the time

given by Theorems 3.26 or 3.27, depending on the initial value of B. In view of the fact

that the Hamiltonian vector field of K splits into the sum of commuting vector fields

XK = fXI + IXf(z2,I),

we immediately obtain the following corollary, which is illustrated by Figure 4.

Figure 4. Numerical simulation of the flow of H when the magnetic field

is given by B(x, y) = 2+ x2 + y2 + x3

3
+ x4

20
, and ǫ = 0.05, t ∈ [0, 500]. The

picture also displays in red some level sets of B.

Corollary 3.28 (fast/slow decomposition). Let N > 0. There exists a small energy

E0 > 0 such that, for all E < E0, for times t ≤ T (E), the magnetic flow ϕtH at kinetic

energy H = E is, up to an error of order O(E∞), the Abelian composition of two motions:

• [fast rotating motion] a periodic flow around the S1-orbits, with frequency 1
2π

∂K
∂I

;

• [slow drift] the Hamiltonian flow of hI on Σ ≃ ΣI .

We turn now to the quantum counterpart of these results. Let Lh,A = (−ih∇−A)2

be the magnetic Laplacian on R
2, where the potential A : R2 → R

2 is smooth, and such

that Lh,A ∈ S(m) for some order function m on R
4 (see [44, Chapter 7]). We will work
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with the Weyl quantization; for a classical symbol a = a(x, ξ) ∈ S(m) , it is defined as:

Opwh aψ(x) =
1

(2πh)2

∫ ∫
ei(x−y)·ξ/ha

(
x+ y

2
, ξ

)
ψ(y) dy dξ, ∀ψ ∈ S(R2).

The first result shows that the spectral theory of Lh,A is governed at first order by

the magnetic field itself, viewed as a symbol.

Theorem 3.29. Assume that the magnetic field B is non vanishing on R
2 and con-

fining: there exist constants C̃1 > 0, M0 > 0 such that

(3.4.8) B(q) ≥ C̃1 for |q| ≥M0.

Let H0
h = Opwh (H

0), where H0 = B(ϕ−1(z2))|z1|2 where ϕ : R2 → R
2 is a diffeomorphism.

Then there exists a bounded classical pseudo-differential operator Qh on R
2, such that

• Qh commutes with Opwh (|z1|2);
• Qh is relatively bounded with respect to H0

h with an arbitrarily small relative

bound;

• its Weyl symbol is Oz2(h
2 + h |z1|2 + |z1|4),

so that the following holds. Let 0 < C1 < C̃1. Then the spectra of Lh,A and Nh := H0
h+Qh

in (−∞, C1h] are discrete. We denote by 0 < λ1(h) ≤ λ2(h) ≤ · · · the eigenvalues of

Lh,A and by 0 < µ1(h) ≤ µ2(h) ≤ · · · the eigenvalues of Nh. Then for all j ∈ N
∗ such

that λj(h) ≤ C1h and µj(h) ≤ C1h, we have

|λj(h)− µj(h)| = O(h∞).

The proof of Theorem 3.29 relies on the following theorem (see [98] where a close

form of this theorem appears), which provides in particular an accurate description of

Qh. In the statement, we use the notation of Theorem 3.25; we recall that Σ is the zero

set of the classical Hamiltonian H.

Theorem 3.30. For h small enough there exists a global Fourier Integral Operator

Uh such that

U∗
hUh = I + Zh, UhU

∗
h = I + Z ′

h,

where Zh, Z
′
h are pseudo-differential operators that microlocally vanish in a neighborhood

of Ω̃ ∩ Σ, and

(3.4.9) U∗
hLh,AUh = IhFh +Rh,

where

(1) Ih := −h2 ∂2

∂x21
+ x21;

(2) Fh is a classical pseudo-differential operator in S(m) that commutes with Ih;
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(3) For any Hermite function hn(x1) such that Ihhn = h(2n − 1)hn, the operator

F
(n)
h acting on L2(Rx2) by

hn ⊗ F
(n)
h (u) = Fh(hn ⊗ u)

is a classical pseudo-differential operator in SR2(m) with principal symbol

F (n)(x2, ξ2) = B(q),

where (0, x2 + iξ2) = ϕ(q) as in (3.4.6);

(4) Given any classical pseudo-differential operator Dh with principal symbol d0 such

that d0(z1, z2) = c(z2)|z1|2 + O(|z1|3), and any N ≥ 1, there exist classical

pseudo-differential operators Sh,N and KN such that:

(3.4.10) Rh = Sh,N(Dh)
N +KN +O(h∞),

with KN compactly supported away from a fixed neighborhood of |z1| = 0.

(5) IhFh = Nh = H0
h + Qh, where H0

h = Opwh (H
0), H0 = B(ϕ−1(z2))|z1|2, and the

operator Qh is relatively bounded with respect to H0
h with an arbitrarily small

relative bound.

We recover the result of [79], adding the fact that no odd power of h1/2 can show up

in the asymptotic expansion (see the recent work [82] where a Grushin type method is

used to obtain a close result).

Corollary 3.31 (Low lying eigenvalues). Assume that B has a unique non-degenerate

minimum. Then there exists a constant c0 such that for any j, the eigenvalue λj(h) has

a full asymptotic expansion in integral powers of h whose first terms have the following

form:

λj(h) ∼ hminB + h2(c1(2j − 1) + c0) +O(h3),

with c1 =

√
det(B”◦ϕ−1(0))

2B◦ϕ−1(0)
, where the minimum of B is reached at ϕ−1(0).

Proof. The first eigenvalues of Hh,A are equal to h times the eigenvalues of F
(1)
h

(in point (3) of Theorem 3.30). Since B has a non-degenerate minimum, the symbol

of F
(1)
h has a non-degenerate minimum, and the spectral asymptotics of the low-lying

eigenvalues for such a 1D pseudo-differential operator are well known. We get

λj(h) ∼ hminB + h2(c1(2j − 1) + c0) +O(h3),

with c1 =
√

det(B ◦ ϕ−1)”(0)/2. One can easily compute

c1 =

√
det(B” ◦ ϕ−1(0))

2 |det(Dϕ−1(0))| =

√
det(B” ◦ ϕ−1(0))

2B ◦ ϕ−1(0)
.

�





CHAPTER 4

Waveguides

Aucune pensée ne peut germer en moi qui

ne soit le prolongement de la pensée d’un

ancêtre ; il n’y a pas en réalité de nou-

veau germe (de pensée), il y a l’éclosion

prédéterminée d’un bourgeon sur l’arbre an-

tique et sacré de la vie.

Ma conception du monde, Schrödinger

This chapter presents recent progress in the spectral theory of waveguides. In Sec-

tion 1 we describe magnetic waveguides in dimensions two and three and we analyze the

spectral influence of the width ε of the waveguide and the intensity b if the magnetic

field. In particular we investigate the limit ε → 0. In Section 2 we describe the same

problem in the case of layers. In Sections 3 and 4 the effect of a corner in dimension two

is tackled.

1. Magnetic waveguides

This section is concerned with spectral properties of a curved quantum waveguide

when a magnetic field is applied. We will give a precise definition of what a waveguide

is in Sections 1.2 and 1.3. Without going into the details we can already mention that

we will use the definition given in the famous (non magnetic) paper of Duclos and Exner

[48] and its generalizations [31, 106, 65]. The waveguide is nothing but a tube Ωε

about an unbounded curve γ in the Euclidean space Rd, with d ≥ 2, where ε is a positive

shrinking parameter and the cross section is defined as εω = {ετ : τ ∈ ω}.
One of the deep facts which is proved by Duclos and Exner is that the Dirichlet

Laplacian on Ωε always has discrete spectrum below its essential spectrum when the

waveguide is not straight and asymptotically straight. They also investigate the limit

ε→ 0 to show that the Dirichlet Laplacian on the tube Ωε converges in a suitable sense

53
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to the effective one dimensional operator

Leff = −∂2s −
κ(s)2

4
on L2(γ, ds).

In addition it is proved in [48] that each eigenvalue of this effective operator generates

an eigenvalue of the Dirichlet Laplacian on the tube.

This section is devoted to the spectral analysis of the magnetic operator with Dirichlet

boundary conditions L
[d]
ε,bA defined as

(4.1.1) (−i∇x + bA(x))2 on L2(Ωε, dx).

where b > 0 is a positive parameter and A a smooth vector potential associated with a

given magnetic field B.

As Duclos and Exner we are interested in approximations of L
[d]
ε,bA in the small cross

section limit ε→ 0. Such an approximation might non trivially depends on the intensity

of the magnetic field b especially if it is allowed to depend on ε.

1.1. Waveguides with more geometry. In dimension three it is also possible

to twist the waveguide by allowing the cross section of the waveguide to non-trivially

rotate by an angle function θ with respect to a relatively parallel frame of γ (then the

velocity θ′ can be interpreted as a “torsion”). It is proved in [52] that, whereas the

curvature is favourable to discrete spectrum, the torsion plays against it. In particular,

the spectrum of a straight twisted waveguide is stable under small perturbations (such

as local electric field or bending). This repulsive effect of twisting is quantified in [52]

(see also [105, 109]) by means of a Hardy type inequality. The limit ε → 0 permits to

compare the effects bending and twisting ([23, 42, 108]) and the effective operator is

given by

Leff = −∂2s −
κ(s)2

4
+ C(ω)θ′(s)2 on L2(γ, ds),

where C(ω) is a positive constant whenever ω is not a disk or annulus. Writing (4.1.1)

Figure 1. Torsion on the left and curvature on the right
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in suitable curvilinear coordinates (see (4.1.9) below), one may notice similarities in the

appearance of the torsion and the magnetic field in the coefficients of the operator and

it therefore seems natural to ask the following question:

“Does the magnetic field act as the torsion ?”

In order to define our effective operators in the limit ε → 0 we shall describe more

accurately the geometry of our waveguides. This is the aim of the next two sections in

which we will always assume that the geometry (curvature and twist) and the magnetic

field are compactly supported.

1.2. Two-dimensional waveguides. Let us consider a smooth and injective curve

γ: R ∋ s 7→ γ(s) which is parameterized by its arc length s. The normal to the curve at

γ(s) is defined as the unique unit vector n(s) such that γ′(s)·ν(s) = 0 and det(γ′, ν) = 1.

We have the relation γ′′(s) = −κ(s)n(s) where κ(s) denotes the algebraic curvature at

the point γ(s). We can now define standard tubular coordinates. We consider:

R× (−ε, ε) ∋ (s, t) 7→ Φ(s, t) = γ(s) + tn(s).

We always assume

(4.1.2) Φ is injective and ε sup
s∈R

|κ(s)| < 1.

Then it is well known (see [106]) that Φ defines a smooth diffeomorphism from R×(−ε, ε)
onto the image Ωε = Φ(R× (−ε, ε)), which we identify with our waveguide.

Up to changing the gauge, the Laplace-Beltrami expression of L
[2]
ε,bA in these coordi-

nates is given by

L
[2]
ε,bA = (1− tκ(s))−1(i∂s + bA1)(1− tκ(s))−1(i∂s + bA1)− (1− tκ(s))−1∂t(1− tκ(s))∂t,

with the gauge:

A(s, t) = (A1(s, t), 0), A1(s, t) =

∫ t

0

(1− t′κ(s))B(Φ(s, t′)) dt′.

We let:

m(s, t) = (1− tκ(s))−1/2.

The self-adjoint operator L
[2]
ε,bA on L2(R × (−ε, ε),m−2 ds dt) is unitarily equivalent to

the self-adjoint operator on L2(R× (−ε, ε), ds dt):

L[2]
ε,bA = m−1L

[2]
ε,bAm.

Introducing the rescaling

(4.1.3) t = ετ,
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we let:

Aε(s, τ) = (A1,ε(s, τ), 0) = (A1(s, ετ), 0)

and denote by L[2]
ε,bAε

the homogenized operator on L2(R× (−1, 1), ds dτ):

(4.1.4) L[2]
ε,bAε

= mε(i∂s + bA1,ε)m
2
ε(i∂s + bA1,ε)mε − ε−2∂2τ + Vε(s, τ),

with:

mε(s, τ) = m(s, ετ), Vε(s, τ) = −κ(s)
2

4
(1− εκ(s)τ)−2.

It is easy to verify that L[2]
ε,bA, defined as Friedrich extension of the operator initially

defined on C∞
0 (R × (−ε, ε)), has form domain H1

0(R × (−ε, ε)). Similarly, the form

domain of L[2]
ε,bAε

is H1
0(R× (−1, 1)).

1.3. Three-dimensional waveguides. The situation is geometrically more com-

plicated in dimension 3. We consider a smooth curve γ which is parameterized by its

arc length s and does not overlap itself. We use the so-called Tang frame (or the rel-

atively parallel frame, see for instance [108]) to describe the geometry of the tubular

neighbourhood of γ. Denoting the (unit) tangent vector by T (s) = γ′(s), the Tang frame

(T (s),M2(s),M3(s)) satisfies the relations:

T ′ = κ2M2 + κ3M3,

M ′
2 = −κ2T,

M ′
3 = −κ3T.

The functions κ2 and κ3 are the curvatures related to the choice of the normal fields M2

and M3. We can notice that κ2 = κ22 + κ23 = |γ′′|2 is the square of the usual curvature of
γ.

Let θ : R → R a smooth function (twisting). We introduce the map Φ : R×(εω) → Ωε

defined by:

(4.1.5)

x = Φ(s, t2, t3) = γ(s) + t2(cos θM2(s) + sin θM3(s)) + t3(− sin θM2(s) + cos θM3(s)).

Let us notice that s will often be denoted by t1. As in dimension two, we always assume:

(4.1.6) Φ is injective and ε sup
(τ2,τ3)∈ω

(|τ2|+ |τ3|) sup
s∈R

|κ(s)| < 1.
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Sufficient conditions ensuring the injectivity hypothesis can be found in [52, App. A].

We define A = DΦA(Φ) = (A1,A2,A3),

h = 1− t2(κ2 cos θ + κ3 sin θ)− t3(−κ2 sin θ + κ3 cos θ),

h2 = −t2θ′,
h3 = t3θ

′,

and R = h3bA2 + h2bA3. We also introduce the angular derivative ∂α = t3∂t2 − t2∂t3 .

We will see in Section 2 that the magnetic operator L
[3]
ε,bA is unitarily equivalent to the

operator on L2(Ωε, h dt) given by

(4.1.7) L
[3]
ε,bA =

∑

j=2,3

h−1(−i∂tj + bAj)h(−i∂tj + bAj)

+ h−1(−i∂s + bA1 − iθ′∂α +R)h−1(−i∂s + bA1 − iθ′∂α +R).

By considering the conjugate operator h1/2L
[3]
ε,bAh

−1/2, we find that L
[3]
ε,bA is unitarily

equivalent to the operator defined on L2(R× (εω), ds dt2 dt3) given by:

(4.1.8) L[3]
ε,bA =

∑

j=2,3

(−i∂tj + bAj)
2 − κ2

4h2

+ h−1/2(−i∂s + bA1 − iθ′∂α +R)h−1(−i∂s + bA1 − iθ′∂α +R)h−1/2.

Finally, introducing the rescaling

(t2, t3) = ε(τ2, τ3) = ετ,

we define the homogenized operator on L2(R× ω, ds dτ):

(4.1.9) L[3]
ε,bAε

=
∑

j=2,3

(−iε−1∂τj + bAj,ε)
2 − κ2

4h2ε

+ h−1/2
ε (−i∂s + bA1,ε − iθ′∂α +Rε)h

−1
ε (−i∂s + bA1,ε − iθ′∂α +Rε)h

−1/2
ε ,

where Aε(s, τ) = A(s, ετ), hε(s, τ) = h(s, ετ) and Rε = R(s, ετ).

We leave as an exercise the verification that the form domains of L[3]
ε,bA and L[3]

ε,bAε
are

H1
0(R× (−ε, ε)) and H1

0(R× (−1, 1)), respectively.

1.4. Limiting models and asymptotic expansions. We can now state our main

results concerning the effective models in the limit ε → 0. We will denote by λDir
n (ω)

the n-th eigenvalue of the Dirichlet Laplacian −∆Dir
ω on L2(ω). The first positive and

L2-normalized eigenfunction will be denoted by J1.
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Definition 4.1 (Case d = 2). For δ ∈ (−∞, 1), we define:

Leff,[2]
ε,δ = −ε−2∆Dir

ω − ∂2s −
κ(s)2

4

and for δ = 1, we let:

Leff,[2]
ε,1 = −ε−2∆Dir

ω + T [2],

where

T [2] = −∂2s +
(
1

3
+

2

π2

)
B(γ(s))2 − κ(s)2

4
.

Theorem 4.2 (Case d = 2). There exists K such that, for all δ ∈ (−∞, 1], there

exist ε0 > 0, C > 0 such that for all ε ∈ (0, ε0):∥∥∥∥
(
L[2]

ε,ε−δAε
− ε−2λDir

1 (ω) +K
)−1

−
(
Leff,[2]
ε,δ − ε−2λDir

1 (ω) +K
)−1
∥∥∥∥ ≤ Cmax(ε1−δ, ε), for δ < 1

and: ∥∥∥∥
(
L[2]

ε,ε−1Aε
− ε−2λDir

1 (ω) +K
)−1

−
(
Leff,[2]
ε,1 − ε−2λDir

1 (ω) +K
)−1
∥∥∥∥ ≤ Cε.

In the critical regime δ = 1, we deduce the following corollary providing the asymp-

totic expansions of the lowest eigenvalues λ
[2]
n (ε) of L[2]

ε,ε−1Aε
.

Corollary 4.3 (Case d = 2 and δ = 1). Let us assume that T [2] admits N (simple)

eigenvalues µ0, · · · , µN below the threshold of the essential spectrum. Then, for all n ∈
{1, · · ·N}, there exist (γj,n)j≥0 and ε0 > 0 such that for all ε ∈ (0, ε0):

λ[2]n (ε) ∼
ε→0

∑

j≥0

γj,nε
−2+j,

with

γ0,n =
π2

4
, γ1,n = 0, γ2,n = µn.

Thanks to the spectral theorem, we also get the approximation of the corresponding

eigenfunctions at any order (see our quasimodes in (15.1.9)).

In order to present analogous results in dimension three, we introduce supplementary

notation. The norm and the inner product in L2(ω) will be denoted by ‖ · ‖ω and 〈·, ·〉ω,
respectively.

Definition 4.4 (Case d = 3). For δ ∈ (−∞, 1), we define:

Leff,[3]
ε,δ = −ε−2∆Dir

ω − ∂2s −
κ(s)2

4
+ ‖∂αJ1‖2ωθ′2

and for δ = 1, we let:

Leff,[3]
ε,1 = −ε−2∆Dir

ω + T [3],
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where T [3] is defined by:

T [3] = 〈(−i∂s − iθ′∂α − B12(s, 0, 0)τ2 − B13(s, 0, 0)τ3)
2Id(s)⊗ J1, Id(s)⊗ J1〉ω

+ B2
23(s, 0, 0)

(‖τJ1‖2ω
4

− 〈DαRω, J1〉ω
)
− κ2(s)

4
,

with Rω being given in (15.2.6) and

B23(s, 0, 0) = B(γ(s)) · T (s),
B13(s, 0, 0) = B(γ(s)) · (cos θM2(s)− sin θM3(s)),

B12(s, 0, 0) = B(γ(s)) · (− sin θM2(s) + cos θM3(s)).

Theorem 4.5 (Case d = 3). There exists K such that for all δ ∈ (−∞, 1], there exist

ε0 > 0, C > 0 such that for all ε ∈ (0, ε0):∥∥∥∥
(
L[3]

ε,ε−δAε
− ε−2λDir

1 (ω) +K
)−1

−
(
Leff,[3]
ε,δ − ε−2λDir

1 (ω) +K
)−1
∥∥∥∥ ≤ Cmax(ε1−δ, ε), for δ < 1

and: ∥∥∥∥
(
L[3]

ε,ε−1Aε
− ε−2λDir

1 (ω) +K
)−1

−
(
Leff,[3]
ε,1 − ε−2λDir

1 (ω) +K
)−1
∥∥∥∥ ≤ Cε.

In the same way, this theorem implies asymptotic expansions of eigenvalues λ
[3]
n (ε)

of L[3]

ε,ε−1Aε
.

Corollary 4.6 (Case d = 3 and δ = 1). Let us assume that T [3] admits N (simple)

eigenvalues ν0, · · · , νN below the threshold of the essential spectrum. Then, for all n ∈
{1, · · ·N}, there exist (γj,n)j≥0 and ε0 > 0 such that for all ε ∈ (0, ε0):

λ[3]n (ε) ∼
ε→0

∑

j≥0

γj,nε
−2+j,

with

γ0,n = λDir
1 (ω), γ1,n = 0, γ2,n = νn.

As in two dimensions, we also get the corresponding expansion for the eigenfunctions.

Complete asymptotic expansions for eigenvalues in finite three-dimensional waveguides

without magnetic field are also previously established in [72, 19]. Such expansions were

also obtained in [71] in the case δ = 0 in a periodic framework.

Remark 4.7. As expected, when δ = 0 that is when b is kept fixed, the magnetic

field does not persists in the limit ε → 0 as well in dimension two as in dimension

three. Indeed, in this limit Ωε converges to the one dimensional curve γ and there is no

magnetic field in dimension 1.
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1.5. Norm resolvent convergence. Let us state an auxiliary result, inspired by

the approach of [67], which tells us that, in order to estimate the difference between two

resolvents, it is sufficient to analyse the difference between the corresponding sesquilinear

forms as soon as their domains are the same.

Lemma 4.8. Let L1 and L2 be two positive self-adjoint operators on a Hilbert space

H. Let B1 and B2 be their associated sesquilinear forms. We assume that Dom (B1) =

Dom (B2). Assume that there exists η > 0 such that for all φ, ψ ∈ Dom (B1):

|B1(φ, ψ)−B2(φ, ψ)| ≤ η
√

Q1(ψ)
√

Q2(φ),

where Qj(ϕ) = Bj(ϕ, ϕ) for j = 1, 2 and ϕ ∈ Dom (B1). Then, we have:

‖L−1
1 − L−1

2 ‖ ≤ η‖L−1
1 ‖1/2‖L−1

2 ‖1/2.

Proof. The original proof can be found in [108, Prop. 5.3]. Let us consider φ̃, ψ̃ ∈
H. We let φ = L−1

2 φ̃ and ψ = L−1
1 ψ̃. We have φ, ψ ∈ Dom (B1) = Dom (B2). We notice

that:

B1(φ, ψ) = 〈L−1
2 φ̃, ψ̃〉, B2(φ, ψ) = 〈L−1

1 φ̃, ψ̃〉

and:

Q1(ψ) = 〈ψ̃,L−1
1 ψ̃〉, Q2(φ) = 〈φ̃,L−1

2 φ̃〉.

We infer that: ∣∣∣〈(L−1
1 − L−1

2 )φ̃, ψ̃〉
∣∣∣ ≤ η‖L−1

1 ‖1/2‖L−1
2 ‖1/2‖φ̃‖‖ψ̃‖

and the result elementarily follows. �

1.6. A magnetic Hardy inequality. In dimension 2, the limiting model (with

δ = 1) enlightens the fact that the magnetic field plays against the curvature, whereas

in dimension 3 this repulsive effect is not obvious (it can be seen that 〈DαRω, J1〉ω ≥ 0).

Nevertheless, if ω is a disk, we have 〈DαRω, J1〉ω = 0 and thus the component of the

magnetic field parallel to γ plays against the curvature (in comparison, a pure torsion has

no effect when the cross section is a disk). In the flat case (κ = 0), we can quantify this

repulsive effect by means of a magnetic Hardy inequality (see [51] where this inequality

is discussed in dimension two). We will not discuss the proof of this inequality in this

book.

Theorem 4.9. Let d ≥ 2. Let us consider Ω = R× ω. For R > 0, we let:

Ω(R) = {t ∈ Ω : |t1| < R}.
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Let A be a smooth vector potential such that σB is not zero on Ω(R0) for some R0 > 0.

Then, there exists C > 0 such that, for all R ≥ R0, there exists cR(B) > 0 such that, we

have:

(4.1.10)

∫

Ω

|(−i∇+A)ψ|2 − λDir
1 (ω)|ψ|2 dt ≥

∫

Ω

cR(B)

1 + s2
|ψ|2 dt, ∀ψ ∈ C∞

0 (Ω).

Moreover we can take:

cR(B) =
(
1 + CR−2

)−1
min

(
1

4
, λDir,Neu

1 (B,Ω(R))− λDir
1 (ω)

)
,

where λDir,Neu
1 (B,Ω(R)) denotes the first eigenvalue of the magnetic Laplacian on Ω(R),

with Dirichlet condition on R× ∂ω and Neumann condition on {|s| = R} × ω.

The inequality of Theorem 4.9 can be applied to prove certain stability of the spec-

trum of the magnetic Laplacian on Ω under local and small deformations of Ω. Let us

fix ε > 0 and describe a generic deformation of the straight tube Ω. We consider the

local diffeomorphism:

Φε(t) = Φε(s, t2, t3) = (s, 0, · · · , 0) +
d∑

j=2

(tj + εj(s))Mj + E1(s),

where (Mj)
d
j=2 is the canonical basis of {0}×R

d−1. The functions εj and E1 are smooth

and compactly supported in a compact set K. As previously we assume that Φε is a

global diffeomorphism and we consider the deformed tube Ωdef,ε = Φε(R× ω).

Proposition 4.10. Let d ≥ 2. There exists ε0 > 0 such that for ε ∈ (0, ε0), the

spectrum of the Dirichlet realization of (−i∇+A)2 on Ωdef,ε coincides with the spectrum

of the Dirichlet realization of (−i∇+A)2 on Ω. The spectrum is given by [λDir
1 (ω),+∞).

By using a semiclassical argument, it is possible to prove a stability result which does

not use the Hardy inequality.

Proposition 4.11. Let R0 > 0 and Ω(R0) = {t ∈ R×ω : |t1| ≤ R0}. Let us assume

that σB = dξA does not vanish on Φ(Ω(R0)) and that on Ω1 \ Φ(Ω(R0)) the curvature

is zero. Then, there exists b0 > 0 such that for b ≥ b0, the discrete spectrum of L
[d]
1,bA is

empty.

2. Magnetic layers

As we will sketch below, the philosophy of Duclos and Exner may also apply to thin

quantum layers as we can see in the contributions [49, 28, 113, 114, 115, 150] and

the related papers [100, 36, 37, 155, 125, 68, 65, 161, 158, 110, 108].
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Let us consider Σ an hypersurface embedded in R
d with d ≥ 2, and define a tubular

neighbourhood about Σ,

(4.2.1) Ωε :=
{
x+ tn ∈ R

d
∣∣ (x, t) ∈ Σ× (−ε, ε)

}
,

where n denotes a unit normal vector field of Σ. We investigate:

(4.2.2) LA,Ωε = (−i∇+A)2 on L2(Ωε) ,

with Dirichlet boundary conditions on ∂Ωε.

2.1. Normal form. As usual the game is to find an appropriate normal form for

the magnetic Laplacian. Given I := (−1, 1) and ε > 0, we define a layer Ωε of width 2ε

along Σ as the image of the mapping

(4.2.3) Φ : Σ× I → R
d :
{
(x, u) 7→ x+ εun

}

Let us denote by Ã the components of the vector potential expressed in the curvilinear

coordinates induced by the embedding (4.2.3). Moreover, assume

(4.2.4) Ãd = 0.

Thanks to the diffeomorphism Φ : Σ× I → Ωε, we may identify LA,Ωε with an operator

Ĥ on L2(Σ× I, dΩε) that acts, in the form sense, as

Ĥ = |G|−1/2(−i∂xµ + Ãµ)|G|1/2Gµν(−i∂xν + Ãν)− ε−2|G|−1/2∂u|G|1/2∂u .

Let us define

J :=
1

4
ln

|G|
|g| =

1

2

d−1∑

µ=1

ln(1− εuκµ) =
1

2
ln

[
1 +

d−1∑

µ=1

(−εu)µ
(
d− 1

µ

)
Kµ

]
.

Using the unitary transform

U : L2(Σ× I, dΩε) → L2(Σ× I, dΣ ∧ du) :
{
ψ 7→ eJψ

}
,

we arrive at the unitarily equivalent operator

H := UĤU−1 = |g|−1/2(−i∂xµ + Ãµ)|g|1/2Gµν(−i∂xν + Ãν)− ε−2∂2u + V ,

where

V := |g|−1/2 ∂xi
(
|g|1/2Gij(∂xjJ)

)
+ (∂xiJ)G

ij(∂xjJ) .

We get

H = UÛ(−∆Ωε
D,A)Û

−1U−1 .
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2.2. The effective operator. H is approximated in the norm resolvent sense (see

[107] for the details) by

(4.2.5) H0 = heff − ε−2∂2u ≃ heff ⊗ 1 + 1⊗ (−ε−2∂2u)

on L2(Σ× I, dΣ ∧ du) ≃ L2(Σ, dΣ)⊗ L2(I, du) with the effective Hamiltonian

(4.2.6) heff := |g|−1/2
(
− i∂xµ + Ãµ(., 0)

)
|g|1/2gµν

(
− i∂xν + Ãν(., 0)

)
+ Veff ,

where

(4.2.7) Veff := −1

2

d−1∑

µ=1

κ2µ +
1

4

(
d−1∑

µ=1

κµ

)2

.

3. Semiclassical triangles

As we would like to analyze the spectrum of broken waveguides (that is waveguides

with an angle), this is natural to prepare the investigation by studying the Dirichlet

eigenvalues of the Laplacian on some special shrinking triangles. This subject is already

dealt with in [64, Theorem 1] where four-term asymptotics is proved for the lowest

eigenvalue, whereas a three-term asymptotics for the second eigenvalue is provided in

[64, Section 2]. We can mention the papers [66, 67] whose results provide two-term

asymptotics for the thin rhombi and also [20] which deals with a regular case (thin

ellipse for instance), see also [21]. We also invite the reader to take a look at [95]. For

a complete description of the low lying spectrum of general shrinking triangles, one may

consult the paper by Ourmières [132] where tunnel effect estimates are also established.

In dimension three the generalization to cones with small aperture is done in [131] and

which is motivated by [58].

Let us define the isosceles triangle in which we are interested:

(4.3.1) Triθ =
{
(x1, x2) ∈ R− × R : x1 tan θ < |x2| <

(
x1 +

π

sin θ

)
tan θ

}
.

We will use the coordinates

(4.3.2) x = x1
√
2 sin θ, y = x2

√
2 cos θ,

which transform Triθ into Triπ/4. The operator becomes:

DTri(h) = 2 sin2θ ∂2x − 2 cos2θ ∂2y ,

with Dirichlet condition on the boundary of Tri. We let h = tan θ ; after a division by

2 cos2 θ, we get the new operator:

(4.3.3) LTri(h) = −h2∂2x − ∂2y .
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This operator is thus in the “Born-Oppenheimer form” and we shall introduce its Born-

Oppenheimer approximation which is the Dirichlet realization on L2((−π
√
2, 0)) of:

(4.3.4) HBO,Tri(h) = −h2∂2x +
π2

4(x+ π
√
2)2

.

Theorem 4.12. The eigenvalues of HBO,Tri(h), denoted by λBO,Tri,n(h), admit the

expansions:

λBO,Tri,n(h) ∼
h→0

∑

j≥0

β̂j,nh
2j/3, with β̂0,n =

1

8
and β̂1,n = (4π

√
2)−2/3zAirev(n),

where zAirev(n) is the n-th zero of the reversed Airy function Airev(x) = Ai(−x).

We state the result for the scaled operator LTri(h).

Theorem 4.13. The eigenvalues of LTri(h), denoted by λTri,n(h), admit the expan-

sions:

λTri,n(h) ∼
h→0

∑

j≥0

βj,nh
j/3 with β0,n =

1

8
, β1,n = 0, and β2,n = (4π

√
2)−2/3zAirev(n),

the terms of odd rank being zero for j ≤ 8. The corresponding eigenvectors have expan-

sions in powers of h1/3 with both scales x/h2/3 and x/h.

4. Broken waveguides

4.1. Physical motivation. As we have already recalled at the beginning of this

chapter, it has been proved in [48] that a curved, smooth and asymptotically straight

waveguide has discrete spectrum below its essential spectrum. Now we would like to

explain the influence of a corner which is somehow an infinite curvature and extend the

philosophy of the smooth case. This question is investigated with the L-shape waveguide

in [57] where the existence of discrete spectrum is proved. For an arbitrary angle too,

this existence is proved in [6] and an asymptotic study of the ground energy is done

when θ goes to π
2
(where θ is the semi-opening of the waveguide). Another question

which arises is the estimate of the lowest eigenvalues in the regime θ → 0. This problem

is analyzed in [27] where a waveguide with corner is the model chosen to describe some

electromagnetic experiments (see Figure 2). We also refer to our work [40, 41].
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Figure 2. Experimental results of [27]

4.2. Geometric description. Let us denote by (x1, x2) the Cartesian coordinates

of the plane and by 0 = (0, 0) the origin. Let us define our so-called “broken waveguides”.

For any angle θ ∈
(
0, π

2

)
we introduce

(4.4.1) Ωθ =
{
(x1, x2) ∈ R

2 : x1 tan θ < |x2| <
(
x1 +

π

sin θ

)
tan θ

}
.

Note that its width is independent from θ, normalized to π, see Figure 3. The limit case

where θ = π
2
corresponds to the straight strip (−π, 0)× R.

The operator −∆Dir
Ωθ

is a positive unbounded self-adjoint operator with domain

Dom (−∆Dir
Ωθ
) = {ψ ∈ H1

0(Ωθ) : −∆ψ ∈ L2(Ωθ)}.

When θ ∈
(
0, π

2

)
, the boundary of Ωθ is not smooth, it is polygonal. The presence of the

non-convex corner with vertex 0 is the reason for the space Dom (−∆Dir
Ωθ
) to be distinct

from H2 ∩ H1
0(Ωθ). We have the following description of the domain (see the classical
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x1

x2

(− π
sin θ

, 0)

Ωθ

ϕ
θ

ρ

•
0

Figure 3. The broken guide Ωθ (here θ =
π
6
). Cartesian and polar coordinates.

references [104, 70]):

(4.4.2) Dom (−∆Dir
Ωθ
) =

(
H2 ∩ H1

0(Ωθ)
)
⊕ [ψθsing]

where [ψθsing] denotes the space generated by the singular function ψθsing defined in the

polar coordinates (ρ, ϕ) near the origin by

(4.4.3) ψθsing(x1, x2) = χ(ρ) ρπ/ω sin
πϕ

ω
with ω = 2(π − θ)

where where χ is a radial cutoff function near the origin.

We gather in the following statement several important preliminary properties for

the spectrum of −∆Dir
Ωθ
. All these results are proved in the literature.

Proposition 4.14. (i) If θ = π
2
, −∆Dir

Ωθ
has no discrete spectrum. Its essential

spectrum is the closed interval [1,+∞).

(ii) For any θ in the open interval (0, π
2
) the essential spectrum of −∆Dir

Ωθ
coincides

with [1,+∞).

(iii) For any θ ∈ (0, π
2
), the discrete spectrum of −∆Dir

Ωθ
is nonempty and finite. In

other words, ∆Dir
Ωθ

has at least one eigenvalue below 1, but a finite number of them.

(iv) For any θ ∈ (0, π
2
) and any eigenvalue in the discrete spectrum of −∆Dir

Ωθ
, the

associated eigenvectors ψ are even with respect to the horizontal axis: ψ(x1,−x2) =

ψ(x1, x2).

(v) For any θ ∈ (0, π
2
), let µGui,n(θ), n = 1, . . ., be the n-th Rayleigh quotient of −∆Dir

Ωθ
.

Then, for any n ≥ 1, the function θ 7→ µGui,n(θ) is continuous and increasing.

It is also possible to prove that the number of eigenvalues below the essential spectrum

is exactly 1 as soon as θ is close enough to π
2
(see [130]). In this book we will provide an

instructive proof of the following proposition which is inspired by [128, Theorem 2.1].
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Proposition 4.15. For any θ ∈ (0, π
2
), the number of eigenvalues of −∆Dir

Ωθ
below 1,

denoted by N (−∆Dir
Ωθ
, 1), is finite.

4.3. The half-guide. As a consequence of the parity properties of the eigenvectors

of −∆Dir
Ωθ
, cf. point (iv) of Proposition 4.14, we can reduce the spectral problem to the

half-guide

(4.4.4) Ω+
θ = {(x1, x2) ∈ Ωθ : x2 > 0} .

We define the Dirichlet part of the boundary by ∂DirΩ
+
θ = ∂Ωθ ∩ ∂Ω+

θ , and the corre-

sponding variational space (the form domain)

H1
Mix(Ω

+
θ ) =

{
ψ ∈ H1(Ω+

θ ) : ψ = 0 on ∂DirΩ
+
θ

}
.

Then the new operator of interest, denoted by −∆Mix

Ω+
θ

, is the Laplacian with mixed

Dirichlet-Neumann conditions on Ω+
θ . Its domain is:

Dom (−∆Mix

Ω+
θ
) =

{
ψ ∈ H1

Mix(Ω
+
θ ) : ∆ψ ∈ L2(Ω+

θ ) and ∂2ψ = 0 on x2 = 0
}
.

Then the operators −∆Dir
Ωθ

and −∆Mix

Ω+
θ

have the same eigenvalues below 1 and the eigen-

vectors of the latter are the restriction to Ω+
θ of the former.

4.4. Rescaling of the half-guide. In order to analyze the asymptotics θ → 0, it

is useful to rescale the integration domain and transfer the dependence on θ into the

coefficients of the operator. For this reason, let us perform the following linear change

of coordinates:

(4.4.5) x = x1
√
2 sin θ, y = x2

√
2 cos θ,

which maps Ω+
θ onto the θ-independent domain Ω+

π/4, see Fig. 4. That is why we set for

simplicity

(4.4.6) Ω := Ω+
π/4 , ∂DirΩ = ∂DirΩ

+
π/4 , and H1

Mix(Ω) =
{
ψ ∈ H1(Ω) : ψ = 0 on ∂DirΩ

}
.

θ

Ωθ

π
4

Ω

Neumann Neumann

Figure 4. The half-guide Ω+
θ for θ = π

6
and the reference domain Ω.
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Then, ∆Mix

Ω+
θ

is unitarily equivalent to the operator defined on Ω by:

(4.4.7) DGui(θ) := −2 sin2θ ∂2x − 2 cos2θ ∂2y ,

with Neumann condition on y = 0 and Dirichlet everywhere else on the boundary of Ω.

We let h = tan θ ; after a division by 2 cos2 θ, we get the new operator:

(4.4.8) LGui(h) = −h2∂2x − ∂2y ,

with domain:

Dom (LGui(h)) =
{
ψ ∈ H1

Mix(Ω) : LGui(h)ψ ∈ L2(Ω) and ∂yψ = 0 on y = 0
}
.

The Born-Oppenheimer approximation (see Chapter 9) is:

(4.4.9) HBO,Gui(h) = −h2∂2x + V (x),

where

V (x) =





π2

4(x+ π
√
2)2

when x ∈ (−π
√
2, 0),

1

2
when x ≥ 0.

5 4 3 2 1 0 1 2 3 4 5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

Figure 5. The Born-Oppenheimer potential V and its left tangent at x = 0.

4.5. Main result. Let us now state the main result concerning the asymptotic

expansion of the eigenvalues of the broken waveguide.

Theorem 4.16. For all N0, there exists h0 > 0, such that for h ∈ (0, h0) the N0

first eigenvalues of LGui(h) exist. These eigenvalues, denoted by λGui,n(h), admit the
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expansions:

λGui,n(h) ∼
h→0

∑

j≥0

γj,nh
j/3 with γ0,n =

1

8
, γ1,n = 0, and γ2,n = (4π

√
2)−2/3zAirev(n)

and the term of order h is not zero. The corresponding eigenvectors have expansions

in powers of h1/3 with the scale x/h when x > 0, and both scales x/h2/3 and x/h when

x < 0.
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4.6. A few numerical simulations. Let us provide some enlightening numerical

simulations (using [118]) of the first eigenfunctions.

λcomp
1 (θ) = 0.32783

λcomp
2 (θ) = 0.40217

λcomp
3 (θ) = 0.47230

λcomp
4 (θ) = 0.54181

λcomp
5 (θ) = 0.61194

λcomp
6 (θ) = 0.68328

λcomp
7 (θ) = 0.75607

λcomp
8 (θ) = 0.83040

λcomp
9 (θ) = 0.90610

λcomp
10 (θ) = 0.98195

Figure 6. Computations for θ = 0.0226 ∗ π/2 ∼ 2◦ with the mesh M64S.

Numerical values of the 10 eigenvalues λj(θ) < 1. Plots of the associated

eigenvectors in the physical domain.
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CHAPTER 5

Spectrum and quasimodes

Il n’y aurait plus ni à délibérer, ni à se

donner de la peine, dans la croyance que si

nous accomplissons telle action, tel résultat

suivra, et que si nous ne l’accomplissons pas,

ce résultat ne suivra pas.

Organon, De l’interprétation, Aristote

This chapter is devoted to recall basic tools in spectral analysis.

1. Min-max principle and spectral theorem

We give a standard method to estimate the discrete spectrum and the bottom of the

essential spectrum of a self-adjoint operator C on an Hilbert space H. We recall first the

definition of the Rayleigh quotients of a self-adjoint operator C.

Definition 5.1. The Rayleigh quotients associated with the self-adjoint operator C
on H of domain Dom (C) are defined for all positive natural number j by

λj(C) = inf
u1,...,uj∈Dom (C)
independent

sup
u∈[u1,...,uj ]

〈Cu, u〉H
〈u, u〉H

.

Here [u1, . . . , uj] denotes the subspace generated by the j independent vectors u1, . . . , uj.

The following statement gives the relation between Rayleigh quotients and eigenval-

ues.

Theorem 5.2. Let C be a self-adjoint operator of domain Dom (C). We assume that

C is semi-bounded from below. We set γ = min σess(C). Then the Rayleigh quotients λj
of C form a non-decreasing sequence and there holds

(1) If λj(C) < γ, it is an eigenvalue of C,
(2) If λj(C) ≥ γ, then λj = γ,

(3) The j-th eigenvalue < γ of C (if exists) coincides with λj(C).
73
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A consequence of this theorem which is often used is the following:

Proposition 5.3. Suppose that there exists a ∈ R and an n-dimensional space

V ⊂ Dom C such that:

〈Cψ, ψ〉H ≤ a‖ψ‖2.

Then, we have:

λn(C) ≤ a.

Remark 5.4. For the proof we refer to [111, Proposition 6.17 and 13.1] or to [147,

Chapter XIII].

