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Abstract. We derive the conditions under which the fluid models obtained from the

first two moments of Hamiltonian drift-kinetic systems of interest to plasma physics,

preserve a Hamiltonian structure. The adopted procedure consists of determining

closure relations that allow to truncate the Poisson bracket of the drift-kinetic system,

expressed in terms of the moments, in such a way that the resulting operation is a

Poisson bracket for functionals of the first two fluid moments. The analysis is carried

out for a class of full drift-kinetic equations and also for drift-kinetic systems in which a

splitting between an equilibrium distribution function and a perturbation is performed.

In the former case we obtain that the only closure, not involving integral or differential

operators, that leads to a Poisson bracket, corresponds to that of an ideal adiabatic gas

made of molecules possessing one degree of freedom. In the latter case, Hamiltonian

closures turn out to be those in which the second moment is a linear combination

of the first two moments, which can be seen as a linearization of the Hamiltonian

closure of the full drift-kinetic case. A number of weakly-3D Hamiltonian reduced

fluid models of interest, for instance for tokamak plasmas, can be derived in this way

and, viceversa given a fluid model with a Hamiltonian structure of a certain type,

a parent Hamiltonian drift-kinetic model can then be identified. We make use of

this correspondence to identify the drift-kinetic models from which Hamiltonian fluid

models for magnetic reconnection and compressible plasma dynamics in the presence

of a static but inhomogeneous magnetic field can be derived. The Casimir invariants

of the Poisson brackets of the derived fluid models are also discussed. It is also shown

that the Poisson structure for the fluid model derived from the full drift-kinetic system

coincides with that of a reduced fluid model, when using the fluid velocity instead of

the momentum as dynamical variable.
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1. Introduction

Truncating moment hierarchies of kinetic theories is a customary procedure for obtaining

fluid models that describe the dynamics of media such as fluids and plasmas. In

the non-dissipative limit, typically the parent kinetic theory consists of the Vlasov

equation, which possesses a Hamiltonian structure, characterized by a Lie-Poisson

bracket [1, 2], possibly coupled with other equations describing the dynamics of other

fields, a typical example being the Vlasov-Maxwell system. The Vlasov equation

describes the evolution of a distribution function f(x,v), with x and v denoting the

space and velocity coordinate, respectively. As is well known, the Vlasov equation

can be replaced by an infinite hierarchy of evolution equation for the kinetic moments

P ijk
n (x) =

∫

d3vvixv
j
yv
k
zf(x,v), with n, i, j and k non-negative integers such that

i + j + k = n. From the point of view of the dynamical properties, it was shown [3]

that the resulting hierarchy of moment equations inherits a Hamiltonian structure [4]

from the Lie-Poisson structure of the Vlasov equation. The case of the infinite BBGKY

(Bogoliubov-Born-Green-Kirkwood-Yvon) has also been treated in this context, and

its Lie-Poisson structure was presented in Ref. [5]. More recently, truncated moment

hierarchies of the geodesic Vlasov equation have been shown to be related to integrable

systems[6] and a geometric interpretation of the Lie-Poisson structure associated with

the dynamics of the moments of the Vlasov equation has been presented [7].

In the physics of strongly magnetized plasmas, such as those of tokamak devices,

a widely adopted kinetic theory, is that based on the so-called drift-kinetic equation

(see, e.g. Refs. [8, 9]). Such equation governs the evolution of the distribution function

f(x, y, z, v, µ) of the guiding centers of the particles, whose individual dynamics takes

place on a reduced phase space consisting of the three spatial coordinates x, y and z,

of the velocity coordinate v, which is is directed along the dominant component of the

magnetic field, and of the magnetic moment µ, which is in general an adiabatic invariant

of the guiding center dynamics. The advantage of dealing with a distribution function

on a reduced phase space is evident, for instance when numerical computations are
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required. This occurs at the expense of having averaged out the particle gyro motion,

which, anyway, takes place on fast time scales of little interest for most applications.

Analogously to the ordinary Vlasov equation, the collisionless drift-kinetic equation

also possesses a noncanonical Hamiltonian structure, which reflects the Hamiltonian

dynamics of the individual guiding centers. An important property that reduced fluid

models derived as a truncated moment hierarchy of drift-kinetic equations, should

respect, is that, when no dissipative and/or forcing terms are voluntarily added, they

also possess a Hamiltonian structure, like their parent model. If the hierarchy of fluid

equations obtained from a Hamiltonian drift-kinetic (or, in general, kinetic) theory is

such that the evolution equations for the first nmoments involves the first n+k moments,

then the customary procedure followed to derive a closed n-moment fluid model, is

to express the moments of order n + 1, · · ·n + k, in terms of the first n moments.

Imposing such closure relations, however, does not, in general, preserve the original

Hamiltonian character of the underlying drift-kinetic theory. In this article we propose

a way to derive, from a Hamiltonian drift-kinetic system, two-moment fluid models in

such a way that a Hamiltonian structure is preserved. More precisely, we express the

Poisson bracket of drift-kinetic systems in terms of the kinetic moments with respect

to the parallel velocity, for a fixed value of µ, and truncate the resulting expression by

considering functionals of the first two moments. Then we look for closures such that,

when inserted into the truncated bracket, yield a Poisson bracket, thus, guaranteeing

the existence of a Hamiltonian structure for the fluid model. We refer to these as to

Hamiltonian closures. We anticipate that, although the analysis is restricted to the

first two moments, this is already sufficient to reveal qualitative differences with respect

to the Vlasov case, for which such Hamiltonian closures have been investigated [10].

Indeed, as will be shown in Sec. 2, unlike the case of the Vlasov equation [6, 11], for

drift-kinetic systems the functionals of the first two moments do not form a sub-algebra

with respect to the Poisson bracket of the drift-kinetic systems expressed in terms of

the moments.
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We carry out the analysis for two classes of drift-kinetic systems: a first class,

describing the evolution of the full distribution function, and a second class, in which,

as is commonly adopted in plasma physics, one follows the evolution of the perturbation

of an equilibrium distribution function which is spatially homogeneous.

By means of such Hamiltonian closures we can then derive reduced fluid models

which automatically possess a Hamiltonian structure, that can also be known explicitly.

Indeed, we also identify the conditions that a generic Hamiltonian functional of the

first two moments has to satisfy, in order for the dynamical equations generated by

the truncated Poisson bracket, to match the fluid equations obtained directly by taking

moments of the drift-kinetic system and imposing the Hamiltonian closure. This allows

for an identification, by means of the Hamiltonian structure, of reduced fluid models

which come from Hamiltonian drift-kinetic models and makes it possible, for such fluid

models, to reconstruct the Hamiltonian parent drift-kinetic model, if so wished.

The article is organized as follows. In Sec. 2 the Hamiltonian closures for the fluid

models obtained from the drift-kinetic systems involving the full distribution function

are derived and discussed. Sec. 3 deals with the Hamiltonian closures for the perturbed

drift-kinetic systems. In particular, Sec. 3.1, discusses the correspondence between

Hamiltonian weakly-3D fluid models and Hamiltonian perturbed drift-kinetic models.

Two examples are treated in detail, and a third example concerning an extension to

multiple species is also described. Sec. 4 is devoted to conclusions, whereas Appendix

A and Appendix B present the details of the calculations concerning the closures that

allow to respect the Jacobi identity.

2. Hamiltonian drift-kinetic model

We consider the following drift-kinetic equation

∂f

∂t
− q[ϕ, f ]x − [B, f ]x + v

∂f

∂z
− q

M

∂ϕ

∂z

∂f

∂v
= 0, (1)
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coupled with Poisson’s equation

ϕ(x) = L

∫

dvf(x, v). (2)

In (1)-(2), f(x, v) is a guiding center distribution function depending on spatial variables

x ∈ D ⊂ R
3 and on the velocity v ∈ R in the direction parallel to the dominant

component of the magnetic field. The latter is taken to be B(x) = B(1 − x/l)ẑ, with

constant B and l, such that x/l ≪ 1. This corresponds to the most simplistic choice

that retains magnetic inhomogeneities in a strong magnetic field, but the subsequent

analysis can be done in principle for more general magnetic field configurations. The

distribution function f has to be interpreted as the result of an integration, over the

magnetic moment coordinate, of the actual drift-kinetic distribution function f(x, v, µ),

which includes the dependence on the magnetic moment µ. In particular, we assumed

that f(x, v, µ′) = δ(µ′ − µ)f(x, v), so that we are actually restricting to a particular

value µ′ = µ.

The constants q and M indicate the charge and the particle mass of the species

under consideration, whereas the function B(x) = µB(1 − x/l) identifies the term

associated with the gradient-B drift.

The brackets [, ]x,v are defined in the following way:

[f, g]x = − 1

qB

(

∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x

)

, [f, g]v =
1

M

(

∂f

∂z

∂g

∂v
− ∂f

∂v

∂g

∂z

)

. (3)

By virtue of this definition, one can then see that the second and third term on the left-

hand side of Eq. (1) indicate the advection of the distribution function by the E × B

and gradient-B drifts, respectively. The fourth term represents the free streaming along

the direction of the magnetic field, whereas the fifth term accounts the acceleration due

to the electric field.

