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Smoothness Analysis for Probabilistic Programs
with Application to Optimised Variational Inference

WONYEOL LEE, Stanford University, USA
XAVIER RIVAL, INRIA Paris, France and ENS, CNRS, and PSL University, Paris, France
HONGSEOK YANG, KAIST, South Korea and Institute for Basic Science (IBS), South Korea

We present a static analysis for discovering differentiable or more generally smooth parts of a given probabilistic
program, and show how the analysis can be used to improve the pathwise gradient estimator, one of the most
popular methods for posterior inference and model learning. Our improvement increases the scope of the
estimator from differentiable models to non-differentiable ones without requiring manual intervention of
the user; the improved estimator automatically identifies differentiable parts of a given probabilistic program
using our static analysis, and applies the pathwise gradient estimator to the identified parts while using a
more general but less efficient estimator, called score estimator, for the rest of the program. Our analysis has a
surprisingly subtle soundness argument, partly due to the misbehaviours of some target smoothness properties
when viewed from the perspective of program analysis designers. For instance, some smoothness properties,
such as partial differentiability and partial continuity, are not preserved by function composition, and this makes
it difficult to analyse sequential composition soundly without heavily sacrificing precision. We formulate five
assumptions on a target smoothness property, prove the soundness of our analysis under those assumptions,
and show that our leading examples satisfy these assumptions. We also show that by using information from our
analysis instantiated for differentiability, our improved gradient estimator satisfies an important differentiability
requirement and thus computes the correct estimate on average (i.e., returns an unbiased estimate) under a
regularity condition. Our experiments with representative probabilistic programs in the Pyro language show
that our static analysis is capable of identifying smooth parts of those programs accurately, and making our
improved pathwise gradient estimator exploit all the opportunities for high performance in those programs.
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1 INTRODUCTION

Probabilistic programs define models from machine learning and statistics, and are used to analyse
datasets from a wide range of applications [Bingham et al. 2019; Carpenter et al. 2017; Ge et al. 2018;
Gehr et al. 2016; Goodman et al. 2008; Gordon et al. 2014; Mansinghka et al. 2014; Minka et al. 2014;
Narayanan et al. 2016; Salvatier et al. 2016; Siddharth et al. 2017; Tolpin et al. 2016; Tran et al. 2018, 2016;
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Wood et al. 2014]. These programs are written in languages with special runtimes, called inference
engines, which can be used to answer probabilistic queries, such as posterior inference and marginal
likelihood estimation, or to learn model parameters in those programs, such as weights of neural
networks. Whether a probabilistic program is useful for, for instance, discovering a hidden pattern in
a given dataset or making an accurate prediction largely lies in these inference engines. These engines
should compute accurate approximations or good model parameters within a fixed time budget. It
is, thus, not surprising that substantial research efforts have been made to develop efficient inference
algorithms and their implementations (as inference engines) [Chaganty et al. 2013; Holtzen et al.
2020; Kucukelbir et al. 2015; Mansinghka et al. 2014; Nori et al. 2014; Ritchie et al. 2016a; Schulman
etal. 2015; van de Meent et al. 2018; Wingate et al. 2011a,b; Wingate and Weber 2013; Zhou et al. 2020].

We are concerned with smoothness' properties of probabilistic programs, which have been ex-
ploited by performant posterior-inference and model-learning algorithms and engines. For instance,
when probabilistic programs are differentiable (in the sense that they define differentiable unnor-
malised densities), their posteriors can be inferred by Hamiltonian Monte Carlo [Neal 2011], one of
the best performing MCMC algorithms. Also, in that case, their posteriors and model parameters can
be inferred or learnt using the pathwise gradient estimator [Kingma and Welling 2014; Rezende et al.
2014], a popular technique for estimating the gradient of a function using samples. We also point out
that the need for smoothness arises in a broader context of machine learning and computer science;
Lipschitz continuity is one of the desired or at least recommended properties for neural networks
[Arjovsky et al. 2017; Kim et al. 2021], and also differentiability commonly features as a requirement
for pieces of code inside simulation software and cyber physical systems, where differential equations
are used to specify the environment [Platzer 2018].

We present a static analysis that enables optimised posterior inference and model learning for prob-
abilistic programs. We develop a static analysis that discovers differentiable or more generally smooth
parts of given probabilistic programs, and show how the analysis can be used to improve the pathwise
gradient estimator. Our improvement increases the scope of the estimator from differentiable to
non-differentiable models, without requiring any intervention from the user; the improved estimator
automatically identifies differentiable parts of probabilistic programs using our static analysis, and ap-
plies the pathwise gradient estimator to the identified parts while using amore general but less efficient
estimator, called score estimator [Ranganath et al. 2014; Williams 1992], for the rest of the programs.

Our static analysis for smoothness has a surprisingly subtle soundness argument, partly due to the
misbehaviours of some target smoothness properties when viewed from the perspective of program
analysis designers. For instance, some smoothness properties, such as partial differentiability and
partial continuity, are not preserved by function composition, and this makes it difficult to analyse
sequential composition soundly without heavily sacrificing precision. In fact, overlooking such
misbehaviours has been a source of errors in published static analyses for continuity [Chaudhuri et al.
2010, 2012].2 We formulate five assumptions that clearly identify what a smoothness property should
satisfy in order to avoid unsound analysis. Interestingly, these assumptions also determine what
the property is allowed to violate. For instance, they reveal that the smoothness property does not

In mathematics, “smoothness” typically refers to the specific property of functions: being infinitely differentiable. In this
paper, we override the term to denote a set of properties of functions describing well-behavedness (e.g., differentiability).

2The analysis in [Chaudhuri et al. 2010] infers the continuity property for multivariate programs, but it incorrectly joins
two input-variable sets if a program is continuous with respect to each set jointly. Such a rule would hold if separate
per-input-variable continuity were considered, but it does not hold for multivariate joint continuity. Conversely, the
analysis in [Chaudhuri et al. 2012] considers a per-input-variable definition of continuity, but incorrectly assumes that this
per-input-variable continuity is preserved by function composition. These (and other) issues make the two analyses unsound
in several aspects (see §A for details). We do not claim that these unsoundness issues are hard to fix. Instead, our point is
that a similar issue may be introduced easily and remain undetected due to the subtlety in the soundness of a static analysis.
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have to be closed under the limits of chains of smooth (partial) functions, although the closure under
such limits, called admissibility, has often been used to justify proof rules about or static analysis
of loops. Dispensing with the admissibility requirement broadens the scope of our program analysis
non-trivially; some useful smoothness properties from mathematics fail to meet the requirement.

Our variant of the pathwise gradient estimator works by program transformation and non-standard
execution. It first transforms given probabilistic programs based on the results of our static analysis.
Then, our estimator executes the transformed programs according to a standard (sampling) semantics,
and collects sampled values during the execution. Finally, using the collected values, the estimator
executes the original programs according to a non-standard (density) semantics this time. During the
execution, our estimator computes a quantity involving differentiation, which becomes the estimate
of the target gradient. We prove that our estimator satisfies an important differentiability requirement
and thus, under a regularity condition, it is correct: the computed estimate is unbiased, i.e., it is the
target gradient when averaged over random choices made during execution.

Our static analysis and variant of the pathwise gradient estimator have been implemented for
a subset of the Pyro probabilistic programming language [Bingham et al. 2019]. They have been
successfully applied to the 13 representative Pyro examples, which include advanced models with
deep neural networks, such as attend-infer-repeat [Eslami et al. 2016] and single-cell annotation
using variational inference [Xu et al. 2021]. For each of these examples, Pyro provides a (default)
selective use of the pathwise gradient estimator but without any correctness guarantee. Our analysis
and improved estimator automatically reproduced those uses, and proved that in those use cases, the
estimator satisfies an important differentiability requirement and it is, thus, correct (i.e., unbiased)
under a regularity condition (which needs to be discharged separately).

We summarise the main contributions of the paper:

e We present a program analysis for smoothness properties such as differentiability, and explain a
subtle soundness argument for the analysis. Our argument identifies five assumptions for target
smoothness properties, which are violated by some well-known smoothness properties and
can help detect and prevent soundness errors in static analyses for smoothness properties (§5).

e We present a gradient estimator for probabilistic programs that improves the well-known
pathwise gradient estimator using our program analysis. We also prove that our estimator
satisfies an important differentiability requirement and it is, thus, correct (namely unbiased)
under a regularity condition (§4 and §6).

e We show that our program analysis and gradient estimator can be successfully applied to rep-
resentative probabilistic programs in Pyro, and can prove that existing unproved optimisations
for these programs satisfy the differentiability requirement (§7).

The appendix (i.e., §A-§I) includes omitted proofs and details, and can be found in [Lee et al. 2022b].

2 INFORMAL DESCRIPTION OF BASIC CONCEPTS AND OUR APPROACH

We start by describing informally basic concepts and the goal of our approach, which we hope helps
the reader to see the big picture of our technical contributions. To simplify presentation, we use toy
examples in the section. But we emphasise that our approach has been applied to representative
Pyro programs that describe advanced machine-learning models with deep neural networks.

Probabilistic programming and variational inference. In a probabilistic programming lan-
guage (PPL), a program expresses a probabilistic model. As an example, consider the program c,,
in Fig. 1, which describes a probabilistic model of the random variables z; and z, in R by specifying
their unnormalised density

P (21,22) = N(2150,5) - N(22;21,3) - (12,501 - N(0;1,1) + 115, <01 - N(0;-2,1)),

Proc. ACM Program. Lang., Vol. 7, No. POPL, Article 12. Publication date: January 2023.
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x1 :=sam("z1",distn(0,5), Ay.y);
xp == sam("zy", distn(x1, 3), Ay.y); x1 = sam("z1",disty(01, 1), Ay.y);
Cm =1 if (x; > 0) {obs(distn(1,1),0)} |’ 9= (xz = sam("z,", disty(62, 1), Ay.y) )
else {obs(distn(-2,1),0)}
Fig. 1. A model ¢, and a guide ¢4 in a PPL. Here distn(a, b) is the distribution expression, and denotes the
normal distribution with mean a and variance b.

97 | xy = sam("z,", disty(0,1) . Ay.y + 62

4

, _ [ x1:=sam("z;",[disty(0,1), Ay.y +61); [ x1:=sam("z1", disty(0,1), Ay.y +61);
> ¢ Xy := sam("zp", distn(62, 1), Ay.y) '

Fig. 2. Afully (or selectively) reparameterised guide c; (or cg).

where N (x; a, b) is the probability density of a normal distribution with mean a and variance b, and
1(,) is the indicator function that returns 1 if ¢ holds and 0 otherwise. The first two N factors in
the equation come from the sample commands (sam) in ¢,,,. They are called prior distributions, and
describe prior knowledge on two random variables named z; and z,. The last factor comes from the
if and observe commands (if and obs), which express that an unnamed random variable is sampled
and observed to be 0 and its distribution is disty(1, 1) or disty(—2, 1) depending on whether z; is
positive or not. This factor is called likelihood, and it states information about z; and z; that comes
from an observed data point 0. Ignore the third arguments of the sample commands of ¢, for now,
which have no effect on p,, ; they will be explained later.
The purpose of writing c,,, in a PPL, called model, is to infer its normalised probability density

P, (21,22) 2 Pe (21.22)] [ Pe (21 22) dzrdz,
also called normalised posterior density. Intuitively, this normalised density brings together two
types of information about z; and z;, the first from their prior distributions (expressed in the first
and second lines of c,,), and the second from the observed data point 0 that depends on z; and z,
(the third and fourth lines of ¢,,,). This inference task is called posterior inference problem. Among
a wide range of approaches to the problem, we focus on the approach called variational inference,
which forms the core of the recent combination of PPLs and deep learning.

In variational inference, we posit another program cy, called guide, that is simpler than c,,, and
parameterised by 0. Then, we approximate the normalised density of c,, by ¢; with an optimal
choice of 0. For instance, consider the program c, in Fig. 1. The program specifies the following
already-normalised probability density

Pey0(z1,22) = N(21301,1) - N (22502, 1).

It can serve as a guide program for p, . To best approximate p. by p, g, variational inference aims
at finding 6 that minimises some notion of the discrepancy (called KL divergence) between p, o and
P, or equivalently that maximises the objective function £ (called evidence lower bound):

argmgle(@) for L(0) = By, o(z120) [fo(21.22)] with fy(z1, z2) = log(pe,, (21, 22) [ Pe,0(21, 22)).-

A standard way to solve this optimisation problem is to apply the gradient-ascent algorithm: starting
from an initial value 0(%) of §, compute 8" iteratively by 6+ £ 9() 4+ 5. V4 £(61")), and return
0D for a sufficiently large T € N. Here 5y € R, denotes a learning rate.

A challenging part in the algorithm is to compute Vg £(6). An exact computation of the gradient
is mostly intractable due to the expectation inside £, which hinders the gradient from having a
closed-form formula. Hence, in practice, we rather estimate (not exactly compute) the gradient via a
Monte Carlo method: draw a random sample (21, Z;) from some distribution gy, apply some function
go to the sample, and use the result as an estimate to the gradient, i.e.,

go(21,22) = Vo L(0) for asample (21, 2;) drawn from gy (21, 22). (1)
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An important desired property of such a gradient estimator is unbiasedness, which states that the
estimate is accurate in expectation: Eg, (2, z,) [go (21, 22) | = V9 L(0). The property is necessary for
the algorithm to converge to a local optimum, and is, thus, desired.

Gradient estimators for variational inference: SCE, PGE, and SPGE. A standard estimator for
Vo L(0) is the score estimator (SCE) [Ranganath et al. 2014; Williams 1992], which is unbiased under
mild conditions. It estimates V9 £(8) by using the recipe in Eq. (1) with g9 (z1, z2) = Pe,.0(21,22) and

9o(z1,22) = fo(z1,22) - Vo log qo(z1, z2).
That is, the estimator draws a sample from the guide distribution p., ¢ and applies the above gy to
obtain a gradient estimate.? It is applicable to a wide range of model-guide pairs while remaining
unbiased, but it is known to have a large approximation error (i.e., have a large variance).

The pathwise gradient estimator (PGE) [Kingma and Welling 2014; Rezende et al. 2014] is another
standard gradient estimator, which is known to have a smaller approximation error than the SCE
and thus has been a preferred option against the SCE. The PGE requires an additional program c;
that is a f-independent reparameterisation of the guide ¢ . A program ¢’ is said to be 0-independent
if the probability densities of the sampled random variables in ¢” are §-independent. It is called a
reparameterisation of ¢ if c and ¢’ sample the same set of random variables and they have the same
semantics on those variables in the following sense: when there are n random variables, for any
measurable 4 : R" — R, we have E,_(;)[h(v:(2))] = Ep (z)[A(ve (2))], where p. : R" — Ris the
probability density of all n random variables in ¢, and v, : R — R" is the so called value function
of ¢, which applies the lambda functions in the third arguments of ¢’s sample commands to the
corresponding random variables. For example, c; in Fig. 2 is a -independent reparameterisation of
cg for 6 = (64, 62). It has the probability density pe, (z1,22) = N(21;0,1) - N(z2;0, 1), and the value
function vc;,g(zl, 23) = (z1 + 01, zo + 0,). Note that e, does not depend on 6, as required by the 0-
independence of ¢,. We can show this c; is a reparameterisation of ¢, in Fig. 1 by using the fact that v,
is the identity function and y = x + a for x drawn from N (x; 0, 1) follows the distribution N (y; a, 1).

Given a reparameterised guide cy, the PGE estimates Vo.L(6) by again following the recipe in
Eq. (1) this time with ¢’ (21, 22) = pe, (z1,22) and

9o(z1,22) = Vofy(z1,2;)  for (2, 23) = ve, 0(21,22).

This estimator differs from the SCE in two aspects. First, a random sample is drawn from a reparam-
eterised-guide distribution p.;, not from p,¢. Next, the estimation function g; computes the deriv-
ative of fy(z7, z;) with respect to 0 and (z], z;) (not with respect to 6 only), since the argument of
fo(=) in g, depends on 0 via v, o.*

While having a small approximation error, the PGE requires more than the SCE to ensure the
unbiasedness. An important additional requirement for the PGE is that (i) p,, (z1, z2) and Pey0 (z1,22)
should be differentiable in 6 and z1, z, and (ii) V¢,,0 (21, z9) be differentiable in 6 for all z1, z,. The
requirement is imposed partly to ensure that no differentiation error arises in computing g;. This
differentiability requirement, however, can be easily violated if a model or a guide starts to use
branches or loops. For instance, it is violated by our example in Figs. 1 and 2 as p,,, (z1, z2) is not
differentiable in z,. This violation makes the PGE biased for the example, i.e.,

Eq, 220 [95(21.22)] = (-, 5(01 = 02)) # (-, 5(01 = 02) + SN (=0250,1)) = Vo.L(0),

3The log term in gg comes from the well-known log-derivative trick: Vgqg (21, 22) = qo(21,22) - Vg log qe (21, 22).

Afp (x1,%2)

(¢1,x2,0)
=(2},25,0)

(x1 X2,
=(21.25.0)

X1,X2,0) >

4By the chain rule, we have the following for each i € {1,2}:
) ( 90 0 (Y1, Y2)
=(2},25,0)

9fo(71,25) _ Ify(x1,x2) . Afg (x1,x2)
(991' - 39,‘ 3x1 39i

(y1,92,0) )>
=(21,22.0)
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and thus causes the gradient-ascent algorithm to converge to a suboptimal 6: applying the PGE to the
example produces a suboptimal solution 6 = (0, 0), whereas the optimal solution is 8 ~ (0.95,1.52).

The selective pathwise gradient estimator (SPGE) [Schulman et al. 2015] combines the two previous
gradient estimators to alleviate their limitations: one has a large approximation error, and the other
imposes a strong requirement for unbiasedness. The SPGE requires an additional program c;’ that
is a reparameterisation of the guide ¢, but needs not be §-independent (unlike the PGE). An instance
of ¢’ for our example is given in Fig. 2, which changes the sample command for z; in ¢, but keeps
the one for z,. Note that the changed sample command for z; in ¢;’ uses a §-independent probability
distribution. Typically, ¢/ is obtained by selecting a subset of the random variables in ¢, and changing
the sample commands for the selected variables such that their probability distributions become
¢-independent; the sample commands for the unselected remain as they are. Given ¢/, the SPGE
estimates V¢ £(0) by following the recipe in Eq. (1) with g (21, z2) = Do (z1,22) and

99 (z1,22) = Vofa(z(,25) + fo(z1,2)) - Volog gy (z1,22)  for (21, 2) = vee(z1,22).  (2)

Note that the estimation function gé’ consists of two terms, which come from that of the PGE and
the SCE. The second term adjusts the PGE to correctly account for unchanged random variables (e.g.,
z, in the example of Fig. 2).

By allowing a guide that makes only some selected (not all) random variables §-independent, the
SPGE offers two advantages at the same time: it achieves a smaller approximation error than the SCE,
and imposes a weaker requirement for unbiasedness than the PGE. In particular, the differentiability
requirement for the SPGE is weaker than that for the PGE, which is as follows for our example in Figs. 1
and 2: (i) pe,, (21, z2) and Pey.0 (21, z2) be differentiable in 6 and z; (but they may be non-differentiable
in z,); and (ii) vc'g',g(zl, z5) and pc'g»,g(zl, z,) be differentiable in 6 for all zy, z,. This requirement holds,
and as a result, the SPGE with this ¢/’ is unbiased (whereas the PGE with the given ¢/ is biased as

9 9
seen before). You can find in §B a table summarising and comparing SCE, PGE, and SPGE.

Variable-selection problem for SPGE. To maximize the advantages offered by the SPGE, we
consider the following algorithmic problem:

Definition 2.1 (SPGE Variable-Selection Problem; Informal). Assume that we are given a model c;,,
a guide c,, and a reparameterisation plan , i.e., a map from sample commands to sample commands.
Then, find automatically a large subset S of random variables such that if we let cg’r be the result
of m-transforming every sample command in ¢, that defines a random variable in S, then ¢, ™ ™S isa

reparameterisation of ¢, and (¢, ¢4, €5 5) satisfies the differentiability requirement for the SPGE. O

An instantiation of the problem for our example is that c,, and c, are programs in Fig. 1 and 7
transforms commands of the form y := sam(n, disty(e’, 1), Ay.y) toy := sam(n, disty(0, 1), Ay.y+e’),
while leaving all the other sample commands as they are. In this instantiation, the condition in the
problem is met by S = @ and S = {z;}, and the latter option is preferred due to its size. Note that the
solution S = {z;} yields the guide c;’ in Fig. 2, that i, ans =cg.

Existing PPLs, when applying the SPGE, choose an S without checking the differentiability require-
ment, and this can make the requirement easily violated. For instance, given a model-guide pair, in
one of its standard settings, Pyro automatically applies the SPGE with S being the set of all continuous
random variables in the guide. This choice of S, however, does not guarantee the requirement is met.
For our example in Fig. 1, Pyro chooses S = {z1, 2}, but this S violates the requirement; due to this,
the SPGE becomes biased and Pyro returns a suboptimal 8 = (0, 0).

In the rest of the paper, we will present our solution to the SPGE variable-selection problem. A
core component of our solution is a general static analysis framework for smoothness properties
such as differentiability (§5), which our solution uses to discharge the differentiability requirement
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for the SPGE correctly and automatically. As we briefly mentioned in the introduction, automatically
analysing the smoothness properties of a program in a sound manner is surprisingly subtle. Our
analysis framework identifies five assumptions for smoothness properties, and prove that the analysis
is sound if a target smoothness property satisfies these assumptions.

Our solution for the SPGE variable-selection problem (§6) runs the static analysis on given ¢,
and ¢y, and computes a maximal set S’ of random variables in which p,, and p ¢ are dlfferentlable
Then, it heuristically searches for a subset of S’ starting from S’ itself such thatc, g S satisfies the
differentiability requirement. For instance, for our example in Fig. 1, our differentiability analysis
infers that p,, and p, ¢ are differentiable in {z, } and {z1, z2}, resPectlvely From this, we setS” = {z1},
run our analysis again on ¢,” ™5 and get confirmation that ¢, 5" meets the requirement, i.e. Pers g
and U@n,s” o are differentiable in 0. Thus, this S’ becomes the final result. In fact, this first- round
success appeared in our experiments (§7): our implementation shows on all tested examples that
the initial choice of S’ is indeed valid in the above sense so that no subset search is necessary.

We point out that to mathematically develop and analyse our solution for the SPGE variable-
selection problem, we formalise the SPGE in the PPL setting and formally derive a sufficient condition
for its unbiasedness, which includes the differentiability requirement (§4).

3 SETUP

We use a simple imperative probabilistic programming language, which models the core of popular
imperative PPLs, such as Pyro. Programs in the language describe densities, which are sometimes
unnormalised (i.e., they do not integrate to 1). In this section, we describe the syntax and semantics
of the language, and also variational inference for the language.

Syntax of a simple imperative PPL. Let PVar be a finite set of program variables, Str be a finite
set of strings, and Fn be a set of function symbols that represent measurable maps of type R* — R.
The language has the following syntax:

RealExpr.e :=x | r | op(ey, ..., ex) Boolean Expr. b ::= true | e; < ey | by A by | b
Name Expr. n ::= name(a, e) Distribution Expr. d =:= disty(e, e’)
Command c == skip | x:=e | ¢;¢’ | if b{c}else{c’} | whileb{c} | x:=sam(n,d, Ay.e) | obs(d,r)

Here x, r, op, and « stand for a program variable in PVar, a real number, a function symbol in Fn, and
a string in Str, respectively.

The language has four kinds of expressions, which denote maps from states to values of appropriate
types. All the real and boolean expressions are standard. The name expressions n denote the identifiers
of drawn samples (i.e., random variables). They are built by appending an integer (obtained by the
floor of a real) to a string in Str; e.g., name("z", 3.2) denotes the name ("z", 3).” The distribution
expression disty(e, e”) denotes the normal dlstrlbutlon with mean e and variance e’. The language
supports standard commands for imperative computation, and additionally has sample and observe
for probabilistic programming. The sample command x := sam(n, d, Ay.e) creates a random variable
named n by drawing a sample r from d; then, it transforms r to e[r/y] and stores the result in the
program variable x. In the programs written by the user of the language, only the identity function
Ay.y appears as the third argument of the sample commands. But as we explain later, when a program is
constructed from another by a gradient estimator, such as the SPGE, it may contain sample commands
with non-identity function arguments. The observe command obs(d, r) describes that an unnamed
random variable is drawn from d and is immediately observed to have the value r. Computationally,
obs(d, r) calculates the probability density of d at r and updates a variable that tracks the product of
these probabilities from all the observations, by multiplying the variable with the calculated density.

5The name construct has the second argument to easily support the sampling of (conditionally) i.i.d. random variables.
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Density semantics of the PPL.® We use a semantics of our language where commands are inter-
preted as calculators for densities, which may be unnormalised. Commands transform states, but
in so doing, they compute densities of sampled random variables. More precisely, in the semantics,
a command starts with an initial state that fixes not just the values of program variables but also
those of all the random variables that are to be sampled during execution. When the command runs,
it calculates the densities of those random variables at their given initial values, and also computes
the probability density of all the observations, called likelihood. The product of all these densities
and the likelihood becomes the so called unnormalised posterior density.

Let N be the set of natural numbers. Fix N € N with N > 1. Formally, the semantics uses the states
of the following form:

1€ Name = {(a,i) | @ € Str,i e NN [0,N)},
a € AVar = {like} U {pr,, valy, cnt, | p € Name},
u,v € Var £ Name & PVar & AVar,

oc€Stz[Var - R], St[K] 2 [K — R]forK C Var.

Here o(p) for p € Name is the initial value of the random variable p, which is used by the sample
command and does not change during execution. For technical simplicity, the set Name has the
restriction that the integer part of a name must be in [0, N).” The set AVar consists of four types of
auxiliary variables. The auxiliary variable like stores the likelihood (i.e., the probability density of
all the observations), and its value is initialised to 1 and changes whenever the observe command
obs(d, r) runs; the new value becomes the old times the density of the probability distribution d at
r. The other auxiliary variables pr , val,,, and cnt,, are associated with a random variable 4, standing
for the “prior”, “value”, and “counter” of pi. They are initialised with N (o (p); 0, 1) (i.e., the density
of the standard normal distribution at o(p)), o(1), and 0, respectively, and get updated by the sample
command x := sam(n, d, Ay.e) where n denotes ;1. The command increases cnt, by 1,so as torecord the
occurrence of a sampling event for u. Then, it looks up the given value o () of the random variable y,
transforms the value to e[o (1) /y], and stores the result in x and val,,. Finally, the command computes
the density of the distribution d at the looked-up value o (y), and updates pr ,, With this density. The un-
normalised posterior density (i.e., the joint density of all the random variables and observations) is then
obtained by multiplying at the end of program execution the values of like and pr, for all € Name.
The formal semantics of expressions is standard, and has the following types:

[e] : St = R, [b] : St — B, [n] : St — Name, [d] : St — D.

Here B is the set of booleans, i.e., true and false, and D is the set of positive probability-density func-
tions on R, i.e., a subset of [R — (0, c0)] whose elements are measurable functions that integrate to 1.
The semantics is defined for a minor extension of the set of expressions where non-program variables
are allowed to appear, such as (p + x). The interpretation of expressions is mostly standard. We

®Qur semantics is an instance (or variant) of existing density semantics (e.g., [Lee et al. 2020]), and is different from sampling
semantics (e.g., [Staton et al. 2016]). Although the density semantics and the sampling semantics have different presentations,
they are closely related and equivalent in a formal sense (see, e.g., [Lee et al. 2020]). We use the density semantics instead
of the sampling semantics, because the gradient estimator (§4) of our interest performs computation on (unnormalised)
densities and it is easier for a program analysis (§5) to work with the density semantics than the sampling semantics.

"This restriction is often respected by probabilistic programs in practice, since they commonly sample random variables
whose number is uniformly bounded over all traces; note, however, that it is not always respected (e.g., by programs from
Bayesian nonparametrics). The uniform bound N can often be found by a simple static analysis. This restriction along
with the finiteness of PVar and Str implies the finiteness of Var, and this makes our technical development simpler since
o € St becomes a function on a finite-dimensional space. Lifting the restriction would make the technical development
more complicated, since this would require St to be isomorphic to [R® — R] or 4, [R¥ - R] and the former (or latter)
choice of St makes defining differentiability (or formalising our program analysis) nontrivial; we leave it as future work.
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show only the case for the name expressions n = name(q, e): [name(q, e)]o £ create_name(a, [e]o),
where create_name : Str X R — Name is an operator converting a string-real pair to a name, defined
by create_name(a,r) = (@, min{max{|r],0},N — 1}).2

Note that the types of the semantics of expressions imply that the evaluation of an expression
always produces a value of the right type. In particular, it never generates an error. For instance, when
an argument of an operator op or a distribution constructor disty is outside its intended domain
asinlog(—3) and disty(0, —2), or when the integer part of a name expression is outside [0, N) as
in name("z", —1), our semantics does not generate an error. Instead, it returns some pre-chosen
default value of the right type. This slightly unusual way of handling errors is also adopted in our
semantics of commands to be presented shortly, and it lets us avoid the complexity caused by error
handling when we formalise variational inference and develop our program analysis for smoothness
properties.

The formal semantics of commands is also mostly standard with the handling of errors via default
values, although its interpretation of sample and observe commands deserves special attention.
Let 1 be an element not in St, and define St, to be the usual lifting of St with L. That is, St, isa
partially-ordered set St & { L} with the following order: for &, ¢’ € St,, we have ¢ C ¢ if and only
if £ = 1 or & = £. We write the standard lifting of a function f : St — St, by f7: St; — St, (i.e.,
F1(&) 2 if (£ = 1) then £ else £(&)). The semantics of a command ¢ is a map [¢] : St — St , and is
defined inductively as shown below:

[skip]o £ o,
[x =e]o = o[x > [e]o],
e’ = [T ([e]o),
[ifb{c}else{c'}]o = if ([b]o = true) then [c]o else [¢']o,
[whileb {c}]o £ (fix F)(c) where F(f)(o) £ if ([b]o = true) then f'([c]o) else o,

[x = sam(n,d, Ay.e")]o = o[x — r, val, > r,pr, = [d]o(o(p)), ent, > o(enty) +1]
where y £ [n]oandr £ [e’'[p/y]]o,

[obs(d,r)]o £ o[like — o(like) - [d]o(r)].

The interpretation uses the least fixed-point operator fix for continuous maps F on the function
space [St — St ], where the function space is ordered pointwise and continuity means the one
with respect to this order. It also uses the notation e’[e”’ /y] to denote the substitution of y in e’ by
e”’. According to this interpretation, x := sam(n, d, Ay.e’) increments the cnt, variable for the name
n = p so that the variable, which has 0 initially, records the number of times that the random variable
with the same name n is sampled during execution.

Having some cnt), variable increased by 2 or larger at some point of execution is not an intended
behaviour of a command c. That is, if ¢ is a well-designed command, every random variable with
a fixed name should be sampled at most once during the execution of c¢. This intended behaviour of
commands plays an important role in our results, and we refer to it using the following terminology.

Definition 3.1. An always-terminating command c does not have a double-sampling error if for any
o € St,we have [c]o(cnt,) — o(cnt,) < 1forall y € Name. O

Example 3.2 (Density semantics). Consider the following state 0 € St: 0 = [x +— 0,y +— 0,("a",0)
— 2,("b",0) = 4, cnt(ngng) > 0, cnt(wp gy — 0, - -], where x, y € PVar denote program variables
and ("a",0), ("b",0) € Name denote random variables. Note that o consists of three parts: the PVar
part says that the values of x and y are both 0; the Name part says that the values of ("a", 0) and
("b",0) are 2 and 4; and the AVar part says that ("a", 0) and ("b", 0) have not been sampled yet.

8There are multiple valid ways to convert a string-real pair to a name (i.e., to define create_name); we choose just one of them.
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Next, consider acommandc = (x := sam(name("a",0),disty(-3, 1), Az.2); y := sam(name("b",0),
disty(5, 1), Az.2)). Given the command ¢ and the input state o, our density semantics computes the
following output state ¢’ € St: ¢’ = [c]o = [x = 2,y = 4,("a",0) = 2,("b",0) = 4, cnt (w4 )
1 ent (o) > L Prengn g — N(2;-3, 1),pr(.,b.,’0) — N(4;5,1),---]. The input/output states o
and o’ illustrate two aspects of our semantics. First, the semantics uses the Name part of an input state
to determine the sampled values of sample commands: x and y in ¢’ take the values of 6(("a",0)) = 2
and o(("b",0)) = 4. Second, the semantics records, in the AVar part of an output state, the densities
of sample commands: pr (., ) and pr .. 5 in o’ store the densities of the two sample commands
in ¢ evaluated at 2 and 4. O

Variational inference. We consider the most common form of variational inference for Pyro-like
PPLs where we are asked to learn a good approximation of the posterior of a given model, i.e., the con-
ditional distribution of the model given a dataset. Typically, a parameterised approximate posterior is
given in variational inference, and learning corresponds to finding good values of those parameters.
A popular approach is to measure the quality of parameter values by the so called evidence lower
bound (ELBO), and to optimise ELBO.