Let us give a characterization of the bottom of the essential spectrum (see [135] and

also [61]).

Theorem 5.5. Let V be real-valued, semi-bounded potential and A ∈ C1(Rn) a mag-

netic potential. Let LA,V be the corresponding self-adjoint, semi-bounded Schrödinger

operator. The, the bottom of the essential spectrum is given by:

inf σess(LA,V ) = Σ(LA,V ),

where:

Σ(LA,V ) = sup
K⊂Rn

[
inf

‖φ‖=1
〈LA,V φ, φ〉L2 |φ ∈ C∞

0 (Rn \K)

]
.

Let us notice that generalizations including the presence of a boundary are possible.

We state a theorem which will be one of the fundamental tools in this course.

Theorem 5.6. Let us assume that (C,Dom (C)) is a self-adjoint operator. Then, if

λ /∈ σ(C), we have:

‖(C − λ)−1‖ ≤ 1

dist(λ, σ(C)) .

Remark 5.7. This theorem is known as the spectral theorem and a proof can be found

in [147] and [101, Section VI.5]. An immediate consequence of this theorem is that, for

all ψ ∈ Dom (C):
‖ψ‖dist(λ, σ(C)) ≤ ‖(C − λ)ψ‖.

In particular, if we find ψ ∈ Dom (C) such that ‖ψ‖ = 1 and ‖(C − λ)ψ‖ ≤ ε, we get:

dist(λ, σ(C)) ≤ ε.
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2. Harmonic approximation in dimension one

We illustrate the application of the spectral theorem in the case of the electric Lapla-

cian Lh,V = −h2∆ + V (x). We assume that V ∈ C∞(R,R), that V (x) → +∞ when

|x| → +∞ and that it admits a unique and non degenerate minimum at 0. This example

is also the occasion to understand more in details how we construct quasi-eigenpairs in

general. From a heuristic point of view, we guess that the lowest eigenvalues correspond

to functions localized near the minimum of the potential (intuition coming from the

classical mechanics). Therefore we can use a Taylor expansion of V near 0:

V (x) =
V ′′(0)

2
x2 +O(|x|3).

We can then try to compare −h2∆+ V (x) with −h2∆+
V ′′(0)

2
x2. For an homogeneity

reason, we try the rescaling x = h1/2y. The electric operator becomes:

L̃h,V = −h∆y + V (h1/2y).

Let us use the Taylor formula:

V (h1/2y) ∼ V ′′(0)

2
hy2 +

∑

j≥3

hj/2
V (j)(0)

j!
yj.

This provides the formal expansion:

L̃h,V ∼ h

(
L0 +

∑

j≥1

hj/2Lj

)
,

where

L0 = −∂2y +
V ′′(0)

2
y2.

We look for a quasimode in the form:

u ∼
∑

j≥0

uj(y)h
j/2

and an eigenvalue:

µ ∼ h
∑

j≥0

µjh
j/2.

Let us investigate the system of PDE that we get when solving in the formal series:

L̃h,V u ∼ µu.

We get the equation:

L0u0 = µ0u0.
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Therefore we can take for (µ0, u0) a L2-normalized eigenpair of the harmonic oscillator.

Then we solve:

(L0 − µ0)u1 = (µ1 − L1)u0.

We want to determine µ1 and u1. We can verify that H0 − µ0 is a Fredholm operator so

that a necessary and sufficient condition to solve this equation is given by:

〈(µ1 − L1)u0, u0〉L2 = 0.

Lemma 5.8. Let us consider the equation:

(5.2.1) (L0 − µ0)u = f,

with f ∈ S(R) such that 〈f, u0〉L2 = 0. The (5.2.1) admits a unique solution which is

orthogonal to u0 and this solution is in the Schwartz class.

Proof. Let us just sketch the proof to enlighten the general idea. We know that

we can find u ∈ Dom (H0) and that u is determined modulo u0 which is in the Schwartz

class. Therefore, we have: y2u ∈ L2(R) and u ∈ H2(R). Let us introduce a smooth cutoff

function χR(y) = χ (R−1y). χRy
2u is in the form domain of H0 as well as in the domain

of H0 so that we can write:

〈L0(χRy
2u), χRy

2u〉L2 = 〈[L0, χRy
2]u, χRy

2u〉L2 + 〈χRy2u(µ0u+ f), χRy
2u〉L2 .

The commutator can easily be estimated and, by dominate convergence, we find the

existence of C > 0 such that for R large enough we have:

‖χRy3u‖2 ≤ C.

The Fatou lemma involves:

y3u ∈ L2(R).

This is then a standard iteration procedure which gives that ∂ly(y
ku) ∈ L2(R). The

Sobolev injection (Hs(R) →֒ Cs− 1
2 (R) for s > 1

2
) gives the conclusion.

�

This determines a unique value of µ1 = 〈L1u0, u0〉L2 . For this value we can find a

unique u1 ∈ S(R) orthogonal to u0.
This is easy to see that this procedure can be continued at any order.

Let us consider the (µj, uj) that we have constructed and let us introduce:

UJ,h =
J∑

j=0

uj(y)h
j/2, µJ,h = h

J∑

j=0

µjh
j/2.
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We estimate:

‖(L̃h,V − µJ,h)UJ,h‖.
By using the Taylor formula and the definition of the µj and uj, we have:

‖(L̃h,V − µJ,h)UJ,h‖ ≤ CJh
(J+1)/2,

since h(J+1)/2‖y(J+1)/2UJ,h‖ ≤ CJh
(J+1)/2 due to the fact that uj ∈ S(R). The spectral

theorem implies:

dist
(
µJ,h, σdis(L̃h,V )

)
≤ CJh

(J+1)/2.

3. Helffer-Kordyukov’s toy operator

Let us now give an explicit example of construction of quasimodes for the magnetic

Laplacian in R
2. We investigate the operator:

Lh,A = (hD1 + A1)
2 + (hD2 + A2)

2,

with domain:

DomLh,A = {ψ ∈ L2(R2) :
(
(hD1 + A1)

2 + (hD1 + A2)
2
)
ψ ∈ L2(R2)}.

3.1. Compact resolvent ? Let us state an easy lemma.

Lemma 5.9. We have:

Qh,A(ψ) ≥
∣∣∣∣
∫

R2

hB(x)|ψ|2 dx

∣∣∣∣ , ∀ψ ∈ C∞
0 (R2).

Proof. We notice that:

[hD1 + A1, hD2 + A2] = −ihB.

We find:

〈[hD1 + A1, hD2 + A2]ψ, ψ〉L2 = −ih
∫

R2

B|ψ|2 dx.

By integration by parts, we deduce:

|〈[hD1 + A1, hD2 + A2]ψ, ψ〉L2 | ≤ 2‖(hD1 + A1)ψ‖‖(hD2 + A2)ψ‖ ≤ Qh,A(ψ).

�

Proposition 5.10. Suppose that A ∈ C∞(R2) and that B = ∇ × A ≥ 0 and

B(x) →
|x→+∞|

+∞. Then, Lh,A has compact resolvent.

Proof. This is an application of the Riesz-Fréchet-Kolmogorov theorem, see [25,

Theorem IV.25] (the form domain has compact injection in L2(R2)). �
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3.2. Quasimodes. Let us give a simple example inspired by [79]. Let us choose A

such that B = 1 + x2 + y2. We take A1 = 0 and A2 = x+ x3

3
+ y2x. We study:

Lh,A = h2D2
x +

(
hDy + x+

x3

3
+ y2x

)2

.

Let us try the rescaling x = h1/2u, y = h1/2v. We get a new operator:

L̃h,A = hD2
u + h

(
Dv + u+ h

u3

3
+ hv2u

)2

.

Let us conjugate by the partial Fourier transform with respect to v ; we get the unitarily

equivalent operator:

L̂h,A = hD2
u + h

(
ξ + u+ h

u3

3
+ huD2

ξ

)2

.

Let us now use the transvection: u = ǔ− ξ̌, ξ = ξ̌. We have:

Du = Dǔ, Dξ = Dǔ +Dξ̌.

We are reduced to the study of:

Ľh,A = hD2
ǔ + h

(
ǔ+ h

(ǔ− ξ̌)3

3
+ h(ǔ− ξ̌)(Dξ +Dǔ)

2

)2

We can expand Ľh,A in formal power series:

Ľh,A = hP0 + h2P1 + · · · ,

where P0 = D2
ǔ + ǔ2 and P1 =

2
3
ǔ(ǔ− ξ̌)3 + (ǔ− ξ̌)(Dξ̌ +Dǔ)

2ǔ+ ǔ(ǔ− ξ̌)(Dξ̌ +Dǔ)
2.

Let us look for quasi-eigenpairs in the form

λ ∼ hλ0 + h2λ1 + · · · , ψ ∼ ψ0 + hψ1 + · · ·

We solve the equation:

P0ψ0 = λ0ψ0.

We take λ0 = 1 and ψ0(ǔ, ξ̌) = g0(ǔ)f0(ξ̌) where g0 is the first normalized eigenfunction

of the harmonic oscillator. f0 is a function to be determined. The second equation of

the formal system is:

(P0 − λ0)ψ1 = (λ1 − P1)ψ0.

The Fredholm condition gives, for all ξ̌:

〈(λ1 − P1)ψ0, g0〉L2(Rǔ) = 0.
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Let us analyze the different terms which appear in this differential equation. There

should be a term in ξ̌3. Its coefficient is:∫
ǔg0(ǔ)

2 dǔ = 0.

For the same parity reason, there is no term in ξ̌. Let us now analyze the term in Dξ̌.

Its coefficient is:

〈(Dǔǔ+ ǔDǔ)g0, ǔg0〉L2(Rǔ) = 0,

for a parity reason. In the same way, there is no term in ξ̌D2
ξ̌
. The coefficient of ξ̌Dξ̌ is:

2

∫
(ǔDǔ −Dǔǔ)g0g0 dǔ = 0.

The compatibility equation is in the form:

(aD2
ξ̌
+ bξ̌2 + c)f0 = λ1f0.

It turns out that (exercise):

a = b = 2

∫
ǔ2g20 dǔ = 1.

In the same way c can be explicitly found. This leads to a family of choices for (λ1, f0):

We can take λ1 = c+ (2m+ 1) and f0 = gm the corresponding Hermite function.

This construction provides us a family of quasimodes (which are in the Schwartz

class). By the spectral theorem, we infer that, for each m ∈ N, there exists Cm > 0 such

that:

dist
(
h+ (2m+ 1 + c)h2, σdis(Ph,A)

)
≤ Cmh

3.

Remark 5.11. One could continue the expansion at any order and one could also

consider the other possible values of λ0 (next eigenvalues of the harmonic oscillator).

Remark 5.12. The fact that the construction can be continued as much as the ap-

pearance of the harmonic oscillator is a clue that our initial scaling is actually the good

one. We can also guess that the lowest eigenfunctions are concentrated near zero at the

scale h1/2 if the quasimodes approximate the true eigenfunctions.





CHAPTER 6

From local models to global estimates

Zénon commet un paralogisme : si toute chose,

dit-il, est toujours en repos lorsqu’elle est dans

l’égal, et si le transporté est toujours immobile

dans l’instant, alors la flèche transportée est im-

mobile. Mais ceci est faux, parce que le temps

n’est pas composé des instants indivisibles, pas

plus qu’aucune autre grandeur.

La Physique, Aristote

1. Some local models

As we mentioned in the introduction, the analysis of the magnetic Laplacian leads

to the study of numerous model operators. We saw that the harmonic oscillator is such

a model.

1.1. De Gennes Operator. The analysis of the 2D magnetic Laplacian with Neu-

mann condition on R
2
+ makes the so-called de Gennes operator to appear. We refer to

[39] where this model is studied in details (see also [61]). This operator is defined as

follows. For ξ ∈ R, we consider the Neumann realization LdG
ξ in L2(R+) associated with

the operator

(6.1.1) − d2

dt2
+ (t− ξ)2, Dom (LdG

ξ ) = {u ∈ B2(R+) : u
′(0) = 0}.

The operator LdG
ξ has compact resolvent by standard arguments. By the Cauchy-

Lipschitz theorem, all the eigenvalues are simple.

Notation 6.1. The lowest eigenvalue of LdG
ξ is denoted µdG

1 (ξ) ; the associated L2-

normalized and positive eigenfunction is denoted by udGξ = udG(·, ξ).

We easily get that udGξ is in the Schwartz class.

Lemma 6.2. The function ξ 7→ µdG
1 (ξ) is smooth and so is ξ 7→ udG(·, ξ).

81



82 6. FROM LOCAL MODELS TO GLOBAL ESTIMATES

Proof. The family (LdG
ξ )ξ∈R is analytic of type (A), see [101, p. 375]. �

Lemma 6.3. ξ 7→ µdG
1 (ξ) admits a unique minimum and it is non degenerate.

Proof. An easy application of the min-max principle gives:

lim
ξ→−∞

µdG
1 (ξ) = +∞.

Let us now show that:

lim
ξ→+∞

µdG
1 (ξ) = 1.

The de Gennes operator is equivalent to the operator −∂2t + t2 on (−ξ,+∞) with Neu-

mann condition at−ξ. Let us begin with upper bound. An easy and explicit computation

gives:

µdG
1 (ξ) ≤ 〈(−∂2t + t2)e−t

2/2, e−t
2/2〉L2((−ξ,+∞)) →

ξ→+∞
1.

Let us investigate the converse inequality. Let us prove some concentration of udGξ near

0 when ξ increases (the reader can compare this with the estimates of Agmon of Section

3.4). We have: ∫ +∞

0

(t− ξ)2|udGξ (t)|2 dt ≤ µdG
1 (ξ).

If λ(ξ) is the lowest Dirichlet eigenvalue, we have:

µdG
1 (ξ) ≤ λ(ξ).

By monotonicity of the Dirichlet eigenvalue with respect to the domain, we have, for

ξ > 0:

λ(ξ) ≤ λ(0) = 3.

It follows that: ∫ 1

0

|udGξ (t)|2 dt ≤ 3

(ξ − 1)2
, ξ ≥ 2.

Let us introduce the test function: χ(t)udGξ (t) with χ supported in (0,+∞) and being 1

for t ≥ 1. We have:

〈(−∂2t + (t− ξ)2)χ(t)udGξ (t), χ(t)udGξ (t)〉L2(R) ≥ ‖χ(·+ ξ)udGξ (·+ ξ)‖2L2(R) = ‖χudGξ ‖2L2(R)
= 1 +O(|ξ|−2).

Moreover, we get:

〈(−∂2t+(t−ξ)2)χ(t)udGξ (t), χ(t)udGξ (t)〉L2(R) = 〈(−∂2t+(t−ξ)2)χ(t)udGξ (t), χ(t)udGξ (t)〉L2(R+).

We have:

〈(−∂2t + (t− ξ)2)χ(t)udGξ (t), χ(t)udGξ (t)〉L2(R+) = µdG
1 (ξ)‖χudGξ ‖2 + ‖χ′udGξ ‖2



1. SOME LOCAL MODELS 83

which can be controlled by the concentration result. We infer that, for ξ large enough:

µdG
1 (ξ) ≥ 1− C|ξ|−1.

From these limits, we deduce the existence of a minimum strictly less than 1.

We now use the Feynman-Hellmann formula which will be established later. We

have:

(µdG
1 )′(ξ) = −2

∫

t>0

(t− ξ)|udGξ (t)|2 dt.

For ξ < 0, we get an increasing function. Moreover, we see that µ(0) = 1. The minima

are obtained for ξ > 0.

We can write that:

(µdG
1 )′(ξ) = 2

∫

t>0

(t− ξ)2udGξ (udGξ )′ dt+ ξ2udGξ (0)2.

This implies:

(µdG
1 )′(ξ) = (ξ2 − µdG

1 (ξ))udGξ (0)2.

Let ξc a critical point for µdG
1 . We get:

(µdG
1 )′′(ξc) = 2ξcu

dG
ξc (0)

2.

The critical points are all non degenerate. They correspond to local minima.We conclude

that there is only one critical point and that is the minimum. We denote it ξ0 and we

have µdG
1 (ξ0) = ξ20 . �

We let:

(6.1.2) Θ0 = µdG
1 (ξ0),

(6.1.3) C1 =
(udGξ0 )

2(0)

3
.

Exercise. We propose to prove be elementary means that ξ 7→ µdG
1 (ξ) and ξ 7→ udG(·, ξ)

are smooth. Let us fix ξ1 ∈ R and z ∈ C \ σ(LdG
ξ1
).

(1) Prove that, for ξ close enough to ξ1, L
dG
ξ − z is invertible. For that purpose, one

could show that: t(LdG
ξ1

− z)−1 is bounded with a uniform bound with respect

to z.

(2) Prove that ξ 7→ (LdG
ξ − z)−1 is analytic as soon as ξ is close to ξ1.

(3) Establish the resolvent formula:

(LdG
ξ1

− z)−1 − (LdG
ξ − z)−1 = (ξ1 − ξ)(LdG

ξ − z)−1(2t− ξ − ξ1)(L
dG
ξ1

− z)−1.
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Figure 1. ξ 7→ µdG
k (ξ), for k = 1, 2, 3, 4

(4) By using the fact that LdG
ξ has compact resolvent and is self-adjoint, prove that:

PΓ(ξ) =
1

2iπ

∫

Γ

(LdG
ξ − z)−1 dz

is the projection on the space generated by the eigenfunctions associated with

eigenvalues enclosed by the smooth contour Γ.

(5) Prove that:

‖PΓ(ξ)− PΓ(ξ1)‖ ≤ C|ξ − ξ1|,
when ξ is close to ξ1. See [101, I.8].

(6) Deduce that near each µdG
n (ξ1) there exists an element µdG

p (ξ) and conversely.

(7) Deduce that ξ 7→ µdG
k (ξ) are continuous functions near ξ1.

(8) Conclude that, if Γ is a coutour small enough around µdG
n (ξ1), then, for ξ close

enough to ξ1, it only contains µdG
n (ξ). Finally, prove that the corresponding

normalized eigenfunction is analytic with respect to ξ and so is the eigenvalue.
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1.2. Lu-Pan Operator. Let us recall that LLP
θ is defined by:

LLP
θ = −∆+ Vθ = D2

s +D2
t + Vθ,

where Vθ is defined for any θ ∈ (0, π
2
) by

Vθ : (s, t) ∈ R
2
+ 7−→ (t cos θ − s sin θ)2.

We can notice that Vθ reaches its minimum 0 all along the line t cos θ = s sin θ, which

makes the angle θ with ∂R2
+. We denote by Dom (LLP

θ ) the domain of Lθ and we consider

the associated quadratic form QLP
θ defined by:

QLP
θ (u) =

∫

R2
+

(
|∇u|2 + Vθ|u|2

)
ds dt,

whose domain Dom (QLP
θ ) is:

Dom (QLP
θ ) = {u ∈ L2(R2

+), ∇u ∈ L2(R2
+),

√
Vθ u ∈ L2(R2

+)}.

Let σn(θ) denote the n-th Rayleigh quotient of LLP
θ . Let us recall some fundamental

spectral properties of LLP
θ when θ ∈

(
0, π

2

)
.

It is proved in [86] that σess(L
LP
θ ) = [1,+∞) and that θ 7→ σn(θ) is non decreasing.

Moreover, the function (0, π
2
) ∋ θ 7→ σ1(θ) is increasing, and corresponds to a simple

eigenvalue < 1 associated with a positive eigenfunction (see [117, Lemma 3.6]). As a

consequence θ 7→ σ1(θ) is analytic (see [101, Chapter 7]).

1.3. Kato Theory: Feynman-Hellmann Formulas. As we can notice, all the

operators that we have introduced depend on parameters and are analytic of type (B)

in terms of Kato’s theory. Moreover, we also observe that the lowest eigenvalues of the

previous model operators are simple, we systematically deduce that they analytically

depend on the parameters.

In order to illustrate the Feynman-Hellmann formulas, let us examine a few examples.

1.3.1. De Gennes operator. Let us prove propositions which are often used in the

study of the magnetic Laplacian.

For ρ > 0 and ξ ∈ R, let us introduce the Neumann realization on R+ of:

LdG
ρ,ξ = −ρ−1∂2τ + (ρ1/2τ − ξ)2.

By scaling, we observe that LdG
ρ,ξ is unitarily equivalent to LdG

ξ and that LdG
1,ξ = LdG

ξ (the

corresponding eigenfunction is udG1,ξ = udGξ ).

Remark 6.4. The introduction of the scaling parameter ρ is related to the Virial

theorem (see [159]) which was used by physicists in the theory of superconductivity (see
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[47] and also [3, 29]). We also refer to the papers [141] and [145] where it is used many

times.

The form domain of LdG
ρ,ξ is B1(R+) and is independent from ρ and ξ so that the

family
(
LdG
ρ,ξ

)
ρ>0,ξ∈R is an analytic family of type (B). The lowest eigenvalue of Hρ,ξ is

µdG
1 (ξ) and we will denote by uρ,ξ the corresponding normalized eigenfunction:

udGρ,ξ(τ) = ρ1/4udGξ (ρ1/2τ).

Since udGξ satisfies the Neumann condition, we observe that ∂mρ ∂
n
ξ u

dG
ρ,ξ also satisfies it. In

order to lighten the notation and when it is not ambiguous we will write L for LdG
ρ,ξ, u

for udGρ,ξ and µ for µdG
1 (ξ).

The main idea is now to take derivatives of:

(6.1.4) Lu = µu

with respect to ρ and ξ. Taking the derivative with respect to ρ and ξ, we get the

proposition:

Proposition 6.5. We have:

(6.1.5) (L− µ)∂ξu = 2(ρ1/2τ − ξ)u+ µ′(ξ)u

and

(6.1.6) (L− µ)∂ρu =
(
−ρ−2∂2τ − ξρ−1(ρ1/2τ − ξ)− ρ−1τ(ρ1/2τ − ξ)2

)
u.

Moreover, we get:

(6.1.7) (L− µ)(Su) = Xu,

where

X = −ξ
2
µ′(ξ) + ρ−1∂2τ + (ρ1/2τ − ξ)2

and

S = −ξ
2
∂ξ − ρ∂ρ.

Proof. Taking the derivatives with respect to ξ and ρ of (6.1.4), we get:

(L− µ)∂ξu = µ′(ξ)u− ∂ξLu

and

(L− µ)∂ρu = −∂ρL.
We have: ∂ξL = −2(ρ1/2τ − ξ) and ∂ρL = ρ−2∂2τ + ρ−1/2τ(ρ1/2τ − ξ). �

Taking ρ = 1 and ξ = ξ0 in (6.1.5), we deduce, with the Fredholm alternative:
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Corollary 6.6. We have:

(LdG
ξ0

− µ(ξ0))v
dG
ξ0

= 2(t− ξ0)u
dG
ξ0
,

with:

vdGξ0 =
(
∂ξu

dG
ξ

)
|ξ=ξ0

.

Moreover, we have: ∫

τ>0

(τ − ξ0)(u
dG
ξ0
)2 dτ = 0.

Corollary 6.7. We have, for all ρ > 0:
∫

τ>0

(ρ1/2τ − ξ0)(u
dG
ρ,ξ0

)2 dτ = 0

and: ∫

τ>0

(τ − ξ0) (∂ρu)ρ=1,ξ=ξ0
u dτ = −ξ0

4
.

Corollary 6.8. We have:

(LdG
ξ0

− µ(ξ0))S0u =
(
∂2τ + (τ − ξ0)

2
)
udGξ0 ,

where:

S0u = −
(
∂ρu

dG
ρ,ξ

)
|ρ=1,ξ=ξ0

− ξ0
2
vdGξ0 .

Moreover, we have:

‖∂τudGξ0 ‖2 = ‖(τ − ξ0)u
dG
ξ0
‖2 = Θ0

2
.

The next proposition deals with the second derivative of (6.1.4) with respect to ξ.

Proposition 6.9. We have:

(LdG
ξ − µdG

1 (ξ))wdG
ξ0

= 4(τ − ξ0)v
dG
ξ0

+ ((µdG
1 )′′(ξ0)− 2)udGξ0 ,

with

wdG
ξ0

=
(
∂2ξu

dG
ξ

)
|ξ=ξ0

.

Moreover, we have:
∫

τ>0

(τ − ξ0)v
dG
ξ0
udGξ0 dτ =

2− (µdG
1 )′′(ξ0)

4
.

Proof. Taking the derivative of (6.1.5) with respect to ξ (with ρ = 1), we get:

(LdG
ξ − µdG

1 (ξ))∂2ξu
dG
ξ = 2µ′(ξ)∂ξu

dG
ξ + 4(τ − ξ)∂ξu

dG
ξ + (µ′′(ξ)− 2)udGξ .

It remains to take ξ = ξ0 and to write the Fredholm alternative. �
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1.3.2. Lu-Pan operator. The following result is obtained in [15].

Proposition 6.10. For all θ ∈
(
0, π

2

)
, we have:

σ1(θ) cos θ − σ′
1(θ) sin θ > 0.

Moreover, we have:

lim
θ→π

2
θ<π

2

σ′
1(θ) = 0.

Proof. For γ ≥ 0, we introduce the operator (see [143]):

LLP
θ,γ = D2

s +D2
t + (t(cos θ + γ)− s sin θ)2

and we denote by σ1(θ, γ) the bottom of its spectrum. Let ρ > 0 and α ∈ (0, π
2
) satisfy

cos θ + γ = ρ cosα and sin θ = ρ sinα.

We perform the rescaling t = ρ−1/2t̂, s = ρ−1/2ŝ and obtain that LLP
θ,γ is unitarily equiv-

alent to:

ρ(D2
ŝ +D2

t̂ + (t̂ cosα− ŝ sinα)2) = ρLLP
α .

In particular, we observe that σ1(θ, γ) = ρσ1(α) is a simple eigenvalue: there holds

(6.1.8) σ1(θ, γ) =
√
(cos θ + γ)2 + sin2 θ σ1

(
arctan

(
sin θ

cos θ + γ

))
.

Performing the rescaling t̃ = (cos θ + γ)t, we get the operator L̃LP
θ,γ which is unitarily

equivalent to LLP
θ,γ :

L̃LP
θ,γ = D2

s + (cos θ + γ)2D2
t̃ + (t̃− s sin θ)2.

We observe that the domain of L̃LP
θ,γ does not depend on γ ≥ 0. Denoting by ũθ,γ the

L2-normalized and positive eigenfunction of L̃LP
θ,γ associated with σ1(θ, γ), we write:

L̃LP
θ,γũ

LP
θ,γ = σ1(θ, γ)ũ

LP
θ,γ .

Taking the derivative with respect to γ, multiplying by ũLPθ,γ and integrating, we get the

Feynman-Hellmann formula:

∂γσ1(θ, γ) = 2(cos θ + γ)

∫

R2
+

|Dtũ
LP
θ,γ|2 dx ≥ 0.

We deduce that, if ∂γσ1(θ, γ) = 0, then Dtũ
LP
θ,γ = 0 and ũLPθ,γ only depends on s, which is

a contradiction with ũLPθ,γ ∈ L2(R2
+). Consequently, we have ∂γσ1(θ, γ) > 0 for any γ ≥ 0.

An easy computation using formula (6.1.8) provides:

∂γσ1(θ, 0) = σ1(θ) cos θ − σ′
1(θ) sin θ.
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The function σ1 is analytic and increasing. Thus we deduce:

∀θ ∈
(
0,
π

2

)
, 0 ≤ σ′

1(θ) <
cos θ

sin θ
σ1(θ).

We get:

0 ≤ lim inf
θ→π

2
θ<π

2

σ′
1(θ) ≤ lim sup

θ→π
2

θ<π
2

σ′
1(θ) ≤ 0,

which ends the proof. �

2. Estimating numbers of eigenvalues

2.1. Estimate of the number of eigenvalues thanks to local models. In this

subsection we explain how we can estimate the number of eigenvalues of h2D2
x + V (x)

by using the spirit of partitions of unity and reduction to local models. We propose to

prove the following version of the Weyl’s law in dimension one (see Remark 6.12).

Proposition 6.11. Let us consider V : R → R a piecewise Lipschitzian with a finite

number of discontinuities which satisfies:

(1) V tends to ℓ±∞ when x→ ±∞ with ℓ+∞ ≤ ℓ−∞,

(2)
√
(ℓ+∞ − V )+ belongs to L1(R).

We consider the operator hh = h2D2
x + V (x) and we assume that the function (0, 1) ∋

h 7→ E(h) ∈ (−∞, ℓ+∞) satisfies

(1) for any h ∈ (0, 1), {x ∈ R : V (x) ≤ E(h)} = [xmin(E(h)), xmax(E(h))],

(2) h1/3(xmax(E(h))− xmin(E(h))) →
h→0

0,

(3) E(h) →
h→0

E0 ≤ ℓ+∞.

Then we have:

N (hh, E(h)) ∼
h→0

1

πh

∫

R

√
(E0 − V )+ dx.

Proof. The strategy of the proof is well-known but we recall it since the usual result

does not deal with a moving threshold E(h). We consider a subdivision of the real axis

(sj(h
α))j∈Z, which contains the discontinuities of V , such that there exists c > 0, C > 0

such that, for all j ∈ Z and h > 0, chα ≤ sj+1(h
α)− sj(h

α) ≤ Chα, where α > 0 is to be

determined. We introduce

Jmin(h
α) = min{j ∈ Z : sj(h

α) ≥ xmin(E(h))},

Jmax(h
α) = max{j ∈ Z : sj(h

α) ≤ xmax(E(h))}.
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For j ∈ Z we may introduce the Dirichlet (resp. Neumann) realization on (sj(h
α), sj+1(h

α))

of h2D2
x+V (x) denoted by hDir

h,j (resp. h
Neu
h,j ). The so-called Dirichlet-Neumann bracketing

(see [147, Chapter XIII, Section 15]) implies:

Jmax(hα)∑

j=Jmin(hα)

N (hDir
h,j , E(h)) ≤ N (hh, E(h)) ≤

Jmax(hα)+1∑

j=Jmin(hα)−1

N (hNeuh,j , E(h)).

Let us estimate N (hDir
h,j , E(h)). If q

Dir
h,j denotes the quadratic form of hDir

h,j , we have:

qDir
h,j(ψ) ≤

∫ sj+1(h
α)

sj(hα)

h2|ψ′(x)|2 + Vj,sup,h|ψ(x)|2 dx, ∀ψ ∈ C∞
0 ((sj(h

α), sj+1(h
α))),

where

Vj,sup,h = sup
x∈(sj(hα),sj+1(hα))

V (x).

We infer that

N (hDir
h,j , E(h)) ≥ #

{
n ≥ 1 : n ≤ 1

πh
(sj+1(h

α)− sj(h
α))
√
(E(h)− Vj,sup,h)+

}

so that:

N (hDir
h,j , E(h)) ≥

1

πh
(sj+1(h

α)− sj(h
α))
√
(E(h)− Vj,sup,h)+ − 1

and thus:

Jmax(hα)∑

j=Jmin(hα)

N (hDir
h,j , E(h)) ≥

1

πh

Jmax(hα)∑

j=Jmin(hα)

(sj+1(h
α)− sj(h

α))
√

(E(h)− Vj,sup,h)+ − (Jmax(h
α)− Jmin(h

α) + 1).

Let us consider the function

fh(x) =
√

(E(h)− V (x))+
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and analyze
∣∣∣∣∣∣

Jmax(hα)∑

j=Jmin(hα)

(sj+1(h
α)− sj(h

α))
√

(E(h)− Vj,sup,h)+ −
∫

R

fh(x) dx

∣∣∣∣∣∣

≤

∣∣∣∣∣∣

Jmax(hα)∑

j=Jmin(hα)

∫ sj+1(h
α)

sj(hα)

√
(E(h)− Vj,sup,h)+ − fh(x) dx

∣∣∣∣∣∣

+

∫ xmax(E(h))

sJmax (h
α)

fh(x) dx+

∫ sJmin(hα)

xmin(E(h))

fh(x) dx

≤

∣∣∣∣∣∣

Jmax(hα)∑

j=Jmin(hα)

∫ sj+1(h
α)

sj(hα)

√
(E(h)− Vj,sup,h)+ − fh(x) dx

∣∣∣∣∣∣
+ C̃hα.

Using the trivial inequality |√a+ −
√
b+| ≤

√
|a− b|, we notice that

|fh(x)−
√
(E(h)− Vj,sup,h)+| ≤

√
|V (x)− Vj,sup,h|.

Since V is Lipschitzian on (sj(h
α), sj+1(h

α)), we get:
∣∣∣∣∣∣

Jmax(hα)∑

j=Jmin(hα)

∫ sj+1(h
α)

sj(hα)

√
(E(h)− Vj,sup,h)+ − fh(x) dx

∣∣∣∣∣∣
≤ (Jmax(h

α)−Jmin(h
α)+1)C̃hαhα/2.

This leads to the optimal choice α = 2
3
and we get the lower bound:

Jmax(h2/3)∑

j=Jmin(h2/3)

N (hDir
h,j , E(h)) ≥

1

πh

(∫

R

fh(x) dx− C̃h(Jmax(h
2/3)− Jmin(h

2/3) + 1)

)
.

Therefore we infer

N (hh, E(h)) ≥
1

πh

(∫

R

fh(x) dx− C̃h1/3(xmax(E(h))− xmin(E(h))− C̃h

)
.

We notice that: fh(x) ≤
√

(ℓ+∞ − V (x))+ so that we can apply the dominate conver-

gence theorem. We can deal with the Neumann realizations in the same way. �

Remark 6.12. Classical results (see [147, 149, 44, 162]) impose a fixed security

distance below the edge of the essential spectrum (E(h) = E0 < l+∞) or deal with non-

negative potentials, V , with compact support. Both these cases are recovered by Propo-

sition 6.11. In our result, the maximal threshold for which one can ensure that the

semiclassical behavior of the counting function holds is dictated by the convergence rate

of the potential towards its limit at infinity, through the assumption

h1/3(xmax(E(h))− xmin(E(h))) →
h→0

0.
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More precisely, assume that l−∞ > l+∞ so that xmin(E(h)) ≥ xmin(l+∞) is uniformly

bounded for E(h) in a neighborhood of l+∞. Then

• If l+∞ − V (x) ≤ Cx−γ for any x ≥ x0 and given x0, C > 0 and γ > 2, then one

can choose E(h) = l+∞ − Chρ and xmax(E(h)) ≤ h−ρ/γ, provided ρ < γ/3.

• If l+∞ − V (x) ≤ C1 exp(−C2x) for any x ≥ x0 and given x0, C1, C2 > 0, then

one can choose E(h) = l+∞ − C1 exp(C2h
−1/3 × o(h)) and the assumption is

satisfied.

2.2. An easy example of dimensional reduction coming from the theory of

waveguides. This section is devoted to the proof of Proposition 4.15 stated in Chapter

4. We introduce the open set Ω̃θ isometric to Ω+
θ , see Figure 2,

Ω̃θ =
{
(x̃, ỹ) ∈

(
− π

tan θ
,+∞

)
× (0, π) : ỹ < x̃ tan θ + π if x̃ ∈

(
− π

tan θ
, 0
)}

.

y = 0

y = π
(0, π)

(−π, 0)x

y

Figure 2. The reference half-guide Ω̃ := Ω̃π/4.

The part ∂DirΩ̃θ of the boundary carrying the Dirichlet condition is the union of its

horizontal parts. Let us now perform the change of variable:

x = x̃ tan θ, y = ỹ,

so that the new integration domain Ω̃ := Ω̃π/4 is independent of θ. The bilinear form b

on Ω̃θ is transformed into the form bθ on the fixed set Ω̃:

(6.2.1) bθ(ψ, ψ
′) =

∫

Ω̃

tan2θ (∂xψ ∂xψ
′) + (∂yψ ∂yψ

′) dx dy,

with associated form domain

(6.2.2) V := {ψ ∈ H1(Ω̃) : ψ = 0 on ∂DirΩ̃}

independent of θ.

The opening θ being fixed, we drop the index θ in the notation of quadratic forms

and write simply as Q the quadratic form associated with bθ:

Q(ψ) = bθ(ψ, ψ) =

∫

Ω̃

tan2θ |∂xφ|2 + |∂yφ|2 dx dy.
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We recall that the form domain V is the subspace of ψ ∈ H1(Ω̃) which satisfy the Dirichlet

condition on ∂DirΩ̃. We want to prove that

N (Q, 1) is finite.

We consider a partition of unity (χ0, χ1) such that

χ0(x)
2 + χ1(x)

2 = 1

with χ0(x) = 1 for x < 1 and χ0(x) = 0 for x > 2. For R > 0 and ℓ ∈ {0, 1}, we
introduce:

χℓ,R(x) = χℓ(R
−1x).

Thanks to the IMS formula, we can split the quadratic form as:

(6.2.3) Q(ψ) = Q(χ0,Rψ) +Q(χ1,Rψ)− ‖χ′
0,Rψ‖2Ω̃ − ‖χ′

1,Rψ‖2Ω̃ .
We can write

|χ′
0,R(x)|2 + |χ′

1,R(x)|2 = R−2WR(x) with WR(x) = |χ′
0(R

−1x)|2 + |χ′
1(R

−1x)|2 .
Then

‖χ′
0,Rψ‖2Ω̃ + ‖χ′

1,Rψ‖2Ω̃ =

∫

Ω̃

R−2WR(x)|ψ|2 dx dy

=

∫

Ω̃

R−2WR(x)
(
|χ0,Rψ|2 + |χ1,Rψ|2

)
dx dy.(6.2.4)

Let us introduce the subsets of Ω̃:

O0,R = {(x, y) ∈ Ω̃ : x < 2R} and O1,R = {(x, y) ∈ Ω̃ : x > R}
and the associated form domains

V0 =
{
φ ∈ H1(O0,R) : φ = 0 on ∂DirΩ̃ ∩ ∂O0,R and on {2R} × (0, π)

}

V1 = H1
0(O1,R).

We define the two quadratic forms Q0,R and Q1,R by

(6.2.5)

Qℓ,R(φ) =

∫

Oℓ,R

tan2 θ|∂xφ|2 + |∂yφ|2 −R−2WR(x)|φ|2 dx dy for ψ ∈ Vℓ, ℓ = 0, 1.

As a consequence of (6.2.3) and (6.2.4) we find

(6.2.6) Q(ψ) = Q0,R(χ0,Rψ) +Q1,R(χ1,Rψ) ∀ψ ∈ V.

Let us prove

Lemma 6.13. We have:

N (Q, 1) ≤ N (Q0,R, 1) +N (Q1,R, 1).
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Proof. We recall the formula for the j-th Rayleigh quotient of Q:

λj = inf
E⊂V

dimE=j

sup
ψ∈E

Q(ψ)

‖ψ‖2
Ω̃

.

The idea is now to give a lower bound for λj. Let us introduce:

J :

{
V → V0 × V1
ψ 7→ (χ0,Rψ , χ1,Rψ) .

As (χ0,R, χ1,R) is a partition of the unity, J is injective. In particular, we notice that

J : V → J (V ) is bijective so that we have:

λj = inf
F⊂J (V )
dimF=j

sup
ψ∈J−1(F )

Q(ψ)

‖ψ‖2
Ω̃

= inf
F⊂J (V )
dimF=j

sup
ψ∈J−1(F )

Q0,R(χ0,Rψ) +Q1,R(χ1,Rψ)

‖χ0,Rψ‖2Ω̃ + ‖χ1,Rψ‖2Ω̃

= inf
F⊂J (V )
dimF=j

sup
(ψ0,ψ1)∈F

Q0,R(ψ0) +Q1,R(ψ1)

‖ψ0‖2O0,R
+ ‖ψ1‖2O1,R

.

As J (V ) ⊂ V0 × V1, we deduce:

λj ≥ inf
F⊂V0×V1
dimF=j

sup
(ψ0,ψ1)∈F

Q0,R(ψ0) +Q1,R(ψ1)

‖ψ0‖2O0,R
+ ‖ψ1‖2O1,R

=: νj,(6.2.7)

Let Aℓ,R be the self-adjoint operator with domain Dom (Aℓ,R) associated with the coercive

bilinear form corresponding to the quadratic form Qℓ,R on Vℓ. We see that νj in (6.2.7)

is the j-th Rayleigh quotient of the diagonal self-adjoint operator AR(
A0,R 0

0 A1,R

)
with domain Dom (A0,R)× Dom (A1,R) .

The Rayleigh quotients of Aℓ,R are associated with the quadratic form Qℓ,R for ℓ = 0, 1.

Thus νj is the j-th element of the ordered set

{λk(Q0,R), k ≥ 1} ∪ {λk(Q1,R), k ≥ 1}.

Lemma 6.13 follows. �

The operator A0,R is elliptic on a bounded open set, hence has a compact resolvent.

Therefore we get:

Lemma 6.14. For all R > 0, N (Q0,R, 1) is finite.

To achieve the proof of Proposition 4.15, it remains to establish the following lemma:
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Lemma 6.15. There exists R0 > 0 such that, for R ≥ R0, N (Q1,R, 1) is finite.

Proof. For all φ ∈ V1, we write:

φ = Π0φ+Π1φ,

where

(6.2.8) Π0φ(x, y) = Φ(x) sin y with Φ(x) =

∫ π

0

φ(x, y) sin y dy

is the projection on the first eigenvector of −∂2y on H1
0(0, π), and Π1 = Id−Π0. We have,

for all ε > 0:

Q1,R(φ) = Q1,R(Π0φ) +Q1,R(Π1φ)− 2

∫

O1,R

R−2WR(x)Π0φΠ1φ dx dy

≥ Q1,R(Π0φ) +Q1,R(Π1φ)− ε−1

∫

O1,R

R−2WR(x)|Π0φ|2 dx dy

− ε

∫

O1,R

R−2WR(x)|Π1φ|2 dx dy.(6.2.9)

Since the second eigenvalue of −∂2y on H1
0(0, π) is 4, we have:

∫

O1,R

|∂yΠ1φ|2 dx dy ≥ 4‖Π1φ‖2O1,R
.

Denoting by M the maximum of WR (which is independent of R), and using (6.2.5) we

deduce

Q1,R(Π1φ) ≥ (4−MR−2)‖Π1φ‖2O1,R
.

Combining this with (6.2.9) where we take ε = 1, and with the definition (6.2.8) of Π0,

we find

Q1,R(φ) ≥ qR(Φ) + (4− 2MR−2)‖Π1φ‖2O1,R
,

where

qR(Φ) =

∫ ∞

R

tan2 θ|∂xΦ|2 + |Φ|2 −R−2WR(x)|Φ|2 dx

≥
∫ ∞

R

tan2 θ|∂xΦ|2 + |Φ|2 −R−2M1[R,2R]|Φ|2 dx.

