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]gefqs`aS%S�cdh|cs[\]_S b�]_eBjzjzS�{|S%csOQX�^Bqz[_S3jdX3o�hie�cs[\^BZQS�]_]_S3j3�Q]_e�{|X3{|h!b¡cz[_^aZS�c£] � [_Zi{|[gjlcz[_ZQ`ahieanQ[_]\[\czX&jz^aZ�c�cs^ah|csS3j
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�àefqzc��_Z�dniea{Q[ 1 efZi{��dX3qz^BZQ[goBhiS�v�^Bqlcs[\S3q 2
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Ð Ã��%Å�Èa¸uÉs·�ÌfÍ�¿»É�º�Í�É��wÉ�Åm¶�·�¸	�%É�º�¸�
 ä º�¿�5Éz·uÁ�¿»¸7Ç&Ã�� Ð ¶�Æ¬¿��_Ã3·uº�¿¬¶&¶�¸wÌB¶�º�¸l¶ Ð ·uÈ���
 ä ÌB¼
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k
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¢¤Sa� `i�_�,7\�5� :�¦¡�QeaZi{[¬cdea]_jz^ /!`ahQqsS3j'yQqs^aR)[_ZQS�Z�cs]\k�[_ZjlS3�aS3qsea]i��^BqzR�ef]�R)S�czOQ^|{Qj�¢¤Sa� `i�_�,7 'i����(m���6:�¦��

N���^ jzk|jucsS�R�j czOiefc)^Bh|czyih|c�R)S3jsjzea`aS3j&czO!e�c�efZ e�czcseab��BS�q�b�eaZªcsS�]_]defyieaqlc�efqsS^anm�m[\^Bhijl]_k {|[gju¥
cs[\Zi`ahQ[gjlO!efnQ]_Sa��v�^aZm�aS3qsjzS�]_ka�Q[_Zà^Bqs{|S3q�cz^	S3jlcseanQ]\[gjzOS3o�hQ[_�5ea]\S3Zib�SDj�n>S�cu�wS�S3Z©jlk|jlczS3R)j3�!eaZ[\R)y>^aqzcseaZBc
jzhQn|c�eajz�,[_j&cz^ S3jlcseanQ]\[gjzOªS3o�hQ[_��ef]_S�Zib�S3j n!S�cu��S3S�Z csOQS	R)SDjzjsef`BS3j%csOie�cMczOiSjzk|jucsS�R�j&`BS�ZQS3qsefczS©¢���^aq
S�§QefR)yQ]_Sa��n>S�cu�wS�S�Z csOQS�S�Z!b�qsk�yQczS3{ n>^m^a]_S3efZ ��ef]_hQS3j�¦¡��N'OQS3jzS�S3o�hQ[_��ef]_S�Zib�S3j+R�e5k©n>S�b�ea]\]_S3{,jlcse�cs[_b
SDo�hQ[\��ea]\S3Zib�SDj���n!SDb�eahijlSdczOQS3k�b�^BZijz[_{|S3q�^BZQ]\k)csOQSYRMSDjzjsef`BS3j3�aZQ^ac�csOQS%{|kmZiefR)[gb�yQqs^|b�SDjzjzS3j�czOiefcw`BS�Z|¥
S3qsefczS£czOQS3RA�2*w[_jz[\R hQ]ge�cz[_^aZ	yQqs^�^a�IczSDb�OQZQ[go�hQS3j�b3efZ�qsS3{Qhib�S+yQqs^|b�S3jsjwS3o�hQ[_��ef]_S�Zib�S3j�cz^�jlcse�cs[_bYSDoBhi[\��e�¥
]_S�Z!b�S3j'yi]\hij��¤ef[_qz]_k�jlcsefZ!{Qefq�{�nQ[gjz[\R hQ]_efcz[_^aZAb�^BZi{|[\cz[_^aZij 7_�0:�¢7jlS3S%ef]gjl^+7ÝT|��9 :�¦��

��Z	czOQ[gjwyiefy>S�q'�wSYjlczh!{|k)czOQS%{|SDb�[g{Qefni[\]_[¬cuk�^a��R)S3jsjzea`aSd{QS3{|hib�cz[_^aZAefZi{	juc�e�cs[_b£S3o�hQ[_��ef]_S�Zib�Sa�)%LS
{QS0/iZQS e)qzS3]_efcz[_^aZ

φ ` M
czO!e�cdR)S3eaZij'csOie�c

M
b�eaZAn!S&{QS3{|hib�S3{��qs^aR

φ
�>efZi{Ae�qsS�]ge�cs[\^BZ

ϕ ≈s ψcsOie�cR)S3efZ!j�czO!e�c
ϕ
eaZi{

ψ
eaqzSLjuc�e�cz[gb�ea]\]_k S3o�hQ[_�5ea]\S3Z�c+*wOQS�qsS

φ
�
ϕ
�'efZi{

ψ
efqsSàef]_]YS3jsjlS3ZBcs[_ea]\]_k

]_[gjuc�j�^a�ER)SDjzjsef`BS3j3�fS3eBb�O���[¬csO	e%ZieaR)Sa��qzS3yQqzSDjlS3Z�czS3{MnmkM��^aqsR�ef]iS�§|yQqzSDjzjz[_^aZij3��1Q^Bq�`BS�ZQS3qsefcz[_ZQ`+czOQSDjlS
R)SDjzjsef`BS3j3�3�wSwea]\]_^�� csOQS�efyQyQ]_[gb�e�cs[\^BZ&^a�>e£��[_{|S�eaqzq�e5k£^a�i��hQZ!b¡cz[_^aZ!j�U9yief[_qs[\ZQ`!�5yQqz^atuS3b�cz[_^aZij3�3��eaqz[_^ahij
, e5�a^aq�j�^a�iS�Zib�qzkmy|cs[\^BZ&efZ!{&{|SDb�qsk�yQcz[_^aZI�5{|[_`a[\csef]|jz[\`BZie�cshQqsS3j3��^aZiS�¥è�we5kYOieajzO%��hQZ!b¡cz[_^aZ!j���S�csbf�_�5��Zi{|S3S3{��
^BhQqMqzSDjlhQ]\csjM{|^ ZQ^fc)R�ef�BS	efZmk eajsjzhQR)y|cz[_^aZª^BZ eaZ�k,yieaqlcs[_b�hQ]gefq)b�qsk�yQcz^a`BqseayQOQ[gb�jzkmjlczS3R�n!S3ka^aZ!{
�¤ea[\qs]_k `aS3ZQS�q�ef]dO�kmy>^fcsOQS3jzS3j�^BZ czOQS©��^aqsR ^f�+csOQS©SDoBh!e�cz[_^aZ!ef]'czOiS�^aqsk czOiefc�[_j�hijzS3{ ��^aq	{|S0/iZi[\ZQ`
csOQS�yQqs^ay>S�qzcz[_S3j'^a��csOQS&b�qzkmy|cs^a`aq�efyiOQ[_b£^ay>S�q�e�cs[\^BZij3�!«£hQq�R�ef[_ZAy!^�jl[\cz[_�aS%qsS3jzhQ]\csj�eBjzjzhQR)S%^aZQ]_k�csOie�c
csOQS)S3o�hiefcz[_^aZiea]�csOQS�^Bqzk[gj%{|S6/iZQS3{Lnmk©eb�^aZm�BS�qs`aS�Z�cYqzS3��qz[\cz[_ZQ`	jzk|jucsS�R���[\czO,e�/iZQ[\czS)ZmhQR&n>S�q%^a�
qshQ]_S3j£^f�rcsOQSM��^aqsR

M → N
��OQS�qsS

N
[_j+e	yQqs^ay>S�q+jlhQnQczS�qsR ^f�

M
^aq+e�b�^aZijlcseaZBc+jlkmR n!^B]7� ;mhib�O

csOQS�^Bqz[_S3j3�Q��OQ[gb�Oà�wS&b�ea]\]$b�^BZ��BS�qs`aS3ZBc�jzhQn|csS�qsR csOQS�^Bqz[_S3j3�ieayQy!SDefqd��qzSDoBhiS�Z�cz]_k	[_Z©eayQyQ]_[_b3e�cz[_^aZ!j��&1Q^aq
csOQS�RA�I�wS�^anQcsef[_ZLczOiefc�n!^aczO

φ ` M
efZ!{

ϕ ≈s ψ
eaqzS�{|SDb�[g{QefnQ]_Sa��[_Z �¤eab�c�[\Z,y>^a]_k�Zi^aR)[_ea]�cz[_R)Sa�

1i^aq'^fcsOQS�q'SDoBh!e�cz[_^aZ!ef]>czOQS3^aqs[\SDj��mS3�aS�Z{|S3b�[_{iefnQ]_S£^BZQS3j3�m��S%jzOQ^��9csOie�c
φ `M

eaZi{
ϕ ≈s ψ

b3efZn!S
hiZi{|S3b�[_{iefnQ]_Sa���^aqsS�^��BS�qD����S�SDjuc�efnQ]_[gjlO)csOie�c

`
b�eaZ�n!S£qzSD{|hib�SD{Mcz^

≈s

¢¤ZQ^fc�cz^m^&jzhQqsyQqz[gjz[\ZQ`B]\kQ¦��fnQh|c
csOie�c�csOQS�b�^BZm�aS�q�jzS£{|^mS3j'Zi^fc�OQ^B]_{��

N'OQS©yQqz^BnQ]_S�R ^f�%{|S3b�[_{|[_ZQ`ª�mZQ^���]_S3{Q`aSA[_j�yiefqzcz[gb�hi]_eaqz]_k [_R)y!^Bqlc�efZ�c�[\Z csOQS©b�^aZ�czS�§�c	^f��ef]_`a^a¥
qs[\czOQR�jdeaZi{cz^m^B]_j���^aq£eah|cz^BR�e�czSD{AyQqs^fcz^|b�^a]�eaZief]_k|jl[gj��E«d��czS�Z��>jzy!SDb�[gef]�czS3b�OiZQ[_o�hQSDjdeaqzS%[_Z�czqs^m{Qhib�SD{
��^Bq+yiefqzcz[gb�hQ]gefq%jzS�c�j£^a�wb�qzkmy|cs^a`aq�efyiOQ[_b&^ay>S�q�e�cs[\^BZijY^f��[_Z�czS�qsS3jlc3��^BZ eb�eBjlS�¥Gnmk�¥�b�eajzS�nieBjl[gj3� 1i^aq+S�§m¥
eaR)yQ]\SB�$czOQSb�]geajsjz[_b �d^B]\S3��¥.-�ea^©qsS3jzhQ]¬c�{|SDef]gj ��[\czO e./Q§|S3{��;]_[\R)[\czSD{ jzhQ[\czSA^f�YyQhQnQ]_[_b�¥G�BS�k,^ay>S�q�e�¥
cs[\^BZij=7\�3� :/*iR)^aqsS&qsS3b�S�Z�cY{|SDb�[g{Qefni[\]_[¬cukAqsS3jzhQ]\csjd{QS3ef]$��[\czO©S�§Qb�]_hijl[_�aS�¥G^BqdefZ!{R)^m{QhQ]_eaq£S�§|y!^BZQS�Z�cz[ge�¥
cs[\^BZ9¢�Sa� `i�_�(7_�a�B���D�Q�z� :�¦0*ER)eaZmk©��efqs[_eaZ�csj%efZ!{ b�^aR nQ[_Zie�cs[\^BZijYczOiefc efqs[gjlS)[_Z yQqseBb¡cs[_b�SMO!e5�aS�ZQ^ac�kaS�c
n>S�S3ZAS�§|yQ]_^aqsS3{��!«£Z	czOQS%^aczOQS3q�OiefZ!{��Q^fcsOQS�q�ea]\`B^aqs[¬csOQR�j'efZi{�cz^m^a]gj%¢�SB� `!�\�-7 �213(�:�¦wef]_]\^�� R&hib�O��qsS�S�¥
{Q^aR [\Z csOQS	b�Oi^a[gb�S�^a��b�qzkmy|cs^a`BqseayQOQ[gb)^ay>S�q�e�cz[_^aZ!j%nQh|c czOQS3[\qMefZiea]\k|jz[_j%^a��czOQS	�mZQ^���]\SD{|`aS�^a��czOQS
efclc�eab��aS3q)[_j�Zi^fc�ef]_�'e5kmjM`Bhiefq�efZ�czS3S3{ªcz^,czS3qzR)[_Zie�csSa� �£S3b�[_{QeanQ[_]\[\cuk qsS3jzhQ]\csj�hQZ!{|S�q�`BS�ZQS3qsea]�S3o�hie�¥
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cs[\^BZief]rczOQS3^aqs[\SDj%Oie5�aS)n>S�S3Z qseaqzSB��N'OQS�R)^Bjlc&qsS�]_S���efZ�c�yQqsS��m[_^ahij+�w^aqs�à[gj%czO!e�c&^a�dv�^BR)^aZ|¥ � hQZ!{|O
eaZi{AN�qsS�[_ZQS3Z 7_�DT�:G�i��OQ^�Oie5�aS�jlczh!{|[\SD{czOQS {|S3b�[_{QeanQ[_]\[\cuk�^a�$csOQS�{|SD{|hib¡cs[\^BZyQqs^anQ]_S�R ��^aqde�b�]_eBjzj�^a�
SDo�hie�cs[\^BZief]�csOQS�^Bqz[_S3j+[_Zib�^BR)yiefq�efnQ]_S)��[¬csO ^ahQq�j3�r¢ 1Q^Bq�S�§QeaRMyi]\SB��czOQS3kLea]\]_^�� csOQS�OQ^BRM^BR)^aqsyQOQ[gjlR
yiqz^By!S3qlcuk

enc(〈u, v〉, k) = 〈enc(u, k), enc(v, k)〉
nQhQc'Zi^fc'czOQS%[_Zm�aS3qsjzSdyQqs^ay>S�qzcuk

I(I(x)) = x
� ¦�;m[\¥

R hQ]\csefZiS�^ah!jl]_k&��[\czO�^BhQqr�w^aqs�	¢¤nQh|c�[_Zi{|S3y!S3Zi{|S3ZBcs]\kQ¦�� �£S�]gefhQZiSdefZi{���eab3o�hQS�R�efq�{�7\� '�:!O!e5�aS�jzOQ^���Z
csOie�cwczOiS+{QS3{|hib�cz[_^aZ	yQqz^BnQ]_S�R [_j'{|SDb�[g{Qefni]\S+ef`�ef[_Zijuc'efZeab¡cs[\�BS£efclcseBb��aS3q�efZ!{�hQZi{QS�q�efZ	S3o�hie�cs[\^BZief]
csOQS�^Bqzk���OQ[_b�O[gj'[\Zib�]\h!{|S3{[_Z^BhQq�j�� *wh|c�ZQ^BZQS+^f�$czOQS3R b�^aZijz[_{QS�qsS3{�jlcsefcz[gb+S3o�hQ[_��ef]_S�Zib�Sa�

N'OQS ZQS�§mc+jlSDb¡cz[_^aZ��>jzS3b�cz[_^aZ©T|�>[_ZBcsqz^|{|h!b�S3jdZQ^fc�e�cs[\^BZijdeaZi{à{|S6/iZQ[\cz[_^aZij3� ;|S3b¡cs[\^BZ '�b�^aR)yiefqsS3j
`eaZi{

≈s

�-;|S3b¡cs[\^BZ©�	��^|b�hijzS3jY^aZ b�^BZ��BS�qs`aS3ZBcYjlhQnQczS�qsR czOiS�^aqs[_S3j+efZi{©`a[_�aSDjd^BhQq+R)ea[\Z {|S3b�[_{iefnQ[_]\[\cuk
qsS3jzhQ]\csj3�5;mSDb¡cs[\^BZ � b�^BZib�]_hi{|SDj�eaZi{ {|[gjzb�hijsjlSDj�czOiS©y>^Bjsjl[_nQ]_SàhijzS©^f�%^BhQq�qsS3jzhQ]\csj���^Bqeah|cz^BR�e�czSD{
eaZief]_k|jl[gjw^f��jlSDb�hQqs[¬cuk�yQqz^acz^|b�^B]_j3�|N'OQS%R�ef[_Z�csS3b�OQZi[_b3ef]�{|S�csea[\]gj�efyQy>S3eaq'[\ZczOiS�efyQy>S�Zi{Q[¬§��

� ����� ' $ ! �"! �%' � '	�(���

�dS�§mc��wSYqsS��m[_S��0{|S0/iZi[¬cs[\^BZijw��qz^BR�yQqsS��m[_^ahij'�w^aqs�E����ZjzS3b�cz[_^aZT|�_�£�wS%`a[_�aS£czOQS�jzkmZ�cse�§	^f��S�§|yQqzSDju¥
jz[_^aZijY¢���^B]\]_^���[\Zi` 7_�0:�¦¡�m��Z	jzS3b�cz[_^aZTQ� T���SYS�§|yQ]gef[_Z�e qzS3yQqsS3jzS�Z�csefcz[_^aZ)��^aqwcsOQS£[_Z|��^BqzR�e�cs[\^BZ�e5��ef[_]_eanQ]_S
cs^eaZà^an!jlS3qz�BS�qd��Oi^	OieBj£jzS�S3Z©R)S3jsjsef`aSDj�S�§|b�O!efZQ`BS3{[_ZàcsOQS�b�^ahiqsjzS&^a��e�yQqs^fcs^|b�^a]$S�§|SDb�h|cs[\^BZI�E��Z
jzS3b�cz[_^aZT|� ')efZi{T|� �)��S+yQqsS3jzS�Z�c'czOiS�qzS3]_efcz[_^aZij

`
efZ!{

≈s

�i��OQ[_b�O,¢¤eBj�S�§|yQ]gef[_ZQSD{�[_ZczOQS�[_Z�czqs^|{|hib¡¥
cs[\^BZ!¦�yQqz^��m[g{|S�cu�w^%��^aqsR�ef]_[\¨De�cs[\^BZijr^a��czOQSY�mZQ^���]\SD{|`aS�czOiefc�csOQS£^BnijzS�qs�aS�q�Oieaj�^aZ�csOQSYnieajz[_j�^f�IcsOie�c
[_Z|��^BqzR�e�cs[\^BZI�

#%$'& ( °%) �D�+*
�,���-��	 ���� ��!

Σ
b�^aZijz[_jlcsjY^a�we /iZQ[\czS�jlS�cY^a����hQZ!b¡cz[_^aZ,jzk�R n!^B]_j3��jlh!b�OLeaj

enc
eaZi{

pair
��S3eBb�Oà��[¬csO

eaZ�efqs[\cuka� � S�c
ar(Σ)

n>SdcsOQSdR�ef§m[_R�ef]Eefqs[¬cuk)^a��e%��hQZib�cz[_^aZjlkmR&n>^a]>[_Z
Σ
�|�9��hQZib�cz[_^aZjlkmR&n>^a]>��[\czO

eaqz[\cuk��M[_jdeMb�^aZijlcseaZ�c�jzkmR&n>^a]G�
VY[_�aS3Ze)jz[\`BZie�cshQqzS

Σ
�QefZ	[\Z /iZQ[\czS�jzS�c�^f��ZiefR)SDj

N
�ieaZi{efZ[\Z�/!ZQ[¬csS%jlS�c�^f����eaqz[gefnQ]_S3j3�BczOQS�jzS�c

^a� � !0�/.0�+[_j�{QS0/iZQSD{n�k�czOQS%`BqseaRMR�eaq�1

L,M,N, T, U, V ::=
czS3qzR�j

k, . . . , n, . . . , s
ZiefR)S

x, y, z
�5eaqz[gefni]\S

f(M1, . . . ,Ml)
��hQZib�cz[_^aZefyQyi]\[gb�efcz[_^aZ

��OiS�qsS
f
q�efZQ`BS3jM^��aS3q csOQSA��hQZib�cz[_^aZ jzkmR&n>^a]gj)^f�

Σ
efZi{

l
R�e�c�b�OQS3jMcsOQS©efqs[\cuk ^f�

f
����]\czOQ^BhQ`aO

Z!efR)S3j3����eaqz[gefnQ]_S3j3��eaZi{ªb�^aZijlcseaZBcMjlkmR&n>^a]gj Oie5�aS�jz[_RM[_]gefqs[¬cs[\SDj�����S /iZi{ª[\c�b�]_S3efqsS�q�cz^ �aS�S3y,czOQS3R
jzS�y!efq�e�czSB�!�}czS�qsR [_j+b�]\^�jlSD{A��OQS�ZL[¬c+{|^mS3j£ZQ^fc+Oie5�aS���qzS3S&��efqs[_eanQ]_S3j&¢¤nQh|c+[¬cYR�e5kAb�^aZ�csea[\ZZ!efR)S3j
eaZi{�b�^aZijlcseaZ�cwjzk�R n!^B]_j�¦¡�)% S+��qz[\czS

fn(M)
��^Bq�csOQS%jlS�cw^a��ZieaRMSDj�czOiefc'^|b3b�hQqw[\Z	czOiSdcsS�qsR

M
�)%LS

h!jlS�R)S�c�e�¥è��efqs[_eanQ]\SDj
u, v, w

cs^àq�efZQ`BSM^��BS�q%ZieaR)S3j�eaZi{ �5eaqz[gefni]\SDj��IN'OQS���32 !
|T |

^f��eczS3qzR
T
[gj

{QS0/iZQSD{n�k
|u| = 1

efZ!{
|f(T1, . . . , Tl)| = 1 +

∑l
i=1 |Ti|

�iN'OiS0� �04
56���32+!
|T |DAG

[gj�csOQS%ZmhQR&n>S�q
^a�${|[gjlcz[_Zib¡cdjzhQn|csS�qsR)j�^f�

T
�

% S�SDo�hQ[\y&czOQS'jz[\`BZie�cshQqzS
Σ
��[¬csOMeaZ�S3o�hiefcz[_^aZiea]acsOQS�^Bqzk