Poisson’s equation (2), on the other hand, relates the electrostatic potential ϕ with

the guiding center density, by means of the operator L. At an abstract level, our theory

applies in general if L is a linear operator, in general of integral type, with coefficients

independent on v, and symmetric with respect to the L2(D) inner product. From a
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more physical point of view, although these hypotheses on the operator L exclude the

most general forms of drift-kinetic Poisson’s equation [12, 13, 14, 15], they allow for the

use of some simplified, but still relevant forms. As a paradigmatic case, let us assume a

distribution function for ion guiding centers with q = e, where e is the unit charge, and

consider as spatial domain D a unit cube, over which we assume that the potential ϕ

has zero mean value. Then we can take as Poisson’s equation the following relation

−∆⊥ϕ+
e2B2

MTe
(ϕ− < ϕ >) =

eB2

Mn0

(
∫

dvf − n0

)

, (4)

where ∆⊥ indicates the Laplacian operator in the xy plane, Te is the constant electron

temperature, n0 is the constant electron density and < ϕ >=
∫

dzϕ indicates an average

along the direction of the magnetic field. Eq. (4) corresponds, in the limit of flat density

and temperature gradients, to the quasi-neutrality relation adopted in Ref. [16]. This

relation assumes adiabatic electrons, small potential fluctuations, and accounts for a

polarization term. In this case, the expression for the operator L, can formally be

obtained by the relation

ϕ =

(

−∆⊥ +
e2B2

MTe
(I− <>)

)−1

◦
(

I −
∫

d3x

)

e2B2

Mn0

∫

dvf, (5)

where I indicates the identity operator. Note that the constant electron density is

constrained by the relation n0 =
∫

d3xdvf , expressing the equality in the number of

electrons and ions in the unit cube.

We remark that also in the presence of density and temperature gradients, which

are used for instance for the study of ion temperature gradient driven turbulence, our

procedure applies, with slight modifications. A detailed study of the Hamiltonian two-

moment fluid model obtained by drift-kinetic models in the presence of such gradients

is the subject of a forthcoming publication.

On the other hand, an example of Poisson’s equation simpler than Eq. (4) and

that is also covered by our procedure, corresponds to the drift-kinetic quasi-neutrality

relation adopted in Ref. [17], which reads

eϕ

Te
=

1

n0

(
∫

dvf − n0

)

. (6)
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The relation (6) can be obtained from Eq. (4) by neglecting the polarization term and

the flux surface average. Eq. (6) can be readily cast in the form (2) as

ϕ =

(

I −
∫

d3x

)

Te
en0

∫

dvf, (7)

from which it follows that in this case, the formal expression for L reads L =

(I −
∫

d3x)Te/en0.

Assuming the above hypotheses, the drift-kinetic equation (1) can be written as an

infinite-dimensional Hamiltonian system resulting from the Hamiltonian functional

H(f) =

∫

d3xdvf(x, v)

(

M
v2

2
+ B(x) + q

L

2

∫

dv′f(x, v′)

)

, (8)

and the noncanonical Poisson bracket

{F,G} =

∫

d3xdvf([Ff , Gf ]x + [Ff , Gf ]v), (9)

where the subscripts on F and G indicate functional derivatives. Indeed, direct

calculations show that, assuming that boundary terms vanish when integrating by parts,

the equation of motion

∂f

∂t
= {f,H}, (10)

yields namely the drift-kinetic equation (1) when the Hamiltonian (8) and the bracket

(9) are used. We remark that (9) is a legitimate Poisson bracket of Lie-Poisson type

[18, 19].

We also note that the Hamiltonian (8) can be naturally interpreted as the total

energy of the system, with its first two terms representing the kinetic energy due to the

motions parallel and perpendicular to ẑ, respectively, whereas the third term accounts

for the electrostatic energy.

2.1. Poisson bracket for the kinetic moments

In order to simplify the notation, from now on, we set M = B = 1 and q = −1.

Given a non-negative integer n, we denote with Pn the kinetic moment (or simply

the moment) of order n of the distribution function f , and we define it as

Pn(x) =

∫

dvvnf(x, v). (11)
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Evolution equations for the moments of f can be derived from Eq. (1). This leads to an

infinite hierarchy of equations. As is well known, the evolution equation for the moment

of order n, involves the moment of order n+1, which leads to a closure problem, in order

to derive a finite system of equations. Here we consider systems involving only the first

two moments, thus implying a closure through which P2 is expressed in terms of P0 and

P1. In particular, we investigate the conditions under which the resulting closed system

still possesses a Hamiltonian structure. For this purpose, we first see how the Poisson

bracket (9) transforms when expressing it in terms of the moments and restricting its

action to functionals of only P0 and P1. This is accomplished by first recalling that the

change of variables f → {Pn}n∈N induces the following transformation:

Ff =
∑

n∈N

vnF̄n, (12)

between the functional derivatives with respect to f and those with respect to the

moments (we indicate with F̄n, the functional derivative of F̄ with respect to Pn).

Therefore, using (11) and (12), the bracket (9) transforms into

{F,G} =
∑

m,n∈N

∫

d3x[Pm+n[Fm, Gn]x + Pm+n−1(nGn∂zFm −mFm∂zGn)], (13)

This operation naturally appears as the sum of two contributions: the first one, where

[, ]x appears, originates from the terms which typically account for the advection in

the plane perpendicular to the magnetic field. The second contribution corresponds

(apart from the additional dependence and integration with respect to x and y) to

the Lie-Poisson bracket originating from taking moments of the one-dimensional Vlasov

equation [4, 3].

If we now restrict to F and G functionals of P0 and P1 only, the operation (13)

reduces to

{F,G} =

∫

d3x [P0[F0, G0]x + P1([F1, G0]x + [F0, G1]x) + P2[F1, G1]x

+P0(G1∂zF0 − F1∂zG0) + P1(G1∂zF1 − F1∂zG1)] .

(14)

The bracket (14), although bilinear, antisymmetric and satisfying the Leibniz identity, is

not guaranteed to be a Poisson bracket, because truncations of Poisson brackets do not
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preserve the Jacobi identity, in general. This can be the case, however, if one restricts to

functionals that form a sub-algebra. This does not occur for the case at hand, though.

Indeed, one can see from (14) that {F,G} depends explicitly on P2. Therefore the set

of functionals of P0 and P1 is not closed under the bracket {, }. Remark that it is the

perpendicular advection term which is responsible for the explicit dependence on P2,

whereas the Vlasov part of (14) depends only on P0 and P1. We conclude then that,

unlike the case of the Vlasov equation [6, 11], for the drift-kinetic dynamics, the set of

functionals of the first two moments does not form a sub-algebra.

Because two-moment fluid models are obtained assuming a closure relation that

expresses P2 in terms of P0 and P1, we ask whether a function F exists, such that,

imposing P2 = F(P0, P1) in (14), yields a Poisson bracket. In general this will not

be the case because the Jacobi identity is typically not preserved by this operation.

When this occurs, on the other hand, the corresponding relation P2 = F(P0, P1) is a

Hamiltonian closure. For the bracket (14) it turns out that, as shown in Appendix A,

the only Hamiltonian closure (not involving differential or integral operators ) is given

by

P2 =
P 2
1

P0

+AP 3
0 , (15)

where A is a constant. The Poisson bracket (14) then becomes

{F,G} =

∫

d3x

[

P0[F0, G0]x + P1([F1, G0]x + [F0, G1]x) +

(

P 2
1

P0

+AP 3
0

)

[F1, G1]x

+P0(G1∂zF0 − F1∂zG0) + P1(G1∂zF1 − F1∂zG1)] .

(16)

We remark that, this result, obtained purely by considerations based on the algebraic

properties of the bracket in terms of the moments, has a clear physical interpretation.

Indeed, the moments P0 and P1 naturally correspond to the guiding center density

and the momentum, respectively of the plasma species under consideration. The

second order moment, on the other hand, is related to the pressure P via the relation

P2 = P + P 2
1 /P0. Therefore, the relation (15) corresponds to P = AP 3

0 . This closure

relation is what one obtains for an ideal adiabatic gas possessing 3 as adiabatic index.
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This corresponds to gas molecules possessing one degree of freedom. In the A = 0 limit

one recovers the cold plasma case.

We recall that this closure in particular corresponds to an exact closure [17] for a

water-bag distribution function of the form

f(x, v) =

{

1/2
√
3A for v−(x) ≤ v ≤ v+(x)

0 elsewhere,
(17)

where the values of the velocities v±(x) locally determine the support of f . Water-bag

distribution functions provide the simplest model for a kinetic distribution with a finite

temperature. The latter is associated with the parameter A.