We choose R =
√
M so that (4− 2MR−2) = 2, and then

(6.2.10) Q1,R(φ) ≥ q̃R(Φ) + 2‖Π1φ‖2O1,R
,

where now

(6.2.11) q̃R(Φ) =

∫ ∞

R

tan2 θ|∂xΦ|2 + (1− 1[R,2R])|Φ|2 dx.
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Let ãR denote the 1D operator associated with the quadratic form q̃R. From (6.2.10)-

(6.2.11), we deduce that the j-th Rayleigh quotient of A1,R admits as lower bound the

j-th Rayleigh quotient of the diagonal operator:
(
ãR 0

0 2 Id

)

so that we find:

N (Q1,R, 1) ≤ N (q̃R, 1).

Finally, the eigenvalues < 1 of ãR can be computed explicitly and this is an elementary

exercise to deduce that N (q̃R, 1) is finite. �

This concludes the proof of Proposition 4.15.

3. Low lying spectrum, local models and estimates of Agmon

We explain in this section how we can perform a reduction of the magnetic Laplacian

to local models.

3.1. Partition of unity and localization Formula. The presentation is inspired

by [35]. We introduce the following partition of unity:
∑

j

χ2
j,R = 1,

where the χj,R is a smooth cutoff function supported in a ball of center xj and radius

R > 0. Moreover, we can find such a partition of unity so that:
∑

j

‖∇χj,R‖2 ≤ CR−2.

The following formula is usually called “IMS formula” and allows to localize the electro-

magnetic Laplacian.

Proposition 6.16. Let ψ ∈ Dom (Qh,A,V ). We have:

Qh,A,V (ψ) =
∑

j

Qh,A,V (χj,Rψ)− h2
∑

j

‖∇χj,Rψ‖2.

Proof. The proof is easy and instructive. By a density argument, it is enough to

prove this for ψ ∈ Dom (Lh,A,V ). We can write:

Qh,A,V (χj,Rψ) = 〈Lh,A,V χj,Rψ, χj,Rψ〉L2 .
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We let P = hDk + Ak and χ = χj,R. It is enough to estimate:

〈Pψ, Pχ2ψ〉L2 = 〈χPψ, [P, χ]ψ〉L2 + 〈χPψ, Pχψ〉L2
= 〈χPψ, [P, χ]ψ〉L2 + 〈Pχψ, Pχψ〉L2 + 〈[χ, P ]ψ, Pχψ〉L2
= 〈Pχψ, Pχψ〉L2 − ‖[P, χ]ψ‖2 + 〈χPψ, [P, χ]ψ〉L2 − 〈[P, χ]ψ, χPψ〉L2 .

Taking the real part, we find:

〈Pψ, Pχ2ψ〉L2 = ‖Pχψ‖2 − ‖[P, χ]ψ‖2.

We have: [P, χ] = −ih∂kχ. It remains to take the sum and the conclusion follows. �

3.2. A preliminary electric example. Let us consider the operator

N̂Neu
α̂,h = h2D2

τ +

(
τ 2

2
− 1

)2

,

on L2 ((−α̂,+∞)). We denote by ν̂Neu1 (α̂, h) the lowest eigenvalue of N̂Neu
α̂,h . We aim at

establishing a uniform lower bound with respect to α̂ of ν̂Neu1 (α̂, h) when h → 0. Let us

prove the following lemma which we will need in the next chapter.

Lemma 6.17. There exist C, h0 > 0 such that for all h ∈ (0, h0) and α̂ ≥ −1:

ν̂Neu1 (α̂, h) ≥ Ch.

Proof. We have to be careful with the dependence on α̂. We introduce a partition

of unity on R with balls of size r > 0 and centers τj and such that:
∑

j

χ2
j,r = 1,

∑

j

χ′2
j,r ≤ Cr−2.

We can assume that there exist j− and j+ such that τj− = −
√
2 and τj+ =

√
2. The

“IMS” formula provides:

Q̂Neu
α̂,h (ψ) ≥

∑

j

Q̂Neu
α̂,h (χj,rψ)− Ch2r−2‖ψ‖2.

We let V (τ) =
(
τ2

2
− 1
)2
. Let us fix ε0 such that

(6.3.1) V (τ) ≥ V ′′(τj±)

4
(τ − τj±)

2 if |τ − τj± | ≤ ε0.

There exists δ0 > 0 such that

(6.3.2) V (τ) ≥ δ0 if |τ − τj± | >
ε0
4
.
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Let us consider j such that j = j− or j = j+. We can write the Taylor expansion:

(6.3.3) V (τ) =
V ′′(τj±)

2
(τ − τj±)

2 +O(|τ − τj± |3) = 2(τ − τj±)
2 +O(|τ − τj± |3).

We have:

(6.3.4) Q̂Neu
α̂,h (χj,rψ) ≥

√
2Θ0h‖χj,rψ‖2 − Cr3‖χj,rψ‖2,

where Θ0 > 0 is the infimum of the bottom of the spectrum for the ξ-dependent family

of de Gennes operators D2
τ + (τ − ξ)2 on R+ with Neumann boundary condition. We

are led to choose r = h2/5. We consider now the other balls: j 6= j− and j 6= j+. If

the center τj satisfies |τj − τj± | ≤ ε0/2, then, for all τ ∈ B(τj, h
2/5), we have for h small

enough:

|τ − τj± | ≤ h2/5 +
ε0
2

≤ ε0.

If |τj − τj± | ≤ 2h2/5, then for τ ∈ B(τj, h
2/5), we have |τ − τj± | ≤ 3h2/5 and we can use

the Taylor expansion (6.3.3). Thus (6.3.4) is still available.

We now assume that |τj − τj± | ≥ 2h2/5 so that, on B(τj, h
2/5), we have:

V (τ) ≥ V ′′(τj±)

4
h4/5.

If the center τj satisfies |τj−τj± | > ε0/2, then, for all τ ∈ B(τj, h
2/5), we have |τ −τj± | ≥

ε0/4 and thus:

V (τ) ≥ δ0.

Gathering all the contributions, we find:

Q̂Neu
α̂,h (ψ) ≥ (

√
2Θ0h− Ch6/5)‖ψ‖2.

The conclusion follows from the min-max principle. �

3.3. Magnetic example. As we are going to see on an example, this localization

formula is very convenient to prove lower bounds for the spectrum. Let us continue the

study of:

Lex
h,A = h2D2

x +

(
hDy + x+

x3

3
+ y2x

)2

.

Proposition 6.18. For all n ∈ N
∗, there exist h0 > 0 and C > 0 such that for

h ∈ (0, h0):

λn(h) ≥ h− Ch5/4.
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Proof. We introduce a partition of unity with radius R > 0 denoted by (χj,R)j. Let

us consider an eigenpair (λ, ψ). We have:

Qh,A(ψ) =
∑

j

Qh,A(χj,Rψ)− h2
∑

j

‖∇χj,Rψ‖2

so that:

Qh,A(ψ) ≥
∑

j

Qh,A(χj,Rψ)− CR−2h2‖ψ‖2

and:

λ‖ψ‖2 ≥
∑

j

Qh,A(χj,Rψ)− CR−2h2‖ψ‖2.

It remains to provide a lower bound for Qh,A(χj,Rψ). We choose R = hρ with ρ > 0,

to be chosen. We approximate the magnetic field in each ball by the constant magnetic

field βj:

|B−Bj| ≤ C‖x− xj‖.
In a suitable gauge, we have:

‖A−Alin
j ‖ ≤ C‖x− xj‖2,

where C > 0 does not depend on j. Then, we have, for all ε ∈ (0, 1):

Qh,A(χj,Rψ) ≥ (1− ε)Qh,Alin
j
(χj,Rψ)− C2ε−1R4‖χj,Rψ‖2.

From the min-max principle, we deduce:

Qh,A(χj,Rψ) ≥
(
(1− ε)βjh− C2ε−1h4ρ

)
‖χj,Rψ‖2.

Optimizing ε, we take: ε = h2ρ−1/2 and it follows:

Qh,A(χj,Rψ) ≥
(
βjh− Ch2ρ+1/2

)
‖χj,Rψ‖2.

We now choose ρ such that 2ρ + 1/2 = 2 − 2ρ. We are led to take: ρ = 3
8
and the

conclusion follows. �

3.4. Agmon estimates. This section is devoted to the Agmon estimates in the

semiclassical framework. We refer to the classical references [1, 2, 75, 91, 92].

Proposition 6.19. Let Ω be a bounded open domain in R
m with Lipschitzian bound-

ary. Let V ∈ C0(Ω,R), A ∈ C0(Ω,Rm) and Φ a real valued Lipschitzian function on Ω.

Then, for u ∈ Dom (Lh,A,V ) (with Dirichlet or magnetic Neumann condition), we have:
∫

Ω

‖(−ih∇+A)eΦu‖2 dx+

∫

Ω

(
V − h2‖∇Φ‖2e2Φ

)
|u|2 dx = ℜ〈Lh,A,V u, e2Φu〉L2(Ω).
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Proof. We give the proof when Φ is smooth. Let us use the Green-Riemann formula:

m∑

k=1

〈(−ih∂k + Ak)
2u, e2Φu〉L2 =

m∑

k=1

〈(−ih∂k + Ak)u, (−ih∂k + Ak)e
2Φu〉L2 ,

where the boundary term has disappeared thanks to the boundary condition. In order

to lighten the notation, we let P = −ih∂k + Ak.

〈Pu, Pe2Φu〉L2 = 〈eΦPu, [P, eΦ]u〉L2 + 〈eΦPu, PeΦu〉L2
= 〈eΦPu, [P, eΦ]u〉L2 + 〈PeΦu, PeΦu〉L2 + 〈[eΦ, P ]u, PeΦu〉L2
= 〈PeΦu, PeΦu〉L2 − ‖[P, eΦ]u‖2 + 〈eΦPu, [P, eΦ]u〉L2 − 〈[P, eΦ]u, eΦPu〉L2 .

We deduce:

ℜ
(
〈Pu, Pe2Φu〉L2

)
= 〈PeΦu, PeΦu〉L2 − ‖[P, eΦu]‖2.

This is then enough to conclude.

�

In fact we can prove a more general “IMS” formula (which generalizes Propositions

6.18 and 6.19).

Proposition 6.20 (“Localization” of P 2 with respect to A). Let (H, 〈·, ·〉) be a Hilbert

space and two unbounded operators P and A defined on a domain D ⊂ H. We assume

that P is symmetric and that P (D) ⊂ D, A(D) ⊂ D and A∗(D) ⊂ D. Then, for ψ ∈ D,

we have:

(6.3.5) ℜ〈P 2ψ,AA∗ψ〉 = ‖P (A∗ψ)‖2 − ‖[A∗, P ]ψ‖2 + ℜ〈Pψ, [[P,A], A∗]ψ〉

+ ℜ
(
〈Pψ,A∗[P,A]ψ〉 − 〈Pψ,A[P,A∗]ψ〉

)
.

Let us continue to study our favorite example (see Subsection 3.3).

Proposition 6.21. There exist C > 0, h0 > 0 such that, for h ∈ (0, h0) and (λ, ψ)

an eigenpair of Lex
h,A satisfying λ ≤ h+ Ch2, we have:

∫

R2

e2h
−1/8|x||ψ|2 dx ≤ C‖ψ‖2.

Proof. We consider an eigenpair (λ, ψ) as in the proposition and we use the Agmon

identity, jointly with the “IMS” formula (with balls of size h3/8):
∑

j

Qh,A(χj,he
Φψ)− h2‖∇χj,heΦψ‖2 − h2‖χj,h∇ΦeΦψ‖2 − λ‖χj,heΦψ‖2 = 0.
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This becomes:
∑

j

Qh,A(χj,he
Φψ)− (h+ Ch5/4)‖χj,heΦψ‖2 − h2‖χj,h∇ΦeΦψ‖2 ≤ 0.

We need to give a lower bound for Qh,A(χj,he
Φψ):

Qh,A(χj,he
Φψ) ≥ (B(xj)h− Ch5/4)‖eΦχj,hψ‖2.

This implies:
∑

j

(
(B(xj)− 1)h− Ch5/4)‖eΦχj,hψ‖2 − h2‖χj,h∇ΦeΦψ‖2

)
≤ 0.

We split the sum into two parts: the j such that |xj| ≥ C0h
1/8 and the j such that

|xj| ≤ C0h
1/8, for some C0 > 0 to be chosen. Moreover, we choose Φ(x) = h−1/8|x|.

Let us consider first j such that |xj| ≤ C0h
1/8. Due to the non-degeneracy of the

minimum of B, we get the existence of c0, ε0 > 0 such that, for all C0 > 0:

B(xj)− 1 ≥ min(c0C
2
0h

5/4, ε0).

Then, we choose C0 > 0 such that: c0C
2
0 − C > 0. Taking h small enough, we find the

inequality: ∑

|xj |≥C0h1/8

‖eΦχj,hψ‖2 ≤ C̃
∑

|xj |≤C0h1/8

‖eΦχj,hψ‖2 ≤ Ĉ‖ψ‖2.

Finally, we deduce:

‖eΦψ‖ ≤ C‖ψ‖.
�





CHAPTER 7

Models for vanishing magnetic fields

Ils comprirent que la raison ne voit que ce qu’elle

produit elle-même selon son projet, qu’elle devrait

prendre les devants avec les principes qui régissent

ses jugements d’après des lois constantes et forcer la

nature à répondre à ses questions [...] ; car, sinon,

des observations menées au hasard, faites sans nul

plan projeté d’avance, ne convergent aucunement de

façon cohérente vers une loi nécessaire, que pourtant

la raison recherche et dont elle a besoin.

Critique de la raison pure, Kant

We will see that the properties of MNeu
α,ξ be can used to investigate those of Mα,ξ.

Therefore we begin by analyzing the family of operatorsMNeu
α,ξ and we prove Theorem 2.20

and apply it to prove Theorem 2.21.

1. Analysis of MNeu
α,ξ

1.1. Changing the parameters. To analyze the family of operators MNeu
α,ξ de-

pending on parameters (α, ξ), we introduce the new parameters (α, η) using a change of

variables. Let us introduce the following change of parameters:

P(α, ξ) = (α, η) =

(
α, ξ +

α2

2

)
.

A straight forward computation provides that P : R2 → R
2 is a C∞-diffeomorphism such

that:

|α|+ |ξ| → +∞ ⇔ |P(α, ξ)| → +∞.

We have MNeu
α,ξ = NNeu

α,η , where:

NNeu
α,η = D2

t +

(
(t− α)2

2
− η

)2

,

103
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with Neumann condition on t = 0. Let us denote by νNeu1 (α, η) the lowest eigenvalue of

NNeu
α,η , so that:

µNeu
1 (α, ξ) = νNeu1 (α, η) = νNeu1 (P(α, ξ)) .

We denote by Dom (QNeu
α,η ) the form domain of the operator and by QNeu

α,η the associated

quadratic form.

1.2. Existence of a minimum for µNeu
1 (α, ξ). To prove Theorem 2.20, we establish

the following result:

Theorem 7.1. The function R×R ∋ (α, η) 7→ νNeu1 (α, η) admits a minimum. More-

over we have:

lim inf
|α|+|η|→+∞

νNeu1 (α, η) ≥ µMo > min
(α,η)∈R2

νNeu1 (α, η).

To prove this result, we decompose the plane in subdomains and analyze in each

part.

Lemma 7.2. For all (α, η) ∈ R
2 such that η ≥ α2

2
, we have:

−∂ανNeu1 (α, η) +
√

2η∂ην
Neu
1 (α, η) > 0.

Thus there is no critical point in the area {η ≥ α2

2
}.

Proof. The Feynman-Hellmann formulas provide:

∂αν
Neu
1 (α, η) = −2

∫ +∞

0

(
(t− α)2

2
− η

)
(t− α)u2α,η(t) dt,

∂ην
Neu
1 (α, η) = −2

∫ +∞

0

(
(t− α)2

2
− η

)
u2α,η(t) dt.

We infer:

−∂ανNeu1 (α, η)+
√

2η∂ην
Neu
1 (α, η) =

∫ +∞

0

(t−α−
√
2η)(t−α+

√
2η)(t−α−

√
2η)u2α,η(t) dt.

We have: ∫ +∞

0

(t− α−
√

2η)2(t− α +
√

2η)u2α,η(t) dt > 0.

�

Lemma 7.3. We have:

inf
(α,η)∈R2

νNeu1 (α, η) < µMo.
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Proof. We apply Lemma 7.2 at α = 0 and η = ηMo to deduce that:

∂αν
Neu
1 (0, ηMo) < 0.

�

The following lemma is obvious:

Lemma 7.4. For all η ≤ 0, we have:

νNeu1 (α, η) ≥ η2.

In particular, we have

νNeu1 (α, η) > µMo, ∀η < −√
µMo.

Lemma 7.5. For α ≤ 0 and η ≤ α2

2
, we have:

νNeu1 (α, η) ≥ µMo
1 (0) > µMo.

Proof. We have, for all ψ ∈ Dom (QNeu
α,η ):

QNeu
α,η (ψ) =

∫

R+

|Dtψ|2 +
(
(t− α)2

2
− η

)2

|ψ|2 dt

and (
(t− α)2

2
− η

)2

=

(
t2

2
− αt+

α2

2
− η

)2

≥ t4

4
.

The min-max principle provides:

νNeu1 (α, η) ≥ µMo
1 (0).

Moreover, thanks to the Feynman-Hellmann theorem, we get:

(
∂ηµ

Mo
1 (η)

)
η=0

= −
∫

R+

t2u0(t)
2 dt < 0.

�

Lemma 7.6. There exist C,D > 0 such that for all α ∈ R and η ≥ D such that
α√
η
≥ −1:

νNeu1 (α, η) ≥ Cη1/2.

Proof. For α ∈ R and η > 0, we can perform the change of variable:

τ =
t− α√
η
.
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The operator η−2NNeu
α,η is unitarily equivalent to:

N̂Neu
α̂,h = h2D2

τ +

(
τ 2

2
− 1

)2

,

on L2 ((−α̂,+∞)), with α̂ = α√
η
and h = η−3/2. With Lemma 6.17, we infer, using the

min-max principle:

νNeu1 (α, η) ≥ cη−3/2,

for η large enough. �

Lemma 7.7. Let uη be an eigenfunction associated with the first eigenvalue of LMo,+
η .

Let D > 0. There exist ε0, C > 0 such that, for all η such that |η| ≤ D, we have:
∫ +∞

0

e2ε0t
3 |uη|2 dt ≤ C‖uη‖2.

Proof. We let Φm = εχm(t)t
3. The Agmon estimate provides:

∫ ∞

0

(
t2

2
− η

)2

|eΦmuη|2 dt ≤ µMo
1 (η)‖eΦmuη‖2 + ‖∇Φme

Φmuη‖2.

It follows that:∫ ∞

0

t4

8
|eΦmuη|2 dt ≤ (µMo

1 (η) + 2η2)‖eΦmuη‖2 + ‖∇Φme
Φmuη‖2.

We infer that: ∫ ∞

0

t4|eΦmuη|2 dt ≤M(D)‖eΦmuη‖2 + 8‖∇Φme
Φmuη‖2.

With our choice of Φm, we have

|∇Φm|2 ≤ 18ε2χ2
m(t)t

4 + 2ε2χ′
m(t)

2t6 ≤ 18ε2t4 + 2ε2χ′
m(t)

2t6 ≤ Cε2t4,

since χ′
m(t)

2t2 is bounded. For ε fixed small enough, we deduce
∫ ∞

0

t4|eΦmuη|2 dt ≤
M(D)

1− 8Cε2
‖eΦmuη‖2 ≤ M̃(D)‖eΦmuη‖2.

Let us choose R > 0 such that: R4 −M(D) > 0. We have:

(R4 − M̃(D))

∫ +∞

R

e2Φm |uη|2 dt ≤ M̃(D)

∫ R

0

e2Φm |uη|2 dy ≤ M̃(D)C(R)‖uη‖2,

and: ∫ +∞

R

e2Φm |uη|2 dt ≤ C(R,D)‖uη‖2.
We infer: ∫ +∞

0

e2Φm |uη|2 dt ≤ C̃(R,D)‖uη‖2.
It remains to take the limit m→ +∞. �
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Lemma 7.8. For all D > 0, there exist A > 0 and C > 0 such that for all |η| ≤ D

and α ≥ A, we have: ∣∣ν1(α, η)− µMo
1 (η)

∣∣ ≤ Cα−2.

Proof. We perform the translation τ = t − α, so that NNeu
α,η is unitarily equivalent

to:

ÑNeu
α,η = D2

τ +

(
τ 2

2
− η

)2

,

on L2(−α,+∞). The corresponding quadratic form writes:

Q̃Neu
α,η (ψ) =

∫ +∞

−α
|Dτψ|2 +

(
τ 2

2
− η

)2

|ψ|2 dτ.

Let us first prove the upper bound. We take ψ(τ) = χ0(α
−1τ)uη(τ). The “IMS”

formula provides:

Q̃Neu
α,η (χ0(α

−1τ)uη(τ)) = µMo
1 (η)‖χ0(α

−1τ)uη(τ)‖2 + ‖(χ0(α
−1τ))′uη(τ)‖2.

Jointly min-max principle with Lemma 7.7, we infer that:

ν1(α, η) ≤ µMo
1 (η) +

‖(χ0(α
−1τ))′uη(τ)‖2

‖χ0(α−1τ)uη(τ)‖2

≤ µMo
1 (η) +

Cα−2

e2cε0α3 .

Let us now prove the lower bound. Let us now prove the converse inequality. We denote

by ũα,η the positive and L2-normalized groundstate of ÑNeu
α,η . On the one hand, with the

“IMS” formula, we have:

Q̃Neu
α,η (χ0(α

−1τ)ũα,η) ≤ ν1(α, η)‖χ0(α
−1τ)ũα,η‖2 + Cα−2.

On the other hand, we notice that:
∫ +∞

−α
t4|ũα,η|2 dτ ≤ C,

∫ −α
2

−α
t4|ũα,η|2 dτ ≤ C,

and thus: ∫ −α
2

−α
|ũα,η|2 dτ ≤ C̃α−4.

We infer that:

Q̃Neu
α,η (χ0(α

−1τ)ũα,η) ≤ (ν1(α, η) + Cα−2)‖χ0(α
−1τ)ũα,η‖2.

We deduce that:

µMo
1 (η) ≤ ν1(α, η) + Cα−2.

�
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We have proved in Lemmas 7.4-7.6 and 7.8 that the limit inferior of ν1(α, η) in

these areas are not less than µMo. Then, we deduce the existence of a minimum with

Lemma 7.3.

2. Analysis of Mα,ξ

Theorem 2.21 is a consequence of the following two lemmas.

Lemma 7.9. We have:

µ
1
< µMo.

Proof. We have

µ
1
= inf

(α,ξ)∈R2
µ1(α, ξ) ≤ inf

α∈R
µ1(α, 0).

We use a finite element method, with the Finite Element Library Mélina (see [118]),

on [−10, 10] with Dirichlet condition on the artificial boundary, with 1000 elements P2.

The discretization space for the finite element method is included in the form domain

of the operator and thus the computed eigenvalue provides a rigorous upper-bound (see

[13, Section 2] and [15, Section 5.1]). For any α, these computations give a upper-bound

of µ1(α, 0). Numerical computations and Proposition 2.7 give

inf
α∈R

µ1(α, 0) ≤ 0.33227 < 0.5 < µMo,

In fact, numerical simulations suggest that infα∈R µ1(α, 0) ≃ 0.33227 which is an approx-

imation of the first eigenvalue for α = 0.827. �

Lemma 7.10. For all (α, ξ) ∈ R
2, we have:

µ1(α, ξ) ≥ min(µNeu
1 (α, ξ), µNeu

1 (α,−ξ)).

Proof. Let u be a normalized eigenfunction associated with µ1(α, ξ). We can split:

µ1(α, ξ) =

∫ 0

−∞
|Dtu|2 +

(
t2

2
− αt− ξ

)2

|u|2 dt+
∫ +∞

0

|Dtu|2 +
(
t2

2
− αt− ξ

)2

|u|2 dt

≥ µNeu
1 (α,−ξ)

∫ 0

−∞
|u|2 dt+ µNeu

1 (α, ξ)

∫ ∞

0

|u|2 dt

≥ min(µNeu
1 (α,−ξ), µNeu

1 (α, ξ)).

�



CHAPTER 8

Models for magnetic cones

Car l’ignorant, outre qu’il est poussé de

mille façons par les causes extérieures et

ne possède jamais la vraie satisfaction de

l’âme, vit en outre presque inconscient de

lui-même, de Dieu et des choses, et sitôt qu’il

cesse de pâtir, il cesse aussi d’être.

L’Éthique, Spinoza

This chapter deals with the proof of Theorem 2.3.

1. Agmon estimates for β ∈
[
0, π

2

]

We start by proving the following fine estimate when β ∈
[
0, π

2

)
.

Proposition 8.1. Let C0 > 0 and η ∈
(
0, 1

2

)
. For all β ∈

[
0, π

2

)
, there exist α0 > 0,

ε0 and C > 0 such that for any α ∈ (0, α0) and for all eigenpair (λ, ψ) of Lα,β satisfying

λ ≤ C0α:

(8.1.1)

∫

Cα
e2ε0α

1/2|z||ψ|2 dx ≤ C‖ψ‖2.

Proof. Thanks to a change of gauge LA is unitarily equivalent to the Neumann

realization of:

L
Â
= D2

z + (Dx + z sin β)2 + (Dy + x cos β)2.

The associated quadratic form is:

Q
Â
(ψ) =

∫
|Dzψ|2 + |(Dx + z sin β)ψ|2 + |(Dy + x cos β)ψ|2 dx dy dz.

Let us introduce a smooth cut-off function χ such that χ = 1 near 0 and let us also

consider, for R ≥ 1 and ε0 > 0:

ΦR(z) = ε0α
1/2χ

( z
R

)
|z|.

109
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The Agmon identity writes:

Q
Â
(eΦRψ) = λ‖eΦRψ‖2 − ‖∇ΦRe

ΦRψ‖2.

There exists α0 > 0 and C̃0 such that for α ∈ (0, α0), R ≥ 1 and ε0 ∈ (0, 1), we have:

Q
Â
(eΦRψ) ≤ C̃0α‖eΦRψ‖2.

We introduce a partition of unity with respect to z:

χ2
1(z) + χ2

2(z) = 1,

where χ1(z) = 1 for 0 ≤ z ≤ 1 and χ1(z) = 0 for z ≥ 2. For j = 1, 2 and γ > 0, we let:

χj,γ(z) = χj(γ
−1z),

so that:

‖χ′
j,γ‖ ≤ Cγ−1.

The “IMS” formula provides:

(8.1.2) Q
Â
(eΦRχ1,γψ) + Q̂A(e

ΦRχ2,γψ)− C2γ−2‖eΦRψ‖2 ≤ C̃0α‖eΦRψ‖2.

We want to write a lower bound for Q̂A(e
ΦRχ2,γψ). Integrating by slices we have for

ψ ∈:
Q

Â
(ψ) ≥ cos β

∫
µ(
√
cos β z tan(α/2))‖ψ‖2 dz

where µ(ρ) is the lowest eigenvalue of the magnetic Neumann Laplacian on the disk of

center (0, 0) and radius ρ. There exists c > 0 such that for all ρ ≥ 0:

µ(ρ) ≥ cmin(ρ2, 1).

We infer:

Q
Â
(eΦRχ2,γψ) ≥

∫
c cos βmin(z2α2 cos β, 1)‖eΦRχ2,γψ‖2 dz.

We choose γ = ε−1
0 α−1/2(cos β)−1/2. On the support of χ2,γ we have z ≥ γ. It follows:

Q
Â
(eΦRχ2,γψ) ≥

∫
c cos βmin(ε−2

0 α, 1)‖eΦRχ2,γψ‖2 dz.

For α such that α ≤ ε20, we have:

Q
Â
(eΦRχ2,γψ) ≥

∫
cαε−2

0 cos β‖eΦRχ2,γψ‖2 dz.

We deduce that there exists c > 0, C > 0 and C̃0 > 0 such that for all ε0 ∈ (0, 1) there

exists α0 > 0 such that for all R ≥ 1 and α ∈ (0, α0):

(cε−2
0 cos βα− Cα)‖χ2,γe

ΦRψ‖2 ≤ C̃0α‖χ1,γe
ΦRψ‖2.
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Since cos β > 0 and η > 0, if we choose ε0 small enough, this implies:

‖χ2,γe
ΦRψ‖2 ≤ C̃‖χ1,γe

ΦRψ‖2 ≤ Ĉ‖ψ‖2.

It remains to take the limit R → +∞. �

Remark 8.2. It turns out that Proposition 8.1 is still true for β = π
2
. In this case

the argument must be changed as follows. Instead of decomposing the integration with

respect to z > 0 one should integrate by slices along a fixed direction which is not parallel

to the axis of the cone. Therefore we are reduced to analyze the bottom of the spectrum of

the Neumann Laplacian on ellipses instead of circles. We leave the details to the reader.

2. Construction of quasimodes when β = 0

This section deals with the proof of the following proposition.

Proposition 8.3. For all N ≥ 1 and J ≥ 1, there exist CN,J and α0 such that for

all 1 ≤ n ≤ N , and 0 < α < α0, we have:

dist

(
σdis(Lα,0),

J∑

j=0

γj,nα
2j+1

)
≤ CN,J α

2J+3,

where γ0,n = lN = 2−5/2(4n− 1).

Proof. We construct quasimodes which do not depend on θ. In other words, we

look for quasimodes for:

Lα,0 = − 1

t2
∂tt

2∂t +
sin2(αϕ)

4α2
t2 − 1

α2 t2 sin(αϕ)
∂ϕ sin(αϕ)∂ϕ.

We write a formal Taylor expansion of Lα,0 in powers of α2:

Lα,0 ∼ α−2M−1 +M0 +
∑

j≥1

α2jMj,

where:

M−1 = − 1

t2ϕ
∂ϕϕ∂ϕ, M0 = − 1

t2
∂tt

2∂t +
ϕ2t2

4
+

1

3t2
ϕ∂ϕ.

We look for quasi-eigenpairs expressed as formal series:

ψ ∼
∑

j≥0

α2jψj, λ ∼ α−2λ−1 + λ0 +
∑

j≥1

α2jλj,

so that, formally, we have:

Lα,0ψ ∼ λψ.
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We are led to solve the equation:

M−1ψ0 = − 1

t2ϕ
∂ϕϕ∂ϕψ0 = λ−1ψ0.

We choose λ−1 = 0 and ψ0(t, ϕ) = f0(t), with f0 to be chosen in the next step. We shall

now solve the equation:

M−1ψ1 = (λ0 −M0)ψ0.

We look for ψ1 in the form: ψ1(t, ϕ) = t2ψ̃1(t, ϕ) + f1(t). The equation provides:

(8.2.1) − 1

ϕ
∂ϕϕ∂ϕψ̃1 = (λ0 −M0)ψ0.

For each t > 0, the Fredholm condition is 〈(λ0 −M0)ψ0, 1〉L2((0, 1
2
),ϕ dϕ) = 0, that reads:

∫ 1
2

0

(M0ψ0)(t, ϕ)ϕ dϕ =
λ0
23
f0(t).

Moreover we have:
∫ 1

2

0

(M0ψ0)(t, ϕ)ϕ dϕ = − 1

23t2
∂tt

2∂tf0(t) +
1

28
t2f0(t),

so that we get: (
− 1

t2
∂tt

2∂t +
1

25
t2
)
f0 = λ0f0.

We are led to take:

λ0 = lN and f0(t) = fn(t).

For this choice of f0, we infer the existence of a unique function denoted by ψ̃⊥
1 (in the

Schwartz class with respect to t) orthogonal to 1 in L2((0, 1
2
), ϕ dϕ) which satisfies (8.2.1).

Using the decomposition of ψ1, we have:

ψ1(t, ϕ) = t2ψ̃⊥
1 (t, ϕ) + f1(t),

where f1 has to be determined in the next step.

We leave the construction of the next terms to the reader.

We define:

ΨJ
n(α)(t, θ, ϕ) =

J∑

j=0

α2jψj(t, ϕ), ∀(t, θ, ϕ) ∈ P ,(8.2.2)

ΛJn(α) =
J∑

j=0

α2jλj.(8.2.3)
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Due to the exponential decay of the ψj and thanks to Taylor expansions, there exists

Cn,J such that:

‖
(
Lα − ΛJn(α)

)
ΨJ
n(α)‖L2(P, dµ̃) ≤ Cn,Jα

2J+2‖ΨJ
n(α)‖L2(P, dµ̃).

Using the spectral theorem and going back to the operator Lα by change of variables,

we conclude the proof of Proposition 8.3 with γj,n = λj. �

Considering the main term of the asymptotic expansion, we deduce the three following

corollaries.

Corollary 8.4. For all n ≥ 1, there exist α0(n) > 0 and Cn > 0 such that, for all

α ∈ (0, α0(n)), the n-th eigenvalue exists and satisfies:

λn(α) ≤ Cnα,

or equivalently λ̃n(α) ≤ Cn.

Corollary 8.5. For all N ≥ 1, there exist C and α0 and for all 1 ≤ n ≤ N and

0 ≤ α ≤ α0, there exists an eigenvalue λ̃k(n,α) of Lα such that

|λ̃k(n,α) − lN | ≤ Cα2.

Corollary 8.6. We observe that for 1 ≤ n ≤ N and α ∈ (0, α0):

0 ≤ λ̃n(α) ≤ λ̃k(n,α) ≤ lN + Cα2.

This last corollary proves Corollary 8.4.

3. Axisymmetry of the first eigenfunctions when β = 0

Notation 8.7. From Propositions 2.2 and 8.3, we infer that, for all n ≥ 1, there

exists αn > 0 such that if α ∈ (0, αn), the n-th eigenvalue λ̃n(α) of Lα exists. Due to

the fact that −i∂θ commutes with the operator, one deduces that for each n ≥ 1, we can

consider a basis (ψn,j(α))j=1,···J(n,α) of the eigenspace of Lα associated with λ̃n(α) such

that

ψn,j(α)(t, θ, ϕ) = eimn,j(α)θΨn,j(t, ϕ).

As an application of the localization estimates of Section 1, we prove the following

proposition.

Proposition 8.8. For all n ≥ 1, there exists αn > 0 such that if α ∈ (0, αn), we

have:

mn,j(α) = 0, ∀j = 1, . . . , J(n, α).
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In other words, the functions of the n-th eigenspace are independent from θ as soon as

α is small enough.

In order to succeed, we use a contradiction argument: We consider an L2-normalized

eigenfunction of Lα associated to λn(α) in the form eim(α)θΨα(t, ϕ) and we assume that

there exists α > 0 as small as we want such that m(α) 6= 0 or equivalently |m(α)| ≥ 1.

3.1. Dirichlet condition on the axis ϕ = 0. Let us prove the following lemma.

Lemma 8.9. For all t > 0, we have Ψα(t, 0) = 0.

Proof. We recall the eigenvalue equation:

Lα,0,m(α)Ψα = λ̃n(α)Ψα.

We deduce:

Qα,0,m(α)(Ψα) ≤ C‖Ψα‖2L2(R, dµ).

This implies:

∫

R

1

t2 sin2(αϕ)

(
m(α) +

sin2(αϕ)

2α
t2
)2

|Ψα(t, ϕ)|2 dµ ≤ C‖Ψα‖2L2(R, dµ) < +∞.

Using the inequality (a+ b)2 ≥ 1
2
a2 − 2b2, it follows:

m(α)2

2

∫

R

1

t2 sin2(αϕ)
|Ψα(t, ϕ)|2 dµ− 2

∫

R

t2 sin2(αϕ)

4α2
|Ψα(t, ϕ)|2 dµ < +∞,

so that:

m(α)2
∫

R

1

t2 sin2(αϕ)
|Ψα(t, ϕ)|2 dµ < +∞,

and:

(8.3.1)

∫

R

1

t2 sin2(αϕ)
|Ψα(t, ϕ)|2 dµ < +∞.

Therefore, for almost all t > 0, we have:

(8.3.2)

∫ 1
2

0

1

sin2(αϕ)
|Ψα(t, ϕ)|2 sin(αϕ) dϕ < +∞.

The functionR ∋ (t, ϕ) 7→ Ψα(t, ϕ) is smooth by elliptic regularity inside Cα (thusR). In

particular, it is continuous at ϕ = 0. By the integrability property (8.3.2), this imposes

that, for all t > 0, we have Ψα(t, 0) = 0. �
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3.2. The operator −(sin(αϕ))−1∂ϕ sin(αϕ)∂ϕ.

Notation 8.10. For α ∈ (0, π), let us consider the operator on L2
((
0, 1

2

)
, sin(αϕ) dϕ

)

defined by:

Pα = − 1

sin(αϕ)
∂ϕ sin(αϕ)∂ϕ,

with domain:

Dom (Pα) =
{
ψ ∈ L2

(
(0, 1

2
), sin(αϕ) dϕ

)
,

1

sin(αϕ)
∂ϕ sin(αϕ)∂ϕψ ∈ L2

(
(0, 1

2
), sin(αϕ) dϕ

)
, ∂ϕψ

(
1
2

)
= 0, ψ(0) = 0

}
.

We denote by ν1(α) its first eigenvalue.

The aim of this subsection is to establish the following lemma:

Lemma 8.11. There exists c0 > 0 such that for all α ∈ (0, π):

ν1(α) ≥ c0.

Proof. We consider the associated quadratic form pα:

pα(ψ) =

∫ 1
2

0

sin(αϕ)|∂ϕψ|2 dϕ.

We have the elementary lower bound:

pα(ψ) ≥
∫ 1

2

0

αϕ

(
1− (αϕ)2

6

)
|∂ϕψ|2 dϕ ≥ 1

2

∫ 1
2

0

αϕ|∂ϕψ|2 dϕ,

since 0 ≤ αϕ ≤ π
2
. We are led to analyze the lowest eigenvalue γ ≥ 0 of the operator on

L2
((
0, 1

2

)
, ϕ dϕ

)
defined by − 1

ϕ
∂ϕϕ∂ϕ with Dirichlet condition at ϕ = 0 and Neumann

condition at ϕ = 1
2
. Let us prove that γ > 0. If it were not the case, the corresponding

eigenvector ψ would satisfy:

− 1

ϕ
∂ϕϕ∂ϕψ = 0,

so that:

ψ(ϕ) = c lnϕ+ d, with c, d ∈ R.

The boundary conditions provide c = d = 0 and thus ψ = 0. By contradiction, we infer

that γ > 0.

We deduce that:

pα(ψ) ≥
γ

2

∫ 1
2

0

αϕ|ψ|2 dϕ ≥ γ

2

∫ 1
2

0

sin(αϕ)|ψ|2 dϕ.
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By the min-max principle, we conclude that, for all α ∈ (0, π):

ν1(α) ≥
γ

2
=: c0 > 0.

�

3.3. End of the proof of Proposition 8.8. We have:

(8.3.3) Lα,0,m(α)(tΨα) = λ̃n(α)tΨα + [Lα,0,m(α), t]Ψα.

We have:

[Lα,0,m(α), t] = [−t−2∂tt
2∂t, t] = −2∂t −

2

t
.

We take the scalar product of the equation (8.3.3) with tΨα. We notice that:

〈[Lα,0,m(α), t]Ψα, tΨα〉L2(R, dµ) = −2‖Ψα‖2L2(R, dµ) + 3‖Ψα‖2L2(R, dµ) = ‖Ψα‖2L2(R, dµ).

The Agmon estimates provide:

|〈t[Lα,0,m(α), χα,η]Ψα, tΨα〉L2(R, dµ)| = O(α∞)‖Ψα‖2L2(R, dµ).

We infer:

Qα,0,m(α)(tΨα) ≤ C(‖tΨα‖2L2(R, dµ) + ‖Ψα‖2L2(R, dµ)),

and especially:

α−2

∫

R
|∂ϕΨα|2 dµ ≤ C

(
‖tΨα‖2L2(R, dµ) + ‖Ψα‖2L2(R, dµ)

)
.

Lemmas 8.9 and 8.11 imply that:

c0α
−2

∫

R
|Ψα|2 dµ ≤ C

(
‖tΨα‖2L2(R, dµ) + ‖Ψcut‖2L2(R, dµ)

)
.

With the estimates of Agmon, we have:

c0α
−2‖Ψα‖2L2(R, dµ) ≤ C̃‖Ψα‖2L2(R, dµ).

We infer that, for α small enough, Ψα = 0 and this is a contradiction.

This ends the proof of Proposition 8.8.
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4. Accurate estimate of the spectral gap when β = 0

This section is devoted to the proof of the following proposition.

Proposition 8.12. For all n ≥ 1, there exists α0(n) > 0 such that, for all α ∈
(0, α0(n)), the n-th eigenvalue exists and satisfies:

λn(α, 0) ≥ γ0,nα + o(α),

or equivalently λ̃n(α, 0) ≥ γ0,n + o(1).

We first establish approximation results satisfied by the eigenfunctions in order to

catch their behavior with respect to the t-variable. Then, we can apply a reduction of

dimension and we are reduced to a family of 1D model operators.

4.1. Approximation of the eigenfunctions . Let us consider N ≥ 1 and let us

introduce:

EN(α) = span{ψn,1(α), 1 ≤ n ≤ N},
where ψn,1(α)(t, θ, ψ) = Ψn,1(t, ϕ) are considered as functions defined in P .

Proposition 8.13. For all N ≥ 1, there exist α0(N) > 0 and CN > 0 such that, for

all ψ ∈ EN(α):

‖t−1(ψ − ψ)‖2L2(P, dµ̃) ≤ CNα
2‖ψ‖2L2(P, dµ̃),(8.4.1)

‖ψ − ψ‖2L2(P, dµ̃) ≤ CNα
2‖ψ‖2L2(P, dµ̃),(8.4.2)

‖t(ψ − ψ)‖2L2(P, dµ̃) ≤ CNα
2‖ψ‖2L2(P, dµ̃),(8.4.3)

where:

(8.4.4) ψ(t) =
1

∫ 1
2

0
ϕ dϕ

∫ 1
2

0

ψ(t, ϕ)ϕ dϕ.

Proof. It is sufficient to prove the proposition for ψ = ψn,1(α) and 1 ≤ n ≤ N . We

have:

(8.4.5) LαΨn,1(α) = λ̃n(α)Ψn,1(α).

We have:

Qα(ψ) ≤ C‖ψ‖2L2(P, dµ̃),
and thus, seeing ψ as a function on P :

1

α2

∫

P
t−2|∂ϕψ|2 dµ̃ ≤ C‖ψ‖2L2(P, dµ̃).
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We get: ∫

P
|∂ϕψ|2 sinαϕ dt dθ dϕ ≤ Cα2‖ψ‖2L2(P, dµ̃),

so that (using the inequality sin(αϕ) ≥ αϕ
2
):

∫

P

αϕ

2
|∂ϕψ|2 dt dθ dϕ ≤ Cα2‖ψ‖2L2(P, dµ̃).

