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Résumé

Cette these concerne I'étude de ’algorithmique et de la complexité des communications dans les
réseaux radio. En particulier, nous nous sommes intéressés au probleme de rassembler les informa-

tions des sommets d’un réseau radio en un noeud central.

Ce probleme est motivé par une question de France Telecom (Orange Labs) “comment amener
Internet dans les villages”. Les sommets représentent les maisons des villages qui communiquent
entre elles par radio, le but étant d’atteindre une passerelle connectée a Internet par une liaison
satellite. Le méme probleme se rencontre dans les réseaux de senseurs ou il s’agit de collecter les

informations des senseurs dans une station de base.

Une particularité des réseaux radio est que la distance de transmission est limitée et que les trans-
missions interferent entre elles (phénomenes d’interférences). Nous modélisons ces contraintes en
disant que deux sommets (équipements radio) peuvent communiquer s’ils sont a distance au plus
dr et qu'un noeud interfere avec un autre si leur distance est au plus d;. Les distances sont consid-
érées dans un graphe représentant le réseau. Une étape de communication consistera donc en un

ensemble de transmissions compatibles (n’interférant pas).

Notre objectif est de trouver le nombre minimum d’étapes nécessaires pour réaliser un tel rassem-
blement et de concevoir des algorithmes réalisant ce minimum. Pour des topologies particulieres

comme le chemin et la grille, nous avons établi des résultats optimaux ou quasi optimaux.

Nous avons aussi considéré le cas systolique (ou continu) ol on veut maximiser le debit offert a

chaque noeud.
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Abstract

This thesis concerns the study of the algorithmic and the complexity of the communications in
radio networks. In particular, we were interested in the problem of gathering information from the

nodes of a radio network in a central node.

This problem is motivated by a question of France Telecom (Orange Labs) “How to bring Internet
in villages”. Nodes represent the houses of the villages which communicate between them by radio,
the goal being to reach a gateway connected to Internet by a satellite link. The same problem can

be found in sensor networks where the question is to collect data from sensors to a base station.

A peculiarity of radio networks is that the transmission distance is limited and that the transmis-
sions interfere between them (interference phenomena). We model these constraints by saying that
two nodes (radio devices) can communicate if they are at distance at most dp and a node interferes
with another one if their distance is at most d;. The distances are considered in a graph represent-
ing the network. Thus, a communication step will consist in a compatible (non interfering) set of

transmissions.

Our goal is to find the minimum number of steps needed to achieve such a gathering and design
algorithms achieving this minimum. For special topologies such as the path and the grid, we have

proposed optimal or near optimal solutions.

We also considered the systolic (or continuous) case where we want to maximize the throughput
(bandwidth) offered to each node.

X






Chapter 1
Introduction

In this thesis, we study problems related to routing informations in a communication network where

the links between nodes are established by radio transmissions.

When one thinks of wireless networking, arising examples are often 1-hop applications, for example
mobile cellular phones or WiFi access points. In these settings there is a radio link between mobile
terminals (mobiles, laptops, PDAs, etc.) and the antenna of a router connected to a backhaul

network, most likely wired, which bridges the routers and a backbone infrastructure.

There are however many settings in which a wired backhaul network is not available, because
it is technically impossible (e.g. randomly spread sensor networks) or unaffordable (very dense
urban networks or underdeveloped countries). This case arises in particular in rural areas where an
operator wants to bring Internet to villages [BBS05]. This is indeed the motivation of the research
environment of this thesis, proposed by FRANCE TELECOM (now Orange Labs). As an Internet
provider, they wish a planning to bring high speed Internet to a central antenna in each village and
share this connectivity through some fixed multi-hop infrastructure of wireless routers installed in
the houses of the village (see fig [T]).
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Figure 1.1: A group of clients accessing Internet through a central gateway or antenna.

A broader view of this kind of fized ad-hoc network is known as wireless mesh networks (WMNs).
In this type of networks, there are basically three kinds of devices: the clients, the routers and the
gateways. The clients are often laptops, cell phones and other wireless devices while the routers

forward traffic to and from the gateways which connect to the Internet. Wireless mesh networks



can be implemented with various wireless technologies including 802.11, 802.16 and micro-waves

technologies.

Using radio transmissions is cheaper than deploying a wired network. Nevertheless, radio transmis-
sion causes interference between them: when a device transmits, its radio signal is propagated to a
region surrounding this node. This radio signal may interfere with a second radio signal performed
at the same time, causing data loss. Thus, if many transmissions are performed concurrently, many

of them may fail, degrading the overall communication process.

The study of wireless networks performance has motivated many research works. WMNs deploy-
ment in operational situations such as urban areas requires quality of service (QoS) criteria that are
challenging to guarantee. Indeed, recent works have pointed out fundamental issues with capacity
and scalability. A seminal work by Gupta and Kumar has shown that, under specific topological,
physical, traffic and routing assumptions, the transport capacity of wireless networks degrade by
a factor of order O(1/4/n) with the number of nodes, n [GKO0]. Many other studies have then

refined and confirmed this result under more generic assumptions such as hierarchical or geometric
routing, non uniform emitting power, etc. [DETT04, [MPROA.

These works indicate that a theoretical limit to the transport capacity exists because of inter-
ferences and lack of coordination. One consequence has been to motivate studies about the
theoretical bounds on transport capacity induced by routing protocols, in order to complement
simulation-based evaluations. Generic capacity evaluation frameworks have been proposed using
linear programming, providing a measure that is independent of the routing protocols studied
in [RTVI9, PPPQU3.

One objective was to evaluate the cost, in terms of maximum achievable transport capacity, of a
self-organization of the nodes. In particular, it has been highlighted that self-organization protocols
can have a negligible impact on the network capacity with a traffic pattern any-to-any. However,
efforts have to be done for self-organizations based routing in a many-to-one traffic pattern. This
traffic pattern is precisely the most relevant one for WMNs since it corresponds to backhauling

usage.

Another particular example of radio networks is known as sensor networks. Sensor networks consist
in dense wireless networks of devices used usually to collect and disseminate data, often environ-
mental information. Each device, called sensor node, is equipped of an antenna and a processor with
a limited battery. Because of these limitations, an important question is how to use the minimum

number of transmissions in each task, and avoid interfering transmissions.

This thesis focuses on two fundamental optimization problems arising in WMNs, and sensor net-
works. MINIMUM TIME GATHERING consists in gathering pieces of data sent by the nodes of the
network to a central gateway or sink or base station while minimizing the total makespan. This
problem has a straightforward application in sensor networks. It can also be interpreted as the
initialization phase of the network. ROUND WEIGHTING PROBLEM tackles the permanent regime

of the network: Messages are periodically created in their sources and then, a permanent communi-



cation between the nodes is sent over time. One seeks to optimize the transport capacity by means

of optimizing the transmissions made during a period.

Both problems are detailed in sections and [[3] but we first precise in section [LTl the models of

transmission and interference we use.

1.1 Communication Models

The purpose of communication networks is that of exchanging information between their members.
In the communication model it is needed to determine which communications can be performed or

not and which of those can be done simultaneously.

In what follows we use the term call to refer to a transmission from one device to another. In a
call we distinguish the sender and the receiver. We denote a call from the sender u to the receiver

v as u — v. We also denote V as the set of all the devices of the network.

Time plays an important role on wireless communication. If multiple nodes send data at the same
time to a single node, a collision occurs. Also data communication requires time and minimizing
the communication time or delay time is an important issue. There are two main distinctions in
time models: the distinction between continuous and discrete time and between synchronous and

asynchronous time.

In a continuous time model, nodes can start communication at any given time. This feature is
commonly used to model the case where devices do not have a clock, hence they do not have the
notion of time. In a discrete time model time is divided into time-slots. This model is used in cases
when devices have a time clock and the devices have notions of the starting and ending time of

each time-slot.

Time synchronization is an important issue in wireless networks. We suppose that there is a physical
time which is a reference for the clocks of the devices in the network. In the synchronous time model,
devices are considered to be synchronous with the physical time. Typically, in centralized models

it is common to assume that devices have access to a single clock which indicates physical time.

We consider that time is synchronous and discrete: time is divided into time-slots of fixed length.
The length of the time-slots corresponds to the time needed to transmit one call. During a time-
slot, a number of compatible calls can be performed. When a call is performed, we consider that

one message is transmitted from the sender to the receiver.

In wireless mesh networks there are two important notions: the transmission range or connectivity

and the interference. They depend on many factors. One of them is the type of antennas used.

Types of antennas. There are two types of transmitter devices, based on the antenna being
either unidirectional or omnidirectional (see [BKK*09a]). In the omnidirectional case, the signal

is broadcasted in every direction. According to the signal level, we distinguish two regions. The

3



broadcast region is the area where devices succesfully receive the information transmitted by the
signal. The interference region is the area where the signal level is not enough to receive the
information but it is enough to avoid devices to receive any other trasnmission. In this case, the
broadcast region is usually modeled as a ball centered at the sender and the interference region is also
modeled as another ball centered at the sender with a larger radius. In the unidirectional antennas
case, the beam of the antenna can be pointed to a specific direction and then, the broadcast region
is modeled as a narrow cone centered at the sender. Interference is also localized in a larger narrow

cone, but there is also some interference in the back of the antenna.

In all cases, we will suppose that we are in half-duplez mode: a node cannot send and receive during

the same slot (contrarily to wired networks when full-duplex mode is used.)

Another parameter is the possibility or not of buffering in intermediate nodes

Buffering. In some cases, in particular for sensor networks with limited storage, the gathering
problem has been studied when no buffering is allowed at intermediary nodes (see [Gar(7], [RS0T],
[EEMO4a]). This implies that, if a message is received by a node at a certain time-step, then it must
be sent at the following time-step. This assumption is also known in wired networks as hot-potato
or deflection routing [BHWO(, [GG93]. In particular, hot-potato routing algorithms are well-suited
for optical networks because it is difficult to buffer optical messages [BHW().

1.1.1 General Models
1.1.1.1 The connectivity model

The connectivity model determines whether a device is able to send a signal to another device or
not. Connectivity does not need to be a permanent property: devices can be turned off or a device
may be moved far. Similarly, connectivity is not necessarily a symmetric property: device u may
be able to transmit to v but conversely, v may not be able to perform a call to u. Connectivity also
depends on the power of the transmission (which itself might depend on many factors: distance,

weather, obstacles, etc.).

There are different ways to represent the possible transmissions. One, which represents the balls
of transmissions, consists in a geometrical model with a transmission radius: a device is able
to transmit to all the devices which are within some geometrical distance of it (that distance
depending on the transmission power). Here, we will use a model proposed by FRANCE TELECOM
(now ORANGE LABS) based on distances in a graph which represents the topology of the network
(see section for precise definitions). An between two nodes means that they are neighbors. In
particular, if there are obstacles (hill, walls, etc) there is no edge between two nodes which might

be geometrically near.



1.1.1.2 The interference model

Even if some devices may be connected permanently, it may occur that two calls cannot be per-
formed simultaneously. It is the case of radio networks, where a call may not succeed if other calls
are performed at the same time due to interferences. If such a situation occurs, what happens
depends on the model. It may happen that, for example, only one of the two transmissions is

received, a part of the transmissions is received, or any of the two transmissions is received.

In general, interference is modeled with a Signal-to-Noise Radio (SNR) [Rap96] model to take into
account interference from all the neighbors. The SNR model compares the level of the transmission
signal with the level of the background noise. In this way, transmissions are received with different

intensities. However, in this thesis we only consider the binary interference model described below.

1.1.1.3 Binary interference model

In a binary conflict model, if two calls are performed in the same slot and if they interfere, then
both transmissions fail and, consequently, no information is transmitted. We will say that two calls
are compatible if they do not interfere. The interference model is then obtained by specifying the
groups of compatible calls which can be done during a slot. A set of calls is denoted a round if the

calls are pairwise compatible.

A conflict model consists in defining the set of all the possible rounds. This set is denoted by R.
Notice that the size of R might be exponential in the number of nodes. For this reason, the set R

will be usually defined by a rule determining whether a group of calls is a (valid) round or not.

1.1.1.4 The interference graph

We say that a binary interference model is one-to-one if any two calls are either compatible or they
interfere and this does not depend on other possible calls being performed at the same time. In

this case, the interference model can be entirely described by an interference graph.

The interference graph Gy = (C,Z) is the graph whose vertices are the calls and there exists an
edge between two calls if they are interfering. Notice that in this case, each round corresponds to

an independent set of the conflict graph Gj.

Let us now precise the transmission and interference models we will use in this thesis.

1.1.2 Models studied in this thesis

Our models are based on distance on graphs. In a connected graph G(V, E), we define the distance
between two nodes u and v as the length of a shortest directed path between them. The distance

is denoted dg(u,v) or simply d(u,v).



1.1.2.1 Transmission model

The transmission range is represented by an integer dp. A sender is able to transmit directly to any
node at distance at most dr. In other words, a transmission © — v may occur if dg(u,v) < dr. The
particular case dp = 1 is interesting as in this case the edges of GG represents exactly the possible
calls and G is called the transmission graph. This model is used in many articles (see, for example,
references of table [[4 in section [C33]).

1.1.2.2 Interference model

We present two binary interference models which are considered in this thesis. These models are

suitable for different transmission and interference distances.

First of all, recall that we consider half-duplex radio devices. Then, a node of the graph cannot
transmit and receive at the same time. In terms of rounds, it implies that a round is always
a matching, in other words, a set of edges without common vertices. In many articles on radio
networks only this constraint is taken into account and this model is often called primary node

interference or node-exclusive interference model [NMSSO6].

Asymmetrical Interference model
We consider the so-called (d;, dr)-interference model [BGKT06b), BKMS0Ral, BKKF09al, [Gar(7].
The parameter dpr € N denotes the transmission distance and d; € N, with d; > dr, denotes the

interference distance.

In terms of avoiding collisions, two calls © — v and u’ — v’ are interfering if either dg(u,v’") < dj or
dg(u',v) < dy; otherwise the calls are compatible. Recall that dg(u,v) corresponds to the distance
in the graph G between the nodes u and v. An example of compatible and interfering calls with
dr =dr =1 and df = 2,dr = 1 are shown in figure [C2

We call this model an asymmetrical interference model because the calls interfering with u — v are

not the same calls which interfer with v — w.

Symmetrical Interference Model

Notice that if device u calls device v, it is desirable that v had a way to let u know that the
transmission has been successful (acknowledgment or ACK). Such feedback is performed as a trans-
mission from v to u. Furthermore, that is the model considered in the protocol 802.11 and is named
in some papers as the 802.11 interference model [Wan(9al. For this reason most applications and
consequently models assume that transmission as well as interference are symmetrical. Therefore,

we also use a symmetrical version of the interference model.

In this version, two calls interfere if one call has one of its end vertices in the interference range

of some end vertex of the other call. More precisely, a call between u and v interfere with a call

6
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Figure 1.2: Examples of compatible and interfering calls for the asymmetrical interference model.

between v’ and v’ if ming ey 0},yefu vy da(r,y) < di, for di € N and dj > dr. Notice that this
interference model makes no difference between the sender and the receiver of a call. So, calls in
this interference model are said to be symmetrical and a call between u and v is denoted u « wv.
The particular case dj = dr = 1 is nothing else than the primary node interference model, a round

being a matching. In the case d7 = 2 and dr = 1 we get the so called distance-2 interference
model [KMPS04, BKKT09al, Wan(9al, WWTS(8]. In this case, a round is an induced matching.

The conflict graph in the case dj = dr = 1 corresponds to the line graph L(G) of G. The vertices
of L(G) represent the edges of G and two vertices are joined in L(G) if their corresponding edges
intersect. More generally, for any dj and dr = 1, the conflict graph is the dj-th power of L(G)
(The k-th power of a graph being the graph with two vertices joined if their distance is less than
or equal to k).

Unlike asymmetrical interference models, the interfering calls produced by © — v are the same as

v — u.

1.1.2.3 Relationship between Asymmetrical and Symmetrical models

As depicted in Figure [[L3, we observe the following relation between both models: a round in the

symmetrical (df = 2,dp = 1)-interference model is a round in the asymmetrical (d; = 1,dp = 1)~

7
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(c) Compatible calls for asymmetrical interfer-  (d) Interfering calls for asymmetrical interfer-
ence with dr < 2,dr = 1. ence with dy = 2,dr = 1.

Figure 1.3: Comparison between symmetrical and asymmetrical interference for different values
of d I-

interference model. Conversely, each round in the asymmetrical (d; = 2,dr = 1)-interference
model is a round in the symmetrical (d7 = 1,d} = 2)-interference model. In general, a round
in the (d, dr)-symmetrical model is a round in the (d — 1, dy)—asymmetrical model; conversely, a

round in the (d, dy)—-asymmetrical model is a round is the (d, dp)-symmetrical model.

1.1.2.4 Topologies

In this thesis we will focus on the path which corresponds in particular to directional antennas.
We will also consider grids as they model well cities. Furthermore, grids (in particular hexagonal
grids) are a good approximation of balls and many problems are more tractable on grids than in a

geometrical model enabling us to obtain exact results or good approximations.



1.2 Mimimum Time Gathering Problem

Recall that the problem asked originally by FRANCE TELECOM consisted of sending (or receiving)
data to (from) a specific node (connected via a high speed access to Internet) called base station.
In the case where the node wants to send information to the base station, the problem is known
as gathering or data collection. This problem appears also in sensor networks where the sensors
have to send some data to a base station. In the discrete version case, where there is only one
sending, it is important to minimize the total delay of transmission or the minimum completion
time (makespan) of the gathering protocol. In our model it corresponds to minimize the total
number of rounds. We will call this problem MINIMUM TIME GATHERING and denote it MTG. We
will see in the next section another version of the gathering problem (the continuous one) where the
criteria is to reserve enough bandwidth to the nodes. Another criterion of optimization considered
in [BKMSOSD, m is the delay between the sending of a message and its reception to the
base station, called flow time of the message. The objective consists in minimizing the maximum

flow time over all the messages.

The problem where the base station (central node) wants to send information to all the nodes of the
network is the inverse of the MTG problem and it is called personalized broadcasting. It differs from
the classical broadcasting problem where a source sends the same message to all the nodes; here
the source sends different messages to different nodes. We will see after that these two problems

are equivalent (see section and chapter Hl). The solution of one gives the solution to the other.

1.2.1 The model

The base station where all the messages are gathered will be denoted BS. In some cases, it is called

a sink [KMPOS, BGKT06b BKKT09al or gateway [BP0H]| and also source, when one considers the
personalized broadcasting problem [BNRR(9al.

We will denote by w(u) the number of unitary messages a node has to transmit to the base station;

the unity being the amount of information which can be transmitted during a call (that depends on
the technology). The interference model will be either (dr, dr)-asymmetrical or (d}, dr)-symmetrical
model (see section [CT2).

A gathering protocol consists of a sequence of rounds, such that the rounds in the protocol are
executed according to the order of the sequence and exactly w(u) messages will be gathered from
node u € V into the base station BS.

The goal of the MINIMUM TIME GATHERING problem consists in finding a gathering protocol which

requires the minimum number of rounds.

An example of a gathering protocol is presented in figure [[4 Here, w(u) = 1 for any u, 1 < u < 6.
We consider the asymmetric interference model with d; = 2, dr = 1. This protocol is optimal and

the number of rounds in the protocol is 18. Indeed the 4 calls 1 — 0,2 — 1,3 — 2, 4 — 3 are

9



interfering and so at most one of them can be done during one round. Therefore, we need at least 4
calls to transmit the message from each node 4, 5,6 and 7 calls for the message of node i, 1 <7 < 3.

All together we need at least 18 calls.

8S-0 T 2 ¢ g T 3 '
-, - P
85=0 T b H 3 8S=0 T H 3 7
3 -, e
8S=0 T 2 3 ' H ¢ 8S=0 ! ? K 7
' -, s
85=0 T ? k4 T % BS-0 7 ? k
P PN f -
85=0 T 2 3 ! H 88=0 T 3
Py 5 PN
BS=0 v 2 3 ¥ 8S T H k
Y 16 A
85=0 T ? 3 8S T ? 3
o~ P
8S=0 T 2 3 v BS—0 1 H 3 '
PNy
=0 i b 3

Figure 1.4: A protocol for gathering on a path with 7 nodes when d; = 2,dr = 1. Nodes from 1 to
6 have one message each. The protocol gathers all the messages into BS in 18 time-steps.

Uniform case

Each node of the graph (except the base station) may have messages to be gathered. When each
node of the graph has the same number of messages w > 0 to be gathered, the demand is called
uniform. In particular, if w = 1 (i.e, each node has one message to be gathered), the demand is
called unitary. In all the other cases, the demand will be denoted non-uniform or general demand.
As we will see later, the gathering problem with uniform demand has been studied in different cases
and, depending on the case, good approximations may be given. However, for general demand, the

problem becomes more difficult even for obtaining good bounds.

1.2.2 Hardness results

In the following we discuss the hardness of the MTG problem and then we present some known
approximation algorithms.

It has been proved in [BGKT06b] that MTG with the (dy, dr)-interference model is NP-HARD
for arbitrary graphs. The problem remains NP-HARD even for uniform demand (See [BGKT06b]
for the case dy > dr and [Kor(S] for the case df = dr). An interesting open question is to

find the complexity of MTG for general graphs when buffering is not allowed in intermediary

nodes [BGRO§].

In the following, we present the idea of the proof of NP-hardness for the MTG based on the
reduction of the well-known NP-HARD Problem of determining the chromatic number of a graph
(see [Col02] and [BKKT09a]). The chromatic number of a graph is the minimum number of colors

needed to color all the nodes of the graph so that no two adjacent nodes have the same color.

Theorem 1.1 ([BKKT09a]) The problem MTG with the (dr,dr)-interference model is NP-
HARD for any dy > dr.
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Idea: We present the reduction only for the case df = 2 and dr = 1. Let G be the graph which
is the instance of the CHROMATIC NUMBER. We will construct a graph G’ such that G’ will be
an instance of MTG. Let V(G) = {vi,...,v,} be the nodes of the graph G. Let H the graph

consisting in the isolated vertices uq, ..., u,.

Let V(G') = V(H) U V(G) UBS be the nodes of the graph G’. The edges of G’ are defined as
follows: There is an edge between u; and v;, for each ¢. There is an edge between each node of G
and BS. Finally, all the edges in G are also edges in G'. In other words, E(G') = E(G) U {(u;,v;) |
i=1,...,n}U{(v;,BS) |j=1,...,n}.

Now, we consider the problem of MTG over the graph G’ where each node of H has one message
to be gathered into BS. Recall that the interference model considered is d;y = 2 and dy = 1. For
this case, note that two calls u; — v; and u; — v; can be performed simultaneously iff there is no
edge in G between v; and v;. Moreover, note that if a call occurs between a node in G and BS,
then no other call can occur at the same time-step. Both remarks lead us to conclude that any
gathering protocol collects all the messages into BS in at least x(G) + n time-steps, where x(G) is
the chromatic number of GG. The idea is depicted in figure [LH O

1.2.3 A 4-approximation

A protocol for general graphs with an approximation factor of at most 4 is presented in m
An extension of the problem where messages can be released over time is considered in [BKMS0Ra]
and a 4-approximation algorithm is also shown. Moreover, in [BKNMS08al the authors study the
quality of this approximation when a shortest path following algorithm is used. A shortest path
following algorithm is a an algorithm where each message is sent over some shortest path towards
the sink. They have shown that, for example, for d; = 2, dr = 1, the best approximation one can
obtain with a shortest path following algorithm has a ratio tending to 4. The idea of the proof
is depicted in figure The figure represents a graph such that there are m messages to gather
into BS. These messages are located in nodes uq,...,u,,. Note that, if the algorithm routes the
messages via the shortest paths (i.e., passing through node u), then any protocol needs at least 4m
time-steps. However, there is a solution such that no message is routed via the node u. It suffices
to route any message from u; to the BS via the node v;. Thus, in 4 steps, all the messages arrive to
nodes v;. Then, we send the message stored in v; to BS in m rounds. So, messages can be gathered
4m 16

in at most m + 4 time-steps. The approximation ratio is ;7% = 4 — 27 which tends to 4 when m

tends to infinity.

