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Abstract The present paper deals with the specificities of the thermal response of rubber under cyclic
mechanical loading at constant ambient temperature. This question is important, since the stabilized
thermal response is used in fatigue life criteria, especially for the fast evaluation of fatigue life. For this
purpose, entropic coupling in a thermo-hyperelastic framework is first used to predict the variation
in the heat source produced or absorbed by the material during cyclic loading. The heat diffusion
equation is then used to deduce temperature variations under adiabatic and non-adiabatic conditions.
The influence of several parameters on the stabilized thermal response is studied: signal shape, fre-
quency, minimum and maximum stretch levels, multiaxiality of the mechanical state. The results show
that, in the steady-state regime, the mean value between the maximum and minimum temperature
variations over a mechanical cycle is different from zero. This is due to the specific variation in the
heat source, which depends on both the stretch rate and the stretch level. This result has numerous
consequences, in particular for fatigue. Indeed, the stabilized mean value between the maximum and
minimum temperature variations during fatigue tests does not reflect only fatigue damage, since the
entropic coupling also leads to a value different from zero. This is a major difference with respect to
materials exhibiting only isentropic coupling, such as metallic materials.

Keywords Rubber elasticity · thermomechanical couplings · heat source · heat diffusion equation.

1 Introduction

Elastomers are polymeric materials that can undergo large deformations without breaking, owing to
the ability of their constituent polymeric chains to rotate about the chain bonds. They are used in
many fields of application, such as mechanical engineering, automotive engineering and aerospace
engineering, due to their high elasticity, high damping and high elongation at failure. However, many
phenomena involved in the deformation process of such materials are still not fully understood. We can
cite, for instance, phenomena such as: stress softening, referred to as the Mullins effect [1; 2; 3] in the
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literature, the Payne (or Fletcher-Gent) effect [4; 5; 6; 7; 8], cavitation [9; 10; 11] and stress-induced
crystallization [12; 13; 14; 15; 16]. Classically, rubber-like elasticity is described as an entropic effect
[17], which leads to heat production (absorption) during loading (unloading). The first experimental
observations of this effect in the literature were those obtained by Gough 1 [18] and Joule [19], and
dealt with the increase in temperature of rubber during stretching. In spite of these first results, no
further experimental study was fully dedicated to the thermomechanical characterization of elastomers,
although this is a key point to study and to predict phenomena such as fatigue damage [20; 21; 22;
23], and to establish material constitutive equations. From a theoretical point of view, the work by
Chadwich and Creasy [24] is one of the very few studies to echo the experimental study of Joule. Until
now, no study has allowed us to link this theoretical modeling with experimental results, even for
homogeneous thermomechanical fields. It can be noted that new characterization methods in this field
have recently been developed and applied to rubbers by coupling optical and infrared thermography
measurements. These methods provide full kinematic and thermal fields without any contact with
the rubber specimen under study [10; 11; 25; 26; 27; 28; 29; 31; 32] and their coupling allows us to
calculate heterogeneous heat source fields (typically at the crack tip [25]). In the future, the comparison
between such experimental fields and adequate theoretical approaches should be of wide interest to
the understanding of the thermomechanics of rubbers.

The present study deals with the predicted temperature variation in rubber under cyclic loading
at constant ambient temperature. The heat sources produced or absorbed by the stretched material
are obtained from the loading conditions by using the framework of continuum thermodynamics [33;
34] with isotropic thermo-hyperelastic behaviour. The heat sources considered here are only due to
entropic coupling. The temperature variations are then deduced from the heat sources by solving the
heat diffusion equation. For the sake of processing simplicity (in order to avoid full 3D calculations),
applications are performed here with homogeneous deformation fields. This approach does not alter
the conclusions of the study and enables us to focus on the specificities of the thermal response of
rubber.

The paper is composed of four sections. The general thermomechanical framework and the heat
diffusion equation are presented in Section 2. Section 3 provides some hypotheses to predict temperature
variation during the deformation process. The numerical simulation setup is presented in Section 4,
including the loading conditions of the cyclic tests to be simulated. Section 5 is devoted to the analysis
of the results, for adiabatic and non-adiabatic conditions. Finally, before summarizing the results
obtained, some remarks are made concerning the effect of the volumetric part of the heat source (effect
of internal energy variation) on the thermal response.