We infer: ∫

P
αϕ|∂ϕ(ψ − ψ)|2 dt dθ dϕ ≤ Cα2‖ψ‖2L2(P, dµ̃).

Let us consider the Neumann realization of the operator − 1
ϕ
∂ϕϕ∂ϕ on L2((0, 1

2
), ϕ dϕ).

The first eigenvalue is simple, equal to 0 and associated to constant functions. Let δ > 0

be the second eigenvalue. The function ψ − ψ is orthogonal to constant functions in

L2((0, 1
2
)ϕ dϕ) by definition (8.4.4). Then, we apply the min-max principle to ψ−ψ and

deduce: ∫

P
δαϕ|ψ − ψ|2 dt dθ dϕ ≤ Cα2‖ψ‖2L2(P, dµ̃),

and: ∫

P
t−2|ψ − ψ|2 dµ̃ ≤ C̃α2‖ψ‖2L2(P, dµ̃),

which ends the proof of (8.4.1). We multiply (8.4.5) by t and we take the scalar product

with tψ to get:

Qα(tψ) ≤ λ̃n(α)‖tψ‖2L2(P, dµ̃) +
∣∣〈[−t−2∂tt

2∂t, t]ψ, tψ〉L2(P, dµ̃)
∣∣ .

We recall that:

[−t−2∂tt
2∂t, t] = −2∂t −

2

t
.

We get:

Qα,0(tψ) ≤ C‖ψ‖2L2(P, dµ̃).
We deduce (8.4.2) in the same way as (8.4.1).

Finally, we easily get:

Qα,0(t
2ψ) ≤ λ̃n(α)‖t2ψ‖2L2(P, dµ̃) +

∣∣〈[−t−2∂tt
2∂t, t

2]ψ, t2ψ〉L2(P, dµ̃)
∣∣ .

The commutator is:

[−t−2∂tt
2∂t, t

2] = −6− 4t∂t.

This implies:

Qα,0(t
2ψ) ≤ C‖ψ‖2L2(P, dµ̃).

The approximation (8.4.3) follows. �
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4.2. Proof of Proposition 8.12. We have now the elements to prove Proposition

8.12. The main idea is to apply the min-max principle to the quadratic form Qα,0 and

to the space EN(α).

Lemma 8.14. For all N ≥ 1, there exist αN > 0 and CN > 0 such that, for all

α ∈ (0, αN) and for all ψ ∈ EN(α):
∫

P

(
|∂tψ|2 + 2−5|tψ|2 + 1

α2t2
|∂ϕψ|2

)
dµ̃ ≤ λ̃n(α)‖ψ‖2L2(P, dµ̃) + CNα‖ψ‖2L2(P, dµ̃).

Proof. We recall that, for all ψ ∈ En(α), we have:

Qα,0(ψ) ≤ λ̃n(α)‖ψ‖2L2(P, dµ̃).

We infer that:
∫

P

(
|∂tψ|2 +

sin2(αϕ)

4α2
|tψ|2 + 1

α2t2
|∂ϕψ|2

)
dµ̃ ≤ λ̃n(α)‖ψ‖2L2(P, dµ̃).

We shall analyze the term
∫
P

sin2(αϕ)
4α2 |tψ|2 dµ̃. We get:

∣∣∣∣
∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃−

∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃

∣∣∣∣ ≤ C‖tψ − tψ‖L2(P, dµ̃)‖ψ‖L2(P, dµ̃),

and thus:
∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃ ≥

∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃− C‖tψ − tψ‖L2(P, dµ̃)‖ψ‖L2(P, dµ̃).

Proposition 8.13 provides:

(8.4.6) ‖tψ − tψ‖L2(P, dµ̃) ≤ Cα‖ψ‖L2(P, dµ̃),

so that:
∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃ ≥

∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃− Cα1/2−η‖ψ‖2L2(P, dµ̃).

We deduce:

(8.4.7)

∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃ ≥ (2−5 − Cα2)

∫

P
|tψ|2 dµ̃− Cα‖ψ‖2L2(P, dµ̃).

Proposition 8.1 and (8.4.7) provide:
∫

P

sin2(αϕ)

4α2
t2|ψ|2 dµ̃ ≥ 2−5

∫

P
|tψ|2 dµ̃− Cα‖ψ‖2L2(P, dµ̃).

�

An straightforward consequence of Lemma 8.14 is:
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Lemma 8.15. For all N ≥ 1, there exist αN > 0 and CN > 0 such that, for all

α ∈ (0, αN) and for all ψ ∈ EN(α):

∫

P

(
|∂tψ|2 + 2−5|tψ|2 + 1

α2t2
|∂ϕψ|2

)
dµ̆ ≤

(
λ̃n(α) + CNα

)
‖ψ‖2L2(P, dµ̆),

with dµ̆ = t2ϕ dt dϕ dθ.

Proof. It is sufficient to write for any ϕ ∈ (0, 1
2
):

ϕ =
1

α
sin(αϕ)

αϕ

sin(αϕ)
=

1

α
sin(αϕ)(1 +O(α2)) as α → 0.

�

With Lemma 8.15, we deduce (from the min-max principle) that there exists αN such

that

∀α ∈ (0, αN), λ̃n(α) ≥ lN − Cα.

This achieves the proof of Proposition 8.12.

5. Case when β ∈
[
0, π

2

]

By using commutator formulas in the spirit of Proposition 6.20 jointly with the

estimates of Agmon, one can prove that:

Lemma 8.16. Let k ≥ 0 and C0 > 0. There exist α0 > 0 and C > 0 such that for all

α ∈ (0, α0) and all eigenpair (λ, ψ) of Lα,β such that λ ≤ C0:

‖tkψ − tkψ
θ
‖ ≤ Cα1/2‖ψ‖,

with

ψ
θ
(t, ϕ) =

1

2π

∫ 2π

0

ψ(t, θ, ϕ) dθ.

We also get an approximation of Dtψ.

Lemma 8.17. Let C0 > 0. There exist α0 > 0 and C > 0 such that for all α ∈ (0, α0)

and all eigenpair (λ, ψ) of Lα,β such that λ ≤ C0, we have:

‖Dtψ −Dtψθ‖ ≤ Cα1/2‖ψ‖.

The last two lemmas imply the following proposition:
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Proposition 8.18. There exist C > 0 and α0 > 0 such that for any α ∈ (0, α0) and

all ψ ∈ EN(α), we have

(8.5.1) Qα,β(ψ) ≥ (1− α)Qmodel
α,β (ψ)− Cα1/2‖ψ‖2,

where:

Qmodel
α,β (ψ) =

∫

P
|Dtψ|2 dµ̃+

1

24

∫

P
cos2(αϕ)t2 sin2 β|ψ|2 dµ̃+

∫

P

1

t2 sin2(αϕ)
|(Dθ+Aθ,1)ψ|2 dµ̃+‖P3ψ‖2.

The spectral analysis is then reduced to an axisymmetric case.





CHAPTER 9

Born-Oppenheimer approximation

Le cogito d’un rêveur crée son propre cos-

mos, un cosmos singulier, un cosmos bien

à lui. Sa rêverie est dérangée, son cosmos

est troublé si le rêveur a la certitude que la

rêverie d’un autre oppose un monde à son

propre monde.

La flamme d’une chandelle, Bachelard

This chapter presents the main idea behind the electric Born-Oppenheimer approxi-

mation (see [33, 119]). We prove Theorem 2.26.

1. Basic estimates

Let us informally explain the main steps in the construction of quasimodes behind

Theorem 2.26. We have:

V(s)us = ν(s)us.

This is easy to prove that (the details are left as an exercise):

〈V ′(s0)us0 , us0〉 = 0,

(V(s0)− ν(s0))

(
d

ds
us

)

|s=s0
= −V ′(s0)us0

and: 〈
V ′(s0)

(
d

ds
us

)

|s=s0
+

V ′′(s0)

2
us0 , us0

〉
=
ν ′′(s0)

2
.

Notation 9.1. We let:

vs0(τ) =

(
d

ds
us

)

|s=s0
, ws0(τ) =

(
d2

ds2
us

)

|s=s0
.

As usual we begin with the construction of suitable quasimodes. Instead of H(h) we

study:

H̃h = hD2
σ + V(s0 + h1/2σ).

123
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In terms of formal power series, we have:

H̃h = V(s0) + h1/2σV ′(s0) + h

(
σ2V ′′(s0)

2
+D2

σ

)
+ · · ·

We look for quasi-eigenpairs in the form:

λ ∼ λ0 + h1/2λ1 + hλ2 + · · · , ψ ∼ ψ0 + h1/2ψ1 + hψ2 + · · ·

We must solve:

V(s0)ψ0 = λ0ψ0.

Therefore, we choose λ0 = ν(s0) and ψ0(σ, τ) = us0(τ)f0(σ).

We now meet the following equation:

(V(s0)− λ0)ψ1 = (λ1 − σV ′(s0))ψ0.

The Feynman-Hellmann formula jointly with the Fredholm alternative implies that: λ1 =

0 and that we can take:

ψ1(σ, τ) = σf0(σ)vs0 + σf1(σ)us0 .

The crucial equation is given by:

(V(s0)− ν(s0))ψ2 = λ2ψ0 − σV ′(s0)ψ1 −
(
σ2V ′′(s0)

2
+D2

σ

)
ψ0.

The Fredholm alternative jointly with the Feynman-Hellmann formula provides:
(
D2
σ +

ν ′′(s0)

2
σ2

)
f0 = λ2f0.

This is an easy exercise to prove that this construction can be continued at any order.

2. Essential spectrum and Agmon estimates

Let us briefly discuss the properties related to the essential spectrum. From Assump-

tion 2.25, we infer (exercise), as a consequence of the theorem of Persson (see Theorem

5.5):

Proposition 9.2. Under Assumption 2.25, we have:

inf
h>0

inf σess (Hh) > ν(s0).

As a corollary, we get:
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Proposition 9.3. There exists h0 > 0, C > 0, ε0 > 0 such that, for h ∈ (0, h0), for

all eigenpair (λ, ψ) such that λ ≤ ν(s0) + C0h, we have:
∫

R×Ω

e2ε0(|s|+|τ |)|ψ|2 ds dτ ≤ C‖ψ‖2.

Proof. This is a consequence of Persson’s theorem (see [135]). �

We are now led to prove some localization behavior of the eigenfunctions associated

with eigenvalues λ such that: |λ− ν(s0)| ≤ C0h.

Proposition 9.4. There exist ε0, h0, C > 0 such that for all eigenpair (λ, ψ) such

that |λ− ν(s0)| ≤ C0h, we have:
∫

R×Ω

e2ε0h
−1/2|s||ψ|2 dx ≤ C‖ψ‖2.

and: ∫

R×Ω

∣∣∣h∂s
(
eε0h

−1/2|s|ψ
)∣∣∣

2

dx ≤ Ch‖ψ‖2.

Proof. Let us write an estimate of Agmon:

Qh(e
h−1/2ε0|s|ψ)− hε20‖eh

−1/2ε0|s|ψ‖2 = λ‖eh−1/2ε0|s|ψ‖2 ≤ (ν(s0) + C0h)‖eh
−1/2ε0|s|ψ‖2.

But we notice that:

Qh(e
h−1/2ε0|s|ψ) ≥

∫

R×Ω

h2
∣∣∣∂s
(
eh

−1/2ε0|s|ψ
)∣∣∣

2

+ ν(s)
∣∣∣
(
eh

−1/2ε0|s|ψ
)∣∣∣

2

dx

This implies the inequality:
∫

R×Ω

(ν(s)− ν(s0)− C0h− ε20h)
∣∣∣
(
eh

−1/2ε0|s|ψ
)∣∣∣

2

dx ≤ 0.

We leave the conclusion as an exercise. �

3. Projection method

As we have observed, it can be more convenient to study H̃h instead of Hh. Let us

introduce the Feshbach-Grushin projection (see [73]) on us0 :

Π0ψ = 〈ψ, us0〉L2(Ω)us0(τ).

We want to estimate the projection of the eigenfunctions associated with eigenvalues λ

such that: |λ− ν(s0)| ≤ C0h. For that purpose, let us introduce the quadratic form:

q0(ψ) =

∫

R×Ω

|∂τψ|2 + P (τ, s0)|ψ|2 dσ dτ.
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This quadratic form is associated with the operator: Idσ ⊗ V(s0) whereas Π0 is the

projection on its first eigenspace.

Proposition 9.5. There exist C, h0 > 0 such that, for h ∈ (0, h0), for all eigenpair

(λ, ψ) of H̃(h) such that λ ≤ ν(s0) + C0h:

0 ≤ q0(ψ)− ν(s0)‖ψ‖2 ≤ Ch1/2‖ψ‖2.

Moreover, we have:

‖ψ − Π0ψ‖+ ‖∂τ (ψ − Π0ψ)‖ ≤ Ch1/4‖ψ‖.

Proof. The proof is rather easy. We write:

(9.3.1) h‖∂σψ‖2 + ‖∂τψ‖2 +
∫

R×Ω

P (τ, s0 + h1/2σ)|ψ|2 ds dτ ≤ (λ+ C0h)‖ψ‖2.

Using the fact that P is a polynomial and the fact that, for k, n ∈ N:
∫

|τ |n|σ|k|ψ|2 dσ dτ ≤ C‖ψ‖2,

we get the first estimate. For the second one, we notice that:

q0(ψ)− ν(s0)‖ψ‖2 = q0(ψ − Π0ψ)− ν(s0)‖ψ − Π0ψ‖2,

due to the fact that Π0ψ belongs to the kernel of Idu⊗V(s0)− ν(s0)Id. We observe then

that:

q0(ψ − Π0ψ)− ν(s0)‖ψ − Π0ψ‖2 ≥
∫

R

∫

Ω

|∂τ (ψ − Π0ψ)|2 + P (τ, s0)|(ψ − Π0ψ)|2 dτ dσ.

Since for each u, we have: 〈ψ − Π0ψ, us0〉L2(Ω) = 0, we have the lower bound (min-max

principle):

q0(ψ − Π0ψ)− ν(s0)‖ψ − Π0ψ‖2 ≥
∫

R

(ν2(s0)− ν(s0))

∫

Ω

|ψ − Π0ψ|2 dτ dσ.

�

Proposition 9.6. There exist C, h0 > 0 such that, for h ∈ (0, h0), for all eigenpair

(λ, ψ) of H̃h such that λ ≤ ν(s0) + C0h:

0 ≤ q0(σψ)− ν(s0)‖σψ‖2 ≤ Ch1/2‖ψ‖2

and

0 ≤ q0(∂σψ)− ν(s0)‖∂σψ‖2 ≤ Ch1/4‖ψ‖2

Moreover, we have:

‖σψ − σΠ0ψ‖+ ‖u∂t(ψ − σΠ0ψ)‖ ≤ Ch1/4‖ψ‖



4. ACCURATE LOWER BOUND 127

and

‖∂σ(ψ − Π0ψ)‖+ ‖∂σ(∂t(ψ − Π0ψ))‖ ≤ Ch1/8‖ψ‖.

Proof. Using the “IMS” formula, we get:

qh(σψ) = λ‖σψ‖2 + h‖ψ‖2 ≤ (ν(s0) + C0h)‖σψ‖2 + h‖ψ‖2.

Using the estimates of Agmon, we find:

q0(σψ)− ν(s0)‖σψ‖2 ≤ Ch1/2‖ψ‖2.

Let us analyze the estimate with ∂σ. We take the derivative with respect to u in the

eigenvalue equation:

(9.3.2)
(
hD2

σ +D2
t + P (τ, s0 + h1/2σ)

)
∂σψ = λ∂σψ + [P (τ, s0 + h1/2σ), ∂σ]ψ.

Taking the scalar product with ∂σψ, we find (exercise):

(9.3.3) qh(∂σψ) ≤ (ν(s0) + C0h)‖∂σψ‖2 + Ch1/2‖ψ‖2

and:

q0(∂σψ)− ν(s0)‖∂σψ‖2 ≤ Ch1/4‖ψ‖2,
where we have used: ‖∂2σψ‖ ≤ Ch−1/4‖ψ‖ + C‖∂σψ‖ which is a consequence of (9.3.3)

and ‖∂σψ‖ ≤ C‖ψ‖ which comes from (9.3.1). �

We can now use our approximation results to reduce the investigation to a model

operator in dimension one.

4. Accurate lower bound

For all N ≥ 1, let us consider the L2-normalized eigenpairs (λn(h), ψn,h)1≤n≤N such

that 〈ψn,h, ψm,h〉 = 0 when n 6= m. We consider the N dimensional space defined by:

EN(h) = span
1≤n≤N

ψn,h.

It is rather easy to observe that, for ψ ∈ EN(h):

Qh(ψ) ≤ λN(h)‖ψ‖2.

We are going to prove a lower bound of qh on EN(h). We notice that:

Qh(ψ) ≥
∫
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dτ.
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We have:
∫
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dt =

∫

|uh1/2|≤ε0
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dτ

+

∫

|σh1/2|≥ε0
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dτ.

With the Taylor formula, we can write:
∫

|σh1/2|≤ε0
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dτ ≥

∫

|σh1/2|≤ε0
h|∂σψ|2 + ν(s0) + h

ν ′′(s0)

2
σ2|ψ|2 dσ dτ − Ch3/2

∫

|σh1/2|≤ε0
|σ|3|ψ|2 dσ dτ.

The estimates of Agmon give:
∫

|σh1/2|≤ε0
h|∂σψ|2 + ν(s0 + h1/2σ)|ψ|2 dσ dt

≥
∫

|σh1/2|≤ε0
h|∂σψ|2 + ν(s0)|ψ|2 + h

ν ′′(s0)

2
σ2|ψ|2 dσ dτ − Ch3/2‖ψ‖2.

Moreover, we have:
∫

|σh1/2|≥ε0
h|∂σψ|2 + ν(s0|ψ|2 + h1/2σ)|ψ|2 dσ dτ ≥ (ν(s0) + η0)

∫

|σh1/2|≥ε0
|ψ|2 dσ dτ

= O(h∞)‖ψ‖2.
We observe that:∫

|σh1/2|≥ε0
h|∂σψ|2 + ν(s0)|ψ|2 + h

ν ′′(s0)

2
σ2|ψ|2 dσ dτ = O(h∞)‖ψ‖2.

It follows that:

Qh(ψ) ≥
∫

R×Ω

h|∂σψ|2 + ν(s0)|ψ|2 + h
ν ′′(s0)

2
σ2|ψ|2 dσ dτ − Ch3/2‖ψ‖2.

We can now use the approximation result and we infer (exercise):

λN(h)‖ψ‖2 ≥ Qh(ψ) ≥ ν(s0)‖ψ‖2+
∫

R×Ω

h|∂σΠ0ψ|2+h
ν ′′(s0)

2
σ2|Π0ψ|2 dσ dτ+o(h)‖ψ‖2.

This becomes:∫

R

h|∂σ〈ψ, vz0〉|2 + h
ν ′′(s0)

2
σ2|〈ψ, vz0〉|2 dσ ≤ (λN(h)− ν(s0) + o(h))‖〈ψ, us0〉‖2L2(Rσ)

.

By the min-max principle, we deduce:

λN(h) ≥ ν(s0) + (2N − 1)h

(
ν ′′(s0)

2

)1/2

+ o(h).
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4.1. Examples. Let us now give examples which can be treated as exercises.

4.1.1. Lu-Pan/de Gennes operator. Our first example (which comes from [15] and

[145]) is the Neumann realization of the operator acting on L2(R2
+, dξ dτ):

h2D2
ξ +D2

τ + (τ − ξ)2,

where R
2
+ = {(ξ, τ) ∈ R

2 : τ > 0}.
4.1.2. Montgomery operator. The second example (which is the core of [46]) is the

self-adjoint realization on L2( dξ dτ) of:

h2D2
ξ +D2

τ +

(
ξ − τ 2

2

)2

.

4.1.3. Popoff operator. Our last example (which comes from [138]) corresponds to

the Neumann realization on L2(Eα, dξ dz dτ) of:

h2D2
ξ +D2

τ +D2
z + (τ − ξ)2.

5. A non example

Let us now simultaneously prove Theorems 2.29 and 2.31 related to the δ-interactions.

5.1. Double δ-well. For x ≥ 0, we introduce the quadratic form qx defined for

ψ ∈ H1(R) by

(9.5.1) qx(ψ) =

∫

R

|ψ′(y)|2 dy − |ψ(−x)|2 − |ψ(x)|2.

This is standard (see [4, Chapter II.2] and also [24]) that qx is a semi-bounded and

closed quadratic form on H1(R). Therefore we may introduce the associated self-adjoint

operator denoted by Dx whose domain is

Dom (Dx) =
{
ψ ∈ H1(R) ∩H2(R \ {±x}) : ψ(±x+)− ψ(±x−) = −ψ(±x)

}

and defined as Dxψ(y) = −ψ′′(y). We can write formally

Dx = D2
y − δ−x − δx.

Let us describe the spectrum of Dx. The following lemma is obvious.

Lemma 9.7. For all x ≥ 0, the essential spectrum of Dx is given by

σess(Dx) = [0,+∞).

Notation 9.8. For x ≥ 0, we denote by µ1(x) the lowest eigenvalue of Dx and by

ux the corresponding positive and L2-normalized eigenfunction.
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In fact we can give an explicit expression of the pair (µ1(x), ux). The following

proposition is left as an exercise for the reader.

Proposition 9.9. For x ≥ 0, we have

µ1(x) = −
(
1

2
+

1

2x
W (xe−x)

)2

.

The second eigenvalue µ2(x) only exists for x > 1 and is given by

µ2(x) = −
(
1

2
+

1

2x
W (−xe−x)

)2

.

By convention we set µ2(x) = 0 when x ≤ 1. In particular we have the following

properties:

(1) µ1(x) =
x→0

−1 + 2x+O(x2),

(2) µ1(x) =
x→+∞

−1
4
− e−x

2
+O(xe−2x), µ2(x) =

x→+∞
−1

4
+ e−x

2
+O(xe−2x),

(3) For all x ≥ 0, −1 ≤ µ1(x) < −1
4
and for all x > 1, µ2(x) > −1

4
,

(4) µ1 admits a unique minimum at 0,

(5) For all x ≥ 0 and all ψ ∈ H1(R), we have qx(ψ) ≥ −‖ψ‖2,
(6) R(x) := ‖∂xux‖2L2(Ry)

defines a bounded function for x > 0.

(7) ‖∂yux‖2L2(Ry)
defines a bounded function for x ≥ 0.

5.2. Dimensional reduction. Let us introduce the following extension of ux.

Notation 9.10. Let us define

ũx(y) =




ux(y) if x ≥ 0

u0(y) if x < 0
.

We also introduce the projections defined for ψ ∈ L2(R2) by

Πxψ(x, y) = 〈ψ, ũx〉L2(Ry)ũx(y), Π⊥
x ψ(x, y) = ψ(x, y)− Πxψ(x, y).

The following proposition establishes the spectral reduction to dimension one.

Proposition 9.11. For all f ∈ H1(R), we let

Qmod1
h (f) =

∫

R

h2|f ′(x)|2 + µ̂1(x)|f(x)|2 dx,

Qmod2
h (f) =

∫

R

h2|f ′(x)|2 + µ̃1(x)|f(x)|2 dx,
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and we denote by Hmodj
h the corresponding Friedrichs extensions. Set M ′ > M , where we

denote

M = sup
x>0

R(x) = sup
x>0

‖∂xux‖2L2(Ry)
,

bounded by Proposition 9.9. Then there exists M0, h0 > 0 such that for all h ∈ (0, h0)

and all Ch ≥M0h:

N
(
Hmod1
h ,−1

4
− Ch − h2M

)
≤ N

(
Hh,−

1

4
− Ch

)
≤ N

(
Hmod2
h ,

−1
4
− Ch

1− h
+ (4M ′ + 1)h

)

and

(1− h)
{
λmod2
n (h)− (4M ′ + 1)h} ≤ λn(h) ≤ λmod1

n (h) + h2M.

In the next lines we only sketch the main steps of the proof. The lower bound is

essentially a consequence of the following lemma.

Lemma 9.12. For all ψ ∈ Dom (Qh), the function Πxψ belongs to Dom (Qh) and we

have

Qh(Πxψ) =

∫

Rx

h2|f ′(x)|2 + (µ̂1(x) + h2R̃(x))|f(x)|2 dx, with f(x) = 〈ψ, ũx〉L2(Ry),

where µ̂1(x) = µ1(x) for x ≥ 0 and µ̂1(x) = 1 for x < 0 and R̃(x) = R(x) for x > 0 and

R̃(x) = 0 for x ≤ 0.

The proof of the upper bound is slightly more difficult and is a consequence of the

following two propositions based on the orthogonal decomposition with respect to ũx.

Proposition 9.13. For all ψ ∈ Dom (Qh) and all ε ∈ (0, 1), we have

Qh(ψ) ≥
∫

Rx

(1− ε)h2|f ′(x)|2 +
(
µ̃1(x)− 4ε−1h2R̃(x)

)
|f(x)|2 dx

+

∫

Rx

(1− ε)h2‖∂xΠ⊥
x ψ‖2 +

(
µ̃2(x)− 4ε−1h2R̃(x)

)
‖Π⊥

x ψ‖2L2(Ry)
dx,

where µ̃i(x) = µi(x) for x ≥ 0 and µ̃i(x) = 0 for x < 0 (i ∈ {1, 2}); R̃(x) = R(x) for

x > 0 and R̃(x) = 0 for x ≤ 0.

Proposition 9.14. Let us consider the following quadratic form, defined on the

product H1(R)×H1(R2), by

Qtens
h (f, ϕ) =

∫

Rx

(1−h)h2|f ′(x)|2+
(
µ̃1(x)−4Mh

)
|f(x)|2 dx+

∫

R2

(1−h)h2|∂xϕ|2+
(
µ̃2(x)−4Mh

)
|ϕ|2 dx dy,

∀(f, ϕ) ∈ H1(R)×H1(R2).
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If Htens
h denotes the associated operator, then we have, for all n ≥ 1

λn(h) ≥ λtensn (h).

Proof. We use Proposition 9.13 with ε = h and we get, for all ψ ∈ Dom (Qh),

Qh(ψ) ≥
∫

Rx

(1− h)h2|f ′|2 +
(
µ̃1(x)− 4Mh

)
|f |2 dx

+

∫

R2

(1− h)h2|∂xΠ⊥
x ψ|2 +

(
µ̃2(x)− 4Mh

)
|Π⊥

x ψ|2 dx dy.

Thus we have

(9.5.2) Qh(ψ) ≥ Qtens
h (〈ψ, ũx〉,Π⊥

x ψ), ‖ψ‖2 = ‖f‖2 + ‖Π⊥
x ψ‖2.

With (9.5.2) we infer

λn(h) ≥ inf
G⊂H1(R2)
dimG=n

sup
ψ∈G

Qtens
h (〈ψ, ũx〉,Π⊥

x ψ)

‖Πxψ‖2 + ‖Π⊥
x ψ‖2

.

Now, we define the linear injection

J :

{
H1(R2) → H1(R)×H1(R2)

ψ 7→ (〈ψ, ũx〉 , Π⊥
x ψ)

.

so that we have

inf
G⊂H1(R2)
dimG=n

sup
ψ∈G

Qtens
h (Πxψ,Π

⊥
x ψ)

‖Πxψ‖2 + ‖Π⊥
x ψ‖2

= inf
G̃⊂J (H1(R2))

dim G̃=n

sup
(f,ϕ)∈G̃

Qtens
h (f, ϕ)

‖f‖2 + ‖ϕ‖2

and

inf
G̃⊂J (H1(R2))

dim G̃=n

sup
(f,ϕ)∈G̃

Qtens
h (f, ϕ)

‖f‖2 + ‖ϕ‖2 ≥ inf
G̃⊂H1(R)×H1(R2)

dim G̃=n

sup
(f,ϕ)∈G̃

Qtens
h (f, ϕ)

‖f‖2 + ‖ϕ‖2 .

We recognize the n-th Rayleigh quotient of Htens
h and the conclusion follows. �

It remains to use Theorem 6.11 and Proposition 9.11 implies Theorem 2.29. Theorem

2.31 is a consequence of the analysis related to (4.4.9).



CHAPTER 10

Magnetic Born-Oppenheimer approximation

Pour l’achèvement de la science, il faut

passer en revue une à une toutes les choses

qui se rattachent à notre but par un mou-

vement de pensée continu et sans nulle in-

terruption, et il faut les embrasser dans une

énumération suffisante et méthodique.

Règles pour la direction de l’esprit,

Descartes

We explain in this chapter the main steps to the proof of Theorem 2.36. In particular

the reader is supposed to be familiar with the basics of pseudo-differential calculus.

We establish general Feynman-Hellmann formulas and we also recall the fundamental

properties of coherent states.

1. Formal series

This section is devoted to the proof of the following proposition.

Proposition 10.1. Let us assume Assumption 2.32. For all n ≥ 1, there exist a

sequence (γj,n)j≥0 such that for all J ≥ 0 there exist C > 0 and h0 > 0 such that for

h ∈ (0, h0):

dist

(
J∑

j=0

γj,nh
j/2, σ(Lh)

)
≤ Ch(J+1)/2,

where:

γ0,n = µ0, γ1,n = 0, γ2,n = νn

(
1

2
Hessx0,ξ0 µ1(σ,Dσ)

)
.

In order to perform the investigation we use the following rescaling:

s = h1/2σ

so that Lh becomes:

(10.1.1) Lh = (−i∇τ + A2(x0 + h1/2σ, τ))2 + (ξ0 − ih1/2∇σ + A1(x0 + h1/2σ, τ))2.

133
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We will also need generalizations of the Feynman-Hellmann formulas which are obtained

by taking the derivative of the eigenvalue equation

Mx,ξux,ξ = µ1(x, ξ)ux,ξ

with respect to xj and ξk.

Proposition 10.2. We have:

(10.1.2) (Mx,ξ − µ1(x, ξ))(∂ηu)x,ξ = (∂ηµ(x, ξ)− ∂ηMx,ξ)ux,ξ

and:

(10.1.3)

(Mx0,ξ0 − µ0)(∂η∂θu)x0,ξ0 = ∂η∂θµ1(x0, ξ0)ux0,ξ0 − 2∂ηMx0,ξ0(∂θu)x0,ξ0 − ∂η∂θMx,ξ0ux0,ξ0 ,

where η and θ denote one of the xj or ξk.

We can now prove Proposition 10.1. Since A1 and A2 are polynomials, we can write,

for some M ∈ N:

Lh =
M∑

j=0

hj/2Lj

with:

L0 = Mx0,ξ0 , L1 =
m∑

j=1

(∂xjM)x0,ξ0σj +
m∑

j=1

(∂ξjM)x0,ξ0Dσj ,

L2 =
m∑

k,j=1

1

2
(∂xj∂xkM)x0,ξ0σjσk +

1

2
(∂ξj∂ξkM)x0,ξ0DσjDσk +

1

2
(∂ξj∂xkM)x0,ξ0Dσjσk

+
1

2
(∂xk∂ξjM)x0,ξ0σkDσj .

We look for quasimodes in the form:

ψ ∼
∑

j≥0

hj/2ψj

and quasi-eigenvalues in the form:

γ ∼
∑

j≥0

hj/2γj

so that they solve in the sense of formal series:

Lhψ ∼ γψ.

By collecting the terms of order h0, we get the equation:

Mx0,ξ0ψ0 = γ0ψ0.
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This leads to take γ0 = µ0 and :

ψ0(σ, τ) = f0(σ)u0(τ),

where u0 = ux0,ξ0 and f0 is a function to be determined in the Schwartz class. By

collecting the terms of order h1/2, we find:

(Mx0,ξ0 − µ1(x0, ξ0))ψ1 = (γ1 − L1)ψ0.

By using (10.1.2) and the Fredholm alternative (applied for σ fixed) we get γ1 = 0 and

the solution:

(10.1.4) ψ1(σ, τ) =
m∑

j=1

(∂xju)x0,ξ0 σjf0 +
m∑

j=1

(∂ξju)x0,ξ0 Dσjf0 + f1(σ)u0(τ),

where f1 is a function to be determined in the Schwartz class. The next equation reads:

(Mx0,ξ0 − µ1(x0, ξ0))ψ2 = (γ2 − L2)ψ0 − L1ψ1.

The Fredholm condition is:

(10.1.5) 〈L2ψ0 + L1ψ1, u0〉L2(Rn, dτ) = γ2f0.

We obtain (exercise):
1

2
Hessµ(x0, ξ0)(σ,Dσ)f0 = γ2f0.

We take γ2 in the spectrum of 1
2
Hessµ(x0, ξ0)(σ,Dσ) and we choose f0 a corresponding

normalized eigenfunction. The construction can be continued at any order.

We deduce from Propositions 2.35 and 10.1:

Corollary 10.3. For all n ≥ 1 there exist h0 > 0 and C > 0 such that for all

h ∈ (0, h0) the n-th eigenvalue of Lh exists and satisfies:

λn(h) ≤ µ0 + Ch.

2. Rough estimates of the eigenfunctions

This section is devoted to recall the basic and rough localization and microlocalization

estimates satisfied by the eigenfunctions resulting from Assumptions 2.32 and 2.33 and

Corollary 10.3.

Proposition 10.4. Let C0 > 0. There exist h0, C, ε0 > 0 such that for all eigenpairs

(λ, ψ) of Lh such that λ ≤ µ0 + C0h we have:
∥∥eε0|τ |ψ

∥∥2 ≤ C‖ψ‖2, Qh

(
eε0|τ |ψ

)
≤ C‖ψ‖2.
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Proposition 10.5. Let C0 > 0. There exist h0, C, ε0 > 0 such that for all eigenpairs

(λ, ψ) of Lh such that λ ≤ µ0 + C0h, we have:

∥∥eε0|s|ψ
∥∥2 ≤ C‖ψ‖2, Qh

(
eε0|s|ψ

)
≤ C‖ψ‖2.

We deduce from Propositions 10.4 and 10.5 the following corollary.

Corollary 10.6. Let C0 > 0 and k, l ∈ N. There exist h0, C, ε0 > 0 such that for

all eigenpairs (λ, ψ) of Lh such that λ ≤ µ0 + C0h, we have:

‖τ kslψ‖ ≤ C‖ψ‖, Qh(τ
kslψ) ≤ C‖ψ‖2,

‖ − i∇τs
lτ kψ‖ ≤ C‖ψ‖2, ‖ − ih∇ss

lτ kψ‖ ≤ C‖ψ‖2.

Taking successive derivatives of the eigenvalue equation we deduce by induction:

Corollary 10.7. Let C0 > 0 and k, l, p ∈ N. There exist h0, C, ε0 > 0 such that for

all eigenpairs (λ, ψ) of Lh such that λ ≤ µ0 + C0h and all h ∈ (0, h0), we have:

‖τ kslψ‖ ≤ C‖ψ‖, Qh(τ
kslψ) ≤ C‖ψ‖2,

‖(−i∇τ )
pslτ kψ‖ ≤ C‖ψ‖2, ‖(−ih∇s)

pslτ kψ‖ ≤ C‖ψ‖2.

Using again Propositions 10.4 and 10.5 and an induction argument we get:

Proposition 10.8. Let k ∈ N. Let η > 0 and χ a smooth cutoff function being zero

in a neighborhood of 0. There exists h0 > 0 such that for all eigenpairs (λ, ψ) of Lh such

that λ ≤ µ0 + C0h and all h ∈ (0, h0), we have:

‖χ(hηs)ψ‖Bk(Rm+n) ≤ O(h∞)‖ψ‖, ‖χ(hητ)ψ‖Bk(Rm+n) ≤ O(h∞)‖ψ‖,

where ‖ · ‖Bk(Rn+m) is the standard norm on:

Bk(Rm+n) = {ψ ∈ L2(Rm+n) : yqj∂
p
yl
ψ ∈ L2(Rn+m), ∀j, k ∈ {1, · · · ,m+ n}, p+ q ≤ k}.

By using a rough pseudo-differential calculus jointly with the space localization of

Proposition 10.8 and standard elliptic estimates, we get:

Proposition 10.9. Let k ∈ N. Let η > 0 and χ a smooth cutoff function being zero

in a neighborhood of 0. There exists h0 > 0 such that for all eigenpairs (λ, ψ) of Lh such

that λ ≤ µ0 + C0h, we have:

‖χ(hηhDs)ψ‖Bk(Rm+n) ≤ O(h∞)‖ψ‖, ‖χ(hηDτ )ψ‖Bk(Rm+n) ≤ O(h∞)‖ψ‖.
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3. Coherent states and microlocalization

3.1. Formalism and application. Let us introduce the formalism of coherent

states (see for instance [59] and [34]). We let:

g0(σ) = π−1/4e−|σ|2/2

and the usual creation and annihilation operators:

aj =
1√
2
(σj + ∂σj), a∗j =

1√
2
(σj − ∂σj)

which satisfy the commutator identities:

[aj, a
∗
j ] = 1, [aj, a

∗
k] = 0 if k 6= j.

We notice that:

σj =
aj + a∗j√

2
, ∂σj =

aj − a∗j√
2

, aja
∗
j =

1

2
(D2

σj
+ σ2

j + 1).

For (u, p) ∈ R
m × R

m, we introduce the coherent state:

fu,p(σ) = eip·σg0(σ − u)

and the associated projection:

Πu,pψ = 〈ψ, fu,p〉L2(Rm)fu,p = ψu,pfu,p

which satisfies (thanks to the Fourier inversion):

ψ =

∫

R2m

Πu,pψ du dp

and the Parseval formula:

‖ψ‖2 =
∫

Rn

∫

R2m

|ψu,p|2 du dp dτ.

We recall that:

ajfu,p =
uj + ipj√

2
fu,p

and

(aj)
ℓ(a∗k)

qψ =

∫

R2m

(
uj + ipj√

2

)ℓ(
uk − ipk√

2

)q
Πu,pψ du dp.

We recall that (see (10.1.1)):

Lh = (−i∇τ + A2(x0 + h1/2σ, τ))2 + (ξ0 − ih1/2∇σ + A1(x0 + h1/2σ, τ))2

and:

Lh = L0 + h1/2L1 + hL2 + · · · (h1/2)MLM
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If we write the Wick ordered operator, we get:

Lh = L0 + h1/2L1 + hLW
2 + · · · (h1/2)MLW

M + hR2 + · · ·+ (h1/2)MRM ,

where the Rj satisfy h
1+k/2R2+k = hhk/2Ok(σ,Dσ) and are the remainders in the Wick

ordering. In other words, we have:

Lh =
∫

R2m

Mx0+h1/2u+ξ0−h1/2ip du dp+Rh,

where:

Rh = hR2 + · · ·+ (h1/2)MRM .

Proposition 10.10. There exist h0, C > 0 such that for all eigenpairs (λ, ψ) of Lh
such that λ ≤ µ0 + C0h and all h ∈ (0, h0), we have

(10.3.1) Qh(ψ) ≥
∫

R2m

Qh,u,p(ψu,p) du dp− Ch‖ψ‖2 ≥ (µ1(x0, ξ0)− Ch)‖ψ‖2.

Proof. The terms of Rh are in the form hhp/2σlDq
στ

αDβ
τ with l+q = p and β = 0, 1.

With Corollary 10.7, we have:

‖hp/2σlDq
στ

αDβ
τψ‖ ≤ C‖ψ‖

and the conclusion follows. �

3.2. Localization in the phase space. We will use Proposition 6.20 (from Chap-

ter 6) the proof of which can be found in [144]. The following lemma is a straightforward

consequence of Assumption 2.32.

Lemma 10.11. Let us assume Assumption 2.32. There exist ε0 > 0 and c > 0 such

that for |x|+ |ξ| ≤ ε0:

µ1(x0 + x, ξ0 + ξ)− µ1(x0, ξ0) ≥ c(|x|2 + |ξ|2)

and for |x|+ |ξ| ≥ ε0

µ1(x0 + x, ξ0 + ξ)− µ1(x0, ξ0) ≥ c.

Notation 10.12. In what follows we will denote by η̃ > 0 all the quantities which

are multiples of η > 0,i.e. in the form pη for p ∈ N \ {0}. We recall that η > 0 can be

chosen arbitrarily small.

Proposition 10.13. There exist h0, C, ε0 > 0 such that for all eigenpairs (λ, ψ) of

Lh such that λ ≤ µ0 + C0h, we have:

‖σψ‖2 + ‖∇σψ‖2 ≤ C‖ψ‖2.
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Proof. We recall that (10.3.1) holds. We use the ε0 > 0 given in Lemma 10.11 and

we split the integral into two parts:
∫

R2m

Qh,u,p(ψu,p) du dp =

∫

|h1/2u|+|h1/2p|≤ε0
Qh,u,p(ψu,p) du dp

+

∫

|h1/2u|+|h1/2p|≥ε0
Qh,u,p(ψu,p) du dp.

Therefore, we find:
∫

|h1/2u|+|h1/2p|≤ε0
(|u|2 + |p|2)|ψu,p|2 du dp ≤ C‖ψ‖2

∫

|h1/2u|+|h1/2p|≥ε0
|ψu,p|2 du dp ≤ Ch‖ψ‖2

We have:

Qh(a
∗
jψ) =

∫

R2m

Qh,u,p((uj − ipj)ψu,p) du dp+ 〈Rha
∗
jψ, a

∗
jψ〉.

Up to lower order terms we must estimate terms in the form:

〈hhp/2σlDq
στ

αDβ
τ a

∗
jψ, a

∗
jψ〉,

with l+ q = p, α ∈ N and β = 0, 1. By using the a priori estimates of Propositions 10.8

and 10.9, we have:

‖hp/2σlDq
στ

αDβ
τ a

∗
jψ‖ ≤ Ch−η̃‖a∗jψ‖.

The remainder is controlled by:

|〈Rha
∗
jψ, a

∗
jψ〉| ≤ Ch1−η̃(‖∇σψ‖2 + ‖σψ‖2).