For the case d; = dr the best approximation ratio for any shortest path following algorithm is

3 [Kas.
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Table 1.1: Complexity results for general graphs

| Interference | Demand | buffer | problem | topology | result | reference |
asymmetric dy =dr general | buffer MGT general NP-HARD |
asymmetric  dy,dr general | buffer MGT general | NP-HARD, i
asymmetric dy =dr uniform | — MGT general NP-HARD |,
asymmetric  dy > dr uniform | — MGT general NP-HARD T
symmetric ~ dj =2,dpr =1 | general | — MGT general | NP-HARD | [BKK™09al
symmetric  dj =dr =1 uniform | - MGT general | POLY IGRO6a]

asymmetric  dy, dr general | no-buffer | MGT | general | ?? (open) | [GROGa |

BS

Figure 1.5: Reduction from the chromatic number problem. Instance for MGT where each node
of H has one message to be gathered into BS. The (dr, dj)-interference model considered is djy = 2
and dp = 1. Green arrows indicate compatible calls, red arrows indicate two calls that interfere
between them.

o ray
U1 U1
U2 V2
U BS
us3 U3
Um Um

Figure 1.6: Any shortest-path following algorithm is no better than a 4-approximation. In this
case, dy = 2,dr =1
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1.2.4 Specific topologies

The uniform case has been considered for specific topologies, mainly for the asymmetrical inter-
ference model. The unitary case (each node has one message to transmit to the base station) in
the path with dp = 1 and arbitrary d; is studied in [BCY06] and in [BCY09|. The authors give
protocols and lower bounds on the minimum number of rounds when BS is either at one end or at
the center of the path. The protocols are shown to be optimal for any d; in the first case, and for
1 < dj < 4, in the second case. In chapter Bl we generalize these results for arbitrary dr using a

different approach, proving l-approximation and giving good protocols when the BS is at the end.

For the two-dimensional square grid, the problem with unitary demand is studied in [BP05] for
dr = 1 and when the BS is placed in the center of the grid. In [BP05], the algorithms attain the
optimal and near-optimal solution for d; odd and d; even respectively. In [BP09] optimal solutions

are given for dy even and also for hexagonal grids.

For trees, in the case d; = dr = 1 with unitary demand, an optimal solution is presented in [BY(S]
when buffering is allowed. The method consists in classifying the subtrees and applying specific
sub-algorithms for each type. The same case but without buffering in intermediary nodes is solved
in [BGROS|. In this case, the method is different and consists in studying the related problem of

collision free labelings.

In m, a l-approximation is given for stars.

The symmetric model interference has been studied mainly in the case d5 = dy = 1 (primary node
interference model). In [EEM04a] exact formulas are given for paths and for general demands.
That has been extended to trees in [GR0O6al [GR0Y]. In [GRO6al [GR0O9] a polynomial algorithm
is given for any graph but with unitary demand. A related gathering problem has been studied
in [BNRR(9a]. In this case, the BS is placed in one of the corners of the grid and the interference
is symmetrical with dj = dr = 1. For this settings, a +1-approximation algorithm is presented as

well as a distributed +2-approximation version. These results are presented in detail in chapter Hl
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Table 1.2: Algorithms for the MTG Problem

| Interference | Demand | buffer | topology | result | reference
asymmetric  dy,dr general | buffer general 4-approx -
asymmetric dr = 1, any d; uniform | buffer path BS end optimal Y06, [BCYN9|

dr =1,1<d; <4 | uniform | buffer path BS center | optimal

asymmetric dp =1, d; odd uniform | buffer grid optimal [BP03 [BP0O9)
asymmetric dp =1, dj even uniform | buffer grid optimal
asymmetric dy =dp =1 uniform | buffer tree optimal BYOS]
asymmetric dy =dp =1 uniform | no-buffer | tree optimal BGROS]
asymmetric  dy,dr uniform | buffer path 1-approx chapter
asymmetric  dy,dr uniform | buffer grid 1-approx IBGKT06al
asymmetric  dy,dr uniform | buffer stars 1-approx [BGKF06a]
symmetric di =dr =1 general | no-buffer | path optimal [EEMO4al
symmetric dij=dr =1 general | no-buffer | tree optimal 1
symmetric di=dr=1 uniform | no-buffer | general optimal TR0
symmetric ~ dj =dr =1 general | no-buffer | grid +1-approx |
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1.3 The Round Weighting and Gathering Problem

The MINIMUM TIME GATHERING focus on the problem of routing a given demand from each node
to the base station. Thus, the goal is completed when the last message reaches the BS and the
protocol ends. This may not be the case for certain applications, where a permanent communication
between the nodes is sent over time, i.e., messages are permanently created in their sources. This

introduces a new type of model where traffic has to be allocated permanently, in a periodic way.

When the network is in a steady state, the relevant time-scale to focus on is the period. In our
case, such a period is a sequence of round activations providing enough capacity for routing the

flow of messages.

In other words, there is enough capacity for each node v to send b(v) messages, each message to be
forwarded toward the sink, and the sink to receive ), b(v) messages at each period. In particular, a
given message may need several periods to reach its destination and the data rate provided to node
v equals LV;;), where W is the length of the period. A fair optimization of the transport capacity is
therefore equivalent to minimizing W such that there is enough capacity to send a given demand

at each node.

In this thesis, we address the relaxation of this problem in which a solution is no longer a sequence
of rounds, but a continuous (no longer discrete) weight function w : R — R on the set of rounds
R. In this case, w(R) represents how often round R should be activated in such a way that b(v)

messages are sent by each node v during each period, and W = > p o w(R).

The ROUND WEIGHTING PROBLEM (RWP) has been formalized in [KMPOS|, that jointly considers
the multi-commodity flow problem and the weighted fractional coloring problem. In fact, they
consider the problem for general demands b(u,v) for any ordered pair (u,v). Here we restrict

ourselves to the gathering instances.

Now, we formally introduce the round weighting problem.

PrROBLEM: Round weighting for gathering instances
INpUT: agraph G = (V, E), a base station BS € V, a set of possible
rounds R C 2% (whose size may be exponential), and a flow
demand function b : V — R™T, corresponding to the demand
from v € V to the BS.
SOLUTION: A round weight function w defined over R that satisfies the
traffic demand b.
GoOAL: Minimize the overall weight of w, i.e. W =3 pp w(R).

1.3.1 Model

In the following we present the round weighting problem as a linear program and we study it

through its dual for the case of gathering.
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We consider a traffic gathering where the demand b : V' — R™ represents the flow b(v) needed to

be sent from v to the base station BS.

We say that a round weight function w satisfies the traffic demand b if there exists a flow ¢ such
that

e it satisfies the traffic demand b

(weV) Y ¢P) = bu),

PEPU}BS
where P, gs denotes the set of paths between v and BS, and

e it respects the capacity ¢, induced by w:

(Vee E) Y ¢(P) <cule)= D w(R).

PeP:ecP ReR:e€R

Summarizing, the round weighting problem can be written as:

Ii}li;l w(R)
" RER
— > ¢(P) < —b(v) (Vv eV) (1.1)
PeP, s
dosP)— D> w0 (Ve € E) (1.2)
PeP:ecP ReR:e€R
w,p =0

Now, we derive the dual using positive multipliers. Let A, be the multiplier associated to ([Il) and
l(e) to that of (CZ). Thus, the dual formulation consists in:

veV
D le) = A (Vv € V)(VYP € P,ps) (1.3)
ecP
D )< 1 (VR eR) (1.4)
eER

Notice that [(e) can be seen as the length of a call e. Therefore [(e) induces a metric d;(u, v) which

corresponds to dj(u,v) = minpep, , I(e), the path with shortest length (in terms of ) between two
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BS = vg v wy w3 V4 Vs BS = vg vl v2 V3 V4 Vs
-O--6-9--6-9 @-o--0-9--6-9
N N Ry w(R1) =5 1 1 1 0 0
N Ry w(R2) =4
N R3 w(R3) =3

(a) primal solution (b) dual solution

Figure 1.7: Example of solution of RWP over a path with 6 vertices. In fig. [L.7(b)| labels below
each edge indicate the value of [.

nodes u,v. As the goal of the dual problem is to maximize A,b(v), with b(v) > 0, by (3, the

optimum choice is A\, = d;(v, BS). In summary, we obtain the following property:

Property 1.1 ([KMPOS]) The dual problem of round weighting consists of finding a metric [ :
E — RT onto the call set maximizing the total distance that the traffic needs to travel (W =
> vev di(v,BS)b(v)) and such that the maximum length of a round is 1 (VR € R) w(R) =

2cerdi(e) <1).

We present an example for the case of a path with 6 vertices as depicted in figure [L7 Vertices are
denoted vy, ..., vs, the vertex at the corner, vy, corresponds to the BS. Each one of the remaining
nodes, v1,...,v5 has a 1 unit of demand to be gathered into BS. The interference considered
corresponds to a symmetrical model with d7 = 2 and dr = 1. Due to the interference, a solution
consists in using the rounds Ry = {(BS, v1); (vs,v4)}, Ro = {(v1,v2); (v4,v5)} and Rg = {(ve,v3)}.
The weight of each round is w(R;) = 5, w(R2) = 4, w(R3) = 3 and zero for all the remaining

rounds in R.

Notice that the induced capacity associated to each edge, which is the sum of the weights of the
rounds containing the edge, corresponds to, ¢, ((BS,v1)) = 5, cp((v1,v2)) = 4, cy((ve,v3)) = 3,
cw((v3,v4)) = 5, cw((vg,v5)) = 4. These capacities satisfies the flow ¢ induced to each edge. For
example, all the demand must go through the edge (BS,v;). In this case, the flow going through
(BS,v1) is ¢(BS,v1) = 5 and the capacity constraint is satisfied.

The solution attains a cost of Y pcp = 12.

Let us see now the dual solution proposed. It consists of I(BS,v1) = I(v1,v2) = l(ve,v3) = 1 and
zero for the remaining edges. Notice that any possible round R formed by two edges satisfies that
> ecrl(e) < 1. Indeed, the edges between w3, vs,v5 has a length [ = 0 and the edges between
BS, vy, v9, v3 has a length [ = 1 and each round must use at most one edge of each group. The value
of the solution is d;(vs, BS) = d;(v4,BS) = d;(vs, BS) = 3 and d;(vy,BS) = 2 and d;(v1,BS) = 1.
Therefore, Z#BS d;(v,BS) = 12, which is optimal due to the value is equal to the primal solution.

We will see in chapter Bl that dual approach give us a powerful tool to obtain good lower bounds

that, in some cases, optimal solutions are attained.
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1.3.2 Related Work

The use of a duality in problems of routing flow in wireless ad-hoc networks has been also presented
in [CLDO5]. However, the approach proposed is different. In particular, they propose a lagrangian

relaxation and then, they prove the convergence of their method towards the optimal solution.

It has been shown in [KMPOS| that the RWP is NP-HARD in general (reduction in the case
dr =2, dr =1 to the fractional coloring problem). They also showed that for gathering instances,
RWP remains NP-HARD even when restricted to unitary demands. The authors present a 4-
approximation algorithm in this case. Finally, they conjecture that it is always possible to get a

PTAS for gathering instances.

The complexity of the problem has been also studied for specific topologies. For paths and trees,
under gathering instances, RWP can be solved in polynomial time on the length of the path. (The
idea is presented in [KMPOS]). For general instances in trees, the problem admits a FPTAS. For
grids, RWP remains NP-HARD, but it admits a PTAS[KMP0S]. However, the PTAS proposed
is purely theoretical. Moreover they posed the following question: Is it possible to get simple
and efficient algorithms for the 2-dimensional grids? Is it possible to give purely combinatorial
algorithms that would not use linear programming? In chapter @l we answer these questions by
presenting optimal solutions for dj, d7 arbitrary and uniform demands. This work is a generalization
of [GPRROS] where the case dj = 2,dr =1 is solved.

A related problem consists in finding the maximum round (in terms of number of calls) satisfying the
distance-2 interference model. This problem is also called mazimum induced matching [SV82] and
mazimum distance 2 matching (D2EMIS) [BBKT04]. D2EMIS is known to be APX-COMPLETE for
regular graphs [Mah(0], but admits a PTAS for disk graphs [BBKT04]. The problem is generalized
for arbitrary d;y in [MSS06] by considering different weights to the edges. The problem is called
the mazimum weighted K-valid matching problem (MWKVMP) for K = dj in our case. The
MWKVMP is polynomial when d} = 1. However, if d7 > 2 then the problem is NP-HARD and not
approximable. The authors also provide a PTAS for unit disk graphs.

| Interference | Demand | problem | topology | result | reference |
asymmetric  dy,dr | general | RWP general NP-HARD | [KMPOS|
uniform | RWP-GATHERING NP-HARD
uniform | RWP—GATHERING 4-approx

Table 1.3: Complexity Results for RWP in general topologies. RWP—-GATHERING indicates the
RWP restricted to gathering instances.

1.3.3 Hardness of Round Weighting

As seen in section [L32] the ROUND WEIGHTING PROBLEM is NP-HARD. Now, we show that the
RWP remains NP-HARD even for gathering instances.
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| Interference | Demand | problem | topology | result | reference |
asymmetric  dy,dr | general | RWP—-GATHERING | path PoLy IKMPOS]
RWP-GATHERING | tree FPTAS
asymmetric  dy,dr | general | RWP grid NP-HARD [BGKT06d]
RWP grid PTAS
asymmetric  dy,dr | general | RWP-GATHERING | grid NP-HARD 77
(open)

Table 1.4: Approximation algorithms for for RWP in specific topologies. RWP—GATHERING indi-
cates the RWP restricted to gathering instances.

Theorem 1.2 ([KMPO8]) The RWP in graphs with asymmetrical interference di = 2, dp = 1
1s NP-HARD even for gathering instances.

Idea: The reduction is from MAXIMUM INDEPENDENT SET. Let GG the graph which is an instance
of MAXIMUM INDEPENDENT SET, we will construct a new graph H such that H will be an instance
of RWP. Let « the size of the maximum independent set in G = (V, E'). Since checking whether
a = 1 is polynomial, we will assume that a > 2. Let G’ = (V',E’) a copy of G. Now we
define the graph H. The set of nodes in H is the set V U V' U {s,BS}. The edges of H are
defined as follows: the edges of G and G’ are also edges in H. There exists one edge between s
and each node of G. There exists one edge between each node of G and BS. There is an edge
between each node v in G and its copy v/ in G’. In other words, the set of edges in H is the set
{(s,v) | v e V}U{(v,v) | v e Vv copy of vin G' } U{(v/,BS) | v € V'} UEUE'. The graph
H is depicted in figure We define the associated demand function as f(s,BS) =b > 0 and 0

otherwise.

Since the interference parameters are dp = 1,d; = 2 the construction assures that two calls (u,u’)
and (v,v'), u,v € V, v/,v' € V' are compatible if and only if © and v are independent nodes
in G. Note also that rounds containing calls of type (v,v") cannot contain calls of type (s,v) or
(v',BS). Moreover, if a call occurs between s and a node v in V, the only possible compatible call
corresponds to an edge (v, BS) such that (v,v') is not an edge in H. Let w* the optimal weight
function and W* the corresponding weight solution. Let R* be the largest round composed by calls
of type (v,v") and such that w*(R*) > 0. Notice that this round induces an independent set in G.
Indeed, the number of calls in the round corresponds to the size, denoted o, of this independent
set. It follows that W* > a—b* + b.

Now, let us propose a weight function w which is solution for the round weighting problem.
We define I = (vi)f‘z_ol as a maximum independent set of G. The weight function proposed is
w({(s,vi),(vEHl) rod B = 2 for i =0,...,a — 1; w({(vi,v})$,'}) = L5 and 0 for all the
other rounds. The overall weight W of this solution satisfies W* < W = g + b. From both, lower
and upper bound of W* combined, we conclude that a* > «. Therefore, the problem of determining

W* is as difficult as the maximum independent set problem. O

The proof can be also extended to gathering instances with unitary demand [KNMPOS].
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Gl

BS

Figure 1.8: Reduction from the maximum independent set problem. Instance for RWP where node
s has b unit-demand to be gathered into BS. The (dj, dp)-interference model considered is dy = 2
and dp = 1. Green arrows indicate compatible calls, red arrows indicate two calls that interfere
between them.

1.3.4 Relationship between gathering and round weighting

To get some idea of the relationship between the ROUND WEIGHTING and the MINIMUM TIME
GATHERING problems we present the example of figure [CA In this figure, we present the case of
a network which is a path with n nodes numbered from 0 to n — 1. The base station is placed in
node 0. The demand consists in one message placed in node n — 1. We suppose an asymmetrical

interference model with parameters dpr = dy = 1.

For the case of MINIMUM TIME GATHERING(see having 1 unit of demand in node n — 1
means that the message must be transmitted from node n — 1 to node BS = 0. The solution
presented requires n — 1 time-steps. Indeed, we can observe that this solution is optimal. The
solution consists of n — 1 rounds where the round 7 consists in one call transmitting the message

between nodes n —¢ and n — i — 1.

For the case of the ROUND WEIGHTING PROBLEM(see having 1 unit of demand in node
n — 1 means that we look for the minimum period W such that 1 message must be routed from
node n — 1 to BS in a period of length W. The solution proposed consists in a function of weights
over the rounds w which is non-zero for three rounds denoted Ry, Ry and Rsz. This rounds are
defined as R; ={j — j—1]j=1¢ mod 3}, =1,2,3 where j — j — 1 denotes a call between node
j and node j — 1. The weight of each round is defined as R; = 1 for i = 1,2,3 and 0 for all the
other rounds. In this way, the associated capacity ¢, of each edge of the path is 1. Then, there
exists a flow function satisfying the capacity ¢, of each node and transmits 1 unit of demand from
n — 1 to BS. The total weight of the solution is W (w) = w(R1) + w(R2) + w(R3) = 3. Hence, we
have that the solution routes 1/3 units per time-step from node n — 1 to BS. As a remark, we can

observe that this solution is optimal.
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BS=0 1 2 3 4 5 6 7 - n—2n-1

@-90--06-9--6-90--G-90------ -o--e
round 1 -—
round 2 -
round n —3 -
round n —2 -—

round n—1 o

(a) A solution for MINIMUM GATHERING PROBLEM

BS=0 1 2 3 4 5 6 7 - n—2n-—1
©-6--6-0--6-0--6-0--- -e--o
Ry <« -— - -
Ry -— - -
R3 -— - -

(b) A solution for the ROUND WEIGHTING PROBLEM

Figure 1.9: Comparison between solutions for MINIMUM TIME GATHERING and ROUND WEIGHT-
ING. In both cases, the instance is the same: A path with n nodes, BS placed in node 0, and 1 unit
of demand in node n — 1 to be gathered into BS.

As an interesting remark, note that the length of the optimal gathering protocol increases in the

length of the path. However, the solution of the round weighting problem remains constant. This

constant depends on the parameters of the interference model d; and dr.
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Chapter 2

Summary of the results

In this chapter, we give a brief overview of the results we have obtained. Full versions are given in

chapters BH Bl B and appendix [Al

In chapters Bl and Bl we study the MINIMUM TIME GATHERING PROBLEM. Chapter Bl is focused

on the complexity of the problem in the path. Chapter Bl studies the MTG in the grid when no

buffering is allowed in intermediate nodes.

Chapter B and @ study the RouND WEIGHTING PROBLEM. Chapter H studies the case where the

demand may be routed by means of a cycle between each demanding node and the base station.

In chapter Bl we present lower bounds and, for the case of the grid, we present upper bounds which

are optimal for unitary demand, and optimal in many cases for general demand.

Table 21l summarizes the problems MTG and RWP studied in this thesis and the main results

obtained.
| Interference | Demand | buffer | problem | topology | result | reference
asymmetric dp = 2,3,5, any d; | unitary | buffer MTG path BS at end | optimal chapter B
asymmetric  dj,dr unitary | buffer MTG path 1-approx
symmetric di =dr =1 general | no-buffer | MTG grid +1-approx, chapter H
distributed | [BNRR0Yal,
+2-approx [BNRRO9D)
symmetric di =dr =1 general | — RWP general near optimal | chapter B
(routing)
symmetric  dp =1, any d§ uniform | — RWP grid optimal chapter [B
general | — RWP grid approx [GPRROS]

Table 2.1: Results of this thesis related to MTG and RWP.

As an appendix, and not related to gathering problems, we study we deal with the question of how

to provide measures of congestion in networks. Using random graph theory we studied the number

of paths and the connectivity of the network (see appendix [A]).

In the following we explain the different problems studied in this thesis. We explain briefly each
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model, its settings, important results and notations.
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2.1 Gathering radio messages in the path

In chapter Eﬂ, we address the problem of MTG in the path. First, we discuss lower an upper
bounds when the base station is placed in an arbitrary vertex. Afterthat, we focus the study on
the complexity of the problem when the base station is an end-vertex of the path. To do that, the
question to solve is how to construct a protocol for a certain path starting with a protocol for a

path of smaller size.

The base station is called sink and it is denoted t.

2.1.1 Interference

In terms of interference, we consider the asymmetrical (d;, dr)-interference model. Notice that

in this chapter we consider arbitrary values of d; and dp (with d; > dp).

2.1.2 Demand

We deal with uniform demand. More precisely, we consider unitary demand: each node has one

message to be sent into the sink. However, some results are also valid for general demand.

2.1.3 Methodology

For a path with n nodes, denoted P,, we devise a procedure that, given a gathering protocol .S,, for
P,,, allows us to construct a protocol S,,+1 for P, 1. The protocol S, 11 is constructed incrementally
on the protocol P,. That is: the rounds of S, correspond to the same rounds of S,, plus some
extra (compatible calls), and some additional rounds. An example is depicted in figure 211 We
show that this procedure allows us to construct optimal gathering protocols for P41, i.e., that

there always exists a gathering protocol S,, that we can increment, and that is optimal.

2.1.4 Results

When the location of the sink is arbitrary, we have calculated lower bounds for the minimum
number of rounds. These bounds improve over the lower bounds of previous works (valid for the
non-unitary case). We have also presented specific protocols for the unitary case and shown that
the number of rounds required for these protocols is greater than our lower bounds, but only by a

constant number of rounds.

When the sink is located in an end-vertex of the path, we conjecture that the problem of calculating
a protocol using a minimum number of rounds is polynomial in the length of the path (for the

unitary case). We give an explicit way to implement the incremental procedure. That give optimal

!Joint work with Jean-Claude Bermond, Ralf Klasing, Nelson Morales and Stephane Pérennes.
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Figure 2.1: An example of an incremental protocol. On the left, the starting protocol for Piy.
On the right, the incremental protocol for P;5. The sink denoted t corresponds to node 0. The
interference considered is d;y = 4, dp = 3. (Numbers over calls indicate the original vertex of the
message transmitted in the call. New calls are dashed.)

protocols for dr = 2,3,5. We have also optimal protocols for other values of dr, d; according to the
congruence classes, namely if d; = pdr + ¢, 0 < ¢ < dr, we have optimal protocols if ¢ = dp — 1;
q=0and dr < 7; g+ 1 and dr relatively primes; and dr —q—1 < p + 4.

It will be interesting to find polynomial algorithms for paths with the BS anywhere and in particular
in the center of the path for any dj,dr. However in view of the complexity of the solution for the

case dr = 1 where the answer is known only for d; < 4, that appears as a difficult task.