2 Thermomechanical framework

2.1 Thermodynamics with internal variables

It is assumed that any thermomechanical system out of equilibrium can be considered as the sum of
several homogeneous subsystems at equilibrium. In this context, constitutive equations are established
by considering the deformation process as issuing from a quasi-static thermodynamic process. This
process can be dissipative. The equilibrium state of each volume material element is defined by n state
variables: the absolute temperature T , the deformation gradient tensor F and m (= n − 2) internal
tensorial variables ξα. When the free-energy function Ψ is chosen as the Helmholtz free-energy function,
it is written in terms of internal energy e(F, η, ξα) and entropy η(F, T, ξα) as follows:

Ψ(F, T, ξα) = e(F, η, ξα)− T η(F, T, ξα) (1)

The three quantities Ψ , e and η refer to a unit volume of the reference configuration.
The local version of the second principle of thermodynamics leads to the local form of the Clausius-

Duhem inequality in the reference configuration:

P : Ḟ− ρ(ė− T η̇)−
1

T
Q ·GradT > 0 (2)

1 ”If one end of a slip of Caoutchouc be fastened to a rod of metal or wood, and a weight be fixed to the other
extremity, in order to keep it in a vertical position; the thong will be found to become shorter with heat and
longer with cold”, Gough, 1805
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where P is the first Piola-Kirchhoff stress tensor (or nominal stress tensor) and Q the Piola-Kirchhoff
heat flux (or nominal heat flux). ρ is the density of the material in the reference configuration. Here, a
point placed above a symbol denotes the temporal derivative of the considered quantity. The operators
”·” and ”:” are the scalar product (dot product) and the tensorial product (trace of the matrix product),
respectively. Note that the external heat source due to radiation, commonly denoted R, has been
removed from the local form of the Clausius-Duhem inequality by using the local form of the balance
of energy.

The term − 1
T
Q ·GradT (related to heat conduction) corresponds to the thermal dissipation Dthe.

Based on physical observations, heat flows from the warmer to the colder region of a body. It is assumed
that heat conduction follows Fourier’s law :

Q = −κ0GradT, (3)

where κ0 is a positive semi-definite tensor characterizing the thermal conductivity of the material. As
the absolute temperature T is considered as non-negative, it follows that:

Dthe = −
1

T
Q ·GradT > 0 (4)

The quantity P : Ḟ−ρ(ė−T η̇) corresponds to the intrinsic dissipation Dint (also named mechanical
dissipation). It is considered as non-negative. Thus,

Dint = P : Ḟ− ρ(ė− T η̇) > 0 (5)

This quantity is related to any irreversible mechanical mechanism (for instance fatigue damage, internal
friction, viscosity...). Note that any change in the material microstructure may also have a part of
mechanical irreversibility. The quantity is also written [35]:

Dint = P : Ḟ − ρ

(

∂Ψ

∂F

)

T,ξα

: Ḟ − ρ

(

∂Ψ

∂T

)

F,ξα

Ṫ − ρ

m
∑

β=1

(

∂Ψ

∂ξβ

)

F,T,ξα 6=ξβ

: ξ̇β > 0 (6)

In the present formulation, constitutive state equations derive from the Helmholtz free energy
function:

η = −

(

∂Ψ

∂T

)

F,ξα

(7)

Prev = ρ

(

∂Ψ

∂F

)

T,ξα

(8)

Aβ = ρ

(

∂Ψ

∂ξβ

)

F,T,ξα 6=ξβ

(9)

where Prev and Aβ are the thermodynamic forces associated with variables F and ξβ, respectively.

Note that in the case of a reversible transformation (irreversible part Pirrev of the stress equal to zero),
we have:

P = Prev = ρ

(

∂Ψ

∂F

)

T,ξα

(10)

2.2 Calorimetry

The specific heat capacity, denoted CF,ξα
in the following, is the energy required to produce a unit

increase in temperature of a unit reference volume of a body while maintaining the deformation and
internal variables fixed. It is defined by:

CF,ξα
= −T

(

∂2Ψ

∂T∂T

)

F,ξα

> 0 (11)

In the following, the specific heat capacity is considered as constant during the deformation process
and is simply denoted C.
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2.3 Heat diffusion equation

Using the two principles of thermodynamics, the local form of the balance of energy and convenient
entropy form are respectively written in the material description:

ρė = P : Ḟ−DivQ+R (12)

ρT η̇ = −DivQ+Dint +R (13)

where R is the external heat source (radiation, for instance).
From Eq. 7, we obtain:

ρT η̇ = −ρT
˙(

∂Ψ

∂T

)

= −ρT
∂2Ψ

∂T∂T
Ṫ − ρT

∂2Ψ

∂T∂F
: Ḟ− ρT

m
∑

β=1

∂2Ψ

∂T∂ξβ
: ξ̇β (14)

As mentioned previously, the term −T ∂2Ψ
∂T∂T

corresponds to the specific heat capacity C.