Then we analyze Qh(a
∗
jψ) by using Lemma 6.3.5 with A = aj. We need to estimate the

different remainder terms. We notice that:

‖[a∗j , Pk,r,h]ψ‖ ≤ Ch1/2‖ψ‖, |〈Pk,r,hψ, a∗j [Pk,r,h, aj]ψ〉| ≤ ‖Pk,r,hψ‖‖a∗j [Pk,r,h, aj]ψ‖,
where P1,r,h denotes h1/2Dσr + A1,r(x0 + h1/2σ, τ) and P1,r,h denotes Dτr + A2,r(x0 +

h1/2σ, τ). We have:

‖Pk,r,hψ‖ ≤ C‖ψ‖
and:

‖a∗j [Pk,r,h, aj]ψ‖ ≤ Ch1/2‖a∗jQ(h1/2σ, τ)ψ‖,
where Q is polynomial. We apply the estimates of Propositions 10.8 and 10.9 to get:

‖a∗jQ(h1/2σ, τ)ψ‖ ≤ Ch−η̃‖a∗jψ‖.
We have:

Qh(a
∗
jψ) = λ‖a∗jψ‖2 +O(h)‖ψ‖2 +O(h1/2−η̃)(‖∇σψ‖2 + ‖σψ‖2).
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so that:

Qh(a
∗
jψ) ≤ µ1(x0, ξ0)‖a∗jψ‖2 + Ch‖ψ‖2 +O(h1/2−η̃)(‖∇σψ‖2 + ‖σψ‖2).

It follows:∫

|h1/2u|+|h1/2p|≤ε0
(|u|2 + |p|2)|(uj − ipj)ψu,p|2 du dp ≤ C‖ψ‖2 + Ch−1/2−η̃(‖∇σψ‖2 + ‖σψ‖2)

∫

|h1/2u|+|h1/2p|≥ε0
|(uj − ipj)ψu,p|2 du dp ≤ Ch‖ψ‖2 + Ch1/2−η̃(‖∇σψ‖2 + ‖σψ‖2)

�

By using the same ideas, we can establish the following proposition.

Proposition 10.14. Let P ∈ C2[X1, · · · , X2n]. There exist h0, C, ε0 > 0 such that

for all eigenpairs (λ, ψ) of Lh such that λ ≤ µ0 + C0h, we have:

‖P (σ,Dσ)ψ‖2 ≤ Ch−1/2−η̃‖ψ‖2.

3.3. Approximation lemmas. We can prove a first approximation.

Proposition 10.15. There exist h0, C > 0 such that for all eigenpairs (λ, ψ) of Lh
such that λ ≤ µ0 + C0h, we have:

‖ψ − Π0ψ‖ ≤ Ch1/2‖ψ‖

Proof. We can write:

(L0 − µ0)ψ = (λ− µ0)ψ − h1/2L1ψ − hL2ψ + · · · − hN/2LNψ.
By using the rough microlocalization given in Propositions 10.8 and 10.9 and Proposition

10.13, we infer that for p ≥ 2:

hp/2‖ταDβ
τ σ

lDq
σψ‖ ≤ Chp/2−(p−2)/4−1/4−η̃‖ψ‖

and thanks to Proposition 10.13:

‖L1ψ‖ ≤ Ch−η̃‖ψ‖
so that:

‖(L0 − µ0)ψ‖ ≤ Ch1/2−η̃‖ψ‖
and the conclusion follows. �

Corollary 10.16. There exist h0, C > 0 such that for all eigenpairs (λ, ψ) of Lh
such that λ ≤ µ0 + C0h, we have:

‖σ(ψ − Π0ψ)‖ ≤ Ch1/4−η̃‖ψ‖, ‖Dσ(ψ − Π0ψ)‖ ≤ Ch1/4−η̃‖ψ‖



4. EXAMPLES OF MAGNETIC WKB CONSTRUCTIONS 141

We can now estimate ψ − Πhψ.

Proposition 10.17. There exist h0, C > 0 such that for all eigenpairs (λ, ψ) of Lh
such that λ ≤ µ0 + C0h, we have:

‖ψ − Πhψ‖ ≤ Ch3/4−η̃‖ψ‖.

Proof. Let us write:

Lhψ = µψ.

We have:

(L0 + h1/2L1)ψ = (µ0 +O(h))ψ − hL2ψ − · · · − hN/2LNψ.
Let us notice that, for p ≥ 2:

hp/2‖Lpψ‖ ≤ Chp/2h−(p−2)/2h−1/4h−ηk‖ψ‖.
Then, we write

ψ = ψ0 + h1/2ψ1 +Rh

and we get:

(L0 − µ0)Rh = −h1/2L1(ψ − ψ0) +O(h)ψ − hL2ψ − · · · − hN/2LNψ
It remains to apply Corollary 10.16 to get:

h1/2‖L1(ψ − ψ0)‖ ≤ C̃h3/4−η̃‖ψ‖.
�

Let us introduce a subspace of dimension P ≥ 1. For j ∈ {1, · · · , P} we can consider

a L2-normalized eigenfunction of Lh denoted by ψj,h and so that the family (ψj,h)j∈{1,··· ,P}
is orthogonal. We let:

EP (h) = span
j∈{1,··· ,P}

ψj,h.

Remark 10.18. We can extend all the local and microlocal estimates as well as our

approximations to ψ ∈ EP (h).

Then we can prove a lower bound for the quadratic form on EP (h) by replacing

ψ ∈ EP (h) by Πhψ, in the spirit of Chapter 9.

4. Examples of magnetic WKB constructions

This section in devoted to the proof of Theorem 2.39. The fundamental ingredients

to succeed are a normal form procedure, an operator valued WKB construction and a

complex extension of the standard model operators.
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4.1. Renormalization. We use the canonical transformation associated with the

change of variables:

(10.4.1) t = (γ(σ))−
1

k+2 τ, s = σ,

we deduce that L
[k]
h is unitarily equivalent to the operator on L2( dσ dτ):

L
[k],new
h = γ(σ)

2
k+2D2

τ +

(
hDσ − γ(σ)

1
k+2

τ k+1

k + 1
+

h

2(k + 2)

γ′(σ)

γ(σ)
(τDτ +Dττ)

)2

.

We may change the gauge

e−ig(σ)/hL
[k],new
h eig(σ)/h

= γ(σ)
2

k+2D2
τ +

(
hDσ + κ

[k]
0 γ(σ)

1
k+2 − γ(σ)

1
k+2

τ k+1

k + 1
+

h

2(k + 2)

γ′(σ)

γ(σ)
(τDτ +Dττ)

)2

.

with

g(σ) = κ
[k]
0

∫ σ

0

γ(σ̃)
1

k+2 dσ̃.

For some function Φ = Φ(σ) to be determined, we consider

L
[k],wgt
h = eΦ/he−ig(σ)/hL

[k],new
h eig(σ)/he−Φ/h = L[k],wgt,0 + hL[k],wgt,1 + h2L[k],wgt,2,

with

L[k],wgt,0 = γ(σ)
2

k+2

(
D2
τ +

(
V
κ
[k]
0
+ iγ(σ)−

1
k+2Φ′

)2)
,

L[k],wgt,1 =
(
γ(σ)

1
k+2V

κ
[k]
0
+ iΦ′

)
Dσ +Dσ

(
γ(σ)

1
k+2V

κ
[k]
0
+ iΦ′

)
+R1(σ, τ ;Dτ ),

L[k],wgt,2 = D2
σ +R2(σ, τ ;Dσ, Dτ ),

where

Vκ = κ− τ k+1

k + 1
,

and where the R1(σ, τ ;Dτ ) is of order zero in Dσ and cancels for σ = 0 whereas

R2(σ, τ ;Dσ, Dτ ) is of order one with respect to Dσ.

Now, let us try to solve, as usual, the eigenvalue equation

L
[k],wgt
h ψ = λψ

in the sense of formal series in h:

ψ ∼
∑

j≥0

hjψj, λ ∼
∑

j≥0

hjλj.
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4.2. Solving the operator valued eikonal equation. The first equation is

L[k],wgt,0ψ0 = λ0ψ0.

We must choose

λ0 = γ
2

k+2

0 ν1(κ
[k]
0 )

and we are led to take

(10.4.2) ψ0(σ, τ) = f0(σ)u
[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

(τ)

so that the equation becomes

ν
[k]
1

(
κ
[k]
0 + iγ(σ)−

1
k+2Φ′

)
− ν1(κ

[k]
0 ) =

(
γ

2
k+2

0 γ(σ)−
2

k+2 − 1

)
ν
[k]
1 (κ

[k]
0 ).

Therefore we are in the framework of the following elementary lemma.

Lemma 10.19. For r > 0, let us consider a holomorphic function ν : D(0, r) → C

such that ν(0) = ν ′(0) = 0 and ν ′′(0) ∈ R+. Let us also introduce a smooth F defined

in a real neighborhood of σ = 0 such that σ = 0 is a non degenerate maximum. Then,

there exists a neighborhood of σ = 0 such that the equation

(10.4.3) ν(iϕ(σ)) = F (σ)

admits a smooth solution ϕ solution such that ϕ(0) = 0 and ϕ′(0) > 0.

Proof. We can apply the Morse lemma to deduce that (10.4.3) is equivalent to

ν̃(iϕ(σ))2 = −f(σ)2,

where f is a non negative function such that f ′(0) =
√
−F ′′(0)

2
and F (σ) = −f(σ)2 and

ν̃ is a holomorphic function in a neighborhood of 0 such that ν̃2 = ν and ν̃ ′(0) =
√

ν′′(0)
2

.

This provides the equations

ν̃(iϕ(σ)) = if(σ), ν̃(iϕ(σ)) = −if(σ).

Since ν̃ is a local biholomorphism and f(0) = 0, we can write the equivalent equations

ϕ(σ) = −iν̃−1(if(σ)), ϕ(σ) = −iν̃−1(−if(σ)).

The function ϕ(s) = −iν̃−1(if(s)) satisfies our requirements since ϕ′(0) =
√

−F ′′(0)
ν′′(0)

. �

We use the lemma with F (σ) =

(
γ

2
k+2

0 γ(σ)−
2

k+2 − 1

)
ν
[k]
1 (κ

[k]
0 ) and, for the function

ϕ given by the lemma, we have

Φ′(σ) = γ(σ)
1

k+2ϕ(σ)
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and we take

Φ(σ) =

∫ σ

0

γ(σ̃)
1

k+2ϕ(σ̃) dσ̃,

which is defined in a fixed neighborhood of 0 and satisfies Φ(0) = Φ′(0) = 0 and

(10.4.4) Φ′′(0) = γ
1

k+2

0

√√√√√
2

k + 2

γ′′(0)ν
[k]
1 (κ

[k]
0 )(

ν
[k]
1

)′′
(κ

[k]
0 )γ(0)

> 0.

Therefore (10.4.2) is well defined in a neighborhood of σ = 0.

4.3. Solving the transport equation. We can now deal with the operator valued

transport equation

(L[k],wgt,0 − λ0)ψ1 = (λ1 − L[k],wgt,1)ψ0.

For each σ the Fredholm condition is
〈
(λ1 − L[k],wgt,1)ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

= 0,

where the complex conjugation is needed since L[k],wgt,1 is not necessarily self-adjoint.

Let us examine 〈
L[k],wgt,1ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

.

We recall the Feynman-Hellmann formula

1

2

(
ν
[k]
1

)′
(κ) =

∫

R

(
κ− τ k+1

k + 1

)
uκuκ dτ

and we get

〈
L[k],wgt,1ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

= U(σ)




γ(σ)

1
k+2

(
ν
[k]
1

)′
(κ

[k]
0 + Φ′γ−

1
k+2 )

2
Dσ +Dσγ(σ)

1
k+2

(
ν
[k]
1

)′
(κ

[k]
0 + Φ′γ−

1
k+2 )

2




f0

+

〈
R1ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

,

where

U(σ) =

∫

R

(
u
[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

)2

dτ 6= 0.
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Thus we are reduced to solve the transport equation



γ(σ)

1
k+2

(
ν
[k]
1

)′
(κ

[k]
0 + Φ′γ−

1
k+2 )

2
Dσ +Dσγ(σ)

1
k+2

(
ν
[k]
1

)′
(κ

[k]
0 + Φ′γ−

1
k+2 )

2




f0

+ U(σ)−1

〈
R1ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

= λ1f0.

The only point that we should verify is that the linearized transport equation near

σ = 0 is indeed a transport equation in the sense of [44, Chapter 3]. The term

U(σ)−1

〈
R1ψ0, u

[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

〉

L2(Rτ )

is just a function which cancels in σ = 0 so that

we have just to consider the linearization of the first part of the equation. The linearized

operator is (
ν
[k]
1

)′′
(κ

[k]
0 )Φ′′(0)

2
(σ∂σ + ∂σσ).

The eigenvalues of this operator are

(10.4.5)





(
ν
[k]
1

)′′
(κ

[k]
0 )Φ′′(0)

2
(2j + 1), j ∈ N




.

Let us notice that
(
ν
[k]
1

)′′
(κ

[k]
0 )Φ′′(0)

2
=
γ

1
k+2

0

2

√√√√ 2

k + 2

γ′′(0)ν
[k]
1 (κ

[k]
0 )
(
ν
[k]
1

)′′
(κ

[k]
0 )

γ(0)
.

This is exactly the expected expression for the second term in the asymptotic expansion of

the eigenvalues (see Theorem 2.36). Therefore λ1 has to be chosen in the set (10.4.5), the

transport equation can be solved in a neighborhood of σ = 0 and the construction can be

continued at any order (see [44, Chapter 3]). Since the first eigenvalues are simple, the

spectral theorem implies that the constructed functions f0(σ)u
[k]

κ
[k]
0 +iγ(σ)

−
1

k+2Φ′

(τ)e−
Φ(σ)
h

are approximations of the true eigenfunctions of e−ig(σ)L
[k],new
h eig(σ). This is the content

of Theorem 2.39.

4.4. A fundamental non example. Let us consider the following Neumann real-

ization on L2(R2
+,m(s, t) ds dt), which is studied in [60],

(10.4.6) LFH
h = −m(s, t)−1h∂tm(s, t)h∂t

+m(s, t)−1

(
−ih∂s + ξ0h

1
2 − t+

k(s)

2
t2
)
m(s, t)−1

(
−ih∂s + ξ0h

1
2 − t+

k(s)

2
t2
)
.
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Thanks to the rescaling t = h1/2τ and after division by h the operator LFH
h becomes

(10.4.7) LFH,resc
h = −m(s, h

1
2 τ)−1∂τm(s, h

1
2 τ)∂τ

+m(s, h
1
2 τ)−1

(
−ih 1

2∂s + ξ0 − τ + h
1
2
k(s)

2
τ 2
)
m(s, h

1
2 τ)−1

(
−ih 1

2∂s + ξ0 − τ + h
1
2
k(s)

2
τ 2
)
,

on the space L2(m(s, h
1
2 τ) ds dτ). Let us introduce a phase function Φ = Φ(s) defined

in a neighborhood of s = 0 the unique and non-degenerate maximum of the curvature

k. We consider the conjugate operator

LFH,wgt
h = eΦ(s)/h

1
4
LFH,resc
h e−Φ(s)/h

1
4 .

As usual, we look for

ψ ∼
∑

j≥0

h
j
4ψj, µ ∼

∑

j≥0

µjh
j
4

such that, in the sense of formal series we have

LFH,wgt
h ψ ∼ µψ.

We may write

LFH,wgt
h ∼ L0 + h

1
4L1 + h

1
2L2 + h

3
4L3 + · · · ,

where

L0 = −∂2τ + (ξ0 − τ)2,

L1 = 2(ξ0 − τ)iΦ′,

L2 = k(s)∂τ + 2

(
−i∂s +

k(s)τ 2

2

)
(ξ0 − τ)− Φ′2 + 2k(s)(ξ0 − τ)2τ,

L3 =

(
−i∂s +

k(s)τ 2

2

)
(iΦ′) + (iΦ′)

(
−i∂s +

k(s)τ 2

2

)
+ 4(iΦ′)τk(s)(ξ0 − τ).

Let us now solve the formal system. The first equation is

L0ψ0 = µ0ψ0

and leads to take

µ0 = Θ0, ψ0(s, τ) = udGξ0 (τ)f0(s),

where f0 has to be determined. The second equation is

(L0 − µ0)ψ1 = (µ1 − L1)ψ0 = (µ1 − 2(ξ0 − τ))udGξ0 iΦ
′f0

and, due to the Fredholm alternative, we must take µ1 = 0 and we take

ψ1(s, τ) = iΦ′(s)f0(s)v
dG
ξ0
(τ) + f1(s)u

dG
ξ0
(τ),
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where f1 is to be determined in a next step. Then the third equation is

(L0 − µ0)ψ2 = (µ2 − L2)ψ0 − L1ψ1.

Let us explicitly write the r.h.s. It equals

µ2u
dG
ξ0
f0 + Φ′2(udGξ0 + 2(ξ0 − τ)vdGξ0 )f0 − 2(ξ0 − τ)udGξ0 (iΦ

′f1 − i∂sf0)

+ k(s)f0(∂τu
dG
ξ0

− 2(ξ0 − τ)2τudGξ0 − τ 2(ξ0 − τ)udGξ0 ).

Therefore the equation becomes

(L0−µ0)ψ̃2 = µ2u
dG
ξ0
f0+

µ′′(ξ0)

2
Φ′2udGξ0 f0+k(s)f0(−∂τudGξ0 −2(ξ0−τ)2τudGξ0 −τ 2(ξ0−τ)udGξ0 ),

where ψ̃2 = ψ2 − vdGξ0 (iΦ
′f1 − i∂sf0) +

wdG
ξ0

2
Φ′2f0. Let us now use the Fredholm alternative

(with respect to τ) and the formulas of [60, p. 19] and we get the equation

µ2 +
µ′′(ξ0)

2
Φ′2 + C1k(s) = 0.

This eikonal equation is the eikonal equation of a pure electric problem in dimension one

whose potential is given by the curvature. Thus we take

µ2 = −C1k(0),

and

Φ(s) =

(
2C1

µ′′(ξ0)

)1/2 ∣∣∣∣
∫ s

0

(k(0)− k(s))1/2 ds

∣∣∣∣ .

In particular we have:

Φ′′(0) =

(
k2C1

µ′′(ξ0)

)1/2

,

where k2 = −k′′(0) > 0.

This leads to take

ψ2 = f0ψ̂2 + vdGξ0 (iΦ
′f1 − i∂sf0)−

wdG
ξ0

2
Φ′2f0 + f2u

dG
ξ0
,

where ψ̂2 is the unique solution, orthogonal to udGξ0 for all s, of

(L0 − µ0)ψ̂2 = µ2u
dG
ξ0

+
µ′′(ξ0)

2
Φ′2udGξ0 + k(s)(−∂τudGξ0 − 2(ξ0 − τ)2τudGξ0 − τ 2(ξ0 − τ)udGξ0 ),

and f2 has to be determined.

Finally we must solve the fourth equation given by

(L0 − µ0)ψ3 = (µ3 − L3)ψ0 + (µ2 − L2)ψ1 − L1ψ2.

The Fredholm condition provides the following equation in the variable s:

〈L3ψ0 + (L2 − µ2)ψ1 + L1ψ2, u
dG
ξ0
〉L2(R+, dτ) = µ3f0.
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Using the previous steps of the construction, it is not very difficult to see that this

equation does not involve f1 and f2 (due to the choice of Φ and µ2 and Feynman-

Hellmann formulas). Using the same formulas, we may write it in the form

(10.4.8)
µ′′(ξ0)

2
(Φ′(s)∂s + ∂sΦ

′(s)) f0 + F (s)f0 = µ3f0,

where F is a smooth function which vanishes at s = 0. Therefore the linearized equation

at s = 0 is given by

Φ′′(0)
µ′′(ξ0)

2
(s∂s + ∂ss) f0 = µ3f0.

We recall that
µ′′(ξ0)

2
= 3C1Θ

1/2
0

so that the linearized equation becomes

C1Θ
1/4
0

√
3k2
2

(s∂s + ∂ss) f0 = µ3f0.

We have to choose µ3 in the spectrum of this transport equation, which is given by the

set {
(2n− 1)C1Θ

1/4
0

√
3k2
2
, n ≥ 1

}
.

This is exactly the set which appears in the third term of the asymptotic expansion of

Fournais and Helffer in [60, Theorem 1.1]. If µ3 belongs to this set, we may solve locally

the transport equation (10.4.8) and thus find f0.

This procedure can be continued at any order.
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CHAPTER 11

Vanishing magnetic fields in dimension two

Car si je fais nâıtre des doutes dans l’esprit

des autres, ce n’est pas que j’en sache plus

qu’eux : je doute au contraire plus que per-

sonne, et c’est ainsi que je fais douter les

autres.

Ménon, Platon

This chapter presents the main elements of the proof of Theorem 3.4. We provide a

flexible and “elementary” proof which can be adapted to other situations, especially less

regular situations as in Chapter 13. A more conceptual proof, using a WKB method, is

possible (and interesting) by using the material introduced in Chapter 10, Section 3.2.

Nevertheless, the approach chosen for this chapter has the interest to reduce explicitly

the spectral analysis to an electric Laplacian in the electric Born-Oppenheimer form. In

particular, we do not need the notions of coherent states and of microlocalzation in their

general expression.

1. Normal form and quasimodes

1.1. Toward a normal form. We can write (exercise !) the operator near the

cancellation line in the coordinates (s, t):

L̃h,A = h2(1− tκ(s))−1Dt(1− tκ(s))Dt + (1− tκ(s))−1P̃ (1− tκ(s))−1P̃ ,

where

P̃ = ih∂s + Ã(s, t)

with:

Ã(s, t) =

∫ t

0

(1− k(s)t′)B̃(s, t′) dt′.

In terms of the quadratic form, we can write:

Q̃h,A(ψ) =

∫ (
|hDtψ|2 + (1− tκ(s))−2|P̃ψ|2

)
m(s, t) ds dt,

151
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with:

m(s, t) = (1− tκ(s)).

We consider the following operator on L2(R2) which is unitarily equivalent to L̃h,A (see

[97, Theorem 18.5.9 and below]):

Lnew
h,A = m1/2L̃h,Am−1/2 = P 2

1 + P 2
2 − h2κ(s)2

4m2
,

with P1 = m−1/2(−hDs + Ã(s, t))m−1/2 and P2 = hDt.

We wish to use a system of coordinates more adapted to the magnetic situation. Let

us perform a Taylor expansion near t = 0. We have:

B̃(s, t) = γ(s)t+ ∂2t B̃(s, 0)
t2

2
+O(t3).

This provides:

Ã(s, t) =
γ(s)

2
t2 + k(s)t3 +O(t4),

with:

k(s) =
1

6
∂2t B̃(s, 0)− κ(s)

3
γ(s)

This suggests, as for the model operator, to introduce the new magnetic coordinates in

a fixed neighborhood of (0, 0):

τ = γ(s)1/3t, σ = s.

This change of variable is fundamental in the analysis of the models introduced in Chap-

ter 10, Section 3.2. The change of coordinates for the derivatives is given by:

Dt = γ(σ)1/3Dτ , Ds = Dσ +
1

3
γ′γ−1τDτ .

The space L2( ds dt) becomes L2(γ(σ)−1/3 dσ dτ). In the same way as previously, we shall

conjugate Lnew
h,A. We introduce the self-adjoint operator on L2(R2):

Ľh,A = γ−1/6Lnew
h,Aγ

1/6.

We deduce:

Ľh,A = h2γ(σ)2/3D2
τ + P̌ 2,

where:

P̌ = γ−1/6m̌−1/2

(
−hDσ + Ǎ(σ, τ)− h

1

3
γ′γ−1τDτ

)
m̌−1/2γ1/6,

with:

Ǎ(σ, τ) = Ã(σ, γ(σ)−1/3τ).
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A straight forward computation provides:

P̌ = m̌−1/2

(
−hDσ + Ǎ(σ, τ)− h

1

6
γ′γ−1(τDτ +Dττ)

)
m̌−1/2,

where we make the generator of dilations τDτ +Dττ to appear (and which is related to

the virial theorem, see [141, 145] where this theorem is often used). Up to a change of

gauge, we can replace P̌ by:

m̌−1/2

(
−hDσ − η0(γ(σ))

1/3h2/3 + Ǎ(σ, τ)− h
1

6
γ′γ−1(τDτ +Dττ)

)
m̌−1/2.

1.2. Normal form Ľh. Therefore, the operator takes the form “à la Hörmander”:

(11.1.1) Ľh = P1(h)
2 + P2(h)

2 − h2κ(σ)2

4m(σ, γ(σ)1/3τ)2
,

where:

P1(h) = m̌−1/2

(
−hDσ − η0(γ(σ))

1/3h2/3 + Ǎ(σ, τ)− h
1

6
γ′γ−1(τDτ +Dττ)

)
m̌−1/2,

P2(h) = hγ(σ)1/3Dτ .

Computing a commutator, we can rewrite P1(h):

P1(h) = m̌−1

(
−hDσ − η0(γ(σ))

1/3h2/3 + Ǎ(σ, τ)− h
1

6
γ′γ−1(τDτ +Dττ)

)
+ Ch,

(11.1.2)

where:

Ch = −hm̌−1/2(Dσm̌
−1/2)− hγ′γ−1

3
τm̌−1/2(Dτm̌

−1/2).

Notation 11.1. The quadratic form corresponding to Ľh will be denoted by Q̌h.

1.3. Quasimodes. We shall now construct quasimodes using the classical recipe

(see Chapter 10) and the scaling:

τ = h1/3τ̂ , σ = h1/6σ̂.(11.1.3)

Notation 11.2. The operator h−4/3Ľ will be denoted by L̂ in these new coordinates.

This provides the following proposition.

Proposition 11.3. We assume (3.3). For all n ≥ 1, there exist a sequence (θnj )j≥0

such that, for all J ≥ 0, there exists h0 > 0 such that for h ∈ (0, h0), we have:

dist

(
h4/3

J∑

j=0

θnj h
j/6, σ(Lh,A)

)
≤ Ch4/3h(J+1)/6.
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Moreover, we have:

θn0 = γ
2/3
0 ν1(η0), θn1 = 0, θn2 = γ

2/3
0 C0 + γ

2/3
0 (2n− 1)

(
αµMo

1 (η0)(µ
Mo
1 )′′(η0)

3

)1/2

.

Thanks to the “IMS” formula and a partition of unity, we may prove the following

proposition (exercise: use Lemma 5.9).

Proposition 11.4. For all n ≥ 1, there exist h0 > 0 and C > 0 such that, for

h ∈ (0, h0):

λn(h) ≥ γ
2/3
0 µMo

1 (η0)h
4/3 − Ch4/3+2/15.

2. Agmon estimates

Two kinds of Agmon’s estimates can be proved using the stand partition of unity

arguments. We leave their proofs to the reader.

Proposition 11.5. Let (λ, ψ) be an eigenpair of Lh,A. There exist h0 > 0, C > 0

and ε0 > 0 such that, for h ∈ (0, h0):

(11.2.1)

∫
e2ε0|t(x)|h

−1/3 |ψ|2 dx ≤ C‖ψ‖2

and:

(11.2.2) Qh,A(e
ε0|t(x)|h−1/3

ψ) ≤ Ch4/3‖ψ‖2.

Proposition 11.6. Let (λ, ψ) be an eigenpair of Lh,A. There exist h0 > 0, C > 0

and ε0 > 0 such that, for h ∈ (0, h0):

(11.2.3)

∫
e2χ(t(x))|s(x)|h

−1/15 |ψ|2 dx ≤ C‖ψ‖2

and:

(11.2.4) Qh,A(e
χ(t(x))|s(x)|h−1/15

ψ) ≤ Ch4/3‖ψ‖2,
where χ is a fixed smooth cutoff function being 1 near 0.

From Propositions 11.5 and 11.6, we are led to introduce a cutoff function living near

x0. We take ε > 0 and we let:

χh,ε(x) = χ
(
h−1/3+εt(x)

)
χ
(
h−1/15+εs(x)

)
.

where χ is a fixed smooth cutoff function supported near 0.

Notation 11.7. We will denote by ψ̌ the function χh,ε(x)ψ(x) in the coordinates

(σ, τ).



2. AGMON ESTIMATES 155

From the normal estimates of Agmon, we deduce the proposition:

Proposition 11.8. For all n ≥ 1, there exist h0 > 0 and C > 0 s. t., for h ∈ (0, h0):

λn(h) ≥ γ
2/3
0 µMo

1 (η0)h
4/3 − Ch5/3.

We provide the proof of this proposition to understand the main idea of the lower

bound.

Proof. We consider an eigenpair (λn(h), ψn,h) and we use the IMS formula:

Q̌h(ψ̌n,h) = λn(h)‖ψ̌n,h‖2 +O(h∞)‖ψ̌n,h‖2.

We have (cf. (11.1.1)):

Q̌h(ψ̌n,h) ≥
∫
m̌−2

∣∣∣∣
(
−hDσ − η0γ

1/3h2/3 + Ǎ− h

6
γ′γ−1(τDτ +Dττ) + Ch

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

+ h2γ
2/3
0 ‖Dτ ψ̌n,h‖2 − Ch2‖ψ̌n,h‖2.

Let us deal with the terms involving Ch in the double product produced by the expansion

of the square. We have to estimate:

h
∣∣ℜ〈m̌−2γ′γ−1(τDτ +Dττ)ψ̌n,h, Chψ̌n,h〉

∣∣

We have :

‖Chψ̌n,h‖ = o(h)‖ψ̌n,h‖

and, with the estimates of Agmon (and the fact that 0 is a critical point of γ):

‖γ′γ−1(τDτ +Dττ)ψ̌n,h‖ = o(1)‖ψ̌n,h‖.

Moreover, we have in the same way:

h
∣∣ℜ〈Ǎψ̌n,h, Chψ̌n,h〉

∣∣ = o(h5/3)‖ψ̌n,h‖2.

Then, we have the control:

h
∣∣ℜ〈hDσψ̌n,h, Chψ̌n,h〉

∣∣ = o(h5/3)‖ψ̌n,h‖2,

where we have used the rough estimate:

‖hDσψ̌n,h‖ ≤ Ch2/3‖ψ̌n,h‖.
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We have:

Q̌h(ψ̌n,h) ≥(11.2.5)
∫
m̌−2

∣∣∣∣
(
−hDσ − η0γ

1/3h2/3 + Ǎ− h

6
γ′γ−1(τDτ +Dττ)

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

+ h2γ
2/3
0 ‖Dτ ψ̌n,h‖2 + o(h5/3)‖ψ̌n,h‖2.

We now deal with the term involving τDτ + Dττ . With the estimates of Agmon, we

have:

h
∣∣ℜ〈m̌−2γ′γ−1(τDτ +Dττ)ψ̌n,h, (−hDσ − η0γ

1/3h2/3 + Ǎ)ψ̌n,h〉
∣∣ = o(h5/3)‖ψ̌n,h‖2.

This implies:

Q̌h(ψ̌n,h) ≥γ2/30 h2‖Dτ ψ̌n,h‖2 +
∫
m̌−2

∣∣(−hDσ − η0γ
1/3h2/3 + Ǎ

)
ψ̌n,h

∣∣2 dσ dτ

+ o(h5/3)‖ψ̌n,h‖2.
With the same kind of arguments, it follows:

Q̌h(ψ̌n,h) ≥h2γ2/30 ‖Dτ ψ̌n,h‖2 +
∫
m̌−2

∣∣∣∣
(
−hDσ − η0γ

1/3h2/3 + γ1/3
τ 2

2

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

(11.2.6)

+O(h5/3)‖ψ̌n,h‖2

and

Q̌h(ψ̌n,h) ≥h2γ2/30 ‖Dτ ψ̌n,h‖2 +
∫ ∣∣∣∣
(
−hDσ − η0γ

1/3h2/3 + γ1/3
τ 2

2

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

(11.2.7)

+O(h5/3)‖ψ̌n,h‖2.
We get:

Q̌h(ψ̌n,h) ≥h2γ2/30 ‖Dτ ψ̌n,h‖2 +
∫
γ
2/3
0

∣∣∣∣
(
−hγ−1/3Dσ − η0h

2/3 +
τ 2

2

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

+O(h5/3)‖ψ̌n,h‖2.
Then, we write:

γ−1/3Dσ = γ−1/6Dσγ
−1/6 + iγ−1/6(γ−1/6)′

and deduce (by estimating the double product involved by iγ−1/6(γ−1/6)′):

Q̌h(ψ̌n,h) ≥h2γ2/30 ‖Dτ ψ̌n,h‖2 +
∫
γ
2/3
0

∣∣∣∣
(
−hγ−1/6Dσγ

−1/6 − η0h
2/3 +

τ 2

2

)
ψ̌n,h

∣∣∣∣
2

dσ dτ

+ o(h5/3)‖ψ̌n,h‖2.
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We can apply the functional calculus to the self-adjoint operator γ−1/6Dσγ
−1/6 and the

following lower bound follows:

Q̌h(ψ̌n,h) ≥h4/3γ2/30 µMo
1 (η0) +O(h5/3)‖ψ̌n,h‖2.

�

Exercise. Let γ be a smooth and bounded (so as its derivatives) and positive function

on R. Find a unitary transform which diagonalizes the self-adjoint realization of γDσγ

on L2(R, dσ). Notice that such a transform exists by the spectral theorem.

For all N ≥ 1, let us consider L2-normalized eigenpairs (λn(h), ψn,h)1≤n≤N such that

〈ψn,h, ψm,h〉 = 0 if n 6= m. We consider the N dimensional space defined by:

EN(h) = span
1≤n≤N

ψ̌n,h.

The next two propositions provide control with respect to σ and Dσ. We leave the proof

to the reader and refer to [46] and also to the spirit of the proof of Proposition 11.8.

Proposition 11.9. There exist h0 > 0, C > 0 such that, for h ∈ (0, h0) and for all

ψ̌ ∈ EN(h):

‖σψ̌‖ ≤ Ch1/6‖ψ̌‖.

Proposition 11.10. There exist h0 > 0, C > 0 such that, for h ∈ (0, h0) and for all

ψ̌ ∈ EN(h):

‖Dσψ̌‖ ≤ Ch−1/6‖ψ̌‖.

With Proposition 11.9, we have a better lower bound for the quadratic form.

Proposition 11.11. There exists h0 > 0 such that for h ∈ (0, h0) and ψ̌ ∈ EN(h):

Q̌h(ψ̌) ≥γ2/30

∫
(1 + 2κ0τγ

−1/3
0 )|(γ−1/6ih∂σγ

−1/6 + η0h
2/3 +

τ 2

2
+ γ

−4/3
0 k(0)τ 3)ψ̌|2 dσ dτ

+

∫
γ
2/3
0 |hDτ ψ̌|2 dσ dτ +

2

3
γ
2/3
0 αµMo

1 (η0)h
4/3‖σψ̌‖2 + o(h5/3)‖ψ̌‖2.

3. Projection method

We can now prove an approximation result for the eigenfunctions. Let us recall the

rescaled coordinates (see (11.1.3)):

(11.3.1) σ = h1/6σ̂, τ = h1/3τ̂ .

Notation 11.12. L̂(h) denotes h−4/3Ľh in the coordinates (σ̂, τ̂). The corresponding

quadratic form will be denoted by Q̂. We will use the notation ÊN(h) to denote EN(h)

after rescaling.
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We introduce the Feshbach-Grushin projection:

Π0φ = 〈φ, uMo
η0

〉L(Rτ̂ )u
Mo
η0

(τ̂).

We will need to consider the quadratic form:

Q̂0(φ) = γ
2/3
0

∫
|Dτ̂φ|2 +

∣∣∣∣
(
−η0 +

τ̂ 2

2

)
φ

∣∣∣∣
2

dσ̂ dτ̂ .

The fundamental approximation result is given in the following proposition.

Proposition 11.13. There exist h0 > 0 and C > 0 such that for h ∈ (0, h0) and

ψ̂ ∈ ÊN(h):

0 ≤ Q̂0(ψ̂)− γ
2/3
0 µMo

1 (η0)‖ψ̂‖2 ≤ Ch1/6‖ψ̂‖2(11.3.2)

and:

‖Π0ψ̂ − ψ̂‖ ≤ Ch1/12‖ψ̂‖(11.3.3)

‖Dτ̂ (Π0ψ̂ − ψ̂)‖ ≤ Ch1/12‖ψ̂‖,
‖τ̂ 2(Π0ψ̂ − ψ̂)‖ ≤ Ch1/12‖ψ̂‖.

This permits to simplify the lower bound (see (3.1.6)).

Proposition 11.14. There exist h0 > 0, C > 0 such that, for h ∈ (0, h0) and

ψ̌ ∈ EN(h):

Q̌h(ψ̌) ≥
∫
γ
2/3
0

(
|hDτ ψ̌|2 + |(γ−1/6ih∂σγ

−1/6 − η0h
2/3 +

τ 2

2
)ψ̌|2

)
dσ dτ

+
2

3
γ
2/3
0 αµMo

1 (η0)h
4/3‖σψ̌‖2 + C0h

5/3‖ψ̌‖2 + o(h5/3)‖ψ̌‖2.

It remains to diagonalize γ−1/6i∂σγ
−1/6:

Corollary 11.15. There exist h0 > 0, C > 0 such that, for h ∈ (0, h0) and ψ̌ ∈
EN(h):

Q̌h(ψ̌) ≥
∫
γ
2/3
0

(
|hDτ φ̌|2 + |(−hµ− η0h

2/3 +
τ 2

2
)φ̌|2

)
dµ dτ

+
2

3
γ
2/3
0 αν1(η0)h

4/3‖Dµφ̌‖2 + C0h
5/3‖φ̌‖2 + o(h5/3)‖φ̌‖2,

with φ̌ = Fγψ̌.

Let us introduce the operator on L2(R2, dµ dτ):

(11.3.4)
2

3
γ
2/3
0 αµMo

1 (η0)h
4/3D2

µ + γ
2/3
0

(
h2D2

τ +

(
−hµ− η0h

2/3 +
τ 2

2

)2
)

+ C0h
5/3.
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Exercise. Determine the asymptotic expansion of the lowest eigenvalues of this operator

thanks to the Born-Oppenheimer theory and prove:

Theorem 11.16. We assume (3.3). For all n ≥ 1, there exists h0 > 0 such that for

h ∈ (0, h0), we have:

λn(h) ≥ θn0h
4/3 + θn2h

5/3 + o(h5/3).

This implies Theorem 3.4.





CHAPTER 12

A regular boundary in dimension three

Je me suis soigneusement abstenu de tourner

en dérision les actions humaines, de les pren-

dre en pitié ou en haine ; je n’ai voulu que les

comprendre.

Traité politique, Spinoza

This chapter is devoted to the proof of Theorem 3.8. We keep the notation of Chapter

3, Section 2. We analyze here how a smooth boundary combines with the magnetic field

to generate a magnetic harmonic approximation.

1. Quasimodes

Theorem 12.1. For all α > 0, θ ∈
(
0, π

2

)
, there exists a sequence (µj,n)j≥0 and there

exist positive constants C, h0 such that for h ∈ (0, h0):

dist

(
σ(Lh, h

J∑

j=0

µj,nh
j

)
≤ ChJ+2

and we have µ0,n = σ(θ), µ1,n = νn(Sθ(Dτ̂ , τ̂)).

Proof. We perform the scaling (3.2.4) and, after division by h, Lh,α,θ becomes:

Lresc
h = D2

s +D2
t + (Dr + t cos θ − s sin θ + hαt(r2 + s2)).

Using the Fourier transform F (see (3.2.5)) and the translation Uθ (see (3.2.6)), we have:

UθFLresc
h F−1U−1

θ = D2
ŝ +D2

t̂ +

(
Vθ(ŝ, t̂) + hαt̂

(
Dτ̂ −

Dŝ

sin θ

)2

+

(
ŝ+

τ̂

sin θ

)2
)2

.

This operator will be shortly denoted by LNormal
h and the corresponding quadratic form

QNormal
h . We write:

LNormal
h = LLP

θ + hL1 + h2L2,

161
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where:

L1 = αt̂

{(
Dτ̂ −

Dŝ

sin θ

)2

Vθ + Vθ

(
Dτ̂ −

Dŝ

sin θ

)2

+ 2Vθ

(
ŝ+

τ̂

sin θ

)2
}
,

L2 = α2t̂2

{(
Dτ̂ −

Dŝ

sin θ

)2

+
(
ŝ+

τ

sin θ

)2
}2

≥ 0.

We look for quasi-eigenpairs in the form:

µ ∼
∑

j≥0

µjh
j, ψ ∼

∑

j≥0

ψjh
j.

We solve the following problem in the sense of formal series:

LNormal
h ψ ∼ µψ.

The term in h0 leads to solve:

HNeu
θ ψ0 = µ0ψ0.

We take: µ0 = σ(θ) and:

ψ0(τ̂ , ŝ, t̂) = uLPθ (ŝ, t̂)f0(τ̂),

f0 being to be determined. Then, we must solve:

(HNeu
θ − σ(θ))ψ1 = (µ1 − L1)ψ0.

We apply the Fredholm alternative and we write:

〈(µ1 − L1)ψ0, u
LP
θ 〉L2(R2

+,ŝ,t̂
) = 0.

The compatibility equation rewrites:

Sθ(Dτ̂ , τ̂)f0 = µ1f0

and we take µ1 = νn(Sθ(Dτ̂ , τ̂)) and for f0 the corresponding L2-normalized eigenfunc-

tion. Then, we can write the solution ψ1 in the form:

ψ1 = ψ⊥
1 + f1(τ̂)uθ(ŝ, t̂)

where ψ⊥
1 is the unique solution orthogonal to uθ. We notice that it is the the Schwarz

class. This construction can be continued at any order.

�
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2. Localization estimates

Let us first recall standard Agmon’s estimates with respect to (x, y) satisfied by an

eigenfunction uh associated with λn(h). It possible to establish the following lower bound

by using the techniques of Chapter 6, Section 3 (see [117] and [61, Theorem 9.1.1]).

Proposition 12.2. There exist C > 0 and h0 > 0 such that, for h ∈ (0, h0) :

λn(h) ≥ σ(θ)h− Ch5/4.

2.1. Agmon estimates of first order. Using the techniques of Chapter 6, Section

3, we can obtain:

Proposition 12.3. For all δ > 0, there exist C > 0 and h0 > 0 such that for

h ∈ (0, h0): ∫

Ω0

eδ(x
2+y2)/h1/4 |uh|2 dx dy dz ≤ C‖uh‖2,

∫

Ω0

eδ(x
2+y2)/h1/4 |∇uh|2 dx dy dz ≤ Ch−1‖uh‖2.

Combining Proposition 12.2 and Theorem 12.1, this is standard to deduce the fol-

lowing normal Agmon estimates:

Proposition 12.4. There exist δ > 0, C > 0 and h0 > 0 such that for all h ∈ (0, h0),

we have : ∫

Ω0

eδh
−1/2z(|uh|2 + h−1|(ih∇+A)uh|2) dx dy dz ≤ C‖uh‖2.

Corollary 12.5. For all η > 0, we have:∫

|x|+|y|≥h1/8−η

|x|k|y|l|z|m(|uh|2 + |Dxuh|2 + |Dyuh|2 + |Dzuh|2) dx dy dz = O(h∞)‖uh‖2.
∫

z≥h1/2−η

|x|k|y|l|z|m(|uh|2 + |Dxuh|2 + |Dyuh|2 + |Dzuh|2) dx dy dz = O(h∞)‖uh‖2.