Results are summarized in table

Table 2.2: Settings of the problem studied in chapter

Interference Demand | buffer | problem | topology result
asymmetric  with d; = pdr + ¢
dr =2,3,5, any dj unitary | buffer | MGT path BS at end | optimal
any dr, ¢ =dr — 1 unitary | buffer | MGT path BS at end | optimal
any dr < 7,q=0 unitary | buffer | MGT path BS at end | optimal
q+ 1 and dp rel primes | unitary | buffer | MGT path BS at end | optimal
dr —q—1<p+14 unitary | buffer | MGT path BS at end | optimal
asymmetric  dj,dr arbitrary unitary | buffer | MGT path 1-approx
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2.2 Minimum delay Data Gathering in Radio Networks

The aim of chapter & is to design efficient gathering algorithms for the MTG over the grid where

the base station is placed in one of the corners and interference constraints are present.

2.2.1 Interference

In terms of the interference models presented above, it corresponds to a symmetrical interference
model with d5 = dp = 1.

2.2.2 Demand

We suppose a non-uniform demand. It means that nodes may have different numbers of messages
to be gathered. Notice that for the case with uniform demand (all the nodes have the same number

of messages to be gathered) the problem becomes easy.

2.2.3 Methodology

Formally, we consider the grid as a graph where the nodes are represented by their coordinates.
The base station, denoted BS is placed at (0,0) and called source. We considered a set of messages
M to be gathered.

We consider an equivalent formulation of the gathering problem which is the personalized broad-
casting. In this way, we suppose that the base station BS must send the M messages to the

corresponding nodes.

The idea of the solution consists in finding a protocol such that, at each time-slot, the BS sends one
messsage. Due to the interference, the paths of two consecutive messages (i.e, at two consecutive

time-steps) must be disjoint (see figure Z2).

In the solution proposed, the base station sends each message by a path following the direction
of either horizontal-vertical or vertical-horizontal as shown in figure BE21 Therefore, and due to
the interference, the solution consists in a protocol such that the base station sends alternately a
message horizontally and vertically at each time-slot. The problem is reduced to provide BS with

a good delivery order of the messages.

2.2.4 Results

We propose a very simple algorithm that achieves makespan plus two, as well as a more involved +1-

approximation algorithm. In addition, we show a distributed version of the 4+2-approximation algo-

2Joint work with Jean-Claude Bermond, Nicolas Nisse and Hervé Rivano
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Figure 2.2: Configuration when two consecutive messages interfer.

rithm. The best known algorithm for grids was a multiplicative 1.5-approximation algorithm [RS07].

Furthermore our algorithms need no buffering. Results are summarized in table

This work is published in [BNRR09a]. An extended version of this work has been accepted in the
conference AdHocNow’09 [BNRROID].

Table 2.3: Settings of the problem studied in chapter H

Interference Demand | buffer problem | topology | result reference
symmetric ~ dj =dp =1 | general | no-buffer | MGT grid +1-approx, | [BNRROID
+2-approx
distributed
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2.3 Round weighting in the primary node interference model

In chapter & we discuss mainly the problem of RWP for routing the demand. In this case, we deal
with the problem of routing the demand by means of two paths between each demanding node and

the base station.

In this chapter the base station is called gateway.

2.3.1 Interference Model

In this chapter we consider a symmetrical interference with d; = dr = 1. Then, a round

corresponds to a matching over the graph.

2.3.2 Demand

We consider instances of general demand. Indeed, in most of our results, the demand of each
node is routed independently to the other nodes and then, different nodes use different rounds to
route the demand. Hence, the methodology to tackle with uniform or the general demand is the

salme.

2.3.3 Methodology

The idea consists in covering the cycle which consists in two paths between a demanding node and
the base station. Let us suppose that we have to sent b units of demand from one node to the base
station. If there exists a cycle of even length containing the demanding node and the gateway, then
it is possible to present a solution for the RWP with cost W = b. In this case, % units of flow are
sent by one path and % by the other. Two rounds labeled 1 and 2 are used. The weight of each
round is %. The solution is depicted in figure

Figure 2.3: Routing b units in the even cycle Cg. Each round has a cost of b/2, thus W = b.
Label over each edge represent the round covering the edge. Black and cyan nodes represent the
demanding node v and the base station.

However, if the there is no even cycle between the demanding node and the base station, more than
two rounds are needed. Therefore, the total weight of the solution depends inversely on the length

of the cycle.

3Joint work with Jean-Claude Bermond, Hervé Rivano, Stephane Pérennes and Joseph Yu.
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For each type of cycle considered, we will propose protocols and we will check that in some cases

protocols are optimal by presenting lower bounds derived from dual solutions.

2.3.4 Results

We propose solutions for routing the demand of each node by means of a simple cycle, a cycle with
ears and cycles with chords. For the case of the cycle with ears, we have shown that the solution
proposed is optimal by means of studying the lower bounds provided by the dual formulation.

Results are summarized in table 2241

Table 2.4: Settings of the problem studied in chapter B
Interference demand | buffer | problem | topology | results reference
symmetric d; =dr =1 | general | — RWP general near optimal | chapter B
(routing)
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2.4 Round Weighting Problem and Gathering in wireless net-

works with symmetrical interference

In chapter da we considered the RWP for gathering instances. We present methods to obtain lower
bounds for general topologies using cliques of calls. However, explicit lower bounds and optimal
results are presented for grids with the base station placed either at the center or at the corner. A

preliminary version has been presented in [GPRRO§ for the case df = 2, dr = 1.

In this chapter, the base station is denoted g (as a reference of gateway).

2.4.1 Interference

The interference considered corresponds to the symmetrical interference model for dr = 1 but

d7 > 1 arbitrary.

2.4.2 Methodology

We deal with this problem by studying the sets of edges defined by the fact that all the edges in the
set are pairwise interfering. This set of edges are called call-cliques. Let us see as an example in the
grid where the call-clique considered is placed around the base station as shown in figure 24 In
this case, the interference considered corresponds to d7 = 3 and dr = 1. We can check that if one
of the edges depicted belongs to a round, due to the interference, no other edge in the figure may
be in the same round. Notice that the call-clique depicted covers two levels of edges: the first level
consist of the edges adjacent to the base station; and the second level which are the edges adjacent
to the edges in the first level. The lower bounds that we will propose depend on the number of

levels covered.

The technique of covering the edges using one call-clique sometines will not be enough to attain
the optimal solution. In some cases we will need to combine different call-cliqgues and even using

call-cliques which are not around the base station.

Figure 2.4: Each depicted edge around the base station must be activated in a different round. In
this scheme, d} = 3, dr = 1.

4Joint work with Jean-Claude Bermond, Cristiana Gomes and Hervé Rivano.
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2.4.3 Results

We present lower bounds for general topologies. For the case of the grid in the uniform demand,
we present upper and lower bounds which attain the optimal solution. The results are valid when
the base station is placed either in the center or in a corner of the grid. For general demand, we

determine the zones of the grid where the demand is crucial. Results are summarized in table

Table 2.5: Settings of the problem studied in chapter [6l

Interference demand | buffer | problem | topology | result reference

symmetric di,dr general | — RWP general LB chapter B
symmetric dj,dr general | — RWP grid UB, LB | chapter @
symmetric  dj,dr uniform | — RWP grid optimal | chapter @
symmetric  dj =2, any dr | uniform | — RWP grid optimal | [GPRROS]
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2.5 Asymptotic Congestion Wireless Ad-Hoc and Sensor Networks

In appendix IEH, we study a measure of link-level congestion in static wireless ad-hoc and sensor
networks randomly deployed over an area. The measure of congestion considered is the inverse
of the greatest eigenvalue of the adjacency matrix of the random graph. This measure gives an

approximation of the average quantity of wireless links of a certain length in the network.

2.5.1 Methodology

We use concepts of spectral graph theory and we analyze the asymptotic behavior of the number
of paths of length k.

The ADJACENCY MATRIX of a graph G, denoted A, is the matrix with rows and columns labelled
by graph vertices, defined as

A — 1 if 7 and j are connected by an link,
“ 0 otherwise.

We will denote A* the k-th power of the adjacency matrix. In this way, the coordinate (4,75) of A*

will represent the number of paths of length exactly k between nodes 7 and j.

Furthermore, the SPECTRAL RADIUS of a graph G, denoted A4, is the size of the largest eigenvalue

of the adjacency matrix of the graph that can be written as

Aa = sup <$’A$>.
veRd\f0} (T T)

where (x,y) denotes the vector multiplication. Using the Perron-Frobenius’ theorem, [HI9], we

can combine both definitions achieving that

. T ART\L/k _
kglfw(l A1) M.

where T corresponds to the vector in which all of the elements are ones, and T* is its transpose.

From this result we obtain that the number of paths of length k in G is approximately )\’2, for k

large enough.

In this way we define the CONGESTION NUMBER as the inverse of the spectral radius of the graph
A

The intuitive explanation to this definition is that while we have more paths of a fixed length in

order to send information, we can split the information on these paths and coordinate it to arrive

with the same number of hops at the receiver.

5 Joint, work with Alonso Silva and Mérouane Debbah (Supelec).
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2.5.2 Results

We have provided a model to deal with congestion of randomly deployed wireless nodes. For
Bernoulli random graphs and Geometric random graphs we have provided, in the case of large
networks, the congestion number which is linked to the number of connected paths of some given
length. Quite remarkably, the mean congestion number can be explicitly derived using asymptotic

results of random matrix theory and the results hold even for a not so large number of nodes.
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Chapter 3
Gathering radio messages in the Path

In this chapter, we address the problem of gathering information in one node (sink) of a radio
network where interference constraints are present: when a node transmits, it produces interference
in an area bigger than the area in which its message can actually be received. The network is
modeled by a graph; a node is able to transmit one unit of information to the set of vertices at
distance at most dp in the graph, but when doing so it generates interferences that do not allow

nodes at distance up to dy (dy > dr) to listen to other transmissions.

We are interested in finding a gathering protocol, that is an ordered sequence of rounds (each round
consists of non-interfering transmissions) such that w(u) messages are transmitted from node u to
a fixed node ¢ (the sink). We focus on the specific case where the network is a path and where the
traffic is unitary (w(u) = 1 for all u). Our aim is to find the minimum number of rounds called

gathering time.

We give lower and upper bounds that differ only by a constant (independent of the length of the

path) so obtained a 1T-approximation.

When the sink is an end vertex of the path, we give a way to construct incremental protocols. An
incremental protocol for the path on n 4+ 1 vertices is obtained from a protocol for n vertices by
adding new rounds and new calls to some rounds but without changing the calls of the original
rounds. We conjecture that this incremental construction gives optimal protocols and prove it in

special cases (small dr in particular).

3.1 Introduction

3.1.1 Background and motivation

In radio networks a set of radio devices communicate by using radio transmissions which, depending
on the technology used, are subject to different interference constraints (see for instance for 802.11
[Bia00l [Gal04, [Miih02]). This means that only certain transmissions can be performed simultane-
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ously, therefore the devices have to act in a cooperative manner in order to achieve an effective
flow of information in the network. In this context, we study a problem proposed by FRANCE
TELECOM, about “how to provide Internet to villages” (see [BBSOH]).

The houses of the village are equipped with radio devices and they want to access the rest of the
world via Internet. For that purpose they have to send (and receive) information via a gateway
where there is a central antenna. This creates a special many-to-one information flow demand in
which the access to the gateway must be provided. Therefore, we will consider a specific traffic
pattern, similar to a single commodity flow with a distinguished node representing the gateway,
called sink and denoted t¢.

Unlike in wired networks, when a node u transmits a message it does not use a resource as simple
as some capacity on a link; instead it produces a signal that may prevent other transmissions
to occur. The set of possible concurrent transmissions follows from a complex n-ary interference
relation which properly models the idea that the noise intensity must be small enough compared
to the signal intensity. In order to get tractable models, a widely used simplification consists of
associating to each node a transmission area in which it can transmit a message and an interference
area in which it produces a strong noise (see [SW06]). Then, the communication from a node u to
a node v is possible if v is in the transmission area of u, and no third node transmitting has v in
its interference area. Note that, by doing so, we replace the n-ary relation with a binary relation :
two (possible) transmissions (that we will denote calls) can be performed concurrently when they

do not interfere.

3.1.2 Modeling aspects

One possible way of modeling would be to represent the houses (radio devices) as nodes in the plane
with Euclidean distance (the areas of transmission and interference being disks). Here, we choose
to model the network by an undirected graph G = (V, E), where V is the set of devices in the
network and to use as distance the distance between nodes in the graph. Firstly, it simplifies the
analysis and enables us to give tractable gathering algorithms. Secondly, for some graphs like grids
or hexagonal grids the distance in the graphs is a good approximation for the Euclidean distance.
Finally, some nodes which are close to each other in the plane might not be able to communicate
due to different reasons like obstacles, hills, social relations, security. So, there is an edge if two

houses are neighbors and able to communicate.

We model the transmission area and the interference area as balls in the graph by introducing
two parameters: dp, the transmission radius and dj, the interference radius and we suppose that

d; > dr. The transmission area (resp. interference area) is then the ball of radius dr (resp. dj).

The information transmitted by a node becomes available to all the nodes that are in its transmission
area if they are listening, and if they are not in the interference area of a third transmitting node.

We will denote the fact that node s (like sender) is transmitting a message to node r (like receiver)
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Figure 3.1: Interfering/compatible calls.

by saying there is a call s — r. We will say that two calls s — r and s’ — 7’ with s # s are

compatible if s does not interfere with r’ and s’ does not interfere with r.

Figure Bl shows a set of 3 calls, which are represented by the arrows over the edges of the graph.
If dp = dy = 1, all these calls are compatible. However, if dp = 1,d; = 2, vertex b is under the
interference of vertex e, and vertex f is under the interference of vertices a and c. In this case,
a round could either consist of one single call (¢ — b or ¢ — d or e — f), or of the two calls

a—b,c—d.

Under this model, the problem raised by France Telecom consists of gathering information from
each node of the network into the central node (the sink ¢). We will suppose that each node u has

to transmit an integer w(u) > 0 number of units of information to the sink.

Time is considered discrete, i.e., divided into time-steps of fixed length, so during a time-step, a
number of compatible calls (a round) is performed. We look then for an optimal protocol (sequence
of rounds), such that if the rounds of the protocol are performed, then exactly w(u) messages travel
from u to the sink ¢. Our measure for optimality is the completion time (i.e., the number of rounds)
needed to achieve gathering, hence our objective is to study the minimum time gathering problem
(called also makespan). For example, Figure shows an optimal gathering protocol using 18
rounds for a path with 7 vertices (each having one piece of information), with dr = 1, df = 2 and
sink ¢t = 0.

1 .Q.—.—.—.Q.—g 10.—@.—.—.—.—8
t=0 1 2 3 4 5 t=0 1 2 3 4 5
2 '—'@'—'—'—'@E 11 .—.—.Q—.—.—g
t=0 1 2 3 4 5 t=0 1 2 3 4 5
3 o—o—@.—o—o—g 12'—'—'—'Q—'—8
t=0 1 2 3 4 5 t=0 1 2 3 4 5
4 .—.—.—.Q.—.—g 13Q—.—.—.—.—8
t=0 1 2 3 4 5 t=0 1 2 3 4 5

7 o—o—@-—o—o—g 16@.—0—0—0—0—3
t=0 1 2 3 4 5 t=0 1 2 3 4 5
8 o—o—o—@-—o—g 170—Q—o—o—o—g
t=0 1 2 3 4 5 t=0 1 2 3 4 5
9 Qﬁ—o—o—o—o—g 180@—0—0—0—0—g
t=0 1 2 3 4 5 t=0 1 2 3 4 5

Figure 3.2: A gathering protocol in the path when dr = 1, d; = 2 and every vertex has one message
to send to the sink ¢t = 0.
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Note that we may as well study the converse problem called (personalized broadcast) for which we
need to send personalized information from the central node to each node. Indeed, like in many
other communication models, we can simply reverse the order of the communication steps and the
direction of the calls to get that gathering and personalized broadcast are formally equivalent. Due
to this equivalence, all the results (algorithms, complexity, bounds) that we give are also valid for

personalized broadcast. Here, we focus on gathering issues.

3.1.3 Related work

Basic communication problems for the dissemination of information (like gathering, broadcasting,

gossiping) have been widely studied in classical interconnection networks (see the book [HKPT05]).

The broadcasting and gossiping problems in radio networks with dp = dy = 1 are studied in [CW9T],
[EK04, [GP(2] and [CGROZ, [GMO3, [CGLOZ, BGPIR, [BGRVIS] respectively. Note that broadcasting
is different to our problem because in a broadcast the same information has to be transmitted to

all the other nodes and therefore flooding techniques can be used.

With respect to the gathering problem (see ﬂm for a survey) different cases have been
studied. In [m a protocol for general graphs with an approximation factor of at most 4
is presented. An extension of this problem where messages can be released over time is studied
in [BKMS08a] and a 4-approximation is presented. Using the same interference model, a relaxed
approach has been studied in [KMPO§| where the problem is studied in terms of collecting the flow
demands. The unitary case (where each node has one unit of information to transmit) has been
considered under different topologies. The unitary case in the path with dp = 1 and arbitrary d;
is studied in [BCY06] and in [BCY(9]. For the two-dimensional square grid, optimal solutions are
provided in [BP05] and [BP(OY)]. For trees, in the case d = d; = 1, an optimal solution is presented
in [BY0S], and in [BGROS] if no buffering is allowed in intermediate nodes.

The fact that no buffering is allowed come from the application in sensor networks. In sensor
netorks (see [Gar(7] for a survey), a model closer to ours is considered in [FEM04a]. Here, they
consider mainly one directional antenna and the so called primary node interference model where
a node cannot receive and transmit during the same time slot. In [EENM04al] they give optimal
gathering protocols for paths and trees. The results have been extended to general graphs in the

unitary case in [GR06al [GROJ] where a polynomial algorithm is given.

Finally, note that some articles consider symmetric interference models, due to the fact that in
the protocol 802.11 when a message is transmitted, acknowledments need to be transmited as well.
Indeed, in some papers this model is named the 802.11 interference model (see [Wan(9bl).
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3.1.4 Structure of the paper

In Section B2 we introduce the notation and precise the problem to solve. In sections BB A and BA

we consider the case where the sink is an end-vertex of the path.

In section B3] we present the classical lower bound and an algorithm which turns out to be optimal
when d; = pdp + dp — 1.

In section B4l we give a new lower bound for the asn we show that the preceding algorithm gives
a 1T-approximation (the number of rounds differ from the lower bound by a constant independent
of the length of the path).

In section we give a procedure such that, given a gathering protocol for the path of length n, it
produces a solution for the path of length n+ 1. We call this procedure incrementing as it does not
modify the solution for n, but it only adds extra calls and rounds to gather the additional message
(for the new vertex). We next show that this procedure can be used to obtain better protocols.
In particular, it gives optimal protocols for small dp and d; such that if dj = pdr + ¢ then ¢ + 1
is relatively prime with dp. That gives optimal solutions for dr = 2,3,5. We conjecture that an
optimal solution can be obtained by the incremental procedure; if true that will give an optimal

protocol polynomially in the length of the path.

In section we extend the protocol and lower bounds of section B4l for arbitrary positions of the

sink obtaining a 1*-approximation.

3.2 Preliminaries

In this section we introduce the model and main notation, and we state the problem to solve.

3.2.1 The model: definitions and notation

In the whole paper, we are given a graph G = (V, E) with n vertices and with a distinguished
vertex t € V, called the sink, and two integers d;,dr € N, such that d;y > dr > 0, where dy is the
interference distance and dp is the transmission distance. The distance between two vertices u and

v is the length of the shortest path from u to v and is denoted dg(u,v).

In the gathering problem, every node u € V' has w(u) unitary pieces of information (called shortly
messages) which have to reach the sink ¢, where w(u) is a nonnegative integer. We denote by m(u)

any of the w(u) messages originated in the node w.

A call is a couple (s,r) with s,r € V, 0 < d(s,r) < dr, and where s is the sender and r the
receiver. We denote the call (s,7) as s — r. Call s — r interferes with call ' — ' if d(s,7’) < d;
or d(s',r) < dr. We say that the two calls s — r and s’ — 7’ are compatible if they do not interfere,

that is both d(s,r") > d; and d(s’,r) > d;. During one unit of time only one (unitary) message can
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be transmitted.

A round is a set of compatible calls. If R is a round and s — r € R is a call, we say that s — r is
performed during round R, and this corresponds to the sender s transmitting a message to receiver

r if there is one message available.

A gathering protocol is an ordered sequence of rounds that allows to gather the information of the

nodes in the sink.

We will often specify protocols by giving simply the sequence of rounds, without specifying which
message is sent, indeed that is irrelevant as long as each vertex can forward something new. Also,
observe that when gathering it is not useful to have multiples copies of a message in different
vertices: it suffices to keep the copy that arrives first to the sink. This allows us to consider simply
calls of the type s — r, meaning that the sender can select a unique receiver between the potential

ones.

3.2.2 The Minimum Time Gathering Problem

Let us now precise the problem to solve. We call it the Minimum Time Gathering problem. The
input of the problem is given by a tuple (G, w,t,dr,dr) with

1. A base graph G = (V, E).

2. A weight function w : V' — NU{0}, w(u) being the number of messages to gather from vertex

u into the sink ¢.
3. AsinkteV.
4. A transmission distance dp € N,dp > 1.

5. An interference distance dy € N, d; > dr (dr = pdr + q, with 0 < ¢ < dr).
We will often write simply (G, w,t) for an instance of Minimum Time Gathering.

Definition 3.1 (Gathering protocol) A gathering protocol (or simply protocol) is an (ordered)
sequence of rounds such that, once all the rounds in the protocol are executed, exactly w(u) messages

have been gathered from vertex uw € V into the sink t.

The goal of Minimum Time Gathering Problem is to find a protocol that requires a minimum number

of rounds, called gathering number.

Definition 3.2 (Gathering number) Given an instance (G,w,t,dr,dr) of gathering, the min-
imum number of rounds for any gathering protocol for the instance will be called the gathering
number and will be denoted as g4, 4, (G,w,t), or simply g(G,w,t) if dr,dr are clear from the

context.
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In this article, we restrict ourselves to the case where G = P,, the path with n vertices. Formally,
P, is the graph with vertex set {0,1,...,n — 1} and edges between vertices i and j if and only if
|i—j| = 1. We consider protocols only for Unitary Minimum Time Gathering which is the the unitary

case where w(u) = 1 for all u # ¢. However, lower bounds are given for general values of w.

In the next sections (except the last one), we suppose the sink is the end vertex of the path
t = 0. We will use the simplified notation gg, a4, (Pn,w) for g4, 4, (Pn,w,t = 0) and g4, 4, (Pn)
for ga, .dp (Pp,w = 1,t = 0). We will also denote A(P,) for a gathering protocol that gathers one

message from each vertex i # 0 into the sink ¢ = 0.

3.3 Lower Bounds and Simple Protocols for the sink as an end-

vertex

In the rest of the paper, we suppose dp and d; are given. Let df = pdt + q with p and ¢ integers,
p =1 (ordr >dr)and 0 < g < dp. We will also use intensively the notation D = dy + d + 1.

3.3.1 A first lower bound

In MMH the authors give a general lower bound which is presented in the following proposition
for the path P, with the sink at vertex 0 and general weights w.

Proposition 3.1 ([BGKT06b]) We have ga, 4y (Pn,w) > LBo(Py,w), where

LB = 3wl ||+ |22 S )

i<dr+1 i>dr+1

Note that the bound can be easily obtained in that case by noting that there is at most one call
(s,7) with r < dj + 1.

3.3.2 Optimal Protocols for P,, n < (p+ 1)dr + 1

Using a greedy protocol we can obtain the value of g4, 4, (P,) for small n, specifically for n <
(p+Ddr + 1.