According to Eqs. 8, 9 and 10, we have: ρ ∂2Ψ
∂T∂F

= ∂P
∂T

, ρ ∂2Ψ
∂T∂ξβ

=
∂Aβ

∂T
, and consequently Eq. 14 can

be re-written:

ρT η̇ = ρCṪ − T
∂P

∂T
: Ḟ− T

m
∑

β=1

∂Aβ

∂T
: ξ̇β (15)

The local heat diffusion equation derives from Eqs. 12, 13 and 15. It is written using Eq. 3:

ρCṪ −Div(κ0 GradT ) = Dint + T
∂P

∂T
: Ḟ+ T

m
∑

β=1

∂Aβ

∂T
: ξ̇β +R (16)

Let us denote sh the overall heat source 2 induced by the deformation process:

sh = Dint + T
∂P

∂T
: Ḟ+ T

m
∑

β=1

∂Aβ

∂T
: ξ̇β (17)

The terms T ∂P
∂T

: Ḟ correspond to the heat source due to entropic coupling. It is denoted sec in

the following. The term T
∂Aβ

∂T
: ξ̇β corresponds to the other thermomechanical couplings (for instance

related to phase change in the material) and is denoted sotc in the following. Thus the overall heat
source is re-written:

sh = Dint + sec + sotc (18)

Finally, the heat diffusion equation is written:

ρCṪ −Div(κ0 GradT ) = sh +R (19)

3 Prediction of temperature variation during the deformation process

Section 3.1 gives some assumptions required to simplify the heat diffusion equation in the case of
homogeneous deformation fields. These assumptions seek to simplify the calculations and do not alter
the conclusions of the study. Section 3.2 presents the thermo-hyperelasticity framework which enables
us to define the heat sources sec due to entropic coupling from the loading conditions.

2 The term ’heat source’ is used in this paper to mean the heat power density which is produced or absorbed
by the material. Note that the terms ’heat source’ and ’heat’ must be distinguished. The heat (in J/m3) is the
temporal integration of the heat source (in W/m3).
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3.1 Simplified heat diffusion equation

Let us consider an instance of mechanical loading such that the deformation field is homogeneous in
the specimen at any time. Due to the very small thermal diffusivity of elastomers (order of magnitude
of 10−7 m2.s−1), the temperature field is almost homogeneous in the specimen at any time. In fact,
temperature gradients exist close to the specimen boundary. These are related to the heat exchanges
with the surroundings. However, these small temperature gradients do not prevent the temperature
at the surface from being nearly equal to the mean temperature in the specimen. Let us denote
θ the temperature variation with respect to the equilibrium temperature T ref in the reference state,
corresponding to the undeformed state (T ref is equal to the ambient temperature). The heat exchanges
at the specimen boundary are linearized assuming that the temperature variations θ are small. After
some calculations which are not detailed here, the 3D heat diffusion equation can be rewritten as
follows [36; 37; 38; 39; 40; 41; 31; 32]:

ρC

(

θ̇ +
θ

τ

)

= sh (20)

where τ is a time constant characterizing the heat exchanges between the specimen and its surround-
ings. This formulation can be referred to as the ”0D” formulation. For similar simplifications of the
heat diffusion equation, the reader can also refer to Refs. [42; 43; 44; 45; 46; 47], which are devoted to
wires or thin plates, leading respectively to 1D or 2D formulations.

It is worth noting that, experimentally, τ depends on the specimen material (through its thermal
diffusivity), the environment (ambient air and material used for the grips of the testing machine) and
the specimen geometry (through the surface-area-to-volume ratio). For instance, the value of τ depends
on the air flow around the specimen: the higher the convection, the smaller the parameter τ . Let us
note that changes in the specimen shape (due to large deformations) modify the surface-area-to-volume
ratio. The area of the surface in contact with the grips of the testing machine and the material of the
grips also have an influence. A value of τ should be measured for each testing configuration (machine
used, environment, stretch level, etc). Experimentally, τ is usually identified using a natural return
to room temperature. Indeed, in this case the temperature variation is governed by the heat diffusion
equation, with no heat source produced by the material itself (θ̇ + θ/τ = 0). In the present numerical
study, τ is considered as a constant. For the experimental characterization of τ , the reader can refer
to Ref. [31].

The value of τ characterizes the level of non-adiabaticity of the mechanical test. If τ = 0, the
test is isothermal (the heat produced or absorbed by the material due to stretching is instantaneously
exchanged with the outside). A perfectly adiabiatic evolution corresponds to τ = ∞. More generally, if
τ is much larger than the test duration, the evolution can be considered as adiabatic over this duration.

3.2 Thermally and mechanically isotropic hyperelasticity

In the present study, no intrinsic dissipation is taken into account, meaning that Dint = 0. Only
the contribution of entropic coupling is considered in the heat source expression, i.e. sh = sec. Such
material behaviour is observed for unfilled rubbers, for instance in silicone rubbers that exhibit a
perfect non-linear and reversible behaviour with neither Mullins effect nor hysteresis loop, meaning
that all loading and unloading curves are superimposed [50].

