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1. Introduction

The aim of this paper is to study the existence of a center manifold and stability in
some critical cases for the following partial functional differential equation

(L) { D u(t) = Aule) + L(w) + g(u). 120
u=peC:=C(-r0;E),

where A is not necessarily densely defined linear operator on a Banach space E and C
is the space of continuous functions from [—r,0] to E endowed with the uniform norm
topology. For every ¢ > 0 and for a continuous u : [—r, +00) — E, the function u; € C
is defined by
ur(0) = u(t +6) for 0 € [—r,0].

L is a bounded linear operator from C into E and ¢ is a Lipschitz continuous function
from C to E with g(0) = 0.

In this work, we assume that A is a Hille-Yosida operator: there exist w € IR and
My > 1 such that (w,00) C p(A) and

n My
O =A7 < 5

for A\ > w and n € N,
_w)n

where p(A) is the resolvent set of A. In [21], the authors proved the existence, regularity
and stability of solutions of (1.1) when A generates a strongly continuous semigroup, which

is equivalent by Hille-Yosida Theorem to that A is a Hille-Yosida operator and D(A) =
E. In [3], the authors used the integrated semigroup approach to prove the existence and
regularity of solutions of (1.1) when A is only a Hille-Yosida operator. Moreover, it was
shown that the phase space of equation (1.1) is given by

Y::{QOGC:@(O)Em}.

Assume that the function g is differentiable at 0 with ¢’(0) = 0. Then the linearized
equation of (1.1) around the equilibrium zero is given by

(1.2) { %v(t) = Av(t) + L(w), £ 20
vp=¢ € C.

If all characteristic values (see section 2) of equation (1.2) have negative real part, then
the zero equilibrium of (1.1) is uniformly asymptotically stable. However, if there exists
at least one characteristic value with a positive real part, then the zero solution of (1.1) is
unstable. In the critical case, when exponential stability is not possible and there exists
a characteristic value with zero real part, the situation is more complicated since either
stability or instability may hold. The subject of the center manifold is to study the sta-
bility in this critical case. For differential equations, the center manifold theory has been
extensively studied, we refer to [6], [7], [8], [12], [13], [14], [15], [16], [19], [20] and [24].
In [17] and [22], the authors proved the existence of a center manifold when D(A) = E.
They established the attractiveness of this manifold when the unstable space is reduced to
zero. In [11], the authors proved the existence of a center manifold for a given map. Their
approach was applied to show the existence of a center manifold for partial functional dif-
ferential equations in Banach spaces in the case when the linear part generates a compact
strongly continuous semigroup. Recently, in [18], the authors studied the existence of
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invariant manifolds for an evolutionary process in Banach spaces and in particularly for
some partial functional differential equations. For more details about the center manifold
theory and its applications in the context of partial functional differential equations, we
refer to the monograph [27]. Here we consider equation (1.1) when the domain D(A) is
not necessarily dense in £. The nondensity occurs, in many situations, from restrictions
made on the space where the equations are considered (for example, periodic continuous
solutions, H&quot;older continuous functions) or from boundary conditions ( the space
C' with null value on the boundary is not dense in the space of continuous functions).
For more details, we refer to [1], [2], [3], [4] and [5].

The organization of this work is as follows: in section 2, we recall some results of integral
solutions and the semigroup solution and we describe the variation of constants formula
for the associated non-homogeneous problem of (1.2). We also give some results on the
spectral analysis of the linear equation (1.2). In section 3, we prove the existence of a
global center manifold. In section 4, we prove that this center manifold is exponentially
attractive when the unstable space is reduced to zero. In section 5, we prove that the
flow on the center manifold is governed by an ordinary differential equation in a finite
dimensional space. In section 6, we prove a result on the stability of the equilibrium in the
critical case. We also establish a new reduction principal for equation (1.1). In section 7,
we study the existence of a local center manifold when ¢ is only defined and C*-function
in a neighborhood of zero. In the last section, we propose a result on the stability when
zero is a simple characteristic value and no characteristic value lies on the imaginary axis.

2. Spectral analysis and variation of constants formula

In the following we assume

(H;) A is a Hille-Yosida operator.

Definition 2.1. A continuous function u : [—r,4+00) — E is called an integral solution
of equation (1.1) if
t

i) / u(s)ds € D(A) fort >0,

i@;w:¢m+A<£E@@>+L<[%@>+A@%msmmzm

We will call, without causing any confusion, the integral solution the function wu;, for

t>0.
Let Ao be the part of the operator A in D(A) which is defined by

Dm@:{xeD()AxeDmg
Apx = Az for x € D(Ay).

The following result is well known (see [3]).

Lemma 2.2. A generates a strongly continuous semigroup (To(t)),5, on D(A).

For the existence and uniqueness of an integral solution of (1.1), we need the following
condition.

(Hy) g:C — E is Lipschitz continuous.



The following result can be found in [3].

Proposition 2.3. Assume that (H;) and (Hy) hold. Then for ¢ € Y, equation (1.1) has
a unique global integral solution on [—r,00) which is given by the following formula
t

To()p(0) + lim | To(t — 5)Bx (L(us) + g(us)) ds, ¢ >0
o(t), t € [-r0],
where By = A\ — A)™! for A > w.

Assume that g is differentiable at zero with ¢’(0) = 0. Then the linearized equation of
(1.1) at zero is given by equation (1.2). Define the operator U(t) on Y by

U(t)g& = Ut('? Qp)a
where v is the unique integral solution of equation (1.2) corresponding to the initial value

¢. Then (U(t)),5 is a strongly continuous semigroup on Y. One has the following
linearized principle.

Theorem 2.4. Assume that (H,) and (H,) hold. If the zero equilibrium of (U(t)),~q s
exponentially stable, in the sense that there exist No > 1 and € > 0 such that -

|U(t)] < Noe™ fort >0,

then the zero equilibrium of equation (1.1) is locally exponentially stable, in the sense that
there exist 0 > 0, >0 and k > 1 such that

lz:(., )| < ke " || for o €Y with || <6 and t >0,

where x4(., @) is the integral solution of equation (1.1) corresponding to initial value .
Moreover, if Y can be decomposed as Y =Y, @& Yy where Y; are U-invariant subspaces of

(21) () =

1
Y, Y1 is a finite-dimensional space and with wy = hlim 7 log |U(h)|Y2| we have

inf {|\ : A € o (U(t)|Y1)} > e fort >0,
where o (U(t)|Y1) is the spectrum of U(t)|Y1, then the zero equilibrium of equation (1.1)

is unstable, in the sense that there exist € > 0 and sequences (¢n)n converging to 0 and
(tn)n of positive real numbers such that |z, (., pn)| > €.