E
�DczO!e�c�[_j3��efZ�SDoBhi[\��ef]_S�Z!b�S�qsS�]ge�cs[\^BZ�^aZ

csS�qsR�jwczOiefc'[gj�b�]\^�jlSD{�hQZi{QS�qdjzhQnijlcz[\czh|cs[\^BZij'^f�$czS3qzR�jw��^Bq��5eaqz[gefni]\SDjweaZi{b�]_^BjzS3{�hiZi{|S�q£efyQyQ]_[gb�e�cs[\^BZ
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^a��b�^aZ�czS�§mcsj3� %LS%��qs[¬csS
M =E N

��OQS�ZcsOQS%S3o�hiefcz[_^aZ
M = N

[gj�[_Z
E
�3% S%hijlSYcsOQS�jlkmR n!^B]

==cs^�{|S�ZQ^aczS�jzkmZBc�eab�cz[gb£SDo�hief]_[¬cuk�^a��csS�qsR�j��

#%$ # ���D� ¯ �L�	� � )�� � ¯ � �ª� � ) � ³�� �5��� ¯ �
����czS3qwe&yQqz^acz^|b�^B]QS�§|SDb�h|cs[\^BZI��eaZ�e�czcseBb��aS�q�R)e5kM�mZQ^��9e&jzS3o�hQS3Zib�S�^a�IR)S3jsjzea`aS3j

M1
�>���3���

Ml

��N'Oi[_j
R)SDefZij�csOie�c�[¬cw��Zi^���j�S3eab�O)R)S3jsjsef`aS�nih|c�[\cwef]gjz^Y�mZQ^���jr[\Z���OQ[gb�O�^aq�{|S3q;[¬cwqzSDb�S�[_�aSD{�csOQSdR)SDjzjsef`BS3j3�
;|^[¬cM[_j&ZQ^fc�S3ZQ^ahQ`BO,��^aq�h!j%cz^Ljze5kcsOie�c czOQS	e�clc�eab��BS�q%�mZQ^���j+csOQS�jzS�c&^a�wcsS�qsR�j

{M1, . . . ,Ml}
�

1ihQqzczOQS3qzR)^aqsSa���wSYjzOQ^ahi]_{	{|[_jlcz[_ZQ`BhQ[_jzO�csOQ^BjzSYZiefR)S3j�csOie�cwczOQS%efclcseBb��aS3q�OieB{�n>S���^BqzS£czOQSYS�§|SDb�h|cs[\^BZ
��qs^aR}czOQ^�jlS'csOie�cr�wS�qsS���qsS3jzOQ]_k&`BS�ZQS3qsefczS3{ efZi{M��OQ[gb�O)R�e5k�qzS3R�ef[_ZMjzS3b�qzS�c$��qs^aR}czOQSdefclc�eab��aS3q+*5n>^fcsO
�m[_Zi{Qj'^a�$ZieaR)S3j'R�e5k�efyiy!SDefq'[\ZcsOQS+czS3qzR�j3�

��Z�csOQSdeayQyQ]_[\SD{)yQ[>b3ef]gb�hQ]_hij#7\�6:G��jlhib�O�e%jzS3o�hQS3Zib�Sd^f��R)S3jsjzea`aS3jr[_j�^aqs`BefZi[\¨3S3{ [\Z�cz^ e�������. !
νñσ

�
��OiS�qsS

ñ
[_j'e /iZQ[\czS�jzS�c'^f��Z!efR)S3j+¢�[_Z�czhQ[\cz[_�aS3]\kB�mczOQSY��qsS3jzO	Z!efR)S3j�¦¡�|efZ!{

σ
[_j'e)jlhinijucs[¬csh|cz[_^aZ^f��czOQS

��^BqzR 1
{M1/x1

, . . . ,Ml/xl
}

��[\czO
dom(σ) �
	��= {x1, . . . , xl}.N'OiS%�5eaqz[gefni]\SDj�S�ZieanQ]_S%hij�cs^�qzS���S�q�cs^�S3eBb�O

Mi

�Q��^Bq�S�§QeaRMyi]\S+��^Bq��aS3S�yQ[_ZQ`)czq�eab���^f��czOQS3[\q£^aq�{|S�q�^a�
csqseaZijzRM[gjsjl[_^aZI��% S�ef]_�we5k|j+eajsjlhiRMS czO!e�c�^ahiq�jlhQn!jucs[¬csh|cz[_^aZij%eaqzS)b�k|b�]\S�¥7��qsS�SB�IN'OQS�jl[_¨�S)^f�'e	��qseaRMS
φ = νñ{M1/x1

, . . . ,Ml/xl
}
[gj
|φ| �
	��=

∑l

i=1 |Mi|
�

#%$� � ¯ ´	���a� � ³ )
VY[_�aS3Z�e���q�efR)S

φ
czO!e�c�qzS3yQqzSDjlS3Z�csjEcsOQS�[_Z|��^aqsR�e�cs[\^BZ�e5�5ea[\]gefni]\S�cs^£efZ e�clc�eab��BS�qD����S�R)e5k+eajz�Y��OQS�csOQS�q

e)`B[\�BS�ZczS3qzR
M

R�e5k	n!S&{QS3{|hib�S3{��qs^aR
φ
�>N'OQ[gj�qsS�]ge�cz[_^aZ[gj���qs[¬czczS�Z

φ ` M
¢���^B]\]_^���[\Zi` ;Qb�OQZQS�[\¥

{QS�q 7ÝTf��:�¦¡�|�èc�[gj�e�§|[_^aR�e�cs[\¨3S3{	nmk�czOQS%qshQ]_S3j�1
[¬�
∃x ∈ dom(σ)

j3� cD�
xσ = M

νñσ `M
s 6∈ ñ

νñσ ` s

φ `M1 · · · φ `Mk
f ∈ Σ

φ ` f(M1, . . . ,Mk)

φ `M M =E M ′

φ `M ′

;|[\Zib�SwczOQS�{|SD{|hib�[\nQ]_S'R)S3jsjzea`aS3j${|S3y!S3Zi{M^aZ czOQS'hQZi{QS�qs]\km[_ZQ`+S3o�hie�cs[\^BZief]�csOQS�^BqzkB�D�wS'��qz[\czS
`E

��OQS3Z
E
[gj+ZQ^fc�b�]_S3eaqY��qz^BR czOQS�b�^aZ�czS�§�cD�E��ZBcshQ[\cz[_�aS�]_ka�EcsOQS�{|S3{Qhib�[_nQ]_S�RMSDjzjsef`BS3jYefqsS&csOQS)R)S3jsjzea`aS3j£^f�

φeaZi{	[¬c�jw��qzS3SYZ!efR)S3j3�Qb�]_^BjzS3{�n�k�S3o�hief]_[\cuk�[\Z
E
efZi{b�]_^BjzS3{�nmk�efyQyi]\[gb�efcz[_^aZ^f����hiZib¡cs[\^BZij���%LS+Oie5�BS

csOQS+��^a]_]_^���[\ZQ`)b�OieaqseBb¡czS3qz[_¨3efcz[_^aZ�^a��{QS3{|hib�cz[_^aZ%1
� � ³���³ � � � � ³ ) & $�� !��

M
 ! � ��	 � ��!�� �/!��/. ��	 �

νñσ
�! ������� . !���� ��!0	

νñσ `M
� � ��	 � ��	 	�� � �

� �3!���! !�� � ����� �#�/!��/.
ζ
��� �
�

fn(ζ) ∩ ñ = ∅
��	 �

ζσ =E M
�

�£j�efZS�§QefR)yQ]_Sa�|�wSYb�^aZijz[g{|S�qwczOiS%S3o�hie�cs[\^BZief]>csOQS�^Bqzk�^a��yiea[\qs[\Zi`MeaZi{	jzkmR)RMS�czqs[_bYS3Zib�qskmy|cz[_^aZI�
N'OiSYjz[\`BZie�cshQqsS�[_j

Σ1 = {pair, enc, fst, snd, dec}
�m�£jwhijlh!ef]G���wSd��qs[\czS

〈x, y〉
[_ZijucsS3eB{�^f�

pair(x, y)
�

N'OiS£csOQS�^Bqzk
E1

[_jd{|S0/iZiS3{nmk 1

fst(〈x, y〉) = x snd(〈x, y〉) = y dec(enc(x, y), y) = x.
� S�c

φ �
	��= νk, s{enc(s, k)/x, k/y}
�BN'OQS3Z

φ ` k
eaZi{

φ ` s
� 1QhiqlcsOQS�qsR)^aqsSa�a�wSdO!e5�aS

k =E1
yφ

efZi{
s =E1

dec(x, y)φ
�
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#%$�� ( �D�|� � � ¯�� � ��� � � ¯ ) � ¯
�£S3{Qhib¡cs[\^BZ {Q^�SDjZQ^ac©ef]_�we5k|jAjlh >�b�S,��^aqS�§myiqzSDjzjz[\Zi` csOQS �mZQ^���]_S3{|`BS ^a�)eaZ e�clc�eab��BS�qD�'eBj{|[gju¥
b�hijsjlSD{ [\Z9csOQS©[_Z�czqs^|{|hib¡cs[\^BZI� 1Q^aq	S�§QefR)yQ]_Sa�wb�^BZijl[g{|S3q

φ1 �
	��= νk{enc(0, k)/x, k/y}
efZi{

φ2 �
	��=
νk{enc(1, k)/x, k/y}

����OiS�qsS
0, 1 ∈ Σ

efqsS	b�^aZijlcseaZBc)jlkmR n!^B]_j3�$N'OiSefclcseBb��aS3q b�eaZ {|SD{|hib�S�csOQS
jsefR)S+jlS�c�^f�IcsS�qsR)jw��qs^aR csOQS3jzSYcu��^ ��q�efR)S3j'jz[\Zib�S£[\c��mZQ^���j

0
eaZi{

1
� *wh|c�[\cdb�^BhQ]_{�czS3]\]EcsOQS%{|[ �ES�qz¥

S3Zib�S&n!S�cu��S3S�ZAczOiS3jzS%cu��^)��q�efR)SDj�nmkb�OQSDb��m[\ZQ`���OiS�czOiS�q�csOQS&{|SDb�qskmy|cz[_^aZ^a�
x
��[¬csO

y
yQqs^|{|hib�S3j��

^Bq+�a�
� ¯�� ) � � � ³ ) & $	� ! ����� � �3��� ����� �/!��/.0�

M
��	 �

N
����!�!��0 �� 	 �
	 � �3!�������. !