Let us consider η > 0 small enough and introduce the cutoff function defined by:

χh(x, y) = χ0

(
h−1/8+ηx, h−1/8+ηy, h−1/2+ηz

)
,

where χ0 is a smooth cutoff function being 1 near (0, 0, 0). We can notice, by elliptic

regularity, that χhuh is smooth (as it is supported away from the vertices).

Let us consider N ≥ 1. For n = 1, · · · , N , let us consider un,h a L2-normalized

associated with λn(h) so that 〈un,h, um,h〉 = 0 for n 6= m. We let:

EN(h) = span
n=1,··· ,N

un,h.
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We notice that Propositions 12.4 and 12.3 hold for the elements of EN(h). As a conse-

quence of Propositions 12.4 and 12.3, we have:

Corollary 12.6. We have:

Qh(ũh) ≤ λN(h) +O(h∞), with ũh = χhuh,

where uh ∈ EN(h) and where Qh denotes the quadratic form associated with Lh.

2.2. Agmon estimates of higher order. In the last section we stated estimates

of Agmon for uh and its first derivatives. We will also need estimates for the higher order

derivatives. The main idea to obtain such estimates can be found for instance in [75].

Proposition 12.7. For all ν ∈ N
3, there exist δ > 0, γ ≥ 0, h0 > 0 and C > 0 such

that, for h ∈ (0, h0):
∫
eδh

−1/2z|Dν ũh|2 dx dy dz ≤ Ch−γ‖ũh‖2.

∫
eδh

−1/4(x2+y2)|Dν ũh|2 dx dy dz ≤ Ch−γ‖ũh‖2,

where uh ∈ EN(h).

We infer:

Corollary 12.8. For all η > 0, we have, for all ν ∈ N
3:

∫

|x|+|y|≥h1/8−η

|x|k|y|l|z|m|Dν ũh|2 dx dy dz = O(h∞)‖ũh‖2,

∫

z≥h1/2−η

|x|k|y|l|z|m|Dν ũh|2 dx dy dz = O(h∞)‖ũh‖2,

where uh ∈ EN(h).

2.3. Normal form. For uh ∈ EN(h), we let:

(12.2.1)

wh(r, s, t) = χresc
h (r, s, t)uresch (r, s, t) = χ0(h

3/8+ηr, h3/8+ηs, hηt)uh(h
1/2r, h1/2s, h1/2t)

and

vh(τ̂ , ŝ, t̂) = UθFwh.
We consider FN(h) the image of EN(h) by these transformations. We can reformulate

Corollary 12.6.
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Corollary 12.9. With the previous notation, we have the lower bound, for vh ∈
FN(h):

QNormal
h (vh) ≤ λrescN (h) +O(h∞),

where λrescN (h) = h−1λN(h).

We can also notice that, when uh is an eigenfunction associated with λp(h):

(12.2.2) LNormal
h vh = λrescp vh + rh,

where the remainder rh is O(h∞) in the sense of Corollary 12.8.

In the following, we aim at proving localization and approximation estimates for vh
rather than uh. Moreover, these approximations will allow us to estimate the energy

QNormal
h (vh).

3. Relative polynomial localizations in the phase space

This section aims at estimating momenta of vh with respect to polynoms in the

phase space. Before starting the analysis, let us recall the link (cf. (3.2.6)) between the

variables (τ, s, t) and (τ̂ , ŝ, t̂):

(12.3.1) Dτ̂ = Dτ +
1

sin θ
Ds, Dŝ = Ds, Dt̂ = Dt.

We will use the following obvious remark:

Remark 12.10. We can notice that if φ is supported in supp(χh), we have:

Qresc
h (φ) ≥ (1− ε)Qθ(φ)− Ch1/2−6ηε−1‖φ‖2.

Optimizing in ε, we have:

Qresc
h (φ) ≥ (1− h1/4−3η)Qθ(φ)− Ch1/4−3η‖φ‖2.

Moreover, when the support of φ avoids the boundary, we have:

Qθ(φ) ≥ ‖φ‖2.

3.1. Localizations in ŝ and t̂. This section is concerned with many localizations

lemmas with respect to ŝ and t̂.



166 12. A REGULAR BOUNDARY IN DIMENSION THREE

3.1.1. Estimates with respect to ŝ and t̂. We begin to prove estimates depending only

on the variables ŝ and t̂.

Lemma 12.11. Let N ≥ 1. For all k, n, there exist h0 > 0 and C(k, n) > 0 such that,

for all h ∈ (0, h0):

‖t̂kŝn+1vh‖ ≤ C(k, n)‖vh‖,(12.3.2)

‖t̂kDŝ(ŝ
nvh)‖ ≤ C(k, n)‖vh‖(12.3.3)

‖t̂kDt̂(ŝ
nvh)‖ ≤ C(k, n)‖vh‖.,(12.3.4)

for vh ∈ FN(h).

Proof. We prove the estimates when vh is the image of an eigenfunction associated

to λp(h) with p = 1, · · · , N .

Let us analyze the case n = 0. (12.3.4) follows from the normal Agmon estimates.

We have:

QNormal
h (t̂kvh) ≤ λrescp ‖t̂kvh‖2 + |〈[D2

t̂ , t̂
k]wh, t̂

kvh〉|+O(h∞)‖vh‖2.

The normal Agmon estimates provide:

|〈[D2
t̂ , t̂

k]vh, t̂
kvh〉| ≤ C‖vh‖2

and thus:

QNormal
h (t̂kvh) ≤ C‖vh‖2.

We deduce (12.3.3). We also have:

‖t̂k(−ŝ sin θ + t̂ cos θ +Rh)vh‖2 ≤ C‖vh‖2.

We use the basic lower bound:

‖t̂k(−ŝ sin θ + t̂ cos θ +Rh)vh‖2 ≥
1

2
‖t̂kŝ sin θvh‖2 − 2‖(t̂k+1 cos θ + t̂kRh)vh‖2.

Moreover, we have (using the support of χresc
h ):

‖t̂kRhvh‖ ≤ Ch(h−3/8−η)2‖t̂k+1vh‖ ≤ Ch(h−3/8−η)2‖vh‖,

the last inequality coming from the normal Agmon estimates. Thus, we get:

‖t̂kŝvh‖2 ≤ C‖vh‖2.
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We now proceed by induction. We apply t̂kŝn+1 to (12.2.2), take the scalar product with

tkŝn+1vh and it follows:

QNormal
h (t̂kŝn+1vh) ≤ λrescp (h)‖t̂kŝn+1vh‖2 + C‖t̂k−2ŝn+1vh‖‖t̂kŝn+1vh‖

+ C‖t̂k−1Dt̂ŝ
nvh‖‖t̂kŝn+1vh‖+ C‖t̂kDŝŝ

nwh‖‖t̂kŝn+1vh‖
+ C‖t̂kŝn−1vh‖‖t̂kŝn+1vh‖+ |〈t̂k[ŝn+1, (−ŝ sin θ + t̂ cos θ +Rh)

2]vh, t̂
kŝn+1〉|,

where

(12.3.5) Rh = hαt̂
{(
Dτ̂ − (sin θ)−1Dŝ

)2
+
(
ŝ+ (sin θ)−1τ̂

)2}
.

We have:

[ŝn+1, (−ŝ sin θ + t̂ cos θ +Rh)
2]

= [ŝn+1, Rh](−ŝ sin θ + t̂ cos θ +Rh) + (−ŝ sin θ + t̂ cos θ +Rh)[ŝ
n+1, Rh].

Let us analyze the commutator [ŝn+1, Rh]. We can write:

[ŝn+1, Rh] = αht̂[ŝn+1,
(
Dτ̂ − (sin θ)−1Dŝ

)2
]

and:

[
(
Dτ̂ − (sin θ)−1Dŝ

)2
, ŝn+1] = (sin θ)−2n(n+ 1)ŝn−1

+ 2i(sin θ)−1(n+ 1)(Dτ̂ − (sin θ)−1Dŝ)ŝ
n

we infer:

[ŝn+1, (−ŝ sin θ + t̂ cos θ +Rh)
2]

=
(
αht̂(sin θ)−2n(n+ 1)ŝn−1 + 2iαht̂(sin θ)−1(n+ 1)(Dτ̂ − (sin θ)−1Dŝ)ŝ

n
)
(Vθ +Rh)

+ (Vθ +Rh)
(
αht̂(sin θ)−2n(n+ 1)ŝn−1 + 2iαht̂(sin θ)−1(n+ 1)(Dτ̂ − (sin θ)−1Dŝ)ŝ

n
)

After having computed a few more commutators, the terms of [ŝn+ 1, (−ŝ sin θ + t̂ cos θ +Rh)
2]

are in the form:

t̂lŝm, ht̂l(Dτ̂ − (sin θ)−1Dŝ)ŝ
m, h2t̂l(Dτ̂ − (sin θ)−1Dŝ)

3ŝm,

h2t̂l(ŝ+ (sin θ)−1τ̂)2(Dτ̂ + (sin θ)−1Dŝ)ŝ
m

with m ≤ n+ 1 and l = 0, 1, 2.

Let us examine for instance the term h2t̂l(ŝ + (sin θ)−1τ̂)2(Dτ̂ + (sin θ)−1Dŝ)ŝ
m. We

have, after the inverse Fourier transform and translation:

h2‖t̂l(ŝ+ (sin θ)−1τ̂)2(Dτ̂ + (sin θ)−1Dŝ)ŝ
mvh‖ ≤ Ch2(h−3/8−η)3‖t̂lŝmvh‖
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where we have used the support of χresc
h (see (12.2.1)). We get:

|〈t̂k[ŝn+ 1, (−ŝ sin θ + t̂ cos θ +Rh)
2]vh, t̂

kŝn+1vh〉| ≤ C‖t̂kŝn+1vh‖
n+1∑

j=0

k+2∑

l=0

‖t̂lŝjvh‖.

We deduce by the induction assumption:

QNormal
h (t̂kŝn+1vh) ≤ C‖vh‖2.

We infer that, for all k:

‖Dt̂(t̂
kŝn+1)vh‖ ≤ C‖vh‖ and ‖Dŝ(t̂

kŝn+1)vh‖ ≤ C‖vh‖.

Moreover, we also deduce:

‖(Vθ +Rh)t̂
kŝn+1vh‖ ≤ C‖vh‖,

from which we find:

‖t̂kŝn+2vh‖ ≤ C‖vh‖.
�

We also need a control of the derivatives with respect to ŝ. The next lemma is left

to the reader as an exercise.

Lemma 12.12. For all m,n, k, there exist h0 > 0 and C(m,n, k) > 0 such that for

h ∈ (0, h0):

‖t̂kDm+1
ŝ ŝnvh‖ ≤ C(k,m, n)‖vh‖(12.3.6)

‖t̂kDm
ŝ Dt̂ŝ

nvh‖ ≤ C(k,m, n)‖vh‖,(12.3.7)

for vh ∈ FN(h).

We now establish partial Agmon estimates with respect to ŝ and t̂. Roughly speaking,

we can write the previous lemmas with τ̂ vh and Dτ̂vh instead of vh.

3.1.2. Partial estimates involving τ̂ . Let us begin to prove that:

Lemma 12.13. For all k ≥ 0, there exist h0 > 0 and C(k) > 0 such that, for

h ∈ (0, h0):

‖t̂kτ̂ vh‖ ≤ C(‖τ̂ vh‖+ ‖vh‖),
‖t̂kDt̂τ̂ vh‖ ≤ C(‖τ̂ vh‖+ ‖vh‖),
‖t̂kDŝτ̂ vh‖ ≤ C(‖τ̂ vh‖+ ‖vh‖),

for vh ∈ FN(h).
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Proof. For k = 0, we multiply (12.2.2) by τ̂ and take the scalar product with τ̂ vh.

There is only one commutator to analyze:

[(Vθ +Rh)
2, τ̂ ] = [(Vθ +Rh), τ̂ ](Vθ +Rh) + (Vθ +Rh)[(Vθ +Rh), τ̂ ]

so that:

[(Vθ +Rh)
2, τ̂ ] = [Rh, τ̂ ](Vθ +Rh) + (Vθ +Rh)[Rh, τ̂ ].

We deduce, thanks to the support of wh:

|〈[(Vθ +Rh)
2, τ̂ ]vh, τ̂ vh〉| ≤ C‖vh‖‖τ̂ vh‖ ≤ C(‖τ̂ vh‖2 + ‖vh‖2)

and we infer:

QNormal
h (τ̂ vh) ≤ C(‖τ̂ vh‖2 + ‖vh‖2).

We get:

‖Dt̂τ̂ vh‖ ≤ C(‖τ̂ vh‖+ ‖vh‖) and ‖Dŝτ̂ vh‖ ≤ C(‖τ̂ vh‖+ ‖vh‖).

Then it remains to prove the case k ≥ 1 by induction (use Remark 12.10 and σ(θ) <

1). �

As an easy consequence of the proof of Lemma 12.13, we have:

Lemma 12.14. For all k ≥ 0, there exist h0 > 0 and C(k) > 0 such that, for

h ∈ (0, h0):

‖t̂kŝτ̂ vh‖ ≤ C(k)(‖τ̂ vh‖+ ‖vh‖),

for vh ∈ FN(h).

We can now deduce the following lemma (exercise):

Lemma 12.15. For all k, n, there exist h0 > 0 and C(k, n) > 0 such that, for all

h ∈ (0, h0):

‖τ̂ tkŝn+1vh‖ ≤ C(k, n)(‖τ̂ vh‖+ ‖vh‖),(12.3.8)

‖τ̂ tkDŝ(ŝ
nvh)‖ ≤ C(k, n)(‖τ̂ vh‖+ ‖vh‖)(12.3.9)

‖τ̂ tkDt̂(ŝ
nvh)‖ ≤ C(k, n)(‖τ̂ vh‖+ ‖vh‖),(12.3.10)

for vh ∈ FN(h).

From this lemma, we deduce a stronger control with respect to the derivative with

respect to ŝ:
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Lemma 12.16. For all m,n, k, there exist h0 > 0 and C(m,n, k) > 0 such that for

h ∈ (0, h0):

‖τ̂ t̂kDm+1
ŝ ŝnvh‖ ≤ C(k,m, n)(‖τ̂ vh‖+ ‖vh‖),(12.3.11)

‖τ̂ t̂kDm
ŝ Dt̂ŝ

nvh‖ ≤ C(k,m, n)(‖τ̂ vh‖+ ‖vh‖),(12.3.12)

for vh ∈ FN(h).

Proof. The proof can be done by induction. The case m = 0 comes from the

previous lemma. Then, the recursion is the same as for the proof of Lemma 12.12 and

uses Lemma 12.12 to control the additional commutators. �

By using the symmetry between τ̂ and Dτ̂ , we have:

Lemma 12.17. For all m,n, k, there exist h0 > 0 and C(m,n, k) > 0 such that for

h ∈ (0, h0):

‖Dτ̂ t̂
kDm+1

ŝ ŝnvh‖ ≤ C(k,m, n)(‖Dτ̂vh‖+ ‖vh‖),(12.3.13)

‖Dτ̂ t̂
kDm

ŝ Dt̂ŝ
nvh‖ ≤ C(k,m, n)(‖Dτ̂vh‖+ ‖vh‖),(12.3.14)

for vh ∈ FN(h).

In the next section, we prove that vh behaves like uLPθ (ŝ, t̂) with respect to ŝ and t̂.

3.2. Approximation of vh. Let us state the approximation result of this section:

Proposition 12.18. There exists C > 0 and h0 > 0 such that, for h ∈ (0, h0):

‖vh − Πvh‖+ ‖Vθvh − VθΠvh‖+ ‖∇ŝ,t(vh − Πvh)‖ ≤ Ch1/4−2η‖vh‖,

where Π is the projection on uLPθ and vh ∈ FN(h).

Proof. As usual, we start to prove the inequality when vh is the image of an eigen-

function associated with λp(h), the extension to vh ∈ FN(h) being standard. We want

to estimate

‖(HNeu
θ − σ(θ))vh‖.

We have:

‖(HNeu
θ − σ(θ))vh‖ ≤ ‖(HNeu(θ)− λp(h))vh‖+ Ch1/4‖vh‖.

With the definition of vh and with Corollary 12.8, we have:

‖(HNeu
θ − λp(h))vh‖ ≤ h‖L1vh‖+ h2‖L2vh‖+O(h∞)‖vh‖.
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Then, we can write:

‖L1vh‖ ≤ C

∥∥∥∥∥t̂Vθ
(
Dτ̂ −

Dŝ

sin θ

)2

vh

∥∥∥∥∥+C
∥∥∥∥∥t̂
(
Dτ̂ −

Dŝ

sin θ

)2

Vθvh

∥∥∥∥∥+C
∥∥∥∥∥t̂Vθ

(
ŝ+

τ̂

sin θ

)2

vh

∥∥∥∥∥
With Lemma 12.11 and the support of uh, we infer:

h‖L1vh‖ ≤ Ch1/4−2η‖vh‖.
In the same way, we get:

h2‖L2vh‖ ≤ Ch1/2−4η‖vh‖.
We deduce:

‖(HNeu
θ − σ(θ))vh‖ ≤ Ch1/4−2η‖vh‖.

Let us write

vh = v⊥h +Πvh

We have:

‖(HNeu
θ − σ(θ))v⊥h ‖ ≤ Ch1/4−2η‖vh‖.

The resolvent, valued in the form domain, being bounded, the result follows. �

4. Localization induced by the effective harmonic oscillator

In this section, we prove Theorem 3.8. In order to do that, we first prove a localization

with respect to τ̂ and then use it to improve the approximation of Proposition 12.18.

4.1. Control of vh with respect to τ̂ . Let us prove an optimal localization es-

timate of the eigenfunctions with respect to τ̂ . Thanks to our relative boundedness

lemmas we can compare the original quadratic form with the model quadratic form.

Proposition 12.19. There exist h0 > 0 and C > 0 such that for all C0 > 0 and

h ∈ (0, h0):

Qh(vh) ≥ (1− C0h)
(
‖Dt̂vh‖2 + ‖Dŝvh‖2 +

∥∥(Vθ(ŝ, t̂) + αht̂Hharm

)
vh
∥∥2
)

− C

C0

h〈Hharmvh, vh〉 − Ch‖vh‖2,

for vh ∈ FN(h).

Proof. Let us consider

Qh(vh) = ‖Dt̂vh‖2 + ‖Dŝvh‖2 +
∥∥(Vθ(ŝ, t̂) + αht̂ {Hharm + L(τ̂ , Dτ̂ , ŝ, Dŝ)}

)
vh
∥∥2 .

where

L(τ̂ , Dτ̂ , ŝ, Dŝ) = (sin θ)−2(−2 sin θDŝDτ̂ + 2 sin θŝτ̂ +D2
ŝ + ŝ2).
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For all ε > 0, we have:

Qh(vh) ≥ (1− ε)
(
‖Dt̂vh‖2 + ‖Dŝvh‖2 +

∥∥(Vθ(ŝ, t̂) + αht̂Hharm

)
vh
∥∥2
)

−ε−1α2h2‖t̂L(τ̂ , Dτ̂ , ŝ, Dŝ)vh‖2

We take ε = C0h. We apply Lemmas 12.12, 12.16 and 12.17 to get:

‖t̂L(τ̂ , Dτ̂ , ŝ, Dŝ)vh‖2 ≤ C(‖Dτ̂vh‖2 + ‖τ̂ vh‖2 + ‖vh‖2).

�

From the last proposition, we are led to study the model operator:

Mh = D2
ŝ +D2

t̂ + (Vθ(ŝ, t̂) + αht̂Hharm)
2.

We can write Mh as a direct sum:

Mh =
⊕

n≥1

Mn
h,

with

Mn
h = D2

ŝ +D2
t̂ + (Vθ(ŝ, t̂) + αht̂µn)

2,

so that, we shall analyze (see Chapter 6, Section 1.3.2):

LLP
θ,γ = D2

ŝ +D2
t̂ + (Vθ(ŝ, t̂) + γt̂)2.

We deduce the existence of c > 0 such that, for all γ ≥ 0:

σ(θ, γ) ≥ σ(θ) + cγ.

Taking C0 large enough in Proposition 12.19, we deduce the proposition:

Proposition 12.20. There exist C > 0 and h0 > 0 such that:

〈Hharmvh, vh〉 ≤ C‖vh‖2, for vh ∈ FN(h)

and:

λrescN (h) ≥ σ(θ)− Ch.

4.2. Refined approximation of vh. The control of vh with respect to τ̂ provided

by Proposition 12.20 permits to improve the approximation of vh.

Proposition 12.21. There exist C > 0, h0 > 0 and γ > 0 such that, if h ∈ (0, h0) :

‖VθDτ̂vh − VθDτ̂Πvh‖+ ‖Dτ̂vh −Dτ̂Πvh‖+ ‖∇ŝ,t̂(Dτ̂vh −Dτ̂Πvh)‖ ≤ Chγ‖vh‖,
‖Vθτ̂ vh − Vθτ̂Πvh‖+ ‖τ̂ vh − τ̂Πvh‖+ ‖∇ŝ,t̂(τ̂ vh − τ̂Πvh)‖ ≤ Chγ‖vh‖,

for vh ∈ FN(h).
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Proof. Let us apply Dτ̂ to (12.2.2). We have the existence of γ > 0 such that:

‖[LNormal
h , Dτ̂ ]vh‖ ≤ Chγ‖vh‖.

We can write:

‖(HNeu
θ − σ(θ))Dτ̂vh‖ ≤ ‖(HNeu

θ − λrescp (h))Dτ̂vh‖+ Ch1/4‖Dτ̂vh‖.
Proposition 12.20 provides:

‖(HNeu
θ − σ(θ))Dτ̂vh‖ ≤ ‖(HNeu

θ − λrescp (h))Dτ̂vh‖+ Ch1/4‖vh‖.
Then, we get:

‖hL1Dτ̂vh‖ ≤ Ch1/4−2η‖vh‖
and:

‖h2L2Dτ̂vh‖ ≤ Ch1/2−4η‖vh‖.
We deduce:

‖(HNeu
θ − σ(θ))Dτ̂vh‖ ≤ Ch1/4−η‖vh‖.

The conclusion is the same as for the proof of Proposition 12.18. The analysis for τ̂ can

be done exactly in the same way. �

4.3. Conclusion: proof of Theorem 3.8. We recall that:

QNormal
h (vh) = ‖Dt̂vh‖2 + ‖Dŝvh‖2 +

∥∥(Vθ(ŝ, t̂) + αht̂ {Hharm + L(τ̂ , Dτ̂ , ŝ, Dŝ)}
)
vh
∥∥2

so that we get:

QNormal
h (vh) ≥ σ(θ)‖vh‖2

+ αh〈2t̂Vθ(ŝ, t̂)Hharm + t̂VθL(τ̂ , Dτ̂ , ŝ, Dŝ) + t̂L(τ̂ , Dτ̂ , ŝ, Dŝ)Vθ(ŝ, t̂)vh, vh〉
It remains to approximate vh by Πvh modulo lower order remainders (exercise!). This

implies:

QNormal
h (vh) ≥ σ(θ)‖vh‖2 + αh〈Sθ(Dτ̂ , τ̂)φh, φh〉L2(Rτ̂ ) + o(h)‖vh‖2,

where φh = 〈vh, uθ〉L2(Rŝ,t̂)
and vh ∈ FN(h). With the min-max principle, we deduce that:

λrescN (h) ≥ σ(θ) + αhνN (Sθ(Dτ̂ , τ̂)) + o(h2).

This provides the spectral gap between the lowest eigenvalues and it remains to use

Proposition 12.18 .





CHAPTER 13

When a magnetic field meets a curved edge

On oublie vite du reste ce qu’on n’a pas

pensé avec profondeur, ce qui vous a été

dicté par l’imitation, par les passions envi-

ronnantes.

À la recherche du temps perdu,

La Prisonnière, Proust

This chapter is devoted to the proof of Theorem 3.23 announced in Chapter 3, Section

3. We focus on the specific features induced by the presence of a non smooth boundary.

1. Quasimodes

Before starting the analysis, we use the following scaling which keeps Wα invariant:

(13.1.1) š = h1/4ŝ, ť = h1/2t̂, ž = h1/2ẑ

so that we denote by L̂h and T̂h the operators h−1Ľh and h−1/2Ťh in the coordinates

(ŝ, t̂, ẑ).

Using Taylor expansions, we can write in the sense of formal power series the magnetic

Laplacian near the edge and the associated magnetic Neumann boundary condition:

L̂h ∼
h→0

∑

j≥0

Ljhj/4

and

T̂h ∼
h→0

∑

j≥0

Tjhj/4,

where the first Lj and Tj are given by (see Conjecture 3.16):

L0 = D2
t̂ +D2

ẑ + (t̂− η0)
2,(13.1.2)

L1 = −2(t̂− η0)Dŝ,(13.1.3)

L2 = D2
ŝ + 2κτ−1

0 ŝ2D2
ẑ + L2,(13.1.4)

175
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where

(13.1.5) L2 = 2(η0 − t̂)r̂1 −
l̂

2
P̂ P̂ + P̂

l̂

2
P̂ + P̂ L̂P̂ , P̂ =



η0 − t̂

Dt̂

Dẑ


 ,

and:

T0 = (−t̂+ η0, Dt̂, Dẑ),

T1 = (Dŝ, 0, 0),

T2 = (0, 0, κτ−1
0 ŝ2Dẑ) +

l̂

2
P̂ + L̂P̂ ,

with

(13.1.6) κ = −τ
′′(0)

2
> 0.

We recall that τ0 = τ(0). We have used the notation

r̂1(t̂, ẑ) = h−1ř1(h
1/2t̂, h1/2ẑ),(13.1.7)

l̂(t̂, ẑ) = h−1/2ľ(h1/2t̂, h1/2ẑ),(13.1.8)

L̂(t̂, ẑ) = h−1/2Ľ(h1/2t̂, h1/2ẑ),(13.1.9)

where ř1 is an homogeneous polynomial of degree 2 and where Ľ and ľ depend linearly

on (ť, ž). We will also use an asymptotic expansion of the normal n̂(h). We recall that

we have ň = (−τ ′(š)ť,−τ(š),±1) so that we get:

n̂(h) ∼
h→0

∑

j≥0

njh
j/4,

with:

(13.1.10) n0 = (0,−τ0,±1), n1 = (0, 0, 0), n2 = (0, κŝ2, 0).

We look for (λ̂(h), ψ̂(h)) in the form:

λ̂(h) ∼
h→0

∑

j≥0

µjh
j/4,

ψ̂(h) ∼
h→0

∑

j≥0

ψjh
j/4,

which satisfies, in the sense of formal series, the following boundary value problem:

(13.1.11)





L̂(h)ψ̂(h) ∼
h→0

λ̂(h)ψ̂(h),

n̂(h) · T̂hψ̂(h) ∼
h→0

0 on ∂NeuWα0 .
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This provides an infinite system of PDE’s. We will use Notation 9.1 introduced in

Chapter 9.

1.1. Terms in h0. We solve the equation:

L0ψ0 = µ0ψ0, in Wα0 , n0 · T0ψ0 = 0, on ∂NeuWα0 .

We notice that the boundary condition is exactly the Neumann condition. We are led

to choose µ0 = µPo
1 (α0, η0) and ψ0(ŝ, t̂, ẑ) = uPoη0 (t̂, ẑ)f0(ŝ) where f0 will be chosen (in the

Schwartz class) in a next step.

1.2. Terms in h1/4. Collecting the terms of size h1/4, we find the equation:

(L0 − µ0)ψ1 = (µ1 − L1)ψ0, n0 · T0ψ1 = 0, on ∂NeuWα0 .

As in the previous step, the boundary condition is just the Neumann condition. We use

the Feynman-Hellmann formulas to deduce:

(L0 − µ0)(ψ1 + vPoη0 (t̂, ẑ)Dŝf0(ŝ)) = µ1ψ0, n0 · T0ψ1 = 0, on ∂NeuWα0 .

Taking the scalar product of the r.h.s. of the first equation with uPoη0 with respect to (t̂, ẑ)

and using the Neumann boundary condition for vPoη0 and ψ1 when integrating by parts,

we find µ1 = 0. This leads to choose:

ψ1(ŝ, t̂, ẑ) = vPoη0 (t̂, ẑ)Dŝf0(ŝ) + f1(ŝ)u
Po
η0
(t̂, ẑ),

where f1 will be determined in a next step.

1.3. Terms in h1/2. Let us now deal with the terms of order h1/2:

(L0 − µ0)ψ2 = (µ2 − L2)ψ0 − L1ψ1, n0 · T0ψ2 = −n0 · T2ψ0 − n2 · T0ψ0, on ∂NeuWα0 .

We analyze the boundary condition:

n0 · T2ψ0 + n2 · T0ψ0 = ±κτ−1
0 ŝ2Dẑψ0 + κŝ2Dt̂ψ0 + n0 ·

l̂

2
P̂ψ0 + n0 · L̂P̂ψ0

= κτ−1
0 ŝ2(±Dẑ + τ0Dt̂)ψ0 + n0 ·

l̂

2
P̂ψ0 + n0 · L̂P̂ψ0

= ±2κτ−1
0 ŝ2Dẑψ0 + n0 ·

l̂

2
P̂ψ0 + n0 · L̂P̂ψ0.

where we have used the Neumann boundary condition of ψ0. Then, we use the Feynman-

Hellmann formulas together with (13.1.3) and (13.1.4) to get:

(13.1.12)

(L0 − µ0)(ψ2 − vPoη0Dŝf1 −
wPo
η0

2
D2
ŝf0) = µ2ψ0 − ∂2ηµ

Po
1 (α0,η0)

2
D2
ŝψ0 − 2κτ−1

0 ŝ2D2
ẑψ0 − L2ψ0,
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with boundary condition:

n0 · T0ψ2 = ∓2κŝ2τ−1
0 Dẑψ0 − n0 ·

l̂

2
P̂ψ0 − n0 · L̂P̂ψ0, on ∂NeuWα0 .

We use the Fredholm condition by taking the scalar product of the r.h.s. of (13.1.12)

with uPoα0,η0
with respect to (t̂, ẑ). Integrating by parts and using the Green-Riemann

formula (the boundary terms cancel), this provides the equation:

Hharmf0 = (µ2 − ω0)f0,

with:

Hharm =
∂2ηµ

Po
1 (α0,η0)

2
D2
ŝ + 2κτ−1

0 ‖Dẑu
Po
η0
‖2ŝ2

and:

(13.1.13)

ω0 = 〈2(η0−t̂)r̂1uPoη0 , uPoη0 〉L2(Sα)−µPo
1 (α0, η0)

∫

Sα

l̂

2
(uPoη0 )

2+

∫

Sα

l̂

2
P̂ uPoη0 P̂ u

Po
η0
+

∫

Sα

L̂P̂ uPoη0 P̂ u
Po
η0
.

Up to a scaling, the 1D-operator Hharm is the harmonic oscillator on the line (we have

used that Conjecture 3.16 is true). Its spectrum is given by:

{
(2n− 1)

√
κτ−1

0 ‖Dẑuη0‖2∂2ηµPo
1 (α0, η0), n ≥ 1

}
.

Therefore for µ2 we take:

(13.1.14) µ2 = ω0 + (2n− 1)
√
κτ−1

0 ‖DẑuPoη0 ‖2∂2ηµPo
1 (α0, η0)

with n ∈ N
∗ and for f0 the corresponding normalized eigenfunction. With this choice we

deduce the existence of ψ⊥
2 such that:

(13.1.15) (L0 − µ0)ψ
⊥
2 = µ2ψ0 − ∂2ηµ

Po
1 (α0,η0)

2
D2
ŝψ0 − 2κτ−1

0 ŝ2D2
ẑψ0, and 〈ψ⊥

2 , u
Po
η0
〉t̂,ẑ = 0.

We can write ψ2 in the form:

ψ2 = ψ⊥
2 + vPoη0Dŝf1 +D2

ŝf0
wPo
η0

2
+ f2(ŝ)u

Po
η0
,

where f2 has to be determined in a next step.

The construction can be continued (exercise).
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2. Agmon estimates

Thanks to a standard partition of unity, we can establish the following estimate for

the eigenvalues.

Proposition 13.1. There exist C and h0 > 0 such that, for h ∈ (0, h0) :

λn(h) ≥ ν(α0)h− Ch5/4.

From Proposition 13.1, we infer a localization near E.

Proposition 13.2. There exist ε0 > 0, h0 > 0 and C > 0 such that for all h ∈ (0, h0):∫
e2ε0h

−1/2d(x,E)|ψ|2 dx ≤ C‖ψ‖2,

Qh(e
ε0h−1/2d(x,E)ψ) ≤ Ch‖ψ‖2.

As a consequence, we get:

Proposition 13.3. For all n ≥ 1, there exists h0 > 0 such that for h ∈ (0, h0), we

have:

λn(h) = ν(α0, η0)h+O(h3/2).

Proof. We have:

Q̌h(ψ̌) = 〈Ǧ−1∇̌hψ̌, ∇̌hψ̌〉L2( dš dť dž).
With the Taylor expansion of Ǧ−1 and |Ǧ| and the estimates of Agmon with respect to

ť and ž, we infer:

Q̌h(ψ̌) ≥ Qflat
h (ψ̌)− Ch3/2‖ψ̌‖2.

where:

Q̌flat
h (ψ̌) = ‖hDťψ̌‖2 + ‖hτ0τ(š)−1Džψ̌‖2 + ‖(hDš + η0h

1/2 − ť)ψ̌‖2.
Moreover, we have:

Q̌flat
h (ψ̌) ≥ ‖hDťψ̌‖2 + ‖hDžψ̌‖2 + ‖(hDš + η0h

1/2 − ť)ψ̌‖2 ≥ ν(α0, η0)h.

�

A rough localization estimate is given by the following proposition.

Proposition 13.4. There exist ε0 > 0, h0 > 0 and C > 0 such that for all h ∈ (0, h0):∫
eχ(x)h

−1/8|s(x)||ψ|2 dx ≤ C‖ψ‖2,

Qh(e
χ(x)h−1/8|s(x)|ψ) ≤ Ch‖ψ‖2,

where χ is a smooth cutoff function supported in a fixed neighborhood of E.
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We use a cutoff function χh(x) near x0 such that:

χh(x) = χ0(h
1/8−γ š(x))χ0(h

1/2−γ ť(x))χ0(h
1/2−γ ž(x)).

For all N ≥ 1, let us consider L2-normalized eigenpairs (λn(h), ψn,h)1≤n≤N such that

〈ψn,h, ψm,h〉 = 0 when n 6= m. We consider the N dimensional space defined by:

EN(h) = span
1≤n≤N

ψ̃n,h, where ψ̃n,h = χhψn,h.

Notation 13.5. We will denote by ψ̃(= χhψ) the elements of EN(h).

Let us state a proposition providing the localization of the eigenfunctions with respect

to Dš (the proof is left to the reader as an exercise).

Proposition 13.6. There exist h0 > 0 and C > 0 such that, for h ∈ (0, h0) and

ψ̌ ∈ ĚN(h), we have:

‖Dšψ̌‖ ≤ Ch−1/4‖ψ̌‖.

3. Projection method

The result of Proposition 13.6 implies an approximation result for the eigenfunctions.

Let us recall the scaling defined in (13.1.1):

(13.3.1) š = h1/4ŝ, ť = h1/2t̂, ž = h1/2ẑ.

Notation 13.7. We will denote by ÊN(h) the set of the rescaled elements of ĚN(h).

The elements of ÊN(h) will be denoted by ψ̂. Moreover we will denote by L̂h the operator

h−1Ľh in the rescaled coordinates. The corresponding quadratic form will be denoted by

Q̂h.

Lemma 13.8. There exist h0 > 0 and C > 0 such that, for h ∈ (0, h0) and ψ̂ ∈ ÊN(h),

we have:

‖ψ̂ − Π0ψ̂‖+ ‖Dt̂(ψ̂ − Π0ψ̂)‖+ ‖Dẑ(ψ̂ − Π0ψ̂)‖ ≤ Ch1/8‖ψ̂‖
(13.3.2)

‖ŝ(ψ̂ − Π0ψ̂)‖+ ‖ŝDt̂(ψ̂ − Π0ψ̂)‖+ ‖ŝDẑ(ψ̂ − Π0ψ̂)‖ ≤ Ch1/8−γ(‖ψ̂‖+ (‖ŝψ̂‖),
(13.3.3)

where Π0 is the projection on uη0:

Π0ψ̂ = 〈ψ̂, uPoη0 〉t̂,ẑuPoη0 .
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This approximation result allows us to catch the behavior of the eigenfunction with

respect to š. In fact, this is the core of the dimension reduction process of the next

proposition. Indeed ŝ2D2
ẑ is not an elliptic operator, but, once projected on uη0 , it

becomes elliptic.

Proposition 13.9. There exist h0 > 0 and C > 0 such that, for h ∈ (0, h0) and

ψ̌ ∈ ĚN(h), we have:

‖šψ̌‖ ≤ Ch1/4‖ψ̌‖.

Proof. It is equivalent to prove that:

‖ŝψ̂‖ ≤ C‖ψ̂‖.
The proof of Proposition 13.3 provides the inequality:

‖Dt̂ψ̂‖2 + ‖τ0τ(h1/4ŝ)−1Dẑψ̂‖2 + ‖(h1/4Dŝ + η0 − t̂)ψ̂‖2 ≤ (ν(η0) + Ch1/2)‖ψ̂‖2.
From the non-degeneracy of the maximum of α, we deduce the existence of c > 0 such

that:

‖τ0τ(h1/4ŝ)−1Dẑψ̂‖2 ≥ ‖Dẑψ̂‖2 + ch1/2‖ŝDẑψ̂‖2

so that we have:

ch1/2‖ŝDẑψ̂‖2 ≤ Ch1/2‖ψ̂‖2

and:

‖ŝDẑψ̂‖ ≤ C̃‖ψ̂‖.
It remains to use Lemma 13.8 and especially (13.3.3). In particular, we have:

‖ŝDẑ(ψ̂ − Π0ψ̂)‖ ≤ Ch1/8−γ(‖ψ̂‖+ (‖ŝψ̂‖).
We infer:

‖ŝDẑΠ0ψ̂‖ ≤ C̃‖ψ̂‖+ Ch1/8−γ(‖ψ̂‖+ (‖ŝψ̂‖).
Let us write

Π0ψ̂ = fh(ŝ)u
Po
η0
(t̂, ẑ).

We have:

‖ŝDẑΠ0ψ̂‖ = ‖Dẑu
Po
η0
‖‖ŝfh‖L2(dŝ) = ‖Dẑu

Po
η0
‖‖ŝfhuPoη0 ‖ = ‖Dẑu

Po
η0
‖‖ŝΠ0ψ̂‖.

We use again Lemma 13.8 to get:

‖ŝDẑΠ0ψ̂‖ = ‖Dẑuη0‖‖ŝψ̂‖+O(h1/8−γ)(‖ψ̂‖+ ‖ŝψ̂‖).
We deduce:

‖Dẑu
Po
η0
‖‖ŝψ̂‖ ≤ C̃‖ψ̂‖+ 2Ch1/8−γ(‖ψ̂‖+ (‖ŝψ̂‖)

and the conclusion follows. �
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Proposition 13.10. There exists h0 > 0 such that for h ∈ (0, h0) and ψ̂ ∈ ÊN(h),

we have:

Q̂h(ψ̂) ≥‖Dt̂ψ̂‖2 + ‖Dẑψ̂‖2 + ‖(h1/4Dŝ − t̂+ η0)ψ̂‖2 + h1/2τ−1
0 κ‖Dẑu

Po
η0
‖2ŝ2 + C̃0h

1/2‖ψ̂‖2

+ o(h1/2)‖ψ̂‖2,
with:

(13.3.4) C̃0 = 〈(2(η0− t̂)r̂1uPoη0 , uPoη0 〉L2( dt̂ dẑ)+
∫

l̂

2
P̂ uPoη0 P̂ u

Po
η0
dt̂ dẑ+

∫
L̂P̂ uPoη0 P̂ u

Po
η0
dt̂ dẑ,

where P̂ , l̂, L̂ and r̂j are homogeneous polynomials defined in (13.1.5), (13.1.7), (13.1.7)

and (13.1.9).

Let us introduce the operator:

(13.3.5) D2
t̂ +D2

ẑ + (h1/4Dŝ − t̂+ η0)
2 + h1/2τ−1

0 κ‖Dẑu
Po
η0
‖2ŝ2 + C0h

1/2.

After Fourier transform with respect to ŝ, the operator (13.3.5) becomes:

(13.3.6) D2
t̂ +D2

ẑ + (h1/4ξ − t̂+ η0)
2 + h1/2τ−1

0 κ‖Dẑu
Po
η0
‖2D2

ξ + C0h
1/2.

Exercise. Use the Born-Oppenheimer approximation to estimate the lowest eigenvalues

of this last operator and deduce Theorem 3.23.



CHAPTER 14

Magnetic Birkhoff normal form and low lying spectrum

Μηδείς ἀγεωμέτρητος εἰσίτω μου τὴν στέγην.

This chapter is devoted to the proofs of Theorems 3.30 and 3.29 announced in Chapter

14, Section 4.

1. Magnetic Birkhoff normal form

In this section we prove Theorem 3.30.

1.1. Symplectic normal bundle of Σ. We introduce the submanifold of all par-

ticles at rest (q̇ = 0):

Σ := H−1(0) = {(q, p); p = A(q)}.

Since it is a graph, it is an embedded submanifold of R4, parameterized by q ∈ R
2.

Lemma 14.1. Σ is a symplectic submanifold of R4. In fact,

j∗ω↾ictionΣ = dA ≃ B,

where j : R2 → Σ is the embedding j(q) = (q, A(q)).

Proof. We compute j∗ω = j∗(dp1∧dq1+dp2∧dq2) = (−∂A1

∂q2
+ ∂A2

∂q1
)dq1∧dq2 6= 0. �

Since we are interested in the low energy regime, we wish to describe a small neigh-

borhood of Σ in R
4, which amounts to understanding the normal symplectic bundle of Σ.

For any q ∈ Ω, we denote by TqA : R2 → R
2 the tangent map of A. Then of course the

vectors (Q, TqA(Q)), with Q ∈ TqΩ = R
2, span the tangent space Tj(q)Σ. It is interesting

to notice that the symplectic orthogonal Tj(q)Σ
⊥ is very easy to describe as well.

Lemma 14.2. For any q ∈ Ω, the vectors

u1 :=
1√
|B|

(e1, tTqA(e1)); v1 :=

√
|B|
B

(e2, tTqA(e2))

form a symplectic basis of Tj(q)Σ
⊥.