The above theorem is a consequence of the following result. For more details on the
proof, we refer to [3].

Theorem 2.5. [9] Let (V(t)),5, be a nonlinear strongly continuous semigroup on a sub-
set Q of a Banach space Z and assume that xo € Q is an equilibrium of (V(t)),, such
that V (t) is differentiable at xo, with W (t) the derivative at xo of V(t) for each t > 0.
Then, (W(t)),sq is a strongly continuous semigroup of bounded linear operators on Z.
If the zero equilibrium of (W(t)),s, s ezponentially stable, then xo is locally exponen-
tially stable equilibrium of (V(t)),s,. Moreover, if Z can be decomposed as Z = Z; & Zy
where Z; are W-invariant subspaces of Z, Zy s a finite-dimensional space and with

1
wy = hlim 7 log |W (h)|Zs| we have
inf {|\ : A€ o (W(t)|Z1)} > e fort >0,

then the equilibrium xq is unstable in the sense that there exist € > 0 and sequences (Yn)n
converging to xo and (t,), of positive real numbers such that |V (t,)y, — xo| > €.
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Some informations of the infinitesimal generator of (U(t)),s, can be found in [5]. For
example, we know that -

Theorem 2.6. The infinitesimal generator Ay of (U(t)),s, on'Y is given by

_J e C ([-r,0]; E) : p(0) € D(A), ¢'(0) € D(A) and
Didv) = { ¢'(0) = Ap(0) + L(p) }
Avp =o' for p € D(Ay).

We now make the next assumption about the operator A.

(H3) The semigroup (7To(t)), is compact on D(A) for ¢ > 0.

Theorem 2.7. Assume that (H;) holds. Then, U(t) is a compact operator on Y for
t>r.

Proof. Let t > r and D be a bounded subset of Y. We use Ascoli-Arzela’s theorem to
show that {U(t)go L € D} is relatively compact in Y. Let ¢ € D, 6§ € [—r,0] and € > 0
such that ¢t +6 — ¢ > 0. Then

t+6
(Ut)p) (0) = To(t + 0)p(0) + )\lirf To(t + 60 — s)BA\L(U(s)p)ds.
Note that
t4-0
To(t +60 — s)BAL(U(s)p)ds
t+0—¢ t+0
= / To(t+ 60 — s)B,\L(U(s)go)d8+/ To(t+ 60 — s)BAL(U(s)p)ds
0 t4+0—¢
and
t+0—¢ t+60—¢
)\lir+n To(t+0—s)BAL(U(s)p)ds = To(g)xhlf To(t+0—e—s)BA\L(U(s)p)ds.
—TeJo —TJo

The assumption (H) implies that

t4+0—¢ .
To(e) {)\l_i)riloo/o To(t+60 —e—s)BA\L(U(s)p)ds : ¢ € D}

is relatively compact in E. As the semigroup (U(t)):>o is exponentially bounded, then
there exists a positive constant b; such that

t+6 B
lim / To(t+60 — s)BAL(U(s)p)ds| < bie for p € D.
t

A—400 +0—e

Consequently, the set

{ lim /ttw To(t + 0 — ) ByL(U(s))ds : o € ﬁ}

)\HJ”OO _’_9_5

is totally bounded in £. We deduce that {(U(t)go) 0):p€ lN)} is relatively compact in £,

for each 6§ € [—r, 0]. For the completeness of the proof, we need to show the equicontinuity
property. Let 0, 6y € [—r, 0] such that § > 6y. Then



(U)p) (0) = (U)p) (o) = (To(t + 6) — To(t + o)) ¢(0)

t+6
+ Ahrf To(t +60 — s)BAL(U(s)p)ds
t+6g
- /\lir}rrl To(t+ 0y — s)BAL(U(s)p)ds.
— T 00 0

Furthermore,
t+6 t+6o
/ To(t +60 — s)BAL(U(s)p)ds = / To(t +60 — s)BAL(U(s)p)ds
0 0

t46
+ / To(t + 60 — s)BAL(U(s)p)ds.
t+6o

Consequently,
[(Ut)p) (0) — (U(t)e) (Bo)] < [To(t + 0) — To(t + 0o)| |¢(0)]

t+6o
+ )\1151_1 / (To(t+6 —s) —To(t+ 0o — s)) BAL(U(s)p)ds
—+00 /g
t+0
+| tim / To(t + 0 — $)ByL(U(s)0)ds| -
A=+00 )46,

Assumption (H;) implies that the semigroup (7o(t)),», is uniformly continuous for ¢ > 0.
Then -

Jim [Ty +6) = To(t + 6o)| = 0.

The semigroup (U(t)),~, is exponentially bounded. Consequently, there exists a positive

constant b, such that

t46

lim / To(t+ 60 — s)BAL(U(s)p)ds| < by (0 — )

A—-+oo t+00

and
t+6o
/\lir+n (To(t+6 —s) —To(t+ 0o — s)) BAL(U(s)p)ds
—o0 Jq
t+6o

= (To(0 — 6y) — I)Alirf To(t+ 0o — s)BAL(U(s)p)ds.

We have proved that there exists a compact set I?o in E such that

t+6o - -
Alim To(t + 0y — s)ByL(U(s)p)ds € Ky for ¢ € D.
——400 0

Using Banach-Steinhaus’s theorem, we obtain
0151910 (Ty(0 — 0) — I)x = 0 uniformly in = € K.
This implies that
lim (U(t)p) (0) — (U(t)¢) (6) = 0 uniformly in ¢ € D.

0—0F



We can prove in similar way that

lim (U(t)¢) (6) — (U(t)p) (6p) = 0 uniformly in ¢ € D.

—Y%

By Ascoli-Arzela’s theorem, we conclude that {U tp:pe 5} is compact for ¢t > r.