ϕ 

�0��� ����!�! �� ���������	���	

� �3!����/�
E

��	 ���&���
� !
(M =E N)ϕ 


� � ��	��#��	 	�� � �
ϕ = νñ.σ 
 Mσ =E Nσ 


��	��
{ñ} ∩ (fn(M)∪

fn(N)) = ∅
�0��� ����. ! 	���. !/�

ñ
��	 ���� �����.�
�� �.����	

σ
�

��ZA^BhQq'S�§QefR)yQ]_Sa�|�wS%Oie5�aS
(dec(x1, x2) =E1

0)φ1
nQh|c�ZQ^ac

(dec(x1, x2) =E1
0)φ2

�
� ¯�� ) � � � ³ ) #"$	� ! ����� � �3��� ����� ��	 � ��!�� ������. !/�

ϕ
��	 �

ψ
����!)jlcsefcz[gb�ea]\]_k	SDo�hQ[\��ea]\S3ZBc



��	�� �&���
�/!

ϕ ≈s ψ 

� �3!�	

dom(ϕ) = dom(ψ)
��	 � � �3!�	



�0��� � 	�	 � !0�/.0�

M
��	��

N 

��! �3����!

(M =E N)ϕ� � ��	 � ��	 	�� � �
(M =E N)ψ

�
��ZA^BhQq'S�§QefR)yQ]_Sa�

φ1 6≈s φ2
nQh|c

νk{enc(0, k)/x} ≈s νk{enc(1, k)/x}
�

% S%��qs[¬csS
≈sE

��OQS3Z
E
[gj�ZQ^ac�b�]\SDefq'��qs^aR csOQS�b�^BZ�czS�§mcD�

 � ������� � ' ���(� ��� ��� � ! �-!%"#$&� '	�(� �8�%! ��� � ��� � � ' $�� ��� "#'�� ��� � �#$ �
�#�2��� � ��� �

% Sb�^BRMy!efqsS�S3o�hiea]\[\cuka�;{|SD{|hib�cz[_^aZI�;efZ!{ jlcse�cs[_bSDoBhi[\��ef]_S�Z!b�S	��qz^BR�czOQSAy>^a[_ZBc)^f�Y�m[\S3��^f�£{QS3b�[g{m¥
eanQ[_]\[\cuka��N'OiS�qsSM[gj�]_[\clcz]_S�OQ^By!S�csOie�c&{QS3{|hib�cz[_^aZ,^aq juc�e�cz[gb)S3o�hQ[_��ef]_S�Zib�S���^BhQ]g{©n>S�{|SDb�[g{QefnQ]_S���OQS3Z
SDo�hief]_[¬cuk[\csjzS�]\�'[_j%Zi^fc3�r¢�%LS�Zi^fczS)OQ^��wS��BS�q£czOiefc3����^Bq�jl^BR)S)eaqlcs[ />b�[gef]G�>SDjly>S3b�[_ea]\]_k©{|SDjl[_`aZiS3{LS3o�hie�¥
cs[\^BZief]�czOQS3^aqs[\SDj��${|S3{Qhib¡cs[\^BZªR�e5k©n>S	{|SDb�[g{QefnQ]_S���Oi[\]_S�SDoBh!ef]_[¬cuk [_j&hQZi{|SDb�[g{Qefni]\SB� ¦&N'OQS�qsS���^BqzSB�I��S
��^|b�hij'^aZAS3o�hiefcz[_^aZiea]>czOQS3^aqs[\SDjw��^aq���OQ[gb�O	SDo�hief]_[¬cuk�[_j�efc�]\SDeajlc�{QS3b�[g{QeanQ]\SB�

 $'&
`
�ª� ° � ¯ � ) ´ ¯ � � ´��|� � ¯

)dZ|��^aqzczhiZie�csS�]_ka�|csOQS�{|S3b�[_{iefnQ[_]\[\cuk�^a�$SDo�hief]_[¬cuk	[_j�ZQ^fcdjzh�>�b�[_S�Z�c���^aq'csOQS&{|SDb�[g{Qefni[\]_[¬cuk	^f�;{|S3{Qhib¡cs[\^BZ
eaZi{ jlcsefcz[gb©SDoBhi[\��ef]_S�Z!b�Sa�'�djS3��[g{|S3Zib�SB�w]_S�cAhijb�^BZijl[g{|S3q�csOQS {QS3b�[g{QeanQ]\S S3o�hiefcz[_^aZiea]�csOQS�^Bqzk

E2{QS0/iZQSD{n�k 1

x · (y · z) = (x · y) · z

[x1, y1] · [x2, y2] = [x1 · x2, y1 · y2]

f([x · y, x · y]) = f([x, x])

��b3b�^Bqs{|[_ZQ`+cs^�czOiS3jzS�S3o�hiefcz[_^aZij3�fcsOQS£jzkmR&n>^a]
·
[gj�eBjzjz^|b�[ge�cz[_�aS�eaZi{�{|[gjucsqz[_nQh|csS3j�^��aS3q;czOQSYjlkmR n!^B]

[ ]
�

eaZi{�efZmk czS3qzR ^f��csOQS���^BqzR
f(M,M)

b3efZ�n>S£b�^a]_]_eayijzS3{M[\Z�cs^&efZmk czS�qsR
f(M ′,M ′)

��OiS�qsS
M ′

[gj�e
yiqzS6/Q§�^f�

M
�mN'OQ[_jwSDoBh!e�cz[_^aZ!ef]QcsOQS�^Bqzk)S3ZiefnQ]_S3j�hij�cz^ S�Zib�^m{QSdcsOQSdp�^Bjlcdv�^aqsqzSDjly>^aZi{QS�Zib�S�prqz^BnQ]_S�R

¢¤pwv�p�¦'[_Z�cz^MczOiS�{|S3{|h!b¡cz[_^aZAyQqs^ani]\S3R�
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	������������	�����������	����� �!#"$��������!��

� � ³���³ � � � � ³ ) #"$ � �3! ��!��� ���.����	 �������	 !�. �0���
E2 � `E2 � � �  	���!��0��� ���	 !��

N'OiS&pwv�p [_j�1i`B[\�BS�Zàe /!ZQ[¬csS&ZmhQR n!S3q£^a�ryief[_qsjd^f�r�w^aq�{Qj
(ui, vi)1≤i≤n

^BZczOQSMef]_yQOiean!S�c
A ⊂ N

�
{Q^�SDj�csOQS�qsS%S�§|[gjuc�jde�jzS3o�hQS3Zib�S

s1 · · · sk ∈ {1..n}∗
jzhib�OAczO!e�c�1

us1
· · ·usk

= vs1
· · · vsk � %LS�R�eay

csOQSMpwv�p [_ZQyQh|c
(ui, vi)1≤i≤n

cs^�csOQSMjzhQnijlcz[\czhQcz[_^aZ
σ = {[ui, vi]/xi}

��N'OQS�Zà�wS)b�efZ©�aS�qs[\��k	csOie�c
csOQS�qsSàS�§m[gjlcsj�eªjz^a]_h|cs[\^BZ cz^ csOQSàpwv�p�[\�&efZ!{ ^aZQ]_k [\�+czOQS3qzS©S�§|[_jlcsj	e,]\S�clcsS�q

a ∈ A
jzhib�O csOie�c

(νΣ)σ `E2
T ([a, a])

�

 $ #
`
� ¯ ´	�$� ¯ �)� ³

≈s

�dS�§mc&�wS�jlOi^��}czO!e�c {|SD{|hib�cz[_^aZ R�e5kàn>S�qzSD{|hib�S3{Lcz^©jlcsefcz[gb)S3o�hQ[_��ef]_S�Zib�Sa�-1i^aq%csOQ[_j�yQhQqsy!^�jlSB�I��S
eB{Q{ czOQS��¤efR)[\]_[gefqrSDoBh!e�cz[_^aZ

dec(enc(x, y), y) = x
�E¢ % S�Oie5�aS'ZQ^ac�jlczhi{|[_S3{)��O!e�c�OieayQy>S�Zij���[¬csOQ^ah|c

csOQ[gj�S3o�hiefcz[_^aZI�Qjz[\Z!b�S+[¬c�[gj�jz^)b�^aR)R)^aZ[\ZeayQyQ]_[_b3e�cz[_^aZ!j��Ý¦

� � ³���³ � � � � ³ ) %$�� !��
E

�! ��	 !��0 ����.����	 � 	 ����!����/� ����!������ . ! ���-��	����� ��!
Σ
� � !��

0, 1
�! � ��� ����	 5

��� ��	 �'�

 dec

��	��
enc

�! ����� 0�
	����/���� 	 ��������	�/��. ���	 � � �3��� ��� ! 	������
	
Σ
�

� ! � !���	 !
Σ′ ���	�= Σ ] {0, 1, enc, dec}

��	 �
E ′ ���	�= E ] {dec(enc(x, y), y) = x}

� � !��
φ =

νñ{M1/x1
, . . . ,Ml/xl

}
�! � ������. ! ��	 �

M
�! � � !0�/. ��� �3!�	

φ `E M
� � ��	�� ��	 	�� � �

νñ{M1/x1
, . . . ,Ml/xl

,enc(0,M)/xl+1
} 6≈sE′ νñ{M1/x1

, . . . ,Ml/xl
,enc(1,M)/xl+1

}.