Of course, once a Poisson bracket in terms of the moments is identified, a

Hamiltonian functional is required to generate the fluid dynamical equations, and

different Hamiltonians lead to different dynamics. Here, it is natural to constrain

the Hamiltonian functional in such a way that the resulting dynamical equations

are compatible with the equations obtained taking moments of (1). Given a generic

Hamiltonian functional H(P0, P1) and the Poisson bracket (16), the resulting equations

of motion are

∂P0

∂t
= [H0, P0]x + [H1, P1]x − ∂z(P0H1), (18)

∂P1

∂t
= [H0, P1]x +

[

H1,
P 2
1

P0

+AP 3
0

]

x

− P0∂zH0 − ∂z(P1H1)− P1∂zH1.(19)

On the other hand, the equations obtained from the first two moments of (1) are

∂P0

∂t
= −[LP0, P0]x + [B, P0]x − ∂zP1, (20)

∂P1

∂t
= −[LP0, P1]x + [B, P1]x − ∂zP2 + P0∂zLP0. (21)

Compatibility between (18) and (20) requires ∂z(P0H1) = ∂zP1, from which we get

H(P0, P1) =

∫

d3x

(

1

2

P 2
1

P0

+ υ(P0) + λ(x, y)
P1

P0

)

, (22)

where υ is in general an operator depending on P0 and λ is a function of x and y. If

one inserts the form (22) for the Hamiltonian into (18), one obtains

∂P0

∂t
=

[(
∫

d3xυ

)

0

, P0

]

x

−
[

λ
P1

P 2
0

, P0

]

x

+

[

λ

P0

, P1

]

x

− ∂zP1, (23)
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which yields (20) if the Hamiltonian (22) specifies to

H(P0, P1) =

∫

d3x

[

1

2

P 2
1

P0

+ P0

(

B − 1

2
LP0

)

+ σ(P0) + λ
P1

P0

]

, (24)

where σ is an arbitrary function of P0, λ is constant and where we made use of the

hypothesis of symmetry of the operator L. Inserting (24) into (19) yields

∂P1

∂t
= −[LP0, P1]x + [B, P1]x + [σ′, P1]x +A

[

P1

P0

, P 3
0

]

x

− ∂z

(

P 2
1

P0

)

+P0∂zLP0 − P0∂zσ
′,

(25)

where the prime denotes derivative with respect to the argument of the function. Eq.

(25) reduces to (21) namely if the closure P2 = P 2
1 /P0 + AP 3

0 is adopted and if

σ(P0) = (A/2)P 3
0 +cP0, where c is a constant. Thus, P2 = P 2

1 /P0+AP 3
0 appears indeed

as the only possible closure for the two-moment model (20)-(21) which is compatible

with equations obtained from the Poisson bracket (16).

This of course, does not exclude a priori the fact that systems obtained from other

closures also admit a Hamiltonian formulation. The closure (15) turns out to be the

only Hamiltonian closure that one obtains when imposing the closure directly in the

expression for the bracket. Other closures leading to a Hamiltonian systems, if they

exist, would require other Poisson brackets.

As by-product of this procedure, we have thus also derived the explicit Hamiltonian

structure for the two-moment model (20)-(21), with the closure P2 = P 2
1 /P0+AP 3

0 . Such

structure consists of the Poisson bracket (16) and of the Hamiltonian

H =

∫

d3x

(

1

2

P 2
1

P0

+ P0B − P0LP0

2
+

A
2
P 3
0

)

. (26)

Notice that in (26), we have omitted the contributions associated with λ(P1/P0) and

cP0. Indeed, direct calculations show that

C1 = c

∫

d3xP0, C2 = λ

∫

d3x
P1

P0

, (27)

are Casimirs for the bracket (16), that is {Ci, F} = 0, for i = 1, 2 and for all functionals

F (P0, P1). Consequently they do not contribute to the equations of motion and therefore

their presence in the Hamiltonian is irrelevant.
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We remark that, by comparing the moment Hamiltonian (26) with the expression

(8) for the original drift-kinetic Hamiltonian, one realizes that the the former could

have been obtained from the latter simply by using the definition of P0 and the closure

relation P2 = P 2
1 /P0 +AP 3

0 . In general, however, this is not always possible, as will be

the case, for instance, for the model treated in Sec. 3.

Further physical insight on the two-moment model can be obtained by attributing

to P0 and P1 their usual meaning of density and momentum, respectively. Thus, we

set P0 = n and P1 = nu, where n and u are density and velocity fields, respectively.

Recalling that ϕ = LP0 is the electrostatic potential and that B = µB(1 − x/l) is

associated with an inhomogeneous magnetic field, the two-moment model with the

Hamiltonian closure can be written as

∂n

∂t
− q[ϕ, n]x −

µ

ql

∂n

∂y
+
∂(nu)

∂z
= 0, (28)

∂u

∂t
− q[ϕ, u]x −

µ

ql

∂u

∂y
+

1

M

∂

∂z

(

M
u2

2
+ qϕ+

3

2
An2

)

= 0, (29)

where we also restored physical constants.

Eq. (28) is a continuity equation expressing the advection of the guiding center

density by means of the E ×B and grad B velocities and the free transport along the

magnetic field. Eq. (29), on the other hand, reflects the fact that velocity variations are

due, again to E×B and grad B advection in the plane perpendicular to the magnetic

field, and to energy gradients along the magnetic field.

For this example, the Hamiltonian becomes

H(n, u) =

∫

d3xn

(

M

2
u2 + µB(1− x/l) + qϕ+

A
2
n2

)

, (30)

Thus, (30) naturally expresses the total energy of the system, given by the sum of the

kinetic, electrostatic and internal energies.

In the absence of magnetic field inhomogeneity and assuming adiabatic electrons,

Eqs. (28)-(29) correspond to the mono water-bag version of the model derived in Ref.

[17], for which we then provide here the corresponding Hamiltonian structure. On the

other hand, in the cold plasma limit A = 0 and assuming a reference potential as stream
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function, Eqs. (28)-(29), yield a dissipationless, slab version of the model adopted in

Ref. [20, 21] to investigate Kelvin-Helmholtz instabilities at the edge of tokamak devices.

It is interesting to note that, when expressed in terms of the variables n and u, the

Poisson bracket (16), for unitary mass, takes the remarkably simpler form

{F,G} =

∫

d3x [n[Fn, Gn]x + u([Fu, Gn]x + [Fn, Gu]x) + 3An[Fu, Gu]x

+Gu∂zFn − Fu∂zGn.]

(31)

In terms of these variables, one sees that the bracket is given by the sum of a bracket of

Lie-Poisson type, corresponding to the first line in Eq. (31), with another contribution

involving derivatives with respect to z. This bracket satisfies the criterion of Ref. [22]

to build Poisson brackets involving z derivatives, starting from a Lie-Poisson bracket

defined on the xy plane. This provides a further confirmation that the form (16) is indeed

a valid Poisson bracket. Also, we observe that u and n, in addition to be physically

relevant variables, correspond also to the normal fields suggested by the forms of the

Casimirs (27). The Casimirs express, for this model, the conservation of the total

number of particles and of the total fluid velocity and, in general, according to Ref.

[23], suggest a set of natural dynamical variables (P0 and P1/P0 in this case, which

namely correspond to n and u), in terms of which the Poisson bracket simplifies to a

form that makes the conservation laws more evident. Indeed, the conservation of
∫

d3xn

and
∫

d3xu follows easily from the expression (31).

3. Hamiltonian two-moment models from perturbed drift-kinetic equations

In this section we consider the distribution function as given by the sum of a background

time and space independent distribution Feq(v), and of a time-dependent perturbation

f̃(x, v), both assumed to decay for v → ±∞, and consider the following evolution

equation for f̃ ,

∂f̃

∂t
+ [φ̃, f̃ ]x − [B, f̃ ]x + v

∂f̃

∂z
+ AF ′

eq

∂φ̃

∂z
= 0, (32)

where the “potential” φ̃ has the form

φ̃(x, v) = L0

∫

dv′f̃(x, v′) + vL1

∫

dv′v′f̃(x, v′), (33)
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with L0 and L1, analogously to L, linear symmetric operators on L2(D), with coefficients

independent on v. Note that the form (33) is more general than that allowed for ϕ in

Sec. 2. Indeed, as it will be seen in the following, this greater generality will allow to

treat, for instance, also some electromagnetic models.

The equation (32), in particular cases, reduces to some models that can be of

interest when the plasma exhibits mean profiles which are weakly dependent on time

and space, as in the case of tokamak turbulence. For instance, if one identifies φ̃ with the

electrostatic potential perturbations (and consequently considers L1 = 0 in (33)), then

Eq. (32) can be obtained from (1) assuming f = Feq + f̃ and neglecting the nonlinear

term involving ∂zφ̃∂vf̃ (this last step can be justified assuming that, in dimensionless

units, ∂t ∼ f̃/Feq ∼ φ̃ ∼ B ∼ ∂z/∂x ∼ ∂z/∂y ≪ 1).

The equation (32), complemented by (33) also admits a Hamiltonian formulation,

given by the Hamiltonian

H(f̃) =
1

2

∫

d3xdv

[

f̃(−φ̃+ 2B)− v

AF ′
eq

f̃ 2

]

(34)

and by the Poisson bracket

{F,G} =

∫

d3xdv[f̃ [Ff̃ , Gf̃ ]x + AF ′

eqFf̃∂zGf̃ ]. (35)

The bracket (35) and the Hamiltonian (34), in the limit B = 0, were presented in Ref.

[24].

Note that the Hamiltonian (34) is given by the sum of a ”potential energy” part,

analogous to that of Eq. (8), with a contribution quadratic in f̃ , which appears in the

Hamiltonian for the linearized Vlasov equation [25, 26]. Similarly, the Poisson bracket

(35) is given by the sum of a contribution analogous to the one present in (9) and of

a term corresponding to the linearization about Feq, of the second term of the bracket

(9).