To translate what we have described so far to our context, we need to explain a general recipe for
generating a density p. for a command ¢, which is in general unnormalised (i.e., does not integrate to
1). The recipe specifies p. as follows: for each oy € St[0] with 6 C PVar, pc 4, : St[Name] — [0, o)
is defined by

[clo(like) - [T ename [c]o(pr,) if [c[o € Stand [c]o(cnt,) < 1forall
0 otherwise

Pe,oo (O'n) = {

where 0 = 0y ® 0y ® 0, € St, and the ® operator combines two real-valued maps with disjoint
domains in the standard way. Also, oy € St[(PVar\ 0) ¥ AVar] maps liketo 1, and pryto N(o,(1);0,1)
and val,, to o, () for every i € Name, and all other variables to 0. Here St[Name] is understood as
ameasurable space constructed by taking the product of the [Name| copies of the measurable space
R and the integral is taken over the uniform measure on St[Name] (i.e., the product of the [Name|
copies of the Lebesgue measure on R).

In variational inference in our PPL context, we are given two commands c,, and ¢y, called model
and guide. We assume that (i) these commands always terminate and do not have a double-sampling
error, (i) some variables 0 = {0, ..., 0} C PVar that only appear in ¢y, not in c,,, are identified as
parameters to be optimised, and (iii) the density pc, ¢, of the guide ¢, integrates to 1 and defines a
probability distribution.” Given the model-guide pair (¢, ¢ ), a popular approach for variational
inference is to solve the following optimisation problem approximately,

argmax Epcgyf,g (on) [log(pcm (O'n) /ch,ag (O'n)) ] > (4)
o6

when the expectation is well-defined for all oy. The objective of this optimisation is the ELBO that
we mentioned earlier. Here p,, means pc,, o, for some/any oy; the choice of o) does not matter since
¢m does not access the parameters 6 and so pc,,./ = pe,,.o; for all o, o € St[0].

Often variational inference is applied when the model c,, is parameterised as well. In those cases,
it asks for finding good parameters of the model c,,, as well as those of the guide c,. So, an algorithm
for variational inference this time simultaneously learns a good model for given observations and
a good approximate posterior for the learnt model. This more general form of variational inference

%In practice, one more assumption is required: the set of random variables sampled from the model should be the same as
that from the guide. This assumption can be checked automatically, e.g., by [Lee et al. 2020; Lew et al. 2020]. In this work,
however, this assumption is always satisfied: all random variables in Name are sampled by a sample command or at the
beginning (via initialisation).
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can be easily accommodated in our setup. We just need to drop the condition that the parameters
may not appear in ¢, and to use p, 5, instead of p. in the optimisation objective in Eq. (4):

argmax L(ap) for L(0g) £ Ep,, . (o) [108(Pepo0(0n)/Peyo0(0n))]- ®)

oo

The rest of the paper focuses on this general form of variational inference (often called model learning).

4 SELECTIVE PATHWISE GRADIENT ESTIMATOR

We consider a gradient-based algorithm for the optimisation problem in Eq. (5). The algorithm finds
a good oy by repeatedly estimating the gradient of the optimisation objective at the current gy,

grad_est(op) ~ VHEpcg,gg (on) [log(Pcm,ag(o'n)/ch,ag (O'n))]a

and updating oy with the estimate under a learning rate n > 0, thatis, oy < op + 1 - grad_est(oyp).
Note that the core of the algorithm lies in the computation of grad_est(oyp).

In this section, we describe a particular algorithm for the gradient computation, called selective
pathwise gradient estimator (SPGE), which is often regarded as the algorithm of choice and corre-
sponds to the inference algorithm developed for stochastic computation graphs [Schulman et al.
2015] and implemented for Pyro. Our description of the SPGE takes the often-ignored aspect of
customising the SPGE algorithm for PPLs seriously, and it is accompanied with a novel formal analysis
of the customisation (§4.1 and §4.2). Our analysis clearly identifies information about probabilistic
programs that is useful for this customised SPGE algorithm, and prepares the stage for our program
analysis for smoothness properties in §5 (§4.2 and §4.3).

4.1 Program Transformation

We start by describing a program transformation that changes some sample commands in a given
probabilistic program. This transformation is used crucially by the SPGE.

The key component of the transformation is a partial function 7 called reparameterisation plan,
which has the type NameEx X DistEx X LamEx — DistEx X LamEx. Here NameEx, DistEx, and
LamEx denote the sets of name expressions, distribution expressions, and lambda expressions of
the form Ay.e, respectively. The plan  specifies how we transform sample commands. Concretely,
assume that we are given x := sam(n, d, Ay.e). We check whether 7 (n, d, Ay.e) is defined or not. If
not, we keep the original sample command. Otherwise, if (n, d, Ay.e) is (d’, Ay’.e”), we replace the
command with x := sam(n, d’, Ay’.e’).

A natural extension of this intended transformation of  leads to the following program trans-
formation for a general command c, denoted by ¢”:

skip’r 2 skip,
X=e =x:=e
PPV Sevid
;e 2¢%c,
ifb{clelse{c’} 2ifb{c"}else{c’ },
whileb {c} 2 whileb {c¢"},

>

mﬂ s :x =sam(n,d’,l’) if3(d’,0l').n(n,d,1)=(d,0)

x = sam(n,d,[) otherwise,

e——

obs(d,r) = obs(d,r).
The transformation recursively traverses c, and applies 7 to all the sample commands in c. Note that
for any 7, there exists a total function 7’ such that ¢” = ¢™ for all ¢; the 7’ coincides with 7 in the

domain of 7, and outside of this domain, it is the identity function. But such 7’ loses information
about the domain of 7z, which plays a crucial role in our formalisation of the SPGE.
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We are primarily interested in semantics-preserving instances of =”. The next definition helps
us to identify such instances.

Definition 4.1. A reparameterisation plan r is valid if for all n € NameEx, d,d’ € DistEx, and
(Ay.e), (Ay’.e’) € LamEx such that z(n,d, Ay.e) = (d’, Ay’.¢’), the following condition holds: for all
states o € St and measurable subsets A C R,

/llne[r/yn]aeA]-[[d]]ff(’)dr=/1H[e/[r/y']ﬂaeA]~[[d’]]0(r)dr- o (6)

The condition says that the distribution obtained by sampling from d and applying Ay.e is the
same as that obtained by sampling from d” and applying Ay’.e’. An example of a widely-used valid
reparameterisation plan maps its input as follows, whenever defined: 7y (n, disty(ey, €2), Ay.es) =
(distn(0,1), Ay.es[(yx+/ez+er)/y]), where we assume y does not appear in e; and e,, the substitution
in 7y expresses the composition of two functions Ay.e; and Ay.(y X +/ez + €1 ), and 4/— denotes a square-
root operator that handles non-positive arguments in the same way as disty(e, —) does: if [ez]]o < 0
and [disty(ey, e2)]o = Ar. N(r; [e1] o, 12) for some ry > 0, then [v/ez]o = +/rz. The above plan satis-
fies the condition in Eq. (6), because yx+/r; +r; with a sample y from N (0, 1) is distributed by N (1, ).

We now show that =" with a valid 7 preserves semantics. For a command ¢ and oy € St[6], define
the value function v, : St[Name] — St[Name] as follows:

[clo(val,) if[c]o € Stand [c]o(cnt,) < 1forall p’
0

Ve,0p(0n) () = let o 2 0y & 09 ® 0, in )
otherwise

where oy € St[(PVar \ 8) ¥ AVar| maps like to 1, and pr, to N (0n(1);0,1) and val, to o, (p) for
every u € Name, and it also maps all the other variables to 0. The value function basically applies the
lambda functions in ¢’s sample commands to the corresponding random variables. The next theorem
proves that if 7 is valid, the program transformation =” preserves the semantics in the sense that
the integral of a function h remains the same under ¢ and ¢” for any c. Note that the two integrals
in the theorem are connected via the value functions of c and ¢”.

THEOREM 4.2. Let 7t be a valid reparameterisation plan, and ¢ be a command. Then, forall oy € St[0)]
and all measurable h : St[Name] — R, we have

[ dou{pecaen - hoeay(ow)) = [ don(pery(0n) - ozt (o)
where the left integral is defined if and only if the right integral is defined.

Remark 4.3. Oneimmediate yetimportant consequence of the theoremis thatif p ,, is a probability
density, so is pg= ;. This consequence will be used in §4.2 and the proof of Theorem 4.5 later. O

4.2 Gradient Estimator via Program Transformation
Let ¢ be a command that always terminates and does not have a double-sampling error, and let
op € St[0]. We define the partial density function pé)sa)(g of c over a subset S C Name as

P&, - St[Name] — (0, o), P (on) 2 [ [[cl(00 @ 09 ® o) (pr,),

HES

where 0y is set as in the definition of p. , in Eq. (3). The partial density péfﬁg is essentially the full
density p. o, in Eq. (3) with the omission of the factors not mentioned in S. Intuitively, it computes
the density of the random variables in S conditioned on the random variables outside of S.
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The SPGE computes an approximate gradient of the objective £ in Eq. (5) using the program
transformation in the previous subsection. Its inputs are a model c;,, a guide c,, parameters 0 to
optimise, and a reparameterisation plan , where

® Cpy, cg,and @” always terminate and do not have a double-sampling error, and 7
e ¢, defines the normalised probability density pe, o, for all o € St[0].

Given these inputs, the SPGE computes an approximate gradient in three steps. First, it defines the
set rv(;r) € Name of random variables to be reparameterised:

rv(r) 2 {(a,i) € Name | (name(e,_), ,_) € dom(x)}

where _ means some existentially quantified (meta) variable. Second, the SPGE transforms the guide
¢gtoc,”, and draws a sample 6, from P00 1% Drawing a sample 6, makes sense here since P 0 1
a probability density (i.e., it normalises to 1) by Remark 4.3. Another important point is that drawing
6y can be done simply by executing ¢,” in the standard sampling semantics (not in our density
semantics), where each sample command is interpreted as a random draw, not as a density calculator.
Third, the SPGE computes the following approximation of Vo £ (0p) and returns it as a result:

grad_est(0p: 6u) 2 (Vo log plar™ ™™ (51)) - 1og(peon (0) /Peyon (0 ))

- Vo logpéwog:))(a') + Vologpe,, 00 (7). for o, = 2 vgn 00 (Gn).

Recall that if a command ¢ always terminates, both the partial density pc o (on) and the full density
Pe,0p (0n) can be computed simply by executing ¢ in our semantics and calculating the defining
formulas of both densities from the final state of the execution. Thus, all the terms in grad_est can
be computed by executing ¢y and ¢, according to our density semantics or differentiating the results
of these executions via, for instance, automatic differentiation as done in Pyro. Note that grad_est
applies two non-trivial optimisations, when compared with the (naive) SPGE explained in Eq. (2):
its first term involves a partial density of ¢, instead of the full density of ¢,”, and its second term
involves (again) a partial density of ¢, instead of the full density of c,.

Is the SPGE correct in any sense? The answer depends on its inputs. If the inputs satisfy the
requirements that we will explain soon, the result of the SPGE is precisely V9 £L(0p) on average, that
is, Vo L(0y) = E[grad_est(oy; 6,,)], where the expectation is taken over the sample 6,, used by the
SPGE. This property is called unbiasedness, and it plays the crucial role for ensuring that parameters
updated iteratively with estimated gradients converge to a local optimum.

Let us now spell out the requirements on the inputs of the SPGE. To do so, we need to introduce
one further concept for the reparameterisation plans .

®)

Definition 4.4. A reparameterisation plan x is simple if for all (n,d, Ay.e) and (n’,d’, Ay’.€’) in
NameEx X DistEx x LamEx such that n and n” have the same string part, we have (n,d, Ay.e) €
dom(r) — (n’,d’,Ay’.¢’) € dom(x). O

The simplicity is one of the requirements that the SPGE imposes on x. It ensures the following
property of the set rv(r), which the SPGE relies on when computing grad_est by Eq. (8): rv() (and
Name \ rv(r)) over-approximates the set of random variables that, if sampled, are (and are not)
reparameterised by =”. Specifically, it forbids 7z from using any syntax-specific information of the
arguments of a sample command when it decides whether to transform the command or not. All the
requirements of the SPGE, including the simplicity just explained, are summarised in the next theorem.

THEOREM 4.5. Let ¢y, ¢4, and ir be the inputs to the SPGE (i.e., they satisfy the assumptions in Eq. (7)).

Suppose that L(og) and Vo L(0g) are well-defined for every oy € St[0). Further, assume that every
1OIn practlce the SPGE often draws a fixed number of independent samples 0'(1) yeesO (M) from Pe570 , and computes
M Z -, grad_est(op; o‘,(l ) as an estimate of Vg L (0p). The presented results hold for thls more general Case as well.
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sample command in cy has Ay.y as its third argument, and ¢, does not have observe commands. Then,
foralloy € St[0],

VoL(09) = Ep_x, (5, [grad_est(cp; 6n)] ©)
if r satisfies the following requirements:

(R1) 7 is valid and simple.
(R2) The below functions from St[6] x St[Name] to (0, o) are differentiable in 6 U rv(r) jointly:

(00, 0n) ¥ Peypop (On), (09, on) pé;ﬁ:»(%)’ (09, 0n) — Pé:ffr?e\rv(”»(an).
(R3) Forallo,, € St[Name], the below functions on St[0] are differentiable in 0 jointly:
00 > Vg7 5 (On), op pﬁ‘,’,(”»( On), op —> pﬁ\‘,ﬁ‘me\”’(”»(g ).

(R4) Forall oy € St[0] and o, € St[Name], we have V9p<rv(”)>(o )=0.
(R5) The below equations hold for all oy € St[6]:

Vo [ don(prnton) = [ donTo(pr.c (o).
V@/dﬁn(p@”ﬁg(O'n)'logw) :/don Vg(p@n,gg(on)-logw).

Peg.00 (on) Pey.o0 (on)

In the second equation, we write o}, for vgz 5, (0p).

To be clear, f : St[K] — R”" for K C Var is said to be differentiable in K’ C K jointly if for any
7 € StIK \ K], fl[7] : St[K’] — R"is (jointly) differentiable, where f|[;)(c) = f(o ® 7).

In this work, we focus on the requirements (R2) and (R3) about smoothness. They require that five
density functions of ¢, ¢4, and G”, and the value function of @” be differentiable in certain variables.
We will develop a program-analysis framework to check these differentiability requirements soundly
and automatically (§5), and will describe an algorithm to the SPGE variable-selection problem, using
the developed analysis framework (§6). The remaining requirements (R1), (R4), and (R5) are of less
interest in this work. (R1) and (R4) can be guaranteed by simple syntactic checks and our way of
constructing 7 (Lemma D.1). (R5) follows from (R2) and (R3) under a regularity condition on densities
(Theorem D.2) which is usually satisfied in practice; in some cases, however, the condition might
not hold, and we leave it as future work to automatically discharge the condition (which is about
the integrability of local Lipschitz constants of densities) or more generally (R5).!!

We point out that Pyro uses the SPGE in their inference engine, but without checking the above
requirements. In particular, its default option simply uses the 7 that transforms all the continuous
random variables in a guide, and this can easily violate the requirements and make the SPGE biased.

4.3 Local Lipschitzness for Relaxed Requirements

In Theorem 4.5, we considered the requirements (R2) and (R3) about the differentiability of density
and value functions, as a sufficient condition for the unbiasedness of the SPGE. They are, however,
sometimes too strong to hold in practice due to the use of popular non-differentiable functions
(e.g., ReLU). As we will see in §7, the requirements are indeed violated by some representative Pyro
programs even though the conclusion of Theorem 4.5 holds for those programs (i.e., the estimated
gradients by the SPGE for those programs are unbiased).

To validate the unbiasedness of the SPGE for more examples in practice, we consider the following
relaxation of the requirements (R2) and (R3), which changes differentiability to local Lipschitzness:

(R2’) The functions in (R2) are locally Lipschitz in 8 U rv(r) jointly.

(R3’) For every o, € St[Name], the functions in (R3) are locally Lipschitz in 8 jointly.

1Some sufficient conditions for a regularity condition similar to the one considered here have been studied for certain classes
of model-guide pairs, e.g., in [Lee et al. 2020].
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Here f : V — R™for V. C R" is Lipschitz if there is C > 0 such that || f(x) — f(x")]l> < Cllx — x’||z
for all x,x” € V;and f is locally Lipschitz if for all x € R", there is an open neighborhood U € R"
of x such that f|y : U — R™ is Lipschitz. Further, f : St[K] — R™ for K C Var is locally Lips-
chitzinK’ C K jointly if for any v € St[K \ K'], fl[] : St[K’] — R™ is locally Lipschitz, where
flir1(o) £ f(o @ 1). Although differentiability does not imply local Lipschitzness, continuous differ-
entiability does. Since most differentiable functions used in practice are continuously differentiable,
asking for (R2’) and (R3’) amounts to relaxing the requirements of (R2) and (R3) in practice.

We choose local Lipschitzness as an alternative to differentiability in (R2) and (R3) for two main
reasons. First, local Lipschitzness is satisfied by most functions used in practice, which can even be
non-differentiable (e.g., ReLU). This would allow us to validate the unbiasedness of the SPGE for
more programs, even when they use non-differentiable functions. Second, using local Lipschitzness
in (R2) and (R3) does not break the results given in §4.2, even though local Lipschitzness is more
practically permissive than differentiability (as explained above). In particular, we have a counterpart
of Theorem 4.5 that uses (R2’) and (R3’) instead of (R2) and (R3):

THEOREM 4.6. Consider the setup of Theorem 4.5. Then, for all oy € St[60], Eq. (9) holds if 7 satisfies
the requirements (R1), (R2’), (R3’), (R4), and (R5).

We can obtain Theorem 4.6 thanks to three properties of local Lipschitzness: locally Lipschitz func-
tions are closed under function composition, have well-defined gradients almost everywhere, and
satisfy the chain rule almost everywhere in restricted settings (Lemma E.1). Although the latter
two properties are weaker than the corresponding properties of differentiability (i.e., differentiable
functions always have well-definedness gradients and satisfy the chain rule), they are still strong
enough to prove the theorem.

As in §4.2, we focus on the requirements (R2’) and (R3’) and less on (R1), (R4), and (R5). Note that
(R1) and (R4) can be checked syntactically in the same way as discussed in §4.2. On the other hand,
(R5) follows from (R2’) and (R3’) now under two (instead of one) regularity conditions on densities
(Theorem E.2), where the first condition is the one mentioned in §4.2 and the second (new) condition
is about some form of almost-everywhere differentiability of densities. Although we believe that
the two regularity conditions would usually hold in practice, they can be violated in some cases that
involve locally Lipschitz, non-differentiable functions; hence, it would be worthwhile to devise an
automatic way of checking the two conditions or more generally (R5), which we leave as future work.

Because local Lipschitzness property has wider coverage than differentiability in practice while
ensuring that the results in §4.2 remain valid, our implementation and experiments consider the
option of using (R2’) and (R3’) as well as that of using (R2) and (R3); see §5.3-8§7 for details.

5 PROGRAM ANALYSIS FOR SMOOTHNESS

Recall that our goal is to develop an algorithm for the SPGE variable-selection problem in Defini-
tion 2.1, which asks for finding a large set S of random variables with a certain property when given
amodel ¢, a guide ¢y, and a reparameterisation plan 7y. When rephrased using the terminologies
that we covered so far, finding such an S amounts to finding a restriction 7 of the given 7, such that
(cms cg, ) satisfies the requirements in Theorem 4.5 (or 4.6). Thus, the key for developing a desired
algorithm for the problem lies in constructing an automatic method for proving that the requirements
in Theorem 4.5 (or 4.6), in particular, the smoothness requirements (R2) and (R3) (or (R2’) and (R3’))
are met. In this section, we propose a program analysis for smoothness properties, which can help
find 7 that meets the smoothness requirements, and which, together with the optimiser in the next
section, leads to an algorithm for solving the SPGE variable-selection problem.

We first define a parametric abstraction for smoothness properties (§5.1). We then describe a
program analysis based on this abstraction and prove the soundness of the analysis (§5.2). We finally
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instantiate the analysis to differentiability and local Lipschitzness (§5.3). The results in this section
are not limited to PPLs, but are applicable to general imperative programming languages.

5.1 Parametric Abstraction for Smoothness Properties

At a high level, our parametric abstraction for smoothness properties is built out of two components.
The first is a predicate over commands that expresses a target smoothness property but in a condi-
tional form. The predicate is parameterised by two sets of variables, K for the input variables and
L for the output variables. Intuitively, the predicate holds for a command if conditioning the input
variables outside of K to any fixed values and varying only the ones in K makes the command a
smooth function on the output variables in L. Our program analysis tracks a conditional smoothness
property formalised by this predicate, and in so doing, it identifies a smooth part of a given command,
even when the command fails to be so with respect to some variables.

The second component is also a predicate over commands, but it deals with dependency, instead of
smoothness. It is again parameterised by K and L, and expresses that to compute the output variables
in L, a command accesses only the input variables in K. Our program analysis tracks dependency
formalised by this predicate, so as to achieve high precision, especially when handling sequential
composition. To see this, imagine that we want to check the differentiability of a sequence c;¢’. A
natural approach is to use the chain rule. If the dependency-tracking part of our analysis is missing,
in order to establish that the output on a variable v by the sequence is differentiable in an input
variable u, the analysis should show the output on v by the second command ¢’ is differentiable
in all variables, and the output on any variable by the first command c is differentiable in u. This
requirement on ¢ and ¢’ is too strong. Often, ¢’ uses only a small number of variables to compute v,
and it is sufficient to require that just on those used variables, ¢ should be differentiable in u. Similarly,
¢ commonly updates only a small number of variables using u, and it is enough to require that
just in those u-dependent variables, the second command ¢’ is differentiable when computing the
output v. The dependency-tracking part lets our analysis carry out such reasoning and achieve better
precision. Formally, this means our analysis uses a version of reduced product [Cousot and Cousot
1979] between dependency analysis and the analysis that tracks the target smoothness property.

We now formally describe each of these components as well as their combination.

5.1.1  Family of Smoothness Predicates. Our program analysis assumes that a target smoothness
property is specified in terms of a family of predicates,

¢ = (¢ : K, L C Var),
where ¢ 1 is a set of partial functions from St[K] to St[L] (i.e., k.. € [St[K] — St[L]]).

Example 5.1 (Differentiability). In the instantiation of our program analysis for differentiability,
we use the family ¢@ where for all K, L C Var, a partial function f : St[K] — St[L] belongs to gbl(( I
if and only if (i) dom( f) is open and (ii) f is (jointly) differentiable in its domain. O

At first, one may wonder why we use a family of ¢x | predicates instead of a single predicate ¢g
over [St — St |. The reason is that, as mentioned above, the analysis aims at a conditional variant of
the traditional notion of smoothness. For instance, instead of checking that a function f : St — St is
differentiable on St\ f~! ({ L }), the analysis proves differentiability conditioned on certain variables be-
ing fixed: if we fix the input variablesin Var\ K and vary just those in K in the initial state, and look at the
outputvariablesin L only, then the function f becomes differentiable, although it might not be so when
all input/output variables are considered. To express this, we need the whole family of ¢k 1, predicates.

This notion of conditional differentiability is similar to, but not the same as, so called partial
differentiability. Partial differentiability in K says that, for every v € K, if we fix all the input vari-
ables except v, including those in K \ {v}, and consider the output variables in L only, f becomes
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differentiable.'? As we will show in Remark 5.12, the set of partially-differentiable functions is not
closed under a certain operator, but we need the closure to ensure that our program analysis is sound.
Our conditional differentiability does not suffer from this issue.

5.1.2  Smoothness Abstraction. Based on the family ¢, we build a predicate ® that captures the
smoothness of commands. The ® constrains functions from St to St , unlike ¢ 1. For K, L € Var
with K 2 L, define 7k 1. to be the projection from St[K] to St[L].

Definition 5.2. The smoothness abstraction ® is the predicate over a function f € [St — St ] and
variable sets K, L C Var. It is satisfied by (f, K, L) if for all 7 € St[Var \ K], the predicate ¢ 1 holds
for the following partial function g : St[K] — St[L]: dom(g) = {0 € St[K] | f(o ® 7) € St} and
g(0) = (nvarr © ) (0 @ 7) for o € dom(g). We denote the satisfaction of @ by

F @(f.K,L). O

Note that the function g is constructed from f by fixing the Var \ K part of the input state to z, and
looking at only the L part of the output. This construction is precisely the one used in the informal
definition of conditional differentiability described above, and its use reflects the fact that our program
analysis attempts to prove a conditional smoothness property.

5.1.3 Dependency Abstraction. Our abstract domain has a component for tracking dependency
between input-output variables. Dependency here means that a given input variable is used for
computing a given output variable. We define a predicate A that has a similar format as ®. Intuitively,
A(f,K, L) holds if and only if the L part of the output of f depends at most on the K part of the input
to f. To define A formally, for K C Var, let ~g be the following equivalence relation over states:
o ~k o’ ifand only if 6(v) = ¢/ (v) forallv € K.

Definition 5.3. The dependency abstraction A is the predicate on f € [St — St, | and K, L C Var
that holds if for all 0,0’ € St with ¢ ~x ¢’, we have (f(0) € St & f(¢’) € St) and (f(0) €
St = f(o) ~L f(0’)). We denote the satisfaction of A by

EA(f. K. L). O

5.1.4 Combined Abstraction. We bring together the two abstractions that we just defined, and
construct the final abstract domain D* used by our program analysis.

Intuitively, each element of Disa predicate on a function f € [St — St, | expressed by the
conjunction of the following form: A2, ®(f, Ki, Li) A Aoy A(f, K, L] 7). A direct but naive way of
implementing this intuition is to let D be the collectlon of all the constramts of this form, but it
permits too many constraints and leads to a costly program analysis. We take a more economical
alternative that further restricts the allowed form of the constraints. The alternative requires that the
conjunction from above should be constructed out of two mappings p and d from output variables
to input variable sets, and a set V of input variables. The p component describes smoothness, and
the d and V components dependency. They together encode the constraint

N\ o(fip@. o A N\ A(f.d(w), {u}) A AF,V,0).

v€Var u€Var
Thus, a function f € [St — St | satisfies the constraint encoded by p, d, and V if (i) for every output
variable v, when we fix the values of all the input variables outside of p(v), the (partial) function
o +— f(o)(v) is smooth (e.g., differentiable); (ii) for every output variable u, the (partial) function
o +— f(o)(u) does not access any variable outside of d(u) to compute the value of u; and (iii) the
values of input variables in V determine whether f returns L or not.

12Conditional differentiability extends partial differentiability in the sense that the latter can be expressed as a conjunction of
the former (but not vice versa): f is partially differentiable in K if and only if f is conditionally differentiablein {v} forallv € K.
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Definition 5.4. The abstract domain DH consists of triples (p,d, V) € [Var — P(Var)]? x P(Var),
called abstract state, such that p(v) 2 d(v)° and d(v) 2 V forallv € Var, where —¢ is the standard
operation for set complement. That is,

DF 2 {(p,d, V) € [Var — P(Var)|* x P(Var) | p(v) 2 d(v)° andd(v) 2 V forallv € Var}.

We order abstract states as follows: (p,d, V) C (p’,d’,V’) ifand only if V C V' and for all v € Var,
p(v) 2 p’(v) and d(v) C d’(v). These abstract states are concretised by y : DF - P([St — St ]):

fey(pdV) = EA{,V,0), E O(f,p(v),{v}), and | A(f,d(v), {v}) forallo € Var. O(10)

Note that the definition of D¥ contains two conditions. The first condition p(v) 2 d(v)° comes
from our assumption that if a function does not depend on a variable u, it is smooth in u. This and
other assumptions of the analysis will be explained shortly in §5.2.2. The other condition d(v) 2 V
originates from the relationship that if A(f, K, {v}) holds, so does A(f, K, 0).

Example 5.5 (Differentiability). Consider the setup of Example 5.1 and the program ¢ = (y :=
x*x; if (x > 0) {s := 1} else {s := —1}). Let (p, d, V) be the smallest abstract state that describes
the program. In this program, s is not differentiable in x, but y is. So, p(s) = Var \ {x} 2 {y,s} and
p(y) = Var 2 {x,y,s}. Note that p(s) contains the input variables s and y because by not depending
on those input variables, the output s is differentiable in those variables. For the dependency part,
we have d(s) =d(y) = {x}and V = 0. O

5.2 Parametric Static Program Analysis

Our program analysis is based on abstract interpretation [Cousot and Cousot 1977], and computes an
approximation of the concrete semantics [c] of a given command ¢ using the abstract domain D¥. We
formalise this computation by the abstract semantics of ¢, which defines [[c]} € D¥ by induction on
the structure of commands, and over-approximates [[c] in the sense of the concretization y in Eq. (10).

5.2.1 Analysis Definition. Fig. 3 shows the abstract semantics of [[c]]ﬁ. The overall structure of the
semantics follows the standard compositional semantics of an imperative language. For instance, the
abstract semantics of sequential composition is defined in terms of those of constituent commands,
and the semantics of a loop is the least fixed point of a monotone operator over D¥. However, the
specifics of the semantlcs include non-standard details, and we spell them out by going through the
defining clauses of [[c]]

The definition of [[Sklp]]u formalises the effect of skip on smoothness and dependency. The def-
inition says that skip computes each output variable v in a smooth manner in all input variables,
and in so domg it creates the dependency between the variable v to itself at the input state. The V
part of [skip]* is the empty set since skip always terminates.

The next case is x := e. Its abstract semantics records the smoothness and dependency information
of the updated variable x by analysing the expression e. For the smoothness part, the semantics
invokes the subroutine (e)" that computes an under-approximation of the set of variables in which the
expression e is smooth (and thus over-approximates the smoothness property of e).!* For the depen-
dency part, [x := e]] computes the set of all the free variables of e so as to get an over-approximation
of all variables that may affect the value of e. For variables other than x, [x := e]] behaves like [[s kip]*.

The abstract semantics of a sequence c; ¢’ composes those of the sub-commands ¢ and ¢’. It uses
the liftings f, fn : P(Var) — P(Var) of functions f of type Var — P (Var), which are defined
as follows: fy(V) 2 Uyer f(v) and fA(V) £ Nyev f(0). The abstract semantics [c; ¢ ﬂ constructs

13The subroutine (]eDﬂ C Var is defined inductively on e, and differs for different target smoothness propertles For instance, if
the target property is differentiability, we have (r)" = (]xD‘i = Var, (e; + egbji = (ley Dtt n (]EZDu QReLU(e)I) = Varﬁfv(e)C etc.
On the other hand, if the target property is local Lipschitzness, the subroutine changes for some cases: e.g., (]ReLU(e)[) £ (e Dﬁ.
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[[skip]]ﬁ £ (Av.Var, Av.{v}, 0),
[x:= e]]ﬁ 2 ((lv.o=x? (]e[)‘j : Var), (Av.o=x7?fv(e) : {v}), 0),
[e:c’T* 2 let (p.d, V) = [c]* and (p", d", V') 2 [¢']*in (p”,d", V")
where p”’(v) = (VU pa(d’(v)) U du(p’(v)9))5,
4" (0) £ VUdy(d (0)), and V" £ V Ud,(V"),
[ifb{c}else{c’}]* £ let (p,d, V) 2 [c]*and (p’.d", V") = [']*in (p”,d", V")
where p”(0) = fu(b)* N p(0) N p’(0),
d”’(v) £ fu(b) Ud(v) Ud’'(v), and V" £ fu(b) UV UV,
[whileb {c}]* 2 let (p,d,V) 2 [c]" in fix F¥
where F#(po, do, Vo) 2 (p’,d", V'),
P’ () = fu(b)° N (VU pn(do(v))° U du(po(v)))©,
d’(v) = fv(b) U (VU dy(do(v))) U{o}, and V' = fu(b) U (V Udu(Vp)),
[[obs(distN(el,ez),r)]]ﬂ = (p.d,0)
where p(v) = (v = like) ? (like X pdfy(r; ey, ez)l)‘i : Var,
and d(v) £ (v = like) ? {like} U fv(e;) U fv(ey) : {v},
[x = sam(n,distN(el,ez),/ly.e’)]]ﬁ £ (p,d,0) forn=name(a,r)withr € R
where i = create_name(a,r),

(e’ [1/y])* , e {x, val,}
o Jpdfy(sere0))”  ifo = pr,
PO= (ent, + 1Du ifo = cnt),
Var otherwise,
fu(e’p/yl) ifv € {x, val,}
andd(v) £ {{p} U fv(er) Ufv(ey) ifo= pr,
{v} otherwise,

[x :=sam(n, disty(ey, ez),/ly.e’)]]tt 2 (p,d,0) forn =name(a,e)withe ¢ R
fv(e)c N my:(a,_)eName (]e/[/l/y]Dﬁ ifo

=x
fv(e)n Qe’[p/y][)‘i ifo = val, for = (e, )
where p(v) £ {fv(e)® N (pdfy(; e, eg)[)ti ifo = pr, forp=(a, )
fv(e) N (ent, +1) ifv = cnt, for p = (e, )
Var otherwise,

fv(e) U U‘uz(a_)ENamefv(e,[:u/y]) ifo
fv(e) U{val,} U fv(e'[p/y]) ifo = val, for p = (a, )
andd(v) = 4 fu(e) U {pr#,,u} U fv(e) U fu(ey) ifo pry forp=(a,_)
fv(e) U {cnt,} ifo = enty forp = (a, )
{v} otherwise.