% S&{|S3qz[_�aS�czOiefcd[¬�
≈s

[gj£{QS3b�[g{QeanQ]\S���^aq
E ∪ {dec(enc(x, y), y) = x}

�QcsOQS�Z
`
[gjd{QS3b�[g{QeanQ]\S���^aq

E¢¤��[¬csOe�c�R)^Bjlc'czOQS�jsefR)S%b�^BRMyi]\S�§m[\cukQ¦¡�

 $�
≈s

´ ³�¯ � )$³ �M� ¯ ´ �$� ¯ � ³
`
� ) �>¯ )�¯ ��� �

N'OiS�b�^BZ��BS�q�jlS)[gj�ZQ^ac�czqshQS 1
`
R�e5k©n>S	{QS3b�[g{QeanQ]\S���OQ[\]_S

≈s

[gj�ZQ^ac3����Zi{|S�SD{��$��S�b3efZ S�Z!b�^|{|S�eaZ
hiZi{|S3b�[_{iefnQ]_S&yQqs^ani]\S3R [_Z�cz^�csOQSMjlcsefcz[gb%S3o�hQ[_��ef]_S�Zib�S&yQqs^ani]\S3R [_Z©jzhib�Oàe��'e5k�csOie�cYczOQSM{|S3{Qhib¡cs[\^BZ
yiqz^BnQ]\S3R�qsS�R�ef[_Zij'{|S3b�[_{iefnQ]_Sa�

� � ³���³ � � � � ³ ) � $ � �3!���! !�� � ���'� ��	 !��� ���������	 � 	 � �3!����/� �� � � �������
≈s

� �  	���!��0��� ���	 ! � �)��	 !
`

� �
� !��0��� ���	 ! �
% Sàb�^BZijz[_{|S3q)czOQSA��^B]\]_^���[_ZQ` b�^aZ!jucsqzhib�cz[_^aZ%1�VY[_�aS3Z cu�w^ {|S�csS�qsR)[\ZQ[gjlcz[gbN�hQqs[_ZQ`,R)eBb�OQ[_ZQS3j

M1 =
(Q,A, q0, Qf , δ1)

efZ!{
M2 = (Q,A, q0, Qf , δ2)

��[\czOªcsOQSjzeaR)S	b�^BZ�czqs^a]'juc�e�czSDj��$��OQS3qzS
δ1, δ2 :

Q× A → Q× A × {L,R}
�i��S�b�^aZijlczqshib¡c�csOQS�R�eab�Oi[\ZQS

M(M1,M2) = (Q,A, q0, Qf , δ)
��OQS3qzS

δ : {1, 2} ×Q×A → Q×A× {L,R}
jlh!b�O	csOie�c

δ(1, q, a) = δ1(q, a)
efZi{

δ(2, q, a) = δ2(q, a)
�

�wc)S3eBb�O jlczS3yI�$czOQSAR�eab�OQ[_ZQS
M(M1,M2)

yi]_e5k|jMeàcsqseaZijl[\cz[_^aZ ^f�dS3[¬csOQS�q
M1

^aq
M2

� ;m[\Z!b�SczOQS
R�eBb�OQ[\ZiS3j

M1
efZ!{

M2
eaqzSd{QS�czS3qzR)[_ZQ[gjucs[_ba��e%qshQZ�^a��czOQS£R�eab�OQ[_ZQS

M(M1,M2)
^aZ�e%�w^aq�{

w
R�e5k

n>S�{|SDjzb�qz[_n!SD{Anmk	eM��^Bqs{
s
^f�

{1, 2}∗
�i��OQ[gb�OA`a[_�aSDjwczOQS�]_[gjuc�^a�;b�Oi^a[gb�S3j'R�eB{|S%nmk

M(M1,M2)
e�c

SDeab�O�jlczS3yI�
M(M1,M2), w

s
→
{QS�ZQ^aczS3j�csOQS+R)eBb�OQ[_ZQSM¢¤��[¬csO	[\csj'b�hQqzqsS�Z�c�csefy>SD¦wef��czS�qwcsOQS%jlSDoBhiS�Zib�S

^a�$b�OQ^B[_b�S3j
s
^BZczOQS%�w^aq�{

w
�3% S�eajsjzhQR)S£csOie�c�csOQS%]_^mb3ef]Ib�^aZ�czqs^a]�jlcse�csS+[_j���qs[\clczS3ZA^aZ	czOQS+c�efy>Sa�
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φ = νñσ
�! ������� . !�� � �3! ��!0�

Eq(φ)
� � ����! ��!�� � � !��0 �� 	 �
�.��!��

C1[ζM1
, . . . , ζMk

] = C2[ζM ′

1
, . . . , ζM ′

l
]

�� ��� �������
(C1[ζM1

, . . . , ζMk
] =E C2[ζM ′

1
, . . . , ζM ′

l
])φ 
 |C1|, |C2| ≤ cE 


��	 � � �3!
Mi

��	 �
M ′

i

����!
�
	

sat(φ)
��� �

φ′
� � ����� ��. ! �� ��� � �3���

(M =E N)φ′
�0��� ! ��!0�/�

(M = N) ∈ Eq(φ) 

��! �&���
� !

φ′ |= Eq(φ)
�

N��w^)b�qzh!b�[gef]E]\S3R)R)eBj�jlOi^�� czO!e�c�[\c�[_j�jzh�>�b�[_S�Z�c�cz^�b�^aZijz[_{QS�q'czOiS3jzS%S3o�hief]_[\cz[_S3j�1
��¯ � �ª� & $ � !0�

φ = νñσ
��	 �

φ′ = νñ′σ′
�!�� ��� ����� . !�� �� ��� � �3���

φ′ |= Eq(φ)
� � ����! ��5

!��/� ����	�� ! ���
C1[x1, . . . , xk] 
 C2[x1, . . . , xl]

�� � � � �3���
(fn(C1) ∪ fn(C2)) ∩ (ñ ∪ ñ′) = ∅ 


�0���
! ��!0�/�

Mi,M
′
i ∈ sat(φ) 


� �
C1[M1, . . . ,Mk] == C2[M

′
1, . . . ,M

′
l ] � �/��	�� � ���.�'� !��0 �� 	 �
� � � 
 ����!0	

(C1[ζM1
, . . . , ζMk

] =E C2[ζM ′

1
, . . . , ζM ′

l
])φ′
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φ = νñσ

�! ������� . !�� � ��� ! �2!��/� ����	�� ! ���
C1

� � �
�
fn(C1) ∩ ñ = ∅ 


�0��� ! ��!0�/�

Mi ∈ sat(φ) 

�0��� ! ��!��/� �/!��/.

T
�� � ���������

C1[M1, . . . ,Mk] →E T 

����!0��! ! ��� ��� � ����	�� !�� �

C2� � �
�
fn(C2) ∩ ñ = ∅ 


��	 � �/!��/.0�
M ′

i ∈ sat(φ) 

�� � ��� �3���

T == C2[M
′
1, . . . ,M

′
l ]

��	 � �0��� ! ��!��/�
��� ��. !

φ′ |= Eq(φ)
�� � � �������

φ′ = νñ′σ′
��	 �

(fn(C1)∪ fn(C2))∩ ñ′ = ∅ 
 (C1[ζM1
, . . . , ζMk

] =E

C2[ζM ′

1
, . . . , ζM ′

l
])φ′
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�d^�� csOQS3jzS%]\S3R)R)eBj�efqsS+hijlSD{	cz^)yQqs^��aS£czOQS�{|SDb�[g{Qefni[\]_[¬cuk	^f�;{|S3{Qhib¡cs[\^BZAeaZi{juc�e�cz[gb+S3o�hQ[_��ef]_S�Zib�S+[_j
S�§|yQ]_ea[\ZiS3{	[\ZjlczS�y!j 'MeaZi{�)^f��csOQS%yQqs^m^f�u�|qsS3jzy!SDb¡cz[_�aS3]\kB�

� �/! � � � � � �3!�� ��� � �
�
��!������������	 �
� � � �

`
���dS�qsS'��S�jzOQ^�� czO!e�c�efZmk%R)S3jsjsef`aS'{|SD{|hib�[_nQ]_S'��qz^BR ed��qseaRMS

φ
[_j�eBb¡cshief]_]\k	eMb�^aZ�czS�§mc�^��aS�q�czS3qzR�j�[_Z

sat(φ)
�

� � ³���³ � � � � ³ )�� $�� !��
φ = νñσ

�!#� ��� ��. !

 M

�! � �/!��/. ��	��
M ↓

�
��� 	 ���/. � 	 �0���/. �
φ ` M� �#��	 � ��	 	���� � � �3!���! !�� � ���

C[x1, . . . , xk] 
 M1, . . . ,Mk ∈ sat(φ)
�� � � � �3���

fn(C) ∩ ñ = ∅
��	 �

M ↓== C[M1, . . . ,Mk]
�

� ���+� �����è�
M ↓== C[M1, . . . ,Mk]

��[¬csO
fn(C) ∩ ñ = ∅

�$csOQS�Z
M =E C[ζM1

, . . . , ζMk
]σ
��nmk

b�^aZijlczqshib�cz[_^aZ9^f�%csOQS
ζMi

� j3�wN'Omhij3��nmk yQqs^ay>^Bjz[¬cs[\^BZ �a�
φ ` M

��v�^aZm�aS3qsjzS�]_ka�r[\�
φ ` M

�rcsOQS�Z
nmkªyiqz^By!^�jl[\cz[_^aZ0�a��csOQS�qsSS�§|[gjuc�j

ζ
jlh!b�O csOie�c

fn(ζ) ∩ ñ = ∅
efZi{

M =E ζσ
�wN'O�h!j

M ↓==
(ζσ) ↓

���dyQyQ]_k�[_ZQ`àqsS3b�hQq�jl[_�aS3]\kà]_S�R)R�e©TQ���wS�^an|c�ef[_Z,czOiefc
(ζσ) ↓== C[M1, . . . ,Mk]

��^aqMjl^BR)S
M1, . . . ,Mk ∈ sat(φ)

efZi{
C
jlhib�O	czO!e�c

fn(C) ∩ ñ = ∅
�

% S�{|S3qz[_�aS$czO!e�c
φ `M

b�eaZYn>S�{|SDb�[g{|S3{+nmkYb�OQS3b��m[_ZQ`'��OQS�csOQS�q
M
[gj�^f�mczOiS���^aqsR

C[M1, . . . ,Mk]��[\czO
Mi ∈ sat(φ)

�$�dj+��^Bq&b�^BR)yQ]\S�§|[¬cukB��`a[_�aS�Z,eczS3qzR
M
�
M ↓

[gj�b�^BRMyih|czSD{L[_Z,cz[_R)S
O(|M |)

�
«£Z!b�S

sat(φ)
[gj�b�^BRMyih|czSD{��Db�OiS3b��m[\Zi`d[\�QczOQS3qzS�S�§|[gjuc

C[x1, . . . , xk],M1, . . . ,Mk ∈ sat(φ)
jzhib�O%czO!e�c

fn(C) ∩ ñ = ∅
eaZi{

M ↓== C[M1, . . . ,Mk]
R�e5kLn!S�{|^BZQS�[_ZLcs[\R)S

O(|M ||φ|)
� % S�b�^BZib�]_hi{|S

csOie�c
φ `M

[_jd{|S3b�[_{QeanQ]_SY[_Zcz[_R)S
O(|M ||φ|max(ar(Σ),cE)+1)

�

� �/! ��� � � � �3! � ��� � �
�
��!��0��� �����	 �
� � � �

≈s

�
� � ³���³ � � � � ³ )�� $�� !��

φ
��	 �

φ′
�! � ��������� . !�� �

φ ≈s φ
′ � � ��	 � ��	 	�� � �

φ |= Eq(φ′)
��	 �

φ′ |= Eq(φ).