By analogy with Sec. 2.1, we define

P̃n(x) =

∫

dvvnf̃(x, v), (36)
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From (35), by adopting the functional chain rule, we obtain the following bracket:

{F,G} =
∑

m,n∈N

∫

d3x[P̃m+n[Fm, Gn]x − A(m+ n)Fm∂zGn

∫

dvvm+n−1Feq]. (37)

If we restrict to functionals of P̃0 and P̃1, the expression (37) yields

{F,G} =

∫

d3x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x) + P̃2[F1, G1]x

−An0(F1∂zG0 + F0∂zG1)− 2AM0F1∂zG1] ,

(38)

where

n0 =

∫

dvFeq, M0 =

∫

dvvFeq, (39)

are two constants. In (37) and in the following, in order not to introduce further

symbols and keep a simple notation, we used the subscripts on functionals also to

indicate functional derivatives with respect to P̃0, P̃1, P̃2, ... Note that, in order to obtain

(38), the property
∫

dvF ′
eq = 0, which is a consequence of the boundary conditions, has

been used.

As is evident, also the set of functionals of P̃0 and P̃1 is not closed under the

operation (38), which depends explicitly on P̃2. As in Sec. 2.1, we then look for

functions F̃(P̃0, P̃1) such that, when replacing P̃2 = F̃(P̃0, P̃1) in (38), the resulting

operation satisfies the Jacobi identity (bilinearity, antisymmetry and Leibniz identity,

also in this case, are evidently satisfied).

The result, whose derivation is presented in Appendix B, is that the only closure

that preserves the Jacobi identity is

P̃2 = aP̃0 + 2
M0

n0

P̃1, (40)

where a is an arbitrary constant. It can be verified that this result is also consistent

with the criterion, derived in Ref. [22], to build Poisson bracket for three-dimensional

fluid models from two-dimensional Hamiltonian models.

The Hamiltonian closure (40) can be related to the Hamiltonian closure (15) derived

for the full drift-kinetic model. Indeed, upon recalling that the perturbed drift-kinetic

model is based on the hypothesis f = Feq + f̃ , with f̃/Feq ≪ 1, one can apply this
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assumption to the Hamiltonian closure (15) and expand the closure relation around

P0 = n0, P1 =M0 and P2 = P20, where P20 =
∫

dvv2Feq, assuming small fluctuations of

the moments. Neglecting terms quadratic in the perturbations, one then obtains

P =

∫

dv(Feq + f̃)

(

v − P1

P0

)2

= P20 −
M2

0

n0

+
M2

0

n2
0

P̃0 − 2
M0

n0

P̃1 + P̃2 + · · · = An3
0 + 3An2

0P̃0 + · · · .
(41)

Eq. (41) implies, at the zero order,

P20 =
M2

0

n0

+An3
0, (42)

which is a condition on Feq. At the first order, on the other hand, the Hamiltonian

closure implies

P̃2 =

(

3An2
0 −

M2
0

n2
0

)

P̃0 + 2
M0

n0

P̃1. (43)

The relation (43) corresponds namely to the closure (40) in the specific case a =

3An2
0 −M2

0/n
2
0. Therefore, the Hamiltonian closure (40) of the perturbed drift-kinetic

system, can be seen as the linearization of the Hamiltonian closure of the corresponding

full-drift-kinetic model. The presence of the arbitrary constant a reflects the presence

of arbitrary constant A of the full model, which is related to the temperature of the

plasma. More in general, the relation a = 3An2
0 −M2

0/n
2
0 indicates that the constant

a represents the difference between the thermal energy and the parallel kinetic energy

of the equilibrium state. In particular, one has a = 0 when the plasma is cold and

possesses no equilibrium flow, or, more in general, when the two energies coincide.

Inserting the closure (40) into (38), one obtains the following explicit expression for

the Poisson bracket

{F,G} =

∫

d3x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x) + (aP̃0 + 2(M0/n0)P̃1)[F1, G1]x

−An0(F1∂zG0 + F0∂zG1)− 2AM0F1∂zG1] .

(44)

Considering a generic Hamiltonian H(P̃0, P̃1), the Poisson bracket (44) generates the

following dynamical equations

∂P̃0

∂t
= [H0, P̃0]x + [H1, P̃1]x − An0∂zH1, (45)
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∂P̃1

∂t
= [H0, P̃1]x + a[H1, P̃0]x + 2

M0

n0

[H1, P̃1]x

− An0∂zH0 − 2AM0∂zH1.

(46)

On the other hand, the first two moments of (32), upon imposing the closure (40), evolve

according to

∂P̃0

∂t
= −[L0P̃0, P̃0]x − [L1P̃1, P̃1]x + [B, P̃0]x − ∂zP̃1 + An0∂zL1P̃1, (47)

∂P̃1

∂t
= −[L0P̃0, P̃1]x − a[L1P̃1, P̃0]x − 2

M0

n0

[L1P̃1, P̃1]x + [B, P̃1]x − a∂zP̃0

− 2
M0

n0

∂zP̃1 + An0∂zL0P̃0 + 2AM0∂zL1P̃1.

(48)

We observe that, unlike in the case of the expression (8), the Hamiltonian (34) cannot be

expressed in terms of moments, because of the quadratic dependence on f̃ . Nevertheless,

for A 6= 0, equivalence between (45)-(46) and (47)-(48) can be obtained using, as

Hamiltonian

H(P̃0, P̃1) =
1

2

∫

d3x

(

−P̃0L0P̃0 +
a

An0

P̃ 2
0 + 2P̃0B − P̃1L1P̃1 +

P̃ 2
1

An0

)

. (49)

Thus, the Poisson bracket (44) and the Hamiltonian (49) generate the fluid equations

obtained from taking the first two moments of the perturbed drift-kinetic equation (32)

and adopting the closure (40).

Casimir invariants of the Poisson bracket (44) are given by

C1 =

∫

d3xP̃0, C2 =

∫

d3xP̃1. (50)

It is worth, in this context, considering also the two-dimensional (2D) limit of this

system, assuming that z is an ignorable coordinate, which is a common practice, in

reduced plasma models for tokamaks, in which z mimicks the toroidal coordinate. The

Poisson bracket (44), in the 2D limit, reduces to

{F,G} =

∫

d2x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x) + (aP̃0 + 2(M0/n0)P̃1)[F1, G1]x

]

,

(51)

which is a Poisson bracket of Lie-Poisson form. Direct calculations show that, unlike

its 3D extension, the Poisson bracket (51) possesses two infinite families of Casimir
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invariants, which correspond to

C± =

∫

d2xC±
[

P̃1 −
(

M0

n0

∓
√

M2
0

n2
0

+ a

)

P̃0

]

, (52)

where C± are two arbitrary functions. As will be seen in the remainder of the

article, invariants of several 2D reduced fluid models for plasmas are indeed of the

form (52), and can thus be interpreted as invariants of a model obtained as a two-

moment hierarchy of a drift-kinetic model. In the general case, the linear combinations

L± = P̃1 −
(

M0

n0

∓
√

M2

0

n2

0

+ a
)

P̃0 represent an alternative set of variables, in terms of

which, the model takes the form of two advection equations for L±. These can thus

be seen as two Lagrangian invariants, formally advected by two incompressible velocity

fields whose stream functions correspond to HL±
. In the degenerate case a = M0 = 0,

however, the Poisson bracket takes a semi direct product form and the two Lagrangian

invariants collapse, leaving only one advected quantity in the system, namely P̃1. Notice

also that, if one uses for a the above expression obtained from the linearization of the

Hamiltonian closure of the full model, then the Lagrangian invariants take the form

L± = P̃1 −
(

M0/n0 ∓
√

3An2
0

)

P̃0, which is always defined since A ≥ 0. From this

expression one sees that the Lagrangian invariants correspond to generalized momenta

given by the difference between two contributions. The first contribution P̃1 corresponds

to the fluctuating part of the actual fluid momentum, whereas the second contribution is

a momentum given by the product of the density fluctuations with a velocity depending

on equilibrium quantities. This velocity, depending on whether one considers L+ or L−,

corresponds to the difference or the sum between the equilibrium mean flow and the

thermal velocity.

It is interesting to remark that the Poisson bracket (31), which is the Poisson

bracket for the fluid system obtained form the full drift-kinetic model in terms of the

variables n and u, is of the same type of the bracket (44), which refers to the models

derived from the perturbed drift-kinetic system. More precisely, the bracket of the fluid

models obtained from the full drift-kinetic system, in terms of n and u, corresponds to
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the bracket of the reduced fluid models for P̃0 = n, P̃1 = u, a = 3A and M0 = 0. Thus,

the fluid models of Sec. 2.1, when expressed in terms of n and u, turn out to possess

the same Poisson structure of the reduced models of Sec. 3 expressed in terms of the

kinetic moments and in the absence of equilibrium flow. Apart from the difference in the

use of the velocity instead of the momentum, the difference in the dynamical equations

between the two models clearly comes from the Hamiltonian. Indeed, note that, even

in terms of the variables n and u, the Hamiltonian (30) possesses cubic terms, whereas

the fluid models obtained by taking moments of the perturbed drift-kinetic system are

generated by Hamiltonian functionals with at most quadratic terms.