Now, we consider the spectral properties of the infinitesimal generator Ay. We denote
by E, without causing confusion, the complexication of E. For each complex number A,

we define the linear operator A(\) : D(A) — E by
(2.2) AN) =M — A — L(eM]),
where eM] : E — (' is defined by
(e¥z) () =Mz, 2 € E and 0 € [—r,0].
Definition 2.8. We say that A is a characteristic value of equation (1.2) if there exists

x € D(A)\{0} solving the characteristic equation A(\)x = 0.

Since the operator U(t) is compact for ¢ > r, the spectrum o(Ay) of Ay is the point
spectrum o,(Ay). More precisely, we have

Theorem 2.9. The spectrum o(Ay) = 0,(Ay) = {\ € C: ker A(\) # {0}}.

Proof. Let A € 0,(Ay). Then there exists ¢ € D(Ay)\{0} such that Ayp = Ap, which
is equivalent to

() = eMp(0), for 6 € [—r,0] and ¢'(0) = Ap(0) — L(p) with (0) # 0.

Consequently A(A)¢(0) = 0. Conversely, let A € C such that ker A(X) # {0} . Then there
exists © € D(A)\{0} such that A(A)x = 0. If we define the function ¢ by

©(0) = M for 6 € [—r,0],

then ¢ € D(Ay) and Ay = Ap, which implies that A € o,(Ay).
The growth bound wy(U) of the semigroup (U(t)):>o is defined by

wo(U) = inf{/@' >0: supe " |U(®)| < oo}

>0
The spectral bound s(Ay) of Ay is defined by
s(Ay) =sup{Re(X\) : A € 0,(Ap)}.

Since U(t) is compact for ¢t > r, then it is well known that wo(U) = s(Ay). Consequently,
the asymptotic behavior of the solutions of the linear equation (1.2) is completely obtained
by s(Ay). More precisely, we have the following result.

Corollary 2.10. Assume that (Hy), (Hg) and (H3) hold. Then, the following properties
hold,

i) if s(Ay) < 0, then (U(t)),so is exponentially stable and zero is locally exponentially
stable for equation (1.1); -

i1) if s(Ay) = 0, then there exists ¢ € Y such that |U(t)p| = || for t > 0 and either
stability or instability may hold;

i11) if s(Ay) > 0, then there exists ¢ € Y such that |U(t)p| — oo ast — oo and zero is
unstable for equation (1.1).



As a consequence of the compactness of the semigroup U(t) for t > r and by Theorem
2.11, p.100, in [10], we get the following general spectral decomposition of the phase space
Y.

Theorem 2.11. There exist linear subspaces of Y denoted by Y_, Yy and Y, respectively
with
Y=Y oY, 0Y,
such that
’L) AU(Y_) C Y_, AU(K)) C YE), and AU(Y+) C Y+,’
i1) Yy and Yy are finite dimensional;
iii) o(Au|Yo) ={A € o(Ay) : ReA =0}, o(Au|Y:) = {\ € 0(Ay) : Re A > 0};
i) U)Y_- CY_ fort >0, U(t) can be extended for t < 0 when restricted to YoUYy and
Ut)Yo C Yo, Ut)Y, C Y, fort € R;
v) for any 0 <y <inf {|[Re\|: X € 0(Ay) and Re X\ # 0}, there exists K > 0 such that
\U(t)P_p| < Ke " |P_yp| fort>0,
\U(t)Pyp| < Ke3l!l|Pyp| fort € R,
U(t)Pro| < Ke* |Prg| fort <0,
where P_, Py and P, are projections of Y into Y_, Yy and Y, respectively.
Y_,Yy and Yy are called stable, center and unstable subspaces of the semigroup (U(t)),sq -

The following result deals with the variation of constants formula for equation (1.1)
which are taken from [5]. Let (Xy) be defined by

<X0> = {X()C L C € E},
where the function Xyc is defined by
_J 0 iffe[-r0),
o) ={ 0 6

We introduce the space Y & (Xj) , endowed with the following norm
|0+ Xoc| = [@] + ]

The following result is taken from [5].

Theorem 2.12. The continuous extension ;1; of the operator Ay defined on'Y @& (Xo)
by:
{ D(Ay) = {p € C*(|=,0]: ) : 4(0) € D(A) and ¢'(0) € D(A) }
Aup = ¢ + Xo(Ap(0) + L(p) = #(0)),
is a Hille- Yosida operator on'Y ® (Xo): there exist @ € R and Moy > 1 such that (&, 00) C
p(Ay) and

—~

— M. _

‘()\[—AU)_” < m for \>Wand n € N,

with p(;l\[/]) the resolvent set of Ay

Moreover, the integral solution u of equation (1.1) is given for ¢ € Y, by the following
variation of constants formula

t

(2.3) w=Ul)p+ lim [ U(t— S)BN)\ (Xog(us))ds fort >0,

A—00 0



where By = AT — ;17])_1 for A\ > @.

Remarks. i) Without loss of generality, we assume that ZT/[/O = 1. Otherwise, we can
renorm the space Y @ (Xj) in order to get an equivalent norm for which M, = 1.
ii) For any locally integrable function ¢ : R — FE, one can see that the following limit

exists: .

lim [ U(t—7)BxXoo(r)dr fort > s.

—
)\oos

3. Global existence of the center manifold
Theorem 3.1. Assume that (Hy) and (H3) hold. Then, there exists € > 0 such that if

Lip(g) = sup l9pr) —g(e2)l _

p17#p2 |901 - 902|

then, there exists a bounded Lipschitz map hy : Yo — Y_ @Y, such that hy(0) = 0 and the
Lipschitz manifold

My = {p+ he(¥) - ¢ € Yo}
is globally invariant under the flow of equation (1.1) on'Y.

