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We interpret cooperative scattering by a collection of cold atoms as a multiple scattering process. Starting

from microscopic equations describing the response of N atoms to a probe light beam, we represent the total

scattered field as an infinite series of multiple scattering events. As an application of the method, we obtain

analytical expressions of the coherent intensity in the double scattering approximation for Gaussian density

profiles. In particular, we quantify the contributions of coherent backward and forward scattering.

1. Introduction

Multiple scattering of light in disordered media has
been investigated since a long time using different ap-
proaches [1–3]. Some of them used coupled dipoles meth-
ods to describe light scattering by dielectric particles, [4]
while other approaches interpret multiple scattering as
a random walk of particle-like photons where interfer-
ence is neglected. This random walk is described by a
radiative transfer equation [5–7] which has been used for
decades in astrophysics, where the diffusive behavior is
considered as a good description of the light propaga-
tion. However, this approach must be corrected when
the scattered light wave emerges from the medium in
the backward direction. In this case, constructive inter-
ferences arise and must be taken into account in order to
explain the enhancement of the backscattered intensity
with respect to the classical prediction [8–11]. This co-
herent back-scattering (CBS) has been observed for light
waves in a variety of media such as powder suspensions,
biological tissues or Saturn’s rings as well as for laser-
cooled atomic gases [12–14]. The latter systems provide
an opportunity to observe cooperative effects in the light
scattering due to the absence of Doppler broadening.
Recently, a microscopic model of cooperative scatter-

ing by cold atoms was proposed [15–19] , which accounts
for the interference effects. Signatures of cooperativ-
ity have been observed in the reduction of the radia-
tion pressure force exerted on the center-of-mass of the
atomic cloud [20, 21]. The microscopic model provides
an exact description of the scattering of a probe light
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beam by N atoms, i.e., taking into account interferences.
It assumes the incident light beam to be weak enough to
neglect nonlinear effects, but naturally embeds the mul-
tiple scattering process of the incoming photons bounc-
ing among the atoms, since the single-atom response is
proportional to the sum of the incident field and the field
scattered by the other atoms.

The aim of the present paper is to characterize the
multiple scattering nature of cooperative scattering, de-
scribing it not from the point of view of the atoms, but of
the scattered field. Under this view, cooperative scatter-
ing appears as a sequence of multiple scattering events
where the emitted field is expressed as the sum of suc-
cessively scattered fields. This approach is of particular
importance for two reasons. Firstly, scattering in opti-
cally dilute systems is very well described by a few scat-
tering events. The number of these events necessary to
reconstruct the solution is directly connected to the con-
vergence of the multiple scattering series. Secondly, it
happens that the multiple scattering expansion diverges
in the optically dense regime. This suggests that the in-
terpretation of multiple scattering as photons wandering
from one atom to another one starts to be incomplete.
In such a regime, we can only talk about global scat-
tering by the entire cloud, and we lose track of the light
propagating in the cloud at different orders of scattering.
As a consequence, the scattered field seen by each atom
can not be obtained as the coherent sum over all the
light trajectories, but it must result from a global ap-
proach, determining or the single-atom response to the
total scattered field [22] or the eigenmodes of the system
[23].

Let us outline that we treat the light scattering ab
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initio, i.e., considering point-like atoms in the vacuum.
This is different from the common approach resorting to
an effective Green’s function, where the average atomic
medium is described by a refractive index, which implies
the introduction of a mean free path [5, 11, 24]. On
the contrary, in our model the refractive index emerges
a posteriori as a result of the multiple light scattering
process [25].
The paper is organized as follows. In Sec. 2 we review

the cooperative scattering model using the more gen-
eral vectorial model, and show how the atomic response
builds up as a reaction to both the incident and scattered
fields. The multiple scattering approach is presented in
Sec. 3. In Sec. 4 we discuss CBS in the double scatter-
ing approximation, deriving analytical expressions for
a gaussian sphere. We also demonstrate how coherent
multiple scattering theory allows to obtain corrections
to the single-scattering forward emission.

2. Microscopic approach to the cooperative scatter-
ing

The cooperative scattering by N atoms with fixed posi-
tions rj and illuminated by a monochromatic light beam
with electric field components Eα

in(r) exp(−iωt) is de-
scribed by the following set of coupled equations:

dbαj
dt

= (i∆− γ/2) bαj − i(d/~)Eα
in(rj)

− (γ/2)
∑

α′

∑

m 6=j

Gα,α′(rj − rm)bα
′

m , (1)

where d is electric dipole matrix element, ∆ = ω−ωa is
the detuning of the incident light frequency ω = ck from
the atomic resonance frequency ωa and γ = d2k3/3πǫ0~
is the spontaneous decay rate. Eq. (1) is derived from
a quantum approach modelling the scattering of a sin-
gle photon as being scattered in a mode tailored by the
spatial atomic distribution [15, 26? ]. The jth atom
experiences electric dipole transitions between the sin-
gle ground state |gj〉 and the degenerate triplet excited
state |eαj 〉, where α = x, y, z and bαj are the proba-
bility amplitudes of the single-excitation atomic state
|Ψ〉e = exp(−i∆t)