X

Fig. 3. Abstract semantics of commands defining [[c]]ﬁ e D,

the dependency part d” by composing d from [[c]]ﬁ and d’ from [[c’]]ﬁ after lifting the former. Note
the inclusion of the set V in the definition of d”’. This is to account for the case that d’(v) in the
definition is the empty set; in that case, d, (d’(v)) is empty as well and does not have any information
about termination. The smoothness part p”’ of [[c; ¢’]* is more involved, and implements the intuition
described briefly in §5.1. In order to conclude that input variables in V; together smoothly affect an
output variable v in the computation of ¢; ¢/, the p”’ considers the intermediate state after the first
command c, and forms two groups of variables at that intermediate state: d’(v) and p’(v)°. Note that
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the desired smoothness property for the input variables in V; and the output variable v may fail if
the first command c uses some variable u, € V; non-smoothly to update a variable u in d’(v), or it
uses some variable u; € V; to compute the value of a variable u; € p’(v)°. In the former case, the
non-smoothness of ¢ causes an issue, and in the latter case, the non-smoothness of ¢’ causes an issue.
The p” collects the input variables that avoid these two failure modes and also do not influence the
termination of the sequence. As we show in our soundness theorem, doing so is sufficient because
it amounts to using a version of chain rule for the target smoothness property.

The abstract semantics of an if command conservatively assumes that any variable in its condition
b may affect the value of any output variable (by influencing whether the true or false branch of the
command gets executed) and this influence is potentially non-smooth. For every output variable
v, the smooth set p”’ (v) for the if command implements this assumption by excluding free variables
in b, and the computed dependency set does the same but this time by including free variables in b.

The abstract semantics of a loop computes the least fixed point of a monotone operator F# : D% —
Df using the standard Kleene iteration. The operator F¥ describes the effect of one iteration of the
loop, and it is derived from the standard loop unrolling and our abstract semantics of sequencing
and the if command.

The abstract semantics of an observe command obs(disty(ey, e;), r) uses the fact that the com-
mand has the same concrete semantics as the assignment like := like X pdfy(r; ey, e2), where pdfy
is the density function of the normal distribution. The semantics computes (p, d, V)) according to
that of the assignment, which we explained earlier.

The final case is the abstract semantics of a sample command. The semantics performs a case
analysis on the first argument of sam. If it is a constant expression not involving any variables, then
the abstract semantics constructs the name y of the sampled random variable, and updates p, d, and
V according to the concrete semantics of the command. Otherwise, the abstract semantics acknowl-
edges that the precise name p of the random variable cannot be known statically, and performs so
called weak update by joining two pieces of information before and after the update of the command
in the concrete semantics. Note that the abstract semantics does not require the third argument
of sam should be the identity function. The ability of dealing with a general function in the third
argument is needed since our analysis is intended to be applied to programs after the transformation
of the SPGE, which may introduce such an argument.

The abstract semantics is well-defined under the following relatively weak assumption:

AssUMPTION 1 (EXPRESSION ANALYSIS AND FREE VARIABLES). (]e[)’j 2 fv(e)¢ for all expressionse.

This assumption is satisfied by the instantiations of the semantics with differentiability and local
Lipschitzness, which are used in our implementation. It will be assumed in the rest of the paper.

THEOREM 5.6. If Assumption 1 holds, then for all commands c, we have [[c]]ti € Z)ﬁ, that is, when we
let (p,d, V) = [c]", we have p(v) 2 d(v)€ andd(v) 2 V for all variablesv € Var.

Example 5.7 (Differentiability). Consider the differentiability property and the example program of
Example 5.5. Let (p1, dy, V1) and (p2, d, V2) be the results of analysing the first assignment command
y := x * x and the following if command of the program. Then,

(p1,d1, V1) = (Av.Var, Av. (v=y) ? {x}: {0}, 0), (p2,da, V) = (Av.{x}", Av. (v=s) ? {x} : {x, 0}, {x}).
Let (p, d, V) be the analysis result for the entire program. Then,

p(©) = (Vi U (p)n(d2(0))° U (d)u(p2(0)9)) = di(x)° = {x}, V=V U (d)u(V2) = {x}.
Also,d(v) = V1 U (d1)u(d2(v)) = {x}. As shown in Fig. 3, the variable x that may affect the condition

expression of the if command is removed from the smoothness sets, and p(s) = p(y) = {x}°. Note
that this result is conservative with respect to y. O
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5.2.2  Analysis Soundness and Assumgtlons The soundness of our analysis states that for every
command c its abstract semantics [c]]* € D¥ over- approximates the concrete semantics [[c] via y:
[e] € y( [[cﬂ ). The soundness is conditioned on Assumption 1 and six new assumptions. One of the
new assumptions is about the soundness of (e [)ﬁ. The remaining five assumptions are concerned with
the predicate family for the target smoothness property ¢ = (dx 1 : K, L C Var), and say that certain
canonical operators are smooth according to ¢ so that using them in the abstract semantics should
not cause an issue. In this subsection, we present the six assumptions one by one, and sketch how
those assumptions are related to the soundness.

We start with the assumption that the analysis of each expression (]e[)ﬁ under-approximates the
set of variables in which the evaluation of e is smooth (and thus over-approximates the smoothness
property of e).

AssUMPTION 2 (EXPRESSION ANALYSIS SOUNDNESS). For all expressions e, variables x, subsets
K,L C Var, and states t € St[Var \ K] such thatK = (]e[)ﬁ andL = {x}, if weletg : St[K] — St[L]
be the function defined by g(c) = [x — [e]|(c ® 7)], the function g satisfies gk . (i.e., g € Px.L)-

This assumption is used in our soundness argument whenever the abstract semantics uses (]e[)ﬁ for
computing smoothness information about an expression e.
The next two assumptions assert the smoothness of the standard operators on the product spaces.

AssuMPTION 3 (PROJECTION). ForallK,L C Var withK 2 L, the projection k1. satisfies ¢k L.

AssUMPTION 4 (PAIRING). For all K,L,M C Var withLNM = 0,if f € ¢xr andg € ¢xm,
we have (f,g) € Px.rLum, where (f,g) is the pairing of two partial functions: (f,g)(o) = if (o €
dom(f) N dom(g)) then f (o) ® g(o) else undefined.

Note that St[L U M] is isomorphic to St[L] x St[M], the product space that we referred to above.
The assumptions say that the projection is smooth, and the pairing of smooth functions is smooth.
Our analysis uses Assumption 3 to deal with variables not modified by a command. For instance,
when analysing an assignment x := e, the analysis uses Assumption 3 and concludes that on every
output variable v other than x, the assignment is smooth in all the input variables. Assumption 4 is
used to justify the handling of a sequence c; ¢’ by our analysis, in particular, the part that the analysis
combines smoothness information over multiple output variables after the first command c.

The projection and pairing assumptions are about how shrinking and expanding output variables
affect the target smoothness property. The next restriction assumption is about shrinking the input
variables. It validates the weakening of the K part of | ®(f,K,L), and is used in the abstract
semantics of ¢; ¢’ (and other composite commands).

AssuMPTION 5 (RESTRICTION). ForallK,K’,L C Var withK 2 K',andt € St[K \ K], if f € ¢x .1,
then we have g € ¢+ 1, where g(o) = if (0 @ t € dom(f)) then f(o @ 7) else undefined.

The following assumption says that the function composition preserves smoothness. It is related
to the chain rule for differentiation, and used to justify the abstract semantics of a sequence c; ¢’

AssUMPTION 6 (COMPOSITION). ForallK,L, M C Var,iff € ¢k andg € ¢ m, wehavegof € ¢x m,
where g o f is the standard composition of two partial functions: (go f)(o) £ if (6 € dom(f) A f(o) €
dom(g)) then g(f (o)) else undefined.

The final assumption lets the analysis infer smoothness information about the completely-
undefined function. It is used to justify the handling of loops by our analysis.

ASSUMPTION 7 (STRICTNESS). ForallK,L C Var, we have (Ao € St[K].undefined) € ¢x 1.
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THEOREM 5.8 (SOUNDNESS). If Assumptions 1-7 hold, the analysis computes the sound abstraction
of the concrete semantics of commands in the following sense: for all commands c,

[e] € y(Le]®).

Remark 5.9. A standard method for proving a property of a loop or more generally a recursively
defined function is so called Scott induction. In this method, we view a property as a set 7~ of state
transformers and a loop as the least fixed point of a continuous function F on state transformers.
Then, we prove the three conditions: (i) 7 contains the least state transformer, (ii) it is closed under
the least upper bound of any increasing sequence of state transformers, and (iii) 7~ is preserved by F.
The first and second conditions are called strictness and admissibility, respectively, and these three
conditions imply that the least fixed point of F belongs to 7.

Our soundness proof for the loop case deviates slightly from this standard method. If it followed the
method instead, we would need, in addition to the strictness assumption, the following assumption,
which corresponds to the second admissibility condition:

AssUMPTION 8 (ADMISSIBILITY). Let K, L C Var, and order partial functions in [St[K] — St[L]]
by the inclusion of the graphs of partial functions. Then, for every increasing sequence { f,, : St[K] —
St[L]}nen (i-e., the graph of f,41 includes that of f,, for alln € N), if every f, satisfies Pk 1., so does the
least upper bound f., of the sequence (defined by its graph being the union of the graphs of all f,’s).

The inclusion of this admissibility assumption would, then, limit the applicability of our program
analysis, since some well-known smoothness properties, such as (global) Lipschitz continuity and
local boundedness, do not satisfy the assumption, although they satisfy our five assumptions (As-
sumptions 3-7) (see Table 2). On the plus side, the inclusion of the admissibility assumption could
enable our analysis to handle loops more accurately, possibly by tracking the impact of the boolean
condition of each loop on smoothness more precisely. Our soundness proof avoids the admissibility
assumption by exploiting the fact that our analysis handles loop conditions conservatively: our
analysis drops all the variables that loop conditions may depend on from the set of smooth variables,
so that it avoids finding too precise inductive predicates that can break soundness.!* O

5.3 Instantiations

Our program analysis requires that the family of smoothness predicates should satisfy Assump-
tions 3-7. Although these assumptions are violated by some smoothness properties, such as partial
differentiability and partial continuity, they are met by our leading example ¢(? for differentiability
(Example 5.1), and also by the predicate family ¢ for local Lipschitzness, which is used in our
implementation. Recall the definitions of the predicate families ¢ and ¢: for all K, L C Var,
(d)
K.L

O]
K,L

[I>

{f : St[K] — St[L] | dom(f) is open and f is (jointly) differentiable in its domain},
{f : St[K] — St[L] | dom(f) is open, and for all o € dom( f), there are C > 0 and
anopen O C dom(f) s.t.oc € Oand || f(o0) — f(01)|l; < Cllog — 01|, for all oy, 07 € O}.

1>

THEOREM 5.10. Both '@ and ¢V satisfy Assumptions 3-7.

Remark 5.11. The requirement of open domain in ¢@ is sometimes too constraining and hurts
the accuracy of the analysis. It can, however, be relaxed, and we can generalise gb(d) to the following

14To be precise, our analysis does not require the admissibility assumption, not because our abstract domain is finite, but because
given a loop, our analysis finds an inductive predicate that is “sufficiently admissible” in the sense that it is closed under the
least upper bound of any chain that matters for soundness: the chain should be definable by some loop. More details are in §F.4.
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Table 1. Failure cases of the composition assumption. For each given ¢, we have f,g € § butg o f ¢ ¢, where
f and g are interpreted as (total or partial) functlons from St[K] to St[L]. Let ¢; = (y = x%z = ¢g(y)) and
c2 = (y =x;z2=9g(x,y)). Then, for each i-th ¢, [Cl] incorrectly concludes that z is smooth with respect to x.

¢ f g
¢(d ) f(x) = x? defined on R g(x) = 1[x>¢] defined on [0, 1]
2
¢(pd) ‘f’(pC) f(x) = (x,x) definedonR  g(x,y) = {xy/(x +y°) :)ftgér%zl:e (0,0) defined on R?

predicate family ¢4, which corresponds to the standard definition of differentiability on a manifold
with boundary in differential geometry [Lee 2012, Chapter 2]:

I(g;)é {f : St[K] — St[L] | forall 0 € dom([f), there existan openU C St[K]andg:U — St[L]
suchthato € U, f = gonU N dom(f), and g is (jointly) differentiable}.

Note the weakening of open-domain requirement in ¢(?": the open domain U in the above definition
does not have to be included in dom( f). The family ¢ @) satisfies Assumptions 3-7, and can lead to
amore permissive instantiation of our program analysis than the family ¢ (%), especially in handling
atomic commands, such as assignment, sample, and observe. We point out that ¢?") does not satisfy
Assumption 8 (i.e., the admissibility assumption), while ¢ (@ does satisfy it. As a result, if the handling
of loops in our analysis is changed such that loop conditions are analysed more accurately, the
analysis may remain sound only for ¢(@, not for ¢(%), as explained in Remark 5.9. O

Remark 5.12. At this point, the reader might feel that Assumptions 3-7 are satisfied by nearly all
smoothness properties. This impression is not accurate. For instance, the composition assumption
does not hold for the notions of differentiability of partial functions formalised by the following
$@") and ¢P9  nor for the partial continuity formalised by ¢ P9

qﬁKdz = {f : St[K] — St[L] | f is (jointly) differentiable in the interior of its domain},
I(é)z) 2 {f : St[K] — St[L] | dom(f) is open, and for allv € K, f is partially differentiable in v},
I(é)z) 2 {f : St[K] — St[L] | dom(f) is open, and for all v € K, f is partially continuous in v}.

Table 1 contains counterexamples that show the failure of the composition assumption for these
predicate families. In fact, when instantiated with these families, our program analysis is not sound.
The same table shows example programs and incorrect conclusions derived by our analysis.

Table 2 shows more target smoothness properties from mathematics, and whether each property
satisfies Assumptions 3-7 (and Assumption 8). Recall that our program analysis does not require
Assumption 8 for soundness; the table shows the assumption just for reference. The target properties
from “cont” to “real analytic” in the table (and three more) satisfy Assumptions 3-7, so that our
analysis can be immediately applied to those target properties while remaining sound. O

6 ALGORITHM FOR THE SPGE VARIABLE-SELECTION PROBLEM

We now put together the results from §4 and §5 to formally define and soundly (yet approximately)
solve the SPGE variable-selection problem. We start with the formal definition of the problem:

Definition 6.1 (SPGE Variable-Selection Problem; Formal). Assume we are given a model ¢, a guide
¢g> and a (initial) simple reparameterisation plan 7y such that ¢, ¢y, and ¢,;” always terminate and
have no double-sampling errors for all ¥ E . Here we write 7 C 7’ if the graph of 7 is included in
that of 7’. Given these ¢y, ¢4, and 7, find a reparameterisation plan 7 C 7y such that (i) 7 is simple
and satisfies (R2) and (R3) in §4.2, and (ii) |[rv(rr)| is maximised. We say that r is a sound solution if
it satisfies (i), and an optimal solution if it satisfies (i) and (ii). O
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Table 2. Various well-known target smoothness properties from mathematics, and whether each of them
satisfies Assumptions 3-7 (and Assumption 8). Here “cont” and “diff”” denote “continuous” and “differentiable”.
The properties above the double horizontal line are defined such that they include the open-domain requirement
asin¢@ and ¢V, and the properties below the line are defined without the open-domain requirement.

Target smoothness property A3 (proj.) Ad4(pair) A5 (rest.) A6 (comp.) A7 (stri.) | A8 (admi.)
cont. (C%) o o o o o o
locally Lipschitz (= ¢ () o o o o o
uniformly cont. o o o o o X
Lipschitz cont. o o o o o X
diff. (= ¢\¥) o o o o o o
continuously diff. (C1) o o o o o o
smooth (C*) o o o o o) o
real analytic (C?) o o o o o o
partially cont. (= ¢(P9)) o o o X o o
partially diff. (= ¢(P9) o o o X o o
almost-everywhere cont. o o X X o o
almost-everywhere diff. o o X X o o
coordinatewise non-decreasing o o o o o o
locally bounded o o o o o X
bounded X o o o o X
Borel measurable o o o o o o
locally integrable o o X X o X
integrable X o X X o X

The input 7 in the problem is a newcomer. It fixes a semantics-preserving transformation for all
the sample commands. Typically, 7y is defined on the entire NameEx X DistEx X LamEx, and remains
fixed across all input model-guide pairs (¢, ¢5). More importantly, it is valid so that the change of
any sample command by 7 preserves the semantics of the command when we take into account
both the second distribution argument and the third lambda argument of the sample command. The
validity of 7y is inherited by any sound solution 7 of the SPGE variable-selection problem since
validity as a property on reparameterisation plans is down-closed with respect to the E order. In our
setup, 7 is fixed to be the following reparameterisation plan from §4.1:

7o (n, disty(er, e2), Ay.e3) = (distn(0,1), Ay.es[(y X Vez +e1)/y]) (11)
for all n € NameEx and expressions e;, ez, and es.

As an example of the SPGE variable-selection problem, consider the problem for the 7 in
Eq. (11) and the model-guide pair (cy,, ;) given in Fig. 1, where "z;" in the figure is interpreted
as name("z;",0). Then, as discussed in §2, the problem has the following optimal solution: = =
700 |s x DistEx x Lamex for S = {name(a, e) € NameEx | o & "z,"}.

We present an algorithm for computing a sound (yet possibly suboptimal) solution to the problem.

(1) By running our program analysis instantiated with differentiability (described in §5.2 and §5.3),

compute (P, A, Vi) = [[cm]]ti and (py, dg, Vy) = [[cg]]ﬁ, where we use P, d, and V for the
output of the analysis to distinguish them from densities p and distributions d.
(2) Using py, and py, check
0 CK, whereK £ pu(lik)n (| Pm(pr,)0 () pylpr,). (12)
pE€Name pEName

Ifthe check fails, return an error message that our analysis cannot discharge (R2) for any 7, since
the analysis concludes that the density function of ¢, or ¢, can be non-differentiable in 6 (even
when rv(rr) = 0). If the check passes, initialise the set of reparameterised random variables by

S £ {(a,i) € Name | foralli’ € N, (a,i’) € Name = (a,i’) € K}.
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(3) Using S and 7y, construct a reparameterisation plan = C 7 by 7 = 7y [S], where 70 [S] (n, d, )
is mo(n, d,1) if (n, d, 1) € dom(m), n = name(a, _), and (@, _) € S; otherwise, it is undefined.
(4) By running the differentiability analysis on'c,”, compute (Py, dg, V) = [c;” ]]ﬂ and check

oc () Pelpr)n () Polvaly). 13)
peName peName
Ifthe check passes, return  as the output of the algorithm. If not, update Sby S\ {(«, i) € Name}
after choosing some (o, _) € S, and then repeat the above procedure (from the step (3), the
point where we construct z using S) until S becomes empty.

Our algorithm computes a sound solution (in the sense stated in Definition 6.1), partly because
of the soundness of our program analysis:

THEOREM 6.2. Let ¢y, ¢4, and my be the inputs to the SPGE variable-selection problem. If the above
algorithm returns 1t for (¢, ¢g, M), then 1 is a sound solution for the problem.

We point out that the theorem holds for the local Lipschitzness case as well (in addition to the dif-
ferentiability case). That is, if the above algorithm runs our program analysis instantiated with local
Lipschitzness (instead of differentiability), and if it returns an output =, then x is a sound solution
to the SPGE variable-selection problem that uses (R2’) and (R3’) (instead of (R2) and (R3)).

Our algorithm solves the problem only approximately: there is no formal guarantee that it always
computes an optimal solution. The suboptimality may arise due to two approximations: the over-
approximation of our program analysis when it computes differentiability (or local Lipschitzness)
information, and the heuristic choices made by our algorithm when the algorithm computes the
random-variable set S. We demonstrate, however, that our algorithm finds optimal solutions for all
the benchmarks in §7.

Our algorithm calls our program analysis at most |[{a € Str | (a, _) € Sp}| + 2 times, where Sy is
the initial value of S (i.e., the set of random variables whose sample commands are to be transformed)
in the algorithm. However, for all the benchmarks in §7, our algorithm terminated with the initial set
So and thus called our analysis only 3 times (on the model, the guide, and the reparameterised guide
according to Sp). Based on these results and our intuition on the algorithm, we conjecture that our
algorithm always terminates with the initial set Sy under a mild condition on 7y and our analysis (e.g.,
(]e[)ﬁ is computed inductively on e). Since the conjecture is still open, our algorithm might not succeed
in the first iteration, and if so, it continues to search for a sound solution greedily. Note that there are
many other ways to continue the search and our algorithm uses just one of them (as it is linear-time).

7 EXPERIMENTAL EVALUATION

In our experiments, we consider two research questions. First, can the analysis proposed in §5 be
instantiated and implemented so that it can produce meaningful smoothness results on real-world
probabilistic programs? Second, can the algorithm proposed in §6 find near-optimal solutions to the
SPGE variable-selection problem on real-world probabilistic programs? To assess the two questions,
we have implemented a static smoothness analyser for Pyro programs based on §5, and a variable
selector based on §6 which (approximately) solves the variable-selection problem.!® Our analyser
and variable selector are implemented in OCaml, and support a subset of the Pyro PPL and two
smoothness properties: differentiability and local Lipschitzness.

Implementation. Although the analysis described in §5 may look simple when considering a basic
PPL, real-world PPLs such as Pyro are of a much higher degree of complexity. First, they provide
a large panel of continuous/discrete probability distributions for sample and observe commands, and

150ur implementation is available at https://github.com/wonyeol/smoothness-analysis and [Lee et al. 2022a].
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library functions for tensors and neural networks. Second, programs in real-world PPLs may fail to be
smooth for reasons other than if-else and while commands. In particular, values sampled from discrete
distributions, and arguments to operators and distribution constructors that are well-defined only on
a strict subset of values, may induce non-smoothness. A straightforward treatment of these will result
in an overly conservative analysis, treating far too many variables as potentially non-smooth. Third,
Pyro programs typically rely on tensors (of large, statically unknown size) to deal with large datasets,
and it is generally infeasible to reason about each (real-valued) element of tensors individually. In
the following, we discuss how our static analyser addresses these issues and provides sound, useful
information about smoothness of Pyro programs.

Distributions and library functions. Our analyser supports 17 distributions (continuous or discrete).
Each distribution is characterized by a pair (b, a) for a boolean b and an array of booleans a, where
b (or a;) denotes whether its probability density is differentiable or locally Lipschitz with respect
to the sampled value (or the i-th argument) of the distribution. For example, a normal distribution
is described by (true, [true, truel) (assuming that the second argument is positive) and a Poisson
distribution by (false, [truel). Similarly, the analyser supports a large number of PyTorch/Pyro
library functions for tensors and neural networks, and assumes the correct smoothness information
about them. For instance, the ReLU function is considered locally Lipschitz but not differentiable.

Refining smoothness information based on safety pre-analysis. Although the expression x/y is generally
non-smooth with respect to y (even if it is well-defined for y=0), if more information is available, for
instance thaty always lies in range [1, 10], we can safely consider it smooth with respect to both x and
y. Likewise, the density of a normal distribution is generally non-smooth with respect to the standard
deviation argument o (even if it is well-defined for o < 0), so more precise smoothness information
can be produced when o is known to be always positive. Thus, establishing precise smoothness
information requires to first establish safety properties related to program operations. To achieve
this, our tool actually performs two analyses in sequence: (i) a safety pre-analysis infers ranges over
all numerical variables and marks each argument to an operator or a distribution constructor as
either “safe” or “potentially unsafe”; (ii) the program analysis formalised in §5 utilises information
computed in the first phase to produce precise smoothness information. The first phase boils down
to a forward abstract interpretation based on basic abstract domains like intervals and signs [Cousot
and Cousot 1977]. It logs safety information for each program statement just like static analyses
for runtime errors and undefined behaviors [Blanchet et al. 2003]. As formalised in §5.2, the second
analysis is compositional. Due to their different nature, the two analyses need to be done in sequence.

Tensors. Pyro programs commonly use nested loops and indexed tensors. As the number of scalar
values in each tensor is often statically unknown (or known but huge), treating each scalar as a
separate variable is not feasible; so we rely on a conservative summarisation of tensors. Intuitively, we
treat all scalars in a tensor as a “block”: e.g., when density might not be smooth with respect to some
scalar(s) of a tensor, the analysis conservatively concludes that it might not be smooth with respect
to all scalars in the tensor. In our experiments, this abstraction does not result in any precision loss.

Evaluation. We evaluated our analyser and variable selector on 13 representative Pyro examples
from the Pyro webpage [Uber Al Labs 2022] that use standard SVI engines and contain explicitly
written model-guide pairs (without AutoGuide). They include advanced models with deep neural
networks such as attend-infer-repeat [Eslami et al. 2016] and single-cell annotation using variational
inference [Xu et al. 2021]. Additionally, we included the example in Fig. 1, for which Pyro offers an
unsound reparameterisation plan. Table 3 lists half of these 14 Pyro examples with their code size
and conceptual complexity (see §I for the rest). Experiments were performed on a Macbook Pro with
2.3GHz Core i9 and 32GB RAM.
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Table 3. Subset of Pyro examples used in experiments and their key features (see §l for the rest). The last
five columns show the total number of code lines (excluding comments), loops, sample commands, observe
commands, and learnable parameters (declared explicitly by pyro.param or implicitly by a neural network
module). Each number is the sum of the counts in the model and guide.

Name  Probabilistic model LoC while sam obs param
spnor  Splitting normal example in Fig. 1 16 0 2 1 2
sgdef  Deep exponential family 105 0 12 1 12
dmm Deep Markov model 112 3 2 1 13
mhmm Hidden Markov models 137 1 5 5 12
scanvi  Single-cell annotation using variational inference 147 0 7 2 21
air Attend-infer-repeat 174 2 6 1 16
cvae Conditional variational autoencoder 205 0 2 1 15

Table 4. Results of smoothness analyses. “Manual” and “Ours” denote the number of continuous random
variables and learnable parameters in which the density of the program is smooth, computed by hand and
by our analyser. “Time” denotes the runtime of our analyser in seconds. “4CRP” denotes the total number
of continuous random variables and learnable parameters in the program. -m and -g denote model and guide.
We consider {(a, i) € Name} as one random variable for each a € Name. See §I for the rest of results.

Differentiable Locally Lipschitz
Name Manual Ours Time Manual Ours Time #CRP
spnor-m 1 1 0.006 1 1 0.009 2
spnor-g 4 4 0.007 4 4 0.008 4
sgdef-m 6 6 0.003 6 6 0.006 6
sgdef-g 18 18 0.016 18 18 0.015 18
dmm-m 4 4 0.014 10 10 0.016 10
dmm-g 4 4 0.026 5 5 0.020 5
mhmm-m 10 10 0.063 10 10 0.075 10
mhmm-g 6 6 0.007 6 6 0.008 6
scanvi-m 6 6 0.032 12 12 0.032 12
scanvi-g 8 8 0.052 15 15 0.058 15
air-m 1 1 0.108 4 4 0.105 4
air-g 3 3 0.075 15 15 0.072 16
cvae-m 3 3  0.025 8 8 0.027 8
cvae-g 5 5 0.031 9 9 0.023 9

Smoothness analyser. We assess our smoothness analyser on the 14 Pyro examples for differentiability
and local Lipschitzness (§5.3), and show a subset of results in Table 4 (see §1 for the rest). The results
demonstrate that our analysis can cope successfully with real-world Pyro programs. First, our analysis
is accurate. For all examples, the analysis identifies the exact ground-truth set of random variables
and parameters in which the density of the program is differentiable (or locally Lipschitz). In many of
them, information computed by the pre-analysis is required to achieve these exact results; e.g., some
examples (e.g., dpmm and air) require precise information about which distribution arguments can be
proved to be always in the proper range of values. Second, the runtime of our analysis is low. Typical
probabilistic programming applications are not of a very large size, and conceptual complexity is
generally the main issue, thus the analysis performance presents no scalability concern.

We draw two more observations from the results. First, for spnor-m and air-g, the density of each
program is not locally Lipschitz in one continuous random variable. These non-local-Lipschitznesses
arise as follows: for the former, the random variable ("z," in Fig. 1) is used in the branch condition
of an if-else command that contains observe commands, thereby creating discontinuity; and for the
latter, the random variable ("z_where") is passed into the denominator of a division operator, thereby
causing a division-by-zero error for some value.

Second, for all the other examples, the density is locally Lipschitz in all continuous random vari-
ables and parameters, but is often non-differentiable in many parameters (and continuous random
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Table 5. Results of variable selections. “Ours-Time” denote the runtime of our variable selector in seconds.
“Ours-Sound” and “Pyro \ Ours” denote the number of random variables in the example that are in 74,5, and
that are in 7 but not in 7y, respectively, where 7oy and 7y denote the reparameterisation plans given by our
variable selector and by Pyro. “Pyro \ Ours” is partitioned into “Sound” and “Unsound”: the latter denotes the
number of random variables that make (R2’) or (R3’) violated when added to 7ys, and the former denotes the
number of the rest. “4CR” and “#DR” denote the total number of continuous and discrete random variables in the
example. We consider {(a, i) € Name} as one random variable for each @ € Name. See §I for the rest of results.

Ours Pyro \ Ours \
Name Time Sound Sound Unsound #CR | #DR
spnor 0.021 1 0 1 2 0
sgdef 0.034 6 0 0 6 0
dmm 0.054 1 0 0 1 0
mhmm 0.083 2 0 0 2 1
scanvi 0.143 3 0 0 3 1
air 0.247 1 0 1 2 1
cvae 0.063 1 0 0 1 0

variables too); see, for instance, scanvi and cvae. Due to this, the requirement (R2) is not satisfied for
these examples even with the empty reparameterisation plan (corresponding to the score estimator);
that is, if we use the differentiability requirements (R2) and (R3) to validate the unbiasedness of
gradient estimators, even the score estimator cannot be validated for these examples. From manual
inspection, we checked that the non-differentiabilities from these examples all arise by the use of
locally Lipschitz but non-differentiable operators (e.g., relu and grid_sample). Since many practical
models (and guides) use locally Lipschitz but non-differentiable operators, this observation strongly
suggests that a right smoothness requirement for validating gradient estimators is not differentiability
(which has been used as a standard requirement), but rather local Lipschitzness (e.g., (R2’) and (R3’)).

Variable selector. To evaluate our variable selector, we consider the SPGE variable-selection problem
with local Lipschitzness requirements, i.e., the problem that uses (R2’) and (R3’) in §4.3 instead of
(R2) and (R3) in §4.2. We do not consider the original problem (with differentiability requirements),
since for many examples the differentiability requirements are not satisfied even by the empty
reparameterisation plan (i.e., score estimator) as observed above. For an initial reparameterisation
plan 7, for the problem, we use the plan given by Pyro’s default variable selector: it is defined for
all continuous random variables and applies standard reparameterisations (e.g., Eq. (11) for a normal
distribution). In this settings, we apply our variable selector to the problem on the 14 Pyro examples.
Table 5 displays the results (only for 7 examples; see §I for the rest) and compares them with .
The results demonstrate that for all examples, our variable selector finds the optimal reparameterisa-
tion plan with a small runtime. We also observe that for all cases, it terminates in the first iteration and
calls our smoothness analyser only three times, as mentioned in §6. Note that the reparameterisation
plan given by Pyro is also optimal for all but two examples. We emphasise, however, that our variable
selector not only finds a reparameterisation plan but also verifies the local Lipschitzness requirements
(R2’) and (R3’), whereas Pyro’s default variable selector does not do so. Indeed, for two examples,
Pyro’s reparameterisation plan is unsound as it violates the local Lipschitzness requirements. Hence,
these results should be interpreted as: for all but two examples, our variable selector (and smoothness
analyser) successfully verifies that the default gradient estimator used by Pyro satisfies important
smoothness-related preconditions for unbiasedness, namely the local Lipschitzness requirements.
The two examples for which Pyro becomes unsound are spnor and air. Recall that they have two
continuous random variables (one for each) in which their densities are not locally Lipschitz. The
unsoundness of Pyro on these examples stems precisely from the fact that it reparameterises the
two non-locally-Lipschitz random variables without checking any local Lipschitzness requirements.
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8 RELATED WORK

The high-level idea of using program transformation for improved posterior inference and model
learning in PPLs has been explored previously [Claret et al. 2013; Gorinova et al. 2020; Nori et al.
2014; Ritchie et al. 2016b; Schulman et al. 2015]. In particular, Schulman et al. [2015] proposed a
method for implementing the SPGE for stochastic computation graphs via graph transformation,
and this method was adopted in the implementation of the same estimator in Pyro and also in our
work. However, the method lacks a formal analysis on the implemented estimator especially in
the context of probabilistic programs; it does not have a version of Theorem 4.5, which formally
identifies requirements for the unbiasedness of the estimator. Also, the method does not check
the required smoothness properties of given probabilistic programs. Our work fills in these gaps.
Gorinova et al. [2020] proposed an automatic technique to transform models in a PPL using the
same or closely-related transformation of sample commands in the SPGE. The work is, however,
concerned with transforming models and taming their posterior distributions, while ours focuses on
transforming guides. Also, the work does not check smoothness properties of transformed models
that are required for running efficient inference algorithms, such as Hamiltonian Monte Carlo, on
those models, while our work checks those properties using our program analysis.

Program analyses or type systems for PPLs have been developed to detect common errors [Lee et al.
2020; Lew et al. 2020; Wang et al. 2021], infer important probabilistic properties such as conditional
independence [Gorinova et al. 2022], or automatically plan inference algorithms [WebPPL 2019] as
in our work. In particular, WebPPL runs a simple program analysis (checking if there are interleaving
sample and observe commands) to decide if it is worth applying sequential Monte Carlo.