Proof. Let B = B(Y,,Y_ @Y, ) denote the Banach space of bounded maps h : Yy —
Y_ &Y, endowed with the uniform norm topology. We define

F ={h € B: his Lipschitz, h(0) =0 and Lip(h) < 1}.
Let h € F and ¢ € Y{. Using the strict contraction principle, one can prove the existence
of v{ solution of the following equation
¢ — 0
(3.1) of = U+ Jim [ U(t-7) <BAXOg(Uf + h(vf))) dr, t € R.
—o0 Jo

We now introduce the mapping 7, : 7 — B by
0 _

T(he = lim [ U(=7) (BaXog(of +h(e)) dr

0 —~ +
+ /\lim U(—T1) <B>\Xog(vf + h(vf))) dr.
— 00 +w
The first step is to prove that T, maps F into itself. Let @1, € ¥ and ¢ € R. Suppose
that Lip(g) < e. Then

[of* = vf?| < Keil o1 — o + 2K | Pole

¢
G WS ©2
/63 [vft — v¥?| dr
0

By Gronwall’s lemma, we get that
e 3 |uft — vf?| < K o1 — o] XK1
and
.
lvf — 0| < K |1 — o elFT2KIRIelll g1 ¢ € R.
If we choose ¢ such that

(3.2) 2K | Pyl < %,
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then
(3.3) [0 — 0f?| < K |y — o] e2! for t € R.

Moreover,

[ To(R)pr = Ty(h)es| < / [U(=7)P-[lg(wf" + h(v7*)) — g(vf* + h(vP?))| dr

+00
+ / [U(=7)Pellg(u7" + h(v)) — g(v7® + h(v7?))] d7.
0

Consequently,

0 +oo
T, (h)o1 — Ty (h)ga| < 2 / Kem |P|efft —v2|dr+2 [ Ke [Py |of — v82| dr.
oo 0

Using inequality (3.3), we obtain

0 +o00
Ty (h)p1 — Ty(h)po| < 2K?|P_|e|pr — <p2|/ e2"dr+2K* |Py|e g — s02|/ e 27dr.
o 0
It follows that
4e
Ty (h)p1 — Ty(h) | < 7K2 (IP-] 4 |P4]) le1 — @2l -

If we choose ¢ such that

4e
VKQ(IPJ +[Py]) <1,

then T, maps F into itself.
The next step is to show that T}, is a strict contraction on F. Let hi,ho € F. For ¢ €Y
and for ¢ = 1,2, let v; denote the solution of the following equation

t

, — , . \O
vy =U(t)p+ lim [ U(t—r1) <B,\X0g(v§ + hl(vi))> dr for t € R.

A—00 0

Then,

‘vtl — vt?! <eK | P

)
and

|Ut1 — Uf} < 2eK | Py :

t
/ eHT ok — 2| dr| + K | By| [y — bl
0

t
/ e3lt=l (|vi — vf‘ + ]hl(vi) — hl(vz)‘ + ]hl(vf) — hg(vf)‘) dr
0
By Gronwall’s lemma, we obtain that

t
/ eslt="lqr
0
3eK

[vF = v < == Pol [fa = ol elFH2KIREN for ¢ € R

By (3.2), we obtain

3eK v
v —vf| < 67 |Py| |hy — ho| ezl for all t € R.
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For i = 1,2, we have

0 _

Ty(hi)p = lim U@ﬂ(@&ﬁd+mwm)d7
0 — . N+
+lim [ U(—7) (BAXOg(UHhi(U;))) dr.

A—00 +00

It follows that

|Ty(hy)p — Ty(ho)p| < 2K |P_| 68,:21{ | Po| |h1 — ho| + KIP-|e |hy — ho]
28 1P L Ay = ol + KLy .
Consequently,
13(0) = Ty < (1P| 1P = (1225 1] = .
We choose ¢ such that
1Pt +1P.) 22 (IR 1] <1

Then T} is a strict contraction on F, and consequently it has a unique fixed point A4 in
F :T,(hy) = hy.
Finally, we show that

My = {po+hy(p) : p € Yo}

is globally invariant under the flow on Y. Let ¢ € Yy and v be the solution of equation
(3.1). We claim that t — vf + hy(vy) is an integral solution of equation (1.1) with initial
value ¢ + hy(¢). In fact, we have T,(h,)(v]) = hy(v), t € R. Moreover, for ¢t € R, one
has

0 —

T, @) = Jim [ U(=7) (BaXog(vfer + hy(vf,))) dr
0 —~ +
+lim [ U(=7) (BaXog(hyr + hy(vfir)))

A—00 +00

which implies that

t

lim mpwmaxmw+mwm<h

_/\—>oo _

hy (Uf)
¢

_ +
+ lim U(t—r) (B,\Xog(vf + hg(”f))) dr.

A—00 +00
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Then, for t € R, we have
t

—~ 0
of +hg(0f) = U+ lim | U(t—7) (BAXog(vf + hg(vf))> dr
t N -
Y lim [ UG —7) <BAX0g('Uf + hg(vf))) dr

—
)\oo_oo

t —~ +
+ lim Ut —1) (B,\Xog(vf + hg(vf))) dr.

—
oo +00

For any t > a, we have
t

lim [ Ut-) (E}X()g(uf + hg(vf))) Cdr

= Jim [ Ut —7) (BaXog(uf + hy(09))) dr

7 . _
+1lim [ U(t—r71) (B,\Xog(vi7 + hg(“f))) dr,
and
lim U(t—r) (/B:Xog(ﬂf‘*’hg(vf)))_dT

A—oo | _

— U(t - a) (Iim / Ula —7) (ijog(vf + hg(vf))> dT) .

A—00 oo

By the same argument as above, we obtain
t

—~ +
lim U(t—r) <BAXOg(vf + hg(vf))> dr
A—00 f 1 o .

— +
—lim [ U(t—r1) (BAng(vf + hg(vf))) dr

— +
+lim [ U(t =) (BaXog(vf +hy(v))) dr,

A—00 a
and
a — -
lim / Ut —7) (BXog(vs + hy(vs))) dr
A—00 +00
a — +
=U(t—a) (/\hm/ Ula—T) (B,\Xog(vf + hg(vf))> d’i’) :
=0 J 4o

Note that

a — +
ho(f) = lim [ Ula—7) (BaXog(uf + hy(v9))) " dr
—+o00
+lim [ Ula—1) (BaXog(of + hy(02))) .