183



184 14. MAGNETIC BIRKHOFF NORMAL FORM AND LOW LYING SPECTRUM

Proof. Let (Q1, P1) ∈ Tj(q)Σ and (Q2, P2) with P2 = tTqA(Q2). Then from (3.4.4)

we get

ω((Q1, P1), (Q2, P2)) = 〈TqA(Q1), Q2〉 − 〈tTqA(Q2), Q1〉
= 0.

This shows that u1 and v1 belong to Tj(q)Σ
⊥. Finally

ω(u1, v1) =
1

B
(〈tTqA(e1), e2〉 − 〈tTqA(e2), e1〉)

=
1

B
〈e1, (TqA− tTqA)(e2)〉

=
1

B
〈e1, ~B ∧ e2〉 = −B

B
〈e1, e1〉 = −1.

�

Thanks to this lemma, we are able to give a simple formula for the transversal Hessian

of H, which governs the linearized (fast) motion:

Lemma 14.3. The transversal Hessian of H, as a quadratic form on Tj(q)Σ
⊥, is given

by

∀q ∈ Ω, ∀(Q,P ) ∈ Tj(q)Σ
⊥, d2qH((Q,P )2) = 2‖Q ∧ ~B‖2.

Proof. Let (q, p) = j(q). From (3.4.2) we get

dH = 2〈p− A, dp− TqA ◦ dq〉.

Thus

d2H((Q,P )2) = 2‖(dp− TqA ◦ dq)(Q,P )‖2 + 〈p− A,M((Q,P )2)〉,
and it is not necessary to compute the quadratic form M , since p− A = 0. We obtain

d2H((Q,P )2) = 2‖P − TqA(Q)‖2

= 2‖(tTqA− TqA)(Q)‖2 = 2‖Q ∧ ~B‖2.

�

We may express this Hessian in the symplectic basis (u1, v1) given by Lemma 14.2:

(14.1.1) d2H↾Tj(q)Σ
⊥ =

(
2 |B| 0

0 2 |B|

)
.

Indeed, ‖e1 ∧ ~B‖2 = B2, and the off-diagonal term is 1
B
〈e1 ∧ ~B, e2 ∧ ~B〉 = 0.
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1.2. Proof of Theorem 3.30. We use the notation of the previous section. We

endow Cz1 × R
2
z2

with canonical variables z1 = x1 + iξ1, z2 = (x2, ξ2), and symplectic

form ω0 := dξ1 ∧ dx1 + dξ2 ∧ dx2. By Darboux’s theorem, there exists a diffeomorphism

g : Ω → g(Ω) ⊂ R
2
z2

such that g(q0) = 0 and

g∗(dξ2 ∧ dx2) = j∗ω.

(We identify g with ϕ in the statement of the theorem.) In other words, the new em-

bedding ̃ := j ◦ g−1 : R2 → Σ is symplectic. In fact we can give an explicit choice for g

by introducing the global change of variables:

x2 = q1, ξ2 =

∫ q2

0

B(q1, s) ds.

Consider the following map Φ̃ (where we identify Ω and g(Ω)):

C× Ω
Φ̃−→ NΣ(14.1.2)

(x1 + iξ1, z2) 7→ x1u1(z2) + ξ1v1(z2),(14.1.3)

where u1(z2) and v1(z2) are the vectors defined in Lemma 14.2 with q = g−1(z2). This is

an isomorphism between the normal symplectic bundle of {0} × Ω and NΣ, the normal

symplectic bundle of Σ: indeed, Lemma 14.2 says that for fixed z2, the map z1 7→ Φ̃(z1, z2)

is a linear symplectic map. This implies, by a general result of Weinstein [160], that

there exists a symplectomorphism Φ from a neighborhood of {0}×Ω to a neighborhood

of ̃(Ω) ⊂ Σ whose differential at {0} ×Ω is equal to Φ̃. Let us recall how to prove this.

First, we may identify Φ̃ with a map into R
4 by

Φ̃(z1, z2) = ̃(z2) + x1u1(z2) + ξ1v1(z2).

Its Jacobian at z1 = 0 in the canonical basis of Tz1C × Tz2Ω = R
4 is a matrix with

column vectors [u1, v1, Tz2 ̃(e1), Tz2 ̃(e2)], which by Lemma 14.2 is a basis of R4: thus

Φ̃ is a local diffeomorphism at every (0, z2). Therefore if ǫ > 0 is small enough, Φ̃ is a

diffeomorphism of B(ǫ)× Ω into its image.

(B(ǫ) ⊂ C is the open ball of radius ǫ).

Since ̃ is symplectic, Lemma 14.2 implies that the basis [u1, v1, Tz2 ̃(e1), Tz2 ̃(e2)] is

symplectic in R
4; thus the Jacobian of Φ̃ on {0} × Ω is symplectic. This in turn can be

expressed by saying that the 2-form

ω0 − Φ̃∗ω0

vanishes on {0} × Ω.
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Lemma 14.4. Let us consider ω0 and ω1 two 2-forms on R
4 which are closed and non

degenerate. Let us assume that ω1 = ω0 on {0} × Ω where Ω is a bounded open set. In

a neighborhood of {0} × Ω there exists a change of coordinates ψ1 such that:

ψ∗
1ω1 = ω0 and ψ1 = Id+O(|z1|2).

Proof. The proof of this relative Darboux lemma is standard but we recall it for

completeness (see [124, p. 92]).

Let us begin to recall how we can find a 1-form σ on R
2 such that in a neighborhood

of {0} × Ω:

τ := ω1 − ω0 = dσ and σ = O(|z1|2).
We introduce the family of diffeomorphisms (φt)0<t≤1 defined by:

φt(x1, x2, ξ1, ξ2) = (tx1, x2, tξ1, ξ2)

and we let:

φ0(x1, x2, ξ1, ξ2) = (0, x2, 0, ξ2).

We have:

(14.1.4) φ∗
0τ = 0 and φ∗

1τ = τ ;

Let us denote by Xt the vector field associated with φt:

Xt =
dφt
dt

(φ−1
t ) = (t−1x1, 0, t

−1ξ1, 0) = t−1x1e1 + t−1ξ1e3.

Let us compute the Lie derivative of τ along Xt:
d
dt
φ∗
t τ = φ∗

tLXtτ. From the Cartan

formula, we have: LXt = ι(Xt)dτ + d(ι(Xt)τ). Since τ is closed on R
4, we have dτ = 0.

Therefore it follows:

(14.1.5)
d

dt
φ∗
t τ = d(φ∗

t ι(Xt)τ).

We consider the 1-form

σt := φ∗
t ι(Xt)τ = x1τφt(x1,x2,ξ1,ξ2)(e1,∇φt(·)) + ξ1τφt(x1,x2,ξ1,ξ2)(e3,∇φt(·)) = O(|z1|2).

We see from (14.1.5) that the map t 7→ φ∗
t τ is smooth on [0, 1]. To conclude, let σ be

the 1-form defined on a neighborhood of {0}×Ω by σ =
∫ 1

0
σt dt; it follows from (14.1.4)

and (14.1.5) that:
d

dt
φ∗
t τ = dσt and τ = dσ.

Finally we use a standard deformation argument due to Moser. For t ∈ [0, 1], we let:

ωt = ω0 + t(ω1 − ω0). The 2-form ωt is closed and non degenerate (up to choosing a

neighborhood of ẑ1 = 0 small enough). We look for ψt such that:

ψ∗
tωt = ω0.
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For that purpose, let us determine a vector field Yt such that:

d

dt
ψt = Yt(ψt).

By using again the Cartan formula, we get:

0 =
d

dt
ψ∗
tωt = ψ∗

t

(
d

dt
ωt + ι(Yt)dωt + d(ι(Yt)ωt)

)
.

This becomes:

ω0 − ω1 = d(ι(Yt)ωt).

We are led to solve:

ι(Yt)ωt = −σ.
By non degeneracy of ωt, this determines Yt. Since Yt vanishes on {0} × Ω, there exists

a neighborhood of {0}×Ω small enough in the ẑ1-direction such that ψt exists until the

time t = 1 and satisfies ψ∗
tωt = ω0. Since σ = O(|z1|2), we get ψ1 = Id+O(|z1|2). �

Lemma 14.5. There exists a smooth and injective map S : B(ǫ) × Ω → B(ǫ) × Ω,

which is tangent to the identity along {0} × Ω, such that

S∗Φ̃∗ω = ω0.

Proof. It is sufficient to apply Lemma 14.4 to ω1 = Φ̃∗ω0. �

We let Φ := Φ̃◦S; this is the claimed symplectic map. We let (z1, z2) = Φ(ẑ1, ẑ2). Let

us now analyze how the HamiltonianH is transformed under Φ. The zero-set Σ = H−1(0)

is now {0}×Ω, and the symplectic orthogonal T̃(0,ẑ2)Σ
⊥ is canonically equal to C×{ẑ2}.

By (14.1.1), the matrix of the transversal Hessian of H ◦Φ in the canonical basis of C is

simply

(14.1.6) d2(H ◦ Φ)↾C×{ẑ2} = d2Φ(0,ẑ2)
H ◦ (dΦ)2 =

(
2 |B(g−1(ẑ2))| 0

0 2 |B(g−1(ẑ2))|

)
.

Therefore, by Taylor’s formula in the ẑ1 variable (locally uniformly with respect to the

ẑ2 variable seen as a parameter), we get

H ◦ Φ(ẑ1, ẑ2) = H ◦ Φ↾ẑ1=0 + dH ◦ Φ↾ẑ1=0(ẑ1) +
1

2
d2(H ◦ Φ)↾ẑ1=0(ẑ

2
1) +O(|ẑ1|3)

= 0 + 0 +
∣∣B(g−1(ẑ2))

∣∣ |ẑ1|2 +O(|ẑ1|3).

In order to obtain the result claimed in the theorem, it remains to apply a formal

Birkhoff normal form in the ẑ1 variable, to simplify the remainder O(ẑ31). This classical

normal form is a particular case of the semiclassical normal form that we prove below

(Proposition 14.7); therefore we simply refer to this proposition, and this finishes the
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proof of the theorem, where, for simplicity of notation, the variables (z1, z2) actually

refer to (ẑ1, ẑ2).

1.3. Semiclassical Birkhoff normal form. We follow the spirit of [30, 157].

In the coordinates x̂1, ξ̂1, x̂2, ξ̂2 (which are defined in a neighborhood of {0} × Ω), the

Hamiltonian takes the form:

(14.1.7) Ĥ(ẑ1, ẑ2) = H0 +O(|ẑ1|3), where H0 = B(g−1(ẑ2))|ẑ1|2.

Let us now consider the space of the formal power series in x̂1, ξ̂1, h with coefficients

smoothly depending on (x̂2, ξ̂2) : E = C∞
x̂2,ξ̂2

[x̂1, ξ̂1, h]. We endow E with the Moyal

product (compatible with the Weyl quantization) denoted by ⋆ and the commutator of

two series κ1 and κ2 is defined as:

[κ1, κ2] = κ1 ⋆ κ2 − κ2 ⋆ κ1.

Notation 14.6. The degree of x̂α1 ξ̂
β
1h

l is α + β + 2l. DN denotes the space of the

monomials of degree N . ON is the space of formal series with valuation at least N .

Proposition 14.7. Given γ ∈ O3, there exist formal power series τ, κ ∈ O3 such

that:

eih
−1adτ (H0 + γ) = H0 + κ,

with: [κ,H0] = 0.

Proof. Let N ≥ 1. Assume that we have, for N ≥ 1 and τN ∈ O3:

eih
−1adτN (H0 + γ) = H0 +K3 + · · ·+KN+1 +RN+2 +ON+3,

where Ki ∈ Di commutes with |ẑ1|2 and where RN+2 ∈ DN+2.

Let τ ′ ∈ DN+2. A computation provides:

eih
−1adτN+τ ′ (H0 + γ) = H0 +K3 + · · ·+KN+1 +KN+2 +ON+3,

with:

KN+2 = RN+2 +B(g−1(ẑ2))ih
−1adτ ′ |ẑ1|2 = RN+2 − B(g−1(ẑ2))ih

−1ad|ẑ1|2τ
′.

We can write:

RN+2 = KN+2 +B(g−1(ẑ2))ih
−1ad|ẑ1|2τ

′.

Since B(g−1(ẑ2)) 6= 0, we deduce the existence of τ ′ and KN+2 such that KN+2 commutes

with |ẑ1|2. Note that ih−1ad|ẑ1|2 = {|ẑ1|2, ·}. �
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1.4. Proof of Theorem 3.30. Since the formal series κ given by Proposition 14.7

commutes with H0, we can write it as a polynomial in |ẑ1|2:

κ =
∑

k≥0

∑

2l+m=k

hlcl,m(ẑ2)|ẑ1|2m.

This formal series can be reordered by using the monomials (|ẑ1|2)⋆m for the product law

⋆:

κ =
∑

k≥0

∑

2l+m=k

hlc⋆l,m(ẑ2)(|ẑ1|2)⋆m.

Thanks to the Borel lemma, there exists a smooth function with compact support

f ⋆(h, |ẑ1|2, ẑ2) such that the Taylor expansion with respect to (h, |ẑ1|2) of f ⋆(h, |ẑ1|2, ẑ2)
is given by κ and:

(14.1.8) σT,w (Opwh (f
⋆(h, I, z2))) = κ,

where σT,w means that we consider the formal Taylor series of the Weyl symbol with

respect to (h, ẑ1). The operator Opwh (f
⋆(h, I, z2)) has to be understood as the Weyl

quantization with respect to ẑ2 of an operator valued symbol. We can write it in the

form:

Opwh f
⋆(h, Ih, ẑ2) = IhOpwh f̃ ⋆(h, Ih, ẑ2)

so that, up to choosing the support of f ⋆ small enough, there exists η0 such that for

η ∈ (0, η0), we have, for all ψ ∈ C∞
0 (R2),

(14.1.9) |〈Opwh f ⋆(h, Ih, ẑ2)ψ, ψ〉| ≤ η‖I1/2
h ψ‖2.

Moreover we can also introduce a smooth symbol ah with compact support such

that σT,w(ah) = τ . Applying the Egorov theorem to the symplectomorphism Φ given in

Theorem 3.25 (see [162, Theorem 11.5], [121, Theorems 5.5.5 and 5.5.9] or [149]) and

using (14.1.7), we can find a microlocally unitary Fourier Integral Operator Vh such that:

V ∗
hLh,AVh = C0h+H0 + Opwh (rh), with H0 = Opwh (H

0)

so that σT,w (Opwh (rh)) = γ ∈ O3. In fact, one can choose Vh such that the subprincipal

symbol is preserved by conjugation (see for instance [94, Appendix A]), which implies

that C0 = 01. Thanks to the Egorov theorem eih
−1Opwh (ah)Opwh (rh)e

−ih−1Opwh (ah) is a pseudo-

differential operator. Moreover by Proposition 14.7 the formal Taylor series of its symbol

is κ (see for instance [30, Lemma 3.7]). Therefore, recalling (14.1.8), we have found a

microlocally unitary Fourier Integral Operator Uh such that:

(14.1.10) U∗
hLh,AUh = H0 + Opwh (f

⋆(h, I, z2)) +Rh,

1We give another proof of this fact in Remark 14.8 below.
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where Rh is a pseudo-differential operator such that σT,w(Rh) = 0. It remains to prove

the division property expressed in the last statement of item (4) of Theorem 3.30. By the

Morse Lemma, there exists in a fixed neighborhood of z1 = 0 in R
4 a (non symplectic)

change of coordinates z̃1 such that d0 = c(z2) |z̃1|2. It is enough to prove the result in this

microlocal neighborhood. Now, for any N ≥ 1, we proceed by induction. We assume

that we can write Rh in the form:

Rh = Opwh
(
s0 + hs1 + · · ·+ hksk

)
DN
h +O(hk+1),

with symbols sj which vanish at infinite order with respect to ẑ1. We look for sk+1 such

that:

Rh = Opwh
(
s0 + hs1 + · · ·+ hksk + hk+1sk+1

)
DN
h +O(hk+2)R̃h,k.

We are reduced to find sk+1 such that:

r̃0,k = dN0 sk+1.

Since r̃0,k vanishes at any order at zero we can find a smooth function φk such that:

r̃0,k = |z̃1|2Nφ.

We have sk+1(z̃1, z2) =
φk(z̃1,z2)
c(z2)N

.

This ends the proof of Theorem 3.30.

Remark 14.8. It is well known that (see [85, Theorem 1.1]), when B > 0, the

smallest eigenvalue λ1(h) of Hh,A has the following asymptotics

λ1(h) ∼ hmin
q∈R2

B(q).

We will see in Section 2.1 that the corresponding eigenfunctions are microlocalized on Σ

at the minima of B. Therefore the normal form would imply, by a variational argument,

that

(14.1.11) λ1(h) ≥ C0h+ µ1(h) + o(h),

where µ1(h) is the smallest eigenvalue of Nh := H0 + Opwh (f
⋆(h, I, z2)). Similarly, we

will see in 2.2 that the lowest eigenfunctions of Nh are also microlocalized in ẑ1 and ẑ2,

and therefore

λ1(h) ∼ C0h+ µ1(h).

By G̊arding’s inequality and point (5) of Theorem 3.30, µ1(h) ∼ hminB. Comparing

with (14.1.11), we see that C0 = 0.
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2. Spectral theory

This section is devoted to the proof of Theorem 3.29. The main idea is to use the

eigenfunctions of Lh,A and Nh as test functions in the pseudo-differential identity (3.4.9)

given in Theorem 3.30 and to apply the variational characterization of the eigenvalues

given by the min-max principle. In order to control the remainders we shall prove

the microlocalization of the eigenfunctions of Lh,A and Nh thanks to the confinement

assumption (3.4.8).

2.1. Localization and microlocalization of the eigenfunctions of Lh,A. The

space localization of the eigenfunctions of Lh,A, which is the quantum analog of Theorem

3.26, is a consequence of the so-called Agmon estimates.

Proposition 14.9. Let us assume (3.4.8). Let us fix 0 < C1 < C̃1 and α ∈ (0, 1
2
).

There exist C, h0, ε0 > 0 such that for all 0 < h ≤ h0 and for all eigenpair (λ, ψ) of Lh,A
such that λ ≤ C1h, we have:

∫
|eχ(q)h−α|q|ψ|2 dq ≤ C‖ψ‖2,

where χ is zero for |q| ≤ M0 and 1 for |q| ≥ M0 + ε0. Moreover, we also have the

weighted H1 estimate:
∫

|eχ(q)h−α|q|(−ih∇+A)ψ|2 dq ≤ Ch‖ψ‖2.

Remark 14.10. This estimate is interesting when |x| ≥ M0 + ε0. In this region,

we deduce by standard elliptic estimates that ψ = O(h∞) in suitable norms (see for

instance [75, Proposition 3.3.4] or more recently [143, Proposition 2.6]). Therefore, the

eigenfunctions are localized in space in the ball of center (0, 0) and radius M0 + ε0.

We shall now prove the microlocalization of the eigenfunctions near the zero set of

the magnetic Hamiltonian Σ.

Proposition 14.11. Let us assume (3.4.8). Let us fix 0 < C1 < C̃1 and consider

δ ∈
(
0, 1

2

)
. Let (λ, ψ) be an eigenpair of Lh,A with λ ≤ C1h. Then, we have:

ψ = χ1

(
h−2δLh,A

)
χ0(q)ψ +O(h∞),

where χ0 is smooth cutoff function supported in a compact set in the ball of center (0, 0)

and radius M0 + ε0 and where χ1 a smooth cutoff function being 1 near 0.

Proof. In view of Proposition 14.9, it is enough to prove that

(14.2.1)
(
1− χ1

(
h−2δLh,A

))
(χ0(q)ψ) = O(h∞).
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By the space localization, we have:

Lh,A(χ0(q)ψ) = λχ0(q)ψ +O(h∞).

Then, we get:
(
1− χ1

(
h−2δLh,A

))
Lh,A(χ0(q)ψ) = λ

(
1− χ1

(
h−2δLh,A

))
(χ0(x)ψ) +O(h∞).

This implies:

h2δ‖
(
1− χ1

(
h−2δLh,A

))
(χ0(q)ψ)‖2 ≤ qhA

((
1− χ1

(
h−2δLh,A

))
Lh,A(χ0(q)ψ)

)

≤ C1h‖
(
1− χ1

(
h−2δLh,A

))
(χ0(q)ψ)‖2 +O(h∞)‖ψ‖2.

Since δ ∈
(
0, 1

2

)
, we deduce (14.2.1). �

2.2. Microlocalization of the eigenfunctions of Nh. The next two propositions

state the microlocalization of the eigenfunctions of the normal form Nh.

Proposition 14.12. Let us consider the pseudo-differential operator:

Nh = H0
h + Opwh f

⋆(h, Ih, ẑ2).

We assume the confinement assumption (3.4.8). We can consider M̃0 > 0 such that

B ◦ ϕ−1(ẑ2) ≥ C̃1 for |ẑ2| ≥ M̃0. Let us consider C1 < C̃1 and an eigenpair (λ, ψ) of Nh

such that λ ≤ C1h. Then, for all ε0 > 0 and for all smooth cutoff function χ supported

in |ẑ2| ≥ M̃0 + ε0, we have:

Opwh (χ(ẑ2))ψ = O(h∞).

Proof. We notice that:

NhOp
w
h (χ(ẑ2))ψ = λOpwh (χ(ẑ2))ψ + hRhψ,

where the symbol of Rh is supported in compact slightly smaller than the support of χ.

We may consider a cutoff function χ which is 1 on a small neighborhood of this support.

We get:

〈NhOp
w
h (χ(ẑ2))ψ,Op

w
h (χ(ẑ2))ψ〉 ≤ λ‖Opwh (χ(ẑ2))ψ‖2+Ch‖Opwh

(
χ(ẑ2)

)
ψ‖‖Opwh (χ(ẑ2))ψ‖

Thanks to the G̊arding inequality, we have:

〈H0
hOp

w
h (χ(ẑ2))ψ,Op

w
h (χ(ẑ2))ψ〉 ≥(C̃1 − Ch)‖Opwh (χ(ẑ2)) I1/2

h ψ‖2

≥(C̃1 − Ch)h‖Opwh (χ(ẑ2))ψ‖2.
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We can consider Opwh f
⋆(h, Ih, ẑ2) as a perturbation of H0

h (see (14.1.9)). Since C1 < C̃1

we infer that:

‖Opwh (χ(ẑ2))ψ‖ ≤ Ch‖Opwh
(
χ(ẑ2)

)
ψ‖.

Then a standard iteration argument provides Opwh (χ(ẑ2))ψ = O(h∞). �

Proposition 14.13. Keeping the assumptions and the notation of Proposition 14.12,

we consider δ ∈
(
0, 1

2

)
and an eigenpair (λ, ψ) of Nh with λ ≤ C1h. Then, we have:

ψ = χ1

(
h−2δIh

)
Opwh (χ0(ẑ2))ψ +O(h∞),

for all smooth cutoff function χ1 supported in a neighborhood of zero and all smooth

cutoff function χ0 being 1 near zero and supported in the ball of center 0 and radius

M̃0 + ε0.

Proof. The proof follows the same lines as for Proposition 14.12 and Proposition

14.11. �

2.2.1. Proof of Theorem 3.29. As we proved in the last section, each eigenfunction of

Lh,A or Nh is microlocalized. Nevertheless we do not know yet if all the functions in the

range of the spectral projection below C1h are microlocalized. This depends on the rank

of the spectral projection. The next two lemmas imply that this rank does not increase

more than polynomially in h−1 (so that the functions lying in the range of the spectral

projection are microlocalized). We will denote by N(M, λ) the number of eigenvalues

of M less than or equal to λ.

Lemma 14.14. There exists C > 0 such that for all h > 0, we have:

N(Lh,A, C1h) ≤ Ch−1.

Proof. We notice that:

N(Lh,A, C1h) = N(H1,h−1A, C1h
−1)

and that, for all ε ∈ (0, 1):

q1,h−1A(ψ) ≥ (1− ε)q1,h−1A(ψ) + ε

∫

R2

B(x)

h
|ψ|2 dx

so that we infer:

N(Lh,A, C1h) ≤ N(H1,h−1A + ε(1− ε)−1h−1B, (1− ε)−1C1h
−1).

Then, the diamagnetic inequality 2 jointly with a Lieb-Thirring estimate (see the original

paper [112]) provides for all γ > 0 the existence of Lγ,2 > 0 such that for all h > 0 and

2See [35, Theorem 1.13] and the link with the control of the resolvent kernel in [102, 152].



194 14. MAGNETIC BIRKHOFF NORMAL FORM AND LOW LYING SPECTRUM

λ > 0:

N(H1,h−1A+ε(1−ε)−1h−1B,λ)∑

j=1

∣∣∣λ̃j(h)− λ
∣∣∣
γ

≤ Lγ,2

∫

R2

(ε(1− ε)−1h−1B(x)− λ)1+γ− dx.

We apply this inequality with λ = (1 + η)(1− ε)−1C1h
−1, for some η > 0. This implies

that:
Nǫ,h,η∑

j=1

∣∣∣λ̃j(h)− λ
∣∣∣
γ

≤ Lγ,2

∫

B(x)≤(1+η)C1/ǫ

(λ− ε(1− ε)−1h−1B(x))1+γ dx

with Nǫ,h,η := N(H1,h−1A + ε(1− ε)−1h−1B, (1− ε)−1C1h
−1), so that:

(η(1−ε)−1C1h
−1)γNǫ,h,η ≤ Lγ,2(h(1−ε))−1−γ

∫

B(x)≤ (1+η)C1
ε

((1+η)C1−εB(x))1+γ dx.

For η small enough and ε is close to 1, we have (1 + η)ε−1C1 < C̃1 so that the integral

is finite, which gives the required estimate. �

Lemma 14.15. There exists C > 0 and h0 > 0 such that for all h ∈ (0, h0), we have:

N(Nh, C1h) ≤ Ch−1.

Proof. Let ǫ ∈ (0, 1). By point (5) of Theorem 3.30, it is enough to prove that

N(H0
h,

C1h
1−ǫ ) ≤ Ch−1. The eigenvalues and eigenfunctions of H0

h can be found by sep-

aration of variables: H0
h = Ih ⊗ Opwh (B ◦ ϕ−1), where Ih acts on L2(Rx1) and B̂h :=

Opwh (B ◦ ϕ−1) acts on L2(Rx2). Thus,

N(H0
h, hC1,ǫ) = #{(n,m) ∈ (N∗)2; (2n− 1)hγm(h) ≤ hC1,ǫ},

where C1,ǫ :=
C1

1−ǫ , and γ1(h) ≤ γ2(h) ≤ · · · are the eigenvalues of B̂h. A simple estimate

gives

N(H0
h, C1,ǫ) ≤

(
1 +

⌊
1

2
+

C1,ǫ

2γ1(h)

⌋)
·#{m ∈ N

∗; γm(h) ≤ C1,ǫ}.

If ǫ is small enough, C1,ǫ < C̃1, and then Weyl asymptotics (see for instance [44, Chapter

9]) for B̂h gives

N(B̂h, C1,ǫ) ∼
1

2πh
vol{B ◦ ϕ−1 ≤ C1,ǫ},

and G̊arding’s inequality implies γ1(h) ≥ min
q∈R2

B −O(h), which finishes the proof. �

Remark 14.16. With additional hypotheses on the magnetic field, it has been proved

that the O(h−1) estimate is in fact optimal: see for instance [32] and [156, Remark 1].

Actually, it would likely follow from Theorem 3.29 and Theorem 3.30 that these Weyl

asymptotics hold in general under the confinement assumption.
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Let us now consider λ1(h), · · · , λN(Lh,A,C1h)(h) the eigenvalues of Lh,A below C1h. We

can consider corresponding normalized eigenfunctions ψj such that : 〈ψj, ψk〉 = δkj. We

introduce the N -dimensional space:

V = χ1

(
h−2δLh,A

)
χ0(q) span

1≤j≤N
ψj.

Let us bound from above the quadratic form of Nh denoted by Qh. For ψ ∈ span
1≤j≤N

ψj,

we let:

ψ̃ = χ1

(
h−2δLh,A

)
χ0(q)ψ

and we can write:

Qh(U
∗
hψ̃) = 〈UhNhU

∗
hψ̃, ψ̃〉 = 〈UhU∗

hLh,AUhU∗
hψ̃, ψ̃〉 − 〈UhRhU

∗
hψ̃, ψ̃〉.

Since Uh is microlocally unitary, the elementary properties of the pseudo-differential

calculus yield:

〈UhNhU
∗
hψ̃, ψ̃〉 = 〈Lh,Aψ̃, ψ̃〉 − 〈UhRhU

∗
hψ̃, ψ̃〉+O(h∞)‖ψ̃‖2.

Then, thanks to Proposition 14.11 and Lemma 14.14 we may replace ψ̃ by ψ up to a

remainder of order O(h∞)‖ψ̃‖:

〈UhNhU
∗
hψ̃, ψ̃〉 = 〈Lh,Aψ, ψ〉 − 〈UhRhU

∗
hψ̃, ψ̃〉+O(h∞)‖ψ̃‖2

so that:

〈UhNhU
∗
hψ̃, ψ̃〉 ≤ λN(h)‖ψ‖2 + |〈UhRhU

∗
hψ̃, ψ̃〉|+O(h∞)‖ψ̃‖2

and:

〈UhNhU
∗
hψ̃, ψ̃〉 ≤ λN(h)‖U∗

hψ̃‖2 + |〈UhRhU
∗
hψ̃, ψ̃〉|+O(h∞)‖U∗

hψ̃‖2.
Let us now estimate the remainder term UhRhU

∗
hψ̃. We have:

UhRhU
∗
hψ̃ = UhRhU

∗
hχ1

(
h−2δLh,A

)
ψ̃ = UhRhU

∗
hχ1

(
h−2δLh,A

)
(U∗

h)
−1U∗

hψ̃+O(h
∞)‖U∗

hψ̃‖,

where χ1 has a support slightly bigger then the one of χ1. We notice that

U∗
hχ1

(
h−2δLh,A

)
(U∗

h)
−1 = χ1

(
h−2δU∗

hLh,A(U∗
h)

−1
)
.

Let us now apply (3.4.10) with Dh = U∗
hLh,A(U∗

h)
−1 to get:

Rh = Sh,M(U∗
hLh,A(U∗

h)
−1)M +KN +O(h∞)

so that:

‖UhRhU
∗
hχ1

(
h−2δLh,A

)
ψ̃‖ = O(h2Mδ)‖U∗

hψ̃‖2.
We infer that:

Qh(U
∗
hψ̃) ≤ λN(h)‖U∗

hψ̃‖2 +O(h2Mδ)‖U∗
hψ̃‖2.
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From the min-max principle, it follows that:

µN(h) ≤ λN(h) +O(h2Mδ).

The converse inequality follows from a similar proof, using Proposition 14.13 and Lemma 14.15.

This ends the proof of Theorem 3.29.



Part 4

Waveguides





CHAPTER 15

Magnetic effects in curved waveguides

Quand l’amoureux époux, près de faire surface,

Redoutant de la perdre, impatient de la voir,

Se retourne. Aussitôt retombée en arrière,

Lui tendant ses deux bras pour prendre et être prise,

La pauvre ne saisit que l’air qui se dérobe,

Et, mourant à nouveau sans un mot de reproche

(De quoi d’ailleurs, fors d’être aimée, se plaindrait-elle ?)

Dit un suprême adieu qu’il n’entend plus qu’à peine,

Puis retombe aux Enfers d’où elle était sortie.

Les Métamorphoses, Livre X, Ovide

In this chapter we prove Theorem 4.2 and we give the main steps in the proof of

Theorem 4.5 which is much more technically involved. In particular we show on this non

trivial example how to establish the norm resolvent convergence (see Lemma 4.8).

1. Two dimensional waveguides

1.1. Proof of Theorem 4.2. Let us consider δ ≤ 1 and K ≥ 2 sup κ2

4
.

A first approximation. We let:

L[2]
ε,δ = L[2]

ε,ε−δAε
− ε−2λDir

1 (ω) +K

and

Lapp,[2]
ε,δ = (i∂s + ε1−δB(s, 0)τ)2 − κ2

4
− ε−2∂2τ − ε−2λDir

1 (ω) +K.

The corresponding quadratic forms, defined on H1
0(Ω), are denoted by Q[2]

ε,δ and Qapp,[2]
ε,δ

whereas the sesquilinear forms are denoted by B[2]
ε,δ and Bapp,[2]

ε,δ . We can notice that:

∣∣∣∣Vε(s, τ)−
(
−κ(s)

2

4

)∣∣∣∣ ≤ Cε

199
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so that the operators L[2]
ε,δ and Lapp,[2]

ε,δ are invertible for ε small enough. Moreover there

exists c > 0 such that for all ϕ ∈ H1
0(Ω):

Q[2]
ε,δ(ϕ) ≥ c‖ϕ‖2, Qapp,[2]

ε,δ (ϕ) ≥ c‖ϕ‖2.

Let φ, ψ ∈ H1
0(Ω). We have to analyse the difference of the sesquilinear forms:

B[2]
ε,δ(φ, ψ)− Bapp,[2]

ε,δ (φ, ψ).

We easily get:
∣∣∣∣〈Vεφ, ψ〉 − 〈−κ

2

4
φ, ψ〉

∣∣∣∣ ≤ Cε‖φ‖‖ψ‖ ≤ C̃ε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

We must investigate:

〈m2
ε(i∂s + bA1(s, ετ))mεφ, (i∂s + bA1(s, ετ))mεψ〉.

We notice that:

|∂smε| ≤ Cε, |mε − 1| ≤ Cε.

We have:

|〈m2
ε(i∂s + bA1(s, ετ))mεφ, (i∂s + bA1(s, ετ))(mε − 1)ψ〉|

≤ Cε‖mε(i∂s + bA1(s, ετ))mεφ‖(‖ψ‖+ ‖mε(i∂s + bA1(s, ετ))ψ‖)
≤ Cε(‖(i∂s + bA1(s, ετ))φ‖+ ‖φ‖)(‖ψ‖+ ‖mε(i∂s + bA1(s, ετ))ψ‖).

By the Taylor formula, we get (since δ ≤ 1):

(15.1.1) |A1(s, ετ)− εbB(s, 0)τ | ≤ Cbε2 ≤ Cε.

so that:

‖(i∂s + bA1(s, ετ))φ‖ ≤ ‖(i∂s + εbB(s, 0)τ)φ‖+ Cbε2‖φ‖.
We infer that:

|〈m2
ε(i∂s + bA1(s, ετ))mεφ, (i∂s + bA1(s, ετ))(mε − 1)ψ〉|

≤ Cε

(
‖φ‖‖ψ‖+ ‖φ‖

√
Q[2]
ε,δ(ψ) + ‖ψ‖

√
Qapp,[2]
ε,δ (φ) +

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ)

)

≤ C̃ε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

It remains to analyse:

〈m2
ε(i∂s + bA1(s, ετ))mεφ, (i∂s + bA1(s, ετ))ψ〉.
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With the same kind of arguments, we deduce:

|〈m2
ε(i∂s+bA1(s, ετ))mεφ, (i∂s+bA1(s, ετ))ψ〉−〈(i∂s+bA1(s, ετ))φ, (i∂s+bA1(s, ετ))ψ〉|

≤ C̃ε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

We again use (15.1.1) to infer:

〈(i∂s + bA1(s, ετ))φ, (i∂s + bA1(s, ετ))ψ〉 − 〈(i∂s + bA1(s, ετ))φ, (i∂s + bεB(s, 0)τ)ψ〉|

≤ Cε‖(i∂s + bA1(s, ετ))φ‖‖ψ‖. ≤ C̃ε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

In the same way, we deduce:

〈(i∂s + bA1(s, ετ))φ, (i∂s + bA1(s, ετ))ψ〉 − 〈(i∂s + bεB(s, 0)τ)φ, (i∂s + bεB(s, 0)τ)ψ〉|

≤ C̃ε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

We get: ∣∣∣B[2]
ε,δ(φ, ψ)− Bapp,[2]

ε,δ (φ, ψ)
∣∣∣ ≤ Cε

√
Q[2]
ε,δ(ψ)

√
Qapp,[2]
ε,δ (φ).

By Lemma 4.8, we infer that:

(15.1.2)

∥∥∥∥
(
L[2]
ε,δ

)−1

−
(
Lapp,[2]
ε,δ

)−1
∥∥∥∥ ≤ C̃ε.

Case δ < 1. The same kind of arguments provides:
∣∣∣Bapp,[2]

ε,δ (φ, ψ)− Beff,[2]
ε,δ (φ, ψ)

∣∣∣ ≤ Cε1−δ
√

Qapp,[2]
ε,δ (ψ)

√
Qeff,[2]
ε,δ (φ)

By Lemma 4.8, we get that:
∥∥∥∥
(
Lapp,[2]
ε,δ

)−1

−
(
Leff,[2]
ε,δ

)−1
∥∥∥∥ ≤ C̃ε1−δ.

Case δ = 1. This case is slightly more complicated to analyse. We must estimate the

difference the sesquilinear forms:

Dε(φ, ψ) = Bapp,[2]
ε,1 (φ, ψ)− Beff,[2]

ε,1 (φ, ψ).

We have:

Dε(φ, ψ) = 〈i∂sφ,B(s, 0)τψ〉+〈B(s, 0)τφ, i∂sψ〉+〈B(s, 0)2τ 2φ, ψ〉−‖τJ1‖2ω〈B(s, 0)2φ, ψ〉.
We introduce the projection defined for ϕ ∈ H1

0(Ω):

Π0ϕ = 〈ϕ, J1〉ω J1
and we let, for all ϕ ∈ H1

0(Ω):

ϕ‖ = Π0ϕ, ϕ⊥ = (Id− Π0)ϕ.
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We can write:

Dε(φ, ψ) = Dε(φ
‖, ψ‖) +Dε(φ

‖, ψ⊥) +Dε(φ
⊥, ψ‖) +Dε(φ

⊥, ψ⊥).

By using that 〈τJ1, J1〉ω = 0, we get:

Dε(φ
‖, ψ‖) = 0.

Then we have:

(15.1.3) ‖τJ1‖2ω〈B(s, 0)2φ‖, ψ⊥〉 = 0, |〈B(s, 0)2τ 2φ‖, ψ⊥〉| ≤ C‖φ‖‖‖ψ⊥‖.

Thanks to the min-max principle, we deduce:

(15.1.4)

Qapp,[2]
ε,1 (ψ⊥) ≥ λDir

2 (ω)− λDir
1 (ω)

ε2
‖ψ⊥‖2, Qeff,[2]

ε,1 (φ⊥) ≥ λDir
2 (ω)− λDir

1 (ω)

ε2
‖φ⊥‖2.

Therefore we get:

|〈B(s, 0)2τ 2φ‖, ψ⊥〉| ≤ Cε‖φ‖
√
Qapp,[2]
ε,1 (ψ⊥).

We have:

Qapp,[2]
ε,1 (ψ) = Qapp,[2]

ε,1 (ψ‖) +Qapp,[2]
ε,1 (ψ⊥) + Bapp,[2]

ε,1 (ψ‖, ψ⊥) + Bapp,[2]
ε,1 (ψ⊥, ψ‖).

We can write:

Bapp,[2]
ε,1 (ψ‖, ψ⊥) = 〈(i∂s +B(s, 0)τ)ψ‖, (i∂s +B(s, 0)τ)ψ⊥〉.

We notice that:

(15.1.5) 〈(i∂s)ψ‖, (i∂s)ψ
⊥〉 = 0, |〈B(s, 0)τψ‖,B(s, 0)τψ⊥〉| ≤ C‖ψ‖‖‖ψ⊥‖ ≤ C‖ψ‖2.

Moreover we have:

|〈(i∂s)ψ‖,B(s, 0)τψ⊥〉| ≤ C‖(i∂sψ)‖‖‖ψ⊥‖ ≤ C‖i∂sψ‖‖ψ‖ ≤ C̃‖ψ‖2+C̃‖ψ‖
√
Qapp,[2]
ε,1 (ψ).

The term Bapp,[2]
ε,1 (ψ⊥, ψ‖) can be analysed in the same way so that:

Qapp,[2]
ε,1 (ψ⊥) ≤ Qapp,[2]

ε,1 (ψ) + C‖ψ‖2 + C‖ψ‖
√

Qapp,[2]
ε,1 (ψ) ≤ C̃(‖ψ‖2 +Qapp,[2]

ε,1 (ψ)).

We infer:

(15.1.6) |〈B(s, 0)2τ 2φ‖, ψ⊥〉| ≤ Cε‖φ‖
(
‖ψ‖+

√
Qapp,[2]
ε,1 (ψ)

)
.

We must now deal with the term

〈i∂sφ‖,B(s, 0)τψ⊥〉.

We have:

|〈i∂sφ‖,B(s, 0)τψ⊥〉| ≤ C‖i∂sφ‖‖ψ⊥‖
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and we easily deduce that:

(15.1.7) |〈i∂sφ‖,B(s, 0)τψ⊥〉| ≤ Cε

√
Qeff,[2]
ε,1 (φ)

(
‖ψ‖+

√
Qapp,[2]
ε,1 (ψ)

)
,

We also get the same kind of estimate by exchanging ψ and φ. Gathering (15.1.3),

(15.1.5), (15.1.6) and (15.1.7), we get the estimate:

|Dε(φ
‖, ψ⊥)| ≤ Cε

√
Qapp,[2]
ε,1 (ψ)

√
Qeff,[2]
ε,1 (φ).

By exchanging the roles of ψ and φ, we can also prove:

|Dε(φ
⊥, ψ‖)| ≤ Cε

√
Qapp,[2]
ε,1 (ψ)

√
Qeff,[2]
ε,1 (φ).

We must estimate Dε(φ
⊥, ψ⊥). With (15.1.4), we immediately deduce that:

|〈B(s, 0)2τ 2φ⊥, ψ⊥〉 − ‖τJ1‖2ω〈B(s, 0)2φ⊥, ψ⊥〉| ≤ Cε2‖φ‖‖ψ‖.

We find that:

|〈i∂sφ⊥,B(s, 0)τψ⊥〉| ≤ C‖ψ⊥‖‖i∂sφ‖
and this term can treated as the others. Finally we deduce the estimate:

|Dε(φ, ψ)| ≤ Cε

√
Qapp,[2]
ε,1 (ψ)

√
Qeff,[2]
ε,1 (φ).

We apply Lemma 4.8 and the estimate (15.1.2) to obtain Theorem 4.2.