Proposition 3.2 Let dj = pdr +¢q, 0 < ¢ < dp. Forn < (p+ 1)dr + 1, ga;.d4,(Pn,w) =

Sicn10() | 2|

Proof: From proposition B, by noting that fdﬁl;rﬁ > p+ 1 and that for d; +2 < i < (p+ 1)dp

we have (%] =p+1, we get LBo(Py,w) =3¢, 1 w(z)(#}
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Figure 3.3: The rounds {i + kD — max[0,i + kD —dp]: k> 0,i+ kD <n—1} for 1 <i <D in
P>y when t =0,d;r = 4,dr = 3 and hence D = 8.

Now the bound is attained by considering the greedy protocol consisting of single rounds of length
dp if possible. More precisely, for a message located at a vertex ¢ = adp + 3 with 1 < § < dp, the
protocol performs o + 1 = fﬁ} rounds which are i — jdr — i — (j + 1)dr for 0 < j < o — 1 and
(i —adp =) — 0. |

3.3.3 A simple gathering protocol

The algorithm we describe is very similar to the general algorithm of [BGKT06b] which gives a
%—approximation in the particular case of P,. But as we consider only the unitary case (w(u) =
1,Vu # 0), it is very simple. However, it will be sufficient to solve completely the case ¢ = dr — 1

(d; = pdr+dr—1) and to give in general a +1-approximation. It can also be viewed as an extension
of the algortihm given in [BCY(9] for dp = 1. Recall D = dp + dy + 1.

We will use the rounds {i + kD — max[0,i + kD —dp] : k > 0,i+ kD < n — 1} that we define for
i=1,...,D (see Figure for an example on P1). We observe that the rounds are well-defined,

because the distance between two consecutive transmitters is D.

The algorithm consists of 2 phases: a loop that reduces the instance into an instance of Py, where

k < D and a simple greedy gathering for Pj.
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Input: n,d;,dr
1 whilen—-1> D do

2 fori=1to D do
| Apply the round {i + kD — max[0,i + kD —dr| : k > 0,i + kD <n —1}
end
n<«—n—dp
end

3 Gather each message independently, using a shortest path to the sink.

Algorithm 1: Algortihm A; solves gathering in P, for t =0
Proposition 3.3 Algorithm O gathers in |A1(P,)| rounds, where

1 = 1 [ :
" Sl {#W ifn—1<D
Proof: Clearly, the result holds if n — 1 < D, thus we focus on the case n—1> D. Forn—1> D,
we have that each iteration of the inner for loop (Step B requires D rounds and transforms the

instance (P, 0) into instance (P,_g4,.,0), hence the claim. [

3.34 Caseq=dr—1 (dy=pdr+dr—1)

In the case of ¢ = dp — 1, we can give exact values as we will see that LBy(P,) and |A1(P,)]
are equal. This case can be viewed as an extension of dr = 1 (see [BCY09]) as ¢ < dr implies
q=0=dp—1 for dp = 1.

Proposition 3.4 Ifd; = pdr+dr—1 (g=dr—1), then ga; ar(Pn) = > _ica, 11 {#—‘ +(p+2)(n—
d; —2)

Proof: In that case d; +2 = (p+ 1)dyr + 1 and so {dé—;rﬂ = p+ 2 and so by proposition Bl (with
w(i) =1)
LBy(P,) = Z [di-‘ +(p+2)(n—d;—2)

i<di+1 1 0T

We also have D = dj +dr +1 = (p+ 2)dr and so [A1(Py)] = > ici 1 {$1 +(p+2)(n—dr—2).
|

For the other cases ¢ # dr — 1, we get that for n > (p + 1)dr + 1, LBo(P,) and |A;(P,)| are
different. Indeed when n increases 1, LB (P,,) increases p+ 1 (as ¢ < dp — 1, then {dé—;rﬂ =p+1)
and so when n increases dr, LBo(F,) increases (p + 1)dr, but |A;(P,)| increases D > (p + 1)dr.

In the next subsection we give another lower bound which increases D when n increases dp and

hence, we will deduce an 1T-approximation result.
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(
1

Ape(R)=2+1=3

Figure 3.4: An example of the distance contribution in a specific neighborhood of the sink. Round
R contains the calls 2 — 0 and 7 — 5.

3.4 Another lower bound and a 1 -approximation

3.4.1 Another lower bound

Let us define the distance contribution Ap(R) of a round R in the interval [0, D] as the distance
that the message transmitted during round R advances towards the sink ¢ = 0 inside the interval

[0, D] (see figure B4l for an example). More precisely

Ap(R)= > max[0,min[dg(s,0) — dg(r,0), D — dg(r,0)]

s—reR

Note that if r is not in [0, D — 1], then D —dg(r,0) < 0 and hence, the call contributes 0 in Ap(R).
If a call is backwards s < r, dg(s,0) —dg(r,0) < 0 and then such a call also contributes 0 in Ap(R).

If R = (Rj)jes is a sequence of rounds, we define its contribution as the sum of the contribution
of its rounds Ap(R) = 3, ; Ap(R;).

These definitions are useful to prove the following lower bound. We give it for general w although

we will use only for the unitary case.

Proposition 3.5 ¢4, 4, (Pn,w) > LB1(P,,w), where

D—-1
1
LB (P,,w) = . iw(i) + DY w(i)
i=1 i=D

In particular for the unitary case

D(n—D) , D(D 1)
dr 2dr

gdlydT(Pn) > LBI(PH) =

Proof: Let R = (Rj)lji‘l be a gathering protocol. We observe that, even when two receptions

can be performed inside the interval [0, D] during the same round (because the distance between a
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vertex receiving a message and a vertex transmitting another is at least dy + 1), then

(Vi=1,...,|R]), Ap(R;)<dr (3.1)

We also observe that

e if i > D, a message from node i has to travel at least a distance D inside [0, D] to reach the

sink and there are ) .., w(4) such messages; and

e if i < D, a message from node i needs to travel a distance i inside [0, D] to reach the sink
and in the beginning there are w(i) messages at vertex i, thus overall these messages need to

travel a distance iw(i) towards the sink.

Adding these values for : = 1,...,n — 1, it follows that

D—-1
Z iw(i) + D Z (3.2)
=1 i>D

but from the definition of distance contribution and (BII)

IR
E:AD ) < drl|R|. (3.3)

Using ([B2) and (B3), we have that for any gathering protocol dr|R| > Z > Hiw(i)+ D >ispw(i),

which corresponds to the first claim.
Now, for the second claim, we distinguish two cases.

If n > D, then Y7 z—%andZiZDlzn—D,hence

D D(D —1)
P)>—mn-D)+ ——.
Ifn<D,>" 1Z—Zf):_lli—zi[i;liEW—FD(n—D)asz D —1. [

3.4.2 A 1f-approximation

Recall that an algorithm A calculates a 1T-approximation for the UNITARY MINIMUM GATHERING
TIME if there exists a constant C' = C(dy, dr) independent of n such that |A(P,)| < 94,4, (Pn)+C.
That means that the gap between the number of rounds of algorithm A and the optimum value is

an additive constant which does not increase with the size of the path.

Theorem 3.1 Algorithm Ay giwves a 11 -approzimation for gq, 4, (Py).
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Proof: Let n > (p+ 1)dr + 1, n = D — v + kdp, where 0 < v < dr then

PEMi] (n=D+v), "X
A1(P) ’“+;Lﬁ 2 +;M
D(n—D
= % + Ol(d[,dT)
T

By proposition

LBy (P,) = D(n— D) n D(D—-1) _ D(n— D) + Cy(dy. dy)
dT 2dT dT

|A1(Pn)|
LB1(Pn)

and so — 1 as n — o0o0. Said more precisely,

|A1(Pn)| — 9d; dr (Pn) < C(dp,dr) = Ci(dr, dr) — Ca(dr, dr).

3.5 Incremental Protocols

In what follows, it will be convenient to define X = {1,2,...,drp}, the set of possible transmission
lengths and consider the translation function f: X — X,z — f(z) = [(z +¢) mod dp]+ 1.

3.5.1 Construction of the Incremental Protocol

In this section, we are interested to construct protocols incrementaly from n to n + 1 by adding
new calls (without changing the former calls). More formally, protocol R* = (R;);<|g+| for the
path P11 is an increment of R = (R;);<|g| for the path P, if R; C Rj, for all 1 < j < |R|. We
show how to construct a specific increment of a gathering protocol R for P,, using a single round
d — 0 of R. We will call it R or Inc(R,d) if we want to precise the call d — 0 used.

We show that the protocol Inc(R, d) satisfies the following properties:

Lemma 3.1 Letn > D+1 (the contribution works also for (p+1)dr+1<n< D ifd<n—2—d;
). Let R be a gathering protocol for P, containing a simple round {d — 0}. There exists an

incremental protocol for P,y1 denoted Inc(R,d) with the following properties

(i)

[Ine(R, d)] = |R| +
p+2 d>dr—q—1

(i) The family of single rounds of the form {s — 0} of Inc(R,d) is the family of single rounds of
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R minus one round {d — 0} and perhaps another round plus the round {f(d) — 0}, where f
is the translation function f(d) = [(d+ ¢) mod dr|+ 1.

Before going in the construction, let us give a simple example to show how the construction works.
Let dp =2,df =2 (p=1,q=0),s0 D =5. Forn =5 = (p+ 1)dp + 1 the greedy protocol
of proposition consists of 6 single rounds Ry = {4 — 2}, Ry = {3 — 1}, R3 = {2 — 0},
Ry ={1— 0}, Rs = {2 — 0}, Rg = {1 — 0}. Using d = 1 we obtain the increment RT = Inc(R, 1)
for n = 6 by keeping rounds R; to Rs, replacing Rg by Ry = {1 — 0} U {5 — 4} and adding
R = {4 — 2}, Rf = {2 — 0}. Here f(d) = 2 and the number of rounds of Inc(R,1) is
8 =6+ (p+1). Starting from R, as m = 6 > D + 1, we can increment it using again d = 1
(Round Ry) obtaining a protocol RT* = Inc(R™,1) for n = 7 using the same rounds of R except
R replaced by Rf " = {1 — 0} U {6 — 4} and two new rounds Ry " = {4 — 2}, R{;t = {2 — 0}.
Note that R is optimum as LB;(P;) = %2 + 24 = 10. Now in R*™ there are 4 single rounds
s — 0 but all of them of the form 2 — 0 and so an increment of RT will have 3 more rounds
giving a protocol for n = 8 with 13 rounds (LB1(Ps) = 12.5) but with a new single round 1 — 0

which can be used to obtain an increment for Py with 15=LB;(FPy) rounds.

Construction Inc: The idea of the construction is that, given the gathering protocol R for the
instance (P,,0) (i.e. R gathers messages from vertices i = 1,...,n — 1 into the sink), we will
show that there exist rounds in R such that m(n) (recall that n is the last vertex in P,4;) can
be transmitted near to the sink by extending these rounds of R with some additional calls. Once
message m(n) is close to the sink, we will add x additional single rounds to complete gathering in
Pui1.

Let Rj, be the round Rj, = {d — 0}, which exists by hypothesis.

For k£ € N such that £ > 1 and d + kdp < n — 1, define j; in such a way that the last round in R
with a transmitter s,d 4+ (k — 1)dr + 1 < s < d + kdr is Rj,. Notice that we have that ji1 < jg
and if s transmits during round Rj, then s < d + kdr. Let also k; be the largest k such that
d+dr +1+kdr <n—1. (See Figure for an example of the construction.). Note that kg exists
(kq = 0); indeed by hypothesis either n > D+ 1or d <n—2—dj.

For j=1,...,|R|,j # jk, k =0,..., kg we set Rj = R;.

For k=0,...,kq — 1 we set R;; =R;, U{d+d;+1+4 (k+1)dr — d+d; + 1+ kdr} and obtain
a valid round as by maximality of k4 for k < kg — 1, d+d;r+ 1+ (k+ 1)dr < n— 1. Indeed, any

transmitter s in R;, is such that s < d + kdr, hence the distance from the receiver of the new call
to the largest transmitter in R;, is d(s,d+d; +1+kdr) >d+d;+1+kdpr —d — kdp =dr + 1.

For k = k; we observe that the distance from vertex n to d + dy + 1 + kqdr is at most dp, hence
we can set R;;d = R;, U{n —d+d;+1+kedr}.

The protocol we have devised consists of |R| rounds, it gathers the same messages as R, and
transmits message m(n) from vertex n up to vertex vg = d + dy + 1. Note that there always exists
a call ending in vg. Indeed, eithern > D+ 1and asd < dp,vo=d+d;+1<dr+di+1=D < mn;
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Only calls of length dp.

Figure 3.5: An example of the step for constructing incremental protocols. x = p+1ifd < dp—q—1
or x = p + 2 otherwise.

or (p+1)dr+1 < n < D, but in this case we choose d such that d < dp — ¢ — 1 and so
vozd+d1+1<(p+1)dT<n.

Now we can add extra single rounds to transmit the message from vertex vg up to the sink ¢ = 0.
We do so using only calls of length dp (excepting, maybe, the last one). Notice that properties (i)

%1 rounds, hence x = p + %—‘ and
T T

and (ii) are satisfied. Indeed we have added z =
therefore x = p+1ifd+q+1<dp (<= d<dr—q—1)orx=p+2if d+q+1 > dp (notice that
d+q+1<2dr as q <dr and d < dr). We also obtain that the very last call performed in this
way, which is the only single call transmitting m(n) ending in 0, is d+¢+1—0ifd<dp—q—1
ord+q+1—dpifd>dr—q—1,thatis f(d) — 0. Note that for k = 1, R;, contains a unique
call with sender s such that d +1 < s < d + dp. It might happen that s < dp and the call of R,

is an s — 0. So, we might loose a second single call of type s — 0. U

We can repeat this incremental construction Inc. Let us start at some value ng with a protocol
A(P,,) containing the family Sy of single rounds of the form {s — 0}. Let us define a sequence
(do,...,dt,...,dn—ng—1) as admissible if d; € S;, where S; is the family of values d of single rounds
d — 0 for the protocol at step t. By construction, Si1 C S¢\{di}U{f(dy)}. Then for any
admissible sequence (dy,...,dn—n,—1) We get, by using the preceding construction at each step t,
a protocol A(P,) which satisfies |A(P,)| = |A(Py,)| + (n —no)(p + 1) + 6, where § is the number
of d; such that d; > dp — ¢ — 1). We will call such values bad values. Otherwise, the values d; for
which dy < dr — g — 1 are denoted good values.

The aim of the next section is to give examples which give optimal protocols, then to prove that

the best choice of d; is, in many cases, to choose the smallest d of S;.
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3.5.2 A gathering protocol when ¢ =0

Let us show how incremental protocols can give in some cases optimal solutions. We first deal with
the case ¢ = 0 that is d; = pdr and suppose ¢ # dr — 1, that is dpr # 1 as we deal with this case in
proposition Bl and the result is already know (see [BCY06, [BCY(NY]). By proposition B2 we know
that for n < ng = (p+1)dr+1 we have an optimal protocol with Zign—l {#W = w rounds.
Furthermore A(P,,) contains p + 1 single rounds d — 0 for each d, 1 < d < dr. Said otherwise,
the sequence Sy of admissible values of d consists of p + 1 values d for 1 < d < dp. Note that for
each 7 we have also p rounds of the form dr + i — ¢ which can be used for R;, in the preceding
construction. Note also that as ¢ = 0, f(d) = d+ 1 and for any d < dp the number of rounds in
Inc(R,d) is |R| + p+ 1 and Inc(R,d) contains one more single round d + 1 — 0 (and at least one

less round d — 0). We do first increments by choosing the smallest possible value d at each time.

Starting from A(P,,), we use d = 1 for (p+ 1) steps as there are (p+ 1) rounds 1 — 0. We obtain a
protocol for ng < n < ny; =ng+ (p+1). The protocol A(P,,) contains now 2(p + 1) single rounds
2 — 0 (the (p+1) rounds of A(P,,) plus the p+ 1 created by incrementing). We have also created

p + 1 rounds of the form dr + 2 — 2 and use no rounds of the form R;,.

We apply 2(p + 1) increments starting from A(P,,) and using d = 2 getting a protocol for n; <
n < ng =n1+2(p+1). We have used all the calls 2 — 0 in rounds R}, and also 2(p+1) —1 calls of
type dr +1 — i for i = 1,2 for rounds R;, (Note that the —1 comes from the fact that for sending
n1, there is no need of round Rj,). Doing so, A(P,,) contains 3(p + 1) single rounds 3 — 0 (the
(p+1) of A(P,,)) and the 2(p+ 1) created by incrementing). We have also created 2(p+ 1) rounds
of the form dr +3 — 3. So altogether we have available for next rounds R;, 3p+ (p+ 1)+ 1 rounds
of type dr+1i — i for 1 <1 < 3 (those existing in A(P,,,) minus 2(p+1) — 1, plus 2(p+ 1) created).

We iterate the process until either we have used all the d — 0 with d < dr in rounds Rj, (case
dr small); or at some step, we have not enough rounds available for R;,. Indeed, at each step d
we use d(p 4+ 1) rounds of the form dp +i — ¢ (with 1 < ¢ < d) and create d(p + 1) of the form
dr+i+1 — i+ 1. So, the total number of rounds available at step d for round R;, is the dp rounds
of A(P,,) of the form dr+7 — i, 1 < i < d, plus the p+ 1 created at step 1, minus 2(p+ 1) — 1 used
at step 2 plus 2(p + 1) created at step 2 and more generally minus those used at step d in number
equal to those created at the same step. So, altogether the number of calls available at any step is
dp + p + 2. But at some step d > 3 we need d(p + 1) calls for each R;, and so we are obliged to
use some single rounds s — 0 for R;, if d(p +1) > dp + (p + 2) that is d > p + 2. Furthermore,
we can without problem use the calls d7 — 0 (in number p + 1) for rounds R;;, but no other calls
s — 0. That works for dp+ (p+2) + (p+ 1) > d(p+ 1) that is d < 2p + 3. If the condition is not
satisfied that is dpr — 1 > 2p + 3 we need to use a round s — 0 with s < dr — 1 and the distance

contribution of the round Rj, in the interval [0, d] will be s and the lower bound is not attained.

In summary, we have constructed a protocol guaranteed to be optimal only if dr < 2p + 4 getting

the following proposition:
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Proposition 3.6 If dr < 2p+4 and q = 0 then we have an optimal protocol.
Corollary 3.1 If dr = 2 then we have an optimal protocol.

Proof: We have only two cases: ¢ = 0 and ¢ = 1. For the case ¢ = 0, the result follows from

proposition For the case ¢ = 1 (case ¢ = dp — 1), the result follows from proposition B2 W

Remark 3.1 For dr > 2p +4 for example dr > 7 for p =1 we have a gap between the number of
rounds of the increment and the lower bound. We conjecture that in fact the protocol is optimal and
that the lower bound should be increased. Anyway, this gap is small and better than that obtained
by using Algorithm 3.

3.5.3 Upper bound for incremental protocol

As we have seen in the case ¢ = 0, it might be difficult to know the set of values d in S; corre-
sponding to single calls d — 0. If we do not use single calls s — 0 in round R;, we will see after
(proposition BYl) that the best choice is to select the smallest d in S;. However we can overcome
this difficulty by always choosing a value of d for which we are sure it belongs to S;. It suffices to
take the sequence (d, f(d), f2(d), ..., fi(d) starting with a d in Sy as by lemma Bl we are sure that
f(d) € Sy and more generally f!(d) € S;. Using this sequence of values of d we will get an upper
bound which have the same behaviour as LB( 1)(F,). The following lemma indicates that we have

interest to choose the smallest d.

Lemma 3.2 Ifd < d’ the sequence {d, f(d),..., f""1(d)} contains more good values(values such
that f'(d) < dr — (q+1)) than {d', f(d'),..., f*(d)}

Proof: We will prove that if we have a good values in the sequence (d, f(d),..., f*(d)) with
d > 2, we have at least a good values in the sequence (d — 1, f(d —1),..., f"~(d — 1)). Indeed,
fi(d—1) = f(d) —1 (the values being taken in [1,dr]). Suppose f¢(d) is a good value. We consider

two cases:

e Case fi(d) > 2, which is the case for i = 0. As fi(d) < dr—q—1,then 1 < fi(d—1) < dr—q—1

and so f'(d — 1) is also a good value.

e Case fi(d) = 1, with ¢ > 1. Then, f"!(d) = dr — ¢ and so fi~1(d) is a bad value. But
fi"Yd—1) =dr —q—1and fi='(d — 1) is a good value. So altogether we have at least as

much good values for d — 1 than for d (perhaps one more).
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Proposition 3.7 For any n,h € N
hD
9d;,dr (Prtn) < ng,dT(Pn) + ’VE“ ]

Proof: We have to show that there exists a sequence of A increments such that the number of bad
values ¢ (those values d > dr —q—1) satisfies (p+1)h+6 < { w As D =d;+dr+1= (p+1)dr+
g+ 1 it suffices to show that ¢ < { (gﬂ)—‘ Let oy = {h(g—:l)—‘ that is (6 — 1)dr < h(q+1) < dpdr.
By lemma B2 it suffices to show that the worst sequence dr, f(dr), ..., f"~'(dr) contains at most

Sn bad values (Note that there exists always a sequence d, f(d), ..., f"~'(d) as in any protocol the

last round is necessarily a single round.)
Fact 3.1 The sequence dr, f(dr),..., "1 (dr) contains at most &), = V(g—;fl)—‘ bad values.

Proof: By induction on h. The fact is true for h = 1 as §;, = 1 and the sequence has one value
dr (bad in that case). Note that fi(dr) = [i(g + 1) — 1] mod dr + 1. Suppose the fact is true for
h — 1. We distinguish two cases:

e If (h—1)(g+1) < (6p — 1)dp and so 0,1 = dp — 1 and by induction hypothesis we have at

most &, — 1 bad values and so at most d;, bad values for h.

o If (h—1)(g+1) > (6, —1)dp. As fP=Ydr) = [(h—1)(g+1)—1] mod dr+1= (h—1)(qg+1)—
(5h — 1)dT and h(q + 1) < 5th, then fh_l(dT) < Opdr — (q + 1) — (511 — 1)dT =dr — (q + 1).
Therefore f h_l(dT) is a good value and so the number of bad values is d,_1

| |
Note that, taking h = dp in proposition B, we find again proposition

Proposition 3.8 If there exists N € N such that LB1(Py) = |A*(Pn)| where A*(Py) is a gath-
ering protocol for the path Py, then there exists an optimal protocol for the instance (Pp4p,0) for
any h > 0.

Proof: Because |A*(Py)| = LB1(Py) we have A*(Py) is optimum. Now, notice that

hD
LB1(Pyyn) = LB1(Pn) + a

and that from proposition B we have g4, d, (Pn+n) < 9d;.dp(Pn) + {d—D1 |A*(Pn)| + {d—D—‘ But
|A*(Pyn)| = LB1(Py) and we can write

N hD . hD
AP+ 57 < (Pron0) < AP+ |52

dr
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from where the result follows. [ |

Proposition 3.9 Forn > D+ 1, the protocol A*(P,) obtained from a protocol A(P,,) by choosing
at each incremental step the smallest d possible is optimum among all the incremental protocols

obtained by incrementing A(P,,), if we do not use rounds s — 0 for the Rj,.

Proof: The value of a sequence S = (dy, ..., d,—1), denoted §(S) is the number of bad values d (such
that d > dr —q—1). So |A(P,)| = |A(Py,)| +(S)+ (p+1)(n—ng). Let S°P' = (dgpt, o ,dzp_tno_l)

the sequence obtained by incrementing A(P,,) to achieve a protocol A(P,) with the minimum

number of rounds. Let S* = (dj,. .. ) defined as the sequence which increments at each

7nn01

time by choosing the call d — 0 such that d is minimum. If S* = S°P!', then we are done. Otherwise,

opt

let ¢o the first value where the two sequences differ, then dj < d,;~. We distinguish two cases

o dj = df" for some t' > to. In this case we simply replace in S°P' the value di** by dj, and
dopt = dy, by dy, OPt (we exchange the values in positions tg and ¢’). The sequence obtained
is also a valid one which has exactly the same value as S°P, so it is also optimal but it has
a large subsequence in common with S*. That is valid only if we can use dj as d‘t),pt which
supposes that dj, has not been used for a round R;, explaining the condition of the statement

of the proposition.

e #;* do not appear in the rest of the sequence of S°P'. In this case, we replace in S°P* the element
alopt by dy,. It might happen that in SOPt some dOpt = f( Opt) for t1 > tg, then we replace alOpt
by d;, = f(dj,) and so if there exists a sequence t; > t;_1 such that ;™" = f (d?p_tl) = fi(dy t),
we replace each d?ipt by dj. = f(d;, ) = f'(d;,). We obtain a new valid sequence.