The smoothness properties computed by our program analysis, such as differentiability and local
Lipschitzness, fall in the scope of hyperliveness in the hierarchy of hyperproperties [Clarkson and
Schneider 2008]. Intuitively, hyperliveness properties are those that cannot be refuted based on any
finite counterexample (i.e., made of finitely-many finite execution traces), and counterexamples for dif-
ferentiability and local Lipschitzness should indeed require infinitely-many execution traces due to the
use of limit or all neighbouring inputs in their definitions. Not so many analyses have considered such
hyperliveness properties. Among those, the most relevant to our work are the continuity analyses of
Chaudhurietal. [2010, 2012]. It uses a program abstraction that is rather similar to ours, but their analy-
ses suffer from soundness issues, partly due to the incorrect joining of continuity sets [Chaudhuri et al.
2010] and also to an unsound rule for sequential composition [Chaudhuri et al. 2012] (see § A for details).
We do not claim that these issues are difficult to fix. Our point is just that developing program analyses
for smoothness properties requires special care. Chaudhuri et al.’s work focuses on proving smooth-
ness properties of control software, or revealing the unexpected continuity of discrete algorithms. On
the other hand, our program analysis is designed to assist variational inference and model learning
for probabilistic programs. Barthe et al. [2020] proposed a refinement type system, which considers
a higher-order functional language and ensures that every typable first-order program is continuous
in all variables. On the other hand, our program analysis considers a first-order imperative language
and can prove that a program is continuous in some (not necessarily all) variables. Other existing
program analyses for smoothness properties include [Laurel et al. 2022] which over-approximates
the Clarke generalised Jacobian, and [Mangal et al. 2020] which proves probabilistic Lipschitzness.
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A DEFERRED RESULTSIN §1
A.1 Unsoundness of Continuity Analyses in [Chaudhuri et al. 2010, 2012]

The continuity analysis in [Chaudhuri et al. 2010] considers joint continuity, whereas the continuity
analysis in [Chaudhuri et al. 2012] considers partial continuity. That is, given a command c, an output

variable v of ¢, and some input variables uy, . . ., up, to ¢, the former analyses whether v is continuous
in{uy, ..., un} jointly, whereas the latter analyses whether v is continuous in u; separately for every
1<i<m

Join and Sequence rules. The former analysis contains a rule called Join [Chaudhuri et al. 2010,
Figure 3], and the latter analysis contains a rule called Sequence [Chaudhuri et al. 2012, Figure 1].
The two rules can be rewritten (with some simplifications) as follows, in terms of functions between
R*:forany f,¢g: R* - R"andS,S’,T,U C {1,...,n},

For each j € T, fj is continuous in {x; | i € S}
Foreach j € T, f; is continuous in {x; | i € §"}

Foreach j € T, f; is continuous in {x; | i e SU 5"} (Join)

Foreach j € T, f; is continuous in x; for each i € S
Foreach k € U, gi is continuous iny; foreach j € T

Foreachk € U, (g o f) is continuous in x; for eachi € § (Sequence)
where f and g are functions of variables x;, . .., x, and yy, . . ., yp, respectively, and h; = proj; o h for
h:R®™ - R"andi € {1,...,n} denotes the i-th component of . As mentioned above, the Join rule
analyses joint continuity, while the Sequence rule analyses partial continuity. Further, the Join rule
says that joint continuity is preserved under the union of input variables, while the Sequence rule
says that partial continuity is preserved under the composition of functions.

The two rules, however, are unsound with the following counterexamples. Let i : R? — R? be
the function
(x1x2/ (x§ +x3),x2) i (31, x2) # (0,0)
(0, x7) otherwise.

h(x1,xz) = {

Note that h; is continuous in x; and in x; separately, but not in {x1, x, } jointly. First, for the Join rule,
consider the following f : R? — R%?and S, S, T C {1,2}:

fGux) = h(x,x2), S={1}, " ={2}, T=({12}.

Then, the premise of the Join rule holds, and so the conclusion of the rule must hold. But this is not
the case since f; = h; is not continuous in {x1, x; }. Hence, the Join rule is unsound. Next, for the
Sequence rule, consider the following f, g : R? > R%andS,T.U C {1,2}:

flxnx2) = (x1,%1),  g(x1,x2) = h(x,x2), S=T=U = {1,2}.

Then, the premise of the Sequence rule holds, and so the conclusion of the rule must hold. But this is not
the case since (go f); is not continuous in x; (due to (go f)1 (x1, x2) = 1[x 20" %) Hence, the Sequence
rule is unsound. These counterexamples show that joint continuity is not preserved under the union
of input variables, and partial continuity is not preserved under the composition of functions.

The two aforementioned counterexamples can be easily translated into programs: the first becomes
¢1 = (z := hi(x,y)) and the second becomes c; = (y := x; z := hy(x,y)), where x, y, and z are
program variables and h; is the binary operator defined above. The analysis in [Chaudhuri et al.
2010] deduces that in ¢4, z is continuous in x and y (jointly), and the analysis in [Chaudhuri et al.
2012] deduces that in ¢, z is continuous in x (separately). Both deductions, however, are incorrect
as seen above, and the two analyses are thus unsound.
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Sequence rule (again). Both of the two analyses in [Chaudhuri et al. 2010, 2012] contain the Se-
quence rule (discussed above) which has the following rule as an instance: for all variables vy, v1, v,
that are not necessarily distinct, and for all commands ¢y, cz,

In ¢q, v1 is continuous in v,
In cs, v5 is continuous in v;

In (cq; ¢2), v is continuous in vy

The above instance of the Sequence rule is, however, unsound because it incorrectly handles
the dependencies between variables. For instance, consider commands ¢; = (if (x < 0) {y :=
0}else{y:=1})andc; = (z :== x +y), and variables vy = x,v; = x,and v, = z. Then, in (c;; ¢2), z is
not continuous in x (because z after (cy;cz) isx if x < 0, and is x + 1 if x > 0). However, the premise
of the above rule holds for this case, and so the rule incorrectly concludes that z is continuous in x
under (c1; ¢c2), by ignoring the dependency of z on y (which is discontinuous in x).

Loop rule. The analysis in [Chaudhuri et al. 2010] contains a rule called Simple-loop (Figure 5 in
the paper) to analyse loops, and the analysis in [Chaudhuri et al. 2012] contains a rule called Loop
(Figure 1 in the paper) which is essentially the same as the Simple-loop rule.

The two rules, however, incorrectly assume that (joint or partial) continuity without any restric-
tion on the domain of functions satisfies the admissibility assumption discussed in Remark 5.9;
and this in turn makes the rules unsound. To illustrate the unsoundness, consider a command
c = (while (0 < x < 1) {¢'}) with¢’ = (y == y + f(x); x := g(x)), where f and g are the continuous
operators defined by:

x if0 <x<1/2 0 ifx<o0
flx)£41-x if1/2<x<1 g(x) £ 42x if0o<x<1/2
0 otherwise, 1 otherwise.

Then, the premises of the two rules are satisfied, mainly because x and y after ¢” are continuous
jointly in x and y before ¢’, and x and y do not change in ¢’ if x = 0 or x = 1 (i.e., at the “boundary”
of the loop condition of ¢). Hence, the two rules conclude that x and y after ¢ are continuous in x
and y before ¢ (jointly or separately). However, this is an unsound conclusion because in ¢, y is not
continuous in x at x = 0: we have ¢y’ = yif x = 0, buty’ — y + 1 as x — 0" (more precisely, y’ = y if
x <0orx > 1l,andy’ =y+(1—x)if0 < x < 1), where x” and y" denote the values of x and y after c.

B DEFERRED RESULTS IN §2
B.1 Table Summarising §2

Table 6. Gradient estimators for variational inference, and requirements for each estimator. “Req” denotes
“Requirement” and “diff” denotes “differentiable”. Recall that fy(z) = log(pc,, (2)/pc,,0(2)).

| SCE PGE SPGE

Setup  qp(2) ch,e(z) pc; (2) pcg,é'(z)

ve(z) |z v¢,0(2) vey,0(2)

90(z) | fo(vg(2)) - Vglogqe(z) Vo(fo(va(2))) Vo(fy(vg(2))) + fy(vg(2)) - Vglogge(z)
Req. qp(2) diff. in 0 - diff. in 6

vg(2) - diff. in 0 diff. in 6

Den(2) | - diff. infandz  diff. in 6 and “selected” z;’s

Pe,0(2) | - diff.infandz diff. in 6 and “selected” z;’s

Table 6 compares key aspects of the three gradient estimators (SCE, PGE, and SPGE) explained in §2.
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C DEFERRED RESULTSIN §4.1
C.1 Proof of Theorem 4.2

We introduce several definitions, state lemmas, and prove Theorem 4.2 using the lemmas. We prove
the lemmas in §C.2 and §C.3.

Recall the partition Var = PVar ¥ Name & AVar of Var. We use the following letters to denote the
values of each part: o, € St[PVar], o, € St[Name], and o, € St[AVar]. Based on the partition, we
define the next functions:

prs(c) : St[PVar] x St[Name] X St[AVar] — [0, o),
[cl(op @ 04 ® 04) (like)

PrS(C)(O'p’ On, O'a) = : HpeName [[C]](O'p ©o, ® Ua) (prp)
0 otherwise,

if noerr(c, o, ® 0, ® 04)

vals(c) : St[PVar] x St[Name] x St[AVar] — St[Name],

vals(c) (G, o 00) 2 {Ay € Name. [c](0) ® 0, ® 04)(val,) if noerr(c, o, ® 0, ® 04)

Ayt € Name. 0 otherwise,
where noerr(c, o) is a predicate for a command ¢ and ¢ € St, defined by
noerr(c,0) &= [c]o € St A (Vu € Name. [c]o(cnty,) — o(ent,) < 1).

The predicate noerr(c, o) says that ¢ terminates for o without a double-sampling error. The functions
prs and vals generalise the density function p and the value function v, respectively; in particular,
they do not assume a particular initial state oy used in Eq. (3). We consider the generalisation of p
and v so as to enable inductive proofs.

Although generalising p and v, the functions prs and vals are not sufficient to enable inductive
proofs since their inputs and outputs contain some unnecessary parts, which stops induction from
working well (especially in the sequential composition case): namely, the part of St[Name] that is
not read during execution, and the part of St[AVar] that is not updated during execution. To exclude
those unnecessary parts, we first define the set of substates of St[Name] as follows:

£, € Sto[Name] 2 U St[K].

KCName

Based on these substates, we define the next functions:
prsg(c) : St[PVar] X Stg[Name] — [0, c0),
[c](op ® & ® o) (like)

prSD(C)(O'p, §n) = . Hpedom(§n) [CH(O.P @ §n @ O-V)(prp)
0 otherwise,

if 30,. used(c, o) @ & ® 0y, &n)

valsg(c) : St[PVar] x Stg[Name] — Stg[Name],

Ap € dom(&,). [c](op ® &, @ 0,)(val,)  if Fo,. used(c, 0, ® & & 01, &)

I &n) =
va SD(C)(Up &n) {/m € dom(¢&,).0 otherwise,

pvarsg(c) : St[PVar] x Stg[Name] — St[PVar],

Ax € PVar. [c](0, ® & ® 0,)(x)  if Foy. used(c, 0p ® & ® 0y, &)
Ax € PVar.0 otherwise,

pvarsy(c)(op, &) = {
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where used(c, o, &,) is a predicate for a command ¢, o € St, and &, € Sty[Name], defined by
used(c, 0,&,) <= noerr(c,0) A (o(like) = 1) A (&, = 0laom(z,))
A (dom(&,) = {p € Name | [c]o(cnt,) — o(cnty,) = 1}).
The predicate used(c, 0, &,) says that ¢ terminates for o without a double-sampling error, like is
initialised to 1 in o, and &, is the Name part of ¢ that is sampled during the execution of ¢ from o.

By using used(—, —, —), the three functions do not take the unnecessary part of a state as an input,
and do not return the unnecessary part of a state in the output. The three functions are well-defined.

LemMma C.1. prsg, valsg, and pvarsy are well-defined, i.e., they do not depend on the choice of o;.

We now state two main lemmas for Theorem 4.2. The first lemma describes how prs and vals are
connected with prs; and valsy. The second lemma says that a particular integral involving prs_,
valsg, and pvars is the same for ¢ and ¢” if a reparameterisation plan 7 is valid.

LemMaA C.2. Letc be a command, and f; : R — R fori € {1, 2,3} be measurable functions such that
fi(r) = 0 forallr € R. Define f, : St[Name] — St[AVar] by
1 ifa = like
fion(w)  ifa=pr, foru € Name
fo(on(p)) ifa = val, fory € Name
filon(p)) ifa= cnt, forpy € Name.
Then, for all o, € St[PVar] and all measurable h : St[Name] — R,

~

filon)(a) =

~

[ dou{prs)(0p.0m () - h{vals(e) o £ o)) )
= [ dtu(prso(@)(0p &) - g valsa(e) 0 0

where the integral on the LHS is defined if and only if the one on the RHS is defined, and the function
g : Sto[Name] — R is defined by

GRS (A (TP E— (Pedl(;[@ﬁ@;’(m)) h(& © 2u € dom(&). (& (1)) )-
(14

LEmMA C.3. Letc be a command and g : St[PVar] X Stg[Name] — R be a measurable function.
Then, for all o, € St[PVar],

/ dé, (prsﬂ(c)(op, £,) - g(pvarsﬂ(c)(ap, £,), valsa(c) (o), gn)))

= [t (prsa@ o) - o prarsa(@) o ) vl E) (0 )
where the integral on the LHS is defined if and only if the one on the RHS is defined.
We now prove Theorem 4.2 using these two lemmas.

PROOF OF THEOREM 4.2. Let 7 be a valid reparameterisation plan, ¢ be a command, oy € St[6],and
h : St[Name] — R be a measurable function. Suppose that the integral on the LHS of Theorem 4.2
is defined. Recall that for a given o,, € St[Name], the definitions of p and v (in §3 and §4.1) use the
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initial state o £ 0y ® 0, ® 0y € St, where gy € St[(PVar \ 8) U AVar] depends on o, and has the
following definition:

0 ifo € PVar\ 6
1 ifo = like

00(v) = {N(0,(p);0,1) ifo = pr, for p € Name
on(p) ifo = val, for p € Name

0 ifo = cnt, for p € Name.
The initial state o can be re-expressed as
o=0,® 0, ® fi(on) (15)

using the following o, € St[PVar] and f, : St[Name] — St[AVar]:

1 if a = like
op(x) 2 {00) X e0 F (o) = 1) ifa= pr, fory & Name
P 0 ifxePvar\6, " f(ou()) ifa = val, for u € Name

fs(on(p)) ifa = cnt, for p € Name,

where fi(r) = N(r;0,1), f2(r) = r,and f3(r) = 0. Using this, we get the desired equation:

/ do, (Pc,ce (on) - h(Uc,Ue(O'n)))

= [ dou(prs(e)(op. . () - h{vals(e) (0 ()

= [ (o) - g vatso(e) . )

= [t (prsol@) o0 - g vatsa @) 0. )

= [ don (prs(@) 0. 0m () - B{vals@) e o)

= [ don{peron(on) -H{seryton)

where g : Stg[Name] — Ris defined as Eq. (14). The first equality holds by Eq. (15) and the definition
of pe.6ys Ve,0, PTs, and vals. The second equality holds by Lemma C.2 (applied to c). The third equality
follows from Lemma C.3. The fourth equality holds by Lemma C.2 (applied to ¢). The fifth equality
holds by Eq. (15) and the definitions of per 4, ve7 4, prs, and vals. Note that the same equational
reasoning with the reverse direction can be used to prove the claimed equation of the theorem when
the integral on the RHS of the equation is defined. O

C.2 Proofs of Lemmas C.1and C.2

Proor oF LEmma C.1. Let ¢ be a command, o, € St[PVar], and &, € Stg[Name]. Consider
or € St[Var \ (dom(o,) U dom(£,))] such that used(c, o, @ &, ® oy, &,). We want to show that
prs(c)(op, &), valsg(c) (0, &), and pvars,(c)(op, &,) do not depend on the choice of o, To do so,
consider o, € St[Var\ (dom(o,)Udom(&,))] such that used(c, 0, ® &, @07, &,).Leto = 0, @&, @0,
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and ¢’ = 0, ® &, ® o;. Then, it suffices to show that
HCHO’(likB) ' nyedom(gn) [[CHO'(P",,) = [[C]]O.,(like) : Hpedom(§n) HCHG,(P”H),
lclo(val,) = [c]o’(val,) forall p € dom(&,), (16)
[c]o(x) = [c]o’(x) forallx € PVar.

Since used(c, 0, &,) and used(c, 0’, &,), we have o(like) = 1 = o’(like) and so oly = o’|y for
V = PVar U dom(&,) U {like}. Using this and used(c, 0, &,), we can apply Lemma C.6-(3) and -
(4) to get [c]o(v) = [c]o’(v) forallv € PVar U {like} U {pr,, val, | p € dom(&,)}. Hence, we obtain
the desired equations in Eq. (16). O
Proor oF LEMMA C.2. Let ¢ be a command, A : St[Name] — R be a measurable function,

f+ : St[Name] — St[AVar] be the function defined in the statement of this lemma, and o,, € St[PVar].
We first prove that the following equations hold for any measurable b’ : St[Name] — R:

/dUn(l[noerr(c,opeaon@ﬂ(on))] : h/(Un))

=/do'n(l[noerr(c,apeeon@ﬂ(an))] RACHE Z 1[used(e,a,,ea,,eaﬁ(an),an|K)])

KCcName

- Z /dUn(1[“SEd(C’Upe?Un@ﬁ(Un)ﬁn|K)] ’ l[noerr(c,apeeaneaﬁ(an))] . h/(crn))

KCName

= D, / / d§é(1[used(c,ape@,.eag;)eaﬁ<§nea_f;>,§n>]
K—R] [Name\K—R]

K CName

: 1[noerr<cap®<fn@f;>eaf oot W (&0 E))

= Z /K N Z /L ]d§n [dom(&,)wdom(&,)=Name] * 1[used(c,05® (£, 08, 0. (£40E,).8n)]

KCName LCcName

Unoer(cop (6o e (Ensta] - h (60 @ 81)))
=/d§n/d§,’.(1[dom(§n)wdom(§;):wame]-1[used(c,ope(g,,eag;)eaﬁ(gneagg),g,,)]

Lnoer(cp (606 o1 (En8] W' (60 @ £1)).

All of these equations mean that one side of the equation is defined if and only if the other side
is defined, and when both sides are defined, they are the same. The first equality holds because
noerr(c, o, ® 0, ® f.(0y)) implies that there exists a unique K C Name with used(c, o, ® o, ®
fx(0n), oulk); here we use fi(oy,) (like) = 1. The second equality holds since Name is finite. The third
equality holds because St[Name] is isomorphic to [K — R] x [Name \ K — R]. The fourth equality
holds since &, € [L — R] with L # Name \ K implies 1{4om(z,)wdom(#,)=Name] = 0. The fifth equality
holds by the definition of St;[Name] and its underlying measure.
Using this result, we obtain the desired equation:

[ don{prs(e1(@p. o 000 - {vals(e) ey £ 021 )
:/do-n(1[noerr(c,ape§trn®ﬁ(0',,))] 'P”S(C)(O'p, Gn’f;(gn)) 'h(ValS(C)((Tp, O-n,ﬁ(o-n))))
= / dén / dsﬂé(l[dom@n)wdom(g;,):Name]'1[used(c,ope<§ne§;>eﬁ(,fnea,f;),fn)]
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“Lnoerr(c.0p @ (£208,) 0f. (£208,))
- Pr3(e) (0, 0 © &1 f- (60 @ £1)) - h(vals(0) (0 £ @ 1 (50 0 E1)))

= / déy / d§,’l(1[dom<§n)wdom<§;):wame1'1[used(c,apea@neaf;,)eaf*@neag;),_fn)]
- pr3(e) (0 &n @ Ep (50 ® £1)) - h(vals(0) (0 0 © &, fi(En @ E1))
= / dén / dé’,’.(1[dom<§n>wdom<§;)=wame]'1[used(c,apea@neaf;)@ﬂ(gne§;>,§n)]
@) ([ AE@) - h(valso(e) (0 &) @ (A € dom(&). &)

juedom(&,)
- / dén / dfﬁ(Hdom(gn)wdom(g;):Name]
@ ([ A€)- hvabae)op ) @ (b < dom). ) )

pedom(&7)

:/dfn(prsn(c)(o—p:gn)'/dfr;(1[dom(valsg(c)(Gp,§n))wdom(§;):Name]'( 1—[ fl(fé(ﬂ)))

pedom(&,)

- h(valsa(e)(op. &) @ (A4 € dom(&). &) )))
= [ dta(pres(e1(ep &) - g valsae) (e )

where g : Stg[Name] — R is defined as in the statement of this lemma, and each equation again
means that one side of it is defined if and only if the other side is defined, and when both sides are
defined, they are the same. The first and third equalities hold because prs(c)(cp, on, fi(0n)) # 0
implies 1 [noerr(c.0p @0n®f. (0w))] = 1- The second equality uses the equation that we have shown in the
previous paragraph. The fourth equality holds because of the following reason: if
1 [dom(&,)wdom(&,)=Name] * 1[used(c.op0bn@0,.,)] =1 foro, = & & fu(& ® &),
then
prs(c)(op, &n ® &, £ (& @ &) = [c](0p @ & & 07) (like) - [T 1ename [](0p ® &n @ 07) (pr,)
= [[C]](Gp ® §n ® O.r)(like) ' nyedom(_fn) HCH(O.[J @ gn @ Gr) (P",,)
. HuEName\dom(§n) (Gp @ gn @ O-r)(prp)
= prsD(c)(op, gn) : H,ueName\dom(gn) (Up @ gn © Ur)(Pr,,)
= prsg(c) (0p, &n) * [ pedom(e,) fi(En (1))
and
Vals(c)(o'p» & @ &, fu(&n ® &) = Ap € Name. [[CH(O';D ® & @ o) (valy,)
= (/1” € dom(&). [[C]](Gp ® & @ O—r)(valp))
® (Ap € Name \ dom(&,). (0p ® &, @ o) (valy))
= valsg(c)(0p, &) @ (A € Name \ dom(¢&},). (op@&n @ O'r)(val,,))
= valsg(c)(0p, &) ® (Au € dom(&)). f2(&,(1))).

These equalities for prs(c) and vals(c) themselves hold for the below reasons:
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e The first equalities hold by used(c, o), ® &, ® oy, &,) and the definitions of prs(c) and vals(c).
o The second equalities hold by Lemma C.6-(2), which is applicable since used(c, 0, ® &, ® o, &,).
e The third equalities hold by used(c, o, ® &, ® 0y, &,) and the definitions of prs; (c) and valsg(c).
o The fourth equalities hold by dom(¢,) W dom(¢&;,) = Name and the definition of f..

Returning back to the main equations, we point out that the fifth equality comes from the next fact:

(Hdom(fn)wdom@;):rvame]  prsg(e) (p, §n)) #0 = 1used(cope(Enol,)of. (o8] = 1

The justification for this implication is given below:

o Ifthe premise holds, then there exists o, such that used(c, o, ® £, ® 0y, &,). Since o, (like) = 1 =
fi(=)(like),0, ® &, @ 0y and 0, ® (£, @ &},) @ fi(&n ® &},) coincide on PVar U dom(&,) U {like}.
Thus, Lemma C.7 gives the conclusion.

Again back to the main equations, we note that the sixth equality holds since

dom(&,) = dom(valsy(c)(op, &n)),

and the seventh equality follows from the definition of g. This completes the proof. O

LemMma C.4. For all commands c and states o € St such that [c]lo € St, we have
[clo(ent,) > o(centy) and  [clo(p) = o(p)
forallpy € Name.
ProoF. We prove the lemma by induction on the structure of c. Let o € St such that [c]o € St.

Cases ¢ = skip,orc = (x := e), or ¢ = obs(d,r). In these cases, [c]o(cnt,) = o(cnt,) and
[c]o(y) = pfor all . The claim of the lemma, thus, follows.

Casec = (x := sam(n, d, Ay.e’)). Let u = [n]o, p = [d]o,and r £ [e’[u/y]]o. Then,
[clo =olx — r,val, —r, pr, > p(r), enty — o(enty) +1].

Thus, the claim of the lemma follows.

Case c = (c¢’;¢””). Pick € Name. Then,

[¢"sc"Jo(p) = [”]([e']o) (1) = [¢']o (1) = o(p).
Here the second and third equalities use induction hypothesis on ¢’ and ¢”, respectively. Also,
[¢’;c¢”"]o(ent,) — o(cnty) = ([[c”]]([[c']]o)(cnty) - [[c']}cr(cnt”)) + ([[c’]]o(cnty) - o(cntﬂ))
> 0.

The inequality here uses induction hypothesis on ¢’ and ¢”’.

Casec = (if b {c’} else {c¢”’}). Assume that [b]o = true. We will prove the claims of the lemma
under this assumption. The other case of [b] = false can be proved similarly. Pick z € Name. Then,
by induction hypothesis on ¢’,

[elo(p) = [¢'lo(p) = o(p) and [c[o(cent,) = ['Jo(cnt,) > o(cnty).
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Case c = (while b {c’}). Let 7 be the following subset of [St — St |:
feT & Voest (f(O') # 1 = VYp e Name. f(o)(p) = o(p) A f(o)(cnt,) = o(cntﬂ)).

Let F be the operator on [St — St, | whose least fixed point becomes the semantics of the loop c.
The desired conclusion follows if we show that 7~ contains Ao. L and is closed under taking the limit
of a chainin 7, and F preserves 7 . The least element Ao..L belongs to 7 since there are no states
o with (Ao.L)(o) # L. Consider an increasing sequence fp, fi,...in 7, andlet fio = | |,en fo- Pick
o such that fi, (o) # L. Then, fo(0) = fin(0) for some m € N. Since f;;, € 7, we have

Jm(o)(p) =o(p) and  fi(o)(cnty) = o(cnty)

for all p € Name. Since f;,,(0) = f(0), we also have, for every p € Name, fio(0) (1) = o(u) and
feo(o)(enty,) > o(cnt,), as desired. It remains to show that F(f) € 7 forall f € 7.Pick f € 7 and
o € St such that F(f) (o) € St.If [b]o = false, we have F(f)(o) = o, and the claims of the lemma
follow. Otherwise, F(f) (o) = f([¢’]o). Pick p € Name. Then, by induction hypothesis on ¢’ and the
membership f € 7,
F(f)(o)(w) = f(['To) () = [¢'lo(p) = o(p),
and
F(f)(o)(cnty) = f([c']o)(enty) = [¢'|o(cnt,) > o(cnty).

We have just shown that F(f) € 77, as desired. O

Definition C.5. Define used_ as the predicate used but without the condition that like should be
1. That is, for all commands c, states o € St, and &, € Stg[Name],

used_(c,0, &) < [c]o € St A ([c]o(cent,) — o(cent,) < 1forall p € Name)

A §n = O'|dom(§n)
A dom(&,) = {p € Name | [c]o(cnt,) — o(cnty) =1},

LeEmMa C.6. Let c be a command, 0y, 01 € St, and &, € Stn[Name]. Suppose that used_(c, oy, &,)
and o1|ly = oply forV £ PVar U dom(&,,). Then, the following properties hold:

(1) [c]oy € St.

(2) [c]o1(a) = o1(a) foralla € {pr,, valy, cnt, | p € Name \ dom(&,)}.

(3) [clo1(v) = [c]oo(v) forallv € PVar U {pr,, val, | p € dom(&,)}.

(4) [c]o1(like) = [c]oo(like), if oo (like) = o (like).

(5) [c]oi(a) — o1(a) = [c]oo(a) — op(a) foralla € {cnt, | p € Name}.

Proor. For oy, o] € Stand £;, € Stg[Name], write
7 /7
0y ~&, 01

to mean that |y = o]|y for V.= PVar U dom(¢;,). Note that using this notation, we can write the
conditions of the lemma as follows:

used_(c, 09, &) N 0 ~¢, O71.

We will prove, by induction on the structure of ¢, that these conditions imply the five properties
claimed by the lemma. Our proof will sometimes use a simple observation that the five properties
claimed by the lemma and the relationship oy ~¢, o1 imply used_(c, o1, £,). One consequence of the
observation is that if our lemma holds, its five properties also hold with ¢y and o7 swapped. We will
often use this consequence.
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Case ¢ = skip. In this case, [c] oy = 0y and [c]o; = 01. From these equalities, the claimed prop-
erties (1), (2), (4) and (5) follow. For the remaining property (3), we note that dom(¢,) = 0 and the
property, thus, follows from oy ~¢, o71.

Case ¢ = (x := e). In this case, [c]og = op[x > [e] o] and [c]o1 = o1[x — [e]o1]. The results
are not L, and they are identical to the pre-states oy and oy as far as auxiliary variables in AVar are
concerned. Also, expressions in commands do not depend on variables other than program variables,
so that oy ~¢, oy gives [e]oy = [e]oy and [c]oo(x) = [c]oy(x) for all x € PVar. From all of these
observations, the claimed properties (1)—(5) follow.

Case ¢ = (x = sam(n,d, Ay.e’)). Since oy(x) = o1(x) for all x € PVar, we have [n]oy = [n]o;
and [d]oy = [d]o1. Let p £ [n]oo, p = [d] oo, and r = [e’[p/y]] oo. By the semantics of the sample
commands, we have

[cloo = oolx = 7, val, — rpr, e p(oo(p)), enty, — oy(centy) +1].

Since used_(c, 0y, &) holds, we have &, = 0yl(,), which in turn implies oy (y) = o1(p) because
0o ~¢, 01. Thus, [e’[p/yl]or = [¢’[p/y]]oo = r, and

[c]oy = o1[x = [e’[p/yl]oy, val, — [[e'[,u/y]ﬂcrl,pr” — p(o1(p)), enty, — oy (enty,) +1]
=o1[x v rval, o, pr,— p(oo(p)), cnty +— oy (enty,) +1].

The RHS of the last equality implies that the five properties claimed by the lemma hold.

Case ¢ = obs(d,r). We have [d]oy = [d] oy since op(x) = o1(x) for all x € PVar. Let p £ [d]oy.
Then,

[c]oo = ool like > oo(like) - p(r)] and [c]oy = o1[like — o1 (like) - p(r)].

Also, dom(&,) = 0 since used_(c, 0y, &,) holds. From what we have proved and also the agreement
of g and o7 on program variables, the five properties claimed by the lemma follow.

Case ¢ = (¢;¢”). Since [c]oy = [¢”’] " ([¢']oo) € St, we have [¢’]o, € St. Let
o = ¢’ o,
No
Ny = {p € Name | o;(cnt,) — og(cnty,) = 1}.

{p € Name | [¢"]og(ent,) — oo(cent,) = 1},

Then, Ny = dom(¢&,) because used_(c’;c”, 0y, £&,) holds. We will prove the following facts:

(1) Ny € Np.

(2) Let &y, = &nlny, and & = &ul(ny\ny)- Then, used_(c’, 0o, &) and used_(c”, oy, &) hold.

(3) [¢']oy € St.

(4) Let o] = [c]oy. Then, oy~ 0.
These four facts imply the five properties claimed by the lemma. Here is the reason. Note that
09 ~¢, 01 since dom(&)) = Nj € Ny = dom(&,). This relationship between oy and o and the second
fact let us use induction hypothesis on (¢’, £, 0y, 01). Also, the second and fourth facts allow us to
use induction hypothesis on (¢, &/, o;, 0]). We can derive the five properties from what we get from
these two applications of induction hypothesis:

(1) By induction hypothesis on (¢”, &/, o5, 07), we have [¢’; ¢"]oy = [¢"']o; € St.

(2) Foralla € {pr”, val,, cnt, | p € Name \ dom(&,)},

[¢';¢"]o1(a) = [¢"]oi(a) = o{(a) = [¢’]o1(a)

O'l(a).
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The second equality comes from induction hypothesis on (¢”, £/, 05, 07) and dom(¢&}) <
dom(&,), and the fourth equality from induction hypothesis on (¢’, &, 0o, 01) and dom(¢;,) C

dom(&p).
(3) Forallo € PVar U {prp, val, | p € dom(¢;)}, by induction hypothesis on (¢, &/, a5, 07),

[¢'sc"]o1(v) = [¢”]o1(v) = [ ]og(v) = [c; ¢ ] o0 (v).

Also, foralla € {pr#, val, | p € dom(&))}, wehavea € {prﬂ, val, | p € Name \ dom(¢})},
and we can calculate:

[¢"sc”]o1(a) = [¢"]o1(a) = o1(a)

[¢']o1(a) = [¢']oo(a)

ap(a) = [¢"]og(a) = [¢";¢"Joo(a).

The second equality uses induction hypothesison (¢”, £/, 0, 0;), and the fourth comes from the
induction hypothesis on (¢’, &, 09, 01). The sixth equality follows from induction hypothesis

applied to (¢”, £}/, 05, o) and again to the same tuple but with o and o] swapped.
(4) If oy (like) = o1(like), by induction hypothesis on (¢’, &}, 0y, 01),

oy (like) = [¢'] oo (like) = [¢'] o1 (like) = o7 (like),
which in turn implies, by induction hypothesis on (¢, &, o7, 07),
[¢'; ¢ oo (like) = [¢"] oy (like) = [¢”] o (like) = [¢’; ¢""] o1 (like).
(5) Foralla € {cnt, | p € Name},
[¢'s¢”"]o1(a) — a1(a) = [¢’;¢"]o1(a) = [¢']or(a) + [¢']o1(a) — o1(a)

= [¢"]o1(a) — o{(a) + [¢']o1(a) — o1(a)
= [¢"]og(a) — a4(a) + [¢']oo(a) — oo(a)
= [c¢’;¢""Joo(a) — oo (a).

The only non-trivial inequality is the third one, and it follows from induction hypothesis on
(C/, g;p 00, O—l) and (C//, ;l/’ O—(;a O]’)‘

We prove the four facts as follows:
(1) Let 1 € Ny. Since used_(c’; ¢”, 0y, &), we have
[¢" 1o (1) = o0(m) = [ ¢"Jow — () < 1.
Also, by Lemma C.4 and the definition of N/,
[c¢”lag(p) = 00(p) = og(p) = o) = 1.