The fact that the full and reduced fluid models, when expressed in terms of the

appropriate set of variables, possess the same Poisson structure, implies of course that

they possess the same Casimir functionals. Indeed, the Casimirs (27) are nothing but

the Casimirs (50) of the reduced models, upon identifying P̃0 with n and P̃1 with P1/P0,

that is, with u. As a consequence, also the above discussed properties of the Casimirs

of the reduced models can be applied to the full fluid model. In particular, also the

latter reduces to the advection of two Lagrangian invariants in the 2D limit. For the

full fluid model, the Lagrangian invariants correspond to L± = u±
√
3An. In terms of

these variables, in 3D, the full model takes the symmetric form (still for q = −1, B = 1

and M = 1):

∂L±

∂t
= [ϕ̄,L±]x +

∂

∂z

(

ϕ̄+
L2

±

2

)

, (53)

where we introduced the generalized stream function ϕ̄ = −ϕ + B. Thus, for finite

temperature, the fluid model derived from the full drift-kinetic system can be expressed

as a system of two equations of identical form, for the variables L±, which represent

generalized velocities with thermal corrections.

3.1. Correspondence between Hamiltonian weakly 3D fluid models and Hamiltonian

drift-kinetic models

Several reduced fluid models for tokamak plasmas assume that variations of the fields

along the z (i.e. the “toroidal”) coordinate, are much weaker than those along the
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x and y directions. As a consequence, the terms involving z-derivatives appear as

linear terms in the model equations. We refer to such models as to weakly 3D

models. In the non-dissipative limit, a number of 2D or weakly 3D models including

reduced magnetohydrodynamics [27] and models for collisionless reconnection [28, 29]

and interchange instability (a particular limit of the four-field model considered in Ref.

[30] and the cold-ion limit of the model of Ref. [31]) have been shown to possess a

Hamiltonian structure namely of the form (44)-(49), where the fields P̃0 and P̃1 take

different physical meanings depending on the model at hand. In particular they do not

necessarily represent the density and the momentum of the plasma species. Therefore,

because, due to the results of Sec. 3 we know that such models can be obtained by taking

moments of a suitable drift-kinetic system, we can, for any weakly 3D fluid model with

Hamiltonian structure (44)-(49) obtain a drift-kinetic model, with Hamiltonian structure

given by (34)- (35), from which the fluid model can formally be derived.

As a first example for this correspondence, we consider the following model for

magnetic reconnection mediated by electron inertia [28, 29]:

∂ψe
∂t

= −[φ, ψe]x + ρ2s[∆φ, ψ]x −
∂φ

∂z
+ ρ2s

∂∆φ

∂z
, (54)

∂∆φ

∂t
= −[φ,∆φ]x + [ψ,∆ψ]x −

∂∆ψ

∂z
, (55)

where de and ρs are constants indicating the electron skin depth and the sonic Larmor

radius, respectively, and ψe is the toroidal electron canonical momentum, defined as

ψe = ψ − d2e∆ψ. In (54)-(55), ψ and φ indicate the magnetic flux function and the

electrostatic potential, respectively.

This model is known [28] to possess a Hamiltonian structure with Hamiltonian

given by

H =
1

2

∫

d3x

(

−φ∆φ+ ρ2s(∆φ)
2 − ψe

d2e
(I − d2e∆)−1ψe +

ψ2
e

d2e

)

, (56)
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and Poisson bracket

{F,G} =

∫

d3x
[

∆φ[F∆φ, G∆φ]x + ψe([Fψe
, G∆φ]x + [F∆φ, Gψe

]x) + ρ2sd
2
e∆φ[Fψe

, Gψe
]x

−Fψe

∂G∆φ

∂z
− F∆φ

∂Gψe

∂z

]

.

(57)

The Hamiltonian (56) and the bracket (57) belong to the class (49) and (44), respectively,

via the following identification:

P̃0 = ∆φ, P̃1 = −ψe
d2e
, a =

ρ2s
d2e
, B = 0, (58)

M0 = 0, A =
1

d2en0

, L0 = ∆−1, L1 = d2e(I − d2e∆)−1. (59)

Consequently, from (32)-(33), we can infer that the reconnection model (54)-(55) can

be derived by taking the first two moments of the drift-kinetic model [24]

∂f̃

∂t
+ [φ̃, f ]x + v

∂f̃

∂z
+ AF ′

eq

∂φ̃

∂z
= 0,

φ̃(x, v) = ∆−1

∫

dv′f̃(x, v′) + d2ev(I − d2e∆)−1

∫

dv′v′f̃(x, v′),

(60)

closing the hierarchy by imposing

P̃2 =
ρ2s
d2e
P̃0, (61)

and then finally applying the above identifications P̃0 = ∆φ, P̃1 = −ψe/d2e and

An0 = 1/d2e. In a similar way, weakly 3D reduced magnetohydrodynamics can be

obtained, when the presence of ρs and de is suppressed.

We remark that, according to (52), the Lagrangian invariants of the 2D limit of the

model are given by

L± = − 1

d2e
(ψe ∓ ρsde∆φ) . (62)

The role of such invariants for magnetic reconnection, and their analogy with Lagrangian

invariants in drift kinetic system have been investigated in Refs. [32, 33, 34, 35].

As a second example of identification between Hamiltonian structures of weakly 3D

fluid models and perturbed drift-kinetic models, we consider the following system:

∂ne
∂t

= −[φ, ne]x + 2vd
∂ne
∂y

− ∂ue
∂z

, (63)

ǫ
∂ue
∂t

= −ǫ[φ, ue]x + 2ǫvd
∂ue
∂y

− ∂ne
∂z

+
∂φ

∂z
. (64)
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In (63)-(64) ne and ue, in normalized form, indicate the electron density and momentum

fluctuations, φ = ∆−1ne is the electrostatic potential, whereas the constants ǫ and vd

indicate the electron to ion mass ratio and the gradient-B drift velocity, respectively.

This model corresponds to the cold ion electrostatic limit of the model of Ref. [36],

where the ion fluid is assumed to be static and incompressible.

Eqs. (63)-(64) form a Hamiltonian system with Hamiltonian

H =
1

2

∫

d3x
(

−ne∆−1ne + n2
e + ǫu2e + 4vdxne

)

(65)

and Poisson bracket

{F,G} =

∫

d3x (ne[Fne
, Gne

]x + ue([Fue , Gne
]x + [Fne

, Gue ]x)

+
ne
ǫ
[Fue , Gue ]x −

1

ǫ
(Fue∂zGne

+ Fne
∂zGue)

)

.

(66)

We can easily see that the bracket (66) is of the form (44). The identification required

to build the parent drift-kinetic model is then the following:

P̃0 = ne, P̃1 = ue, A =
1

ǫn0

, B = 2vdx,

a =
1

ǫ
, M0 = 0, L0 = ∆−1, L1 = 0

Consequently, the Hamiltonian structure for the corresponding perturbed drift-kinetic

system is given by

H(f̃) =
1

2

∫

d3xdv

(

−φf̃ − ǫn0

v

Feq
′
f̃ 2 + 4vdxf̃

)

(67)

{F,G} =

∫

d3xdv

(

f̃ [Ff̃ , Gf̃ ]x +
Feq

′

ǫn0

Ff̃∂zGf̃

)

(68)

The corresponding dynamical equation is then given by

∂f̃

∂t
= −[φ, f̃ ]x + 2vd

∂f̃

∂y
− Feq

′

ǫn0

∂φ

∂z
− v

∂f̃

∂z
. (69)

The fluid model (63)-(64) can indeed be obtained by taking the first two moments of

(69) and imposing the closure

P̃2 =
P̃0

ǫ
. (70)
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We anticipate that the above described procedure can be extended to models involving

more than one species. For instance, upon restoring the ion dynamics in the model

(63)-(64), one obtains the system

∂ne
∂t

= −[φ, ne]x + 2vd
∂ne
∂y

− ∂ue
∂z

, (71)

ǫ
∂ue
∂t

= −ǫ[φ, ue]x + 2ǫvd
∂ue
∂y

− ∂ne
∂z

+
∂φ

∂z
, (72)

∂ni
∂t

= −[φ, ni]x − 2vdτ
∂ni
∂y

− ∂ui
∂z

, (73)

∂ui
∂t

= −[φ, ui]x − 2vdτ
∂ui
∂y

− τ
∂ni
∂z

− ∂φ

∂z
, (74)

where the subscript i refers to ion quantities, τ is the constant ratio between ion and

electron temperature and φ = ∆−1(ne− ni). Eqs. (71)-(74) form a Hamiltonian system

with Hamiltonian

H =
1

2

∫

d3x
[

−(ne − ni)∆
−1(ne − ni) + n2

e + τn2
i + ǫu2e + u2i

+4vdx(ne + τni)]

(75)

and Poisson bracket

{F,G} =

∫

d3x (ne[Fne
, Gne

]x + ue([Fue , Gne
]x + [Fne

, Gue ]x)

+
ne
ǫ
[Fue , Gue ]x −

1

ǫ
(Fue∂zGne

+ Fne
∂zGue)

−ni[Fni
, Gni

]x − ui([Fui , Gni
]x + [Fni

, Gui ]x)

−τni[Fui , Gui ]x − (Fui∂zGni
+ Fni

∂zGui)) .