Let us show now that the new sequence denoted S’ satisfies that §(S’) < 6(S°P*). To do that, it

suffices to prove that each time the second case is applied, the new sequence has no more bad values

as the precedent sequence. Since df, < dfft, lemma [I2 guarantees that {d; ,d;, = f(df)),...,dj =
fh_l(dfo)} has at least the same number of good values than {d‘t)é)t, Pt = f( Opt) . .,d(t)ft =
FPH(dP")} and so the result follows. [ |

3.5.4 Case ¢+ 1 and dr are relatively prime

According to proposition B8 if we are lucky enough to find a value N for which |A(Py)| = LB1(Pn)
(which in particular means LB( 1)(Py) is an integer) we can conclude that for n > N the increment

R*" are all optimum. That is what happens for ¢ = 0 where we found such an N = (p +

Ldr + (p + 1)dT2_1dT, when dp < 2p + 4. In that case we started from the greedy protocol for
n =mng = (p+ 1)dr + 1. But in general it is not the good protocol to start with; in contrary we
might have to start from some non optimal protocol. To see what happens consider a case where
q# 0 and q # dp — 1 for example dp = 3,d; =4 (p=1,g = 1) and D = 8. For ng = 7 we have the
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greedy optimal protocol with |R| = 9 rounds, containing two rounds {1 — 0}, two {2 — 0} and two
{3 — 0}. Using twice d = 1 when possible we get a protocol for n = 9 with 9 + 2 + 2 = 13 rounds
and single rounds twice {2 — 0} and 4 times {3 — 0} as f(1) = 3. It is optimal as LB(,0)(9) = 13.
Incrementing with d = 2, which give f(2) = 1 and then with d = 1 we obtain a protocol for n = 13
with 1342 -5 = 23 rounds. Here LB(,0)(13) = 21, but LB( 1)(13) = 22 + 2/3 and so it is optimal.
But then, we are obliged to use d = 3 wich gives f(d) = 2 and then d = 2. So for n = 15 we
have a protocol with 23 + 3 + 3 = 29 rounds but LB( 1)(15) = 28. Table B34 gives the values of
the number of rounds using the best increment and the corresponding values of LB( 0) and LB( 1).
Note that sometimes |A(P,)| = [LB(,1)(Py)] but never |A(Py)| = LB(1)(Pn)

| n (7] 8] 9] 10 11]12] 13| 14[15] 16] 17]18]
[A(P,)] 9] 11]13] 16] 18[21] 23] 26[29]| 31| 34|37
[A*(Py)] 1214 16| 18[21] 23] 26[28] 31| 34[36

LB(1)(P,) | 7]93[12]142 17120222 [25%[28[30%[33+]36
LB(0)(P,) |9] 11|13] 15| 17[19] 21| 23[25] 27| 29|31
* * * * * * * * * *

Optimum

In fact we will see in the next proposition that if we start with the greedy protocol for n = D
containing only single rounds here n; = 8 with |R| = 12 (not optimal) but with 3 single rounds
{1 — 0}, 2{2 — 0}, 2 {3 — 0} and increment it we get a protocol using the 3 rounds {1 — 0} for
n=11|R| =12+ 32 = 18 and for n = 15 using the rounds {2 — 0} and {1 — 0} created, then
|R| = 18 4+ 2 -5 = 28 which attain exactly LB(/1)(F,). The values are indicated on A*(Py) which
is optimum for n > 15 by proposition (In fact, it is also optimal for n = 13, 14).

Proposition 3.10 If ¢ + 1 and dr are relatively prime and dr —q — 1 < p + 4, then there exists
N such that A(P,) is optimal, for anyn > N.

Proof: Let us start with the trivial non optimal solution Ry for ny = D = (p+ l)dr + ¢+ 1
consisting of the single rounds for i < ny, i = adp + 3, 1 < 8 < dp {i — i —dp},{i —dp —
i—QdT},...,{i—(a— 1)dT—>z’—adT},{i—adT :B—>0}

Starting from R; we increment if by always chosing if it exists a round d — 0 with d minimum and
d < dp and let A(P,) be the protocol obtained for n. As ¢+ 1 and p are relative primes then for
any d there exists an 4 such that f(d) = dp. It follows that there exists some N such that A(Py)
contains no round d — 0 with d < dp. Note that when we did an increment from some n to n + 1
using the round d — 0 (with d < dr) we add to the calls d — 0 the call d+d;+dr+1 — d+d;+1
orn — d+dr+1if n < D+d (In fact, the second case does not appear if we choose the d minimum
as we have at least two rounds 1 — 0 (with d < 2) used for D+ 3, D +4 and so on). Furthermore,
if the call d — 0 is used only in round Rj,, the distance contributions of the rounds of A(Py) in
the interval [0, D] are either dp — 0 or that of the 2 callsd — 0 and D =dp+dr+1 — d+d; + 1.
The total contribution being d 4+ dr —d = dp. So LB( 1)(Py) is exactly attained.
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A computation similar to the case ¢ = 0 shows that no call d — 0 is used in rounds R;, if
dT —q— 1< p+ 4.
|

Corollary 3.2 If dy = 3 or 5, we have an optimal protocol for n large enough.

Proof: 3 and 5 being primes, and dr < 5 < p+ 4 + ¢ + 1 implies by proposition that A(P,)
is optimal for n > N. [ |

For dp = 4, ¢ = 0,2 the result follows from proposition B-I0 but when ¢ = 1, ¢+ 1 = 2 is not prime
with 4 and then we can not apply the proposition. We can find a protocol with one more round
than LB( 1)(P,) (we conjecture that this protocol is optimal which will need an improvement of

the lower bound).

We have seen in this section how to obtain in some cases exact or asymptotical results by using
incremental protocols. Clearly not all increments are optimal and the choice of the starting protocol

is not evident as we have seen.

The aim of section is to show that there exists always an optimum protocol which is increment
of some protocol R. But first, in order to simplify the proofs we show that we can restrict ourselves

to a specific class of protocols that we call simple.

3.5.5 Simple protocols

In this first part we show that optimal gathering protocols in the path with t = 0 can be assumed to
have a certain simple structure. This will allow us to restrict ourselves to look for optimal solutions

in this smaller class of protocols.

Lemma 3.3 There always exists an optimal gathering protocol R = (Ri)ii‘l for the instance

(P, w,0) of gathering such that:

(a) If s — r is a call in the protocol R, then there exists an actual message being transmitted in
the call.

(b) R only performs forward calls, i.e., calls s — r such that r < s.

Proof:

(a) is direct: If a protocol performs calls that transmit no message, it suffices to remove the calls

that do not transmit an actual message.
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Figure 3.6: Removal of a backward call in a gathering protocol in the path. Dashed calls are
deleted. Solid calls are added.

(b) To prove it, we describe a procedure that, given a gathering protocol that performs at least
one backward call s — r,s < r, it removes one backward call from the protocol and the resulting
protocol has at most the same number of rounds as the original gathering protocol.

Let R = (Ri)yjl be a gathering protocol as in the statement of the lemma and let Rj, be the

last round such that sg — ro € R; with sg < rp and name m the message being transmitted
in this call (if there are two backward calls in round Rj, we pick anyone). Then there exist
rounds Rj, Rj,,..., R, and calls s, — ry € Rj, such that j, > j, 1, s4 > vy and s4 = ry_1, for

qg=1,...,jr where m is transmitted and with r, =¢ = 0. (See Figure B0l )

It follows that there exists £ such that rp« < sgp < sp« and we can remove the call s, — r4 from

round R;, for any ¢ < k* and add call sg — 73+ to round R;,. (so < spx = d(S0, 7+ ) < d(sp,7p) <

dp and therefore sy — rg« is a call) . In fact

e removing a call from the rounds R;, ,k = 1,..., k™ produces valid rounds because it does not
introduce interference (at most one of these rounds may become empty, in which case the

round is completely removed), and

e sy — 1+ can be added to the round Ry« — {sg+ — 7+ }, because (i) Ry~ is a round, thus g« is
not under the interference of any other transmitter (so it is available for receiving, in our case,
from sg); and (ii) sp does not interfere any other receiver, as if s — r € Ry» — {Sg+ — 7=}
then either r > sp« > so = d(r,s0) > d(r,sp«) > dy, or v < s < 1px < o = d(r,s9) >
d(s,ri=) > dr (we have r < s because ji+ > jo and R}, is the last round with a backward
call).

Property (b) follows from the fact that the procedure can be applied iteratively, until every back-

ward call has been removed.
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We will say that a protocol that satisfies (a) and (b) is simple and from this point on we will restrict
ourselves to the class of protocols that are simple. Indeed, this subset of all possible protocols always

contains an optimal solution for the path P,,, hence there is no loss of generality.

3.5.6 Existence of optimal incremental protocols

We will show how to obtain for n > (p + 1)dpr + 1 from a protocol R for n + 1 a protocol R~ for
P,, such that there exists an increment S of R~ with a number of rounds at most that of R. In

particular if R is optimum, then S is optimum.

Lemma 3.4 Forn > D + 1, consider a simple gathering protocol R = (Rj)yi‘l for the path Ppy1.
Then, there exist protocols R~, S, such that

(i) R~ is a gathering protocol for the instance (P,,0),
(ii) S is a gathering protocol for the instance (Py,41,0),
(iii) S is an increment of R~ obtained by construction Inc of lemma [l

(i) |S] < [R].

Proof: The sketch of the proof is the following. First, we construct the protocol R~ for (P,,0)
based on R. Afterthat, we use Lemma BJl to obtain the protocol S for (P,41,0) as an incremental

protocol of R™.

In order to construct R~, we mainly remove the calls (and potentially full rounds, if they consist
of a single call) that transmit m(n), that is the message corresponding to the last node in P11,
in such a way that we can guarantee not only that R~ is valid, but also that we can estimate its
length. However, this has to be done carefully, because if m(n) is not the very last message to reach

the sink, simply removing calls may not reduce enough the length of the resulting protocol.

Let us do now the proof and construct the protocol R™ starting from R. Let R; in R be the last
round containing a call ¢* = s* — r* such that s* > (p+ 1)dr and r* < (p + 1)dr. Let u* be the

node such that m(u*) is the message transmitted in s* — r*.

After rounds Rj, we are left with an instance such that w(u) = 0 for any u > (p + 1)dr and so
we have now an instance corresponding to a path of length n’ < (p + 1)dp + 1 and some weigth
function w’. We replace all the rounds appearing after R;, by those of the proof of proposition
getting a new protocol R’ with a number of rounds less than or equal to R. In particular we have
that m(u*) is transmitted to the sink in exactly (p + 1) rounds all except the last one being of
length dp. Furthermore, to simplify the rest of the proof, we rearrange the rounds such that the

rounds transmitting m(u*) are the last rounds of the protocol. Let us denote then Rj,,..., R; ,.

Now, from R’ we will construct R~. We distinguish two cases depending on the node u*.
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e [f u* corresponds to the last node n of P41, then we simply remove the rounds Rj,, ..., R;, .

e On the contrary, if u* # n, we will change the message transmitted by the last rounds in
such a way that Rj,,..., R; ,, become rounds transmitting m(n). Recall that u* is such that
u* > (p+ 1)dr.

As m(u*) is the last message which enters into the zone of nodes between t = 0 and (p+ 1)dr,
there exists a round before R;, such that m(n) becomes closer to the sink than m(u*). We
denote Rj, this round. We denote also s9 — 7 the call in R;, which transmits m(n) and

such that m(u*) is placed in one node vy between sy and ry.

Now we exchange the messages of n and u* as follows. We replace the call (sg,r) in Rj, by
the call (vg, rp) which will transmit m(u*). Moreover all the rounds after Rj, which transmit
m(n) become calls transmitting m(u*). We add first after Rj, a single round R} = {so — vo}
transmitting m(n) and then all the rounds after R;, which transmit m(u*) become a call
transmitting m(n). So we are in a case similar to the first one and we delete R;-O and

Rj,,..., Rj,,, (which now carries m(n)).

After removing the rounds, we can also remove the remaining calls (not rounds) transmitting m(n),
because these calls will be no longer used in R~. Note that if R;, contains only one call, it will be

completely removed.

In summary, the resulting protocol R~ is a valid protocol for the instance (P,,0). Moreover,

whatever the number of calls of R;,, protocol R~ contains at least p + 1 rounds less than R.

Now, we can construct the new protocol S, for the instance (P,+1,0) by means of incrementing R~
and using Lemma Bl To do that, we will set S = Inc(R™, d) and choose parameter d conveniently.

We distinguish two cases:

e If round R;, was removed (that is, it contained only one call in the original protocol R), then
we define d to be the sender from the call of the last round of R~. In other words, d = s
where s — 0 is the last call of R~. As in this case |[R™| = |R| — (p + 2), then Lemma B
guarantees |S| < |R7|+p+2=|R)|.

e If round R;, was not removed (it has exactly two calls in the original protocol R), it consists
only of a call s; — r1. By definition of R;,, node s; satisfies that sy < dr —¢ —1 and by the
choice of R’ and R~ we have that 71 = 0. So, we apply Lemma Bl with d = s; and get an
increment S such that |S| = |R™|+p+1=|R].

In this way we have shown that the protocol S satisfies that [S| < |R|. [

We conjecture that:

Conjecture 3.1 For any n = D + 1 there exist an optimal protocol S for P, obtained by repeated

applications of construction Inc increments of some protocol R for Pp.1.

99



If conjecture Bl is true, we could prove the main conjecture:

Conjecture 3.2 Unitary Minimum Time Gathering in the path P, with t = 0 is polynomial in the
length n of the path.

3.6 Gathering into an arbitrary vertex of the path

So far, we have discussed only the case where ¢t = 0. In this section we remove this constraint and
take 0 <t <n—1.

In [BCY06, BCYNY| results are given for dp = 1 and an optimal solution is given for dy € {1,2,3,4}.
So, for dp > 1 there is no hope to find general optimal protocols. However, in this section we will

give a 1T-approximation in a similar manner than section B4

Let us refer to the vertices i = 0,...,t —1 as the left side, and j =t+1,...,n— 1 as the right side.
Without loss of generality we will suppose that t <n —1—¢.
Proposition 3.11

dr +dr+1
dr

(dr +dr +1)(dr + dr)

(max[t,n —1—t]—D+1)+ Sy

gd[,dT (PTH t) 2

Proof: Recall that we assume that max[t,n —1—t] = n—1—t and consider the interval of vertices
I={t,t+1,...,t+ D —1}, with D =d; +dp+ 1. As in proposition BX we have that for i € I, a
message originated in i has to travel (within I') a distance i —t to the sink, and that for j > t+ D, a
message originated in j has to travel a distance D (within /) in order to reach the sink t. However,
we observe that even if two messages can move inside I, overall these two messages cannot progress
more than dr vertices toward the sink, from where it follows that

D D(D —1)

P, t)>—(n—-t—D
gdlvdT( ) dT (n )+ 2dT

Notice that this bound assumes perfect synchronization between the calls in the two sides, i.e., that
gathering messages from the shortest side does not delay gathering messages from the longest side.
In general, transmitting messages in one side produces interference in the other side, thus some
extra rounds may be required (see [BCY00]).

Now we want to extend the 1T-approximation result of Section Since Proposition BIT]
establishes that the number of rounds required to gather the path that has two sides is, roughly,
lower bounded by the number of rounds needed to gather its longest side, the algorithm we introduce
works as follows: Given the protocol that gathers the longest side, its rounds are modified by adding

calls in the shorter side so messages coming from that side are gathered into the sink at the same
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time. Moreover, this is done in such a way that when finished, we can guarantee that only the
vertices in {t + 1,...,t+ D — 1} have messages that are still unknown for the sink, and that they
have at most one message. Because these are O(1) vertices, each at a distance O(1) from the sink,

we deduce that we can gather these messages in constant time.

Theorem 3.2 Let n € N. For the Unitary Minimum Time Gathering problem where the base graph
is a path P,, the interference distance is dy, and transmission distance is dr, there exists a 17 -

approximation.

Proof: First, let {1 = ¢,f/o = n — 1 —t and recall that /1 < £y, If D > /5, the size of the
network is bounded so to gather a message at a distance i from ¢ requires at most c(i) = [i/dp]| <
[D/dr| < 2+ dy/dr rounds. Therefore to gather the path in this case can be done in at most
2 22'21 c(i) <2(2 4 dy/dr)D rounds, which does not depend on n.

To analyze the case fo > D, let us rename the vertices of the path in such a way that vertex ¢
becomes i — ¢, so the sink is vertex 0, the left side consists of vertices —¢1,—(¢; —1),...,—1 and

the right (and longer) side corresponds to vertices 1,2, ..., ¢s.

We define B; = {i + kD — max[0,i + kD — dy] : k > 0,i+ kD < f3}. We have that, after
applying B;,i = 1,...,D, each message at the right side of the sink either has reached the sink
or it has advanced a distance dp towards the sink. Similarly, we define A; ={i— D —1—kD —
min[0,i—D—1—kD+dr] : k > 0,i—D—1—kD > —/¢;} and have that after applying A;,i = 1,..., D,

each message at the left side of the sink has reached it or it moved a distance dp towards the sink.

The protocol we use is calculated by the following algorithm (recall that ¢; < {9):

Input: n,¢1,0,dr, dp
1 while /o, — 1> D do

2 fori=1 to D do
| Apply A; U B;.
end
end

3 Gather each message independently, using a shortest path to the sink.

Algorithm 2: Solves gathering in P, for arbitrary t.

Indeed, this algorithm is almost identical to Algorithm [, the only difference is that we have replaced
“Apply {i + kD — max[0,i+ kD —dp| : k > 0,i+ kD <n — 1}” with “Apply A; U B;” (in fact, B;
is precisely the set {i + kD — max[0,i+ kD —dr] : k > 0,i+ kD < n —1} where we replaced n — 1
with £3).

We only need to check that each call in A; is compatible with each call in B;. Indeed, for any i
the closest calls are i — max[0,7 —dr| € B; and i — D —1 — min[0,i — D — 1 + dr] € A;, and we
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have d(i, min[0,i — D — 1+ dr]) = D+ 1 —dr = dr + 1 and similarly d(max[0,i —dr],i — D —1) =
D+1—-dr=d;r+1.

Because StepBlrequires O(1) rounds, we focus on Step[ll. This step requires at most max [0, D VQ d_TD ”

Dﬁ—Q rounds. Adding up the overall number of rounds performed by the algorithm and using that
T

ly = max[t,n — 1 —t] we get

D
9dydp (Pn,t) < d—(max[t,n —1—t]—-D+1) + 2(2+d;/dr)D.
T

But the second term does not depend on n, hence by using Proposition BT, we obtain that this is

a 1T-approximation. [ |

3.7 Conclusions

We studied the problem of finding the minimum number of rounds needed to gather information
in a path in the unitary case. This problem appears to be a difficult one (much more difficult than

we thought when starting the research).

We have obtained a +1-approximation for any position of the sink. When the sink is an end vertex
of the path, we have also described an incremental procedure which produces optimal protocols for

small dp.

We conjecture that this procedure always give optimal protocols. One challenging problem will be
to prove that the minimum time gathering problem can be solved in polynomial time in a general
or at least in the unitary case or even with the sink at the end of the path. Extending the result
to other topologies like trees will be of interest, although optimal solutions might be difficult to

obtain in view of the complicated proofs of the case dr =1, df = 1.
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Chapter 4

Minimum delay data gathering in

radio networks
[BNRR094, BNRRO09b]

4.1 Introduction

We address here the challenging problem of gathering information in a Base Station (denoted BS)
of a wireless multi hop grid network when interferences constraints are present. This problem is
also known as data collection and is particularly important in sensor networks, but also in access

networks.

The communication network is modeled by a graph. In this paper we focus on grid topologies as
they model well both access networks and also random networks (which approximatively behave
like if the nodes were on a grid [KLNPO5]). We assume that the time is slotted and that during each
time slot, or step, a transmission that is activated between two neighboring nodes can transport
at most one data item (referred in what follows as a message). Each vertex of the grid may have
any number of messages to transmit, including none. We also suppose that each device (sensor,
station,...) is equipped with an half duplex interface: a node cannot both receive and transmit
during a step. As for an example, this is a relevant model of mono-frequency smart antennas radio
system: at any step, each device can configure its antenna array to shape a beam and reach any
of its neighbours without interfering with others. Nevertheless, sending a message prevents a node
from receiving another one because, among other causes, of near-far effects. We refer to this model

as the smart-antennas model.

During any step a set of pairwise non interfering transmissions can be achieved, and such a set form
a matching of the grid. Our aim is to design algorithms to do a gathering under such hypotheses,

which minimize the minimum number of steps needed to send all messages to BS, this completion
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time is also denoted makespan of the call scheduling.

Following the work of Revah and Segal [RS07], we focus on the specific case of “open-grid’, that is
a grid network with the base station at a corner (say lower-left w.l.g.) and no message is generated
by a node on the lower and lefter borders of the grid (line 0 and column 0). As a matter of fact,
the case of closed-grid, which is by the way similar to having the BS anywhere on the grid, is
more complex and cannot be solved to optimality with shortest pathﬂ. Even though we know

how to adapt our weakest algorithm, the value of the lower-bound in that case is still under active

investigation [BGNT0Y.

4.1.1 Related Work

A lot of authors have studied the gathering problem under various assumptions (see the surveys
[BRK=095) and [Gaz7).

In [EEM04D], the smart antennas model is considered with the extra constraint that non buffering
is allowed in intermediary nodes: when a node receives a message at some step, it must transmit
it during the next step. In this setting, optimal polynomial-time algorithms are presented for
path and tree topologies [EEMO4DL [RS08]. The work of [FEM04D] has been extended to general
graphs in [GROGD] and [GR0O9| but in the uniform case where each node has exactly one message
to transmit. The case of open-grids is considered in [RS07] where a 1.5-approximation algorithm is
presented. The gathering problem has also been studied when nodes can both emit and receive a

message during the same step. When no buffering is allowed, this kind of routing is known as the
hot-potato routing and it is considered in [BHWO0, [MPS95].

The case of omnidirectional antennas has been extensively studied. In this model, nodes can
transmit at any of their neighbours at distance dp > 1 but any emission creates some interferences.
More precisely, when a node v transmits, any node at distance at most dy > dr of v cannot
receive a message from another node than v during the same step. Moreover, any node has to
transmit at least one message and buffering is allowed. In this setting, computing the makespan
is NP-hard [BGKT06d]. A 4-approximation algorithm and lower bounds for general graphs are
also provided in [m A 4-approximation algorithm has been proposed to handle the online
version [BKMS08a]. In [BP0OS], the case of grids is considered when dr = 1: an optimal polynomial-
time algorithm is provided when BS stands at the center of the grid. Gathering in grids is also
considered within a continuous model in [GPRROS].

4.1.2 Our results

We focus on the gathering problem in open-grids. We provide a very simple algorithm that sched-

ules all messages within a lower bound of the makespan plus two steps, and a more involved +1

The authors would like to thanks Prof. Frédéric Guinand who raised this question.
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approximation algorithm. As a matter of fact, we prove that our algorithms delay each message
by at most 1 or 2 steps (depending on which algorithm) from a given scheduling which would be
optimal if there were no interference (hence lower bounding the real makespan). We also provide a
linear-time (in the number of vertices of the grid) distributed algorithm for the +2-approximation
algorithm. Besides, our algorithms need no buffering, which considerably improves on existing al-
gorithms. Our algorithms are presentend in the smart antennas model, even though we conjecture

that they can be extended to other distance-based interference model.