∑

j

∑

α bαj |g1, . . . , eαj , . . . , gN 〉. Gα,α′

are the components of the symmetric tensor:

Gα,α′(r) =
3

2

eikr

ikr
{[δα,α′ − n̂αn̂α′ ]

+ [δα,α′ − 3n̂αn̂α′ ]
[

i/(kr)− 1/(kr)2
]}

(2)

with r = |r| and n̂α being the components of the unit
vector n̂ = r/r. The last term of Eq.(1) describes the
effect of a scattered photon coupling different atoms and
causing cooperative decay of the excited state and fre-
quency shift [16, 26]. The vectorial Green’s function
(2) can be obtained from the scalar Green’s function
G(r) = exp(ikr)/(ikr):

Gα,α′(r) =
3

2

[

δα,α′ +
1

k2
∂2

∂α∂α′

]

G(r). (3)

The steady-state problem of Eq.(1) boils down to a linear
one for the complex vectors bj with spatial components
bαj :

bj =
1

∆+ iγ/2





d

~
Ein(rj)− i

γ

2

∑

m 6=j

G(rj − rm) · bm



 .

(4)
Giving the atomic positions rj and incident field Ein(rj),
it can be solved numerically by inverting a 3N × 3N
symmetric matrix.
The scattered field at a position r is derived from bj

using the microscopic Maxwell equations for sources of
polarization P(r) = −d

∑

j bjδ(r − rj). The result, as
demonstrated in the Appendix A, reads:

Esca(r) = −i
dk3

6πǫ0

N
∑

m=1

G(r− rm) · bm. (5)

The scattered field Esca(rj) at the atomic position rj
has a divergent contribution in the term m = j of the
sum in Eq.(5). This is a well-known problem of the self-
field, i.e., the field generated by the atom acting on the
atom itself. Usually, in multiple scattering theories this
problem is circumvented by introducing a cut-off length
of the order of the size of the real physical scatterer [24].
However, in the present approach the self-field does not
play any role. In fact, calling Eself(rj) the self-field of
the atom j, Eq.(5) turns into:

Esca(rj) = Eself(rj)− i
dk3

6πǫ0

∑

m 6=j

G(rj − rm) · bm. (6)

Combining Eqs.(4) and (6), one can obtain:

bj =
d

~ (∆ + iγ/2)

[

Ein(rj) + Ē(rj)
]

, (7)

where Ē(rj) = Esca(rj) − Eself(rj) is the electric field
acting on the jth atom without the self-field contri-
bution. Ē(rj) is introduced to describe the field at
the atomic positions and avoid the divergence problem
present in (5). The electric dipole moment of each atom
pj = −dbj is directly proportional to the sum of the
incident field and the one scattered by all other atoms,
as assumed in the cooperative scattering description (4).

3. The multiple scattering series

In the microscopic approach of cooperative scattering
presented in Sec. 2, the radiation field is determined
from the knowledge of the individual atomic responses
bj , which are themselves derived from the linear prob-
lem Eq.(4). On the contrary, the multiple scattering
approach is based on a recursive set of equations for the
sole radiation field. It is obtained by inserting Eq.(7)
back into Eq.(6), leading to an implicit equation for the
scattered field Ē(rj) acting on the jth atom:

Ē(rj) = κ(δ)
∑

m 6=j

G(rj − rm) ·
[

Ein(rm) + Ē(rm)
]

, (8)
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where κ(δ) = 1/(2iδ− 1) and δ = ∆/γ. Introducing the
total field Ētot(rj) = Ein(rj)+Ē(rj), the above equation
can also be written in a matrix form

Ētot = (I− G)−1 Ein, (9)

where Ētot and Ein are vectors containing the 3N com-
ponents of the effective electric field acting on the jth
atom (without the self-field contribution) and the inci-
dent field, respectively; I is the 3N × 3N unit matrix,
and G = κ(δ)G is a 3N × 3N matrix containing the
Green’s function Gjm = G(rj − rm) whose component
are given by Eq.(2).
The multiple scattering approach consists in solving

Eq.(8) by iteration. Introducing the scattered field Ē(n)

after n scattering events, the following recurrence rela-
tion is obtained from Eq. (9):

Ē(n)(rj) = κ(δ)
∑

m 6=j

G(rj − rm) · Ē(n−1)(rm), (10)

where n = 1, 2 . . . and the incident field Ē(0)(rj) =
Ein(rj) plays the role of the seed. The total scattered
field (8) corresponds to the infinite sum of all scattered
fields

Ē(rj) =

∞
∑

n=1

Ē(n)(rj), (11)

provided the series is converging. The effective field
felt by the scatterer at rj consists of the incident wave
Ein(rj) and the wave scattered from the other atoms in
the cloud (except the self field of the atom at rj) given
by Eq.(11) and resulting from an increasing number of
scattering events of the incident field. Eq. (9) can be
extended as a series:

Ētot(rj) = Ein(rj) + κ(δ)
∑

m 6=j

G(rj − rm)Ein(rm)

+ κ2(δ)
∑

m 6=j

G(rj − rm)
∑

l 6=m

G(rm − rl)Ein(rl)

+ . . . (12)

The infinite series (11) converges only if all eigenvalues
of G have their modulus less than unity [27]. When this
condition is satisfied, the multiple scattering expansion
can be used to calculate the radiated field.
Note that the convergence of the series (11) or of

the sum (12) is not tied to the existence of a solu-
tion for the field. Indeed Eq.(8) always admits a so-
lution, whereas the linear operator G of the recurrence
Eq.(10) may admit eigenvalues of modulus larger than
unity, in which case Eq.(11) does not converge. In
that case each scattering order radiates more light than
the previous one, and the multiple scattering expan-
sion diverges. In order to illustrate this point, the
electric field profile inside a Gaussian cloud E(n)(r) =
κ(δ)

∑

j G(r − rj)Ē
(n−1)(rj) and the far-field radiated

power P (n) = (ε0c/2)
∫

|E(n)|2dS are plotted for differ-
ent orders n in Fig. 1 and 2 respectively. Both quantities
have been obtained for two different optical thicknesses
b(δ) = b0/(1 + 4δ2), where b0 = 3N/(kσR)

2 is the on-
resonant optical thickness. The two simulations have
been realized for N = 500 atoms with b0 = 5, standard
deviation σR = 17.32/k and for two different detuning,
δ = 4.5 and δ = 0, corresponding to b(δ) = 0.061 and
b(δ) = 5, respectively. For the case of small optical thick-
ness (b(δ) = 0.061), the field decreases as the scattering
order n increases, and the series (11) converges. For the
case of larger optical thickness (b(δ) = 5), the presence
of eigenvalues of modulus larger than unity makes the
multiple scattering series diverge. Hence, in presence of
above-unity eigenvalues of G, the multiple scattering de-
scription loses its validity: for sufficiently dense media,
due to the long-range interaction of the Green’s func-
tion, the build-up of the scattered radiation field cannot
be seen as the sum of interactions involving an increas-
ing number of atoms, and the local iteration of the scat-
tering event described by Eq.(10) is no longer possible.
Instead, the total scattered field is a result of a global in-
teraction with the entire sample. Let us remark that the
criterion of all eigenvalues having modulus below unity
for the convergence of the series is in agreement with the
results of Ref.[28]. A detailed study of the typical spec-
trum of the linear operator in (10) has been proposed in
[29], yet it is important to mention that the spectrum
exhibits strong fluctuations from one realization to an-
other. Since the multiple scattering process corresponds
to a geometric series, the radiated power grows or de-
creases as a power-law of the largest eigenvalue of the
linear operator in Eq.(10) for large n.

Once obtained from Eq.(11) Ē(rj), using Eqs.(5) and
(7) the scattered field in position r 6= rj is fully deter-
mined as:

Esca(r) = κ(δ)

N
∑

j=1

G(r− rj) ·
[

Ein(rj) + Ē(rj)
]

.(13)

The multiple scattering nature of the field detected at r
is evident from Eq.(13): the first term in the sum repre-
sents all the single scattering and the second term col-
lects all the multiple scattering. The Ē(rj) term, which
contains all scattering orders starting from the first (see
Eq. (11)), yields the double and higher scattering orders
in (13) after applying G.

We point out that the solution for the scattered field
(given by the infinite series of Eq.(11) and Eq.(13)) is
fully equivalent to solving Eq.(4) for bj and then cal-
culating the field using Eq.(5). Eq. (4) can be solved
exactly by numerical inversion of this linear problem.
The only constraint we deal with is the limited number
N of scatterers that can be handled by the computer
capacities. From the perspective of computing the scat-
tered field, the microscopic approach has a clear advan-
tage over the multiple scattering one, which requires the
evaluation of an infinite sum. The numerical solution of
the microscopic approach provides a solution valid for
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Fig. 1. (Color online) Profile of the radiation field inside a

Gaussian cloud, E
(n)(r) = κ(δ)

∑
j
G(r − rj)Ē

(n−1)(rj) in

the y = 0 plane for different orders n (from left to right)
and two different optical thicknesses (top and bottom). For
small optical thickness (b(δ) = 0.061, top line), the field de-
creases as the scattering order n increases, and the series (11)
converges. For larger optical thickness (b(δ) = 5, bottom
line), the presence of eigenvalues of modulus larger than unity
makes the multiple scattering series to diverge. In both cases,
the presence of local fields much stronger than the incident
one is due to the divergent field radiated in the vicinity of
the atoms, which can be arbitrary close to the y = 0 plane.
Simulations realized for a Gaussian cloud of N = 500 atoms
with an on-resonant optical thickness b0 = 5 and standard
deviation σR = 17.32/k, where b0 = 3N/(kσR)