The prediction of the heat sources produced during the deformation process requires the choice of
a free energy density Ψ . Here, the material is assumed to behave as a hyperelastic material that is
mechanically incompressible. As high strain levels are not investigated here, the Neo-Hookean model
is chosen [51]. The free energy function is then given by the following strain energy density:

ρΨ(F, T ) = W (F, T ) =
1

2
N k T (I1 − 3) (21)

where N is the number of network chains per unit volume, k is Boltzmann’s constant, T is the tem-
perature in Kelvin and I1 is the first invariant of the left Cauchy-Green deformation tensor FFT .
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If the material is mechanically incompressible, the deformation gradient tensor for a biaxial loading
is given by:

F = λ e1 ⊗ e1 + λBe2 ⊗ e2 + λ−(B+1)e3 ⊗ e3 (22)

where:

– e1, e2 and e3 are three orthonormal vectors of the 3D euclidian space,
– λ is the stretch ratio in the e1 direction, defined as the ratio of the current length to the initial

length in the e1 direction,
– the operator ⊗ between two vectors is such that [a⊗ b]ij = aibj ,
– B is the coefficient of biaxiality [48; 49]. It is equal to -0.5, 0 and 1 for uniaxial tension, pure shear

and equibiaxial tension, respectively.

The strain energy density is written:

W (λ, T ) =
1

2
N k T

[

λ2 + λ2B + λ−2(B+1) − 3
]

(23)

The heat source is then given by:

sh = sec = T
∂P

∂T
: Ḟ = T

∂2W

∂T∂λ

dλ

dt
(24)

Using this expression, the heat diffusion equation is:

ρ C

(

θ̇ +
θ

τ

)

= NkT
[

λ+Bλ2B−1 − (B + 1)λ−2B−3
] dλ

dt
(25)

Remark 1 — The quantity NkT appearing in the heat source expression contains the value
of the temperature in Kelvin. For temperature variations which do not exceed a few degrees, NkT
remains in fact nearly equal to NkT ref , where T ref is the initial temperature (in other words, the
temperature variations have no significant influence on the elastic properties of the material). For
instance, a temperature variation of 1 degree around ambient temperature leads to a heat source
variation of 100× 1/293 = 0.34%.

For uniaxial tension, pure shear and equibiaxial tension, we have respectively:

ρ C

(

θ̇ +
θ

τ

)

= NkT ref

(

λ−
1

λ2

)

dλ

dt
; (26)

ρ C

(

θ̇ +
θ

τ

)

= NkT ref

(

λ−
1

λ3

)

dλ

dt
; (27)

and

ρ C

(

θ̇ +
θ

τ

)

= 2NkT ref

(

λ−
1

λ5

)

dλ

dt
(28)

Remark 2 — The heat source due to entropic coupling depends on the stretch rate dλ/dt, but also
on the stretch ratio through the term λ+Bλ2B−1−(B+1)λ−2B−3. This is a major difference compared
to materials exhibiting only an isentropic-type thermoelastic coupling (metallic materials in particular).
In this latter case, the heat source depends only on the strain rate. This property has inspired the
so-called thermoelastic stress analysis technique [52], which enables stress distribution to be measured
in metallic structural components from full temperature field measurements. The equations written in

this section are used below to predict the thermal response of rubber for different loading conditions.
Section 4 presents the numerical setup, including in particular the different tests to be simulated.
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4 Numerical simulation setup

This section describes the different tests and provides some information about the numerical solution
of the heat diffusion equation.

Material parameter — The material is assumed to behave as a neo-Hookean material. In this
case, the only material parameter is the number of chain segments N per unit volume. As the tempera-
ture variations in the simulations below will not exceed a few degrees, the quantity NkT is considered
as constant (see Remark 1 above). It is taken as equal to 2 MPa. This is the order of magnitude
obtained from experimental tests. This choice has been already done in previous theoretical studies
(see for instance Ref. [30]).

Level of non-adiabaticity of the thermodynamic evolution — Two series of tests are simu-
lated below: one under adiabatic condition and another under non-adiabatic conditions. The adiabatic
case corresponds to a time constant τ which is infinite. In practice, the term θ/τ is removed from the
heat diffusion equation. For the non-adiabatic case, the time constant τ is taken as equal to 60 s in
the present study. This is the order of magnitude of τ measured for a 1× 5× 20 mm3 natural rubber
specimen (see for instance Refs. [31] and [32]).

Loading conditions — Cyclic tests are considered here. Several parameters are studied: shape of
the signal applied, frequency, strain ratio and multiaxiality of the mechanical state. Two types of signal
are considered: triangular and sinusoidal. The former case enables us to exclude the influence of the
stretch rate variation from the analysis (dλ/dt is constant during the loading stage and the unloading
stage). The latter case is classically used for experimental cyclic tests.