—
)\oo_oO

and in particular
t

— 0
of = Ut —a)og + Jim [ Ut = 7) (BrXog(uf +hy(e£))) dr.
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Consequently, for any ¢ > a, we obtain
t — 0
of + hy(vf) = Ut = a) (o7 + hy(v9)) + lim [ UGt =7) (BrXog(vf + hy(v5)) ) dr
t

— +
+lim [ U= 7) (BaXog(of +hy(w9))) " dr

t N _
+ Jim [ Ut-7) (BAXOg(vf + hg(vf))) dr,
which implies that for any t > a,
t

of + hy(vf) = Ut = a) (07 + hy(v9)) + lim [ U(t = 7) (B\Xog(vf + hy(v5)) ) dr.
Finally, we conclude that v{ + h,(v¢) is an integral solution of equation (1.1) on R with
initial value ¢ + hy(p).

Theorem 3.2. Let v¥ be the solution of equation (3.1) on R. Then, for t € R
0f] < K ol €3 and. [of + hy ()] < 26 [g] €31

Conversely, if we choose € such that

2Ke
N (|P-| + [P +3|R]) < 1,

then for any integral solution u of equation (1.1) on R with u, = O(ez), we have u; € M,
for allt € R.

Proof. Let v¥ be the solution of equation (3.1). Then, using the estimate (3.3), we obtain
that

wf| < K |p|ez! fort e R
and from the fact that Lip(h) <1 and h,(0) = 0, we obtain

v? + h,(vF)] < 2K |o| ez for t € R.
t g\ Ut 12

Let u be an integral solution of equation (1.1) such that u; = O(e2!). Then there exists
a positive constant kg such that |u;| < koez!tl for all t € R. Note that

t —_
u =U(t — s)us + )\lim U(t — 7)BxXog(u,)dr for t > s.
On the other hand,

t

— +
uf =U(t —s)ul + Jim Ut —1) <B,\X0g(u7)) dr for s > t.

Moreover, for s >t and s > 0, we have
|U(t = s)uf| < K |Pruy| < koK |Py| el = koK [Py e,

Therefore,
lim |U(t — s)u+| =0.

It follows that .
— -
uf = lim Ut —r) <B,\X0g(u7)> dr.

A—00 +00
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Similarly, we can prove that

t

u;, = lim Ut —r) (E\Xog(uT))i dr.

A—00 oo

We conclude that
t

— 0
uy = u +uy + U(t)u) + hm Ut —1) (B,\ng(uT)> dr fort e R.

*)OO O

Let ¢ € Yy such that ¢ = ug. By Theorem 3.1, there exists an integral solution w of
equation (1.1) on R with initial value ¢ + hy(¢) such that w, € M, for all t € R and

wy =U(t)p + /\hm Ut —r) (E\Xog(wT)>0 dr
“oo Jo

+ hm Ut —1) <E\X0g(w7)>+ dr

A—
[e.e] —0

t

+ lim Ut —1) (Ej\ng(wT)>_ dr.

A—00 +oo
Then, for all t € R, we have

0

lim / Uit — ) (BaXo (g(ur) — g(w.) dr

|up — wy| <

Ah_)rgo/ Ut—rT) BAXO (g(ur) — g(wT))>+ dr
)\ILI&/ Ut —1) BAXO (g9(us) — g(wT))>_ dr|.

This implies that

lug — wy| < Ke <|P0|

t
/ 3T, — w, | dr

+ |P_ |/ YT |y, — wT|dT+|P+|/ ) |, —wT|dT).

Let N(t) = e 2 ju; — wy| for all t € R. Then, N = supN(t) < co. On the other hand,

teR
t 5 t ~ o0 ol
/ e~ s =Tldr| + IP_|/ e 2(dr + |P+|/ 62@_7)‘”)’
0 —00 t
2Ke

N < 7(3!Po!+|P—|+IP+|)N

we have

N(t) < KeN (|Po|

Finally we arrive at

Consequently, N =0and u, = w, for t € R.
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4. Attractiveness of the center manifold

In this section, we assume that there exists no characteristic value with a positive real
part and hence the unstable space Y, is reduced to zero. We establish the following result
on the attractiveness of the center manifold.

Theorem 4.1. There exist ¢ > 0, K1 > 0 and o € (%,7) such that if Lip(g) < €, then
any integral solution u,(¢) of equation (1.1) on R satisfies

(4.1) |ug (9) = hyg(u) ()| < Kie™ |7 = hy(¢°)| for t >0.
Proof. The proof of this theorem is based on the following technically lemma.

Lemma 4.2. There exist ¢ > 0, Ky > 0 and o € (%,v) such that if Lip(g) < €, then
there is a continuous bounded mapping p : RY x Yy x Y_ — Y_ such that any integral
solution uy(p) of equation (1.1) satisfies

(4.2) uy (p) = pt,w) (), 9~) fort>0.
Moreover,
(4.3) p(t, @1, 41) — p(t, b2, ¥2)| < Ko (|1 — 2| + e [th1 — 1)

for all ¢1, 02 € Yo, 01,09 € Y_ and t > 0.

Idea of the proof of Lemma 4.2. The proof is similar to the one given in [22]. Let
peYyandy € Y . Fort >0 and 0 <7 <t, we consider the system

t

dr.t o) = Ulr—t)p—lim [ U(r—s) (BuXog (a(s.t.0.0) + pls.(s. .. 0). 0))) ds,

—
o0 T

and
t

pltsp,9) = Ut)y + lim i Ut —s) (BNAXog(Q(s,t, ©, ) +p(s,q(s,t, 0, w>,w>>)_ ds.

Using the contraction principle, we can prove the existence of ¢ and p. The expression
(4.2) and the estimate (4.3) are obtained in a completely similar fashion to that in [22].