Thus, [¢”]og (1) — oo(p) = 1, which implies that 1 € N, as desired.

(2) We should show that used_(c’, oy, &) and used_(c", o;, £;/) hold. The conjuncts in the defini-
tion of used_(c’, 0y, £,,) except the second follow immediately from used_(c’; ¢”’, 0y, &,) and the
definition of &,. For the remaining second conjunct, we use Lemma C.4 and used_(c¢’; ¢”, 09, &,),
and prove the conjunct as shown below: for all z € Name,

[¢']oo(enty) = oo(enty) < [¢”]([c']oo) (enty) — oo(ent,) < 1.

For used_(c”, o;, &), we first note that the first and third conjuncts in its definition are direct
consequences of used_(c’; ¢, 0y, &,) and the definition of £/. We prove the second conjunct
in the definition as follows: for all z € Name,

[c”]og(enty) — og(enty,) = [¢'s ¢ Joo(enty) — [¢']ento(cnt,)
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IA

[c’;¢”"]oo(enty,) — cnto(cnty,)
<1l

The first inequality uses Lemma C.4, and the second comes from used_(c’; ¢”, 09, &,). It remains
to show the fourth conjunct in the definition of used_(c”, oy, £,), which we do below: for all
p € Name,

[¢”]og(enty) — og(enty,) =1
& [c"]og(cnt,) — og(ent,) =1 A og(centy) — op(cnt,) =0
— peNyAué¢N;
& p € dom(&)).

The first equivalence comes from Lemma C.4 and [¢""]o; (¢cnt,) — oo(cnt,) < 1, which holds be-
cause of used_(c’; ¢”, 0y, &,). The second equivalence follows from the definitions of Ny and Nj.
(3) Since oy ~¢, o1 implies oy ~# o1 and we have used_(c’, 0y, £;,), we can apply induction
hypothesis to (¢’, &, 09, 01), and get [¢'] oy € St.
(4) We continue our reasoning in the previous item, and derive from induction hypothesis on
(¢, &, 00, 01) the fact that for all x € PVar,

a(x) = [¢'Joo(x) = [¢']o1(x) = o7 (x).

Also, for all 4 € dom(¢})),
oo () = ao(p) = o1(p) = o7 (p),

where the first and third equalities come from Lemma C.4, and the second equality follows
from the assumption that oy ~¢, o7.

Casec = (if b {c’} elsec”). Assume that [b] oy = true. Then, [c]oo = [¢’]oo. We prove the five
properties claimed by the lemma under this assumption. The proof for the other possibility, namely,
[b]oo = false is similar. Since o ~¢, 01, the states oy and o7 coincide for the values of program
variables. Thus, [b]o; = true, and [c]o; = [¢]oy. Since [c]oy = [c¢’] oo as well, it suffices to show
the five properties claimed by the lemma for (¢’, o9, 01, &,). This sufficient condition follows from
induction hypothesis on (¢’, 69, 01, &), since used_(c, oo, &,) and [b] oy = trueimply used_(c’, oy, &n).

Case ¢ = (while b {c’}). Consider the version of used_ where the first parameter can be a state
transformer f : St — St , instead of a command. Similarly, consider the version of the five properties
claimed by the lemma where we use a state transformer f : St — St , again instead of a command.
We denote both versions by used_(f, oy, &) and o (f, &/, 0y, 0]"). Let 7 be the subset of St — St
defined by

feT & Voi,0{ € St.V¢] € Stn. ((used_ (f. 00, &) Noy ~e 0'{') = o(f.&], 0y, 0'{')),
and F : [St — St; ] — [St — St, ] be the following operator used in the semantics of the loop [¢]:
F(f)(0) 2 if ([b]o = true) then f'([c']o) else o.

We will show that 7~ contains Ao. L and is closed under taking the least upper bound of an increasing
chainin [St — St, |, and the operator F preserves 7 . These three conditions imply that [[c] is in 7,

which in turn gives the five properties claimed by the lemma.
The first condition holds simply because used_((Ao.1), o', &) is false for all o)’ and &;. To prove
the closure under the least upper bound of a chain, consider an increasing sequence fj, fi,...in 7.

Let foo = | lyen fn- Consider oy, ;" € Stand & € Sty such that 0" ~#; 07" and used_(fw, 0y, £}))-
We should show that ¢(fe, £/, 0;’, 0") holds. By the definition of f, there exists m € N such that
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foo(09) = fm(0o). Then, the assumption used_(feo, 0y, &) implies used_(frn, o', £/). This in turn
gives ¢(fm. &, 0y, 01’) because f,, € 7. By what we have proved and the definition of f.,, we have

fm(0y) = foo(og) €St and  fiu(o7') = foo(07’) € St.
Thus, ¢(fim, &/, 0, 0]') entails ¢(fo, &/, 0, 07'), as desired. It remains to show that F(f) € 7 for
all f € 7. Pick f € 7. We first replay our proof for the sequential-composition case after view-
ing f7 o [¢] as the sequential composition of ¢’ and f. This replay, then, gives the membership
f1o[c'] € T.Next, we replay our proof for the if case on F(f) after viewing f' o [¢’] as the true
branch and Ac. o = [skip] as the false branch. This replay implies the required F(f) € 7. O
LemMma C.7. Letc be a command, 0,0’ € St, and &, € Stg[Name].
o Ifoly = d’|v forV = PVar U dom(¢&,) U {like}, then used(c, o, &,) implies used(c, o', &,).
o Ifoly = o'|y forU = PVar U dom(&,), then used_(c, 0, &,) implies used_(c, o', &,).
ProOF. Assume the settingsin the statement of thislemma. For the first claim, assume used(c, o, &,).
Then, by the definition of used and noerr,
[c]o € St A (Vu € Name. [c]o(cnt,) — o(cnty) < 1) A (o(like) = 1)
A (&n = Oldom(e,)) A (dom(&,) = {p € Name | [c]o(cnt,) — o(cnty) = 1}).
From this and Lemma C.6 (which is applicable since used(c, o, &,) and o|y = ¢’|y), we obtain
[c]o’ € St A (Vu € Name. [c]o’(cnt,) — o’ (enty,) < 1) A (o’ (like) = 1)
A (En = 0"ldom(z,)) A (dom(&,) = { € Name | [c]o’(cnt,) — o’ (cnty,) = 1}).

Note that we have the first clause by Lemma C.6-(1), the second and fifth clauses by Lemma C.6-(5),
and the third and fourth clauses by o|y = ¢’|y. Hence, used(c, ¢’, &,) holds. The proof of the second
claim is exactly the same except that we apply Lemma C.6 to |y = o’|i to prove only the four clauses
of used that exclude ¢’ (like) = 1. O

C.3 ProofofLemmacC.3

Proor or LEmMa C.3. We prove this lemma by induction on the structure of c. Let g : St[PVar] X
Stg[Name] — R be a measurable function and o, € St[PVar]. In this proof, each equation involving
integrals means (otherwise noted) that one side of the equation is defined if and only if the other
side is defined, and when both sides are defined, they are the same.

Case ¢ = skip, ¢ = (x := e), or ¢ = obs(d, r). In this case, ¢" = ¢ so the desired equation holds.

Case ¢ = (x := sam(n,d, Ay.e)). If (n,d, A\y.e) ¢ dom(x), then ¢” = c and thus the desired
equation holds. So assume that 7 (n, d, Ay.e) = (d’, Ay’.¢’) for some d’ and Ay’.e’. Then, ¢” = (x :=
sam(n,d’, Ay’ .e’)).

First, by the validity of x, for all states ¢ € St and measurable subsets A C R,

/ Uetr/ylloea) - [dlo(r) dr = / e (r/yoea) - [d]o(r) dr,

where both sides are always defined. Using this and the monotone convergence theorem, we can
show that for all measurable f : R = R,

[ sttetristior - tiotydr = [ 1ty llo) - [@1otr) dr (17
Next, choose any oy, € St[Var \ PVar]. Since fv(n) C PVar, there exists y € Name such that
[n](op ® 0y) = forall o, € St[Var\ PVar].
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Using this and fv(e), fv(d) C PVar, we obtain the following: for any o, € St[Var \ PVar],
[c](op ® o) (like) =1,
[c](cp & 0r)(pr,) = [d](0p & 1) (01 (1)) = [d] (0p ® 0v,) (0r (1)),
[c](op & 0v)(valy) = [e[or (1) /yl](op © 07) = [e[or (1) /Y]] (0p & 7).
[e](op ® or)(cnty,) =1, [c](op @ or)(cnty) =0 forp’ # p,
[c]l(op & 0r)Ipvar = 0p [x > [elor (1) /yl](op ® 07y)].
This implies that for any &, € Stg[Name], if prs;(c) (0p, &) # 0, then
dom(&n) = {u},
prsg(€)(0p, &n) = 1+ [d](0p ® 07,) (En (1)),
pvarsy(c)(0p, &n) = opx — [e[£n (1) /yl](0p & 07,)].
valsa(c)(0p, &) = [ = [el&n (1) /Y]] (0p ® 011

Note that the same equations hold for ¢”, except that we replace d, e, and y in the RHS of the above
equations by d’, e/, and y’. Using these, we obtain:

/ d§n(prsﬂ(c)(crp, &) -g(pvarsn(c)(crp, &n), valsg(c) (o, §n)))

- [ aa(ldl(e, @ o)) 3{lel a0l oy 0 1)
{u}—-R]

- [[ar(1aop © ) () - 3{lelr vl (e 1))

- [[ar(101(es @ 000 - 71 11y oy 0 1))

= [ s (i@ e 0 @) 31 160 1 1o @ 1))
[{u}—R]

= / dEn(Prso (@) (0. £n) - 9(pvarsy @) oy ), valsa (@) (0. £ ))

where g : R — Ris defined as g(r) = g(o, [x + r], [ = r]). Here the first and fifth equalities use
the equations proven above, the second and fourth equalities use that [{y} — R] is isomorphic to
R, and the third equality uses Eq. (17). This proves the desired equation.

Casec = (if b {c¢’} else ¢”). In this case, since fv(b) C PVarandc¢” = if b {¢""Yelsec”", we
have only two subcases:
e Forall g, € St[Var \ PVar], [c[(c, ® 0,) = [¢'] (0, ® 0,) and [¢"] (0, ® 0;) = [[?”]](ap ® o;).
e Forallo, € St[Var\ PVar], [c](cp, ® 0,) = [¢"](0) ® 0,) and [¢"] (o), ® 0}) = [[c””]](crp & oy).
If the first subcase holds, we have

/ dé, (prsD(c)(op, &) ~g(pvarsn(c)(op, &), valsg(c) (op, §n)))
= [ dta(prsa(e o) - g rarse()(ep ) valso ) o))
= [ dta{prso @) o) 9 prarso @) 1) valso @ o )
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= [ dea{prso @) &) - g prarse @) (o, ) valsa @) o )

where the second equality is by IH on ¢’. If the second subcase holds, we obtain a similar equation
by IH on ¢”. Hence, the desired equation holds in all subcases.

Case ¢ = (c/;c”). In this case, we obtain the following equation:
[ dta(prsate'serion ) g(pvarsu<c'; ) (0p, En), valsa(e's¢") 0, )

/ dé’n(PrsD(c)(cfp,fn) / dt; prsg(c ) (pvarsy (") (o7, £2), &) - 1[dom (&) ndom (&)=0]

g(pvars, (") (pvars, (') (o, £, &) valsa(e') (0, &) @ valsa(e”) (pvarsy (') (0 £, £7) )
= [ e (prso(e 050 (prarsa(e (o £, valso() o 1)
whereg'(7. 8) = [ 487 (prso(e") (5 ) gomEpnaomiepeo
g(prarsa(e”) oy, &), & @ valss(e”) (0}, &) |

= [ e (prsa@ o £0) -9 prarsa@)ap £ valsa@ e £))) (9

where the first equality is from Lemma C.9, the second equality uses dom(&;,) = dom(valsg(c’)(ap, &),
and the third equality is by IH on ¢’. We now analyse g’(o7,, &,) as follows:

(). &)
= / 487 (P30 (O £ * gomEytomery-0) - 9(PVarsa () (5 £1), 8 @ valsa () (. 1))
:/dg,;’ prsD(c”)(c;’, ;’)-g”(pvarsu(c”)(c?, ", valsg(c”)(c;’, ,'l')))

where g (7. E7) % 1 gom@paom@y-o) - 9(%5 6 © &)
= [ e (prsa @G5 - (prarsa (7@ 1. valsa N 1) )
= / 41 (Prsa ()G E) 1 gom @ tomezyoy - 9(PY156 @) (0 £, & @ valsa (7N (03, £ ))

where the second and fourth equalities use dom(¢}) = dom(valsg(c”) (0 ,&7)), and the third equal-
ity is by IH on ¢”’. Using this, we obtain the following equation for the main quantity (*):

(+) = / dz, Prsg(c BIC/RAR / dz; Prsg(c’” ) (pvarsg () (0p, €1, €)1 dom(&) ndom(&)=0]
9(pvarsa (@) (pvarsy () (0. ). &),
valso (") (0, ) @ valso (7) (prarso (@) (0, £1). &) )
= [ (oo @ 5TV ) 9 prarsa &) (o o). valso @SN e )

where the first equality uses dom(¢;,) dom(valsg(c )(0p, &), and the second equality is by
Lemma C.9, as we did above. By ¢’; =" ; c”” we get the desired equation.
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Case c = (while b {c’}). In this case, ¢* = (while b {¢’"}). Without loss of generality, assume
that g is a nonnegative function; we can prove the general case of g directly from the nonnegative
case of g, by considering the nonnegative part and the negative part of g separately.

Consider the version of prs,(—), pvarsy(—), and valsy(—), where the parameter can be a state
transformer f : St — St , instead of a command. We denote the versions by prs_ (f), pvarsy(f), and
valsg(f). Define 7~ C [St — St ]?and T : [St — St ]2 — [St — St ]?by

DT = [ 6@ = [ denGrq e
for all measurable g’ : St[PVar| x Stg[Name] — R and 01; € St[PVar],
T(f.f) £ (E(f).F()),
where Gy o7 (f) € Sta[Name] — Rsgand F,F : [St — St,] — [St — St, ] are defined by

g0, (f)(fn) = prsD(f)(a', gn) : g’(pvarsu(f)(o-’, gn)a Valsl:!(f)(o'/> fn))’
F(f)(0) £ if ([b]o = true) then (fT o [¢']) (o) else o,
F(j_”)(cr) £ if ([b]o = true) then (?T o [[?n]])(cr) else o.

Note that F and F are the operators used in the semantics of the loops [[c] and [¢”"], respectively. We
will show that 7 contains (Ao. L, Ao. 1), the operator T preserves 7, and 7 is closed under taking
the least upper bound of an increasing chain in [St — St, ], where the order on [St — St, ] is

defined as: (fy, o) C (fi, i) &= fo C fi A fy C fi. These three conditions imply ([c], [¢"]) € 7,
which in turn proves the desired equation:

[ den{prsa (01000 - g{pvars€)op. 0. vatso (€1 op. £0))

_ / dén Gy, ([e]) (£0)

_ / déy Gy ([T (&)

= / dé, (prsD (@) (0p, &) - g(pvarsm () (0p, &), valsa(€™) (0, fn)))’

where the second equality follows from ([c], [¢"]) € T

The first condition holds simply because Gy, o, (Ao. L)(&n) = Oforallg’, and &,. To show the
second condition, pick (f, f) € 7. Our goal is to show T(f.f) e T.We ﬁrst replay our proof for
the sequential-composition case on (f' o [¢’], fT o ¢ ﬂ) after viewing f1 o [¢’] and f o [¢”"] as
the sequential composition of ¢’ and f, and of ¢’" and f respectively. This replay, then, gives the
membership (fF o [¢’], fT o [¢""]) € 7. Next, we replay our proof for the if case on (F(f), F(f)),
after viewing f' o [¢’] and f o [¢’"] as the true branches, and Ao o = [skip] as the false branch.
This replay implies the required T(f, f) = (F(f),F(f)) € T

To show the third condition, consider an increasing sequence { ( fx, ]Tk) teeninT . Let foo = |ren fx
and ]_”m = |_|k€N]Tk Consider a measurable g’ : St[PVar] X Stg[Name] — Ry and o" € St[PVar].
We should show that / d&, Gy o (foo)(§n) = f d&, Gy o (foo)(§n) Since { fx }xen is increasing, for
any o € St, fy(o) € Stimplies that fir(0) = fi(o) € St for allk” > k. Hence, {Gy » (fk)}keN isa
pointwise increasing sequence: for all &, € Stg[Name],

0 < Gy,o, (fi)(£n) < Gy, (fir1)(£n) forallk € N.
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Also, by the definition of f., for any o € St, there exists K € N such that f,(c) = fx(0); thus,
Gg/,g;) (f) is the pointwise limit of {Ggf,(,;) (fie) Yken: for all &, € Stp[Name],

Gg’,o‘i, (foo)(gn) = kh_r}:o Gg’,a,’, (ﬁc)(fn)

Note that the corresponding results hold for f_oo and ]Tk Using these results, we finally obtain the
following as desired:

[ 4Gy e = fim [ a6, Gy ()
= tim [ 48,6y (D@ = [ 460Gy (IE).

The first and third equalities follow from the monotone convergence theorem, applied to the above
results. The second equality holds since (fi, fx) € 7. This completes the proof of the while case. O

LemMmA C.8. Letc be a command, oy, 01 € St, andry € R. Suppose that o1 (like) = oo(like) - ry and
o1lv = aoly forV £ Var \ {like}. If [c] oy € St, then

[c]o € St, [c]o1(like) = [c]ao(like) - o, ([eleDlv = ([e]oo)lv.

Proor. Let V £ Var \ {like}. Pick an arbitrary command c. We prove the lemma by induction
on the structure of c. Let 0y, 01 € St and ry € R such that [c]oy € St, o1 (like) = oy (like) - ro, and
o1y = oply. We should show that [c]o; € St, [c]o1(like) = [c]oo(like) - ro, and [c]o1|v = [c]oolv.

Case ¢ = skip. In this case, what we need to prove is identical to the assumption on (o9, 01, r9).
Case ¢ = (x := e). By the semantics of the assignments, we have [c]o; € St, and
[c]o1(like) = o1(like) = oy (like) - ry = [c]oo(like) - ro.
The last requirement also holds since [e] oy = [e] o1 and op|ly = 71| V.

Case ¢ = (x := sam(n, d, Ay.e’). By the semantics of the sample commands, we have [c]o; € St.
Also, the assignments do not change the value of like, so that [[c] o1 (like) = o1 (like) = oo(like) - ro =
[c]oo (like) - ro. It remains to show that [c[ao|y = [c]o1]v. Since ogly = o1]y, we have [n] oy = [n] o1
and [d]oy = [d]o;. Let p = [n]oo. Then, by the same reason, [e’[u/y]]oo = [e’[u/y]]o1. Let
f £ [d]oo and r £ [e’[u/y]]oo. We prove the required equality as follows:

[elooly = oo[x = r,val, = r, pr, = floo(p), enty = oy(centy) + 1]y
=oi[x v rval, -, pr,— f(oo(p)), ent, = oo(enty) +1]|v
=oi[x > rval, >, pry— flor(w), enty = o1 (cnty) + 1]y
= [c]oilv.
Case ¢ = (obs(d, r)). By the semantics of the observe commands, we have [c]o; € St. Also, the

observe commands do not change any variable except like. So, [c]oo|lv = 00|V = o1|v = [¢]o1]v. The
remaining requirement for like can be proved as follows:

[c]o1(like) = o1 (like) - [d] o1 (r) = oo(like) - ro - [d] o1 (r) = oo (like) - ro - [d] o0 (r) = [c] oo (like) - ro.

Case ¢ = (¢’;¢”’). We have [¢’]op € St and [¢”]([¢']oo) € St. We apply induction hypothesis
first to (¢’, 09, 01, 79), and then to (¢”, [¢'] oo, [¢'] o1, ro). Then, we get the requirements of the lemma.
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Case ¢ = (if b {¢’} else {¢”}). We deal with the case that [b]o, = true. The other case of
[b]loo = false can be proved similarly. Since [b] oy = true, we have [¢']oy = [c]oo € St. Thus, we can
apply induction hypothesis to ¢’. If we do so, we get

[¢']o1 € St,  [c']o1(like) = [¢']oo(like) - ro, and [c¢']orlv = [¢']oo|V.
This gives the desired conclusion because [b]o; = [b]oy = true and so [c[o; = [c']oy, and
[c]loo = [c']oo-
Casec = (while b {c¢’}). Let F be the operator on [St — St | such that [c] is the least fixed point

of F. Define a subset 7 of [St — St | as follows: a function f € [St — St, ] isin 7 if and only if
for all o, o] € St such that of|y = o;|y and o7 (like) = o (like) - ro, we have

flo) # 1 = (£l # LA F@Dlv = Flaplv A flo)ike) = Fap)like) - o).

The set 7 contains the least function Ao. L, and is closed under the least upper bound of any chain
in [St — St ]. It is also closed under F. This F-closure follows essentially from our arguments for
sequential composition, if command, and skip, and induction hypothesis on ¢’. What we have shown
for 7 implies that 7~ contains the least fixed point of F, which gives the desired property forc. O

LEmMA C.9. Letc’,c” be commands and g : St[PVar] X Stg[Name] — R be a measurable function.
Then, for any o, € St[PVar],
[ dea(prsote'ic”) 0p - o prarsa('se”) (o ) valso(e's o )
= / dé, (PrSD(C')(Up, &n)- / dg, (Prsu(C")(Pvarsu(C’)(ffp, En): E) - Ldom (&) ndom(&)=0]

(pvarsn(c")(pvars (") (op, &), &), valsa(c”) (op, &) @ valsg(c”) (pvarsy (c') (op, &), &) ))))

Proor. Let ¢/,c¢” be commands, g : St[PVar] X Stg[Name] — R a measurable function, and
op € St[PVar]. In this proof, each equation involving integrals means (otherwise noted) that one
side of the equation is defined if and only if the other side is defined, and when both sides are defined,
they are the same.

First, to convert a single-integral on &, to a double-integral on £, and &/ as in the desired equation,
we show the following claim: for any measurable f : Stg[Name] — Stand & : Stgy[Name] — R
such that (&) ldom(z,) = &n forall &, € Stg[Name], we have

/ dfn(l[used(c';c",f<§n>,§n>] 'h(fn))
Z / dgn [used(c’;c”.f (€n).En)] h(gn))
K—R]

KcName

Z / dfn used(¢'sc”,f (£a),En)] * P (En) - Z used(¢'.f (&), §n|L)])
KCName ¥ [K—R LCK

DY / dfn [used(¢'.f (n).&ule)] * L lused(¢/ic”.f (£).£)] 'h(§n))
KCcName LCK

= 2. 2 / / [used(c SEeE.E)] 1[used(e/;c",f@'negﬁ),é;eag;;)]'h(é’l@é’{))
—>R] [K\L—

KcName LCK

= > / / dfn [used(e',f (00,81 * Mused(se f(Eroen).Eroin] ~ H(E O & I))
L’CName M’ CName [ ’_)R] =
L'nM'=0
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= . / dé’;( D / A7 (11dom(ynaom(ep=01 * Lusea(e.fEhoeh).c)
[L’>R] [M’—>R]

L’CName M’ CName

Aused(erer f (& ot o] h(E © rf,’{)))

:/ dg',’/ dg’/’/(l[dom(ﬁz)ﬂdom(§§§)=0]’1[used(6’,f(§;€9§£{),§§z)]'1[used(C’;v”,f(f;lGBé;{),_f;69_5;{)]'h(gflleag’,’/))'

The first equality uses the definition of St;[Name] and its measure. The second equality uses that
used(c’;c”, 0, &,) implies a unique existence of L € dom(&,) such that used(c’, o, &,|L); we already
showed the existence of such L in the proof of Lemma C.6 (for the sequential composition case), and
the uniqueness follows from the definition of used. The third equality uses that K is finite, and the
fourth equality uses that [K — R] isisomorphicto [L — R] X [K'\ L — R] forany L C K. The fifth
equality holds uses that {(L, K\ L) | K € Name,L C K} = {(L’,M’) | L’,M’ C Name, L' N M’ = 0}.
The sixth equality uses that Name is finite, dom(¢)) = L/, and dom(¢]’) = M’. The seventh equality
uses the definition of Stg[Name] and its measure.

Second, to decompose prs,(c’;c”’), pvarsg(c’;c”), and valsy(c’; ¢’’) as in the desired equation, we
show the following claim. Suppose that o € Stand &/, £/ € Stg[Name] withdom(¢&)) Ndom(¢)) =0
satisfy used(c’;c”, 0, &, ® &) and used(c’, o, £},). Then, we first get

prsg(c’sc”)(olpvar, &, @ &) = [¢'s¢”[o(like) - [1 cdom(z, ey [¢'s¢”]o(pr,)
= [¢”]([¢"]o) (like)
[Myedomz,) [e”1([e’To) (pr,) - [pedom(ey [e”1([e’ o) (pr,)
= [¢'Jo(like) - [¢”'](([¢']o) [like — 1])(like)
Tpedomcz,) ['To(pr,) - Tycdomey [e”1(([e’]o) [like — 1]) (pr,)
= prsa(c’) (alevar &) - prsg(c”) (([¢']o) [like = 1][pvar, &)
= prsg(¢') (alevar, &) - prsa(c”) (pvarsy () (alpvar &), &)
Here is the proof of each equality.

o The first equality uses used(c’;¢”, 0, &, ® £/).

e The second equality uses noerr(c’; c¢”, o), which comes from used(c’; ¢”, o, ).

o The third equality comes from Lemma C.8, Lemma C.6-(2), and Lemma C.6-(3). The two appli-
cations of Lemma C.6 are valid since used_(c”, [¢’] o, &) and dom(¢&) N dom(¢&))) = @, where
the first predicate follows from used(c’; c”, o, &, ® &) and used(c’, o, £;,) by the claim in the
proof of Lemma C.6 (for the sequential composition case).

o The fourth equality uses that used(c’, o, £}) and used(c”, ([¢’] o) [like — 1], &))), where the
second predicate follows from used_(c”, [c] o, £/) and Lemma C.7.

e The fifth equality uses ([¢’']o) [like — 1]|pvar = ([¢']0)|pvar = pvarsg(c’)(clpvar, &), Where
the second part of the equation comes from used(c’, o, £,).

By the same argument so far (except that pr,, and X are replaced by val, and @), we next get
valsg (¢ ¢”) (lpvar, &, @ &) = valsg(c") (T lpvar, &) © valsa(c”) (pvarsy (c”) (olpvar &), &) ).
By a similar argument, we lastly get

pvarsn(c’;c”)(o'|PVara §,/1 52 f,/i/) = [[C’;C”H0'|pvar
= ["1([e’To) pvar
= [¢"1(([e']o) Llike > 11) lpvar
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= pvars (") (([¢']o) [like — 1]|pvar, &)
= pvarsg (c”) (PW”SD (¢")(olpvar, 5;1)5 gi’l,)
Here is the proof of each equality.

o The first equality uses used(c’;¢”, 0, &, ® £/).

e The second equality uses noerr(c’;c¢”, o) (shown above).

e The third equality uses used_(c”, [¢] o, £/) (shown above) and Lemma C.6-(3).

o The fourth equality uses used(c”, ([¢']o) [like — 1], &) (shown above).

e The fifth equality uses ([¢’]o) [like /> 1]|pvar = pvarsg(c’)(clpvar. £,,) (shown above).

Third, to remove some indicator terms that will appear in our derivation, we show the next
claim: for any o € St and ¢}, £,/ € Stg[Name] with dom(¢;,) N dom(¢;) = 0, used_(c’, 0, &) and
used_(c”, [c']o, &) imply used_(c’;c”, 0, &, @ £]). Assume the premise. Then, we have

[e']o € St A&, = olaom(s,)
A (Yp € Name. [¢"]o(cnt,) — o(ent,) < 1)
A dom(¢)) = {y € Name | [¢']o”(cnt,) — o(cnt,) = 1},
[c"]([c']o) € St A & = ([c']o) laom(zy)
A (Y € Name. [¢"]([¢"]o) (ent,) — [c']o(enty) < 1)
A dom(¢))) = {p € Name | [¢']([¢']o) (ent,) — [¢Jo(cnt,) = 1}.
We should show
[¢/;c¢”"]o € StAE, @ &) = Oldom(z, 022
A (Y € Name. [¢’;¢”"]o(cnt,) — o(centy,) < 1)
A dom(&, ® &) = {p € Name | [¢’;¢”"]o’(enty,) — o(enty,) = 1},
We obtain the four clauses as follows. The first clause follows from [¢”’]([¢']o) € St. The second

clause comes from &), = 0lqom(&,) and & = ([¢']0) laom (&) = Oldom(e7), Where the last equality comes
from Lemma C.4. The third and fourth clauses hold by the following:

[¢’;c”"]o(enty,) — o(enty)
= [¢”]([c']o) (cnty) — o(cnt,,)

[¢'o(ent,) = o(enty) =1 if p € dom(£))
= [c"1([c']o) (ent,) = [¢']o(ent,) =1 if p € dom(E})
o(cnty) —o(ent,) =0 if g € Name \ (dom(¢,,) U dom(£}))).

e The first case uses Lemma C.6-(2) (applied to used_(c”, [¢’] o, £//) and dom(¢&)) Ndom(£])) = 0)
and the fourth clause of used_(¢’, 0, &).
o The second case uses Lemma C.6-(2) (applied to used_(c’, 0, £,) and dom(¢;,) N dom(¢,)) = 0)
and the fourth clause of used_(c”, [¢’]o, £).
o The third case uses Lemma C.6-(2) (applied to used_(c”, [c¢’] o, &) and used_(c’, 0, £])).
Finally, we put the three results together. Define f : Stg[Name] — Stas f(&,) Z 0, ® &, ® (Ao €
Var \ (PVar U dom(£,)). 1). Then, we obtain the desired equation as follows:

/ dfn(prsu(c';c")(ap, &) -g(pvarsD(c';c”)(O'p, &n), vals(c';c”’) (op, §n)))

- / dg”(1[used(c/;c",f(gn),ﬁn)] - prsp(c’sc”’) (op, &n) ~9(PVWSD(C';C")(0P, &n), valsg(c’;¢”) (0p, §n)))
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= / dg, / AE (1dom&znaom(e1=01 * Lused(e.f(Ehoeh).c01 - Lused e, (€080 65080
prsg(c’se”) (op, &, ® &) -g(pvarsn(c'; ") (op, &, ® &), valsg(c's¢”) (0p, & @ §,’l')))

B / 4 / dg’,’/(lldom(§§1)ﬂdom(§§{)=m “used(c'.f(&,08).8,)] * Vused(c'sc” f (En0E).En0E)]
- r5a() (0 ) preg(e”) (prarsy(e') (o, £, &)
- g(pvarsa (¢ (pvars, (¢) (0. €0 £1). valsa(€') (0, £) @ valsa(c”) (prarsa (<)o, £4). &) )

= [, [ e (im0 - rsat€)om £0) - prsae”) (prarsoe) (op ). 1)

- g(pvarsa(e”) (pvarsa(¢) (o, ), £7), valso(<') (05 &) ® valso(c”) (prarss (¢') (. £1), &) ) )

The first equality uses that prs_(c’; ¢’") (0p, &) # 0 implies 1[used(crser, f(£0),60)] = 1:

e Since prs,(c’;c”)(0p, &) # 0,thereis o, € St[Var\(PVarudom(¢&,))] suchthat used(c’;c”, o,®
& ® 0, &p). Note (0, © &, @ 0;)|v = f(&)|v for V = PVar U dom(¢,,) U {like}. From these
and Lemma C.7, we get used(c’; c”, f(&,), &n)-

The second and third equalities use the first and second results we proved above, respectively.
The fourth equality uses the next claim: prs;(c¢”)(0p, &) - prs(c”) (pvarsD (c")(0p, &), f,’,’) # 0 and
dom (&) N dom(&) = 0 imply 1juseace,f (080,601 * used(eer, f (& 08 Eoen)] = 1. We prove the
claim using the third result we proved above:

e Assume the premise. From prs,(c’) (0, £,) # 0, there is o] € St[Var \ (PVar U dom(¢}))]
such that used(c’, o, ® &, ® 07, &;). Note (0, @ &, @ o))y = f(&, ® &)y for V! = PVar U
dom(¢;,) U {like}. From these and Lemma C.7, we get used(c’, f (&, ® ¢//), &) as desired.

o From prs,(¢”’) (pvarsy(c’) (0p, £,), &) # 0,thereiso;” € St[Var\ (PVarUdom(¢}/))] such that

used(c”, pvarsy(c')(0p, &) @ &) @ 0, &)).