Tables 1 and 2 summarize the different uniaxial tests to be carried out, for adiabatic and non-
adiabatic conditions respectively. The first two columns give the minimum and maximum stretch
ratios applied, λmin and λmax respectively. The strain ratio Rǫ is defined as the ratio between the
minimum strain and the maximum strain. f is the frequency of the cyclic mechanical loading. The
main objective of the present study is to investigate the stabilized thermal response, which is obtained
after a certain period of time. For adiabatic conditions, the stabilization of the temperature oscillation
is obtained from the first mechanical cycle. For non-adiabatic conditions, the stabilized oscillation of
the temperature is reached after a duration which can be approximated to 3τ .

– Tests #1 and #2 correspond to uniaxial tension (UT) loading, processed under adiabatic conditions.
These tests aim at highlighting the effect of the signal shape (triangular or sinusoidal) on the heat

source and temperature variations under adiabatic conditions, for which Eq. 20 becomes ρCθ̇ = sh.
As a consequence, the loading frequency does not influence to the temperature variation level (It
is arbitrarily fixed to 0.5 Hz for both simulations).

– Tests #3 to #8 enable us to study the effect of the loading parameters under non-adiabatic condi-
tions. Apart from test #5, the loading frequency is equal to 0.5 Hz and the test duration is chosen
equal to 300s, which corresponds to 5τ . This enables us to observe both the transient and stabilized
regimes. Test #5 is a special case, considered to study the effect of the loading frequency. Several
frequencies in the range [0.001 Hz; 0.2 Hz] are tested. This range enables us to study the influence of
the heat exchanges with the outside during one mechanical cycle. Indeed, the longer the period 1/f
of the mechanical cycle, the stronger the effect of the heat exchanges with the outside environment
during the cycle. The test duration is adapted to the tested frequency in order to observe several
cycles. In the table, UT, EQT and PS correspond to uniaxial tension, equibiaxial tension and pure
shear, respectively.

Data to be extracted from the temperature variations — Under non-adiabatic conditions,
the thermal response evolves from one cycle to another before stabilizing. In order to follow the global

thermal response, we define by θ̂ the mean value between the maximum and minimum temperature
variations over a mechanical cycle by:

θ̂ =
θmax + θmin

2
(29)

where θmin and θmax are the minimum and maximum temperature variations over a mechanical cycle.
Moreover, the mean temperature variation over one cycle, defined as the temporal integration of θ over
the cycle, is also calculated for each cycle.
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Numerical resolution — The resolution of Eq. 26, Eq. 27 and Eq. 28 is based on an implicit
Euler scheme. Particular attention is paid to time discretization, since accurate results require a very
refined temporal discretization. The number of time steps per mechanical cycle is critical. After some
preliminary tests, this number is fixed to 104. Such a refined temporal discretization is particularly
required for triangular loading, which exhibits a non-continuous variation in the heat source, induced
by the non-continuous variation of dλ/dt.

Unit used for heat sources — The heat source sh is expressed in W.m−3. However, it can be
useful to divide this quantity by ρC:

s =
sh
ρC

(30)

In the following parts of the paper, the term ”heat source” is still used for the quantity s. This later
is expressed in ◦C.s−1. Using this unit enables us to directly read the temperature rate in the case of
adiabatic evolution. Obviously, in case of non-adiabatic conditions, the temperature rate is different
from the heat source s because of the heat exchanges with the outside.

From Eq. 20, the heat diffusion equation becomes:

θ̇ +
θ

τ
= s (31)

The heat is the temporal integration of the heat sources. When divided by ρC, the heat is expressed
in ◦C.

5 Results and analysis

5.1 Tests under adiabatic conditions

Tests under adiabatic conditions are first presented in order to give preliminary information about the
heat source and temperature variations in a simple case. Indeed, according to Eq. 31, we have θ̇ = s.
The temperature rate is equal to the heat source.

Figure 1 presents the evolution of the heat source s and of the temperature variation θ over two
mechanical cycles for test #1 (uniaxial triangular signal). As expected for an entropic material, a
certain amount of heat is produced during loading [18; 19; 53]. This quantity can be calculated by
integrating the heat source over the loading duration. During unloading, the heat source is negative.
The absolute value of the heat absorbed is equal to the heat produced during loading. As a consequence,
the adiabatic nature of the evolution (no heat exchange with the outside) leads to a temperature
variation equal to zero at the end of each mechanical cycle. As already mentioned in Section 3.2 (see
Remark 2 above), the heat source value does not depend only on the stretch rate. It depends also
on the value of stretch ratio λ (see Eq. 24), so the heat source evolves during loading and unloading.
For materials exhibiting only isentropic-type thermoelastic coupling (metallic materials in particular),
the heat source is constant for triangular-shaped loadings, with only an opposite sign between loading
and unloading. As the temperature variation oscillates here between 0 and a maximum value θmax,
the mean value between the maximum and minimum variations over a mechanical cycle is obviously

different from zero: θ̂ 6= 0.