2; top pictures
correspond to δ = 4.5 and b(δ) = 0.061, bottom pictures to
the resonant case δ = 0 and b(δ) = 5.

arbitrary distributions of scatterers in the vacuum using
only finite matrices. Finally, it treats light as a com-
plex field, not only as an intensity, so that it naturally
embeds the coherence of the multiple scattering process.
In the far-field limit, the scattered field can be de-

rived using the asymptotic form of the vectorial Green’s
function for r ≫ rj :

Gα,α′(r− rj) ≈
3

2

eikr

ikr
[δα,α′ − n̂αn̂α′ ] e−ik·rj , (14)

where k = kn̂. For an incident plane wave with Ein(r) =
ê0E0 exp(ik0·r), where ê0 is the unit polarization vector,
the scattered far field derived from Eq.(13) is:

Efar
sca(r) = Efar

1 (r) +Efar
ms(r), (15)

where

Efar
1 (r) = κ(δ)E0

eikr

ikr
[n̂× (n̂× ê0)]NSN (k− k0), (16)

corresponds to the single scattering order and SN (k −
k0) = (1/N)

∑

j exp[−i(k − k0) · rj ] is the structure

factor. Eq.(16) is the well-known expression for the
Rayleigh scattering by particles with size much smaller
than the optical wavelength when each atom is excited
by the incident field only. Then the scattered field re-
sults from a coherent superposition of the field ampli-
tudes generated by each atom and is proportional to the

0 5 10 15 20

10
0

10
20

n

 

 

P
(n
) /
N
P
1

δ = 4.5 [b(δ) = 0.06]

δ = 0 [b(δ) = 5]

Fig. 2. (Color online) Far-field power P (n) =

(ε0c/2)
∫
|E(n)|2dS radiated by the atomic cloud (measured

on a spherical surface of radius r ≫ k ) vs. the scattering or-
der n for the same parameters as in Fig.1. For small optical
thickness (b(δ) = 0.061, red crosses), the scattered power de-
creases as the scattering order n increases, whereas for larger
optical thickness (b(δ) = 5, blue dots), the power diverges.

P (n) is in units of the independent-atom power NP1, where
P1 = (4πI0/k

2)/(1 + 4δ2) and I0 is the incident intensity.

structure factor. The multiple scattering contribution
to the far field of Eq.(15) is, using Eq.(11),

Efar
ms(r) = κ(δ)

eikr

ikr
N n̂× [n̂× F(k)], (17)

where

F(k) =
1

N

N
∑

j=1

Ē(rj)e
−ik·rj . (18)

We stress that our approach is valid beyond the single-
scattering limit. The single-scattering approximation
holds when the optical thickness b(δ) = b0/(1 + 4δ2)
is much smaller than unity. In contrast, our multiple
scattering approach is valid for finite values of b(δ) < 1:
the convergence of the series of Eq.(11) guarantees the
validity of our multiple scattering expansion [30, 31].

Finally, we emphasize that if the infinite sum in
Eq. (11) converges, it gives the exact solution for the col-
lective scattering problem given by Eqs. (4–5). To illus-
trate this point, we compare the intensity radiated up to
the nth order I(n) = (ε0c/2)|

∑n
j=1 E

(j)|2 for n = 1, 2, 3,
as well as the intensity Ib provided by the dipole am-
plitudes bm derived from Eq.(4) and containing all the
scattering orders. In particular, I(1) describes the sin-
gle scattering only, I(2) the sum of single and double
scattering, etc. For an optical thickness b(δ) equal to
unity (b0 = 1, δ = 0), the convergence is relatively slow,
but clearly visible in Fig. 3. For optical thickness much
smaller than unity, the convergence is very fast and the
single-scattering physics contained in E(1) describes al-
ready very well the total scattered field (not shown here).

We note in Fig. 3 that the coupled dipole equation pre-
dicts a background radiation lower than N times that of
a single-atom. This suggests a reduction of the back-
ground radiation, in favor of the coherent forward radi-
ation, under the effects of cooperativity. This effect will
be the subject of a future dedicated study.
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Fig. 3. (Color online) Intensity diagram, I(n) =

(ε0c/2)|
∑n

j=1 E
(j)|2 vs the polar angle θ, for n = 1, 2, 3, de-

rived from Eq.(13). The intensity scattered by the dipoles,
Ib = (ε0c/2)|Eb|

2, is derived from Eq. (4) and contains all
the scattering orders. The modulation of the background is
due to the vectorial nature of the light (linearly polarized
light): the single-atom intensity I1(1 + cos2 θ) is plotted as
a plain green line, where I1 = I0/[k

2r2)(1 + 4δ2)]. The in-
set shows a zoom of the radiation (linear scale). Simulations
have been realized for a Gaussian cloud of N = 1000 atoms
with on-resonance optical thickness b0 = 1, detuning δ = 0
and rms size σR ≈ 54.8/k given by b0 = 3N/(kσR)