Since used(¢' f(£, ® &), &), we have [)(f(&, ® &) € Stand puarsy(¢')(op. &) =
pvarsg (C’) (f(gr; @ f;{)|PVar» ér,/l) = IICIH (f(é‘/;l (4] é‘_’r/l/)) |PVar; also, by Lemma C.4, §,/1/ — [[C’]] (f(g;l o
&) ldom(ey)- Thus,

(pvarsy (') (0p, &) @ & ® o))y = [e] (f (&, ® &)l
for V” = PVar U dom(¢})). From these and Lemma C.7, we get used_(c”, [¢'](f (&, ® &), E).

e From dom(&)) Ndom(¢&)) = 0, used_(c’, f(&, ® &), &), and used_(c”, [¢'](f (&, ® EN), &),
we can apply the third result proved above, and get used_(c’;c¢”, f (&, @ £]/), ], @ &)/). Since

f(& @®¢&))(like) = 1, we get used(c’;c”, f(&, ® &), &, @ &))) as desired.
This completes the proof. O

D DEFERRED RESULTSIN §4.2
D.1 Deferred Statements and Their Proofs

LEmMA D.1. Let c be a command and rt be a simple reparameterisation plan. Suppose that for all
n € NameEx, d, d’ € DistEx, and (Ay.e) € LamEx such that w(n,d, Ay.e) = (d’,_), we have

d’ =disty(r{,r;) forsomeri,r; €R. (18)
Further, assume that for all o,, € St[Name], the function
op € St[6] — pg,if;’gf”(an) (19)
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is continuous. Then, for all op € St[0] and o, € St[Name],
Vopgyy (om) = 0. (20)

* 0

Proor. Consider c and 7 that satisfies the given conditions. Fix g,, € St[Name].Let f : St[0] —» R
be the function in Eq. (19). Suppose that Eq. (20) does not hold. Then, f is not a constant function.

On the one hand, since f is continuous (by assumption) and not constant, the image of f over its
domain (i.e., f(St[0]) € R)is an uncountable set. This can be shown as follows: since the image of
a connected set over a continuous function is connected, f(St[0]) is a connected set in R; since f
is not constant, f(St[0]) contains at least two points; since f(St[8]) is connected, it should contain
anon-empty interval, so it should be an uncountable set.

On the other hand, since 7 is simple and satisfies Eq. (18), and since ¢ has only finitely many sample
commands, f(St[6]) is a finite set. So this contradicts to that f(St[#]) is an uncountable set. Hence,
f should satisfy Eq. (20). O

THEOREM D.2. Let f : R X R® — R be a measurable function that satisfies the next three conditions:

e Forallx € R", f(—,x) : R — R is differentiable.
e Foralld € R, /R,lf(Q, x) dx is finite.
e Forall9 € R, thereis an openU C R such that® € U ande,, Lip(f (-, x)|v) dx is finite.

HereLip(g) fora functiong : V. — R withV C R denotes the smallest Lipschitz constant of g:

. . lg(r) —g(r)l
Lip(g) = sup E_T_ﬁ__
r,r' €V, r&r’ |r - |

Then, forall 0 € R, both sides of the following are well-defined and equal:
Vg/ f(0,x)dx = / Vof(0,x)dx
R™ Rn

where Vg denotes the partial differentiation operator with respect to 0.

€ RU {oo}.

Proor. This theorem follows from Theorem E.2 due to the following: the first condition of this
theorem implies the first and second conditions of Theorem E.2 (as differentiability implies continu-
ity); the second and third conditions of this theorem are identical to the third and fourth conditions
of Theorem E.2; and the conclusion of this theorem is identical to that of Theorem E.2. O

D.2 Proof of Theorem 4.5

The proof of Theorem 4.5 relies on the following two lemmas, which are proven in §D.3. The first
lemma states that if a command contains no observe commands, then its (full) density function can
be decomposed into its partial density functions over S and Name \ S for any S € Name. The second
lemma states that if 7 is simple and c uses only Ay.y as the third argument of its sample commands,
then the partial density function of ¢” over non-transformed random variables (i.e., variables in
Name \ rv(r)) is connected to that of ¢ via the value function of ¢”.

LEmMMA D.3. Letc be a command. If c does not contain observe commands, then, for allS € Name,
oy € St[0], and o,, € St[Name],

ey (0n) = D) (0) - pN™N) (6,).

LeEmMMA D.4. Letc be a command and i be a reparameterisation plan. Suppose that every sample com-
mand inc has Ay.y as its third argument. Then, for allog € St[0] and oy, € St[Name], if pe= 5,(0n) > 0,
then

PN () = pRAMAID) (4 (o).

c”,00
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We now prove Theorem 4.5 using the two lemmas.

PrOOF OF THEOREM 4.5. Let S = rv(rr). Before starting the main derivation of the selective gradi-
ent estimator, we show the differentiability of several functions which are to be used in the derivation.
From (R2) and (R3), the next functions over St[ 0] are differentiable for all o,, by the preservation of
differentiability under function composition'

Name\S
09+ Pemo (V57,05 (0n)). 0 pcg ag(vcg wo(@)), 0 = paN (0r (),
% = P g, (), L)

From this, the next functions over St[8] are also differentiable for all o, by Lemma D.3 with ¢; and
¢,” and by the fact that the multiplication of differentiable functions is differentiable:

09 = Pcy,00 (UQ”,UQ (on)), 00 ¥ P&, 00 (on).

These differentiability results are required in the below proof to apply several gradients rules (e.g.,
Vo(f(0) +g(0)) = Vof(0) + Vog(6)) which may fail for non-differentiable functions.

Fix oy € St[0)]. Using the above differentiability results, we derive the selective gradient estimator
as follows, where we write o, for 5,7 0 (on):

VoLg
-V, / do,, (Pc o0 (0w) .1ngM)
g ch,ag(o'n)
emsco (O )
=Vy / doy, (pc_” 09(0”) . IOgPB—,
- ng,o'g(o.n)
- / do, Vo ( 7,09 (0n) - log p—Cm"’"(af”))
9 Pego0(0n)
Demoo(07) Pemao(07) )
= [ doyn | Vo per o, (0n) - log ===+ pg—r ;,(0n) - Vg log —"——~
/ ( 0 g 6( g cg,tfg( n) pg o8 0 & cy,crg(O'n)
= [a V1 log Pemee () _ g ) YR N /
= On Pe;7 .09 (0n) | Volog pem oy (o) - Ogm = Vologpe,.00(0,) + Vo log pe,, o0 (07,)
cg.09\On
= / do, cgn,oe(crn)[(VQIngﬁ (O'n)+V910gp<Name\S>(O_n)) pcmae(( ))
cg,00 On

~ (Vo logpl, (o3) + Volog pShr™ (1) ) + Vo log peyvo0 (o{»]

g Demon )

cg:00(On)

(0+Vy logp<Name\s> (on)) -1

Z/dO'n L‘g”,(rg(o.n)

— (Vo log pis sy (07) + 0) + Vg 10g pe, .0 (ff,’,)]

Penoy (90)
Cg Ug( n)

/ donp—;ag<an>(velogpi’“az‘;\5>< 7) - log

— Volog phy (04) + Vo108 e, (ff,'l))-

We justify key steps of the above derivation below.

e The second equality comes from Theorem 4.2 and the fact that v, 5, is the identity function
(since the third argument of every sample command in c, is the identity function Ay.y).
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o The third equality holds because differentiation there commutes with integration by (R5).

e The fourth comes from the product rule for differentiation: Vo (f(8) - g(8)) = Vo f(0) - g(0) +
f(8)-Vog(0) forall differentiable f and g. Here f and g in the original equation are differentiable
because differentiability is preserved under division and log for positive-valued functions.

o The fifth equality holds because Vo (0) = f(6) - Vg log f(0) for all differentiable and positive-
valued f.

e The sixth equality follows from Lemma D.3 applied to ¢, and ¢,;” (both of which do not
contain observe commands), and from the linearity of differentiation: Vo (f(0) + g(6)) =
Vof(0) + Vgg(0) for all differentiable f and g. Here f and g in the original equation are
differentiable because differentiability is preserved under log for positive-valued functions.

e The seventh equality follows from (R4) and

(om) [Volog pinar\(a7)] = 0. (21)

9”00

The proof of Eq. (21) will be given after we complete this justification of the derivation.
e The last equality comes from Lemma D.4 applied to c,.

The only remaining part is to prove Eq. (21). We derive the equation as follows:

/ 40 (P gy (o) - Vi log pm\ (7))
/ 4o (b () - Vologp O™ ()
:/don (p@nﬁg(an) (Vglogp<Name\S>(on)+ Vglogp (a,,)))

= [ dou (pegry(0n) - Valog pegecy (i)

/dUn VGP@”,JH(O'n)

Vo / doy, p@n,(,e(crn)
=Vgl =0.

Here is the justification of the above derivation:

o The first equality comes from Lemma D.4 applied to c,.

o The second equality follows from (R4).

e The third equality holds because of Lemma D.3 applied to ¢,” (which does not contain ob-
serve commands), and the linearity of differentiation: Vy(f(8) + g(6)) = Vof(0) + Vgg(0)
for all differentiable f and g. Here f and g in the original equation are differentiable because
differentiability is preserved under log for positive-valued functions.

o The fourth equality holds because Vof(0) = f(60) - Vglog f(6) for all differentiable and
positive-valued f.

o The fifth equality uses (R5), which states the commutativity between differentiation and
integration in the equality.

e The six equality comes from that pz_~ ;, is a probability density by Remark 4.3.

This completes the proof. O
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D.3 Proofs of Lemmas D.3 and D.4
We define the partial density version of prsés> (c) for S € Name:

prsé”(c) : St[PVar] x Stg[Name] — [0, ),

[Tyedomcznns [e](op ® & ® ar)(pr#) if 3o, used(c, op ® &, ® 07, &n)
0 otherwise.

s (e) (o), ) 2 {

prsés> (c) enjoys many of the properties that prs_(c) has. For instance, prsés> (c) is a well-defined
function (i.e., its value does not depend on the choice of o), as prs(c) does. Since the proof of those

properties of prsés> (c) would be almost identical to that of prs(c), we will use them in the following

proofs without explicitly (re)proving them.

Proor oF LEMMA D.3. Let ¢ be a command that has no observe commands. Let S € Name,
op € St[0], and 0, € St[Name]. We set oy as in the definition of p. s, in Eq. (3) (as a function
of op,). Let o = 09 ® 0, ® 0y. If noerr(c, o) does not hold, then the LHS and RHS of the desired equation
become zero, so the equation holds. If noerr(c, o) holds, we get the desired equation as follows:

peon(on) pey ™ (on) = ([eJolike) - T1,es [elo(pr,)) - (IeJotlike) - TTenamers [elo(pr,)
= ([c]o(like))” - TTename [elo(pr,)
= [c]o(like) - peo, (04)
= o(like) - pe,o, (on)
= Peoo(0n).
The second last equality uses Lemma D.5, and the last equality uses o (like) = 1 (which holds by the

definition of gy). This completes the proof. O

Proor or LEmmaA D.4. Consider a command c¢, a reparameterisation plan 7, oy € St[6], and
on € St[Name]. Assume that all the sample commands of ¢ have Ay.y as their third arguments, and

PE”,UQ(O'n) > 0
We first define several objects and make observations on them. Let S = Name \ rv(r). Define
f+ : St[Name] — St[AVar] to be the function for constructing an initial state:

f})r(o-n(u)) ifo
Jvat(on(p))  ifo

Jent(on(p))  ifo
1 ifo = like,

pr, for some p

val, for some

felon)(0) =

cnt,, for some 1

where fiq(r) = 1, for (r) = N(r;0,1),and fo,(r) = 0. Define initial states 7, o € St for pe= -, (0y)
and pe g, (07 5, (0n)), respectively, as

G =0, ®0,® filon), 0 £ 0, ®ver 5, (0n) © fulver 5y (00)),

where 0, = 09 ® (Av € PVar \ 0.0) € St[PVar]. Then, the assumption pgr ;,(0,) > 0 implies
noerr(c”, o) by the definition of p. From this, o(like) = 1, and the definition of used, there exists
&, € Stg[Name] such that used(c”, o, £,). From this, we have

G=0,®& 00, used(c”, 0, ® & @ Ty, &),
for some o,. Next, let

& = valsg (c™)(0p, E)
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We can apply Lemma D.6 to used(c”, T, a), since all the sample commands of ¢ have Ay.y in their
third arguments (by assumption). The application of the lemma gives:

Vo, € St[Var \ (PVar Udom(&,))]. o)(like) =1 = used(c,0p ® & ® 07, &),
prs (@) (o, &) = prsS () (0, £n),
where the for-all part comes from Lemma C.7.
We now show two claims. The first claims is: there exists o, such that

o=0,®& @0, used(c,0p ® &, ® 07, &p).

By the definition of o, it suffices to show that &, = (UE”’O-H (0',,)) ldom(z,)- This indeed holds as fol-

lows: for any p € dom(é&,), &,(y) = valsy (E”)(ap,g) (p) = [¢"]o(val,) = ver 4, (04) (1), where the
second equality uses used(c”, o, ® 5 ® oy, Z). The second claim is: for all 1 € S \ dom(¢,),

o(pr,) = 5(pr,).
Here is the proof of the claim: o(pr,) = fpr(0(1) = fpr(vem oy (0n) (W) = fpr([¢"[T(val,)) =
for(@(valy)) = for (o(p)); and E(pr#) = for(@(p)); here the second last equality in the first equation

uses Lemma C.6-(2) with y ¢ dom(§_n) and used(c”, 0, ® 5 ® oy, 5), and the last equality in the first
equation uses fyq(r) = 7.
Based on the observations made so far, we show the desired equation as follows:

pa =[] [Tskr)- []  [15r,)

pueSndom(&,) peS\dom(&,)

=prsS @) op &) [ Fory)
pes\dom(&,)

=prsS (@ (op 8 || ol
peS\dom(&,)

=[] oy [] leotpry

peSndom(&y) peS\dom(&n)

= Pl (957, (0n)).

The first and last equalities are by the definition of p. The second equality uses used(c”, o,, EBEGBO'_V, a)

and Lemma C.6-(2) with y ¢ dom(§_n). The third equality uses dom(§_n) = dom(¢&,), the observation
made in the first paragraph, and the second claim in the above. The fourth equality uses the first
claim in the above, and Lemma C.6-(2) with y ¢ dom(&,). o

LEMMA D.5. Let ¢ be a command and o € St. If ¢ has no observe commands and [c]o € St, then
[c]o(like) = o(like).

Proor. Let ¢ be a command that does not contain an observe command. We show the claim of
the lemma by induction on the structure of c. Pick o € St such that [c[o € St. We will show that
[c]o(like) = o(like).

Case ¢ = skip. In this case, [c]o(like) = o(like) by the definition of the semantics.
Case ¢ = (x := e). Again, [c[o(like) = o(like) by the definition of the semantics.

Casec = (x := sam(n, d, Ay.e’). Once more, [c]o(like) = o (like) by the definition of the semantics.
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Case c = (¢’;¢”’). We have [¢']o € Stand [¢”’]([¢']o) € St. We apply induction hypothesis first
to (¢’, o), and again to (¢, [¢’]o). The first application gives [[¢’] o (like) = o(like), and the second
[¢’;¢”]o(like) = [¢’]o(like). The desired conclusion follows from these two equalities.

Case ¢ = (if b {c’} else {c¢”}). We deal with the case that [b]|c = true. The other case of
[b]o = false can be proved similarly. Since [b]c = true, we have [¢']o = [c]o € St. Thus, we can
apply induction hypothesis to ¢’. If we do so, we get [c¢’]o(like) = o(like). This gives the desired
conclusion because [c]o = [¢']o.

Case c = (while b {c¢’}). Let F be the operator on [St — St | such that [c] is the least fixed point
of F. Define a subset 7 of [St — St | as follows:

feT = (Vcr' € St. (o)) € St = f(o")(like) = 0'(like).)

The set 7 contains the least function Ac.L, and is closed under the least upper bound of any chain
in [St — St ]. It is also closed under F. This F-closure follows essentially from our arguments for
sequential composition, if command, and skip, and induction hypothesis on ¢’. What we have shown
for 7 implies that 7~ contains the least fixed point of F, which gives the desired property forc. O

LEmMA D.6. Let c be a command and r be a reparameterisation plan. Suppose that every sample
command in ¢ has Ay.y as its third argument. Then, for all 6, € St[PVar] and &, € Stg[Name], if
used(c”, op ® &, ® 0y, &) for someay, then

Jo,. used(c, 0p @ &, @ 0y, &),

pvarss (€ (ap, &) = pvarsp(c) (op, &),
prsg @ (0, E) = prg T () (0 ),
where
én £ valsg (E”)(Upsg)~
ProoF. Fix a reparameterisation plan 7. The proof proceeds by induction on the structure of c. Let
o, € St[PVar],and fn € Stp[Name]. Assume that c uses only Ay.y in the third argument of its sample

commands, and used(c”, o, ® fn ® o, §,,) for some o,. Letd = 0, @ §,, ® o, and S = Name \ rv(r).
Then, we simply have used(c”, o, §n).

Cases ¢ = skip, ¢ = (x := e), or ¢ = obs(d,r). In this case, [c]o(cnt,) = o(cnt,) forall o € St
and p € Name. So dom(§n) = dom(&,) = 0 and thus §n = &,. We also know ¢ = c. From these, all
of the three conclusions follow immediately.

Case ¢ = (x := sam(n, d, Ay.e)). Since fv(n) C PVar, there exists 4 € Name such that [n](c, ®
o) = pforall o, € St[Var \ PVar]. So, for all 5, € St[Var \ PVar] and p’ € Name \ {u},
(op @ o) (enty)+1 ifp' =p

22
(0p ® 0p)(cnty) otherwise. (22)

[[CH(O'p @ Gr)(cnt,u’) = {

From this, we get dom(a) = dom(¢&,) = {u}. Further, by assumption, we get e = y. We now prove
the three conclusions based on these observations and case analysis on (n, d, Ay.e).
First, assume (n,d, Ay.e) ¢ dom(r). Then,c” = c and

En = vals (") (0p, &) = [u = ["]5(val)] = [ = [e[a(w)/y]]5] = [u = E(w)] = &,

where the second last equality uses e = y. Hence, the three conclusions clearly hold.
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Next, assume (n,d, Ay.e) € dom(r). Suppose that 7(n,d, Ay.e) = (d, Ay.e). Then, ¢* = (x =
sam(n, d, Ay.e)) and
bn = valsa (@) (0, &) = [u = ["[6(val)] = [p = [e[a(w) /71]5] = (4 = [el&(w)/71]0].
Since Eq. (22) holds also for [[¢”*], and since dom(&,) = {u}, we get the first conclusion:
used(c, 0, ® &, ® 0y, &,).

To prove the second conclusion, let o = 0, ® &, ® o,. Then, forallv € PVar,

= o 2[5(u) /7115 = [e[6,(u) /7] ifo =
pvarsﬂ(c )(GP’ fn)(v) - [[c ]]o(v) - {[[Fe(ao).(il)a/j(]z])])o. [[e[sr (y)/y]]]o- othervtise,
lelo(w)/yl]o = &u(p) = [e[&a(w)/]]e  ifo=x
o(v) = 0p(0), otherwise,

pvarsy(c)(op, &) (v) = [c]o(v) = {

where the second equation uses e = y. Hence, the second conclusion holds. For the third conclusion,
let n = name(e,_). Then, g = (a,_) € {(a, i) € Name | i € N} C rv(x). Thus, dom(&,) NS =
dom(&,) NS ={u} NS ={u} N (Name\ rv(r)) = 0. From this, we get the third conclusion:
prst’ (@) (0p. &) = 1= prsS (¢) (0p. &n).
Case ¢ = (c’;c”). First, we make several observations necessary to prove the conclusion. By
used(c”, 3, &,), we have [¢”" ] € Stand [¢”"]([¢""]5) € St. Let

o £ [¢"]a, o £ [ ]o, ) 2 0 pvar. ) % 5" |pvar.

Then, by used(¢”, 7, &,) and the claim in the proof of Lemma C.6 (for the sequential composition
case), there exist &, and &}/ such that

E = E ® ﬁ, used(?ﬂ, o, E), used_ (7”, o, 7 .

By the latter two, we can apply induction to (c’, op, &) and (¢”, o f '), and IH gives the following:

pvars, (') (op, &) = pvarsy (") (0, &) [By IHon ¢’]
= ([""](clike — 1]))pvar [By used(c”", 5, &)]
= ([”"19) lpvar = o lpvar = 0, [By Lemma C.6-(3)]
pvars, (c") (o), &) = pvars, (¢ ) (o), E [ByIHonc¢”]
= ([""1 (o [like > 11)) [pvar [By used_(c"", o, &/)]
= ([”"]0) lpvar = " lpvar = 0, [By Lemma C.6-(3)]
where
£, 2 valsg(c”") (0. &), "2 yalsy (7Y (o), &)

By the former equation, we get

&n = valsg (E”)(O'p: g)

= valsa (¢ (0p, & & & [By & = &, @ &/]
= valso(c”") (0, £)) @ valsg (¢ ) (pvarsy (¢ ) (o), En), &)
= valsg (?”) (op, Z) ® valsy (7”) (0], 7) [By the former equation]
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=Lek

where the third equality uses used (?H, o, g), used (?”; 7”, o, Z @ 3), and the second claim in the
proof of Lemma C.9.

We now show the first conclusion. By IH on (¢’, 0, g) and (¢”, 01/7’ 7) we get

Jo;. used(c’,0, ® &, ® 07, &), Jo,". used(c”, 0, & & ® 0/, &})).
Let
o= 0p® (£, 0 &) & 07 ldom(or)\dom (&) -
Then, [¢']o € St by used(c’, 0, ® &, @ 0/, &) and Lemma C.6-(1), and we have

Olpvar = Op, ([[C/HO-”PVar = ([[C,]](O'p @ ,fp’: @ O-r’))|PVar [BY Lemma C.6-(3)]
= pvars(c’)(0p, &) = 0y, [By the above]
olaom(z,) = & ([¢'lo)ldom(zz) = laom(en) = & [By Lemma C.4]

By these, used(c’, 0 & &, ® 07, &},), used(c”, 0, ® & @ 0/, &}/), and Lemma C.7, we get
used(c’, 0, £),), used_(c”, [c']o, &)).
By these and the third claim in the proof of Lemma C.9, we get
used(c’;c”, 0, &, @ ).

By this and Lemma C.7, we get the following as desired, since &, = &, ® &,/ (shown in the above) and
o =0, ® (&, @¢)) @ o, for some oy

used(c, 0, ® &, ® 0y, &).

Next, we show the second conclusion as follows:

pvars, (@) (op, &) = ([0 lpvar [By used(c", 5, &,)]
= ([ 1([”"To)) lpvar
= T lovar = o,
pvarsy(c)(0p, &) = pvarsy(c’sc”’) (op, &, @ &) By &, =¢, @ ¢&)]
= pvarsy(c”) (pvarsy(c’) (op, €,), &)
= pvarsy(¢”’)(0,, &) = 0}, [By the above]

where the second last equality uses used(c’, 0, &), used(c’; c”, 0, &, @ &)/), and the second claim in
the proof of Lemma C.9.
Lastly, we show the third conclusion as follows:

prss) (@) (op, &n) = prss (77N (o, G @ &/ By &, =& © &)
= prsS ) () (0, &) - prsS) (@) (pvars(c”) (0, E1). &)
= prséf) ) (0ps g) . prsés> ") (pvars(c’)(0p, &), g [By IHon ¢’]
= prsS ) () (op, &) - prs (¢”) (pvars(c') (0, E), &)  [ByHonc andc”]
= prs$) (&) (op, &, @ &)
= prs$(c) (0, &n).- [By & = &, & &)

Here the second and fifth equalities use the second claim in the proof of Lemma C.9 with the following:
used(c’”, 5, &), used(c’ ;¢ 5, &), @ &), used(c’, 0, &), and used(c’;c”’, 0, &, & £).
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Casec = (if b{c¢’} else {¢”’}). Inthis case, ¢" = (if b {c’" } else {c¢’""}). Since fv(b) C PVar,
[b] (o, ® o) is constant for all o, € St[Var\ PVar]. Without loss of generality, assume [b] (o, ® 0,) =
true. Then, [c] (0, ®0;) = [¢'](0p®0,) and [¢"] (0, @ 0;) = [c"] (0p@0y,) forallo, € St[Var\PVar].
Hence, by IH on (¢’, 0p, E), we get the three conclusions directly.

Case ¢ = (while b {¢’}). In this case, ¢© = (while b {¢’"}). Consider the version of prs;(-)
where the parameter can be a state transformer ]_C : St — St,, instead of a command. Similarly,
consider the version of the three conclusions where we use two state transformers J_‘ f:St— Sty,
again instead of a command. We denote the versions by prs_ (]_”) and qo(]_”, frop, 5). We write ]_” ~f
ifprsD(]_”)(ap,a) > 0 implies (p(]_”, £ ap,a) forall o, € St[PVar] andg € Sty[Name]. Further, we
define F™ : [St — St, ] — [St — St,] as

F™ (f)(0) £ if ([b]o = true) then (f7 o [¢/ ﬂ)(a) else o.

Note that F” and F™ are the operators used in the semantics of the loops [¢”] and [c], respectively,
where 7y denotes the empty reparameterisation plan. We will show three claims: Ao.L ~ Ao.L;if

f ~ f,then F*(f) ~ F™(f);and if increasing sequences {fi een and { fi }ren satisfy fi ~ fi for all
k € N, then fi, ~ f» holds for fa = | gen fi and fio = | |ren fi. These three claims imply [¢”] ~ [c],
which in turn proves the desired three conclusions.

The first claim holds simply because prs;(Ao.L1)(—, —) is always 0. To show the second claim,
consider ]_‘ f : St = St such that ]_” ~ f. We first replay our proof for the sequential-composition
case on (f, f) after viewing f ¥ o [¢’"] and fT o [¢’] as the sequential composition of ¢’” and f, and of
¢’ and f, respectively. This replay, then, gives the relationship f* o [¢”"] ~ fT o [¢’]. Next, we replay
our prooffor the if case on (F” (f), F™ (f)), after viewing f1 o [¢’"] and f¥ o [¢’] as the true branches,
and Ao. o = [skip] as the false branch. This replay implies the required relationship F” (f) ~ F™ (f).

To show the third condition, consider increasing sequences {ka}keN and {fi}ken such that
fe ~ fiforallk € N.Let fio = Llcen fi and foo = [gen fi- Consider any o, and &, such that
prsg (f_oo)(crp, £,) > 0. We should show ¢ (fo, foo o), £,). Pick any o, € St[Var \ (PVar U dom(&,))]
with o, (like) = 1.Letc = 0, ® §n ® o, and a = 0, ® &, © o,. Note that the value of each term in
@(---) (e, used(---), pvarsy(---),and prsli ( -)) is independent of the choice of o, by Lemma C.7
and the well-definedness of pvars_ and prsy’’. Since the two given sequences are increasing, there

exists K € N such that fm(a) fK(O') and f,(0) = fK(a) From this and prs_ (fm)(ap, §n) > 0,

we have prsg ( fK)(O'p, En) > 0. This in turn gives ¢( fK, fx, 5 Ops §n) since fK ~ fk. Lastly, again by
foo(@) = fx(3) and fuo (0) = fi (), we obtain ¢ (fro, foos o), £,) as desired. O

E DEFERRED RESULTSIN §4.3
E.1 Deferred Statements and Their Proofs

LEMMAE.1. Letf,g: R"™ — R be locally Lipschitz functions. Then, the following differentiation rules
hold for almost every x € R™:

V(f+9)(x) = Vf(x)+Vg(x),
V(f-9)(x) =Vf(x) g(x)+ f(x) - Vg(x),
Viog f(x) =1/f(x) - Vf(x),

where for the third rule we assume f(y) > 0 forally € R™.
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Proor. Note that the three functions + : R? — R,- : R?> — R, and log : R.; — R are all
differentiable. Hence, applying Lemma E.4 produces the claim. O

THEOREM E.2. Let f : R X R"™ — R be a measurable function that satisfies the next four conditions:

e Forallx € R", f(—, x) : R = R is continuous.

e Foralld € R, Vyf(0,x) is well-defined for almost all x € R™.

e Foralld e R, fRnf(G, x) dx is finite.

e ForallO € R, thereisan openU C R suchthat0 € U and/Rn Lip(f (-, x)|u) dx is finite.

Here Vy(—) and Lip(—) are defined as in Theorem D.2, and “almost all” is with respect to the Lebesgue
measure. Then, for all @ € R, both sides of the following are well-defined and equal:

Vo /R"f(G,x) dx = ‘/Rn Vof(0,x) dx.

Proor. Before starting the main proof, we show that for any open U’ C R, the following function
L :R"™ —» RU {oo} is measurable:

L(x) £ Lip(f (= x)|v).
DefineV C R?and¢: V xR* —» Ras

|f (01, %) — f(w2. )|

V2{weU xU |v #0v,} CR? £(v,x) £
o1 — 2|

Let V’ be a countable, dense subset of V. Then, for all x € R",

L(x) = sup £(v,x) = sup £(v’, x),
veV eV’
where the first equality is by the definition of Lip(—), and the second equality holds since £(—, x) :
V — Ris continuous for all x € R” by the first condition of this theorem. Since L is the supremum
of countably many measurable functions {£(v’,—) : R® — R | v’ € V’}, L itself is a measurable
function as desired. Note that the measurability of L ensures that the integral fRn L(x) dx in the
fourth condition of this theorem is well-defined (as a value in R U {o0}).
We now start the main proof. Pick any §” € R. Defineg : R\ {6’} — Ras

f(0.0) = F(0.x)
0-0 ’

where g(0) is finite by the third condition of this theorem. Then,

g(0) =
Rn

(5o 000, = i 0 [ 1000) = i 0,

where each equality denotes that LHS is well-defined if and only if RHS is well-defined, and if so,
LHS and RHS are equal. Here the first equality is from the definition of Vy, and the second equality
from the third condition of this theorem. Note that the following are equivalent for any r € R:

(i) limg—e g(0) = 1.

(i) For any {0;}ien € R\ {6’} lim;_,0 0; = 0" implies lim;_, g(6;) =r.

So it suffices to show that (ii) holds with an appropriate choice of r.
To do so, consider {6;}ien € R\ {8’} such that lim;_,, 8; = §’. Define h; : R* — Ras

f(6;,x) - £(0',x)
0; -0 '

hi(x) =
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Then, g(0;) = fRn h;(x) dx by the definition of h;, and lim;_, h;(x) = (Vo f (6, x))|e=¢ for almost
all x € R" by the second condition of this theorem. So, if the dominated convergence theorem is
applicable to lim;_, /R" hi(x) dx, we would have

lim 9(0;) = lim /R i) dx = /R " (ng(@,x)))ezg/ dx,

where each equality denotes that both LHS and RHS are well-defined and are equal. Therefore, it suf-
fices to show that the preconditions of the dominated convergence theorem for lim;_, o fR" hi(x) dx
are satisfied.

We show that the preconditions indeed hold, which concludes the proof:

e “h; is measurable for all i € N”: This holds by the measurability of f.

o “lim; , hi(x) = (Vo f(6,x))|g=¢ for almost all x € R™”: This was already shown above.

e “There exist H : R” — R U {oo} and I € N such that (a) fR,, H(x) dx is finite, and (b) for all
i > 1, |hi(x)| < H(x) for almost all x € R"”: By the fourth condition of this theorem, there is
anopenU C Rsuchthat” € U and fR,, Lip(f(—,x)|v) dx is finite. Let H : R* — R U {co} be

H(x) = Lip(f (= x)lv).

Then, (a) clearly holds since fRnLip( f (= x)|v) dx is finite. Further, (b) holds as follows: by

lim;_, 0; = 6" and U being an open neighborhood of ¢, there is I € N such that 8; € U for

all i > I; therefore, foralli > I,

|f (6:, x) — f(0',%)]
|6; — 0]

where the inequality holds by the definition of Lip(—) with 6;,60" € U and 6; # 6’ O

hi(x)| =

< Lip(f(-x)|ly) =H(x) forallx € R",

Remark E.3. The second condition () of Theorem E.2 is weaker than the following, corresponding
condition (*”) of a standard theorem for interchanging differentiation and integral (e.g., [Bogachev
2007, Corollary 2.8.7]): “for almost all x € R, Vy f (6, x) is well-defined for all 6 € R The difference
arises from whether a proof uses the mean value theorem or not: a proof of the standard theorem
finds the function H for the dominated convergence theorem, by applying the mean value theorem
which requires the stronger condition (”); the proof of Theorem E.2 finds H not by applying the
mean value theorem (but by using the fourth condition of the theorem), so the weaker condition (x)
is sufficient for the proof. In this sense, Theorem E.2 is close to [Bogachev 2007, Exercise 2.12.68]. O

LEMMAE.4. Letf : X; — Xy and g : Xo — X3 for some open sets X; € R™. Suppose that f is locally
Lipschitz and g is differentiable. Then, g o f : X; — Xj is differentiable almost everywhere and the
chain rule for g o f holds almost everywhere, i.e.,

D(go f)(x) = D(9)(f(x)) - D(f)(x)
for almost every x € X. Here we use the Lebesgue measure as an underlying measure.

Proor. Since local Lipschitzness is preserved under a function composition, g o f is locally Lip-
schitz and thus differentiable almost everywhere. Since f is also differentiable almost everywhere
and g is differentiable everywhere, the set

U=X;\{x € Xj| (go fisdifferentiable at x)
A (g is differentiable at f(x))
A (f is differentiable at x)}
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has Lebesgue measure zero. Note that the differentiability of g is importantly used here; if g is non-
differentiable even at a point, U can have positive measure. The chain rule for g o f holds for each
x € U and this concludes the proof. O

E.2 Proof of Theorem 4.6

Proor oF THEOREM 4.6. The proof is essentially the same as the proof of Theorem 4.5, except that
we invoke the following properties of local Lipschitzness (instead of differentiability): the compo-
sition of locally Lipschitz functions is again locally Lipschitz, and the differentiation rules for +, X,
and log hold almost everywhere for locally Lipschitz functions (Lemma E.1). O

F DEFERRED RESULTSIN §5.2
F.1 Proof of Theorem 5.6

PROOF oF THEOREM 5.6. We prove the theorem by induction on the structure of c. Let (p,d, V) =
ﬂc]] and pick v € Var. We have to show that p(v) 2 d(v)¢ and d(v) 2 V. We call these two
requirements as conditions (i) and (ii).