1.2. Proof of Corollary 4.3. Let us expand the operator L[2]
ε,bAε

in formal power

series:

L[2]
ε,bAε

∼
∑

j=0

εj−2Lj,

where

L0 = −∂2τ , L1 = 0, L2 = (i∂s + τB(s, 0))2 − κ(s)2

4
.

We look for a quasimode in the form of a formal power series:

ψ ∼
∑

j≥0

εjψj

and a quasi-eigenvalue:

γ ∼
∑

j≥0

γjε
j−2.

We must solve:

(L0 − γ0)u0 = 0.

We choose γ0 =
π2

4
and we take:

ψ0(s, t) = f0(s)J1(τ),
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with J1(τ) = cos
(
πτ
2

)
. Then, we must solve:

(L0 − γ0)ψ1 = γ1ψ0.

We have γ1 = 0 and ψ1 = f1(s)J1(τ). Then, we solve:

(15.1.8) (L0 − γ0)ψ2 = γ2u0 − L2u0.

The Fredholm condition implies the equation:

−∂2sf +

((
1

3
+

2

π2

)
B(s, 0)2 − κ(s)2

4

)
f0 = T [2]f0 = γ2f0

and we take for γ2 = γ2,n = µn a negative eigenvalue of T [2] and for f0 a corresponding

normalized eigenfunction (which has an exponential decay).

This leads to the choice:

ψ2 = ψ⊥
2 (s, τ) + f2(s)J1(τ),

where ψ⊥
2 is the unique solution of (15.1.8) which satisfies 〈ψ⊥

2 , J1〉τ = 0.We can continue

the construction at any order where this formal series method is used in a semiclassical

context). We write (γj,n, ψj,n) instead of (γj, ψj) to emphasize the dependence on n

(determined in the choice of γ2). We let:

(15.1.9) ΨJ,n(ε) =
J∑

j=0

εjψj,n, and ΓJ,n(ε) =
J∑

j=0

ε−2+jγj,n.

A computation provides:

‖(L[2]
ε,bAε

− ΓJ,n(ε))ΨJ,n(ε)‖ ≤ CεJ+1.

The spectral theorem implies that:

dist(ΓJ,n(ε), σdis(L[2]
ε,bAε

)) ≤ CεJ+1.

It remains to use the spectral gap given by the approximation of the resolvent in Theo-

rem 4.2 and Corollary 4.3 follows.

2. Three dimensional waveguides

2.1. Preliminaries. We will adopt the following notation:

Notation 15.1. Given an open set U ⊂ R
d and a vector field F = F(y1, · · · , yd) :

U → R
d in dimension d = 2, 3, we will use in our computations the following notation:

curl F =




∂y1F2 − ∂y2F1 if d = 2,

(∂y2F3 − ∂y3F2, ∂y3F1 − ∂y1F3, ∂y1F2 − ∂y2F1) if d = 3.
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The reader is warned that, if (y1, · · · , yd) represent curvilinear coordinates, the outcome

will differ from the usual (invariant) definition of curl .

We recall the relations between A, B and A, B. This can be done in terms of

differential forms. Let us consider the 1-form:

ξA = A1 dx1 +A2 dx2 +A3 dx3.

We consider Φ the diffeomorphism defined in (4.1.5). The pull-back of ξA by Φ is given

by:

Φ∗ξA = A1 dt1 +A2 dt2 +A3 dt3.

where A = tDΦA(Φ) since we have x = Φ(t) and we can write:

(15.2.1) dxi =
3∑

j=1

∂jxi dtj.

We can compute the exterior derivatives:

dξA = B23 dx2 ∧ dx3 +B13 dx1 ∧ dx3 +B12 dx1 ∧ dx2

and

d(Φ∗ξA) = B23 dt2 ∧ dt3 + B13 dt1 ∧ dt3 + B12 dt1 ∧ dt2,

with B = curlA and B = curlA (see Notation 15.1). It remains to notice that the

pull-back and the exterior derivative commute to get:

Φ∗dξA = d(Φ∗ξA)

and, using again (15.2.1), it provides the relation:

B = tCom(DΦ)B = det(DΦ)(DΦ)−1B,

where tCom(DΦ) denotes the transpose of the comatrix of DΦ. Let us give an interpre-

tation of the components of B. A straightforward computation provides the following

expression for DΦ:

[hT (s)+h2(sin θM2−cos θM3)+h3(− cos θM2−sin θM3), cos θM2+sin θM3,− sin θM2+cos θM3]

so that detDΦ = h and

B23 = h(h2+h22+h
2
3)

−1/2B·T (s), B13 = −hB·(− cos θM2−sin θM3), B12 = hB·(− sin θM2+cos θM3).

Let us check that L
[3]
ε,bA (whose quadratic form is denoted byQ

[3]
ε,bA) is unitarily equivalent

to L
[3]
ε,bA given in (4.1.7). For that purpose we let:

G = tDΦDΦ
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and a computation provides:

G =



h2 + h22 + h23 −h3 −h2

−h3 1 0

−h2 0 1




and:

G−1 =



0 0 0

0 1 0

0 0 1


+ h−2




1

h3

h2



(
1 h3 h2

)
.

We notice that |G| = h2. In terms of quadratic form we write:

Q
[3]
ε,bA(ψ) =

∫

R×(εω)

|tDΦ−1(−i∇t +
tDΦA(Φ))|2 h dt

and

Q
[3]
ε,bA(ψ) =

∫

R×(εω)

(
|(−i∂t2 + bA2)ψ|2 + |(−i∂t3 + bA3)ψ|2

)
h dt

+

∫

R×(εω)

h−2| (−i∂s + bA1 + h3(−i∂t2 + bA2) + h2(−i∂t3 + bA3))ψ|2 h dt

so that:

Q
[3]
ε,bA(ψ)

=

∫

R×(εω)

(
|(−i∂t2 + bA2)ψ|2 + |(−i∂t3 + bA3)ψ|2 + h−2|(−i∂s + bA1 − iθ′∂α +R)ψ|2

)
h dt.

Since ω is simply connected (and so is Ωε) we may change the gauge and assume that

the vector potential is given by:

A1(s, t2, t3) = −t2t3∂sB23(s, 0, 0)

2
−
∫ t2

0

B12(s, t̃2, t3) dt̃2 −
∫ t3

0

B13(s, 0, t̃3) dt̃3,

A2(s, t2, t3) = −t3B23(s, 0, 0)

2
,(15.2.2)

A3(s, t2, t3) = −t2B23(s, 0, 0)

2
+

∫ t2

0

B23(s, t̃2, t3) dt̃2.

In other words, thanks to the Poincaré lemma, there exists a (smooth) phase function ρ

such that DΦA(Φ) +∇tρ = A. In particular, we have: Aj(s, 0) = 0, ∂jAj(s, 0) = 0 for

j ∈ {1, 2, 3}.

2.2. Proof of Theorem 4.5. Let us consider δ ≤ 1 and K ≥ 2 sup κ2

4
.
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A first approximation. We let:

L[3]
ε,δ = L[3]

ε,ε−δAε
− ε−2λDir

1 (ω) +K

and

Lapp,[3]
ε,δ =

∑

j=2,3

(−iε−1∂τj + bAlin
j,ε)

2+(−i∂s+ bAlin
1,ε− iθ′∂α)2−

κ2

4
−ε−2∂2τ −ε−2λDir

1 (ω)+K,

where:

Alin
j,ε(s, τ) = Aj(s, 0) + ετ2∂2Aj(s, 0) + ετ3∂3Aj(s, 0).

We recall that A is given by (15.2.2) and that L[3]

ε,ε−δAε
is defined in (4.1.9). We have to

analyse the difference of the corresponding sesquilinear forms:

B[3]
ε,δ(φ, ψ)− Bapp,[3]

ε,δ (φ, ψ).

We leave as an exercise the following estimate:

(15.2.3)
∥∥∥(L[3]

ε,δ)
−1 − (Lapp,[3]

ε,δ )−1
∥∥∥ ≤ C̃ε.

2.2.1. Case δ < 1. This case is similar to the case in dimension 2 since |bAlin
j,ε| ≤

Cε1−δ. If we let:

Lapp2,[3]
ε,δ =

∑

j=2,3

(−iε−1∂τj)
2 + (−i∂s − iθ′∂α)

2 − κ2

4
− ε−2∂2τ − ε−2λDir

1 (ω) +K,

we easily get:
∥∥∥(Lapp2,[3]

ε,δ )−1 − (Lapp,[3]
ε,δ )−1

∥∥∥ ≤ C̃ε1−δ.

It remains to decompose the sesquilinear form associated with Lapp2,[3]
ε,δ by using the

orthogonal projection Π0 and the analysis follows the same lines as in dimension 2.

2.2.2. Case δ = 1. This case cannot be analysed in the same way as in dimension 2.

Using the explicit expression of the vector potential (15.2.2), we can write our approxi-

mated operator in the form:

Lapp2,[3]
ε,1 =

(
−ε−1i∂τ2 − B23(s,0,0)

2
τ3

)2
+
(
−ε−1i∂τ3 +

B23(s,0,0)
2

τ2

)2

+(−i∂s − iθ′∂α − τ2B12(s, 0, 0)− τ3B13(s, 0, 0))
2 − ε−2λDir

1 (ω) +K.



208 15. MAGNETIC EFFECTS IN CURVED WAVEGUIDES

2.2.3. Perturbation theory. Let us introduce the operator on L2(ω) (with Dirichlet

boundary condition) and depending on s:

P2
ε =

(
−ε−1i∂τ2 −

B23(s, 0, 0)

2
τ3

)2

+

(
−ε−1i∂τ3 +

B23(s, 0, 0)

2
τ2

)2

.

Thanks to perturbation theory the lowest eigenvalue ν1,ε(s) of P2
ε is simple and we may

consider an associated L2 normalized eigenfunction uε(s). Let us provide a estimate for

the eigenpair (ν1,ε(s), uε(s)). We have to be careful with the dependence on s in the

estimates. Firstly, we notice that there exist ε0 > 0 and C > 0 such that for all s,

ε ∈ (0, ε0) and all ψ ∈ H1
0(ω):

(15.2.4)

∫

ω

∣∣∣∣
(
−ε−1i∂τ2 −

B23(s, 0, 0)

2
τ3

)
ψ

∣∣∣∣
2

+

∣∣∣∣
(
−ε−1i∂τ3 +

B23(s, 0, 0)

2
τ2

)
ψ

∣∣∣∣
2

dτ

≥ ε−2

∫

ω

|∂τ2ψ|2 + |∂τ3ψ|2 dτ − Cε−1‖ψ‖2.

From the min-max principle we infer that:

(15.2.5) νn,ε(s) ≥ ε−2λDir
n (ω)− Cε−1.

Let us analyse the corresponding upper bound. Thanks to the Fredholm alternative, we

may introduce Rω the unique function such that:

(15.2.6) (−∆Dir
ω − λDir

1 (ω))Rω = DαJ1, 〈Rω, J1〉ω = 0.

We use vε = J1+εB23(s, 0, 0)Rω as test function for P2
ε and an easy computation provides

that there exist ε0 > 0 and C > 0 such that for all s, ε ∈ (0, ε0):∥∥∥∥
(
P2
ε −

(
ε−2λDir

1 (ω) + B2
23(s, 0, 0)

(‖τJ1‖2ω
4

− 〈DαRω, J1〉ω
)))

vε

∥∥∥∥
ω

≤ Cε.

The spectral theorem implies that there exists n(ε, s) ≥ 1 such that:
∣∣∣∣νn(ε,s),ε(s)− ε−2λDir

1 (ω)− B2
23(s, 0, 0)

(‖τJ1‖2ω
4

− 〈DαRω, J1〉ω
)∣∣∣∣ ≤ Cε.

Due to the spectral gap uniform in s given by (15.2.5) we deduce that there exist ε0 > 0

and C > 0 such that for all s, ε ∈ (0, ε0):∣∣∣∣ν1,ε(s)− ε−2λDir
1 (ω)− B2

23(s, 0, 0)

(‖τJ1‖2
4

− 〈DαRω, J1〉ω
)∣∣∣∣ ≤ Cε.

This new information provides:
∥∥(P2

ε − ν1,ε(s)
)
vε
∥∥
ω
≤ C̃ε

and thus: ∥∥(P2
ε − ν1,ε(s)

)
(vε − 〈vε, uε〉ωuε)

∥∥
ω
≤ C̃ε.
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so that, with the spectral theorem and the uniform gap between the eigenvalues:

‖vε − 〈vε, uε〉ωuε‖ω ≤ Cε3.

Up to changing uε in −uε, we infer that :

||〈vε, uε〉ω| − ‖vε‖ω| ≤ Cε3, ‖vε − ‖vε‖ωuε‖ω ≤ C̃ε3.

Therefore we get:

‖uε − ṽε‖ω ≤ Cε3, ṽε =
vε

‖vε‖ω
and this is easy to deduce:

(15.2.7) ‖∇τ2,τ3 (uε − ṽε)‖ω ≤ Cε3.

2.2.4. Projection arguments. We shall analyse the difference of the sesquilinear forms:

Dε(φ, ψ) = Lapp2,[3]
ε,1 (φ, ψ)− Leff,[3]

ε,1 (φ, ψ).

We write:

Dε(φ, ψ) = Dε,1(φ, ψ) +Dε,2(φ, ψ),

where

Dε,1(φ, ψ) = 〈Pεφ,Pεψ〉 −
〈(

−ε−2∆Dir
ω + B2

23(s, 0, 0)

(‖τJ1‖2ω
4

− 〈DαRω, J1〉ω
))

φ, ψ

〉

and

Dε,2(φ, ψ) = 〈Mφ, ψ〉 − 〈Meffφ, ψ〉,
with:

M = (−i∂s − iθ′∂α − τ2B12(s, 0, 0)− τ3B13(s, 0, 0))
2
,

Meff = 〈(−i∂s − iθ′∂α − B12(s, 0, 0)τ2 − B13(s, 0, 0)τ3)
2Id(s)⊗ J1, Id(s)⊗ J1〉ω.

We introduce the projection on uε(s):

Πε,sϕ = 〈ϕ, uε〉ω uε(s)

and, for ϕ ∈ H1
0(Ω), we let:

ϕ‖ε = Πε,sϕ, ϕ⊥ε = ϕ− Πε,sϕ.

We can write the formula:

Dε,1(φ, ψ) = Dε,1(φ
‖ε , ψ‖) +Dε,1(φ

‖ε , ψ⊥) +Dε,1(φ
⊥ε , ψ‖) +Dε,1(φ

⊥ε , ψ⊥),

where ψ‖ = Π0ψ = 〈ψ, J1〉ω J1 and ψ⊥ = ψ − ψ‖. Using our mixed decomposition, we

can get the following bound on Dε,1(φ, ψ):

(15.2.8) |Dε,1(φ, ψ)| ≤ Cε

√
Qapp2,[3]
ε,1 (ψ)

√
Qeff,[3]
ε,1 (φ).
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Moreover we easily get:

(15.2.9) |Dε,2(φ, ψ)| ≤ Cε

√
Qapp2,[3]
ε,1 (ψ)

√
Qeff,[3]
ε,1 (φ).

Combining (15.2.8) and (15.2.9), we infer that:

|Dε(φ, ψ)| ≤ Cε

√
Qapp2,[3]
ε,1 (ψ)

√
Qeff,[3]
ε,1 (φ).

With Lemma 4.8 we infer:

(15.2.10)

∥∥∥∥
(
Lapp2,[3]
ε,1

)−1

−
(
Leff,[3]
ε,1

)−1
∥∥∥∥ ≤ Cε.

Finally we deduce Theorem 4.5 from (15.2.3) and (15.2.10).

2.3. Proof of Corollary 4.6. For the asymptotic expansions of the eigenvalues

claimed in Corollary 4.6, we leave the proof to the reader since it is a slight adaptation

of the proof of Corollary 4.3.



CHAPTER 16

Spectrum of thin triangles

Ô le bel art ! Tu sais mesurer un cer-

cle ; tu réduis au carré toute figure qu’on te

présente, tu détermines la distance d’un as-

tre à l’autre ; il n’est rien qui ne tombe sous

ton compas. Habile comme tu l’es, mesure

l’âme de l’homme ; fais voir sa grandeur, fais

voir sa petitesse.

Lettres à Lucilius, Lettre 88, Sénèque

This chapter is devoted to the proof of Theorem 4.13.

1. Quasimodes and boundary layer

1.1. From the triangle to the rectangle. We first perform a change of variables

to transform the triangle into a rectangle:

(16.1.1) u = x ∈ (−π
√
2, 0), t =

y

x+ π
√
2
∈ (−1, 1).

so that Tri is transformed into

(16.1.2) Rec = (−π
√
2, 0)× (−1, 1).

The operator LTri(h) becomes:

(16.1.3) LRec(h)(u, t; ∂u, ∂t) = −h2
(
∂u −

t

u+ π
√
2
∂t

)2
− 1

(u+ π
√
2)2

∂2t ,

with Dirichlet boundary conditions on ∂Rec. The equation LTri(h)ψh = βhψh is trans-

formed into the equation

LRec(h)ψ̂h = βhψ̂h with ψ̂h(u, t) = ψh(x, y).

211
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1.2. Quasimodes. We want to construct quasimodes (βh, ψh) for the operator LTri(h)(∂x, ∂y).

It will be more convenient to work on the rectangle Rec with the operator LRec(h)(u, t; ∂u, ∂t).

We introduce the new scales

(16.1.4) s = h−2/3u and σ = h−1u,

and we look quasimodes (βh, ψ̂h) in the form of series

(16.1.5) βh ∼
∑

j≥0

βjh
j/3 and ψ̂h(u, t) ∼

∑

j≥0

(
Ψj(s, t) + Φj(σ, t)

)
hj/3

in order to solve LRec(h)ψ̂h = βhψ̂h in the sense of formal series. As will be seen hereafter,

an Ansatz containing the scale h−2/3u alone (like for the Born-Oppenheimer operator

HBO,Tri(h)) is not sufficient to construct quasimodes for LRec(h). Expanding the operator

in powers of h2/3, we obtain the formal series:

(16.1.6)

LRec(h)(h
2/3s, t;h−2/3∂s, ∂t) ∼

∑

j≥0

L2jh
2j/3 with leading term L0 = − 1

2π2
∂2t

and in powers of h:

(16.1.7) LRec(h)(hσ, t;h
−1∂σ, ∂t) ∼

∑

j≥0

N3jh
j with leading term N0 = −∂2σ−

1

2π2
∂2t .

In what follows, in order to finally ensure the Dirichlet conditions on the triangle Tri, we

will require for our Ansatz the boundary conditions, for any j ∈ N:

Ψj(0, t) + Φj(0, t) = 0, −1 ≤ t ≤ 1(16.1.8)

Ψj(s,±1) = 0, s < 0 and Φj(σ,±1) = 0, σ ≤ 0.(16.1.9)

More specifically, we are interested in the ground energy λ = 1
8
of the Dirichlet

problem for L0 on the interval (−1, 1). Thus we have to solve Dirichlet problems for the

operators N0 − 1
8
and L0 − 1

8
on the half-strip

(16.1.10) Hst = R− × (−1, 1),

and look for exponentially decreasing solutions. The situation is similar to that encoun-

tered in thin structure asymptotics with Neumann boundary conditions. The following

lemma shares common features with the Saint-Venant principle, see for example [38, §2].

Lemma 16.1. We denote the first normalized eigenvector of L0 on H1
0((−1, 1)) by c0:

c0(t) = cos

(
πt

2

)
.
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Let F = F (σ, t) be a function in L2(Hst) with exponential decay with respect to σ and let

G ∈ H3/2((−1, 1)) be a function of t with G(±1) = 0. Then there exists a unique γ ∈ R

such that the problem
(
N0 −

1

8

)
Φ = F in Hst, Φ(σ,±1) = 0, Φ(0, t) = G(t) + γc0(t),

admits a (unique) solution in H2(Hst) with exponential decay. There holds

γ = −
∫ 0

−∞

∫ 1

−1

F (σ, t) σc0(t) dσdt−
∫ 1

−1

G(t) c0(t) dt.

The following two lemmas are consequences of the Fredholm alternative.

Lemma 16.2. Let F = F (s, t) be a function in L2(Hst) with exponential decay with

respect to s. Then, there exist solution(s) Ψ such that:
(
L0 −

1

8

)
Ψ = F in Hst, Ψ(s,±1) = 0

if and only if
〈
F (s, ·), c0

〉
t
= 0 for all s < 0. In this case, Ψ(s, t) = Ψ⊥(s, t) + g(s)c0(t)

where Ψ⊥ satisfies
〈
Ψ(s, ·), c0

〉
t
≡ 0 and has also an exponential decay.

Lemma 16.3. Let n ≥ 1. We recall that zAirev(n) is the n-th zero of the reverse Airy

function, and we denote by

g(n) = Airev
(
(4π

√
2)−1/3s+ zAirev(n)

)

the eigenvector of the operator −∂2s−(4π
√
2)−1s with Dirichlet condition on R− associated

with the eigenvalue (4π
√
2)−2/3zAirev(n). Let f = f(s) be a function in L2(R−) with

exponential decay and let c ∈ R. Then there exists a unique β ∈ R such that the

problem:
(
−∂2s −

s

4π
√
2
− (4π

√
2)−2/3zAirev(n)

)
g = f + βg(n) in R−, with g(0) = c,

has a solution in H2(R−) with exponential decay.

Now we can start the construction of the terms of our Ansatz (16.1.5).

The equations provided by the constant terms are:

L0Ψ0 = β0Ψ0(s, t), N0Φ0 = β0Φ0(s, t)

with boundary conditions (16.1.8)-(16.1.9) for j = 0, so that we choose β0 = 1
8
and

Ψ0(s, t) = g0(s)c0(t). The boundary condition (16.1.8) provides: Φ0(0, t) = −g0(0)c0(t)
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so that, with Lemma 16.1, we get g0(0) = 0 and Φ0 = 0. The function g0(s) will be

determined later. Collecting the terms of order h1/3, we are led to:

(L0 − β0)Ψ1 = β1Ψ0 − L1Ψ1 = β1Ψ0, (N0 − β0)Φ1 = β1Φ0 −N1Φ1 = 0

with boundary conditions (16.1.8)-(16.1.9) for j = 1. Using Lemma 16.2, we find β1 = 0,

Ψ1(s, t) = g1(s)c0(t), g1(0) = 0 and Φ1 = 0. Then, we get:

(L0 − β0)Ψ2 = β2Ψ0 − L2Ψ0, (N0 − β0)Φ2 = 0,

where L2 = −∂2s + s
π3

√
2
∂2t and with boundary conditions (16.1.8)-(16.1.9) for j = 2.

Lemma 16.2 provides the equation in s variable

〈
(β2Ψ0 − L2Ψ0(s, ·)), c0

〉
t
= 0, s < 0.

Taking the formula Ψ0 = g0(s)c0(t) into account this becomes

β2g0(s) =

(
−∂2s −

s

4π
√
2

)
g0(s).

This equation leads to take β2 = (4π
√
2)−2/3zA(n) and for g0 the corresponding eigen-

function g(n). We deduce (L0 − β0)Ψ2 = 0, then get Ψ2(s, t) = g2(s)c0(t) with g2(0) = 0

and Φ2 = 0.

We find:

(L0 − β0)Ψ3 = β3Ψ0 + β2Ψ1 − L2Ψ1, (N0 − β0)Φ3 = 0,

with boundary conditions (16.1.8)-(16.1.9) for j = 3. The scalar product with c0 (Lemma

16.2) and then the scalar product with g0 (Lemma 16.3) provide β3 = 0 and g1 = 0. We

deduce: Ψ3(s, t) = g3(s)c0(t), and g3(0) = 0, Φ3 = 0. Finally we get the equation:

(L0 − β0)Ψ4 = β4Ψ0 + β2Ψ2 − L4Ψ0 − L2Ψ2, (N0 − β0)Φ4 = 0,

where

L4 =

√
2

π
t∂t∂s −

3

4π4
s2∂2t ,

and with boundary conditions (16.1.8)-(16.1.9) for j = 4. The scalar product with c0

provides an equation for g2 and the scalar product with g0 determines β4. By Lemma

16.2 this step determines Ψ4 = Ψ⊥
4 + c0(t)g4(s) with a non-zero Ψ⊥

4 and g4(0) = 0. Since

by construction
〈
Ψ⊥

4 (0, ·), c0
〉
t
= 0, Lemma 16.1 yields a solution Φ4 with exponential

decay. Note that it also satisfies
〈
Φ4(σ, ·), c0

〉
t
= 0 for all σ < 0.

We leave the obtention of the other terms as an exercise.
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2. Agmon estimates and projection method

Let us provide the estimates of Agmon which can be proved.

Proposition 16.4. Let Γ0 > 0. There exist h0 > 0, C0 > 0 and η0 > 0 such that for

h ∈ (0, h0) and all eigenpair (λ, ψ) of LTri(h) satisfying |λ− 1
8
| ≤ Γ0h

2/3, we have:
∫

Tri

eη0h
−1|x|3/2

(
|ψ|2 + |h2/3∂xψ|2

)
dxdy ≤ C0‖ψ‖2.

Proposition 16.5. Let Γ0 > 0. There exist h0 > 0, C0 > 0 and ρ0 > 0 such that

for h ∈ (0, h0) and all eigenpair (λ, ψ) of LTri(h) satisfying |λ− 1
8
| ≤ Γ0h

2/3, we have:
∫

Tri

(x+ π
√
2)−ρ0/h

(
|ψ|2 + |h ∂xψ|2

)
dxdy ≤ C0‖ψ‖2.

Let us consider the first N0 eigenvalues of LRec(h) (shortly denoted by λn). In each

corresponding eigenspace, we choose a normalized eigenfunction ψ̂n so that 〈ψ̂n, ψ̂m〉 = 0

if n 6= m. We introduce:

EN0(h) = span(ψ̂1, . . . , ψ̂N0).

Let us define Q0
Rec the following quadratic form:

Q0
Rec(ψ̂) =

∫

Rec

(
1

2π2
|∂tψ̂|2 −

1

8
|ψ̂|2

)
(u+ π

√
2) dudt,

associated with the operator L0
Rec = Idu ⊗

(
− 1

2π2∂
2
t − 1

8

)
on L2(Rec, (u+ π

√
2)dudt). We

consider the projection on the eigenspace associated with the eigenvalue 0 of − 1
2π2∂

2
t − 1

8
:

(16.2.1) Π0ψ̂(u, t) =
〈
ψ̂(u, ·), c0

〉
t
c0(t),

where we recall that c0(t) = cos
(
π
2
t
)
. We can now state a first approximation result:

Proposition 16.6. There exist h0 > 0 and C > 0 such that for h ∈ (0, h0) and all

ψ̂ ∈ EN0(h):

0 ≤ Q0
Rec(ψ̂) ≤ Ch2/3‖ψ̂‖2

and

‖(Id− Π0)ψ̂‖+ ‖∂t(Id− Π0)ψ̂‖ ≤ Ch1/3‖ψ̂‖.
Moreover, Π0 : EN0(h) → Π0(EN0(h)) is an isomorphism.

Let us consider an eigenpair (λ, ψ) of LTri(h). We let ψ̂(u, t) = ψ(x, y). Then, (λ, ψ̂)

satisfies:

−h2
(
∂2u −

2t∂u∂t

u+ π
√
2
+

2t∂t

(u+ π
√
2)2

+
t2∂2t

(u+ π
√
2)2

)
ψ̂ − 1

(u+ π
√
2)2

∂2t ψ̂ = λψ̂.
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The main idea is to determine the (differential) equation satisfied by Π0ψ̂. In other words

we will compute and control the commutator between the operator and the projection

Π0.

Proposition 16.7. Let Γ0 > 0. There exist h0 > 0 and C > 0 such that for

h ∈ (0, h0) and all eigenpair (λ, ψ) of LTri(h) satisfying |λ− 1
8
| ≤ Γ0h

2/3, we have:
∥∥∥∥
(
−h2∂2u +

π2

4(u+ π
√
2)2

− λ

)
Π0ψ̂

∥∥∥∥ ≤ Ch‖Π0ψ̂‖.

This is then enough to deduce Theorem 4.13.



CHAPTER 17

Spectrum of broken waveguides

Mais, tout meurtri, il ne pensa qu’à son radeau : d’un élan

dans les flots, il alla le reprendre, puis s’assit au milieu

pour éviter la mort et laissa les grands flots l’entrâıner ça

et là au gré de leurs courants...

L’Odyssée, Chant V, Homère

In this chapter we present the main ingredients in the proof of Theorem 4.16.

1. Quasimodes

As usual we shall introduce appropriate quasimodes. As we will see, we will have

to introduce the notion of Dirichlet-to-Neumann operators to analyze the transmission

between the corner and the “guiding part” of the waveguide.

1.1. Preliminaries. In order to construct quasimodes for LGui(h) of the form (γh, ψh),

we use the coordinates (u, t) on the left and (u, τ) on the right and look for quasimodes

ψ̂h(u, t, τ) = ψh(x, y). Such quasimodes will have the form on the left:

(17.1.1) ψlef(u, t) ∼
∑

j≥0

hj/3
(
Ψlef,j(h

−2/3u, t) + Φlef,j(h
−1u, t)

)
,

and on the right:

(17.1.2) ψrig(u, τ) ∼
∑

j≥0

hj/3Φrig,j(h
−1u, τ)

associated with quasi-eigenvalues:

γh ∼
∑

j≥0

γjh
j/3.

We will denote s = h−2/3u and σ = h−1u. Since ψh has no jump across the line x = 0,

we find that ψlef and ψrig should satisfy two transmission conditions on the line u = 0:

(17.1.3)

ψlef(0, t) = ψrig(0, t) and

(
∂u −

t

π
√
2
∂t

)
ψlef(0, t) =

(
∂u −

∂τ

π
√
2

)
ψrig(0, t),
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for all t ∈ (0, 1). For the Ansätze (17.1.1)-(17.1.2) these conditions write for all j ≥ 0

Ψlef,j(0, t) + Φlef,j(0, t) = Φrig,j(0, t)(17.1.4)

∂σΦlef,j(0, t) + ∂sΨlef,j−1(0, t)−
t∂t

π
√
2
Φlef,j−3(0, t)−

t∂t

π
√
2
Ψlef,j−3(0, t)(17.1.5)

= ∂σΦrig,j(0, t)−
∂τ

π
√
2
Φrig,j−3(0, t),

where we understand that the terms associated with a negative index are 0.

Notation 17.1. We still set s = h−2/3u and σ = h−1u. Like in the case of the

triangle Tri, the operators Llef
Gui and Lrig

Gui, written in variables (s, t) and (σ, t) expand in

powers of h2/3 and h, respectively. Now we have three operator series:

• Llef
Gui(h)(h

2/3s, t;h−2/3∂s, ∂t) ∼
∑

j≥0 L2jh
2j/3. The operators are the same as for

Tri, but they are defined now on the half-strip Hlef := (−∞, 0)× (0, 1).

• Llef
Gui(h)(hσ, t;h

−1∂σ, ∂t) ∼
∑

j≥0 N lef
3j h

j defined on Hlef.

• Lrig
Gui(h)(hσ, τ ;h

−1∂σ, ∂τ ) ∼
∑

j≥0 N rig
3j h

j defined on Hrig := (0,∞)× (0, 1).

We agree to incorporate the boundary conditions on the horizontal sides of Hlef in the

definition of the operators Lj, N lef
j , and N rig

j :

• Neumann-Dirichlet ∂tΨ(s, 0) = 0 and Ψ(s, 1) = 0 (s < 0) for Lj,
• Neumann-Dirichlet ∂tΦ(σ, 0) = 0 and Ψ(σ, 1) = 0 (σ < 0) for N lef

j ,

• Pure Dirichlet Φ(σ, 0) = 0 and Ψ(σ, 1) = 0 (σ > 0) for N rig
j .

Note that

(17.1.6) N lef
0 = −∂2σ −

1

2π2
∂2t and N rig

0 = −∂2σ −
1

2π2
∂2τ .

1.2. Dirichlet-to-Neumann operators. Here we introduce the Dirichlet-to-Neumann

operators T rig and T lef which we use to solve the problems in the variables (σ, t). We

denote by I the interface {0} × (0, 1) between Hrig and Hlef.

On the right, and with Notation 17.1, we consider the problem:
(
N rig

0 − 1

8

)
Φrig = 0 in Hrig and Φrig(0, t) = G(t)

where G ∈ H
1/2
00 (I). Since the first eigenvalue of the transverse part of N rig

0 − 1
8
is

positive, this problem has a unique exponentially decreasing solution Φrig. Its exterior

normal derivative −∂σΦrig on the line I is well defined in H−1/2(I). We define:

T rigG = ∂nΦrig = −∂σΦrig.
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We have:

〈T rigG,G〉 = Qrig(Φrig) ≥ C‖G‖2
H

1/2
00 (I)

.

On the left, we consider the problem:

(
N lef

0 − 1

8

)
Φlef = 0 in Hlef and Φlef(0, t) = G(t)

where G ∈ H
1/2
00 (I).

For all G ∈ H
1/2
00 (I) such that Π0G = 0 (where Π0 is defined in (16.2.1)), this problem

has a unique exponentially decreasing solution Φlef . Its exterior normal derivative ∂σΦlef

on the line I is well defined in H−1/2(I). We define:

T lefG = ∂nΦlef = ∂σΦlef .

We have:

〈T lefG,G〉 = Qlef(Φlef) ≥ 0.

Proposition 17.2. The operator T rig + T lefΠ1 is coercive on H
1/2
00 (I) with Π1 =

Id− Π0. In particular, it is invertible from H
1/2
00 (I) onto H−1/2(I).

This proposition allows to prove the following lemma which is in the same spirit as

Lemma 16.1, but now for transmission problems on Hlef ∪ Hrig (we recall that c0(t) =

cos(π
2
t)):

Lemma 17.3. Let Flef = Flef(σ, t) and Frig = Frig(σ, τ) be real functions defined on

Hlef and Hrig, respectively, with exponential decay with respect to σ. Let G0 ∈ H
1/2
00 (I)

and H ∈ H−1/2(I) be data on the interface I = ∂Hlef∩∂Hrig. Then there exists a unique

coefficient ζ ∈ R and a unique trace G ∈ H
1/2
00 (I) such that the transmission problem





(
N lef

0 − 1
8

)
Φlef = Flef in Hlef, Φlef(0, t) = G(t) +G0(t) + ζc0(t),

(
N rig

0 − 1
8

)
Φrig = Frig in Hrig, Φrig(0, t) = G(t),

∂σΦlef(0, t)− ∂σΦrig(0, t) = H(t) on I,

admits a (unique) solution (Φlef ,Φrig) with exponential decay.

Proof. Let (Φ0
lef , ζ0) be the solution provided by Lemma 16.1 for the data F = Flef

and G = 0. Let Φ0
rig be the unique exponentially decreasing solution of the problem

(
N rig

0 − 1

8

)
Φ0

rig = Frig in Hrig, Φ0
rig(0, t) = 0.
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Let H0 be the jump ∂σΦ
0
rig(0, t) − ∂σΦ

0
lef(0, t). If we define the new unknowns Φ1

rig =

Φrig − Φ0
rig and Φ1

lef = Φlef − Φ0
lef , the problem we want to solve becomes

(
N lef

0 − 1

8

)
Φ1

lef = 0 in Hlef, Φ1
lef(0, t) = G(t) + (ζ − ζ0)c0(t),

(
N rig

0 − 1

8

)
Φ1

rig = 0 in Hrig, Φ1
rig(0, t) = G(t),

∂σΦ
1
rig(0, t)− ∂σΦ

1
lef(0, t) = H(t)−H0(t) on I.

Using Proposition 17.2 we can set G = (T rig + T lefΠ1)
−1(H − H0), which ensures the

solvability of the above problem. �

1.3. Construction of quasimodes.

1.3.1. Terms of order h0. Let us write the “interior” equations:

lefs : L0Ψlef,0 = γ0Ψlef,0

lefσ : N lef
0 Φlef,0 = γ0Φlef,0

rig : N rig
0 Φrig,0 = γ0Φrig,0 .

The boundary conditions are:

Ψlef,0(0, t) + Φlef,0(0, t) = Φrig,0(0, t),

∂σΦlef,0(0, t) = ∂σΦrig,0(0, t).

We get:

γ0 =
1

8
, Ψlef,0 = g0(s)c0(t).

We now apply Lemma 17.3 with Flef = 0, Frig = 0, G0 = 0, H = 0 to get

G = 0 and ζ = 0.

We deduce: Φlef,0 = 0, Φrig,0 = 0 and, since ζ = −g0(0), g0(0) = 0. At this step, we do

not have determined g0 yet.

1.3.2. Terms of order h1/3. The interior equations read:

lefs : L0Ψlef,1 = γ0Ψlef,1 + γ1Ψlef,0

lefσ : N lef
0 Φlef,1 = γ0Φlef,1 + γ1Φlef,0

rig : N rig
0 Φrig,1 = γ0Φrig,1 + γ1Φrig,0.

Using Lemma 16.2, the first equation implies:

γ1 = 0, Ψlef,1(s, t) = g1(s)c0(t).
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The boundary conditions are:

g1(0)c0(t) + Φlef,1(0, t) = Φrig,1(0, t),

g′0(0)c0(t) + ∂σΦlef,1(0, t) = ∂σΦrig,1(0, t).

The system becomes:

lefσ :
(
N lef

0 − 1

8

)
Φlef,1 = 0,

rig :
(
N rig

0 − 1

8

)
Φrig,1 = 0.

We apply Lemma 17.3 with Flef = 0, Frig = 0, G0 = 0, H = −g′0(0)c0(t) to get:

G = −g′0(0)(T rig + T lefΠ1)
−1c0.

Since G = Φrig,1 and ζ = −g1(0), this determines Φlef,1, Φrig,1 and g1(0).

1.3.3. Terms of order h2/3. The interior equations write:

lefs : L2Ψlef,0 + L0Ψlef,2 =
∑

l+k=2

γlΨlef,k

lefσ : N lef
0 Φlef,2 =

∑

l+k=2

γlΦlef,k

rig : N rig
0 Φrig,2 =

1

8
Φrig,2,

with

L2Ψlef,0 = −g′′0(s)c0(t) +
1

π3
√
2
sg0(s)∂

2
t (c0).

Lemma 16.2 and then Lemma 16.3 imply:

(17.1.7) −g′′0 −
1

4π
√
2
sg0 = γ2g0.

Thus, γ2 is one of the eigenvalues of the Airy operator and g0 an associated eigenfunction.

In particular, this determines the unknown functions of the previous steps. We are led

to take:

Ψlef,2(s, t) = Ψ⊥
lef,2 + g2(s)c0(t), with Ψ⊥

lef,2 = 0

and to the system:

lefσ :
(
N lef

0 − 1

8

)
Φlef,2 = 0

rig :
(
N rig

0 − 1

8

)
Φrig,2 = 0.

Using Lemma 17.3, we find

G = −g′1(0)(T rig + T lefΠ1)
−1c0.
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This determines Φrig,2, Φlef,2 and g2(0). The function g1 is still unknown at this step.

The next steps are left to the reader and we apply the spectral theorem as usual (after

adding a small correction term in order to exactly satisfy the transmission condition).

2. Reduction to triangles

In this last section, we prove Theorem 4.16. For that purpose, we first state Agmon

estimates to show that the first eigenfunctions are essentially living in the triangle Tri so

that we can compare the problem in the whole guide with the triangle.

Proposition 17.4. Let (λ, ψ) be an eigenpair of LGui(h) such that |λ− 1
8
| ≤ Ch2/3.

There exist α > 0, h0 > 0 and C > 0 such that for all h ∈ (0, h0), we have:
∫

x≥0

eαh
−1x
(
|ψ|2 + |h∂xψ|2

)
dx dy ≤ C‖ψ‖2.

Proof. The proof is left to the reader, the main ingredients being the IMS formula

and the fact that HBO,Gui is a lower bound of LGui(h) in the sense of quadratic forms.

See also [40, Proposition 6.1] for a more direct method. �

We can now achieve the proof of Theorem 4.16. Let ψhn be an eigenfunction associated

with λGui,n(h) and assume that the ψhn are orthogonal in L2(Ω), and thus for the bilinear

form BGui,h associated with the operator LGui(h).

We choose ε ∈ (0, 1
3
) and introduce a smooth cutoff χhat the scale h1−ε for positive x

χh(x) = χ(xhε−1) with χ ≡ 1 if x ≤ 1
2
, χ ≡ 0 if x ≥ 1

and we consider the functions χhψhn. We denote:

EN0(h) = span(χhψh1 , . . . , χ
hψhN0

).

We have:

QGui,h(ψ
h
n) = λGui,n(h)‖ψhn‖2

and deduce by the Agmon estimates of Proposition 17.4:

QGui,h(χ
hψhn) =

(
λGui,n(h) +O(h∞)

)
‖χhψhn‖2.

In the same way, we get the ”almost”-orthogonality, for n 6= m:

BGui,h(χ
hψhn, χ

hψhm) = O(h∞).

We deduce, for all v ∈ EN0(h):

QGui,h(v) ≤
(
λGui,N0(h) +O(h∞)

)
‖v‖2.
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We can extend the elements of EN0(h) by zero so thatQGui,h(v) = QTriε,h(v) for v ∈ EN0(h)

where Triε,h is the triangle with vertices (−π
√
2, 0), (h1−ε, 0) and (h1−ε, h1−ε + π

√
2). A

dilation reduces us to: (
1 +

h1−ε

π
√
2

)−2

(−h2∂2x̃ − ∂2ỹ)

on the triangle Tri. The lowest eigenvalues of this new operator admits the lower bounds
1
8
+ zA(n)h

2/3 − Ch1−ε ; in particular, we deduce:

λGui,N0(h) ≥
1

8
+ zA(N0)h

2/3 − Ch1−ε.
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[157] S. Vũ Ngo.c. Quantum Birkhoff normal forms and semiclassical analysis. In Noncommutativity

and singularities, volume 55 of Adv. Stud. Pure Math., pages 99–116. Math. Soc. Japan, Tokyo

2009.

[158] J. Wachsmuth, S. Teufel. Effective Hamiltonians for constrained quantum systems. To appear

in Memoirs of the AMS (2013).

[159] J. Weidmann. The virial theorem and its application to the spectral theory of Schrödinger

operators. Bull. Amer. Math. Soc. 73 (1967) 452–456.

[160] A. Weinstein. Symplectic manifolds and their lagrangian submanifolds. ADVAM2 6 (1971) 329–

346.

[161] O. Wittich. L2-homogenization of heat equations on tubular neighborhoods. arXiv:0810.5047

[math.AP] (2008).



BIBLIOGRAPHY 233

[162] M. Zworski. Semiclassical analysis, volume 138 of Graduate Studies in Mathematics. American

Mathematical Society, Providence, RI 2012.