2. The in-
tensity is averaged over the azimuthal angle φ and is in unit
of NI1.

4. Coherent Backward and Forward Scattering

As an application of the multiple scattering approach, we
investigate coherent backscattering (CBS) and coherent
forward scattering (CFS) from a collection of N atoms.
For the sake of simplicity, we assume that the radiation
waves are scalar, neglecting polarization and near-field
effects. In the scalar radiation theory, the three com-
ponents bαj in Eq. (1) are replaced by a single value βj ,
the vectorial kernel Gα,α′(r) is substituted by the scalar
Green’s function G(r) = exp(ikr)/(ikr) and the decay
constant γ is replaced by Γ = (3/2)γ [18, 32, 33]. Then,
the scalar equivalent of Eq. (13) is

Esca(r) = κ(δ)

N
∑

j=1

G(|r− rj |)
[

Ein(rj) + Ē(rj)
]

.

(19)

We approximate the multiple scattering field Ē(rj) by
its first contribution:

Ē(rj) ≈ κ(δ)
∑

m 6=j

G(|rj − rm|)Ein(rm), (20)

which is equivalent to considering single- and double-
scattering events only:

Etot(r) = Ein(r) + κ(δ)
N
∑

j=1

G(|r− rj |)Ein(rj)

+ κ2(δ)
N
∑

m=1

∑

j 6=m

G(|r− rm|)G(|rm − rj |)Ein(rj).

(21)

The second term in Eq. (21) describes the single scat-
tering of the incident wave by each atom in position rj ,
followed by its propagation towards r. The third term
corresponds to the double scattering contribution, i.e.
the photons are first scattered by the atoms in rj , then
propagate to rm, where they are scattered again and
reach position r. As it can be observed in Fig. 4, the
double-scattering is the first of the multiple scattering
process that contributes to CBS. It results from the in-
terference between the wave which is first scattered in
rj and then in rm, and the reciprocal path, when the
wave is first scattered in rm and then in rj . This ef-
fect can be captured by calculating the scattered field in
the far-field limit, approximating the Green’s function
as G(|r− rj |) ≈ exp(ikr − ik · rj)/(ikr):

Esca(r) = κ(δ)
eikr

ikr
E0

N
∑

j=1

ei(k0−k)·rj

+ κ2(δ)
eikr

ikr
E0

N
∑

m=1

∑

j 6=m

G(|rm − rj |)ei(k0·rj−k·rm),

(22)

where we assume that the incident field is a plane–wave
Ein(r) = E0 exp(ik0 · r). Introducing the factor

TN (k,k0) =
1

N

∑

m

∑

j 6=m

G(|rj − rm|)ei(k0·rj−k·rm),

(23)

the scattered intensity up to the second scattering order
can be written as:

Isca(r) = I1N
2 |SN (k− k0) + κ(δ)TN (k,k0)|2 , (24)

where I1 = I0/[k
2r2(1+4δ2)] is the single-atom scattered

intensity and I0 is the intensity of the incident wave.
Upon configuration averaging, the structure factor gives
an incoherent contribution, |SN (k− k0)|2 = 1/N , while
the coherent contribution in the forward direction for
large N can be written as a continuous integral:

S∞ =
1

N

∫

drρ(r) exp[i(k− k0) · r], (25)

where ρ(r) is the atomic density. |TN |2 yields an incoher-
ent contribution plus two coherent contributions which,
however, have different origins. Taking the square mod-
ulus of Eq.(23) and considering only equal pairs of atoms
(j,m) in TN and T ∗

N , we obtain:

|TN (k,k0)|2pair ≈
1

N2

∑

m

∑

j 6=m

1 + cos[(k+ k0) · (rj − rm)]

k2|rj − rm|2 .

(26)
The first incoherent term emerges when the same

pair of atoms is considered twice (1/k2|rj − rm|2 term
in Eq.(26)), whereas the second term results from the
pair (j,m) crossed with its reciprocal path (m, j) (co-
sine term). The latter is known as the CBS term [8],
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Fig. 4. (Color online) Radiation profile |E(n)(θ)|2 in the
far-field limit for scattering orders n = 1, 2. The single-
scattering order E(1) exhibits only a forward contribution
(peaks pointing to the right) and a homogeneous background.

The double-scattering contribution E(2) shows both forward
and backward (CBS) patterns (peaks pointing to the left)
in addition to the background. The theoretical curves (thr)
are derived from Eqs. (30), (31) and (32). Simulations are
realized for a Gaussian spherical cloud consisting of N = 400
atoms with resonant optical thickness b0 = 2N/(kσR)

2 = 1,
standard deviation σR ≈ 28.3/k, detuning δ = 1 and av-
eraged over 1000 realizations. The incoming field is unity
E0 = 1 and the radius of observation is 3 · 104/k. Scale is
Logarithmic.

since it also yields a backward coherent radiation. In
the diagrammatic approach, the first term in Eq. (26)
corresponds to the first ’ladder’ term and the second
one to the ’most-crossed term’ [24]. Besides these pair
terms, TN also gives a coherent contribution to the for-
ward intensity due to the processes involving more than
two atoms. This contribution in the continuous density
limit can be written as:

T∞(k,k0) =
1

N

∫

dr1ρ(r1)

∫

dr2ρ(r2)
exp(ik|r1 − r2|)

ik|r1 − r2|
× ei(k0·r1−k·r2).