One helpful idea is to actually study the related one—to-many personalized broadcast problem in
which the BS wants to communicate different data items to some other nodes in the network.
Using this framework, protocols may be described easier. Solving the above dissemination problem
is equivalent to solve data gathering in sensor networks. Indeed, let T' denote the makespan (delay),
that is, the largest step used by a personalized broadcast algorithm; a gathering schedule with delay
T consists in scheduling a transmission from node y to x during slot ¢ iff the broadcasting algorithm

schedules a transmission from node x to y during slot T'— ¢t + 1, for any ¢ with 1 <t < T.

4.2 Preliminaries

From now on, we consider the equivalent problem of personalized broadcasting where B.S has to

transmit messages to some destination nodes in the open grid.

4.2.1 Notations

In the following, we consider a N x N grid G = (V, E) where vertices are given there natural
coordinates. The base station BS, also called the source, has coordinates (0,0), and any vertex v
has coordinates (x,,yy). A vertex v is above (resp., below) w € V if y, = y (vesp., if yy < yuw).
Similarly, v is to the right (resp., to the left) of w € V if x, > x,, (resp., if z, < z,). Finally,
a vertex v is nearer to the source than w € V is d(v, BS) < d(w, BS), where d(u,v) denotes the

classical distance between nodes u and v.

We consider a set of M > 0 messages M that must be sent from the source BS to some destination
nodes. Let dest(m) € V denote the destination of m € M. A message m € M is lower (resp.,
higher) than m’ € M if dest(m) is below (resp., above) dest(m'). A message m is righter (resp.,
lefter) than m/, if dest(m) is to the right (resp., to the left) of dest(m’). We use d(m) to denote
d(dest(m), BS), and m < m’ if dest(m) is nearer to the source than dest(m’), that is, if d(m) <
d(m’). We suppose in what follows that the messages are ordered by non increasing distance of
their destination nodes, and we note M = {my,--- ,mpr} where m; = m; for any ¢ < j < M, so
d(mq) = d(mg) = -+ = d(myy).

S ® S’ denotes the sequence obtained by concatenation of two sequences S and S’.
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4.2.2 Lower bound

Consider a model whitout interferences, i.e., any node can receive and transmit simultaneously, but
where the source can only send one message per step. Whatever be the broadcasting scheme, a
message m sent at step ¢t > 1 will be received at step ¢ > d(m) +t — 1. A broadcasting scheme
is said greedy if, given an ordered sequence S of the messages, the source sends one message per
step, in the ordering S, and each message follows a shortest path toward its destination node. Note
that, in the model without interferences, if the messages follow shortest paths, a vertex will never

receive more than one message per step.
Definition 4.1 LB = max;<y d(m;) +1 — 1.
Lemma 4.1 In the model without interferences, when the source emits at most one message per

step, a greedy algorithm following the ordered sequence of messages (my, ma,--- ,mapr) is optimal,

with makespan LB.

Proof: Clearly, sending the messages following the sequence (mi,ma,---,mps) along shortest
paths achieves such a makespan. Let us consider an optimal schedule of the messages (s}, -- ,s},)
different from (mq,ma,--- ,mys) and let ¢ > 1 be the smallest integer such that s¥ # m; = s; (j >
i). Sending the messages following the sequence (s, -+, s, S5y Sii1rttt s Si_1s Siy Sjy1s , 8k

does not increase the makespan: indeed, only the i and j! messages differ and max{d(s;‘) +i—
L,d(s})+j—1} < d(s}) +j — 1 because d(m;) = d(s}) > d(s) and j > i. By iterating this process,

we get that the ordering of the sequence (my,ma,--- ,myr) is also optimal. [ |

Corollary 4.1 In the smart antennas model, no algorithm can achieve a makespan less than LB.

4.3 Personalized Broadcasting Algorithms

In this section, we present a very simple broadcasting scheme that we prove to be sufficient to
obtain a good approximation of the optimal makespan. We then refine it to obtain an almost

optimal algorithm.

These algorithms use Horizontal-Vertical routing schemes, hence proving that fancier shortest path

routing is worthless with respect to the minimum makespan objective.

4.3.1 Horizontal-Vertical broadcasting

Given a message whose destination node v has coordinates (x,y), the message is sent horizontally to
v if it follows the shortest path from BS to v passing through (z,0). The message is sent vertically
if it follows the shortest path from BS to v passing through (0, y).
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Figure 4.1: Two particular configurations

Definition 4.2 A Horizontal- Vertical broadcasting scheme, or HV-scheme, takes an ordering S of
M as an input and proceeds as follows. A direction, horizontal or vertical, is chosen for the first
message. Then, the source sends one message every step in the ordering S, alternating horizontal

and vertical messages.

Let us do some easy remarks about any HV-scheme. Consider two distinct messages sent by the
source x time-slots apart. Since these messages follow shortest paths, while the first message has

not reached its destination, both messages are separated by a distance at least x. Hence,
Claim 4.1 In a HV-scheme, only consecutive messages may interfer.

Let us characterize forbidden and acceptable configurations in HV-scheme. Assume that two mes-
sages are sent consecutively. It is possible to guess the respective positions of their destination
nodes by knowing whether both messages interfer or not. In Figure {.1(a)l messages in the grey
part are those higher and lefter than the message m. Figure illustrates the following Fact.

Claim 4.2 Let m,m’ be 2 messages sent consecutively by a HV-scheme, with m sent vertically and
m' sent horizontally. Messages m and m' interfer if and only if their destinations are distinct and

m’ is higher and lefter than m.

Before continuing, let us remark that there exist configurations for which no gathering protocol can
achieve better makespan than LB + 1. Figure represents such a configuration. Indeed, in
Figure [f.I(b)] the three destinations a,b and ¢ have coordinates (1,1), (1,2) and (1,3), and LB = 4.
However, to achieve such a makespan, the first message must be sent to ¢ (because ¢ is at distance
4 from BS) and the second message must be sent to b (because the message start after the first
step and must go at distance 3). To avoid collision, the only possibility is to send the first message
vertically, and the second one horizontally. But then, the last message cannot reach a before step
5.
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Input: M = {mq,--- ,maps}, the set of messages ordered in non increasing distance order
Output: (s1,---,sp) an ordered sequence of M satisfying ({l) and (i)
begin
Case M = 0 return ()
Case M =1 return (m;)
Case M > 2
Let ¢ be the lowest message in {mp;_1,mps} and let r be the other one
if M = 2 return (q,r)
else let O © p = TwoApprox({my,--- ,mpy—2})
if p is higher than ¢ return O © (p,q,r)
else return O ® (myr—1,p, mar)

end

Figure 4.2: Algorithm TwoApprox
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{g.7} ={map—1,mn}

Figure 4.3: M — 2 messages have been scheduled, finishing with the one to p € {ma;_2, mpar—_3}.
When the next two messages must be scheduled, two cases occur according to the position of m ;1
and myy relatively to p. In the figures, an arrow with label i represents the route of the i message.

4.3.2 42 approximation

Recall that (mq,---,mps) denotes the ordered sequence of the messages in the non increasing

ordering of the distance to their destinations. In this section, we give the Algorithm TwoApprox,

depicted in Figure L2, that computes an ordered sequence & = (si,---

satisfying the two following properties:

,8m) of the messages

(i) HV-scheme(S) broadcasts the messages without collisions, sending the last message vertically,

and

(ii) s; € {mi—g,mi—1,Mmi,Miy1,mito} for any i < M, and sy € {mar—1,mp}

Theorem 4.1 Algorithm TwoApprox computes an ordering S of the messages satisfying proper-

ties @) and @) and so HV-scheme(S) achieves makespan at most LB + 2.
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Proof: To prove the correctness of Algorithm TwoApprox, we proceed by induction on M. If
M < 2, the result holds obviously. Let us assume that the ordering of the sequence computed by
TwoApprox({mi,--- ,mp—2}) satisfies properties ({l) and ([@). Let p be the last message of this
sequence. By the induction hypothesis, p € {mp;_3,my/—2} is sent vertically. Let ¢ be the message
before p in this sequence. By Fact EE2l p must be higher or lefter than ¢. The sequence is denoted
by Oop=0" 0o (tp).

Let ¢ be the lowest message in {my;_1,my/} and let r be the other one. We consider two cases

depending on the positions of p, ¢ and r.

a) Case p is higher than ¢. It is sufficient to send ¢ horizontally at step M — 1, and r vertically
at step M. This case is depicted in Figure {.3(a)l Indeed, by Fact EETl only p and ¢, or ¢ and
r may interfer. By Fact EE2 there are no interferences. It is easy to check that O ® (p,q,r)
satisfies (i) and (@).

b) Case ¢ and r are higher than p. Since ¢, < p (i.e. ¢,r closer to BS than p.), they are
higher and lefter than p. This case is depicted in Figure In this case, instead of sending
p at step M — 2, the source sends mp;_1 vertically at step M — 2, then p horizontally at step
M — 1, and then mys vertically at step M. The transformation is depicted in Figure .
Clearly, O ® (mpr—1,p, mar) satisfies ({l) and (). By Fact Il only ¢ and mps—1, or mpys—1 and p,
or p and mjs may interfer. Since mj;_1 is higher and lefter than p that is higher or lefter than
t, by Fact 2 m ;1 interferes neither with ¢ nor with p. Similarly, mp; is higher and lefter

than p and these messages do not interfer.

4.3.3 +1 approximation

In this section, we give the Algorithm OneApprox, depicted in Figure 4l that computes an ordered

sequence S = ($1,--- , Spy) of the messages satisfying:

(i) HV-scheme(S) broadcasts the messages without collisions, sending the last message vertically,

and

(iii) s; € {mj_1,m;,mjr1} for any i < M (in particular, either sy; = mys, or spr = mps—1 and

SM—1 = MM).

An ordered sequence § = (s1,--- ,sp) of M satisfying ({l) and () is said valid. Clearly, for any
valid sequence S, HV-scheme(S) achieves makespan at most LB + 1. To prove that Algorithm
OneApprox computes a valid ordered sequence of M, we proceed by induction on M. Roughly,

starting from a valid ordered sequence of {mq,--- ,mas_o}, the algorithm includes mp;_1 and my,
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Input: M = {mq,--- ,maps}, the set of messages ordered in non increasing distance order
Output: (sq,---,sp) an ordered sequence of M such that m; € {s;_1, s;, s;+1} for any
1< M
begin
Case M = 0 return ()
Case M =1 return (m;)
Case M > 2
Let ¢ be the lowest message in {mp;_1,mps} and let r be the other one
if M = 2 return (q,7r)
else let O © p = OneApprox({mqy,--- ,mpr—2})
if p is higher than ¢ return O ® (p,q,r)
else if p = my;_9 return O © (mpr—1,p, mar)

else
/* This last case may occur only if M > 3 */
Let (s1,--,80m-4) © (mpr—2,mpr—3) = OneApprox({ma,--- ,my—2})
return MakeValid((s1,--+ ,Sp—4) © (Mmar—3, mpar—1,mpr—2,mar), 2)
end

Figure 4.4: Algorithm OneApprox

Input: A (j — 1)-good (see def. E3)) sequence O = (s1,---,sn) of a set of messages
{mq,--- ,mp}, and an integer j, 1 < j < [M/2].
Output: A valid sequence of M
if spr—2; and spr—2541 do not interfer
/* In particular, this case occurs if M —2j =0 */
return O
else if SM—25 = MM—25
/* In particular, this case occurs if M —2j =1 */
return
(81, ,8M—2j-2) © (SM—2j—1,SM—2j+1, SM—2j, SM—2j+2) © (Sn1-2j43," "+ ,5M1)
else return
/* This last case may occur only if M —2j >2*/
/* Note that, in this case, syr—25 = mar—2j—1 and spr—oj—1 = mar—25 */
MakeValid ((81, ceey SM_Qj_Q) © (SM_Qj, SM—2j+1, SM—2j—1, SM_2j+2)
Q(SM—2j+37 T 75M)7j + 1)
end

Figure 4.5: MakeValid
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Figure 4.6: Recursive modifications of the scheduling

in this ordered sequence. Then, either the obtained sequence § is valid, or it is 1-good, where the

notion of i-goodness is defined as follows:

Definition 4.3 Leti € {1,---,|M/2| —1}. An ordered sequence S = (s1,--- ,sn) is i-good if
® SN_2i—1 = MM_2i—1, SM—2 = MM—24+1 and sy = my, and

e S satisfies properties (i) and (iii) but syr—o;—o may interfer with syr—2;—1.

In the latter case, subprocedure MakeV alid (see Figure E0) is recursively applied to S increasing
the parameter of goodness until either a valid sequence is obtained or we arrive to an (|M/2] —1)-

good sequence. But, by definition, a (| M /2] — 1)-good sequence is always valid.

We now detail the execution of Algorithm OneApprox on the example depicted in Figure E8 In this
example, BS must send 8 messages {m1,---,mg} to distinct vertices in a 6 x 6-grid. Algorithm
OneApprox first computes a valid ordered sequence (s1,---,8¢) = (my, ma, my, mg, mg, ms) of
first 6 messages. This scheduling is depicted in Figure Then, the positions of m7, mg
and sg = ms are compared. In the example, mg is the lowest message among m; and mg, and
it is higher than sg. Moreover, sg # mg. Hence, Algorithm OneApprox applies Subprocedure
MakeValid to integer j = 2 together with the ordered sequence (s1,: -+ ,s4) @ (s, m7, mg, mg) =
(my, ma, my, m3, ms, m7,mg,mg). The scheduling corresponding to this sequence is depicted in
Figure It is easy to check that this sequence is 1-good: in particular, it is valid except for

the interference between ms and ms. Note that the integer variable j in the input of Subprocedure
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MakeV alid simply indicates that the interference may appear between the M — 25 and the M —
2j + 1" messages of the given sequence. The goal of Subprocedure MakeV alid is to locally modify
the sequence in order to remove interference between the M — 2% and the M — 2j + 1*"* messages.
However, a new interference may appear between the M — 2(j + 1)'* and the M — 2(j + 1) + 1%
messages of the obtained sequence, in which case Subprocedure MakeV alid is recall recursively.
Such a situation occurs in the example. Indeed, in the sequence (mq, mo, my, ms, ms, mz, mg, mg),
m3 and my interfere and the fourth message of this sequence is not my4. Then, Subprocedure
MakeValid is applied to the sequence (mqy,ma) ® (ms, ms, mg, m7) ® (mg, mg) with j = 3. This
sequence is depicted in Figure and is 2-good since mo and mg interfer. Note that the second
message of this sequence interferes and that this message is actually mo. Therefore, the next call to
Subprocedure MakeV alid only exchanges ma and ms (Case 2 of the subprocedure) and returns the
ordered sequence (mq,ms, ma, ms, my, m7, mg, mg). The scheduling corresponding to this sequence
is depicted in Figure 4.6(d)| and it is easy to check that it is valid.

We now prove the correctness of Algorithm OneApprox and Subprocedure MakeV alid.

Theorem 4.2 Algorithm OneApprox computes an ordering S of the messages satisfying proper-
ties @) and {zd) and so HV-scheme(S) achieves makespan at most LB + 1.

Proof: We prove that Algorithm OneApprox computes an ordered sequence of messages satisfying
the properties (fl) and (). We proceed by induction on M. If M < 2, the result holds obviously.
Let us assume that the sequence OneApprox({mi,--- ,mpr—_o}) satisfies ({ll) and (). Let p be the
last message of this sequence. By the induction hypothesis, p € {mp;_3, mas_2} is sent vertically.

The sequence is denoted by (s1,--+ ,sp—2).

For any i < M —2, O; denotes (s1,- - , S;), 1.e., (81, -+ ,Sp—2) = O;©(Si+1, -+ ,Sm—2). Recall that
by induction hypothesis, p = spyr—2 € {mar—3,mar—2} and has been sent vertically. Let ¢ be the
lowest message in {mp;_1,mpr} and let r be the other one. We consider the 3 cases of Algorithm
OneApprox (when M > 2).

a) Case p is higher than ¢q. We proceed like in case (@) of the proof of Theorem El In this
way it is easy to check that O; ® (p, q,r) is valid.

b) Case ¢ and r are higher than p, and p = my;_». We proceed like in case () of the
proof of Theorem EEIl The transformation is depicted in Figure The sequence O ®

(mpr—1,p,mpr) is valid.

c) Case ¢ and r are higher than p, and p # my;_o (i.e., Spy—3 = my;—2 and p = spy_9 =
mar—3). Moreover, p is sent vertically. This case is depicted in Figure (with M = 8).
In this case, Algorithm OneApprox returns the result of MakeValid(Opr—g4 ©

(mpr—3,mpr—1,mar—2, mar),2). We now prove that the computed sequence is valid.
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By Claim and because sp;_3 < Syr—2 = p, Sypr—3 is lower than sp;_o = p. Indeed, these
messages do not interfer in the ordered sequence (si,---,sp—2) computed by Algorithm
OneApprox. Then, it is possible to send messages my;_3, mar—1, mas—2 and myy, alternatively
horizontal and vertical (starting horizontally) without any interference between these four
messages. Therefore, the scheduling Opr—4 © (mpr—s3, mar—1, mar—2, mas) is either valid or at

least 1-good.

Actually, the scheduling Opr—4® (mas—3, mar—1, mar—2, mys) has some more useful properties.

More precisely, it is 1-good, where a i-good sequence (i > 2) is defined as follows:

Let us do the following easy remarks related to the i-goodness that will be useful later.

1. In a (i — 1)-good sequence S, if spr_9; does not interfer with sp_9;+1 then S is valid.

2. In particular, if 2i = M, a (i — 1)-good sequence is valid.

Let ¢, 1 < i < |M/2] and let S be a (i — 1)-good sequence. By reverse induction on 1,
we prove that MakeValid(S,i) eventually computes a valid sequence. More precisely, we
prove that MakeV alid(S, ) directly returns a valid sequence (first two cases of Subprocedure
MakeV alid), or it returns the result of MakeValid(S’,i+ 1) where &’ is an i-good sequence,
and so the result holds by induction.

By definition of an (i — 1)-good sequence,
S=(s1,""",5M-2i-2) © (SM—2i—1, SM—2i, SM—2i+1, SM—2i+2) © (SM—2i+3," "+ ,SM)
= (51, ,8M—2i-2) © (SM—2i—1, SM—2i, MM—2i+1, MM—2i4+3) © (SAM—2i43, ** ,SM)

First we prove the initialization of the induction, i.e., we consider the case when 2i € {M —
1, M}.

If 20 = M, then sp;_9; does not interfer with sp;_9;,41 (because sp;_o; is not defined).
MakeV alid(S,i) returns S which is valid by Remark 2.

If 20 = M —1 and s; and sz do not interfer, MakeV alid(S, i) returns S that is valid by Remark
1. Otherwise, if 20 = M — 1 and s; and s interfer, then S = (s1,ma,my) © (84, ,S241)-
This implies that s; = mj. Moreover, by parity and because sg;41 is sent vertically, mso is
sent horizontally. By Claim and because mi; = mo = my, mq must be lower than ms
that is lower than my4. In this case, MakeValid(S,i) returns (mo, mi, myg) © (84, , S2i+1)-
By Claim Bl the only possible interferences in the resulting scheduling may occur between
mq and ms, or msg and my4. The respective positions of the destination nodes of mq, mo, my

imply that this sequence is valid.

Now, let us consider the case 2¢ < M — 1. For purpose of induction, let us assume that, for
any j > i, if Sis (j — 1)-good, MakeValid(S, j) returns a valid sequence. We prove that, for

any (i — 1)-good sequence S, MakeV alid(S,i) returns a valid sequence.
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c.1 spr_9; and sp;_2;41 do not interfer.

In this case, MakeValid(S,i) returns S that is valid by Remark 1.

Let us then consider the case when sp;_o; and spr_o;41 interfer.

We first do general remarks on the relative positions of some destination’s nodes. By parity,
in S, spr_9; is sent vertically and sps_9;41 horizontally. By Claim L2, sp;_2;41 is higher and
lefter than sp;_o;. Moreover, since spr—_o;+1 and spr—o;+2 do not interfer, then sp;_9;10 must
be higher or lefter than sp;_9,11. Similarly, sp_2;—1 must be either lower or righter than
SM—2i-

There are two cases to be considered according to the value of sp;_9;. Recall that, because

SM—2i41 = MM—2i+1, SM—2i € {Map—2i, Mrr—2i—1}.

c.2 spy—9; and spr_9;41 do interfer and sp;_9; = mps_9;. In this case, MakeValid(S,1)
returns the sequence (s1,--- ,Sp-2i-2) © (SM—2i—1, SM—2i+1, SM—2i, SM—2i+2) ©
(Sp—2i43," "+ ,5M)-

Because of their respective positions, no interferences are created between messages
SM—2i—1s SM—2i+1,SM—2; and Sp7—92;4+2, when sending them alternatively horizontal and
vertical (starting horizontally). Moreover, only sp/_9i+1 = ma—2i+1 and spr—9; =

mpr—o2; have been switched. Therefore, it is easy to check that it is valid.

c.3 spyr—92; and spr_o;41 do interfer and spsr_o; = mpas—_2;—1. Note that this implies sp;_9;,-1 =

MMz —2i-
In this case, MakeValid(S,) returns MakeValid(S’,i+ 1) where
S = (51, ,sM—2i—2) © (SM—2i, SM—2i+1, SM—2i—1, SM—2i+2) © (SM—2i43,* ,SM)
= (81, ,5M—2i—2) © (Mar—2i—1, MM —2i+1, MM —2i, SM—2i+2) © (SM—2i+3," "+ ,5M)-

Because of their respective positions, no interferences are created between messages
SM—2iy SM—2i+1,SM—2i—1 and Sp7—92;4+2, when sending them alternatively horizontal and
vertical (starting horizontally). Hence, the only possible interference in the sequence S’
is between sp;_o;_o and to sp;_9;: It is easy to check that S’ is i-good. Thus, the result

is valid by the induction assumption.

We prove that Algorithm OneApprox performs in linear time, with respect to the number of

messages.

Theorem 4.3 The time complexity of Algorithm OneApprox is O(M).

Proof: We note x(7) the time-complexity of OneApprox({mi,---,m;}). We prove by induction on
i that x(7) < 2i-O(1). Let S = (s1,--- ,sp) be the ordered sequence computed by One Approx(M).
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The pivot sps—_op of this sequence is the message such that sy;_op = mp;_op and minimizing P.
More precisely, we prove that x(M) < O(1) - (2(M —2P) 4+ P). If M < 1, the result is trivial. Let
us assume M > 2. By induction, the computation of OneApprox({mi,--- ,mp;_2}) takes time at
most O(1) - (2(M —2 —2P’") + P') where P’ is the pivot of the obtained sequence. There are three

possible cases corresponding to the three cases the algorithm (when M > 2).

a. Clearly, in this case, x(M) = x(M — 2) + O(1). Moreover, either P = P' + 1 (if r = mps—1)
or P =0 (if r = mys). In both cases, we get x(M) < O(1) - (2(M —2P) + P).

b. x(M)=x(M —2)+0O(1) and P =0, thus x(M) < O(1) - 2M.

c. Let x'(M) be the complexity of Makevalid((s1,--- ,Sn),2). In this case, x(M) = x(M —2)+
X' (M) and P = 0 (because in the computed sequence, syr = mys). Finally, when executed
Makevalid((s1,--+ ,Sm),2), the same subprocedure MakeV alid is recursively executed until

sp—2; and spr—2;41 do not interfer, or sy/_2; = mas—o;. Therefore, it is executed at most P’
times and each execution takes O(1). Hence, x(M) < O(1) - 2(M —2P") 4+ O(1) - P’ < 2M.