� ���+� ���#*wk {QS0/iZQ[\cz[_^aZ ^f�%jlcse�cs[_bSDoBhi[\��ef]_S�Z!b�Sa�;[\�
φ ≈s φ′

czOiS�Z
φ |= Eq(φ′)

efZi{
φ′ |= Eq(φ)

�
�£jzjzhQR)S;ZQ^��LczOiefc

φ′ |= Eq(φ)
efZ!{%b�^aZ!jl[g{|S�q

M,N
jlhib�OYcsOie�cIcsOQS�qsS;S�§|[gjuc

ñ, σ
jlhib�OYcsOie�c

φ = νñσ
�

(fn(M) ∪ fn(N)) ∩ ñ = ∅
efZi{

(M =E N)φ
��N'OQS�Z

Mσ =E Nσ
�Ejl^

(Mσ) ↓== (Nσ) ↓
� � S�c

T �
	��= (Mσ) ↓
�B�dyQyQ]_km[\ZQ`&qzSDb�hQq�jl[_�aS3]\k&]\S3RMR�e&TQ�f�wS�^an|c�ef[_ZMczOiefcrczOQS3qzSdS�§|[_jlc

M1, . . . ,Mk ∈ sat(φ)eaZi{
CM

jlh!b�O�csOie�c
fn(CM ) ∩ ñ = ∅

eaZi{

T == CM [M1, . . . ,Mk]
efZi{

Mσ′ =E CM [ζM1
, . . . , ζMk

]σ′.

;|[\Zib�S
T == (Nσ) ↓

�|�wS%^an|c�ef[_Zjl[_R)[\]gefqs]\k�czOiefc�czOQS3qzS%S�§m[gjlc
M ′

1, . . . ,M
′
l ∈ sat(φ)

efZ!{
CN

jlh!b�O
csOie�c

fn(CN ) ∩ ñ = ∅
eaZi{

T == CN [M ′
1, . . . ,M

′
l ]
eaZi{

Nσ′ =E CN [ζM ′

1
, . . . , ζM ′

l
]σ′.

çGË Ñ çè¼



� !��0�����
	�����	����
	 !���� ! �
	��!��� ���
����� � ��� ������	��  	 ��!�� !��0 ����.����	 ��	 ����!�������!�� � '

�à^aqsS�^��aS3q3�mjz[\Zib�S
CM [M1, . . . ,Mk] == CN [M ′

1, . . . ,M
′
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�|�wS�{|S�qs[\�BSd��qs^aR ]\S3RMR�eA�YczO!e�c

CM [ζM1
, . . . , ζMk

]σ′ =E CN [ζM ′

1
, . . . , ζM ′

l
]σ′
�mcsOmhij

(M =E N)φ′
�!v�^aZm�aS3qsjzS�]_ka�B[¬�

(M =E N)φ′eaZi{
φ |= Eq(φ′)

�i��S%b�eaZ	yiqz^��BSdcsOie�c
(M =E N)φ

��%LS�b�^aZib�]\hi{QS
φ ≈s φ

′
�

N'OQS3qzS���^aqsSa�'`a[_�aS3Z
φ
efZi{

φ′
��cz^9{|S3b�[_{QS ��OiS�czOiS�q

φ ≈s φ′
�wSLOie5�BS©cs^9b�^aZ!jucsqzhib�c

sat(φ)eaZi{
sat(φ′)

�£N'OQ[_jb3efZ0n!Sª{Q^aZQS,[_Z cs[\R)S
O(max(|φ|, |φ′|)max(ar(Σ),cE)+1)

n�k yQqz^By!^�jl[\cz[_^aZ0�Q�
1i^aqS3eBb�O czS�qsR

M
^f�

sat(φ)
^Bq

sat(φ′)
��csOQSàcsS�qsR

ζM
OieBj	e y!^B]\kmZQ^BRM[gef] ����V£¥�jl[_¨�SB�wN'OiS�ZI�

��^Bq�efZmk&b�^aZ�czS�§mcsj
C1, C2

jlh!b�O csOie�c
|C1|, |C2| ≤ cE

����^aq�eaZmk
Mi,M

′
i ∈ sat(φ)

����S�b�OiS3b�����OQS�czOQS3q
(C1[ζM1

, . . . , ζMk
] =E C2[ζM ′

1
, . . . , ζM ′

l
])φ

efZ!{
(C1[ζM1

, . . . , ζMk
] =E C2[ζM ′

1
, . . . , ζM ′

l
])φ′

�
N'OiS�qsS�efqsS+efcdR)^Bjlc

(cE |φ|cE )2
S3o�hiea]\[\cz[_S3j�[_Z

Eq(φ)
� ��eab�OczS3qzR ^f��czOQS���^aqsR

C1[ζM1
, . . . , ζMk

]φO!eajre%y>^a]_kmZQ^aR)[gef]�����V£¥èjz[_¨�Sa�BN'OQSdSDoBh!ef]_[¬cuk ^f�Ecu��^�czS�qsR�jrqsS�yQqsS3jzS�Z�csS3{Mnmk ����V+j�b�eaZ�n!Sdb�OiS3b��aSD{
[_Zày>^a]_kmZQ^aR)[gef]Ics[\R)S 1!�wS&{|^�Zi^fc£ZiS�S3{cz^�S�§my!efZi{csOQS ����V+jdcz^�czS3jlcd��^BqdSDoBh!ef]_[¬cukB��% S b�^BZib�]_hi{|S
csOie�c

φ ≈s φ
′
b�efZn>S�{|S3b�[_{|SD{[\Zy!^B]\kmZQ^BR)[_ea]Ecz[_RMS%[_Z

|φ|
eaZi{

|φ′|
�

� � �(�%$ � "���' �(�

N'Oi[_jMyieay!S3q [_Zm�aS3jlcz[_`BefczSDj {|SDb�[g{Qefni[\]_[¬cuk o�hQSDjucs[\^BZij ��^aqMRMSDjzjsef`BS	{|SD{|hib�[\nQ[_]_[¬cukªeaZi{ jlcsefcz[gb�SDoBhi[\��e�¥
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SDo�hie�cs[\^BZief]wczOiS�^aqs[_S3j3��N'Oi[_j)`BS�ZQS3qsea]\[_¨3efcz[_^aZªR�e5k n>SS3eajzk [\�Y^BZQS	qsS3jlczqs[gb¡csj)efclczS3Z�cz[_^aZ cz^,yieajsjz[\�BS
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�dS�qsS+��S+`a[_�aSYcsOQS%R)[_jsjl[_ZQ`)yQqs^m^f�¤jw^f�;jlSDb¡cs[\^BZ 'i� 'i�

� � ³���³ � � � � ³ )���� � � ³���³ � � � � ³ )��
	 $ � �3! �0� 	�	 ���&�
	 � � ��� �	 !�. � �  	 ��!�������� �	 !��
��ZiyQh|c�1�� ��� . � ���)�
	�!/�

M(M1,M2)
��	 �

M(M ′
1,M

′
2)

��	 � � �������
w

� �
A∗

�
«£hQczyQh|c 1 � �+!�� ����!��0��	�	 ���&�
	������� ��!0��� ��� ��	����	 � �0���

M(M1,M2)
��	 �

M(M ′
1,M

′
2) �

�0��� ��	 �
��!��� �!0	 � !��

s1, s2 ∈ {1, 2}∗ 
 M(M1,M2), w
s1→

��	 �
M(M1,M2), w

s2→
������! ����!�����. !#� � ��! � �

��	 � ��	 	-� � �
M(M ′

1,M
′
2), w

s1→
��	��

M(M ′
1,M

′
2), w

s2→
������! ����! ����. ! �/���3!�

� ���+� ���dN'OiS£Oiea]¬cs[\Zi` yQqs^ani]\S3R ^f��eM{|S�csS�qsR)[\ZQ[gjlcz[gb£N�hQqs[\ZQ`MR�eab�OQ[_ZQS+b�eaZ�n>S£qsS3{|h!b�S3{�cz^ czOQ[gj'yQqs^an|¥
]_S�RA�QVY[_�aS�Z	efZmk�{|S�csS�qsRM[_ZQ[gjucs[_b£N�hiqz[_ZQ`&R�eBb�OQ[\ZiS

M = (Q,A, q0, Qf , δ)
�B�wSYb�^aZijlczqshib�c�czOiSY{|S�czS3ql¥

R)[_ZQ[gjucs[_b�N�hQqs[\Zi`�R)eBb�OQ[_ZQS
T (M) = (Q,A ] {co}, q0, Qf , δ

′)
�!��OiS�qsS%��S%R)^|{|[\��k�csOQS%czq�efZ!jl[\cz[_^aZij

��^Bq'czOQS /!Zief]IjlcsefczS3j�1
{
δ′(q, a) = δ(q, a) ∀a ∈ A, q /∈ Qf

δ′(q, a) = (q, c0, L) ∀a ∈ A, q ∈ Qf .