(27)

Collecting the different contributions, the scattered in-
tensity up to the double scattering order reads:

Isca = I1N

{

1 +
N

1 + 4δ2
|TN |2pair +N |F |2

}

, (28)

where F = S∞ + κ(δ)T∞. The first term is the
isotropic incoherent contribution NI1 of N independent
atoms. The second term enhances the previous incoher-
ent term and also provides the CBS cone (second term
in Eq. (26)). Finally, the third term in Eq. (28) con-
tributes to the coherent forward emission as the sum of
the single and double scattering contributions.
The CBS cone reveals itself upon averaging over the

pair double scattering term (26). We first average over
the direction of the vector rj − rm, assuming an atomic
distribution with infinite boundaries, as for instance the

−π/2 0 π/2 π 3π/2

10
0

10
2

θ

I(
n
) /
N
I 1

 

 

−9π/10 π 11π/10
0.9

1

1.1

θ

 

 
Ι
(1)

Ι
(2)

Ι
(3)

Fig. 5. (Color online) Far-field scattered intensity vs. θ

up to the 1st, 2nd and 3rd scattering order, i.e., I(n) =
(ε0c/2)|

∑n

j=1 E
(j)|2, in units of NI1. The inset is a zoom

of the backscattering region (linear scale). Simulations re-
alized for a Gaussian spherical cloud of on-resonant optical
thickness b0 = 1, N = 200 particles, scaled size σ = 20 and
laser detuning δ = 0.5. The intensity has been averaged over
1000 realizations.

Gaussian one which is easy to parametrize. Moreover,
there is no need to know the details about the density of
the cloud, since we deal with angular variables only. We
note that although the procedure does not correspond
to a rigorous configuration average, it allows for ana-
lytical results and compares well with numerical results
obtained by configuration averages (see Fig. 4).
This first averaging results in (see Appendix B for

details):

〈|TN |2pair〉 =
1

N2

∑

j

∑

m 6=j

1

k2r2jm

×
{

1 +
sin[2krjm cos(θ/2)]

2krjm cos(θ/2)

}

, (29)

where θ refers to the angle of k with respect to the
direction of k0. The average over the pair distance
rjm = |rj − rm| is the next step, and the resulting
backscattering enhancement depends on the atomic dis-
tribution. In the next section, we discuss the CBS for
Gaussian spheres.

Gaussian sphere density profile

As discussed previously, our multiple scattering ap-
proach is valid for arbitrary geometries, including inho-
mogeneous media. Let us illustrate this on a Gaussian
sphere of standard deviation σR, for which the contri-
bution of double scattering to CBS enhancement reads
(see Appendix C):

〈|TN (θ)|2pair〉 =
1

2σ2

{

1 +

√
π

2

erf[2σ cos(θ/2)]

2σ cos(θ/2)

}

=
E(θ)

2σ2
(30)

with σ = kσR. E(θ) has a maximum enhancement of 2

(see Fig. 6) and an angular FWHM of ∆θ = 2
√
3/σ ≈

0.55(λ/σR).
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Fig. 6. Experimental and theoretical CBS enhancement E(θ)
for a Gaussian sphere of normalized standard deviation σ =
8098 and δ = 0. The circles correspond to the experimental
values reported in Fig.2 of Ref. [13], while the plain curve
reproduces Eq. (33). It must be noted that the only free
parameter is a 3% adjustment of the background.

For a Gaussian sphere, the single-scattering forward
contribution gives, (see Ref. [17], Eq. (25)),

S∞(θ) = exp[−2σ2 sin2(θ/2)], (31)

while the second-order forward contribution, in the limit
of large spheres σ ≫ 1, is:

T∞(θ) ≈ N

4σ2
exp[−4σ2 sin2(θ/4)]. (32)

The exact expression and its derivation are given in Ap-
pendix D. The total scattered intensity for a Gaussian
sphere, up to the second scattering order (see Eq.(28)),
reads:

Isca(r) = I1N

{

1 +
b(δ)

4
E(θ) +N |F (θ)|2

}

, (33)

where the forward contribution is given by:

F (θ) = e−2σ2 sin2(θ/2) − (1 + 2iδ)
b(δ)

8
e−4σ2 sin2(θ/4),

(34)

and b(δ) = b0/(1 + 4δ2) with b0 = 2N/σ2 being the
resonant optical thickness for scalar light.
The background second-order scattering is observed

to interfere destructively with the background first-order
scattering in Fig.5, leading to an overall reduction of the
background radiation. This effect is already present in
the mathematical expression of the forward contribution
given by Eq.(34), which is expected to be the dominant
term except for the backward direction.
Coherent Back-Scattering.— Our analysis is in excel-

lent agreement with the experimental results of Bidel
and coworkers [13], see Fig. 6. These authors probed
the CBS cone for a large cloud (σ = 8098) of scalar op-
tical thickness b0 = 1.93 at resonance, and measured an
angular width of the cone of 0.50± 0.04 mrad. This re-
sult is in accord with the theoretical value of 0.46 mrad
derived from Eq.(30).