4.4 Distributed Algorithm

We present a synchronous distributed algorithm for the gathering in a N2-node grid, which is
based on the Algorithm TwoApprox, for personalized broadcasting presented in section This
algorithm uses control messages of size O(log N) bits and it performs in O(N?) steps (with similar
complexity in terms of number of control messages), i.e., its time-complexity is linear in the size of
the grid.

4.4.1 Distributed Model

The network is assumed to be synchronous. Each node has only a local view of the network.
However, it has access to the following global information: its position (z,y) in the grid, the
position of BS (for sake of simplicity, we assume that B.S has coordinates (0,0)), and the size
N x N of the grid (an upper bound on N is sufficient). Finally, any node v has m(v) > 0 messages
that it must send to BS. At every step, a node can send or (exclusive) receive a control message,
or signaling, of size O(log N) to (from) one of its neighbours. In the following, for any i < 2N,
Diag(i) denotes the set of vertices at distance i from BS. We refer to Diag(i) as the diagonal
i. The central node c¢(2a) (resp., ¢(2a + 1)) of Diag(2a) (resp., Diag(2a + 1)) is the node with
coordinates (a,a) (resp., (a + 1,a)). Finally, let AntiDiag be the set that consists of the vertices

(i) for all i < 2N. The algorithm consists of four phases that we describe now.
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4.4.2 Basic Description of Distributed Algorithm

Our algorithm aims at giving to any message m its position in the ordering S computed by Algo-
rithm T'woApproz (in terms of personalized broadcasting) and the makespan. This is performed in
Y = O(N?) steps (Y will be specified below) using O(N?) signalings. Then, with this information,

any message can compute its starting time, given that the first message will be sent at step ¥ + 1.

Let us give a rough description of the four phases of the distributed algorithm. First two phases
consist in giving to any message m its position in the non increasing order of their distance to B.S
such that nodes in the same diagonal are ordered up to down (the ordering of messages hosted
at a same node is arbitrary). Moreover, each message maq+1 with a > 0, resp., maq42, (actually,
the node hosting this message) will learn the position(s) of messages magt2, M24+3, M2q+4, reSP.,
M2 i1, M2qt3, Magt4. Lhen the third phase starts. With the information previously learnt, accord-
ing to Algorithm TwoApprox, message m; can decide the ordering in S of the first three messages:
81, 82, 83. Two of these three positions are occupied by mq and mso. The remaining place is occupied
by mg or my (This comes from the definition of the TwoApproz algorithm). Then, at some step,
the message soq43 is fixed. With this information, we prove that message ms, 13 can extend the
ordering to Sog4+4 and sgq45 using the TwoAlgo algorithm. At the end of this phase, any node
knows its position in S and BS knows the makespan. During the last phase, BS broadcasts the
makespan to any node. With this information, each node can compute its starting time for the

gathering process.

4.4.3 Formal Description of Distributed Algorithm

Phase 1. It is divided into 2 processes executed “almost” simultaneously.

e The first one is executed in parallel by all diagonals. For any 7 < 2NN, it aims at collecting
some information in ¢(i), the central node of Diag(i). When this process ends up at step
i+ 5, c(i) has learnt

— the number of messages [; standing in Diag(i) in nodes with greater ordinate than c¢(i),
— the number of messages r; standing in Diag(i) in nodes with smaller ordinate than ¢(i),

— the position(s) of the three messages with greatest ordinate in Diag(i).

Moreover, at the end of the phase, any node v with coordinates (x,y) in Diag(i) has learnt
the position of the (at most 3) node(s) of Diag(i) hosting the closest 3 messages that are
higher (if y > z) or lower (if y < z) than wv.

To do so, two signalings D1; and D1}, initiated by nodes (7,0) and (0,4) respectively, are
propagated toward c(i). From (i,0) (resp., from (0,7)), D1; (resp., D1}) is transmitted to
node (7,1) and then to (i—1,1) (resp., to (1,4) and then to (1,7—1)), and so on until reaching
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c(i). To avoid interferences, D1; and D1} are initiated at step 1 by (¢,0) and (0,4) if ¢ is odd.
If i is even, D1; is initiated at step 5 by (¢,0), and D1/ is initiated at step 6 by (0,4). It is
easy to see how information can be aggregated as D1; and D1/ go along, in order to obtain
the desired information. Moreover, signalings D1; (resp. D1}) have size O(log N) since they
contain: the number of messages they met, the position(s) of the first three messages they

met, and the position(s) of the last three messages they met.

e At step 7, a signaling Al is initiated in BS and is propagated along AntiDiag towards
(N —1,N —1). When c(7) receives Al at step i + 6, it learns the total number of messages
hosting by nodes in (J;_, Diag(j) and the position(s) of the three messages in |J;; Diag(j)
that are further to BS and with greatest ordinate. Then, using the information propagated
by messages D1; and D1}, ¢(i) updates message Al and sends it to ¢(i + 1) during the next
step.

The signaling Al arrives to (N — 1, N — 1) at step 2N + 5 which concludes this phase.
Phase 2. The second phase is divided into three successive processes.

e At step 2N +6, a signaling A2 is initiated in (N —1, N —1) and is propagated along AntiDiag
towards (0,0). When c(7) receives A2 at step 4N +6—1, it learns the total number of messages
M and the position(s) of the three messages in (J;; Diag(j) that are closest to BS and with

smallest ordinate.

Note that after step 4N +6—1, c(i) knows the interval of the positions occupied by messages in
Diag(i), i.e., from M —{J,; Diag(j)+1 = U;s,; Diag(j) +1 to U;~; Diag(j) +1i +ri+m(c(i).

The two last processes ensure that any message ma, (resp., mag+1) knows its position in the non
increasing order of their distance to B.S, i.e., its position in the ordered sequence M, and the

position(s) of messages Mmaq11, M2a+2, M24+3 (TESP. M2q, M2a+2,M24+3)-

o At step dAN+6—i+3ifiisodd and 4N +6—i+5 if i is even, a signaling D2; is initiated in ¢(4)
and is propagated toward (7,0). D2; transmits: the next position (in M) to be attributed to
the messages in Diag(i) with smaller ordinates than c(i), i.e., from (J;-, Diag(j) +1; +m(c(i))
to U=, Diag(j) + i +ri+m(c(i)) (in such a way that any message lower than (i) in Diag(i)
learns its number in the ordering when it meets the signaling D2;), the position(s) of the last
three messages met by this signaling, and the position(s) of the three messages in i<i Diag(j)

furthest to BS and with greatest ordinates.

e At step 4N +6—i+2if i is odd and 4N + 6 — i+ 6 if ¢ is even, a signaling D2/ is initiated in
c(i) and is propagated toward (0,7). D2} transmits: the next position (in the ordering) to be
attributed to the messages in Diag(i) with greater ordinates than c(i), i.e., from |J;.,; Diag(j)
to U;~; Diag(j) + i (in such a way that any message higher than c(i) in Diag(i) learns its
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number in the ordering when it meets the signaling D2/), the position(s) of the last three
messages met by this signaling, and the position(s) of the three messages in Uj <; Diag(j)

furthest to BS and with greatest ordinates.

This phase ends at slot 4N + 12.

Phase 3. Any message will learn its position in the final ordering S.
We define the start of this phase at slot 4N + 13 after finishing phase 2.

At the beginning of this phase, message ma,+1 (a = 0) knows its position in the ordered sequence

M and the position(s) of magt2, Mag+3, and maogy4.

The procedure starts as follows. Node mq knows mso, mg, my. Using TwoApprox algorithm with
input (mq,meo, ms, my), it computes the ordering of the first three positions of S. According
to the algorithm the possible configurations for the first three messages in & are (mp,mg, ms),
(mq, mg, ma), (m1,ma,myg), (Mo, my,ms), (M2, ms,my), (mg,my,my). Note that, although the
algorithm returns also a message for the fourth position, it is not definitive because it could be
modified when the next pair of messages (ms,mg) is included. The first message s; is decided

arbitrarily to be vertical.

Then, my computes the current makespan, i.e., max;c(1 23} d(BS,s;) + mj — 1 and propagates
the information to mo and mg. That is, my sends them the ordering of the first three messages
(s1,82,s3) of S (again, {s1,s2,s3} C {mq,--- ,my}) and the current makespan. The corresponding
signaling is sent at step 4N + 13 to m3 and at step 4N 4 15 to mo. The signaling reaches ms at
step 4N 4+ 12 + ¢ where t is the distance between m, and ms.

The process continues iteratively until mo,1 3 receives a signaling from mo, 1 at step 4N +12+-¢, for
t= Zogkgp dist(mogy1, Maogr3). Thissignaling contains the positions of messages 2441, $2a+2; S2a+35
and the current makespan, i.e., the makespan restricted to messages s1 to Soq+3. At this step, maog13
must decide which messages will occupy positions soq 14 and sgoq15 in S. This decision is taken ac-
cording to Algorithm TwoApproz. Note that, Algorithm TwoApprox requires as input the next
pair of messages mag15, Magt6 and the message m™ € {mq,--- ,mag14} whose position in S has

not been decided yet. By property of Algorithm TwoApprox, m* € {mau13, M2gta}

Thus, maqy3 is able to decide which messages will occupy positions so,+4 and sgqy5 in S, and then
it can update the current makespan. Finally, at step 4N + 12+t +1 (resp., at step 4N + 12+t +3),
message moq+3 sends a signaling to maogy5 (resp., to mag+4). This signaling contains the current
makespan, $9413, S2q+4 and so, 5. The signaling is received by mo, 5 at step 4N + 12+t +t' where

t' is the distance between mo, 13 and maqs.

The end of this phase is upper bounded by step 4N + 12 4+ 2N?2.

Phase 4. At the end of previous phase, BS learns the makespan of a HV-scheme realizing the
computed ordering and starts broadcasting it to any node at step 4N + 13 + 2N?2.
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This is done thanks to a signaling through AntiDiag, and signalings from c¢(i) to (4,0) and (0,1)
(i <2N) in a similar way as Phase 2. This process ends at step 6N + 19 + 2N2.

Defining Y = 6N + 19+ 2N?, each node knows the step when it has to send the message given that
the starting step is Y + 1. Moreover, the message s; is sent horizontally or vertically according to

the parity of j.

4.5 Conclusion and Further Works

In this paper, we have presented almost optimal centralized and distributed algorithms for the
minimum makespan personalized broadcasting in open-grid networks. In these settings, the problem

is strictly equivalent to the data gathering problem.

The next step is obviously to provide algorithms for the closed grid case. As a matter of fact, one
can check that the lower bound is weaker then and one cannot restrict the routing to shortest paths
anymore. The 4+2-approximation algorithm can be fixed to handle this case even though its actual

approximation gap is still under investigation m

Besides, one can note that our network model assumes that an optimal MAC layer is available. It
would be interesting to investigate on the behaviour of the problems under weaker assumptions,

such as faulty transmissions and/or intermittent nodes.

Another direction to investigate is the online version of the problems. It is worth pointing out that,
in this case, personalized broadcasting and gathering are no longer equivalent. Last but not least,

the time complexity of the gathering problem in (open) grids is an open problem.
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Round Weighting
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Chapter 5

Round weighting in the primary node

interference model

5.1 Introduction

In this chapter, we address the problem of allocating bandwidth efficiently in a radio network,
in such a way that given traffic demands are satisfied. Due to the sharing property of the radio
bandwidth, one has to schedule radio transmissions in the network in order to avoid concurrent
interfering transmissions. We consider traffic gathering where the nodes of the network have a
bandwidth requirement to send to a sink node called gateway. The problem is to find sets of
compatible communication links in the network, called rounds, such that the node bandwidth

requirements are achieved.

This problem can be seen as a relaxation of the MINIMUM TIME GATHERING PROBLEM. In the
MiINIMUM TIME GATHERING PROBLEM the demand is a discrete quantity of messages and the goal
is to provide a sequence of rounds such that all the messages are collected. In our case, a solution is
no longer a sequence of rounds, but a continuous weight function on the rounds, and the objective

function is to provide enough capacity for a flow to fit the bandwidth requirements.

This problem has been formalized into the Round Weighting Problem (RWP) by [KMPQg], that
jointly considers the multi-commodity flow problem and the weighted fractional coloring problem.
The radio network is modeled by a topology graph G, in which each node v is a router of the
network having a bandwidth demand b(v) to send to the sink node s called also the gateway. The
goal of the RWP is to assign weights to a set of rounds satisfying the demand and minimizing the

total weight.

To avoid transmission collisions, one has to define an interference model. Here, we consider
a binary interference model known as primary node interference or node-exclusive interference

model [MSS06], where each round corresponds to a matching over the graph.
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First, the method proposed consists in routing the demand of each node through a cycle. After, we
propose a routing by pairing the nodes. In both cases, we provide lower and upper bounds which

in some cases are optimal. Lower bounds are obtained by providing dual solutions.

In section we introduce the Round Weighting Problem. In section we discuss the case where
the demand is concentrated in only one node v, i.e, when b(u) = 0 for all node u # v. In section B2

we remove this constraint and we discuss the case with more general demand functions.

5.2 Model

In this section we present the round weighting problem as a linear program and study it through

its dual for the case of gathering. For more details, see section

We considered a traffic gathering where the demand b : V' — R™ represents the flow b(v) needed to

be sent from v to the gateway s.

We say that a round weight function w satisfies the traffic demand b if there exists a flow ¢ such
that

e it satisfies the traffic demand b

(VoeV) Y é(P) = bv),

PEPS”U

where Py, is the set of paths between the gateway and v.

e and respects the capacity ¢, induced by w:

(VeeE) > ¢P) <cule)= Y wR).

PeP:ecP ReR:e€R

Summarizing, the round weighting problem can be seen as follows.

ProBLEM: Round weighting
INPUT: a graph G = (V, E), a set of possible rounds R C 2¥ (whose
size may be exponential), and a flow demand function b :
V — R* between each node v and the gateway s.
SOLUTION: A round weight function w defined over R that satisfies the
traffic demand b.
GoAL: Minimize the overall weight of w, i.e. W =3 pp w(R).

In order to obatin good lower bounds, we will use the dual formulation discussed in section In

this case, we will only use the following property:
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Fact 5.1 ([KMPOS]) The dual problem of round weighting consists of finding a metricl : E — R*
onto the call set mazimizing the total distance that the traffic needs to travel (W =3 i, di(v, s)b(v),

where d; is the distance induced by metric 1) and such that the maximum length of a round is 1
(VReR, w(R) =) cplle) <1).

This fact will allow us to find a feasible dual solution which will give a lower bound for the primal

problem.

In the following, we will denote as cost the weigth of the rounds. We will denote the price of an
edge, the dual value [(e) associated to each edge e. The price of the solution is the value of the

objective function of a dual problem solution (>, oy di(v, 5)b(v)).

5.2.1 Interference Model: Matchings

We suppose that any node is able to perform a transmission to any of its neighbours. We consider
a basic interference model given by the following main assumption: a node cannot transmit and
receive at the same time. Thus a round is a set of edges which can be performed simultaneously,
therefore, in fact a matching. This model of interference is also known as primary node interference
or node-exclusive interference [NMSS06].

5.3 One node with demand

In the following, we assume that the graph is simple. A simple graph is a graph containing no loops
or multiple edges. Moreover, all the paths are considered are simple, meaning that no vertices (and

thus no edges) are repeated.

We consider the case when the demand is concentrated over only one node. The demand of this
node v is denoted by b(v). We will present lower bounds via dual solutions and upper bounds by

providing protocols.

First, we present the following simple property.

Property 5.1 For an instance of RWP where the total demand is b, any protocol which attains

a cost of b is optimal.

This property is true due to the fact that any feasible solution must route all the demand and then,
the cost of the solution must be at least the value of the total demand. The property will be useful

later in order to prove optimality when the solution attains a cost equal to the demand.

In the following, we will present different methods of routing the demand between the node v and
the gateway s. We will give optimal solutions for path and cycles. Furthermore, we will show that

in the case of the cycles, the parity plays an important role.
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5.3.1 Paths

First, we show that routing all the demand of v through one path may not be a good solution.
Indeed the cost of the solution will be twice the demand (except when the path consists in only

one edge between s and v).

Lemma 5.1 Let v be a node with demand b. Routing the demand through a path between v and s

costs at most 2b.

Proof: As a path is 2-coloreable, we can cover the edges of the path with 2 rounds of weight b
each. |

Now we will present a lower bound which states that the solution above is optimal. The lower

bound is obtained from a dual solution.

Lemma 5.2 Let v be a node with a demand b. Routing the traffic through a path between v and s

costs at least 2b.

Proof: Recall that a dual solution consists in a length function [ as in fact Bl The proposed length
function assigns a value (or price) of 1 for the two (consecutive) closest edges to the gateway, and 0
for the remaining ones. The idea is depicted in figure Bl Since two consecutive edges cannot be in
the same round, every round R satisfies ) . l(e) < 1. Therefore, by fact BTl the length function
is a feasible dual solution. Since the demand must use all the edges of the path in order to reach

s, in particular it uses the two edges with price 1. Thus, the value of the dual solution is 2. W

Figure 5.1: Dual solution for the path. Labels indicate the value of the length function for each
edge.

From the above lemmas we have the following optimal solution.

Theorem 5.1 Let v be a node with demand b. Routing the demand through a path between v and
s costs W = 2b.

We will see that the cost can be reduced using a cycle between v and s.

5.3.2 Even Cycles

We now present a simple lemma which gives a routing that attains a cost equal to the demand,

therefore we have an optimal solution.
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Theorem 5.2 Given an even cycle in G containing the gateway and a node v, then we can route

b units of demand from node v to the gateway with W =b

Proof: As the cycle is even, we can cover its edges with two rounds alternately (See Fig B2I).
Considering a weight of b/2 for each round, we can route b/2 units of traffic for each path of the

cycle between v and the gateway. |

Figure 5.2: Routing the demand from v to s in the even cycle C. Labels over each edge represents
the round covering the edge.

Corollary 5.1 Given a 3-connected graph in which only one node has a demand b. Then, W = b.

Proof: As the graph is 3-connected, there exists an even cycle between the demanding node and
the gateway. Thus, lemma B2 shows that using 2 rounds with cost %, the routing can be done with
W =b. |

Corollary 5.2 Given a 2-connected bipartite graph, where only one node v has a demand b, then
W =b.

Proof: A bipartite graph does not contain any odd cycle and therefore if it is 2-connected, then
there exists an even cycle between the demanding node and the gateway. By Lemma the result
follows. u

Remark that a grid is a 2-connected bipartite graph, then corollary can be applied.

Corollary 5.3 Given a grid, where only one node has a demand b to be sent to the gateway, then
W =b.

We will see in section B4 that above results can also be extended to the case when more than one

node has demand.

5.3.3 0Odd Cycles

Now, we study the case when the demanding node v and the gateway s are contained in an odd

cycle.
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Notice that if (v, s) is an edge, then the optimal protocol consists in routing through this edge all

the demand. We assume that there is no edge between v and s.

Let (), denote a cycle of size n formed by two paths from v to s denoted P and (). The length of
these paths are p and g respectively. Therefore, n = p + q. We assume that p > ¢ > 1.

Now, we present a protocol for routing the demand through an odd cycle. We will see later that

this solution is in fact optimal.

Lemma 5.3 Let C), be an odd cycle. If the the node v has a demand b, then the routing can be

done with a cost of at most b%.

(a) Idea for the covering (b) Primal solution
paths

Figure 5.3: In fig. 5.3(a)l the 3 lines denote the p = 3 paths covering n — 1 = 4 edges each.
The labels (above each non-covered edge) indicate the labels of the rounds used in each path. In
fig. labels indicate the labels of the rounds used in each edge.

Proof: Notice that an even path can be covered with 2 different rounds. Hence, the idea consists

in covering the cycle with p even paths of size n — 1.

First, for each edge e in P, we cover the edges of C,, \ {e} with two rounds R, ; and R, 2 alternately.
Each one of this rounds has a cost of bfl_l. Notice that each pair of rounds leaves out a different
edge of P at each time. Therefore, each edge of P is covered by p — 1 paths and each edge of @ is
covered by p paths.

A scheme showing the covering paths (n = 5 and p = 3) is presented in figure |5.3(a)|

We will check now that the assignment of rounds gives a feasible solution. Each edge in P is covered

by p—1 rounds and each edge in @) is covered by p rounds. Now, we will check the induced capacity

of each path. Recall that the induced capacity of an edge is the sum of all the costs of rounds

covering this edge. For each edge in P, the induced capacity is b;p;_ll and for an edge in @ is b%.
p

Therefore, the flow function ¢(P) = b2pp—__11 and ¢(Q) = bﬁ satisfies the capacity constraints and

b units of demand can be routed from v to s. [ |

We now use a dual approach to give a lower bound.

Lemma 5.4 Let C,, be an odd cycle. If the node v has a demand b, then the routing need a cost
of at least b%.
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1,6
2,3 45

1,4,5 2,3,6

(a) Solution for Cs. (b) Dual Solution for
W =b2 Cs.

Figure 5.4: Primal and Dual solution for a C5 with one node with a demand of b. In fig. |5.4(a)|
labels denote the labels of the rounds covering each edge. In fig. [5.4(b)| labels denote the price of
each edge.

1,3,6,7

(a) Solution for C7. W = (b) Dual Solution for
Cr.

Figure 5.5: Primal and Dual solution for a (7 with one node with demand b.

2,3,8,10
1,4,5,9 1,6,7,9
2,3,6,7 4,5,8,10
1,4,5,8,10 2,3,6,7,9
5
2,3,6,7,9 1,4,5,8,10 5 5
(a) Solution for Co. W = b2 (b) Dual Solution for
Cy.

Figure 5.6: Primal and Dual solution for a Cy with one node with demand b.
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Proof: We need to find a feasible dual solution to get a lower bound. According to fact 1l a dual
solution consists in a function I over the edges such that each round R satisfies > .pl(e) < 1.
Recall that we denote price the dual value [(e) associated to each edge e. We will construct a dual
solution with an objective value b . Each edge in P will be given a price of 5-=—. Depending
on the parity of Q, we dlstlngulsh 2 cases: if ¢ is even, each edge in @ will be glven a price of

2p g L (See figures .4(b)} f-6(b)] and f-7(b)); and if ¢ is odd, for the [2] non-adjacent edges in Q

+1 1
%@, and for the || remaining edges we will use a price of £ 31 1 ] J (See

figure [5.5(b)|). Thus, the sum of the prices of the edges in a round is at most 1, which Satlsﬁes the
condition of fact Bl Moreover, whatever the path chosen (either P or @), the sum of the prices of

we will use a price of

all the edges in the path is %. Therefore, the value of the dual solution is b—ﬁf - [
2
1,4,5,10 2389 1,6,7,10 g 9 %

2,3,6,7 4,5,8,9

©ohv
RelIN}

5

1,4,5,8,9 2

(a) Solution for C7. W = b&2 (b) Dual Solution for
Cr.

2,3,6,7,10

el

Figure 5.7: Primal and dual solution for a C'.

Using lemmas and B4 we have found the optimal solution when routing is done over an odd-

length cycle.

Theorem 5.3 Let C), be an odd cycle. If the node v has a demand b, then the optimal solution is
W = byle.

We now consider a 2-connected graph and we are able to provide an upper bound for the routing,

whatever the cycle chosen between the demanding node and the gateway.

Corollary 5.4 The routing of b units from v to the gateway s using a cycle containing v and s

can be done with a cost of at most bg.

Proof: First, note that the cost of routing with either even cycles or a C3 is b. Then, we only
need to show that for any odd cycle C), with n > 3, the routing can be done with a cost of at most
b6 For a given odd cycle C), with n > 3, the cost of routing is b 1 by theorem [ As the cost
decreases with p, the worst case is routing with a C5 with p = 3 and q = 2 in which the cost is
W =bs. |

The above corollary guarantees that we can design g—approximation solutions even when the de-

mand is not concentrated in one node, as we will see in section B4l
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Remark that if no even cycle contains the demanding node and the gateway, it does not imply that
the cost of the solution is greater than the demand. In the next section we present some cases in

which routing through an odd cycle with an ear may also attain a cost equal to the demand.