Proof of Theorem 4.1. Let M, be the center manifold of equation (1.1). Then any
integral solution lying in M, must satisfy (4.2). Let u; = u,(¢~4¢°) be an integral solution
of equation (1.1) on R* with initial value o~ + ¢". Let 7 > 0. Then, u? + hy(u?) € M,
and the corresponding integral solution exists on R and lies on M,. This solution can
be considered as an integral solution of equation (1.1) starting from =~ + ¢° at 0. Let
v = v:(¥™ + ¢°) be the integral solution corresponding to ¥~ + °. Using Lemma 4.2,
we conclude that
'LL; - hg(u?'> = p<7—7 U?_, 907) - p(T7 U?., Yﬂf),

which implies that

(4.4) |z = hy(u?)| < Koe™® [~ — 7.
Since Lip(h) < 1, we have
|u7 = hy(u)] < Koe™7 ([0~ = hy(e")| + [ — ¢]) .
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The initial values ¢° and 1° correspond to the solutions of the following equations for
0<s<r

S

— 0
vs=U(s —1)v, + Alim U(s — o) <BAX09(UU + p(o, vy, gp‘))) do,

— 0
vi=U(s—71)vi+ lim | U(s—o0) (B,\Xog(vj; + p(o, U;7¢_))> do.

A—00 -

Note that v, = v’ It follows, for 0 < s < 7, that
lvs — vl < K(14+Kp)e | Py / e3=) |y, — v | do+K Koe | Py / €379 |y ‘gp’ — w" :

Then by Gronwall’s lemma, we deduce that there exists a positive constant v which
depends only on constants v, K, K, and ¢ such that, for 0 < s < 7, we have

vy —vg| < V‘Spi _wil-
If we assume that Lip(g) is small enough such that v < 1, then
|800 - wo‘ <v }%07 - ¢7} <v (’807 - hg(‘P0)| + ‘hg(‘:@o) - hg<¢0)|) )

which gives that
v

0_ .0
" =¥ < 7

|907 - hg<800)| .
We conclude that
1
luy — hg(ug)] < EKoe’o‘t [0~ = hy(°)] for t > 0.

As an immediate consequence, we obtain the following result on the attractiveness of the
center manifold.

Corollary 4.3. Assume that Lip(g) is small enough and the unstable space Yy is reduced
to zero. Then the center manifold M, is exponentially attractive.

We also obtain.

Proposition 4.4. Assume that Lip(g) is small enough and the unstable space Y, is
reduced to zero. Let w be an integral solution of equation (1.1) that is bounded on R.
Then w, € My for allt € R.

Proof. Let w be a bounded integral solution of equation (1.1). Since, the equation (1.1)
is autonomous, then for ¢ < 0, wy,, is also an integral solution of equation (1.1) for
t" > 0 with initial value w, at 0. It follows by the estimation (4.1) that

[0 46 (9) = g (Wi ()] < Kre™ [wg = hy(wg)] for ¢ > 0.
Let t > 0. Then
(4.5) lw; — hg(wy)] < Kie o= \w, — hy(wd)| for t > 0.

Since w is bounded on R, letting 0 — —oo, we obtain that w; = hy(w?) for all t € R.
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5. Flow on the center manifold

In this section, we establish that the flow on the center manifold is governed by an
ordinary differential equation in a finite dimensional space. In the sequel, we assume
that the function g satisfies the conditions of Theorem 4.1. We also assume that the
unstable space Y, is reduced to zero. Let d be the dimension of the center space Yy and
O = (¢1,...., 0q) be a basis of Y;. Then there exists d-elements ® = (¢7, ..., ¢5) in Y*, the
dual space of Y, such that

(07, ¢5) == 07 () =055, 1<1,7 <4,
and ¢ = 0 on Y_. Denote by ¥ the transpose of (¢7,....,¢%5). Then the projection
operator Fy is given by
Since (U°(t)),s, is a strongly continuous group on the finite dimensional space Yy, by
Theorem 2.15, p. 102 in [10], we get that there exists a d x d matrix G such that
U'(t)® = ®e for t > 0.

Let n € N, n>ng > wand i € {1,....,d} . We define the function z}, on E by

23a(y) = (67 B (Xay))

Then z}, is a bounded linear operator on E. Let 2 be the transpose of (x},, ...,z ,), then

(wiy) = (0. B, (Xoy) ).

Consequently,

sup || < oo,
n>ng

which implies that (7)) is a bounded sequence in £(E, R?). Then, we get the following

important result.

n>ng

Theorem 5.1. There exists x* € L(E,R?) such that (z}))
the sense that

.
nsny COTVETgES Weakly to x* in

(xr,y) — (", y) asn — oo fory e E.
For the proof, we need the following fundamental theorem [25, pp. 776]

Theorem 5.2. Let X be a separable Banach space and (zy,),, be a bounded sequence in

X*. Then there exists a subsequence (z;;k),po of (2%),>0 Which converges weakly in X* in

the sense that there exists z* € X* such that
(zh y) = (z"y) ask — oo forze X.

Proof of Theorem 5.1. Let Z, be a closed separable subspace of E. Since (},),,,, i

;klk)keN
weakly to some x7 in Zy. We claim that all the sequence (z},),,,,, converges weakly to

Ty, in Zy. This can be done by way of contradiction. Namely, suppose that there exists

a bounded sequence, by Theorem 5.2 there is a subsequence (:c which converges
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*

* 3 ik 1 X *
a subsequence (I"P)peN of (2},),,5,, Which converges weakly to some 7 with 77, # x7; .

Let wy(., 0, ¢, f) denote the integral solution of the following equation

dt

{ d u(t) = Au(t) + L(u) + f(t), t > 0o
Uy = p € C,

where f is a continuous function from R to E. Then by using the variation of constants
formula and the spectral decomposition of solutions, we obtain

t

Pin(10.0.f) = tim_ [ Ut~ (B.Xof(©)) de,

n—+oo [
and N N
Py (BaXof (€)) = @ (W, BuXof(§) ) = ® (a, £(€)).
It follows that
Pyuy(.,0,0,f) = lim <I>/t e(t=8)G <\If, EnXof(f)> dg,

n—-+o00

= lim @ / =96 (x5, f(£)) dE.

n—-+00

For a fixed a € Zy, set f = a to be a constant function. Then

t t
lim e(t=0¢ <x2k, a> d§ = lim et=0¢ <x;p, a> d¢ for a € Zy,

k—+oco J p—+oo [

which implies that

t t
/ 096 (17 a)de = / =97y, a) d¢ for a € Z.

Consequently x%, = 77 , which yields a contradiction.