Figure 2 shows the results obtained for test #2 (uniaxial sinusoidal signal). The shape of the heat
source curve is not exactly sinusoidal. This is clearly visible at low strains. A nearly horizontal plateau
can be seen around zero deformation. An important remark can be made here. This type of response
could be wrongly attributed to the effect of the variation in internal energy at low strains (isentropic
coupling), but let us recall that isentropic coupling is not considered in the modeling here. Besides,
isentropic coupling would have led to opposite signs for the heat sources (negative during loading and
positive during unloading). See also Section 5.4. As a result, the temperature variation at low strain
levels is affected by a particularity of the variation in heat sources: we can see a ”flat valley” around
zero deformation. This thermal response was observed experimentally in Ref. [25].
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5.2 Tests under non-adiabatic conditions

In the present section, non-adiabatic conditions are considered to investigate the stabilized thermal
regime.

Let us recall that the intrinsic dissipation is equal to zero in all our simulations (Dint = 0). In such a
situation, it is worth noting that, for purely isentropic materials (metals in particular), heat exchanges

with the outside environment of the specimen lead to a value of θ̂ equal to zero in the steady-state
regime; the temperature variation θ oscillates symmetrically around zero after the transient regime.
Let us now analyze the stabilized temperature variation for hyperelastic materials.

5.2.1 Effect of non-adiabaticity itself

Figure 3 presents the evolution of the temperature variation for a triangular signal under non-adiabatic
conditions (test #3). Two main results can be drawn from this figure:

– Quantity θ̂, which corresponds to the mean value between the maximum and minimum variations
over a mechanical cycle, decreases over the duration of the test. This can be simply explained as
follows. During the first loading stage, the temperature increases because the heat source is positive.
However, a certain quantity of heat is given to the outside because the material is warmer than
the outside (this heat corresponds to the temporal integration of θ/τ). Thus, the temperature at
the end of the first loading stage is lower than the value that would be obtained for adiabatic test
conditions. During unloading, the heat source is negative, leading to a temperature decrease. This
phenomenon is amplified by the fact that the material continues to give heat to the outside as long
as it is warmer than the outside (as long as θ/τ is positive). As a consequence, the temperature
variation at the end of the first mechanical cycle is lower than zero. This phenomenon continues
throughout the cycles.

– It can be observed that the mean value θ̂ between the maximum and minimum variations over a
mechanical cycle reaches a stabilized value which is different from zero: see Figure 4 which shows

two stabilized cycles (at the end of test #3). Here, θ̂ is equal to 0.4043◦C. This effect is due to the
particular variation in the heat source over time. This result can be observed whenever the chosen
time constant τ is different from zero. This is a significant result, typical of rubber-like materials.
It is worth noting that this phenomenon is not due to intrinsic dissipation (Dint equal to zero in
the simulations).

Remark 3—Unlike θ̂, themean temperature variation over one cycle is equal to zero in the steady-

state regime. Indeed, according to Eq. 31, we have θ = τ
(

s− θ̇
)

. First, the temporal integration of

the heat source s over a mechanical cycle is equal to zero, i.e. the heat produced is equal to that
absorbed. Second, in the steady-state regime, the temporal integration of θ̇ is also equal to zero. As a
consequence, the mean temperature variation over one cycle is also equal to zero in the steady-state
regime.

5.2.2 Effect of signal shape

This section will highlight the fact that the value of θ̂ in the steady-state regime depends on the signal
shape. Test #4 uses the same parameters as test #3, but the signal shape is now sinusoidal. Figures 5
and 6 show the evolution of the temperature variation θ over the test and for two stabilized cycles (at

the end of the test), respectively. As observed previously for a triangular signal shape, the value of θ̂

is different from zero in the steady-state regime. The stabilized value of θ̂ obtained here (0.3317◦C)
is different from that obtained for the triangular signal (0.4043◦C). As a general result, the stabilized

value of θ̂ depends on the signal shape.

5.2.3 Effect of loading frequency

All the previous tests were performed at 0.5 Hz. Test #5 is devoted to the effect of the loading frequency

on the stabilized value of θ̂. Test #5 uses the same parameters as test #4 apart from the frequency,
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which varies between 0.001 and 0.2 Hz. For f = 0.001 Hz, the period of the mechanical signal is equal
to 1000 s: this value is much greater than 3τ , so the temperature variation evolution is influenced by
the heat exchanges with the outside environment during the cycle. On the contrary, for f = 0.2 Hz,
the period is equal to 5 s: this value is much lower than 3τ , so the heat exchanges are very low during

one cycle. The stabilized value of θ̂ versus the frequency is given in Figure 7. Two curves are plotted
in this figure. They correspond to two different values of NkT ref : 1 and 2 MPa. Several comments can
be made:

– the ratio between the two curves is the same as the ratio between the elastic parameters;

– by decreasing the frequency, the stabilized value of θ̂ tends towards zero. This was expected, as the
test tends to be isothermal;

– by increasing the frequency from zero, the stabilized value of θ̂ first increases and then reaches an
asymptotic value. Note that for NkT ref = 2 MPa, this value is equal to that obtained previously
for test #4 (0.3317◦C at 0.5 Hz);

– the maximum value of θ̂ is reached for high loading frequencies (such that the signal period is
inferior to about 3τ), for which the heat exchanges have insufficient time to occur over one cycle.