Coherent Forward Scattering.— The single-scattering
forward lobe is given by the first term in (34), and re-
flects the diffraction from the sample. Surprisingly, we
also observe a forward lobe for the double scattering
contribution, given by the second term in (34). The
ratio between the peak intensity of the double scat-
tering compared to that of single scattering is always
given by b20/64(4δ

2 + 1), and the ratio of their power
by b20/32(4δ

2 + 1) for σ ≫ 1, independently of spatial
density.

We however note that increasing the system size at
constant b0 and δ will increase the peak amplitude and
power for both first and second scattering orders (last
N factor in (33)), yet their ratio remain constant. This
coherent forward scattering lobe could be compared to
that of Refs. [34, 35]. In both these works, the forward
lobe appears only in the high spatial density limit close
to the Anderson localization threshold, whereas in our
case, the lobe is also present in the low-density limit.

5. Conclusion

We have proposed an iterative multiple scattering ap-
proach, where the radiation field at each scattering or-
der is obtained from the field at the atomic positions
calculated at the previous order. Provided all the eigen-
values of the iterative scattering operator have below-
unity eigenvalues, it provides a converging solution for
the multiple scattering problem. In the opposite case,
the picture of waves being scattered at one atom after
the other collapses, and the multiple scattering series
becomes divergent. A limitation of the approach is that
the derivation of the nth scattering order involves n− 1
integrals over the cloud distribution, which practically
limits the efficiency of the method to the first scattering
orders for non-trivial geometries.

On the other hand, the series permits us to link ob-
servable phenomena to particular scattering orders thus
deepening our understanding of their physical origin.
As an example, for arbitrary distributions we calculate
the double-scattering contributions to backward coher-
ent radiation, the so-called CBS cone.

Finally, the multiple scattering approach presented in
this paper may find applications in other many-body
scattering problems. One such example is the elucida-
tion of the relationship between Bragg scattering and
the phenomenon of photonic bandgaps, the first one oc-
curring in the single and the second one in the multiple
scattering regime.
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Appendix A: Derivation of Eq.(5)

The radiation field can be obtained from Maxwell equa-
tions in the presence of a polarization P. The equations
for the Fourier component at the frequency ω = ck are:

∇×E = iωB, (A1)

∇×B = −iωµ0(ǫ0E+P), (A2)

∇ ·E = −(1/ǫ0)∇ ·P. (A3)

Taking the curl of Eq.(A1) and using Eq.(A2),

∇×∇×E = (ω2/c2)[E+ (1/ǫ0)P], (A4)

where c = (ε0µ0)
−1/2 is the vacuum speed of light. Using

the identity ∇×∇×E = ∇(∇·E)−∇2E and Eq.(A3),
we obtain

(

∇2 + k2
)

E = −k2

ǫ0

[

P+
1

k2
∇(∇ ·P)

]

. (A5)

The solution of eq.(A5) is easily obtained using the
scalar Green’s function G(r) = exp(ikr)/(ikr) as

E(r) = i
k3

4πǫ0

∫

dr′G(|r−r′|)
[

P(r′) +
1

k2
∇(∇ ·P(r′))

]

(A6)

or, for each components,

Eα(r) = i
k3

4πǫ0

∑

β

∫

dr′G(|r− r′|)

×
[

δα,β +
1

k2
∂2

∂x′
α∂x

′
β

]

Pβ(r
′). (A7)

By integrating by parts and using Eq.(3), we derive

Eα(r) = i
k3

6πǫ0

∑

β

∫

dr′Gα,β(r− r′)Pβ(r
′). (A8)

Taking a discrete distribution of electric dipoles with

P(r) = −d
∑N

j=1 bjδ(r− rj), we obtain:

E(r) = −i
dk3

6πǫ0

N
∑

m=1

G(r− rm) · bm. (A9)

Appendix B: Average over random angular variables for the CBS contribution

Assuming in the double scattering contribution of Eq.(26) k0 = k(0, 0, 1), k = k(sin θ cosφ, sin θ sinφ, cos θ) and
rjm = rjm(sin θjm cosφjm, sin θjm sinφjm, cos θjm), where rjm = rj − rm, then

(k+ k0) · rjm = krjm[sin θ sin θjm cos(φjm − φ) + (1 + cos θ) cos θjm]. (B1)