We now conclude that the whole sequence (‘r;kl)nZno converges weakly to z7 in Zy. Let
71 be another closed separable subspace of X. By using the same argument as above, we
obtain that (xZ)nZno converges weakly to x7 in Z;. Since Zy N Z; is a closed separable

subspace of F, we get that x7, = x7 in ZyN Z;. For any y € E, we define z* by

(2%, y) = (v, 9)

where Z is an arbitrary given closed separable subspace of E such that y € Z. Then z*
is well defined on E and z* is a bounded linear operator from E to R? such that

|z*| < sup |x}| < o0,
n>ng

and (z

.
nnsn, cOnverges weakly to z* in E.

As a consequence, we conclude that

Corollary 5.3. For any continuous function f : R — E, we have
t t

lim [ U(t—¢) (Enxof(g))o ds = @/ et=9G (4* F(€))dE fort,o € R.

nN—-—1+00
+ o o
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Let ¢ € Yj such that ¢ + hy(¢) € M,. From the properties of the center manifold, we
know that the integral solution starting from ¢ + h(y) is given by vy + hy(v{), where v/
is the solution of

¢

— 0
v =U®)p+ lim | Ut —r1) (BAXOg(vf + hg(vf))> dr fort € R.

A—00 0

Let z2(t) be the component of v{. Then ®z(t) = v/ fort € R. By Theorem 5.1 and
Corollary 5.3, we have

t
dz(t) = vf = Pe®'2(0) + <I>/ UG (1% g(v? + hy(vF))) dr fort € R.
0

We conclude that z satisfies
t

2(t) = e2(0) + lim [ %7 (¥ g(vf + hy(v¥))) dr fort € R.

n—oo 0

Finally we arrive at the following ordinary differential equation, which determines the
flow on the center manifold

(5.1) 2 (t) = Gz(t) + (z*, g(Pz(t) + hy(Pz(t)))) for t € R.

6. Stability in critical cases

In this section, we suppose that Lip(g) < e, where € is given by Theorem 4.1. Here we
study the critical case where the unstable space Y, is reduced to zero and the exponential
stability is not possible, which implies that there exists at least one characteristic value
with a real part equals zero.

Theorem 6.1. Assume that Lip(g) is small enough. Then there exists a positive constant
K, such that for each o €Y, there exists zy € R such that

(6.1) ug — @Z(t)| + |u; — he(PZ(1))| < Kae ™ |~ — hy(°)| fort >0,
where Z is the solution of the reduced system (5.1) with initial value Zy and w is the integral

solution of equation (1.1) with initial value p.

Proof. Let ¢ € Y and u be the corresponding integral solution of equation (1.1). Then

s — 0
u) =U(s — t)u) + lim U(s—T) (B,\Xog(u; + u2)> dr for 0 < s <t.

s A—00 ¢

Also let s — ws; be the solution of the following equation

s

— 0
w,y = U(s —t)u) + lim U(s —7) (B,\Xog(wm + hg(wm))> dr for 0 < s <t.

— 00 t
Then, for 0 < s < 't, we have
t t
|u) — wy| < 2Ke | Ry / e3(r=9) |u) — wry| dr + Ke | Py / e3(r=9) luz — hg(ud)| dr.
It follows that

t t
¥ [u® — w,| gzz(gypoy/ e%T|u2—wT,t\dr+K6|Pol/ €37 Juy — hy(ud)| dr.
s S
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Using Gronwall’s lemma, we obtain that
|ul — w57t| < 2Ke | Py /t eH(m=9) |us — hg(u2)| dr for 0 < s <'t,
where y = 2K¢e |Fy| + 3. By Theorem 4.1, we obtain
|ul — wy,| < (2KK16 | P /te(“_a)(T_s)dT) luy — hg(ud)| for 0 < s <t

Let us recall that o € (%, 7) . Then we can choose ¢ small enough such that p — a < 0.
Consequently,

2KK1€ ‘PO

(6.2) |ug — wy,| < | luy — hg(ud)| for 0 < s <t,

and for s = 0, we have

2KK1€|P0| _ 0

_ —h for t > 0.
a—yp ‘“o g(u0)| ort =~

We deduce that {wq, : ¢ > 0} is bounded in Y; and then there exists a sequence ¢,, — 0o
as n — oo and ¢ € Y such that

‘Ug - wO,t} <

Wo 4, — ¢ as n — 00.

Let w(.,¢) be the solution of the following equation

t

@i, 8) = U(t)6 + lim U(t—r)(BNAXOg(@T(.,gb)—|—hg(7ﬂf(.,q§))))0d¢fortZO.

A—00 0
By the continuous dependence on the initial data, we obtain, for all s > 0
ws(0,¢) = lim ws(0, woy, ) = lim ws(0, w_y, (0,u,)),
= lim w;_4, (0,us,) = lim wsy,.
By (4.4) and (6.2), there exists a positive constant K5 such that
0 — w,(0,9)| < Kaoe ™ |ug — hy(ug)| for all s > 0.

If we put
OZ(t) = wy(0, ¢) for t € R,
then

Z(t) = eC'72(0) + /0 t NG (2% g(BZ(T) + hy(PZ(7)))) dT for t € R.

Finally, the estimation (6.1) follows from (4.4).

Now, we can state the following result on the stability by using the reduction to the
center manifold.

Theorem 6.2. If the zero solution of equation (5.1) is uniformly asymptotically stable
(unstable), then the zero solution of equation (1.1) is uniformly asymptotically stable

(unstable).
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Proof. Assume that 0 is uniformly asymptotically stable for equation (5.1). For ¢ > 0,
let
Bi={p +¢"eY @Y |o|+]¢] <},

and M, N B, for some p > 0, be the region of attraction of 0 for equation (5.1). First,
we prove that 0 is stable for equation (1.1). Let € > 0. Then there exists 6 < p such
that |z(t)| < e for ¢ > 0, provided that |z(0)| < 0, where z is a solution of (5.1). As 0 is
assumed to be uniformly asymptotically stable for equation (5.1), there exists to = #¢(J)
such that [z(t)| < 2, for t > to. Without loss of generality, we can choose § and t, so that
maX(Kl,Kg)e_atO < %

By the continuous dependence on the initial value for equation (1.1), there exists §; < g
such that if
01
2 7

b — hy()] < é},

<P_+900€V613:{1/)_+1/10€Y—@Y03WO’< 5

then the corresponding integral solution u; = u(p~ + ¢°) of equation (1.1) satisfies

Uy € Be for t € [O,to] .