These results are of importance for the prediction of fatigue life. Indeed, most approaches based
on heat build-up measurements to evaluate quickly the fatigue life of hyperelastic materials use cyclic

tests between 0.5 and 10 Hz. Our results show that the corresponding value of θ̂ is maximum in this
range of frequencies and can be wrongly associated with heat build-up due to fatigue.

5.2.4 Effect of strain ratio Rǫ

Test #6 is similar to test #4 (in particular, both have the same stretch ratio amplitude), but the
strain ratio Rǫ is equal to 1

2 instead of 0. Results are presented in Figures 8 and 9. For isentropic
materials such as metals, the temperature amplitude θmax − θmin would be the same in the stabilized
regime (the loading frequency of 0.5 Hz is high enough to be nearly in adiabatic conditions over one

mechanical cycle) and θ̂ would be equal to zero. Comparing test #4 (Fig. 6) and test #6 (Fig. 9) shows
that the temperature amplitudes θmax − θmin are different. Moreover, the (non-null) stabilized value

of θ̂ depends on the considered zone of strain-stress relationship. For the present simulations, θ̂ equals
0.2819◦C for λ oscillating between 1 and 3, and 0.3317◦C for λ oscillating between 2 and 4.

5.3 Remark on the effect of the multiaxiality of the mechanical state

Tests #4, #7 and #8 investigate the effect of three loading conditions, uniaxial tension (UT), equibi-
axial tension (EQT) and pure shear (PS) respectively, classically used to characterize the mechanical
response of rubber-like materials. Figure 10 groups the three stabilized thermal responses. As expected
from the form of Eqs. 26 to 28, UT and PS exhibit very close heat source values, while the heat sources
for EQT are approximately two times greater. For the present numerical simulations, the following

results are found in the steady-state regime: θ̂ = 0.3317◦C for UT, 0.3287◦C for PS and 1.2508◦C for
EQT.

5.4 Remark on the effect of the internal energy variation

As previously reported in Refs. [19] and [54], vulcanized rubber is characterized by slight cooling
during stretching in the very low strain range (typically for λ < 1.1), followed by strong heating
when continuing the stretch increase. This phenomenon is referred to as the Gough-Joule effect in
the literature and leads to a thermoelastic inversion. Indeed, a competition takes place between the
effect of the internal energy variation (isentropic coupling) and the effect of entropy variation (entropic
coupling). At low strain levels, the heat source is mainly composed of the contribution of the internal
energy variation (negative heat source for a positive strain rate). At higher strain levels, the heat source
is mainly composed of the contribution of the entropy variation (positive heat source for a positive
strain rate). However, both contributions exist whatever the strain level. For instance, it can be seen
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from Eqs. 26-28 that the heat source due to entropic coupling is different from zero for small strains,
too, i.e. as soon as the strain is different from zero. As a consequence, even for cyclic tests at small

strains, the value of θ̂ is different from zero in the steady-state regime.
The contribution of the internal energy variation is rarely taken into account in the literature,

although it significantly affects the thermal response of rubber at low strains. Ref. [24] proposed a
modified entropic theory to account for this phenomenon using a volumetric part of the strain energy
density that contains an energetic contribution to the heat source produced by the material. Figure 11
presents the evolution of the stretch ratio, the heat source and the temperature variation with test
conditions similar to test #4 but including the effect of the internal energy variation. The heat source
variation is in correct agreement with the experimental results obtained at low strains by Pottier et

al. [25]. The stabilized value of θ̂ is different from zero: it is here equal to 0.3261◦C. This value is
slightly lower than that obtained for test #4 (0.3317◦C). Isentropic coupling does not strongly change
the conclusions.