By averaging over θjm and φjm, we obtain

〈|TN |2pair〉 =
1

N2

∑

j,m 6=j

1

k2r2jm

×
{

1 +
1

4π

∫ 2π

0

dφjm

∫ π

0

dθjm sin θjm cos{krjm [sin θ sin θjm cos(φjm − φ) + (1 + cos θ) cos θjm]}
}

.(B2)

Using the expression

1

2π

∫ 2π

0

dφ cos[a+ b cos(φ− φ′)] = cos(a)J0(b), (B3)

the integration over φjm gives

〈|TN |2pair〉 =
1

N2

∑

j

∑

m 6=j

1

kr2jm

{

1 +
1

2

∫ π

0

dθjm sin θjm cos[krjm(1 + cos θ) cos θjm]J0 [krjm sin θ sin θjm]

}

. (B4)

Using the expression

∫ π

0

dθ sin θ cos(a cos θ)J0 (b sin θ) = 2
sin

√
a2 + b2√

a2 + b2
, (B5)

we obtain

〈|TN |2pair〉 =
1

N2

∑

j

∑

m 6=j

1

kr2jm
{1 + sinc[2krjm cos(θ/2)].} (B6)

where sinc(z) = sin(z)/z.
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Appendix C: Derivation of Eq.(30)

Let us consider the integral

I =

∫

dr1ρ(r1)

∫

dr2ρ(r2)f(|r1 − r2|). (C1)

Changing integration variables from r1 and r2 to R = (r1 + r2)/2 and s = r1 − r2, we obtain

I =

∫

dR

∫

dsρ(R− s/2)ρ(R+ s/2)f(|s|). (C2)

Assuming a Gaussian distribution, ρ(r) = N/[(2π)3/2σ3
r ] exp(−r2/2σ2

r), since |R + s/2|2 + |R − s/2|2 = 2R2 + s2/2,
the integral (C2) in polar coordinates becomes

I =
2N2

πσ6
r

∫ ∞

0

dRR2e−R2/σ2

r

∫ ∞

0

dss2e−s2/4σ2

rf(s)

=
4N2

√
π

∫ ∞

0

dxx2e−x2

f(2σrx). (C3)

Taking

f(s) =
1

k2s2

{

1 +
sin[2ks cos(θ/2)]

2sk cos(θ/2)

}

, (C4)

the integral is

I =
N2

σ2
√
π

∫ ∞

0

dxe−x2

[

1 +
sin(ax)

ax

]

=
N2

2σ2

[

1 +

√
π

a
erf(a/2)

]

, (C5)

where σ = kσr and a = 4σ cos(θ/2).

Appendix D: Derivation of Eq.(32)

Let us consider the coherent contribution T∞(k,k0) of Eq.(27) and introduce R = (r1 + r2)/2 and s = r1 − r2, so
that

T∞(k,k0) =
1

ikN

∫

dR

∫

dsρ(R+ s/2)ρ(R− s/2)s−1ei(k0−k)·R+i(k0+k)·s/2+iks. (D1)

For a Gaussian distribution the double integral factorizes,

T∞(k,k0) =
ρ20
ikN

∫

dRe−R2/σ2

r+i(k0−k)·R

∫

dss−1e−s2/4σ2

r+i(k0+k)·s/2+iks, (D2)

where ρ0 = N/(2π)3/2σ3
r . Assuming k0 = k(0, 0, 1) and k = (sin θ cosφ, sin θ sinφ, cos θ), the first integral yields:

I1 = ρ0

∫

dRe−R2/σ2

r+i(k0−k)·R =
N

2
√
2
e−σ2(1−cos θ)/2 (D3)

where σ = kσr. The second integral of Eq.(D2) after integration over the angular variables yields:

I2 =
2N

i
√
2πσ2 cos(θ/2)

∫ ∞

0

dxe−x2/4+iσx sin[σ cos(θ/2)x]. (D4)

Using the expression
∫ ∞

0

dxe−x2/4+iax sin(bx) =

√
π

2

{

−i− e4ab [erfi(a− b)− i] + erfi(a+ b)
}

e−(a+b)2

we obtain, from eqs.(D3) and (D4),

T∞(θ) =
N

4iσ2 cos θ/2

{

erfi [σ(1 + cos θ/2)]− e4σ
2 cos θ/2erfi [σ(1− cos θ/2)] + i

(

e4σ
2 cos θ/2 − 1

)}

× e−2σ2(1+cos θ/2). (D5)
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Notice that T∞(π) = N exp(−2σ2). For large σ and near the forward direction, we get:

T∞(θ) ≈ N

4σ2
e−4σ2 sin2(θ/4) ≈ b0

8
e−4σ2 sin2(θ/4). (D6)
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Müller, and C. Miniatura, “Coherent forward scattering
peak induced by anderson localization,” Phys. Rev. Lett.
109, 190601 (2012).

[35] B. A. van Tiggelen, A. Lagendijk, and A. Tip, “Multiple-
scattering effects for the propagation of light in 3d
slabs,” Journal of Physics: Condensed Matter 2, 7653
(1990).