Moreover,

|ug, — ho(uy,)| < %
Furthermore, by Theorem 6.1, there exists zy € R? such that
(6.3) lup — @Z(t)| < Kae™ | — hy(¢")| for t >0,

where 7 is a solution of the reduced system (5.1) with initial value Z such that |zp| < 4.
It follows that

!u?o‘ < 0.
Consequently, u;,, € B, and u; must be in B, for all ¢ > 0. This completes the proof of
the stability.

Now we deal with the local attractiveness of the zero solution. For a given integral
solution u(., ) of equation (1.1) which is assumed to be bounded for ¢ > 0, it is well
known that the w-limit set w(y) is nonempty, compact, invariant and connected since the
map ¢ — w(+, ) is compact for ¢ > r.

For the attractiveness of 0, let Vs be chosen as above and ¢ € V. Then the integral
solution u of equation (1.1) starting from ¢ lies in B.. The w-limit set w(y) of w is
nonempty and invariant and must be in M, N B;. Since the equilibrium 0 of (1.1) is uni-
formly asymptotically stable, we deduce by Theorem 11.4, p. 111 [23] and by the LaSalle
invariance principle that the only invariant set in M, N B. must be zero. Consequently,
the w-limit set w(yp) is zero and

u(.,0) = 0ast — 0.

Assume now that the zero solution of the reduced system (5.1) is unstable. Then there
exist o1 > 0, a sequence (t,), of positive real numbers and a sequence (z,),, converging
to 0 such that |z(¢,,2,)| > o1, where z(., z,) is a solution of (5.1). On the other hand
Dz(., zn) + hy(Pz(., 2,)) is an integral solution of equation (1.1) and

|2 (th, 2n) + hg(P2(tn, 2n))| > (1 — Lip(hy)) |Pz(tn, 2,)] -
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Moreover, Lip(h,) can be chosen such that 1 — Lip(hy) > 0. It follows that
|D2(tn, 2n) + hg(P2(tn, 20))| = (1 — Lip(hy)) o,

for some o9 > 0. Consequently, the zero solution of equation (1.1) is unstable.
7. Local existence of the center manifold

In this section we prove the existence of the local center manifold when ¢ is only defined
in a neighborhood of zero. We assume that

(H;) There exists p; > 0 such that g : B(0,p1) — FE is C'-function, ¢(0) = 0 and
g'(0) =0, where B(0,p1) ={p e C:|p| <p1}.

For p < p1, we define the cut-off function g,: C — E by

 glp) if | <p,
90( >—{ g(0) if ol > p.

We consider the following partial functional differential equation

(7.1) { %U(t) = Au(t) + L(w) + gp(u,) for t >0
up = € C.

Theorem 7.1. Assume that (Hy), (Hs) and (H4) hold. Then there exist 0 < p < p;
and Lipschitz continuous mapping hy, : Yo — Y_ @ Y, such that hy,(0) = 0 and the local
Lipschitz manifold

Mg, = {¢ + hg,(¢) : p € Yo}
is globally invariant under the flow associated to equation (7.1).

Proof. Using the same arguments as in [26], Proposition 3.10, p.95, one can show that
g, is Lipschitz continuous with

Lip(g,) < 2sup |g'(¢)]
lel<p

It follows that Lip(g,) goes to zero when p goes to zero. According to Theorem 3.1, we
deduce that there exist p > 0 and mapping hg, : Yo — Y_ @ Y, with hy,(0) = 0 such that
the Lipschitz manifold

My, = {90+ hgp<%0) tp e Yb}
is globally invariant under the flow of equation (7.1).

Definition 7.2. The local center manifold associated to equation (1.1) is defined by
My, = {@+hg,(¢) - ¢ € Yo} N B(0, p).

We deduce that the local center manifold contains all bounded integral solutions of
equation (1.1) which are bounded by p. Moreover, the following interesting results hold.

Theorem 7.3. (Attractiveness). Assume that (Hy), (H3), (Hy) hold and the unstable
space Yy s reduced to zero. Then there exist 0 < p < p1, K3 > 0 and o € (%,7) such
that any integral solution uy(p) of equation (1.1) with initial data ¢ € B(0, py), exists on
Rt and satisfies

(72 U () — oy, (W) < Fye™ [ @™ — hy, (&) fort > 0.
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Theorem 7.4. (Reduction principle and stability). Assume that (Hy), (Hs), (Hy)
hold and the unstable space Y. is reduced to zero. If the zero solution of equation (5.1)
is uniformly asymptotically stable (unstable), then the zero solution of equation (1.1) is
uniformly asymptotically stable (unstable).

8. Application

In this section, we assume that
(H5) o(Ay) N{A € C: Re(A) >0} = {0} and 0 is a simple eigenvalue of Ay.

In this case, the reduced system (5.1) on the center manifold becomes
(1) = v(=(1)),
where v is the scalar function given by
v(z) = (2%, g(Pz + hy, (Pz2))) for z € R.
Theorem 8.1. Assume that (Hy), (Hs), (Hy), (Hs) hold and v satisfies
(8.1) V(2) = @p2™ + Q2™+

If m is odd and a,, < 0, then the zero solution of equation (1.1) is uniformly asymptotically
stable. If a,, > 0 then the zero solution of equation (1.1) is unstable.

Proof. The proof is based on Theorem 6.2 and on the following known stability result.

Theorem 8.2. [6] Consider the scalar differential equation
(8.2) Z(t) = amz™ + Qi 2™

If m is odd and a,, < 0, then the zero solution of equation (8.2) is uniformly asymptotically
stable. If a,, > 0, then the zero solution of equation (8.2) is unstable.

Concluding remark. Assumption (8.1) is natural and it is a consequence of the smooth-
ness of the center manifold, which states that if ¢ is a C*-function, for & > 1, then hg,
is also a C*-function. Consequently if ¢ is a C°°-function, then the center manifold hg,
is also a C"*°-function. Assumption (8.1) can be obtained by using the approximation of
the center manifold h,,. The proof of the smoothness result is omitted here and it can be
done in similar way as in [11].
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