6 Conclusion

This paper has investigated the thermal stabilization of rubber-like material under cyclic loading con-
ditions. Results have shown that the mean value between the maximum and the minimum temperature
variations differs from zero in the steady-state regime. This is due to the particular distribution of the
heat source over time, and more especially to the fact that the heat source depends on both the strain
and the strain rate. This phenomenon is observed while the temporal integration of the heat source is
null over each cycle and no intrinsic dissipation occurs. This effect clearly distinguishes rubber from
most other materials, whose thermoelastic response is driven by isentropic coupling. Moreover, the
stabilized mean value between the maximum and minimum temperature variations depends on the
strain ratio, the frequency and the multiaxiality of the mechanical state. The special thermosensitivity
of rubber engenders many consequences, in particular for fatigue life prediction. Indeed, the stabilized
mean value between the maximum and minimum temperature variations during fatigue tests does not
reflect only self-heating due to fatigue, since entropic coupling leads also to a value that is not equal to
zero. Finally, let us recall that small strain levels were investigated in the present study, leading to small
thermal effects of the entropic coupling (but important for fatigue prediction). The effect would be
much higher for large loading amplitudes, which besides could have an influence on thermo-oxidation
of rubber.
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50. Meunier L, Chagnon G, Favier D, Orgéas L, Vacher P (2008) Experimental and numerical study of the
mechanical behaviour of an unfilled silicone rubber. Polymer Testing, 27:765–777.

51. Treloar LRG (1943) The elasticity of a network of long chain molecules (I and II). Transactions of the
Faraday Society, 39:36–64 ; 241–246.

52. Dulieu-Barton JM, Stanley P (1998) Development and application of thermoelastic stress analysis. Journal
of Strain Analysis and Engineering Design, 33:93–104.

53. Joule JP (1884) India-rubber, §33 in: The Scientific Papers of James Prescott Joule, volume 1. The Physical
Society of London, Taylor and Francis, red lion court, fleet street.

54. Anthony RL, Caston RH, Guth E (1942) Equations of state for naturals and synthetic rubber like materials:
unaccelerated natural soft rubber. Journal of Physical Chemistry, 46:826.



14

0 1 2 3 4
1
2
3

Time (s)

λ 
(−

)

0 1 2 3 4
−5

0
5

Time (s)

s 
(°

C
/s

)

0 1 2 3 4
0
1
2
3

Time (s)

θ 
(°

C
)

Fig. 1 Test #1 (adiabatic conditions, triangular signal, λmin = 1, λmax = 3, Rǫ = 0, f = 0.5 Hz). Top:
stretch ratio λ vs. time. Middle: heat source s vs. time. Bottom: temperature variation θ vs. time.
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Fig. 2 Test #2 (adiabatic conditions, sinusoidal signal, λmin = 1, λmax = 3, Rǫ = 0, f = 0.5 Hz). Top:
stretch ratio λ vs. time. Middle: heat source s vs. time. Bottom: temperature variation θ vs. time.
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Fig. 3 Test #3 (non-adiabatic conditions, triangular signal, λmin = 1, λmax = 3, Rǫ = 0, f = 0.5 Hz).
Temperature variation θ vs. time.

Fig. 4 Last two cycles of test #3.
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Fig. 5 Test #4 (non-adiabatic conditions, sinusoidal signal, λmin = 1, λmax = 3, Rǫ = 0, f = 0.5 Hz).
Temperature variation θ vs. time.

Fig. 6 Last two cycles of test #4.
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Fig. 7 Test #5: stabilized value of θ̂ versus loading frequency.
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Fig. 8 Test #6 (non-adiabatic conditions, sinusoidal signal, λmin = 2, λmax = 4, Rǫ = 1/2, f = 0.5 Hz). Top:
stretch ratio λ vs. time. Middle: heat source s vs. time. Bottom: temperature variation θ vs. time.
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Fig. 9 Last two cycles of test #6.
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Fig. 10 Results obtained under uniaxial tension (UT), pure shear (PS) and equib- iaxial tension (EQT) for
the last two cycles for non-adiabatic conditions. The other parameters are those used for test #4. Top: stretch
ratio λ vs. time. Bottom: temperature variation θ vs. time.

Table 1 Uniaxial tensile (UT) tests under adiabatic conditions (τ = ∞)

Test number λmin [-] λmax [-] Rǫ [-] f (Hz) Signal shape

#1 1 3 0 0.5 triangular
#2 1 3 0 0.5 sinusoidal



19

296 297 298 299 300
1
2
3

Time (s)

λ 
(−

)

296 297 298 299 300
−4
−2

0
2
4

Time (s)

s 
(°

C
/s

)

296 297 298 299 300
−0.5

0
0.5

1
1.5

Time (s)

θ 
(°

C
)

Fig. 11 Test similar to test #2 but accounting for isentropic coupling. Top: stretch ratio λ vs. time. Middle:
heat source s vs. time. Bottom: temperature variation θ vs. time.

Table 2 Mechanical tests under non-adiabatic conditions (τ = 60 s)

Test λmin λmax Rǫ f Signal Loading
number [-] [-] [-] (Hz) shape conditions

#3 1 3 0 0.5 triangular UT
#4 1 3 0 0.5 sinusoidal UT
#5 1 3 0 [0.001; 0.2] sinusoidal UT
#6 2 4 1

2
0.5 sinusoidal UT

#7 1 3 0 0.5 sinusoidal EQT
#8 1 3 0 0.5 sinusoidal PS