Case ¢ = skip. In this case, p(v) = Var and V = 0, from which the conditions (i) and (ii) follow.

Case ¢ = x := e. In this case, V = 0. So, the condition (ii) holds. For the groof of the condition (i),
we do case analysis on v. If v is the updated variable x, we have p(v) = and d(v) = fv(e). Since
(]e[)i:i 2 fv(e)¢, the condition holds. If v is different from x, then p(v) is Var, and so it includes d(v)°.

Case ¢ = obs(disty(ey, e2), 7). The proof of this case is similar to the one for the assignments.
Since V = 0, the condition (ii) holds. If v is the variable like, then

p(v) = (like X pdfy(r; el,eg)[)ﬁ 2 fu(like x pdfy(r;e, e2)) = ({like} U fv(es) va(ez))C =d(v)".
So, the condition (i) holds in this case. If v is not the variable like, then p(v) = Var, from which the
condition (i) follows.

Case ¢ = x := sam(name(q, e), disty(ey, €2), Ay.e’). In this case, V = 0, from which the condition
(ii) follows. We do case analysis on whether e is a real constant r or not. During the case analysis,
we use the assumption that fv(e)€ C (e D‘i for all e, without mentioning it explicitly.

First, we deal with the case thate = r.Let u = create_name(a, r).Ifvisnone of x, val,, pr,,and cnty,
wehave p(v) = Var, which gives the condition (i). Ifv € {x, val,,}, we prove the condition (i) as follows:

d(0)° = fole’ [ufyD)* < (' [u/y])* = p(o).
Ifo = pr,, we calculate the condition (i) as follows:
d(pr,)® = ({u} U fu(e) U fu(e))® = fu(pdfy(ps e, e2))® < (pdfy(p; er, ) =p(pr,).
Ifv = cnt,, we derive the condition (i) as follows:
d(cnt,)® = {cnt,}© = fv(ent, +1)° C (ent, + 1[)ﬁ = p(cnty).

Next, we handle the case that e is not a real constant. If v is none of x, val,,, Pros and cnt, for some
u = (a,_), we have p(v) = Var, which implies the condition (i). If v = x, we show the condition (i)
as follows:

P = (e () @) 2 (mou | mEmm) =dor

p=(a,_)eName p=(a,_) eName
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If v = val, for some yi = (a,_), we calculate the condition (i) as follows:

p(o) = (@) 0 (' Lfyll) 2 (f(e) U {val, } U fule' [ly))) = d(@)°,
Ifo = pr,, for some y1 = (@, _), we prove the condition (i) as follows:
p(0) = fo(e)° N (pdfy (s er, e2))* 2 fule)” N fu(pdfy(pser, e2))°
2 (fv(e) U s pr,} U filen) U fulen)) = plpr,).
Finally, ifv = cnt, for some y = (@, _), we show the condition (i) as follows:
p(v) = fv(e)* N (ent, + 1[)ﬁ 2 fu(e)* N fuv(ent, +1)° = (fv(e) U {cnt,}) = d(v)°.
Casec =c’;c”. Let (p',d, V') £ [[c’}]t1 and (p”,d", V") = [[c"]]u. The condition (ii) holds since
d(v)=V'ud,(d"(v)) 2V'Ud (V") =V.
For the condition (ii), we prove the required subset relationship as follows:

d(v)° = (V' Udy(d @) = (V) n (] dwr

wed” (v)
cw)n (] Pwn [ dwe
wed” (v) wep” (v)€

= (V7 UpA (@ @) L (p"())) = p(o).
The subset relationship in the above derivation holds because d’(w)¢ C p’(w) and d”(v) 2 p”'(v)¢
by induction hypothesis.
Casec = if b{c’} else {c”}. Let (p’,d", V') = [[c’]]’i and (p”,d", V") £ [[c”]]ﬂ. Then, by induc-
tion hypothesis,
V= (fv(b) UV’ U v") c (fv(b) Ud'(0) U d”(v)) — d(v),

which implies the condition (ii). Also, by induction hypothesis again,

d@)° = () Nd' () Nd"©)F) € (A5 NP () 1p"(0)) = (o),
which shows the condition (ii).

Casec =whileb{c’}. Let(p’,d", V') £ [[c’]]u, and F# be the operator in the abstract semantics of c.
Note that the abstract domain D¥ contains (pr,di, Vi) = ((Av.Var), (A0.0), 0). Thus, it is sufficient
to show that F* is a well-defined monotone function on Dn, because then the least fixed point of
F# is also in D¥ and satisfies the conditions (i) and (ii). The monotonicity of F # holds because when
(p1,d1, V1) 2 Ft (po, do, Vo), the inputs py, dy, and V; are used in the right polarity in the definitions
of p1, di, and Vi; for instance, py is used only in the positive position (with respect to the subset
order) when it is used to define p;. To prove well-definedness of F¥ assume that po(v0) 2 do(vo)°
and dy(vg) 2 Vp for all vy € Var, and pick a variable v; € Var. Then, since V; C dy(vy),

Vi = (fu(b) U, (Ve) UV7) € (fo(B) U d(do(00) UV U {o1}) = di (01).
Also, by the induction hypothesis on the loop body ¢’ and the relationship dy(v1) 2 po(v1)€,
di(o) =B N V)N (] & {on)

wedy (v1)
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cH® NN () pPwmn [ dw

WEdU(Ul) WEP(}(ZJ])C
= () 0 (VU ph(dofon)* U ) (po(01)9)) = pr o).
Thus, (p1, dy, V1) isalso in Db, O

F.2 Proof of Theorem 5.8

Our program analysis consists of two parts, one for tracking the dependency information and the
other for tracking the smoothness information. The first part does not depend on the second, although
it is used crucially by the second part. We exploit this one-way relationship between the two parts
of our analysis, and prove the soundness of the dependency-tracking part first and then that of the
other smoothness-tracking part. Consider a command ¢, and let (p,d, V) £ [[c]]ﬂ. Then, we have:

TueoreM F.1. Forallv € Var, we have = A([c], d(v), {v}). Also, E A([c],V,0).
TueoreM F.2. Forallv € Var, we have = ®([c], p(v), {0}).

We prove the two soundness results in §F.3 and §F.4. From these, we immediately obtain the main
soundness theorem:

ProoF oF THEOREM 5.8. Let ¢ be a command and (p,d, V) = [[c}]ﬁ. Then, by Theorems F.1 and F.2,
we have E A([c],d(v), {0}), E A([c],V,0),and E ®([c], p(v), {v}) for allv € Var. Hence, by the
definition of y (i.e., Eq. (10)), we have [c] € y([[c}]ﬂ) as desired. ]

F.3 Proof of Theorem F.1

Proor oF THEOREM F.1. We prove the theorem by induction on the structure of c. Let (p,d, V) =
[[c]]ﬂ. Pick a variable v € Var and states ¢, ¢’, 0y, o) € St such that

0 ~d(») 0 and op ~y 0.
We will show that (i) if [c]oy € St, then [c[o; € St, and (ii) if [cJo € St and [c]o’ € St, then

lelo ~(oy [c]o’,ie., [c]o(v) = [c]o’(v). Since V C d(v), these two imply the claim of the theorem.
We refer to these two properties as conditions (i) and (ii) in the rest of the proof.

Case ¢ = skip. In this case, d(v) = {v} and V = 0. The condition (i) holds since skip always ter-
minates. The condition (ii) also holds because [c[o”" = ¢”’ for all 6/, and the relation ~4(,) coincides
with ~ ).

Case c = (x := e). In this case, V = 0, and the condition (i) holds since the assignments always
terminate. For the condition (ii), we do case analysis on the variable v.
e Case v = x. In this case, d(v) = fv(e). This implies [e]o = [e]o’. Thus, [c]o(x) = [e]o =
[e]o” = [c]o’(x). This implies the desired [c]o ~x} [c[o’.
e Casev # x.In this case, d(v) = {v}, and so o(v) = ¢’ (v). This implies that [c]o(v) = o(v) =
o’(v) = [¢]o’(v), which gives the desired relationship.

Case c = obs(disty(ey, €2), 7). The observe commands always terminate. Thus, the condition (i)
holds. We prove the condition (ii) by case analysis on the variable v. If v is not like, then d(v) = {v},
[c]o(v) = o(v),and [c]o’ (v) = o’ (v). Thus, in this case, the assumption ¢ ~4(,) ¢’ implies [c]o(v) =
[c]o’ (v), as desired. If v is like, then d(v) = fv(e;) U fv(ez) U {like}, and for some functiong : R* — R,

[c]o(v) = g(o(like),r, [ei1]o, [ez] o) and [c]o’ (v) = g(o’ (like), r, [e1] o, [ez]o”).

Therefore, from the assumption o ~g(y) o”, it follows that [c]o(v) = [c]o’(v), as desired.
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Case ¢ = (x := sam(n,disty(ey, €2), Ay.e”)). The sample commands always terminate. So, the
condition (i) holds. We prove the condition (ii) by case analysis on n.

The first case is that nis a constant expression, i.e., it is an expression of the form name (&, r) for some
a € Strandrealnumberr.Letu = create_name(a, r).Ifvisnotone of x, valﬂ,andprp,thend(v) = {v},
and [c]o(v) = g(o(v)) and [c] o’ (v) = g(c’(v)) for some function g : R — R, so that the assumption
0 ~d(s) o implies that [c]o(v) = [c]o’(v), as desired. If v is x or val,, then d(v) = fv(e’'[u/y]),
[c]o(ov) = [e’[u/yl]o, and [c]o’ (v) = [e’[u/y]]o’, so that the required [c]o(v) = [c]o’(v) holds.
Finally, ifv = pr,, then d(v) = {p} U fv(e1) U fu(ey), and so, the assumption o ~4(,) ¢’ implies that

[elo(pr,) = [pdfy(p er,e2)]o = [pdfy(ps e, e2)]0” = [c[o” (pr,),

which is precisely the equality that we want.

The next case is that n is not a constant expression. Let name(«, e) be the form of n. If v is not
one of x, valy, pr,, and cnt, for some y of the form (a, ), then d(v) = {v}, [c]o(v) = o(v), and
[clo’ (v) = o’ (v), so that the assumption o ~g4(y) o’ implies the desired [c]o(v) = [c]o’(v). Assume
that v is one of x, val,, pr,,, and cnt, for some y with i = (@, _). Let iy = [n]o and p; = [n]o’.
Since d(v) 2 fv(n) in this case, the assumption o ~g(,) ¢’ ensures that yy = pg. If v is x, then
fv(e’[po/yl) € d(v), so that the assumption o ~4(,) o’ gives the desired

[c]o(0) = [¢'[po/y]]o = [¢'[1/y]]o” = [c]o’ (0).

If v is cnt, for some p of the form (a, ), then cnt, € d(v), and [c[o(cnt,) = g(o(cnt,)) and
[clo’ (cnty) = g(o’(enty,)) for some function g : R — R, so that [c[o(v) = [c]o”(v), as desired. If v is
val, for ji = (a, _), thend(v) 2 {val,} U fv(e’[p/y]), and [c]o(val,) = h([e'[1/y]]o, o(val,)) and
[elo’(val,) = h([e’[p/y]]o’, o’ (val,)) for some h : RX R — R, so that [c]o(val,) = [c]o’(val,) as
desired. Finally, if v is pr,, for some p of the form («, _), then d(v) 2 {pr,, u} U fu(e;) U fv(ez), and
for somek : R* > R,

[e]o(o) = k(o(pr,), o(p), [e1]o, [e2] o) and [c] o’ (v) = k(a'(pr#), o' (p), [e1]o’, [ez] o),
so that the assumption o ~4(,) ¢’ guarantees that [c]o(v) = [c[o’(v), as desired.
Casec = (¢/;¢”). Let (p’,d", V') £ [[c’]]li and (p”,d", V") £ ﬂc"ﬂﬁ. Recall that
d(v) =V U (d)u(d"(v)=V'U U{d'(v”) |v” ed”(v)}andV =V U (d),(V").

Let us handle the condition (i) first. Since [¢’;¢"[oy € St, we have [¢’]oy € St. But g ~v 0y,
because 0y and g, are ~y-related and V includes V'. Thus, [¢’] g, € St as well by induction hypoth-
esis, and it is sufficient to show [¢’]oy ~v~ [c’]oy. Note that for every o”” € V", by the definition
of V, we have V. 2 d’(v”), and so 0y ~g (o) 0y, which implies, by induction hypothesis, that
[c'loo ~ vy [c']og. As aresult, we have the desired [¢’]og ~v» [¢]oy.

Next, we deal with the condition (ii). Since [¢’;¢”]o and [¢’;¢”’] 0" are both in St, there exist
states oy, o] such that [¢’]o = 01 and [¢’]¢” = 0. We apply the induction hypothesis to ¢’ and get
01 ~d(v) 0;.Since [¢”]oy and [¢”]o] are in St, we apply the induction hypothesis again but this
time to ¢”’, 01, and o], and obtain [¢"’] o1 ~ (4} [¢”]o], which implies the desired

[c[o(o) = [¢"]o1(v) = [¢"]o](0) = [c]o’ (0).

Casec = (ifb{c’} else{c”}). Let (p’,d", V') [[c’]]’i and (p”,d”, V") £ [[c”]]ﬂ. Then, d(v) =
Fo(b) Ud'(0) Ud”(0) and V = fu(b) UV’ U V.

We prove the condition (i) under the assumption that [b] oy = true. Essentially the same proof

applies to the other case that [b]oy = false. Since V includes fv(b), we also have [b]o; = true.
Furthermore, since V/ C V and so oy ~y- o by the induction hypothesis, we get that [¢']o; € St.
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Next we show the condition (ii) under the assumption that [b]o = true. As before, the proof of
the other case [b]o = false is essentially the same. Since d(v) includes fv(b) and d’(v), we have
[b]o” = trueand ¢ ~g(y) o’. Also, because [c]o = [¢’]o and [c]o’ = [¢’]o”, both [¢']o and [¢']o’
are in St. Thus, by induction hypothesis, [¢'|o ~ (o} [¢’]o’, which implies that

[]o(0) = [/]o (o) = [']o’ () = [e] o’ (0,
as desired.

Casec = (whileb{co}). Let (do, po, Vo) = [[co]]ﬂ, and F¥ be the operator in the abstract semantics
of ¢ such that (p, d, V) is the least fixed point of F#. Also, let F be the operator in the concrete semantics
of ¢ such that [¢c] is the least fixed point of F. Now define

T2 {fe[St—>St,] | forallv € Var, |= A(f,d(v), {v}) and = A(f,V,0)}.

We will show that (i) T contains the empty function Lsi,s;, = Ac.undefined, (ii) it is closed under
the least upper bounds of increasing chains, and (iii) the function F maps functions in T to some
functions in the same set. These three imply that the least fixed point of F, namely, [c], is in T, which
gives the desired conclusion.

The membership of Lsi_,s¢, to T is immediate, since we have E A(Lsi—st,,U,U’) for all
U,U’ C Var.

To prove the next requirement, namely, the closure under the least upper bounds of increasing
chains, consider a chain (f,)nen in T, i.e., a sequence such that f;, (o) = f,+1(o) foralln € N and
o with f,, (o) € St. Let f be the least upper bound of the f;,’s (i.e., foo (o) = f,(0) if f,,(0) € St and
fo(o) = Lif f,(0) = Lforalln € N). As in all the other cases so far, we pick an arbitrary variable
v € Var and arbitrary states oy, 0j, o, and ¢’ such that

00 ~V Ops feo(00) € St, O ~d(v) 0 foo(0), foo(0”) € St.

We will show that f., (o)) € St and fio(0) ~(s} fool(0”), which correspond to what we have called
conditions (i) and (ii) in the previous cases. Since f(0p) € St, there exists n € N such that £, (oy) € St.
Because | A(fn,V,0) and oy ~v oy, we have f,(0;) € St, which implies that fi (o) = fu(0,) € St,
as desired. Our proof of the condition (ii) has a similar form. Since both f,, (o) and f,(o”’) are in St,
there exists n € N such that f,,(0) = f,(0) and fio(0’) = fu(0’). By assumption, o ~4(,) o', and
fn € T.Thus, f,(0) ~(s} fu(c’), which gives the desired foo (0) ~ (0} foo(0”).

It remains to show the last requirement, i.e., the closure under F. Pick an arbitrary f € T. Consider
avariable v € Var and states 0y, 0, 0, and ¢’ such that

0o ~v Oy, F(f)(oy) € St, 0 ~d(o) 0> F(f)(0),E(f)(c’) € St.

We will show that F(f)(oy) € Stand F(f)(0) ~(,) F(f)(0’), while referring to these two desired
properties as conditions (i) and (ii), as we have done before.

Let us handle the condition (i) first. If [b] oy = false, we have [b] o, = false, because oy ~v o and
fv(b) C V.Thus, inthis case, F(f)(o;) = o € St.If [b]og = true, then [b]o, is also true. Furthermore,
in this case, by induction hypothesis, [co]og € St since V 2 Vy, 0y ~v 0, and [co]og € St. Also, by
induction hypothesis again, [co]oo ~v [co] oy, since V 2 (dy)u(V) and oy ~v oy. Since f € T and
f([co]loo) € St, we have f([co]oy) € St, which implies that F(f) (o) € St, as desired.

Next, we prove the condition (ii). If [b]o = false, we have [b]o’ = false since fv(b) C d(v) and
0 ~d(v) 0. Thus, in this case, F(f)(0) = o and F(f)(c’) = ¢’. Also, {v} C d(v), and so, 0 ~4(s) 0’
implies that F(f)(0) = 0 ~(,) o' = F(f)(¢’), as desired. Now assume that [b]o = true. Then,
[b]o’ = true by the reason that fv(b) C d(v) and o ~4(») o’. Also, [co]o and [co]lo” are in St, so
that F(f)(o) = f(Jco]o) and F(f)(c’) = f([co]o’). Furthermore, since d(v) 2 (dy)y(d(v)) and
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0 ~d(v) o', wehave [[co]o ~4(s) [co]o’. We then use the fact that f € T and f([co]o), f([co]o”’) € St,
and conclude that f([co]o) ~(o} f([co]o”), which gives the desired F(f) (o) ~ o) F(f) (o). O
F.4 Proof of Theorem F.2
Let seq be the following operator, which models sequential composition:
seq : [St — St ] X [St — St ] — [St — St, ]
seq(f.9) 2 g o f.
Also, define an operator cond for modelling if commands as follows:
cond : [St — B] X [St — St ] X [St — St; ] — [St — St ]
f(o) ifh(o) = true,

cond(h, f,g)(o) = {g(O') if h(o) = false.

Proor oF THEOREM F.2. We prove the theorem by induction on the structure of c. Let (p, d, V) = [c] "

Case ¢ = skip. In this case, [¢](c) = o forall ¢ € St,and p(v) = Var forall v € Var. To prove the
conclusion, consider v € Varand r € St[p(v)°] = St[0]. We should show g € ¢, (o), (0}, Where

(0) = (var (o} © [c)(c @ 1) if[c](c@ 1) €St
gro) = undefined otherwise.

Since [c](c & 7) = [c[(0) = o € Stforall o € St, we have g = 7yar (o). Thus, Assumption 3 implies

g = Nvar,{v} € ¢Var,{v} = ¢p(u),{v}-

Case ¢ = (x := ¢). In this case, [c](0) = o[x > [e]o] forall o € St. Also, p(v) = Varifo # x,
and (]e[)ﬁ ifo = x. Consider v € Varand 7 € St[p(v)°]. We should show g € ¢, (4) (0}, Where

() = (7var {0} © [c])(c @ 7) if[c](c@ 1) € St
g undefined otherwise.

Ifo # x, then g(0) = 7var (0} ([c](0)) = Avar, (o} (c[x = [e]o]) = 7var, (0} (0) forall o € St, where
the first equality uses p(v) = Var, and the last uses v # x. Hence, Assumption 3 implies
g = Nvar,{o} € ¢Var,{v} = ¢p(u),{v}-
Ifo = x,theng(0) = (7var, {x} og[c]])(aeaf) = Mvar {x} (0@ T) [x = [e](c@1)]) = [x > [e](c®T)]
for all o € St. Since 7 € St[((e)*)¢] and p(v) = (e)*, Assumption 2 implies
g=Ao.[x - [e](c ®1)] € Pep, x} = Pp(0).{0}-
Casec = (¢/;¢”). Let (p’,d", V') £ [[c’]]u and (p”,d", V") £ [[c"ﬂﬁ.Then,

p(0) = (VU (p)n(@” ()7 U (@)(p” (0)))
= ()@ @)\ (V7 U (@) (0)9)) forallo € Var.

Also, we have [c]] = seq([c¢’], [¢”']). To prove the conclusion, letv € Var. It suffices to apply LemmaF.7
tof=[c'],g=1[c"],K = p(v), L =d"(v) N p”(v),L" = d"”(v),and M = {v}. What remains is to
show the preconditions of the lemma:

@) FE@([c’]. p(v).d"” () N p” (v)).

(b) E@([c”"].d"(v) Np”(0), {o}).

© E ('] p(0),d”(v) \ (d”(v) N p” (v))).
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@ EA([¢”"].d"(0). {o}).
We obtain (b) as follows: by induction hypothesis on ¢’’, we have | ®([¢”], p”’(v), {v}), and by the
weakening lemma for ® (Lemma F.4), we have (b). We obtain (d) directly by Theorem F.1 on ¢”’. For (a),
consider induction hypothesis on ¢’, which says that | @([¢’], p’(w), {w}) for all w € Var. By the
merging lemma for @ (Lemma F.6), we have | ®([c¢’], (p")n(d”’(v) N p”(v)),d” (v) N p”'(v)). Since
p(©) € (p)n(d"(v)) € (p)n(d"(v) Np"(0)),

we obtain (a) by the weakening lemma for ® (Lemma F.4). For (c), observe that
p@)° 2V U (@)u(p”(v)) and d”(0) \ (d”(v) Np"(v)) = p”(v)* (23)
where the second equality follows from p”’(v) 2 d”(v)°. By Theorem F.1 on ¢’, we have [
A([c'],V’,0) and | A([c'], d’(w), {w}) for all w € Var.If p”'(v)¢ = 0, then = A([¢'], V', p” (v)°)
holds, and if p”'(v)¢ # 0, then [ A([c'], (d")u(p” (v)€), p” (v)€) holds by the merging lemma for A
(Lemma F.5). By Eq. (23) and the weakening lemma for A (Lemma F.3), we obtain (c) for both cases.
Note that we crucially used p(v)¢ 2 V’ to handle the case p”(v)¢ = 0.
Casec = (ifb{c’'},else{c”}). Let (p’,d", V') £ ﬂc’]]ﬁ and (p”,d", V") £ [[c"]]ﬁ. Then,
p(v) = fu(b)° N p’(v) Np”(v) forallv € Var. (24)
Also, [c]] = cond([b], [[¢’], [¢”’])- To prove the conclusion, letv € Var.It suffices to apply Lemma F.8 to
f=10c09=1[c¢"],K = p(v),L = {v}, and b. What remains is to show the preconditions of the lemma:
@ Fo([c’], p(v). {o}).
(b) E @([c"]. p(v), {o}).
(©) p(v)° 2 fu(b).
We obtain (a) and (b) as follows: by induction hypothesis on ¢’ and ¢”’, we have | ®([¢’], p’(0), {v})
and = ®([¢”], p” (v), {v}), and by Eq. (24) and the weakening lemma for ® (Lemma F.4), we have
(a) and (b). We obtain (c) directly by Eq. (24).

Case ¢ = (while b {co}). The proof starts by decomposing [c] and ﬂc]]ﬁ into smaller pieces. Let
(Pos do, Vo) £ [eo]*.
Define F : [St — St,] — [St — St,] and F¥ : D% — D¥ asin §3 and Fig. 3:
o if [b]o = false
t'([co]o) if [b]o = true,
Ao. fv(b)* N (Vo U (po)n(d(0))° U (do)u(p(0)))",
Fi(p.d. V) £ | do. fo(b) UV U (do)u(d(2)) U {0}, :
Jv(b) U (do)u(V) U Wy
Define t, € [St — St ] and (p).d,,V,) € DY forn € NU {0} as

F(t)(0) = {

s Ao.F'(t.)(o) ifneN (V) 2 (FH"(p..d., V), ifneN
* Lien 8] ifn = oo, e Lien(p;,d} V) ifn = oo,

where t; = Ao. Land (p,,d,, Vi) = (Adv. Var, Av. 0, 0). Then, we have
[ =t and [c]*= (pL.dL, V).
The proofis organized as follows. Define T, T’ C [St — St ] as
T2{fe[St—St] | VYoeVar FA(f.d,(v),{o}) A FA(f VS 0)}
T' £ {f €[St > Sty] | Yo € Var. £ ®(f, p..(v), {o})}.
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In Theorem F.1, we proved
t; € Tforalln € NU {oo}. (25)

In this theorem, our goal is to show t/, € T’. To do so, we prove the next three statements:

(@ t; €T
(b) Ift' e T"NT,then F(t') € T.
(c) Ift; € T foralln € N, thent), € T'.

It suffices to prove the three because (a), (b), and Eq. (25) imply ¢, € T’ for all n € N, and this and
(c) imply tJ, € T’. We now prove (a), (b), and (c) as follows.

First, (a) follows directly from Lemma F.9.

Next, we prove (b). Consider t’ € T’ NT. Our goal is to show = ®(F(t’), pl,(v),{v}) forallv € Var.
Observe that

F(t') = cond([b], seq([es], '), [skip]).
By Theorem F.1 and induction hypothesis on ¢y, we have
[eo]l € y(po, do, Vo),
and by assumption, we have
' ey(pl,d, V) =T'NT.
By applying to these the proofs of skip, sequential composition, and conditional cases, we have
E ®(F(t'),p” (v), {v}) forallu € Var

where
P"(@) = o) 01 (Vo U (po)n (die (0))° U (do)u (9 (0))) 1 V.

Since p” is the p part of F# (plo, dly, VL) and (pl,, dl., V) is a fixed point of F#, we have p” = pl.
Hence, we obtain = ®(F(t"), pl,(v), {v}) for allv € Var. This completes the proof of (b).
Finally, we prove (c). Suppose that ¢, € T' foralln € N, and letv € Var. Our goal is to show

F @(t pio (0), {o}).

Observe that Lemma F.10 implies the goal when applied to K = p/,(v), L = {v}, and {f,}nen =
{t] }nen. Hence, it suffices to show the three preconditions of the lemma:

o {; }nen is an w-chain.
e Forall 7 € St[pl,(v)] and n € N, the set {o” € St[p.,(v)] | t,(c” ® 1) € St} is 0 or St[pl,(v)].
e Foralln € N, we have | @(t/, pl,(v), {v}).

The first precondition was already observed in §3. The third one holds by the assumption that t,, € T’
for all n € N. For the second one, it is enough to show the next two statements:

(i) ForallU C Varwith U 2 V,and forall 7 € St[U] and n € N, the next setis @ or St[U€]:
{c’ € St[U°] | t,(c’ ® ) € St}.

(ii) Forallv € Var,
Po(0)® 2 V.

We give the proof of the two statements below. This completes the proof of the while-loop case.
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Proof of (ii). We prove a stronger statement: for alln € Nand v € Var, p;,(v)° 2 V,.. This state-
ment implies (ii) because pZ, (v)¢ = (Npen Pn(9))¢ = Unen 21(0)€ 2 Unen Vi = V. We prove the
statement by induction on n. For n = 0, we have

pn(@)°=Var=020=V, forallv € Var.
Forn > 0,leto € Var. By induction hypothesis, p;,_;(v)¢ 2 V,_, holds. Using this, we have
Pn(0)¢ = fu(b) UV U (po)n(dy_;(0))° U (do)u(py_(20)°)
2 (b)) UV U (do)u(V,_,) =V,.
This completes the proof of (ii).

Proof of (i). Consider U C Var, 7 € St[U],andn € NsuchthatU 2 V/.LetX 2 {¢’ € St[U°] |
t; (¢’ @ r) € St}.If 3 = 0, there is nothing left to prove. So assume X # 0. To prove X = St[U¢], we
need to show that ¢/ (¢’ @ r) € Stforany ¢’ € St[U€]. Choose ¢’ € St[U°]. We show t,, (¢’ ® 7) € St
using the next two claims:

(iii) Foralln € Nand o € St,

i er.
e
where céi) 2 (skip;co;- - - ;co) that has i copies of cg, and
L(o) £ {ie[0,n—1] | [c\"]o € St A [b]([c{"]o) = false
A B[V ]o) = - = [B]([e{" ] o) = true}.

Note that Eq. (26) is well-defined since I, (o) has at most one element.
(iv) Foralln € N,

F Ale”L Vi fo(d)).
We give the proof of the two claims below, and for now we just assume them.

Since 3 # 0, there is some ¢” € St[U¢] such that ¢/ (¢” & 7) € St. Since ¢, (c” @ ) € St, (iii)
implies that

th(c”"&r1) = [[c(()m)]](cr” ®7) €St

for some m € I,(¢”” ® 7). Since o’ ® 7 ~y;, " ® v (by U 2 V) and [[c(()i)]](cr” @ 1) € St for all
i € [0,m] (by [[cém)ﬂ(o" ® 1) € St), (iv) implies that

[[céi)]](a' ®71) €St and [[c(()i)]](cr' ®T) ~f(b) [[c(()i)]](a" @ 1) foralli e [0,m].
By combining these with m € I,,(¢” & 1), we get m € I,(¢’ @ 7). Hence, by (iii), we have
t(o'®1) = [[c(()m)]](cr’ ® 1) € St.
This completes the proof of (i).

Proof of (iii). We prove this by induction on n. Forn = 0,1, (¢) = L and I,(c) = O forall o € St.
Hence, Eq. (26) holds. For n > 0, we have

tn(0) = F(ty_1)(0)
e if [b]o = false
@ _Di([eo]o) if[b]o = true
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o if [b]o = false - -- (%1)
= [[céi)ﬂ([[coﬂo) if [b]o = true, [co]lo € Standi € I,—1([co]o) -+ (x2)
1 otherwise

[[cé(.))ﬂcr ifo € I,(o) - (+])
= [[cé”l)]]a ifi+1el(o)andi+1>1 --- (%)

L otherwise.

The second equality is by the definition of F, the third by induction hypothesis, and the last by the
following: for any o € St and j € {1,2}, (x;) holds iff (* ) holds; and for any i € N, [eo]o € St
implies [c(l)ﬂ([c Jo) = [[c(m)ﬂo and [c(lﬂ)]]o € St 1mphes [co]o € St. Hence, Eq. (26) holds. This
completes the proof of (iii).

Proof of (iv). To prove this, we prove a stronger statement: foralln € N, A([[c(()")]] V. fv()).
This statement implies (iv) since V,; € V, for all n € N and we have the weakening lemma
for A (Lemma F.3). We prove the statement by induction on n. For n = 0, [[c(")]] = [skip] and

V.. = fv(b) UV,. By Theorem F.1 on skip, we have [= A([skip], {v}, {v}) forallv € Var, and then

by the merging lemma for A (Lemma F.5), we have

= A([skip], fu(b), fu(b)).
Since V., 2 fu(b), A([[ )é")]] V1> fv(b)) holds by the weakening lemma for A (Lemma F.3). Next,
forn > 0,[c;"'] = [co; Co Jand V!, = fv(b) U Vy U (do)u(V,).By [[co]] (po> do, Vo), Theorem F.1
on ¢y, and induction hypothesis of the theorem (not that of the claim (iv)), we have

[[CO]] € Y(PO, do, Vo).
Also, by induction hypothesis of our strengthening of the claim (iv) and the weakening lemma for
A (Lemma F.3),
= A([e{" ], V), {0}) for allo € fu(b).

By applying to these the proof of Theorem F.1 (on the sequential composition case), we have

E Afeo:ed" 1. Vo U (do)u (V). {0}) forallv € fu(b).

By the merging lemma for A (Lemma F.5), |= A([[c(")]] Vo U (do)u(V,), fv(b)) holds. Since V!

n+l
cludes Vo U (do)u(V,)), we get = A([[c(n)]] fv(b)) by the weakening lemma for A (Lemma F. 3)
This completes the proof of (iv).

’ n+1’

Case ¢ = (x := sam(name(a, e), disty(ey, e2), Ay.e’)). To prove the conclusion, consider v € Var
and 7 € St[p(v)°]. We should show g € ¢, (4), {0}, Where

9(0) = var, (o} ([c] (0 ® 7)) = [0 = [c](c ® 1) (0)].

We prove this by case analysis on v.
First, suppose v ¢ {x} U {valy,prﬂ, cnty | 4 € Name, u = (e, _)}. Then, p(v) = Var and

9(0) = [v = [c]o(v)] = [0 = 0(0)] = 7var, (0} (0)
for all 0 € St[p(v)]. Here the first equality follows from 7 € St[0], and the second equality holds
since [c] does not change the value of v. Hence, by Assumption 3, g = 7var, {0} € Pvar, {0} = Pp(0),{0}-
Next, suppose v € {x} U {val . pryenty | p € Name, p = (a0, _)}. Then, we have p(v)° 2 fv(e):
if e is a constant, fv(e) = @ holds, and if e is not a constant, the definition of p(v) ensures this. Thus,
there exists p1y € Name such that create_name(a, [e] (o & 7)) = po for all o € St[p(v)]. We now do
refined case analysis on v using .
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e Casev € {val , pry, enty | € Name, pp = (@, _), g # Ko} In this case,

9(0) = [v = (0 @ 1) (0)] = 7var, {0} (0 © 7)

for all o € St[p(v)]. Here the first equality holds since [c] does not change the value of v. By
Assumption 3, we have 7yay, {0} € Pvar,{0}- Then, by Assumption 5, we obtain g € ¢, (), (,}. Note
that this argument does not depend on the value of p(v) (which can be Var, fv(e)° N (v + 1[)’1,
etc., depending on e and v).