N'OiS�Z
M(M, T (M)), w

s1→
eaZi{

M(M, T (M)), w
s2→
O!e5�aS)czOiS	jsefR)S)cseay!S���^aq&eaZ�k,jzS3o�hQS�Z!b�S3j

s1, s2 ∈ {1, 2}∗
[\��eaZi{^aZQ]_k�[\�

M
{|^mS3j'ZQ^ac�qzSDeab�O	[¬c�j /iZiea]Ijuc�e�czS%^BZ

w
�

�d^��%��]_S�c
M0

n>SLeaZ�k�/Q§|S3{ {|S�csS�qsRM[_ZQ[gjucs[_bLN�hiqz[_ZQ`ªR�eab�Oi[\ZQSB��1i^aqAefZmk jzS3o�hQS3Zib�SDj
s1, s2 ∈

{1, 2}∗
�
M(M0,M0), w

s1→
eaZi{

M(M0,M0), w
s2→
Oie5�BSMczOQS�jsefR)SMcseay!SB� %LS�{QS3{|hib�S)czOiefc

MqsS3eBb�OQS3j'[\csj /iZiea]�juc�e�csS�^aZ
w
[\�refZi{A^BZQ]\k

M(M, T (M))
efZi{

M(M0,M0)
jzefcz[gju��k�czOQS�yiqz^By!S3qlcuk

(P )
�

N�^�S�Z!b�^|{|S�csOQ[gjdhQZ!{|S3b�[_{QeanQ[_]\[\cuk	qsS3jzhQ]\cd[_ZBcs^
≈s

�!��SMb�^aZ!jl[g{|S�q�czOQS S3o�hie�cs[\^BZief]IczOQS3^aqsk
E3

{|[gju¥
yi]_e5kBS3{�[_Z /i`ahiqzS+�a� *wk ^aqs[\S3ZBcs[\Zi`dcsOQS�S3o�hiefcz[_^aZij$��qs^aR}]_S���c�cz^+qz[_`aO�cD����S'^anQcsef[_Z�b�^BZ��BS�qs`aS3ZBc$qzS3��qz[\cl¥
[_ZQ`	qzhQ]_S3jYjzhib�OczO!e�c

M =E3
M ′

[\��efZ!{^aZQ]_kA[¬�
M ↓== M ′ ↓

��OiS�qsS
M ↓

[_jdczOQSMZQ^BqzR�ef]���^aqsR
^a�
M

��^aqwcsOQS3jzSdqsS���qs[¬cs[\Zi`&qshQ]\SDj��m��Z�czhi[¬cs[\�BS�]_ka�m��SYb�^BZijl[g{|S3q�csS�qsR)j�^f��czOQSY��^aqsR
h(w1, q, w2, s

n(0))
�

��OiS�qsS
w1

qsS�yQqsS3jzS�Z�c�jdcsOQS)cseay!S�n>S���^BqzS)csOQS�R�eab�OQ[_ZQS � j+OQSDea{��
w2

qsS�yQqsS3jzS�Z�c�jdcsOQS)cseay!S�ef��czS3q%czOQS
R�eBb�OQ[\ZiS � j�OQS3eB{��

q
[gj�czOiS�b�^aZ�csqz^B]mjlcsefczS�efZ!{

sn(0)
[_jre+b�^ahQZ�czS3q�qzS3yQqzSDjlS3Z�cz[_ZQ`dcsOQS�ZmhQR&n>S�q;^a�>qshQ]_S3j

��Oi[_b�O�O!e5�aS�n>S�S3Z	efyiyQ]\[_S3{I��� czS3qzR
[(q, a→ q1, a1, D1), (q, a → q2, a2, D2)]

qzS3yQqzSDjlS3Z�csjre b�^ahiyQ]\S
^a��qshQ]_S3j'^f�$cu�w^)N�hQqs[\Zi`MR�eBb�OQ[\ZiSa�QN'OQS3Z�csOQS+czS3qzR

Apply(i, [(q, a→ q1, a1, D1), (q, a → q2, a2, D2)], h(w1, q, w2, s
n(0))),

��OiS�qsS
i ∈ {1, 2}, D1, D2 ∈ {L,R}

�$qsS�yiqzSDjlS3ZBc�j czOQSefyiyQ]\[gb�efcz[_^aZ ^f�YczOQSAqshQ]_SZ�hiR&n>S�q�A^aq�T
¢7{|S�y>S�Z!{|[\Zi`^BZ

i
¦d^aZLczOQSMcseay!S

h(w1, q, w2, s
n(0))

�IN'OQSMqsS3jzhQ]¬c+^f��czOQ[gj+efyQyi]\[gb�efcz[_^aZ©[gj+`a[_�aS3Zànmk
csOQS%S3o�hiefcz[_^aZiea]>czOQS3^aqsk

E3
�

�d^��%�mcz^�S3eBb�O	R�eBb�OQ[\ZiS
M(M1,M2)

�Q��S%eBjzjz^|b�[ge�czS£czOiS+��qseaRMS
φM(M1 ,M2)

1

ν(A ∪Q)[h(#, q0,#, 0)/x0] ∪
⋃

a∈A,q∈Q

[[(q, a→ δ1(q, a)), (q, a → δ2(q, a))]/xa,q ] .
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′)) = h(z1 · x2, xq′ , #, s(x′))

Apply(1, [(xq, x1 → xq′ , x2, L), y], h(z1 · x3, xq, x1 · z2, x
′)) = h(z1, xq′ , x3 · (x2 · z2), s(x
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Apply(2, [y, (xq, x1 → xq′ , x2, R)], h(z1, xq, x1, x
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Apply(2, [y, (xq, x1 → xq′ , x2, L)], h(z1 · x3, xq, x1 · z2, x
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csOQS���^BqzR

h(w1, q, w2, s
n(0))
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φ′ |= Eq(φ)
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, . . . , ζMk
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, . . . , ζMk
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1, . . . ,M
′
l ]
�(*wk eayQyQ]_kB¥

[_ZQ` csOQS©[_Zi{|h!b¡cz[_^aZ O�kmy>^fcsOQS3jz[_j3���wSà^Bn|csea[\Z
(C1

i [ζM1
, . . . , ζMk

] =E C2
i [ζM ′

1
, . . . , ζM ′

l
])φ′

��czOmhij
(C1[ζM1

, . . . , ζMk
] =E C2[ζM ′

1
, . . . , ζM ′

l
])φ′

�
�è�
C1

^Bq
C2

[_j)eL��efqs[_eanQ]\SB��csOQS�Z ]_S�c�hij)jze5k
C1 == f(C1

1 , . . . , C
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n[M1, . . . ,Mk],M1, . . . ,Mk]
jzhib�O)czO!e�c

C0
[_j

eaZ [\Z!juc�efZib�S�^f�
C ′′
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, . . . , ζMk
)φ′.
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	������������	�����������	����� �!#"$��������!��

*�k�qzS3yQ]_eBb�[_ZQ`MS3eab�O
ai

nmk
C0

i [ζM1
, . . . , ζMk

]
�Q�wSY`BS�c 1

(C ′′
0 [C0

1 [ζM1
, . . . , ζMk

], . . . , C0
r [ζM1

, . . . , ζMk
], ζM ′′

r+1
, . . . , ζM ′′

n
, ζM1

, . . . , ζMk
] =E

C ′′′
0 [C0

1 [ζM1
, . . . , ζMk

], . . . , C0
r [ζM1

, . . . , ζMk
], ζM ′′

r+1
, . . . , ζM ′′

n
, ζM1

, . . . , ζMk
)φ′.

¢u�D¦

��ZAeB{Q{|[\cz[_^aZI�Qjz[_Zib�S

C1[M1, . . . ,Mk] == C3[C
′′
0 [C0

1 [M1, . . . ,Mk], . . . , C0
r [M1, . . . ,Mk],

M ′′
r+1, . . . ,M

′′
n ,M1, . . . ,Mk],M1, . . . ,Mk],

��S%{|SD{|hib�SB�iefyiyQ]\km[_ZQ`)]\S3R)R)e�%efZ!{	SDo�hie�cs[\^BZL�B�mczOiefc�1

C1[ζM1
, . . . , ζMk

] =E C3[C
′′′
0 [C0

1 [ζM1
, . . . , ζMk

], . . . , C0
r [ζM1

, . . . , ζMk
],

ζM ′′

r+1
, . . . , ζM ′′

n
, ζM1

, . . . , ζMk
, ζM1

, . . . , ζMk
)φ′,

��OQ[_b�OAef]_]_^���jwcz^�b�^BZib�]_hi{|S%jz[\Zib�S

T == C4[C
′′′
0 [C0

1 [M1, . . . ,Mk], . . . , C0
r [M1, . . . ,Mk],

M ′′
r+1, . . . ,M

′′
n ,M1, . . . ,Mk],M1, . . . ,Mk].

�
�r[¬csOQS�q

C ′
0θ
[gjde�jzhQn|csS�qsR

M0
^f�;^aZQS&^f��czOQS

Mi

^aq
M ′′

i

�&;|[\Zib�S�csOQS���efqs[_eanQ]_S3j
x1, . . . , xr

efqsS
hQZib�^BZijlczq�ef[_ZQS3{��|�wS%ef]gjl^MOie5�BS

C ′′
0 [a1, . . . , ar,M

′′
r+1, . . . ,M

′′
n ,M1, . . . ,Mk] →M0,

��OQS�qsS%czOiS
ai

� jYe)��qzSDjlO©ZiefR)S3j3�&;|[\Zib�S
|C ′′

0 | ≤ cE(E)
efZ!{An�kcsOQS&qshQ]_S T�^a��{|S0/iZi[¬cs[\^BZà�i�!��S

Oie5�aS
M0 ∈ sat(φ)

�>N'O�h!j

(C ′′
0 [a1, . . . , ar, ζM ′′

r+1
, . . . , ζM ′′

n
, ζM1

, . . . , ζMk
] =E ζM0

)φ.

;m[\Z!b�S+czOi[_j'SDoBh!ef]_[¬cuk�n>S�]_^aZi`Bjwcz^
Eq(φ)

�!��S%{|SD{|hib�S 1

(C ′′
0 [a1, . . . , ar, ζM ′′

r+1
, . . . , ζM ′′

n
, ζM1

, . . . , ζMk
] =E ζM0

)φ′.

%LS�b�^aZib�]\hi{QSY]_[_�aSYczOQS%yiqzS3��[_^ah!j�b�eajzSa�
�
�r[¬csOQS�q

C ′
0θ
[_j�e)b�^aZijlcseaZBc�jzkmR&n>^a]G� %LS�b�^aZib�]\hi{QSY]_[_�aSYczOQS�b3eajzS%efn>^��aSa�
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b�^aR)yQ]_S�§|[\cuk ^a��b�OQS3b��m[_ZQ`%��^aqwjlkmZ�cseBb¡cs[_b�SDo�hief]_[¬cukB�acsOQS�Z���Sd{QS3{|hib�S�csOQSYb�^aR)yQ]_S�§|[\cuk ^a��b�OQS3b��m[_ZQ`+��^aq
SDo�hie�cs[\^BZief]ES3o�hiea]\[\cuka�
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� �
� ! ��� ����� ��	 �'�
4 ����� �

(V, l, E, v0) 

� �3!���!

V
� ������! ��!0� � � ��!0�����'��!/�


 l : V → Σ
��	 �  !�	�	 �
	 � �� 	 �0������	


 E ⊆
V ×V ×{1..ar(Σ)}

����! �0!��&� � !���� !�� ��	��
v0 ∈ V

� �3!Yqs^m^fc � � � �3!
����� � � � ��	��������
�.����	


��!�� ���� +. !