(76)

The corresponding parent drift-kinetic model is given by

∂f̃e
∂t

= −[φ, f̃e]x + 2vd
∂f̃e
∂y

− Feq
′

e

ǫne0

∂φ

∂z
− v

∂f̃e
∂z

, (77)

∂f̃i
∂t

= −[φ, f̃i]x − 2τvd
∂f̃i
∂y

+
Feq

′

i

ni0

∂φ

∂z
− v

∂f̃i
∂z

, (78)

where φ = ∆−1
∫

dv(f̃e − f̃i). The Hamiltonian structure of the model is given by

H(f̃i, f̃e) =
1

2

∫

d3xdv

(

φ(f̃i − f̃e)− ǫne0
v

Feq
′

e

f̃ 2
e − ni0

v

Feq
′

i

f̃ 2
i + 4vdx(f̃e + τ f̃i)

)

(79)

{F,G} =

∫

d3xdv

(

f̃e[Ff̃e , Gf̃e
]x +

Feq
′

e

ǫne0
Ff̃e∂zGf̃e

− f̃i[Ff̃i , Gf̃i
]x +

Feq
′

i

ni0
Ff̃i∂zGf̃i

)

.

(80)
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The fluid model (71)-(74) can indeed be obtained by taking the first two moments of

(77)-(78) and imposing the closure

P̃e2 =
P̃e0
ǫ
, P̃i2 = τ P̃i0 , (81)

with the identifications P̃i,e0 = ni,e and P̃i,e1 = ui,e.

4. Conclusions

We have pointed out that, unlike what happens for Vlasov systems, for Hamiltonian

drift-kinetic systems, the set of functionals of the first two moments does not form a

sub-algebra with respect to the Poisson bracket of the drift-kinetic equation expressed in

terms of the moments. We investigated then under what conditions the bracket obtained

by imposing a closure relation between the second order moment and the two lowest

order moments, is a Poisson bracket. The analysis has been carried out in two cases

: a full drift-kinetic model and a perturbed drift-kinetic model, in which a separation

between an equilibrium distribution function and a perturbation is introduced. In the

former case the constraint of the Jacobi identity dictates that the only closure leading

to a Poisson bracket is given by P2 = P 2
1 /P0 +AP 3

0 . This corresponds to the equation

of state for an ideal adiabatic gas with molecules possessing one degree of freedom. In

the limit A = 0, one retrieves the cold plasma closure as a particular case. As remarked

in Appendix A, the isothermal closure P2 = P 2
1 /P0 +AP 3

0 , on the other hand, is not a

Hamiltonian closure. In the case of the perturbed drift-kinetic system, the Hamiltonian

closure turns out to be P̃2 = aP̃0+2u0P̃1, where a is an arbitrary constant and u0 is the

mean velocity associated with the equilibrium distribution function ( in this expression

the particle mass M is equal to unity). This Hamiltonian closure can be seen as the

linearization of the corresponding Hamiltonian closure for the full drift-kinetic model

about an equilibrium density n0 and an equilibrium momentum M0. The constant

a, then takes the form a = 3An2
0 − u20, expressing the difference between equilibrium

thermal energy and parallel kinetic energy. In this context, one can also interpret the
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Lagrangian invariants L± of the corresponding 2D reduced fluid model, as generalized

momenta involving the thermal velocity and the equilibrium parallel flow.

We have also shown that, when expressed in terms of the normal fields suggested

by the presence of the Casimir invariants, that is n and u, the Poisson bracket for

the full fluid model takes a simpler form, which actually is of the form of the Poisson

bracket for the reduced fluid models, when the latter are expressed in terms of the

kinetic moments. Therefore, the full and reduced fluid models when expressed in terms

of the appropriate variables, possess the same Poisson structure. This reflects also in

their Casimir invariants and in particular in the possibility to write also the full fluid

model in terms of dynamical varibles L± that become Lagrangian invariants in the

2D limit. For the full fluid model the variables L± are linear combinations of plasma

mean velocity and thermal speed and in terms of them, the system takes a remarkably

symmetric form.

Our analysis, indicates that the natural constraint of preserving a Hamiltonian

structure when taking moments of a Hamiltonian drift-kinetic model, selects some

particular closures, which turn out to have a direct physical interpretation. On the

other hand, however, our analysis, of course does not imply that all the two-moment

Hamiltonian models obtained from taking moments of drift-kinetic systems must have

one of the two above mentioned closures. A simple counterexample in this respect, can

already be obtained in the case of the one-moment model

∂P̃0

∂t
+ [L0P̃0, P̃0]x +

∂

∂z
(L0P̃0 +W (P̃0)), (82)

which is obtained by taking the zero order moment of Eq. (32), in the limit B = 0,

and imposing the closure P̃1 = L0P̃0 + W (P̃0), where W is a smooth function. This

closure does not belong to the class of closures that we considered. Nevertheless, Eq.

(82) is a Hamiltonian system, with Poisson bracket and Hamiltonian corresponding

to {F,G} =
∫

d3x(P̃0[F0, G0]x − F0∂zG0) and H(P̃0) =
∫

d3x[(1/2)P̃0L0P̃0 + W(P̃0)],

respectively, with W such that W ′(P̃0) = W (P̃0).

Our procedure, on the other hand, is based on imposing the closure relation directly



Hamiltonian closures for two-moment fluid models derived from drift-kinetic equations26

into the bracket expressed in terms of the moments and truncated. Because of the

fragility of the Jacobi identity, this operation, apart from the case of the Hamiltonian

closures that we found, does not lead to Poisson brackets.

Ways alternatives to ours to derive Hamiltonian fluid models might be sought for.

On one hand, indeed, we excluded the presence of differential operators in our closure

relation, which in principle, could lead to further Hamiltonian closures. Also, one might

imagine in principle a Hamiltonian fluid model whose bracket does not derive from

the bilinear form obtained by taking the moments of the parent drift-kinetic bracket.

We presume that, in such cases, however, the Hamiltonian structure has to be derived

a posteriori, or by imposing the closure relation through procedures, such as Dirac’s

theory of constraints [37], that automatically preserve the Hamiltonian structure. On

the other hand, we believe that our procedure still covers a quite broad class of cases of

interest by following a systematic procedure.

In the case of the perturbed drift-kinetic systems we also proposed a procedure

to recover a Hamiltonian parent drift-kinetic model, from a given Hamiltonian fluid

model. More precisely, if the Hamiltonian fluid model is characterized by a Hamiltonian

functional and a Poisson bracket of the form (49) and (44), respectively, then it means

that it can be derived from a Hamiltonian drift-kinetic system with Hamiltonian and

Poisson bracket corresponding to (34) and (35). Hamiltonian structures of the type

(49)- (44) are not rare for fluid models of interest for instance, for tokamak plasmas,

in which the presence of a strong magnetic field along the toroidal direction makes

the assumption of ”weak” dependence on the z coordinate, reasonable. We showed

explicitly, indeed, how, from two weakly-3D fluid models for plasmas, the corresponding

parent drift-kinetic models can be derived. As anticipated at the end of Sec. 4, this

procedure can be extended to systems involving more than one plasma species, and we

provided an explicit example of this by retrieving the Hamiltonian drift-kinetic model

of a four-field compressible electrostatic fluid model.

Our analysis, however, clearly presents limitations and we believe it would be
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appropriate to extend it in different directions. The first evident restriction concerns not

having considered moments with respect to the µ coordinate. This clearly excludes the

analysis of important closures, such as those involving pressure anisotropies. Also, for

simplicity, the hypothesis of a straight magnetic guide field has been made. This excludes

curvature drifts, which would complexify the problem, by introducing a quadratic

dependence on v in the drift-kinetic equation (see, e.g. Ref. [9]). At the level of

the equations motion, this implies that the evolution equation for the moment of order

n, with respect to the parallel velocity, would depend on moments of order n + 1 and

n+ 2. In terms of the Hamiltonian structure, this would reflect into a generalization of

the Poisson brackets (9) and (13), and consequently of the definitions of Hamiltonian

closures.

Finally, an obvious important limitation, concerns the restriction to the first two

moments. Although, as already mentioned, this already permits to derive a number of

significant reduced models, it prevents an accurate description of certain phenomena.

For instance, the derivation of energy-conserving, and in particular Hamiltonian fluid

models accounting for the evolution of quantities related to higher order moments, such

as parallel and perpendicular temperatures, as well as heat fluxes, is important for the

description of turbulence in both astrophysical and fusion plasmas [38, 39, 40].

The extension of the present analysis in the above directions as well as the inclusion

of further physical ingredients such as gyrokinetic corrections and density gradients is

under development and will be the subject of forthcoming publications.
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Appendix A. Derivation of the Hamiltonian closure for the drift-kinetic

bracket

In this Appendix we show that P2 = P 2
1 /P0 is the only possible closure of the type

P2 = F(P0, P1) , through which the bracket (14) satisfies the Jacobi identity (assuming

that F does not involve integral or differential operators).

First, we perform the replacement P2 = F and write the bracket (14) as the sum

of two contributions:

{F,G} = {F,G}c + {F,G}h, (A.1)

where

{F,G}c =
∫

d3x [P0[F0, G0]x + P1([F1, G0]x + [F0, G1]x)+

+P0(G1∂zF0 − F1∂zG0) + P1(G1∂zF1 − F1∂zG1)] ,

{F,G}h =
∫

d3xF [F1, G1]x.