Case v € {x,val,}. Define K; = (]e'[yo/y]Du. Then, p(v)°¢ 2 (Qe’[/lo/y][)ﬂ)C = Kf. So, there
exist 7; € St[K{] and 7, € St[p(v)° \ K{] suchthat 7 = 7; ® 7,. Let h : St[K;] — St[{v}] be
a function defined by

h(o’) = [0 - [e'[p/yl](c” ® )]
Then,
9(0) = [o > [e'[po/yll(c ® )] = h(o @ )
for all o € St[p(v)]. By Assumption 2, we have h € ¢k, (), Then, by Assumption 5, we obtain
9 € $p(o).(0)-
e Casev = pr,, . In this case, p(v) = fv(e)° N K for K = (pdfy (o; €1, eg)Dﬂ. Since 7 € St[p(v)€]
and p(v)¢ = (K \ fv(e)®) W K¢, there exist 7; € St[K \ fv(e)€] and 1, € St[K°] such that
7 =11 ® 1p. Using 7; and 75, we have
9(0) = [0 [disty(er, e2)] (o @ 1) ((o @ ) (o)) ]
= [U — [pdfy(po; 1, e2)] (o & 1')] =h(c® 1)
forall o € St[p(v)], where h : St[K] — St[{v}] is defined by
h(c’) = [v — [pdfy(po; e1, e2)] (0’ & 2)].
Here the first equality follows from the definition of [¢], the second equality holds because pdf
is the density function of a normal distribution, and the third equality comes from 7 = 71 @ 7.
By Assumption 2, we have h € ¢ (). Then, by Assumption 5, we obtain g € @p (o), (0}
e Casev = cnty,. The proof is similar to the above case v = pr,, . In this case, p(0) = fv(e)* N K
for K = (cnt,, + ll)ﬁ. As in the above case, there exist 7; € St[K \ fv(e)€] and 7, € St[K*] such
that 7 = r; @ 15, and we have

g(o) = [v = (o ®1)(cnty,) +1]
=[v [enty, +1](c®7)] = h(c ® 11)
forall o € St[p(v)], where h : St[K] — St[{v}] is defined by
h(c’) = [v = [enty, +1](c” @ 1,)].
By Assumption 2, we have h € ¢ (o). Then, by Assumption 5, we obtain g € @ (o), (0}

Case c = obs(disty(ey, €2), 7). To prove the conclusion, consider v € Varand 7 € St[p(v)°]. We
should show g € ¢, (), {0}, Where

9(0) = var, (o} ([c] (0 ® 7)) = [0 = [c](c & 7)(0)].

We prove this by case analysis on v.
First, suppose v # like. Then, p(v) = Var and

9(0) = [v - [c]o(v)] = [0 = 0(0)] = Tvar, (0} (0)

for all o € St[p(v)]. Here the first equality is by r € St[0], and the second equality holds since [c]
does not change the value of v. Hence, by Assumption 3, g = Zvar, {0} € Pvar, {0} = Pp(0).{0})-
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Next, suppose v = like. Then, p(v) = (like X pdfy(r; ey, eg)Dtt and
g(o) = [v - (o @ 1) (like) - [disty(er, e2)] (o ® 7)(r)]
= [v > [like x pdfy(r;e1;e2)] (o @ 7)]

forall o € St[p(v)]. Here the first equality is by the definition of [c], and the second equality holds
because pdfy is the density function of a normal distribution. Hence, by Assumption 2, we have

9 € Pp(0).{v}- o
F.5 Proofs of Lemmas for Theorem F.2
Here are the lemmas used to prove Theorem F.2:
LeMMA F.3 (WEAKENING; A). Let f € [St — St, ]| andK,K’,L,L" C Var. Then,
EAfLKLL)A(KCK)YA(L2L) = EA{,K,L).
Proor. Consider 0,0’ € St with 0 ~g» ¢’. Then, 0 ~k ¢’ because K C K’. Since |= A(f,K, L),
(f(o) €St <= f(o") € St)and (f(0) € St = f(0) ~1 f(d')).

Note that the conclusion of the second conjunct implies f(o) ~1; f(¢’) since L’ C L. From what
we have just shown, the desired conclusion [ A(f,K’, L") follows. m]

LEmMA F.4 (WEAKENING; ®). Let f € [St — St, | andK,K’,L,L’ C Var. Then,
FO(fKLAK2K)A(LDL) = EO(fK\L).

ProoF. We prove the lemma using Assumptions 3, 5 and 6. Consider 7 € St[(K”)¢], and let g be
the following partial function:

g SUK'] = St[L'], g(o") = {(mw °fle’@r) iff(e’@r) st

undefined otherwise.

We should show g € ¢k 1. Notethat (K”)¢ 2 K°. Thus, thereexistr; € St[(K’)°\K¢] and r; € St[K¢]
such that r = 7; @ 7,. Define a partial function k : St[K] — St[L] by

ho”) - {(nVar,L of)o"@n) iffo"@m)est
undefined otherwise.
Then, since = O(f, K, L), we have h € ¢k 1. Note that for all ¢’ € St[K’],
9(d") = (mLp o h) (0’ ® 7).
By Assumptions 3, 5 and 6, the above equation implies g € ¢k 1/, as desired. O
LEmMA F.5 (MERGING; A). Let f € [St — Sty ] andK,K’,L,L’ C Var. Then,
EA(f,K,L) A EA(f,K',L') = EA(f,KUK,LUL").

Proor. Consider 0,0’ € St with ¢ ~gux» o’. Then, 0 ~k o, and by the assumption that
E A(f,K,L), we have
f(o) € St & f(o') € St.

It remains to show that if f (o), f(0”) € St, then f (o) ~rur f(0”). Assume f(o), f(c’) € St. Since
o ~kgukr 0’ and we have |= A(f,K,L) and E A(f,K’,L") by assumption,

f(o) ~1 f(o') and f(0) ~1r f(0”).
This implies that (o) ~Lurr f(0”), as desired. O
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LeEMMA F.6 (MERGING; ®). Let f € [St — St | andK,K’,L, L’ C Var. Then,
Eo(f,K,L) A E®(f,K',L") = EO(f,KNK',LUL").
Proor. Uses the weakening lemma for ® (Lemma F.4), we have
E®(f,KNK' L)and E ®(f,KNK',L").

This and Assumption 4 then imply the desired conclusion. Concretely, for all 7 € St[(K N K")€], if
g, g1, and g; are the following partial functions

>

g:StIKNK'] — St[LUL],

(o) (varror © f)(o" @ 1) if f(o' @ 1) € St
9 | undefined otherwise,

>

: St[K NK'] — St[L],
91 [ ] (L] undefined otherwise,

g1(c") 2 {(”Var,L of)(o’®d1) iff(c’®1) €St

g2+ StIK NK'] = St[L], ga(o") £ {va °Hle’®r) iff(e"Or) e st

undefined otherwise,

then g1 € ¢xnr' L, 92 € Pxrkr 1/, and g = (g1, g2), so that by Assumption 4, we have g € dxnx.Lur/
as desired. m]

LEMMA F.7 (SEQUENCE). Let f,g € [St — St ] andK,L,L’, M C Var. Then,
FO(f,K.L)A E®(gLM)A EAf,KSL\NL) A EA(g L, M) = | ®(seq(f,9), K, M).
Proor. Consider f,g € [St — St, ] and K, L,L’, M C Var that satisfy the given conditions:
EO(f KL, EO@LM), EAFLKL\D, and EA(gL,M).
To prove the conclusion, pick an arbitrary r € St[K¢]. We have to show h € g m, where

, _{MWM«fofxa@ﬂ)iﬂfofxa@ﬂeSt
(o) =

undefined otherwise.

Observe that since = ®(f,K,L) and [ ®(g,L, M), we have hy € ¢k and hy € ¢p u for any
71 € St[K€] and 7, € St[L€], where h; and h; are parameterised by 7; and 75, and defined by

”Var,L(f(O. @ Tl)) 1ff(0 52 Tl) € St
undefined otherwise,

hy : St[K] — St[L], hi(o) = {

hy - St[L] — St[M],

hy(o) & nvarm(g(o ® 12)) ifg(o @ 72) € St
2 undefined otherwise.

Given these, it suffices to show the claim that h = hy o hy for some 7; and 7,: if the claim holds, then
we have h = hy o hy € ¢g p by Assumption 6, since hy € ¢x 1 and hy € ¢r p. We prove the claim by
case analysis on f(— @ 7).

Case f(oc @ 1) ¢ Stfor all o € St[K]. In this case, we set 7; = 7 and pick any 7, € St[L¢]. Then,
forall o € St[K], h(o) and (h; o h;) (o) are both undefined, as desired. Note that the latter term is
undefined since h; (o) is undefined.

Proc. ACM Program. Lang., Vol. 7, No. POPL, Article 12. Publication date: January 2023.



12:78 Wonyeol Lee, Xavier Rival, and Hongseok Yang

Case f(o’ @ 1) € St for some ¢’ € St[K]. In this case, we set 7; = rand ©; = 7var e (f (0’ @ 7)).
To show h = hy o hy, consider any o € St[K].If f(o @ 7) ¢ St, then by the same argument for the
above case, h(o) and (hy o hy) (o) are both undefined. So, assume that f(o @ r) € St. Then,

nvarm(g(o1)) ifg(op) € St (hy © hy)(0) = {HVar,M(g(Uz)) ifg(oz) € St @7)

h =
(o) {undeﬁned otherwise, undefined otherwise,

o= f(oc®1) € St, 02 = 7var L. (f (0 ® 7)) ® 7varLe (f(o’ ® 1)) € St.

Our goal is to show that k(o) and (hz o hy)(0o) are both undefined, or they are both defined and
are the same. By |= A(g, L', M) and Eq. (27), it suffices to show o; ~1+ 05. To prove this, we show
a stronger statement: oy ~ o0z and oy ~pnp 02. The former relation holds since 7y, (01) =
7ar,L (f (0 ® 7)) = 7tyar, (02). The latter relation is equivalent to f (o ® 7) ~p\r f(0’ ® 1), and this
holdsby | A(f,K°, L'\ L) and 0 & 7 ~gc ¢’ & 7. Hence, h = hy o h; as desired. O

LemMmA F.8 (ConDITIONAL). Let f, f* € [St — St ] and K, L C Var. Then, for any boolean expres-
sion b,

EO(fKL) A EO(f,KL) A (KD fu(b) = | (cond([b]. f. f). K. L).
Proor. Let f, f’, K, L, and b be the functions, sets and a boolean expression such that
E®(f.K,L), E®("KL), and K°2 fu(b).
Consider 7 € St[K¢]. Define f”” £ cond([b], f, f’), and also partial functions g, g, and g”’ as follows:

. J(vaLof)(c@r) iff(c@r) €St
g(o) =

: St[K] — St[L],
I K] L] undefined otherwise,

g StIK] — St[L], g(0) 2 {(ﬂvar,L of'Y(cor) iff'(c®r) €St

undefined otherwise,

(mvarr o f)lo® 1) if f(o®7) € St

"o St[K] — St[L], "(o) 2
g K] L] g"(o) {undeﬁned otherwise,

We should show g” € ¢k 1. Since K¢ 2 fu(b), either [b](c & 7) = true for all o € St[K] or
[b](o & 1) = falsefor all o € St[K].In the former case, g’ = g, and in the latter case, g’ = ¢g’. Since
both g and ¢’ are in ¢k 1, we have the desired g”’ € ¢k 1, in both cases. O

LEmMA F.9 (Loopr; BASE). LetK,L C Var. Then,
E ®((Ao € St. 1),K, L).
Proor. Consider r € St[K¢]. Define a partial function g : St[K] — St[L] by

(o) & (7varL © (Ao € St.L))(o) if (Ao € St.L)(o) € St
o) =
g undefined otherwise

= undefined.

Then, g € ¢ 1 by Assumption 7. O

Proc. ACM Program. Lang., Vol. 7, No. POPL, Article 12. Publication date: January 2023.



Smoothness Analysis for Probabilistic Programs with Application to Optimised Variational Inference 12:79

LemmA F.10 (Loop; LimIT). LetK, L C Var and {f,, € [St — St, |}nen be an w-chain (ie., f, T fo
foralln € N). Here we write f E g if f (0) E g(o) forall o € St. Suppose that for any r € St[K€] and
n € N, theset {o € St[K] | fn(c & 1) € St} is either @ or St[K]. Then,

N\ Ee(fkl) = Eo( |fuKD.

neN neN

Proor. Consider an w-chain {f;, € [St — St,]}nen such that | @(f,, K, L) for all n. Pick an
arbitrary r € St[K€]. Let fo = | |,en fo, and define partial functions g, and g, for all n as follows:

geo + SIK] = St[LI, ges (0) = {(”Vari *f)le @) i fulo®1) € St

undefined otherwise,

on SUK] — SHLLL anle) & {(nVar,L ofi)(o®71) iffulo®7) €St

undefined otherwise.

Then, {gn }nen is an w-chain when we order g,,’s by graph inclusion, and g, is the least upper bound
of this chain for the same order. We will show that go, = ¢, for some n € N by case analysis on
>n = {0 € St[K] | f,(o ® 1) € St}. Note that this implies the desired g, € ¢k 1 because g, € ¢k
foralln € N.If %, = @ foralln € N, then g = g, for any n, since both g and g, are the same empty
partial function. Otherwise, by the assumption of the lemma, 3, = St[K] for some n. This means
that g, is the total function, and so g, = g, for all m > n, which implies that g = g, as desired. O

G DEFERRED RESULTSIN §5.3
G.1 Proof of Theorem 5.10

PROOF OF THEOREM 5.10. We go through the assumptions, and show that they are satisfied by ¢ (¢
and ¢V,

Case of Assumption 3. Let K,L C Var such that L C K. The projection zx 1 is total and has
an open set as its domain. Furthermore, the projection 7k 1 is differentiable and 1-Lipschitz contin-

uous. Since Lipschitz continuity implies local Lipschitz continuity, we have both zx | € qSI((dz and

KL € g{)I((l)L, as desired.

Case of Assumption 4. Let K, Ly, L; € Var such that Ly N L; = 0. Consider f;, go € [St[K] —
St[Lo]] and fi, g1 € [St[K] — St[L;]] such that all of the following hold:

d d 1 I
foe ¢1(<,L], fie ¢1(<,L, go € ¢I(<,)LO’ and g € ¢I(<,)Ll,
Let
L = Lo U Ll;
if d Nd ,
f:St[K] — St[L], f(o) 2 fi(0)® filo) ifoe ?m(J%) om(f;)
undefined otherwise;
if d Nnd ,
g: StIK] — St[L], 9(o) = go(o) ®gi(0) ifoe .Om(go) om(g;)
undefined otherwise.

We should show that f and g satisfy qSI((dz and ¢I(<I)L’ respectively. In both cases, dom(f) and dom(g)
are the intersections of two open sets, so that they are open as required.
To prove the differentiability of f, consider o € dom(f). Let hy and h; be the linear functions in

[St[K] — St[Lo]] and [St[K] — St[L;]], respectively, such that their domains are open and contain
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0, and for all i € {0, 1},
i Milo+0) — filo) — hi(a)l,
im -
o'=0 llo”ll;

Let h be the linear function in [St[K] — St[L]] defined by

h(o) & ho(o) ® hi(o) if o € dom(hy) N dom(hy);
o) =
undefined otherwise.

=0.

Then, dom(h) is open and contains ¢. Furthermore,

lf (g +0") = f(o) = h(a)ll,

lim
7= oIl
. V(o +0) = (@) = ho(@)E + Ifio + ) = i(@) = s ()
—U,II_)HO ||G/||2
. \/( Ifo(e + ") — folo) - ho(U')Hz)z . (Ilfl(a+ o) ~ filo) - h1<a')||2)2
70 oIl ol
_ \/(hm Ifo(o+ ") — fo(0) - ho(G')Hz)z . (hm Ifi(o+07) = fi(o) - h1<a')||2)2
70 oIl =0 oIl
=0.

Thus, f is differentiable at o, as desired.

It remains to prove the local Lipschitzness of g. Pick o € dom(g). Then, g, and g; are defined at
o and they are locally Lipschitz. Thus, there exist open sets Oy € dom(gy) and O; € dom(g;) and
constants By, B; > 0 such that o belongs to both Oy and Oy, and for all 0y, o; € Op and o3, 0] € Oy,

90 (00) = go(ap)ll5 < Bolloo — ogll,  and lgi(o1) — gi(o7)llz < Billor — oyll.

Let O £ Oy N O;. The set O is open, and contains o. Furthermore, for all 6/, 6"’ € O,

llg(a’) = g(a™)llz = \/Ilgo(ff’) = go(a")l3 + llgi () = g1 (a”) I3

< \Bllo’ — 0" (13 + BEllo” - 0"

= B(z) +B% No" = a”|l,.
Thus, g is Lipschitz in O, as desired.

Case of Assumption 5. Consider K,K’,L C VarwithK C K’,and 7 € St[K’ \ K].Let fand g
be partial functions in [St[K’] — St[L]] such that f € ¢I((d)L andg € qSI((l,) .- Let

. |flcdr) ifo®redom(f)
: St[K] — St[L], =
fi: St[K] (L] fi(o) {undeﬁned otherwise,
. |lg(c®7) ifo ® 7 € dom(g)
: St[K] — St[L], =
g1 (K] (L] 91(9) {undeﬁned otherwise.

We should show that f; and g, satisfy ¢I(<dz and ¢I((I)L respectively. Note that

dom(f;) ={o | c®7redom(f)} and dom(g;) ={o | 0 ®r e dom(g)}.
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These two sets are open since dom( f) and dom(g) are open and for any open O, the slice {o € St[K] |
o ® 7 € O} isopen. Let gy € dom(f;) and oy € dom(g;). We will show that f; is differentiable at oy,
and gy is Lipschitz in an open neighbourhood of o;.
Since f is differentiable and oo ® 7 € dom(f), there exists a linear map A : St[K’] — St[L] such
that dom(h) is open and contains 0, and
i (G0 @7+0") — flon &7) — h(a]l,
im

o'—=0 llo”ll;

Letp = Av € K’ \ K. 0, and h; be the partial function from St[K] to St[L] defined by

=0.

h(0) & h(c ® 1) ifo® 1y € dom(h),
o) =
! undefined otherwise.

Then, h; is linear, its domain is open (since taking a slice of an open set in St[K] = RIX'l by fixing
some coordinate variables gives an open set), and
o Moo +0") = fiton) =i (@)lly _ . W@ @r+0" @) = f(00 81 = h(o” ® )l
o’ —0 ||O./I||2 o’ —0 ||O'" [} TO”Z
=0.

This means that f; is differentiable at oy.
Since g is locally Lipschitz and o1 @ r € dom(g), there exists an open subset O of dom(g) such

that O contains oy @ 7 and g is Lipschitz in O, that is, there exists a real number B > 0 such that
llg(a) —g(aNll, < B-[lo = d'll,

forall 0,0’ € O. Let
O £{oceSt[K] | c®1 €0}

Then, O’ is open, and it contains o;. Furthermore, for all o, ¢’ € O’,

lgi(0) = g1(a)ll; = llglc® 1) —g(a’ @), <B-llo@r~0" @1l =B [lo = |,
Thus, g is Lipschitz in O’, as desired.

Case of Assumption 6. For the composition condition, we handle the differentiability case only.
The other case can be proved similarly. Consider

K,L,M C Var, f € [St[K] — St[L]], and g€ [St[L] — St[M]].

Assume that f € gb[((dz andg € qSI(j\),I Let h be the standard composition of partial functions g and f.

We should show that h € ¢I(<d1)v[ as well, that is, dom(h) is open and h is differentiable on its domain.
Note that
dom(h) = dom(f) N f~*(dom(g)).

Since g € ¢£i\)4 the set dom(g) is open. Because f € ¢1(<di dom(f) is open and f is continuous on its
domain. The latter implies that f~!(dom(g)) is open as well. Thus, the intersection of dom(f) and
f~1(dom(g)) is open as desired. The differentiability of h on its domain holds since the restriction of
f to dom(h) gives a differentiable total function from dom(h) to dom(g), that of g to dom(g) is also
a differentiable total function, and the composition of two differentiable functions is differentiable.

Case of Assumption 7. The empty setis open, and the empty function is jointly differentiable and
locally Lipschitz continuous. Thus, the strictness assumption holds for both predicate families. O
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H DEFERRED RESULTSIN §6
H.1 Proof of Theorem 6.2

Proor oF THEOREM 6.2. Suppose that the algorithm returns 7 (without an error message). We
should show the conclusion that 7 is simple and satisfies (R2) and (R3).
We make several observations before proving the conclusion. Let

(PG Vi) 2 e, (Pg: 0. V) * [, (P55 V) * 5" ]F,
and K C Var be the set defined in Eq. (12). Also, let S, be the set of names that the algorithm uses to
construct the returned reparameterisation plan . Then, by the algorithm, we have the two inclusions
in Eq. (12) and Eq. (13), and also & = 7y (S, ]. In addition, S, C K since
S, € {(a,i) € Name | foralli’ € N, («,i’) € Name — (a,i") € K} C K.

We now prove the conclusion in three parts.

First part: We show that x is simple. To show this, consider (n,d, ), (n’,d’,l’) € NameEx X
DistExxLamEx suchthatn = name(a, e) andn’ = name(«, e’) for some @ € Str, e,and e’. Suppose that
(n,d,1) € dom(r). We should show (n’,d’,l’) € dom(rr). Since (n,d,l) € dom(rx) = dom(my[S,]),
we have (n,d,l) € dom(my) and (a,_) € S,. This implies that (n’,d’,1’) € dom(s) because n is
simple. Since n’ = name(e, _) and (a, _) € S, we have (n’,d’,1’) € dom(rx) as desired.

Second part: We show that r satisfies (R2) in three steps.

First step: We prove 8 U rv(rr) C K. To do so, observe that the S in the algorithm always satisfies
the following property:

(a,i) €S = (a,i’) €S forany (a,i),(a,i’) € Name. (28)
We can prove this by induction: the initial S (i.e., S = {(a,i) € Name | foralli’ € N, (¢,i’) €
Name = (a,i’) € K}) satisfies the property, and each update of S (i.e., S < S\ {(«, i) € Name}
for some (@, _) € S) preserves the property. From this, we obtain rv(r) = rv(m) N S:
rv(m) = rv(m[S])

= {(a,i) € Name | e, d, . (name(a, e),d, ) € dom(my[S])}

= {(a, i) € Name | Je,d, [. ((name(a, e),d, 1) € dom(m) A Fi’. (a,i’) € S)}

= {(a,i) € Name | (Te,d, I. ((name(a, e),d, 1) € dom(m)) A (3i. (a,i’) € S)}

= {(a,i) € Name | (name(a, ), ,_) € dom(m)} N {(e, i) € Name | (a,_) € S}

=rv(m) NS,
where the second and third equalities use the definitions of rv(—) and 7 [S], respectively, and the

last equality uses Eq. (28). Since rv(r) € S € K and 8 C K by Eq. (12) (the inclusion of 0), we get
0 U rv(m) C K as desired.

Second step: We prove that for allu € {like} U {prﬂ | p € Name}ando € {pr” | ¢ € Name}, the
following functions (which are total since c,, and c, always terminate) are differentiable with respect
to the variables in 6 U rv(r) jointly:

(00, 0n) € St[0] x St[Name] +— [cpm](op\9 © 09 ® 07 ® g(0n)) (1), (29)
(09, on) € St[0] X St[Name] +— [¢5[ (ap\9 ® o9 ® 0 @ g(0n)) (0),

where 0,9 = (Ao € PVar \ 0.0) and the function g : St[Name] — St[AVar] takes o, and returns
04 such that o, maps like to 1, pr, to N (0n(p1);0,1), val, to 6,(p1), and all the other variables to 0.
The state 0,9 ® g(0y,) is the very initialisation used in Eq. (3). This step consists of two substeps.
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First substep: We first show that for allu € {like} U {pry | g € Name}ando € {prp | 4 € Name},
the functions f, f; : St[0] x St[Name] X St[AVar] — R are differentiable with respect to the
variables in 8 U rv(r) jointly:

fin (06, 0n, 04) = [em](0p\0 ® 09 ® 0, ® 04) (w),
fg(Ge, On, 0g) = [[Cgﬂ(ffp\e ® 09 © 0 @ 04)(v).
Note thatin f;, and fj, the AVar part does not depend on the Name part (unlike in Eq. (29)). For the proof,
pick arbitrary u € {like} U {prﬂ | 4 € Name} ando € {prﬂ | 4 € Name}. Then, 0 U rv(r) C K C
Pm (1) NPy (v), where the first inclusion is from the above result and the second from Eq. (12) (the defi-
nition of K). By the soundness of differentiability analysis (Theorem 5.8), | ®([cm], Pm (), {u}) and
E ®([cy]l, pg(v), {v}). From this, and by the weakening lemma of ® with 6 U rv(r) C pp,(u) N Pg(v)
(Lemma F.4), we have |= ®([cp,], 0 U rv(n), {u})and | ®([c,], 0 U rv(r), {v}). Hence, the functions
in Eq. (30) are differentiable with respect to 8 U rv(r) jointly as desired, by the definition of ® (§5.1)
and the definition of “f : St[L] — Rfor L C Varis differentiable with respectto L’ C L jointly” (§4.2).
Second substep: We now prove that the claim of the second step follows from the first substep
just proved. Pick any u € {like} U {prll | ¢ € Name}. We should show that the first function in
Eq. (29) is differentiable with respect to 8 U rv(sr). Note that we should also show the same for the
second function (for any o), but the proof is similar to the first function so we omit this case. To
prove the claim for the first function, pick any ¢}, € St[Name \ rv(rr)] and 04 € St[AVar]. Define
f7:St[0] x St[rv(r)] x St[AVar] as

f'(00,&n,0a) = f(00, & ® ‘51,1,0’ Oa).
Then, by Lemma C.6-(2) and Lemma C.6-(3),

f(O—Ga é:n @ é’;l’()’ Ua,O) lf(o—e’ ‘fn) € U
proj(oa) if (09, &n) ¢ U
for some U C St[0] x St[rv(r)] and some projection map proj : St[AVar] — R. Also, since f is
differentiable with respect to 6 U rv(x), f'(—, —, 0,) : St[0] X St[rv(r)] is differentiable and thus

continuous for all o, € St[AVar]. From these, Lemma H.1 is applicable to f’, implying that U should
be either 0 or St[0] x St[rv(r)]. We now consider f” : St[0] X St[rv(r)] — R defined by

(09, &) = f'(00, & g(&n) @ 9(5;1,0)),

where g is extended to accept a substate in Stg[Name] and return a substate for the corresponding
auxiliary part. Then, to prove the claim, it suffices to show that f” is differentiable (since £ ; was
chosen arbitrarily). We do case analysis on U.If U = St[0] x St[rv(r)], then

f"(00,&n) = f (00,0 ® &, 0a0) forall og and &;
since f is differentiable with respect to 8 U rv(r), f”’ is differentiable. If U = 0, then

1" (09, &) = proj(g(&,) ® g(&,,4)) forall op and &;

since g, ®, and proj are all differentiable (because g only uses projection and the density of the standard
normal distribution), f"’ is differentiable. Hence, f” is differentiable in both cases, and this shows
the claim of the second step.

(30)

f’(ags §na Ga) é {

Third step: We prove that r satisfies (R2), i.e., the functions in (R2) are differentiable with respect to
0 U rv(r) jointly. This holds because: ¢, and ¢, do not have a double-sampling error, so each function
in (R2) is a multiplication of some of the functions in Eq. (29) (for different u and v); the functions in
Eq. (29) are differentiable with respect to 8 U rv(r) jointly (by the above result); and multiplication
preserves differentiability.
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Third part: We show that r satisfies (R3), i.e., the functions in (R3) are differentiable with re-
spect to 0 jointly. For this, it suffices to show the claim that for allo € {pr, val, | p € Name} and
on € St[Name], the following function is differentiable with respect to 8 jointly:

op € St[0] +— [cg"[(op\0 ® 09 ® 00 ® g(0n))(0). (31)

This implies (R3) because: ¢,” does not have a double-sampling error, so each functionin (R2) is either a
multiplication or a pairing of the function in Eq. (31) (for different v); and multiplication and pairing pre-
serve differentiability. To show the claim, consider any v € {prp, val, | 4 € Name}. Then, 6 C Pgy(v)
by Eq. (13). By the soundness of differentiability analysis (Theorem 5.8), = ®([c,”], Py(v), {v}). From
this, and by the weakening lemma of ® with 6 C Py(v) (Lemma F.4), we have | ®([c,”], 6, {v}).
Hence, the function in Eq. (31) is differentiable with respect to 8 jointly. This completes the overall
proof. O

LEmMMAa H.1. Let f : R" X R™ — R be a function such that

(A ifxeu
f(x’y)‘{fz(y) ifx ¢ U

forsomefi :R* = R, f, : R™ = R, andU C R". Suppose that f,(R™) =Rand f(-,y) : R®* > Ris
continuous for ally € R™. Then, U is either @ or R".

Proor. Here is a sketch of the proof. We prove the lemma by contradiction. Suppose that U is
neither @ nor R™. Then, the boundary of U (i.e., bd(U) € R") is nonempty, since the boundary of a
set is empty if and only if the set is both open and closed, and since @ and R" are the only subsets
of R" that are both open and closed. Let x € bd(U) and consider two cases: x € U orx ¢ U.In
each of the two cases, we can show that there exists y € R™ such that f(—, y) is not continuous at x.
When showing the discontinuity, we use the following: x € bd(U); the specific way that f is defined
(in terms of U, fi, and f3); and the assumption that f;(R™) = R. By assumption, f (-, y) should be
continuous over the entire R", so we get contradiction. O

I DEFERRED RESULTSIN §7

1.1 Deferred Experiment Details and Results

Table 7. Pyro examples used in experiments and their key features (continued from Table 3). The last five
columns show the total number of code lines (excluding comments), loops, sample commands, observe
commands, and learnable parameters (declared explicitly by pyro.param or implicitly by a neural network
module). Each number is the sum of the counts in the model and guide.

Name Probabilistic model LoC while sam obs param
dpmm Dirichlet process mixture models 27 0 6 1 4
vae Variational autoencoder (VAE) 35 0 2 1 5
csis Inference compilation 38 0 2 2 5
br Bayesian regression 42 0 10 1 5
lda Amortised latent Dirichlet allocation 57 0 8 1 5
prodlda Probabilistic topic modelling 58 0 2 1 5
ssvae Semi-supervised VAE 60 0 4 1 7

Proc. ACM Program. Lang., Vol. 7, No. POPL, Article 12. Publication date: January 2023.



Smoothness Analysis for Probabilistic Programs with Application to Optimised Variational Inference 12:85

Table 8. Results of smoothness analyses (continued from Table 4). “Manual” and “Ours” denote the number
of continuous random variables and learnable parameters in which the density of the program is smooth,
computed by hand and by our analyser. “Time” denotes the runtime of our analyser in seconds. “4CRP” denotes
the total number of continuous random variables and learnable parameters in the program. -m and -g denote
model and guide. We consider {(«, i) € Name} as one random variable for each @ € Name.

Differentiable Locally Lipschitz
Name Manual Ours Time Manual Ours Time #CRP
dpmm-m 2 2 0.002 2 2 0.002 2
dpmm-g 6 6 0.003 6 6 0.003 6
vae-m 3 3 0.002 3 3 0.003 3
vae-g 4 4 0.002 4 4 0.002 4
csis-m 1 1 0.001 1 1 0.001 1
csis-g 2 2 0.004 6 6 0.004 6
br-m 5 5 0.002 5 5 0.002 5
br-g 10 10 0.004 10 10 0.004 10
lda-m 3 3 0.002 3 3 0.002 3
lda-g 7 7 0.007 7 7 0.007 7
prodlda-m 2 2 0.008 2 2 0.007 2
prodlda-g 5 5 0.007 5 5 0.006 5
ssvae-m 3 3  0.004 3 3 0.003 3
ssvae-g 6 6 0.007 6 6 0.009 6

Table 9. Results of variable selections (continued from Table 5). “Ours-Time” denote the runtime of our variable
selector in seconds. “Ours-Sound” and “Pyro \ Ours” denote the number of random variables in the example that
are in 7oyrs, and that are in 7o but not in oy, respectively, where 74,5 and 7y denote the reparameterisation
plans given by our variable selector and by Pyro. “Pyro \ Ours” is partitioned into “Sound” and “Unsound”: the
latter denotes the number of random variables that make (R2’) or (R3’) violated when added to 7oys, and the
former denotes the number of the rest. “#CR” and “4DR” denote the total number of continuous and discrete
random variables in the example. We consider {(a, i) € Name} as one random variable for each @ € Name.

Ours Pyro \ Ours |
Name Time Sound Sound Unsound #CR | #DR
dpmm 0.007 2 0 0 2 1
vae 0.004 1 0 0 1 0
csis 0.014 1 0 0 1 0
br 0.009 5 0 0 5 0
lda 0.011 3 0 0 3 1
prodlda 0.018 1 0 0 1 0
ssvae 0.013 1 0 0 1 1
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