� �3��� �0��� ! �2!��/�
v ∈ V 


�0��� ! �2!��/� �
	 �/!6� !0�
i
�� ��� � �3���

0 ≤ i ≤ arity(l(v)) 

� �3!���! !�� � ���'� �  	����� �!

v′

� � !0	���� ! � ��
E(v, i) � �� � �#�������

(v, v′, i)
� � �
	

E
��	�� ������� ����!0� ! � � 	 ���$!���� ! � � � �3!��0���/.

(v, v′, i)�0���
i > arity(l(v))

�
� �3! ���32 ! � �

R 

��!�	 ���/!�� ��

|R| 

� � ��! �$	 !�� �� � �3! 	� +. �!0� � � �2!����.�'��!�� �

� �3! �/!��/. qzS3yQqsS3jzS�Z�czSD{ �� � � �04
(V, l, E, v0) 


��!�	 ��� !�����
t(V, l, E, v0)

� � ��!��0 ����� ��!�	�����! �$	�! �
��
t(V, l, E, v0) = l(v0)(t(V, l, E, e(v0, 1)), . . . , t(V, l, E, e(v0, k)))

� �3!���!
k = arity(l(v0))

�
� � �04 ��! � ��!���!0	 �/���.����	

(V, l, E, v0)
� � �0������R)[_ZQ[_R)ea]&� � � �3!���! � � 	 ���$��� ���.�
	 �0����!����.�'��!��

v1
��	 �

v2
�� � ���������

t(V, l, E, v1) = t(V, l, E, v2)

�d^fcsS�czOiefcrczOiS�qzSDef]QR)S3RM^BqzkMjl[_¨�SdZQS�SD{|S3{ cz^&qzS3yQqzSDjlS3Z�c�e�����V
R
[gjr]gefqs`aS3q�czOieaZ�^ahQq�{QS0/iZQ[\cz[_^aZ�^a�

jz[_¨�S
|R|

nih|cd[gj�y!^B]\kmZQ^BR)[_ea]r¢¤eab�czhiea]\]_k	o�hieB{|q�e�cz[gb3¦�[_Z
|R|

�iN'OmhijwczOQ[gjd{QS0/iZQ[\cz[_^aZA��[_]\]�n!S&jzh�>�b�[_S�Z�c
cs^)yQqz^��BS£^BhQq�qsS3jzhQ]¬cD�

�èc[_j	S3eBjlk cz^ª�BS�qs[¬��k czO!e�c3�wcs^ªS3eBb�O czS�qsR
T
���wS©b3efZ eajsjz^mb�[_efczS©eªhQZQ[goBhiS©R)[\Zi[\R�ef] ����V£¥

qsS�yiqzSDjlS3ZBc�e�cs[\^BZ^a�
T
jlhib�OAcsOie�cY[¬c�jdZmhQR n!S3qd^a�r�aS�qzcz[gb�SDj�[gjdSDoBh!ef]Ics^�czOiS&ZmhQR&n>S�qY^f�rjzhQn|csS�qsR)j£[_Z

T
¢ � �
!��_�

|T |DAG

¦��
1i^aq�S�§QeaRMyi]\SDj��QjzS�S /i`BhQqzS 'i�

ff

fba

a

T =

f f

a

1

1
1

f

f

a

1

1

2

2

2

2

2

2

1
1

f

f

a

1

1

2

2
2

1

R

R1 R2

b

b

b

b

b

b

f f

f f

2

f
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� � ³���³ � � � � ³ ) &�� $ 4 � ��!0	�� � �04 ��! � � !/��!�	�� ��������	
R 

��! ����	 ��� . �� �/! ����!�. �
	 ��. � 	�� �04 ��! � ��!�5

��!�	�� ��������	#� �
t(R)

�
	 �3� 	���	 � . ��� 	 �.��. ! �
	
|R|

� � ! ��!��� ��! � �3��� ���3!������
	 � � ��!0� �3!��
t(R1) == t(R2)� ��!0� !

R1 
 R2
����! ������� �04
5 ��! � ��!���!0	 �/���.����	 � � ��	 �! ����	�! �
	 ����	���	���. ����	 �.��. ! �
	

|R1|
��	 �

|R2|
�

� ���+� ���£VY[_�aS3Z©e �d��V qzS3yQqsS3jzS�Z�csefcz[_^aZ
R
�!�wS b�OQSDb��A[¬�rcsOQS�qsS&S�§|[_jlcdcu�w^	{|[gjlcz[_Zib¡c+�aS3qlcs[_b�S3j

v1
efZ!{

v2
¢¤efc R)^Bjlc

|R|2
y!^�jzjz[_nQ[\]_[\cz[_S3j�¦�jzhib�O czO!e�c

l(v1) = l(v2)
eaZi{,��^aq S��BS�qsk

i
jzhib�O czO!e�c

0 ≤ i ≤
arity(l(v1))

�
E(v1, i) = E(v2, i)

�|�è�;jlh!b�O
v1, v2

S�§|[gjucD�|��S+jzhQyQyQqsS3jsj
v1
[\ZczOiS+jzS�c�^a���aS3qlcs[_b�S3j'efZ!{

qsS�yi]_eBb�S%S3eBb�O^|b�b�hiqzqsS�Zib�S�^f�
v1
[\Z
E
nmk

v2
�>N'Oi[_j£b�efZ©n!SM{|^aZQS&[\Zcs[\R)S

O(|R|)
�EN'O�h!j�csOQ[_jYjlczS�y

[gj�{|^BZQS%[_j
O(|R|2)

�
% SqzS3y!SDe�c)czOi[_j�yiqz^|b�SD{|hQqsSeBj)]\^BZQ`aS3q�eaj)y>^Bjsjl[_nQ]_S,¢7e�c�R)^Bjlc

|R|
cs[\R)SD¦��$% SS�Zi{ ��[\czO czOQS

R)[_ZQ[_R)ea]IqsS�yQqsS3jzS�Z�csefcz[_^aZ�^a�
t(R)

�iN'OQSYcz^acsea]�b�^�juc�^f��czOQ[gj�yQqs^|b�SD{|hQqsSY[gj�e�c�R)^�juc
O(|R|3)

�

� � ³���³ � � � � ³ ) & & $ 4 � ��!0	 � � �04 ��! � ��!���!0	 �/���.����	
R 

��!�����	 � � . �� �/! � � �04 ��! � ��!���!0	 �/���.����	 � �

R ↓ � � ��!0� ! R ↓
� ��� �3! 	 ���/. ��	 �0���/. � �

R
�0��� �0� . ! �� �0� !��/. !��0 ����.����	 ��	 ����! ���/� � �
	��3� 	���	 � . ��� 	

����. ! �
	
|R|

� � ! � ! �� ��! � �3���
���3!������
	 � � �3!�����!0�
t(R1) =E t(R2)

� �3!���!
R1 
 R2

����! ����� � �04
5
� !6����!/��!�	�� ��������	 � ����	 �! � ��	 ! �
	�����	-��	 ��. ����	�����. ! �
	

|R1|
��	 �

|R2|
�

� ���+� ���&¢7jl�BS�c�b�O!¦ � S�c
R = (V, l, E, v0)

n>SLe ����V qzS3yQqzSDjlS3Z�cse�cs[\^BZI�(1i^aq�S3�aS3qzk qzS3��qz[\cz[_ZQ` qshQ]\S
^a�+czOQS��^BqzR

C[x1, . . . , xn] → C ′[x1, . . . , xn]
^aq

C[x1, . . . , xn] → a
eajsjl^|b�[_efczS3{ ��[\czO

E
����S

b�OiS3b�� ¢���qz^BR csOQSàqs^�^ac�¦M[\�+czOQSày!e�clcsS�qsZ
C
eayQy>S3efq�j�[_Z

R
¢¤efc�R)^Bjlc

|C||R|
czS3jlcsj�¦¡���è�%[¬c�[gj�csOQS

b3eajzS©¢ � �
!��_��czOiS�qsS�S�§|[gjuc�j jz^aR)S
v ∈ V

jlh!b�O czOiefc
t(V, l, E, v) == C[x1, . . . , xn]θ

��^BqMjz^aR)S
θ
¦��

csOQS�Z©��SMeajsjl^|b�[ge�csS���[\czOàS3�aS�qskR)ef§|[\R�ef]�yie�csO
p
[_Z
C
e��aS�qzcz[gb�SDj

vp

^anQcsef[_ZQSD{A��qz^BR
v
��^B]\]_^���[\Zi`

csOQSMyie�csO
p
�,1Q^Bq£S3�aS3qzk

p, p′
�!R�e�§|[_R�ef]$yie�csOijY[\Z

C
jlhib�O©czOiefc

C|p == C|p′

�!�wS b�OQSDb��A��OQS�csOQS�q
t(vp) == t(vp′ )

¢7jlkmZ�cseBb¡cz[gb�SDoBh!ef]_[¬cukQ¦¡��N'OQS�qsSdeaqzS�efc�R)^Bjlc
|C|

�aS3qlcs[_b�S3j3�fcsO�h!j;czOi[_jwb�eaZ�n!SY{|^aZQS£[\Z
cs[\R)S

O(|C|2|R|3)
h!jl[_ZQ`&yiqz^By!^�jl[\cz[_^aZ�D�Q�BN'OiS�Z��wSdqsS�yQ]geab�S�czOiSd�aS3qlcs[_b�S3j

v
nmk)^aZQS£^f��czOiSd�aS3qlcs[_b�S3j

qsS�yiqzSDjlS3ZBcs[\Zi`
C ′[x1, . . . , xn]θ

^Bq���S%ea{i{�csOQS�e)�aS3qlcs[_b�S3jwqzS3yQqsS3jzS�Z�cz[_ZQ`
a
�

�wcYS3eab�OàjlczS3y ¢�S�§Qb�S�yQcd��^aqYe�b�^BZijlcsefZ�cdZmhQR n!S3qd^a�;b3eajzS3j�¦¡�!^aZQS�^a�;czOQS �aS3qlcs[_b�S3j�[gj£jzhQyQyiqzSDjzjzS3{��
csOmhij�czOi[_j;yiqz^|b�SD{|hQqsS�jucs^ayijref��czS3q�e�crR)^Bjlc

|R|
jucsS�yij3��% S�S�Zi{M��[\czO�e ����V£¥èqzS3yQqsS3jzS�Z�csefcz[_^aZ&^a�

R ↓
�

��Oi[_b�O[_jdb�^aR)yQhQczS3{	[_Z	cs[\R)S
O(|R|4)
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