The Jacobi identity for (A.1) then reads as

{{F,G}c, H}c + {{F,G}c, H}h

+ {{F,G}h, H}c + {{F,G}h, H}h+ 	= 0, ∀F,G,H,
(A.2)

where 	 indicates the additional terms obtained by cyclic permutations. Then, we

decompose {, }c in its turn, as

{F,G}c = {F,G}x + {F,G}V , (A.3)

where

{F,G}x =
∫

d3x [P0[F0, G0]x + P1([F1, G0]x + [F0, G1]x)] , (A.4)

{F,G}V =

∫

d3x [P0(G1∂zF0 − F1∂zG0) + P1(G1∂zF1 − F1∂zG1)] . (A.5)
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We remark that {, }x and {, }V independently satisfy the Jacobi identity. Indeed, {, }x
is a Poisson bracket with a semidirect product structure and it appears, for instance in

the Hamiltonian formulation of reduced magnetohydrodynamics [27]. The bracket {, }V
on the other hand, is obtained from the Poisson bracket for the first two moments of

the Vlasov equation [3, 4], with an additional dependence on the x and y coordinates,

which is irrelevant for the Jacobi identity. Consequently, we can write

{{F,G}c, H}c+ 	= {{F,G}x, H}V + {{F,G}V , H}x+ 	 . (A.6)

In order to determine (A.6) explicitly, we first observe that

({F,G}x)0 = [F0, G0]x + s.v.t., (A.7)

({F,G}x)1 = [F1, G0]x + [F0, G1]x + s.v.t., (A.8)

({F,G}V )0 = G1∂zF0 − F1∂zG0 + s.v.t., (A.9)

({F,G}V )1 = G1∂zF1 − F1∂zG1 + s.v.t., (A.10)

where s.v.t. means ’second variation terms’. Terms involving second derivatives have

not been written explicitly because, by virtue of the antisymmetry they automatically

vanish when computing {{F,G}c, H}c+ 	.

Making use of (A.7)-(A.8) and of the Leibniz rule, we can then write

{{F,G}c, H}c+ 	= {{F,G}x, H}V + {{F,G}V , H}x+ 	

=

∫

d3x[P0G1[∂zF0, H0]x + P0∂zF0[G1, H0]x − P0F1[∂zG0, H0]x − P0∂zG0[F1, H0]x

+ P1G1[∂zF1, H0]x + P1∂zF1[G1, H0]x − P1F1[∂zG1, H0]x − P1∂zG1[F1, H0]x

+ P1G1[∂zF0, H1]x + P1∂zF0[G1, H1]x − P1F1[∂zG0, H1]x − P1∂zG0[F1, H1]x+ 	 .

(A.11)

Using the identity ∂z[f, g]x = [∂zf, g]x + [f, ∂zg]x, this expression reduces to

{{F,G}c, H}c+ 	= 2

∫

d3xP1∂zF0[G1, H1]x+ 	, (A.12)

which clearly does not vanish for arbitrary F , G and H. Thus, we can conclude that {, }c
is not a Poisson bracket. In particular, this implies that P2 = 0 is not a Hamiltonian

closure.
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Making use of

({F,G}h)0 = ∂0F [F1, G1]x + s.v.t., (A.13)

({F,G}h)1 = ∂1F [F1, G1]x + s.v.t., (A.14)

(where ∂0 and ∂1 indicate the partial derivatives with respect to P0 and P1) we can

evaluate the further contributions in (A.2). The last term on the left-hand side of (A.2)

gives

{{F,G}h, H}h+ 	=
∫

d3xF [∂1F [F1, G1]x, H1]x+ 	=
∫

d3x[F∂1F [[F1, G1]x, H1]x + F [F1, G1]x[∂1F , H1]x]+ 	=
∫

d3xF [F1, G1]x[∂1F , H1]x+ 	,

(A.15)

where in the last step we made use of the Jacobi identity for the bracket [, ]x.

The mixed contributions in (A.2), on the other hand, they give

{{F,G}c, H}h+ 	=

∫

d3xF [[F1, G0]x + [F0, G1]x

+G1∂zF1 − F1∂zG1, H1]x+ 	,

(A.16)

and

{{F,G}h, H}c+ 	

=

∫

d3x [P0[∂0F [F1, G1]x, H0]x + P1([∂1F [F1, G1]x, H0]x + [∂0F [F1, G1]x, H1]x)

+P1(H1∂z(∂1F [F1, G1]x)− ∂1F [F1, G1]x∂zH1)

+P0(H1∂z(∂0F [F1, G1]x)− ∂1F [F1, G1]x∂zH0)] + 	,

(A.17)

respectively.

In order for the Jacobi identity to be satisfied, the sum of (A.12), (A.15), (A.16)

and (A.17) must be zero for arbitrary F , G and H. At this point we observe that,

namely because of the arbitrariness of the functionals and of the independence of F on

derivatives, the only way the contribution (A.12) can be cancelled, is by means of the

last terms in Eq. (A.17), which possess the same dependence on the functional and
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partial derivatives. Considering the appropriate permutation, this cancellation occurs

if and only if

2P1∂zH0[F1, G1]x = P0∂1F∂zH0[F1, G1]x, (A.18)

and analogously for the terms obtained by cyclic permutations. From (A.18) then we

get

F(P0, P1) =
P 2
1

P0

+ θ(P0), (A.19)

where θ is an arbitrary function.

We determine now under what conditions {, } satisfies the Jacobi identity with this

form for F . It is practical to treat the contributions from P 2
1 /P0 and from θ, separately.

Thus, if we set θ = 0 we get

{{F,G}, H}+ 	
θ=0
=

θ=0
=

∫

d3x

[

2P1∂zF0[G1, H1]x +
P 2
1

P0

[F1, G1]x

[

2
P1

P0

, H1

]

x

+
P 2
1

P0

([[F1, G0]x, H1]x + [[F0, G1]x, H1]x + [G1∂zF1, H1]x − [F1∂zG1, H1]x)

−P
2
1

P0

[[F1, G1]x, H0]x − P0[F1, G1]x

[

P 2
1

P 2
0

, H0

]

x

+ 2
P 2
1

P0

[[F1, G1]x, H0]x + P1[F1, G1]x

[

2
P1

P0

, H1

]

x

−P
3
1

P 2
0

[[F1, G1]x, H1]x − P1[F1, G1]x

[

P 2
1

P 2
0

, H1

]

x

− P0H1∂z

(

P 2
1

P 2
0

)

[F1, G1]x −
P 2
1

P0

H1∂z[F1, G1]x

−2P1[F1, G1]x∂zH0 + 2P1H1∂z

(

P1

P0

)

[F1, G1]x

+2
P 2
1

P0

H1∂z[F1, G1]x − 2
P 2
1

P0

∂zH1[F1, G1]x

]

+ 	

=

∫

d3x

[

P 2
1

P0

([[F1, G0]x, H1]x + [[F0, G1]x, H1]x + [[F1, G1]x, H0]x)

+G1[∂zF1, H1]x + ∂zF1[G1, H1]x − F1[∂zG,H1]x − ∂zG1[F1, H1]x +H1[∂zF1, G1]x

+H1[F1, ∂zG1]x − 2∂zH1[F1, G1]x −
P 3
1

P 2
0

[[F1, G1]x, H1]x

]

+ 	= 0,

(A.20)

where in the last step the coefficients of P 2
1 /P0 and P

3
1 /P

2
0 vanish because of the Jacobi

identity for [, ]x. Thus, we have shown that F = P 2
1 /P0 yields a Hamiltonian closure. If
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we now consider also the contributions from θ we get

{{F,G}, H}+ 	=

=

∫

d3x [θ([[F1, G0]x, H1]x + [[F0, G1]x, H1]x + [G1∂zF1, H1]x − [F1∂zG1, H1]x)

+P0θ
′[[F1, G1]x, H0]x + P0[F1, G1]x[θ

′, H0]x + P1θ
′[[F1, G1]x, H1]x + P1[F1, G1]x[θ

′, H1]x

+P0H1∂zθ
′[F1, G1]x + P0H1θ

′[∂zF1, G1]x + P0H1θ
′[F1, ∂zG1]x + θ[F1, G1]x

[

2
P1

P0

, H1

]

x

]

+ 	

=

∫

d3x [(−θ + P0θ
′)[[H1, F1]x, G0]x + P0[F1, G1]x[θ

′, H0]x + P1θ
′[[F1, G1]x, H1]x + P1[F1, G1]x[θ

′, H1]x

+P0(H1∂zθ
′[F1, G1]x +H1θ

′[∂zF1, G1]x +H1θ
′[F1, ∂zG1]x)

+θ(G1[∂zF1, H1]x + ∂zF1[G1, H1]x − F1[∂zG1, H1]x − ∂zG1[F1, H1]x) + θ[F1, G1]x

[

2
P1

P0

, H1

]

x

]

+ 	,

(A.21)

where we made use of the Jacobi identity applied to H1 ,F1 and G0 in order to obtain

the above coefficient for −θ + P0θ
′.

In (A.21) the coefficients of the terms involving H1, F1 and G0 must vanish

separately. Such contributions correspond to the first two terms of the second integral

in Eq. (A.21) and to the corresponding terms obtained from cyclic permutations. We

can rewrite such terms as
∫

d3x [(−θ + P0θ
′)[[H1, F1]x, G0]x + P0[F1, G1]x[θ

′, H0]x] + 	=
∫

d3x [−[(−θ + P0θ
′), G0]x[H1, F1]x + [H1, F1]x[P0θ

′, G0]x − θ′[H1, F1]x[P0, G0]x] + 	= 0,

(A.22)

where we made use of the Leibniz identity and of the property
∫

d3x[f, g]x = 0, for f

and g such that boundary terms vanish when integrating by parts.

We remark then that the coefficient of P1θ
′ in Eq. (A.21) vanishes because of the

Jacobi identity for [, ]x.

The integral involving the coefficient of P1, yields

∫

d3xP1 [[F1, G1]x[θ
′, H1]x] + 	,

=

∫

d3xP1 [∂xF1∂yG1∂xθ
′∂yH1 − ∂xF1∂yG1∂yθ

′∂xH1

−∂yF1∂xG1∂xθ
′∂yH1 + ∂yF1∂xG1∂yθ

′∂xH1] + 	= 0,

(A.23)
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for any θ(P0). Analogously, the integral involving the coefficients of θ in Eq. (A.21) is

identically zero. Consequently, we observe that all the terms in the Jacobiator (A.21)

that do not involve derivatives along z, vanish identically without imposing restrictions

on θ. The contributions including z-derivatives, on the other hand, enforce

∫

d3x [θ(G1[∂zF1, H1]x + ∂zF1[G1, H1]x − F1[∂zG1, H1]x − ∂zG1[F1, H1]x)

+P0(H1∂zθ
′[F1, G1]x +H1θ

′[∂zF1, G1]x +H1θ
′[F1, ∂zG1]x)] + 	

=

∫

d3x [θ(2∂zH1[F1, G1]x −H1∂z[F1, G1]x)

−θ′∂z(P0H1)[F1, G1]x] + 	

=

∫

d3x(3θ − P0θ
′)[F1, G1]x∂zH1+ 	= 0

(A.24)

for arbitrary F , G and H. If one chooses F =
∫

d3xP1f(x), G =
∫

d3xP1g(y) and

H =
∫

dx′dy′dzδ(x − x′)δ(y − y′)h(z), where f , g and h satisfy the required boundary

conditions, then Eq. (A.24) implies

−f ′(x)g′(y)

∫

dzh(z)∂z(3θ − P0θ
′) = 0. (A.25)

Because this has to be valid for any h, we obtain that 3θ−P0θ
′ cannot depend on z. The

same argument can be applied permuting the dependence of f , g and h on x, y and z,

which finally implies P0θ
′−3θ = Θ where Θ is a constant (recall that we are considering

functionals with functional derivatives that do not yield finite boundary terms when

integrating by parts, so that
∫

d3x[F1, G1]x∂zH1+ 	= 0, ∀F,G,H). Consequently,

having P0 > 0, we obtain

θ(P0) = AP 3
0 − Θ

3
, (A.26)

with A an arbitrary constant. Thus, the Hamiltonian closure for the fluid model derived

from the drift-kinetic model reads

P2 = F(P0, P1) =
P 2
1

P0

+AP 3
0 − Θ

3
. (A.27)

Because the constant Θ eventually does not give a finite contribution when inserting the

expression (A.27) into the bracket (14), one can set Θ = 0 without loss of generality.
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It is worth remarking that, for instance, the isothermal closure P2 = P 2
1 /P0 + TP0,

with constant temperature T is not a Hamiltonian closure. Indeed, this closure yields

{{F,G}, H}+ 	= 2T

∫

d3xP0[F1, G1]x∂zH1+ 	 6= 0, (A.28)

for generic F , G and H.

Appendix B. Derivation of the Hamiltonian closure for the perturbed

drift-kinetic system

We look for functions F̃(P̃0, P̃1) such that the bracket

{F,G} =

∫

d3x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x) + F̃ [F1, G1]x

−An0(F1∂zG0 + F0∂zG1)− 2AM0F1∂zG1] ,

(B.1)

satisfies the Jacobi identity. We proceed by analogy with Appendix A and split the

bracket (B.1) into two contributions:

{F,G} = {F,G}c̃ + {F,G}h̃, (B.2)

with

{F,G}c̃ =
∫

d3x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x)+

−An0(F1∂zG0 + F0∂zG1)− 2AM0F1∂zG1] ,

{F,G}h̃ =
∫

d3xF̃ [F1, G1]x.

The bracket {F,G}c̃ is then further decomposed as

{F,G}c̃ = {F,G}x̃ + {F,G}Ṽ , (B.3)

where

{F,G}x̃ =
∫

d3x
[

P̃0[F0, G0]x + P̃1([F1, G0]x + [F0, G1]x)
]

, (B.4)

{F,G}Ṽ =

∫

d3xA [−n0(F1∂zG0 + F0∂zG1)− 2M0F1∂zG1] . (B.5)

Given that

({F,G}x̃)0 = [F0, G0]x + s.v.t., ({F,G}x̃)1 = [F1, G0]x + [F0, G1]x + s.v.t.,

({F,G}Ṽ )0 = s.v.t., ({F,G}Ṽ )1 = s.v.t.,



Hamiltonian closures for two-moment fluid models derived from drift-kinetic equations35

one obtains that

{{F,G}c̃, H}c̃+ 	= {{F,G}x̃, H}Ṽ+ 	

= 2AM0

∫

d3x[G1, H1]x∂zF0+ 	 .
(B.6)

On the other hand, one has also

({F,G}c̃)0 = [F0, G0]x + s.v.t., ({F,G}x̃)1 = [F1, G0]x + [F0, G1]x + s.v.t.,

({F,G}h̃)0 = ∂0F̃ [F1, G1]x + s.v.t., ({F,G}h̃)1 = ∂1F̃ [F1, G1]x,+s.v.t.

and consequently

{{F,G}h̃, H}h̃+ 	=

∫

d3xF̃ [F1, G1]x[∂1F̃ , H1]x+ 	, (B.7)

{{F,G}c̃, H}h̃+ 	=

∫

d3xF̃ [[F0, G1]x + [F1, G0]x, H1]x+ 	, (B.8)

{{F,G}h̃, H}c̃+ 	=

∫

d3x
[

P̃0[∂0F̃ [F1, G1]x, H0]x

+P̃1([∂0F̃ [F1, G1]x, H1]x + [∂1F̃ [F1, G1]x, H0]x)

−An0(∂1F̃ [F1, G1]x∂zH0 + ∂0F̃ [F1, G1]x∂zH1)− 2AM0∂1F̃ [F1, G1]x∂zH1

]

+ 	 .

(B.9)

Combining (B.6), (B.7), (B.8) and (B.9) one obtains

{{F,G}, H}+ 	

= {{F,G}c̃, H}c̃ + {{F,G}h̃, H}h̃ + {{F,G}c̃, H}h̃ + {{F,G}h̃, H}c̃+ 	

=

∫

d3x
[

2AM0[G1, H1]x∂zF0 + P̃0[∂0F̃ [F1, G1]x, H0]x

+P̃1([∂0F̃ [F1, G1]x, H1]x + [∂1F̃ [F1, G1]x, H0]x)

−An0(∂1F̃ [F1, G1]x∂zH0 + ∂0F̃ [F1, G1]x∂zH1)

−2AM0∂1F̃ [F1, G1]x∂zH1 + F̃ [F1, G1]x[∂1F̃ , H1]x

+F̃([[F0, G1]x, H1]x + [[F1, G0]x, H1]x)
]

+ 	 .

(B.10)

Similarly to what occurred in the case of the full drift-kinetic system, also in the

perturbed system, imposing the Jacobi identity, implies a cancellation between the only

two terms in (B.10) involving G1, H1 and ∂zF0 (and of course, similarly for the other

terms obtained from those by means of cyclic permutations). This leads to the constraint

n0∂1F̃ = 2M0, which implies

F̃(P̃0, P̃1) = 2
M0

n0

P̃1 + γ(P̃0), (B.11)
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with γ an arbitrary function. Inserting the form (B.11) into (B.10) and using the Leibniz

identity and the Jacobi identity for [, ]x, yields

{{F,G}, H}+ 	

=

∫

d3x
[

P̃0[γ
′[F1, G1]x, H0]x − An0γ

′[F1, G1]x∂zH1

+γ([[F0, G1]x, H1]x + [[F1, G0]x, H1]x) + P̃1[γ
′[F1, G1]x, H1]x

]

+ 	 .

(B.12)

In (B.12), the sum of the terms involving only functional derivatives with respect to P̃1

have to vanish independently. Again, making use of the Leibniz identity, this implies

An0

∫

d3xF1(∂zG1[H1, γ
′]x − ∂zH1[G1, γ

′]x) = 0. (B.13)

Because (B.13) has to be valid for arbitrary F , G and H, this leads to γ = aP0+Γ, with

constant a and Γ. It turns out that with this solution for γ, also all the remaining terms

in Eq. (B.12) vanish, by virtue of the Jacobi identity for the bracket [, ]x. Recalling Eq.

(B.11), we obtain then that the final form for F̃ is given by

F̃(P̃0, P̃1) = aP̃0 + 2
M0

n0

P̃1, (B.14)

where, analogously to Appendix A, we set equal to zero the irrelevant constant Γ.
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