5.3.4 Special Cases
5.3.4.1 0Odd cycles with ears

Let X be a path. We define an ear of X as a path whose inner nodes has degree 2 and such that
its end nodes belong to X.

In this section, we consider the case when either P or () has an ear and the end nodes of the ear

are neither the gateway s nor v.

We denote T the set of edges of the ear. Let ¢ = |T'|, and x be the end node of the ear which is

closest to s, and y be the other end node.

In the following, we distinguish two cases depending on whether the end nodes of the ear are joined

by an edge or not.

No edge joining the end nodes of the ear

We consider the case when the end nodes of the ear are not joined by an edge of the cycle.

Lemma 5.5 Let C,, be an odd cycle with an ear, n > 5, containing v and s, where v has a demand
b. If there is no edge between the end nodes of the ear, then the routing can be done with cost
W =b.

Proof: Without loss of generality, we assume that the ear is over P. Let x,y be the end nodes of
the ear. Let Uy, the cycle formed by the ear and the subpath of P between z and y. We suppose
that the two paths between x and y forming C,, have the same parity. Otherwise, there exists an
even cycle between v and s and the result follows from theorem B2 By hypothesis, we suppose

also that C, has at least 4 edges.

We will propose a solution using 4 rounds such that each of them has a cost of g. Hence, the

solution proposed attains a cost of b which is optimal by property Bl

We cover the edges of the cycle €, except the edges in Cy,,. Each edge of C), \ Cy, is covered by 2
rounds. Let {1,2} and {3,4} be the labels for the two rounds. Therefore, each edge of C), \ Cyy is
covered by the sets {1,2} and {3,4} alternately.

In order to cover the edges in C,,, we consider two cases: (1) the end edges of C), \ Cy, are both

covered by the same set of rounds or (2) they are covered by two different sets of rounds.
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For the first case, suppose now that the end edges of C,, \ Cy, are covered by the rounds {1, 2}.

Then, as Cyy is an even cycle, we can cover Cy, using 3 and 4 alternately (figure [5.8(a)]).

For the second case, suppose that the edge adjacent to x in C), \ Cyy is covered by the rounds 1
and 2. Then, we cover the two edges of C,, adjacent to x using the rounds 3 and 4. The remaining

edges in Cy, are covered with one round each using the rounds 1 and 2 (figure p.8(b)).

Clearly, the solution proposed is feasible, because there exists a flow between v and s with a demand
of b. |

1,2

(a) C7 with an ear of (b) C7 with an ear of
size 2 size 3

Figure 5.8: Routing b units in 2 cases of a C7 with an ear. In both cases, each round has cost b/4,
thus W =b.

End nodes of the ear joined by an edge.

In this case (z,y) corresponds to an edge of the cycle. Depending on the location of the ear, (z,y)

belongs to either P or ). Moreover, when p > ¢, the cases for the ear on P or ) are different.
We define also el to be the edge of T which is incident to = and eg be the edge incident to y.

Notice also that the length of the ear is odd. We denote T” the set of % non-adjacent edges in T'.

We denote 7" the remaining 5t edges in 7.

Lemma 5.6 Let C,, be an odd cycle with one ear, n > 5, containing v and s, where v has a demand
b. If there is an edge of C, that joins the two ends of the ear, then the routing can be done with
2pt

cost at most bm.

Proof: We will define 2p rounds denoted by R;, i = 1,..,2p to cover the edges of P and @ in the
same way as in Lemma B3] but with a cost of bwl_l per edge (See also figure 5.9(a))).

Then, we cover each edge in 7" with the rounds R;, i = 1,..,2p (See figure [5.9(b)))

Now, we will compensate the remaining edges of T. Let e be an edge in T"”. We use 2 new rounds
Rc 1, Re 2 with a cost of b2p2t—p—1 to cover alternately the edges in PUQUT \ {(x,y),e}. The process
is repeated for all the edges in T" (See figure [5.9(c)| and the solution in [5.9(d))).

The total cost is S22, w(R;) + Yoeerr (W(Re1) +w(Rep2)) = bm;—l + (t — 1)1)2]02}11 = bzgf_tl.

Figure shows an example of a solution for a Cs with an ear of 7 edges over P. The rounds
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1,2,3,4,5,6
O Q

2,3,6

(a) Covering the cycle (b) Using the same 6
rounds in the ear

1,2,3,4,5,6,10,12
O Q
7.9,11
1,2,3,4,5,6,8,10

7,9,12 8,10,11
O Q
2,3,8,10,11 4,5,7,9,12
1,4,5,7,9,12 2,3,6,8,10,11
(c) Covering the ear with new (d) All the rounds
rounds

Figure 5.9: Construction of the Primal Solution for a C5 with an ear of size 7.

labeled by 1 to 6 correspond to R;, i = 1,..,6 with a cost of w(R;) = b+ L and the rounds labeled

a1
7 to 12 correspond to the ones with a cost of b% each.
In the following, we check that the solution proposed is feasible. To do that, we need to study the
induced capacity of each edge. Recall that the induced capacity of an edge is the sum of the costs

of the rounds covering the edge.

The induced capacity for an edge in P\ {(x,y)} is b (2pt -4+ 5L 2p ) b 2L The induced

2pt—1 2pt—1-
capacity for an edge in Q \ {(z,y)} is b (th -4+ 5L 2p2tp 1) b2p€t

or bs2—

Depending on whether (x,y) (the ear) is on P or @, its induced capacity is b;; t__l

I 2pt I

respectively.
Let us check the induced capacities for the edges in T. Each edge of T” is covered by 2p rounds
with a cost of bm%l and 53 = 7| -

by 5+

3 tp_ 7- Moreover, each edge in T’ is covered

3 tp_ 7- Thus, the induced capacity of each edge in T' is bgptl)

The schemes of figure BTl summarize the values of the induced capacity of each edge according to
the location of the ear. The induced capacities hence shows that is possible to send a flow of b from

v to the gateway s. Therefore, the solution proposed is feasible. [ |

Lemma 5.7 Given an odd cycle C,, with one ear, n > 5, containing v and s, where v has a demand
2pt

b. If there is an edge of Cy, that joins the two ends of the ear, then the routing cost at least by
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¢ t—1
b2p€—1 b(2pt—){7
(a) Ear over the edges of P (b) Ear over the edges of Q.

Figure 5.10: Scheme of induced capacities for the different sections in the cycle.

Proof: The dual solution proposed depends again on both the location of the ear over the cycle
(on P or @) and the parity of P and Q. In the following we describe the solution according to the

different cases.

e Case 1: Ear over P and p odd (g even). In this case, we assign the prices for the edges

as follows:

2
m fOI' e c T

2t
m for e S P

p_2t
oI for e€@

We now need to check that the solution proposed above is feasible. According to fact Bl we

need to show that the price of any possible round is less or equal than 1.

First, note that g > 1, then ng%t—l > 2p%t_1 > 2pt2_1. It means that the order in terms of
price is: the edges in (), the edges in P and finally the edges in 7. We will construct an upper

bound for the price of the rounds using as many edges in ) as possible.

Note also that a round is composed by at most p++_1 edges in P U Q. Then, the round with
the highest price is a round with % edges in @ and p—gl edges in P. Since that the round

has p—gl edges in P, there is always at least one edge in P which is adjacent to T'. Then, the

t—1

maximum number of edges in 7' that can be used in the round is

Thus, the price for a round in this case is upper bounded by:

qp 2t p—1 2t t—1 2

iy -1
2q2pt—1+ 2 2pt—1+ 2 2pt—1

We conclude that the solution proposed for this case is feasible.

e Case 2: Ear over P and p even (¢ odd). We distinguish two sets of edges in Q). Let Q'
be the matching of q%l edges in @ and Q" be @\ Q'. We assign the prices for each edge as

94



follows:

2pt2_1 for eeT
2}?_1 for ee P
Bl o eca
(q%ll) g;i)f for ec Q"

To check the feasibility of this solution, note that (q y g;t 1)1 > (qil) (21:21) > 2pt T > zpf T -

Thus, the order of edges in terms of price is given by: the edges in Q”, ', P and finally the

edges in T. Note also that a round has at most 2 +g_l edges in P U (). Then, in order to

have the rounds with the higher prices, we have 2 possibilities: to use either ﬂ in () and

p; edges in P, or to use - edges in @ and & 5 edges in P.

If we use q+1 in @, the highest price is attained using the ﬂ edges in Q' and 5= edges in

P. Similar to case 1, according to this assignment, the maximum number of edges that can

t—1

be used in 7T is 5 -

Thus, the highest price attained by a round with % edges in (@ is:

g+1 (p+1)t p—2 2t t—1 2

1
+ =1
2 <%> opt — 1 2 2pt—1 ' 2 2pt—1

If we use o= in @, the highest price is attained using the 45~ edges inQ", 2 5 edges in P and
T inT.

Thus, the highest price attained by a round with - edges in @ is:

g—1 1 (p—1t p 2t t—1 2

=1
2 <qT> opt—1 2opt—1 1 2 2pt—1

Hence, we conclude that the solution proposed for this case is feasible.

Case 3: Ear over Q and p odd (g even). In this case, different prices are given to the

end edges of T. We denote dg(s,x) the distance over @) between s and z. The prices given
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are the following:

Qp%t—l for ec P
%2;;?-1 for e€ @
WQA for ee T\ {el el ey
2pt2_1 for el and
(g - 1) 2p%t_1 + Wz—l for eg, if dg(s,z) is even
WQ—I for eg, and
(5 - 1) T+ 2pt - for el if dg(s,z) is odd

First, note that the main difference with the solutions for the cases above is that one of the

end edges of T has a different price. This is due to the fact that the price of the path between

s and v crossing through 7" must be at least 5 2p t . In fact, the price assigned in the proposed
solution for this path is:
2t 2 2t 2 2pt
(q-1)2 +(t—1) +<£—1> + =P
q2pt —1 2pt — 1 q 2pt —1  2pt—1 2pt—1

Let us now suppose that the round does not use any of the two end edges of T'. Thus, similarly
to case 1, a round with the highest price is a round that uses £ edges in @, p—_l edges in P

and t L edges in T. As seen also in case 1, this assignment of round attains a price of 1.

Let us now consider the rounds using some of the end edges of T'. Note that rounds using
both end edges do not attain the maximum price. In this case, the round loses 1 edge in
Q, but it obtains 1 extra edge in T. However, as the highest price for an edge in T is
(g — 1) i1 T 2pi—T 2pt 7 and is always less than the price of an edge in @, this configuration will

not attain the maximum price for a round.

Then, let us consider that the round contains the end edge ¢! and dg(s,x) is even. It means

. In this case, el interferes with its 2 incident edges in Q. Therefore,

dg(s,x) dQ(z v)
the round may be composed by at most —5-= —

that el has price 2pt

edges between s and x and edges

between z and v. An example showing this case is presented in figure |5.11(a)|

Then, the round uses at most 4 edges of @, and uses the two end edges of Q which are incident

to s and v respectively. Thus, we are able to use £~ edges in P.
Hence this solution uses 3 edges in Q, ; edges in P and 51 edges in T with a price of

2pt 7+ Therefore, the maximum price attalned by this a551gnment is the same as that of case 1

which is 1.

Let us now check the rounds using the end edge e;‘f when dg(s,z) is even. In this case, the
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(a) Round using eX (b) Round using e}

Figure 5.11: Two types of rounds using a different end edge of T.

edge e has a price of (— — 1) 2pt T+ 2pt 7- Note that there is an odd number of edges

dQ (S,y)—l
2

between s and el . Then, the round must use at most edges between s and y, and

Y
M edges between y and v. Thus, the round may use at most %— 1 edges in (). Moreover,
as we can choose edges in () which are not adjacent to the end edges in P, the round may

have E2= H edges in P. Addmg the 51 — 1 edges of T with a price of 57— and e which has

a price of (— - 1) opi—1 T 2pt T the highest price for this ass1gnment is:

2t +1 2t t—1 2 2t 2
(£-1)2 +(2 + —1 +(E-1 + =
2 q2pt —1 2 2pt — 1 2 2pt — 1 q 2pt — 1 2pt —1

An example of this assignment is presented in figure|5.11(b)] Note that the difference between
the price of eI and the other edges of T is (% — 1) 3 % T
an edge in () and an edge in P.

Let us now check the case dg(s,x) odd. Notice that as in case dg(s,x) even, the prices of

2
2pt— 7 and (‘ - 1) 2pi—1
dg(s,x) odd is the same price than in case dg(s,x) even. Therefore, each round in the case

the end edges of T' are + 2pt 7- Hence, the price of a round in case

dg(s,x) odd also satisfy that its total price is less or equal than 1.

We conclude that the dual solution proposed for this case is feasible.
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e Case 4: Ear over () and p even (g odd). The prices given are the following:

2t
ST for e€ P
1 (pt1)t /
(T) 20T for ee@
1 (p=1)t 7
(LT 21 for ec@
2
2
5piT for ec T\ {el, el ey
dg(s,z) ((p—1 p+ T
2 (qT T 2pt 1+2pt ; for e€e;,and
do(y,w) (p=1 _ p+1 T . .
5 =1 1 2pt T+ 2pt ; for e€e,,if dg(s, ) is even
dQ(fo) -1 p+1 T
2 <ﬁ Py 2pt 1+2pt ; for e€e;, and
do(sy) (p—1 &
+

b+ 2pt for ee eg, if dg(s,x) is odd

First, note that the two end edges of T have a different price than the rest of the edges. In

the same way that case 3, the idea is that the price of the path form s to v through 7" must

have a price of at least 5 2p tl

Suppose that the ear T' is such that dg(s,x) is even. Then dg(s,z) + dg(y,v) = ¢ — 1 and
the sum of the prices of all the edges of T is:

-1 -1 +1 2t 4 2 +1 2t
¢ A + +(t—2) =2
2 q—1 q+1)2pt—1 2pt—1 2pt =1 g+ 12pt—1

which is the price of (z,y) because of (z,y) € Q'.

Suppose now that the ear is such that dg(s,z) is odd. Then dg(z,v) + dg(s,y) = ¢+ 1 and
the sum of the prices of all the edges in T is:

+1 -1 +1 2t 4 2 -1 2t
q p—1 _p n +(t—2) =L
2 q—1 qg+1)2pt—1 2pt—1 2ot —1 q—12pt—1

which is the price of (z,y) when (z,y) € Q".

In both cases, the total price of T is equal to the price of (x,y). Hence, the price of the path
from s to v through 7T is the same price than the path using only the edges of Q.

Let us consider the rounds such that no end edge of T is used. As the edges in ) have a
higher price than the edges in P, there are 2 assignments to attain the maximum price: either
using q+ edges of Q" and 5= 2 edges of P or using L edges of Q and 2 £ edges of P. Note

that in both assignments we are using 51 edges from T

For the first assignment, the price attained is:
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g+1 1 (p+1t p—2 2 t—1 2

+ =1
2 <@> 2pt — 1 2 2pt—1 ' 2 2pt—1
2

and for the second configuration, the price is:

g—1 1 (-1t p 2t t—1 2

Z + -1
2 (u) opt—1 ' 22pt—1 ' 2 2pt—1
2

Note that, in terms of edges used, these assignments behave similarly as case 2.

Let us now consider the rounds using at least one end edge of T'. First of all, note that rounds
using both end edges of T" will not attain the maximum price. This is because of using the 2
end edges blocks 3 edges of ) of being used. Let us now consider the rounds using only one
end edge of T.

Assume that dg(s,z) is even and el is used. Since el belongs to some round, its two adjacent

dQ( s,T)

edges in ) cannot be in the round. Hence, the round contains at most edges in Q'

dQ(% v)

and edges in Q”. Thus, the round has 4~ edges in Q, § edges in P and t L edges in

T. The hlghest price for this assignment is:

do(s,z)p+1 2t do(y,v)p—1 2t p 2t

2 g+12pt—1 2 q—12pt—1+§2pt—1
do(s,x -1 +1 2t 2 t—3 2
Ldols) (p—1 p N N
2 q—1 qg+1)2pt—1 2pt—1 2 2pt—1

As dg(s,x) + dg(y,v) = ¢ — 1 the expression above is reduced to:

qg—1p—1 2t p 2t t—1 2

£ -1
2 q—121mt—1+22pt—1+ 2 2pt—1

therefore, the condition is satisfied.

Assume now that dg(s, ) is even and e is used. The round has at most # from Q" and
dolyo) (y Y from Q'. Thus, the round has &= edges in Q, § edges in P and t edges in T. The

hlghest price for this assignment is:

do(s,z) 1 (p—1t do(y,v) 1 (p+1)t p 2t
2 2)2pt—1 2 (%) 2pt —1  22pt—1
+1 2t 2 t—3 2
p—-_ 7 + +
q—l q+1)2pt—1  2pt—1 2 2pt—1

As dg(s,x) + dg(y,v) = ¢ — 1, the sum above equivalent to:
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qgq—1p—1 2t +p 2t +t—1 2 B
2 g—12pt—1 22pt—1 2 opt—1

An example for the case dg(s,x) even is presented in figure In this case the cycle is a
Ci5, p =8, ¢ = 7 with an ear over ) with t = 3. Figuresp.12(a)]and 5.12(a)|show the rounds

with highest price using el and eg respectively.

'06/0\6 6 o8
VAT N

6 6 6 .6

Xfma 6.75 675 6.75 j
7 ' Q7

6.75 675
O_O <\225

(a) Round using el (b) Round using e,
Figure 5.12: Rounds with highest prices using either el or eg. Edges el and eg correspond to the
edges with labels 2.5 and 2.25 respectively. The cycle is a C15, p = 8, ¢ = 7 with an ear over () and
t = 3. Solid lines represent the edges of the rounds, and the labels indicate the price of each edge.
By simplicity of notation, the prices per edge are all multiplied by 2pt — 1 = 47.

Let us now check the case dg(s,z) odd. Let a be a node in @ and let e, be the end edge of the ear
dQ(v,a) <p—1 p+1>

q—1 q+1

incident to a. The price of e, is assigned
dq(s,a) <p_—1 _ p_+1)

2 q—1 q+1 ) 2pt—
definition of the nodes x and y. Therefore, a round using e, has the same price whether dg(s,x)

gp%t 7+ 2pt2 if dg(s,a) is odd; and

T+ 2pt 7 if dg(s,a) is even. Hence the price of ¢, is independent of the

is odd or even. We conclude that all the rounds satisfy the condition and then, the dual solution

proposed for this case is feasible.

We now conclude that the optimal solution of routing the demand b from one node to the gateway

over a cycle with an ear has a cost of 5 2p tl and we have the following theorem.

Theorem 5.4 Given an odd cycle C,, with one ear, n > 5, containing v and s, where v has a

demand b. If there is an edge of C,, that joins the two ends of the ear, then the optimal routing
2pt

solution has a cost of bm.

As an example, figure shows the primal and dual optimal solutions for a C5 with an ear when
t=3,p=3,gq=2and b=1.

Theorem B4 can be considered as a generalization of theorem The case of theorem B3 in which

the cycle has no ears may be interpreted as an ear of length ¢ = 1 in theorem B4
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1,2,3,4,5,6
O Q

(a) Solution for Cs (b) Dual Solution for

with an ear. W = i—? C’5 with an ear.

Figure 5.13: Solution for C5 with an ear. w(R;) = 1—17, i={1,..,6}, w(R7) =w(Rg) = 1%, W = %

As a remark, there are some configurations in which it is possible to obtain a solution with W =1b

in an odd cycle with 2 ears. In figure B2T4] we present two examples.

1,2

(a) C7 with ears over (b) C7 with 2 ears over
P and Q. P.

Figure 5.14: Examples of solutions for a C7 with 2 ears. In both examples, W = b.

5.4 Multiple nodes with demands

Now we study the case of general demand, i.e. when the demand is not concentrated over one node.
We denote B = ), b(v) the total demand. Here again any routing with cost B is optimal due to
the fact that the cost of the solution attains the value of the total demand (see property B.TI).

First, we consider the problem of routing the demand of each node through a cycle. In this way,
the results of section can be applied directly to design solutions for general demand. If each
demanding node can be routed over some even cycle, then lemma guarantees that the optimal
solution with a cost B is attained. Thus, corollaries B, and state that this is the case for
3-connected graphs, 2-connected bipartite graphs and grids. In general, if every demand can be

6 . .
routed over a cycle, corollary B4l guarantees a z-approximation.

Recall that we suppose that the paths considered are simple, i.e. they do not have repeated vertices.

Lemma 5.8 Suppose that there exists a path from w to v containing the gateway s. Then there
exists a way of routing a demand of byin = min{b(u),b(v)} from each node with total cost W =
2bmin-
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Proof: We use two rounds of weight by, each to cover all the edges of this path alternately. W

We now present a technical lemma.

Lemma 5.9 In a 2-connected graph, for any three nodes wu,s,v, there exists a path containing the

8 nodes starting in u and ending in v.

Proof: We construct a new graph G’ which is obtained by adding a new node = and edges (z,v)
and (z,u) to G. Tt is clear that the graph G’ is also 2-connected, therefore, there exist two node-
disjoint paths between x and s. Since x is joined to G only by the edges (z,v) and (z,u), the result
follows. |

Using lemma B9 we have the following upper bound.

Theorem 5.5 Given a 2-connected graph, and Vi and Vo form a partition of the nodes set, then

there exists a solution with a cost at most B + 1 ‘ZUEVl b(v) = X vers b(v)‘

Proof: The idea is to route the demand by pairing the nodes. Each pair formed by any node in
V1 and any node in V5. Let {v1,v2} be a pair such that vy € V5 and vy € V. We assume that
b(vi) > b(v2). Lemma guarantees that there exists a (simple) path containing s, starting at
v; and ending at vy. Then we route a demand of b(vy) from both v; and vy (b(v2) units from
v; and b(vy) from vg). Therefore, by lemmas and a demand of 2b(v2) is routed optimally
with cost 2b(v2). Then, the remaining demand of node v is b(v1) — b(v2) and node vo has no
more demand. The process is repeated until there are no two nodes such that both have non-zero
demand. At this step B — |ZUEV1 b(v) = X ers b(v)| of demand has been routed optimally with a

cost of B — ‘Zvevl b(v) — ZUGVQ b(v)‘.
Now, there is one node with a demand of ‘ZUEVl b(v) = > pers b(V) |. Corollary B2l guarantees that
this demand can be routed through a cycle with a cost of at most 2 |ZUEV1 b(v) = D vers b(v)|. B

In the above theorem, the quality of the solution depends on the partition chosen. We illustrate
that with an example. Let {8,7,5,4} be the demands of the nodes in the graph. If the partition
is {8,5} and {7,4}, the difference between the sum of the demands of each subset is 2. Therefore,
theorem guarantees a solution with cost at most 24 + % However, if we take the partition
{8,4} and {7,5} the total demand of each subset is 12 and therefore, the difference is 0. In this

way, the solution from this partition has a cost of at most 24, which is optimal.

Finding the optimal partition is not easy. In fact the problem is known as NUMBER PARTITIONING
PROBLEM, which is NP-HARD.

Using the partition {vmax} and V' \ {vmax } we have the following corollary.

Corollary 5.5 Given a 2-connected graph G, then there exists a solution with cost at most B +

% [2bimax — B|, with bpmax = max,ecy b(v).
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Notice that, for the case when v, has more than the half of the total demand, the partition used

is the best one.

5.5 Conclusions

In this chapter we deal with the ROUND WEIGHTING PROBLEM for gathering instances considering

the primary node interference model.

We present upper bounds by providing feasible routings and show that in some cases the solutions
are also optimal. The method used to prove optimality consists in providing good feasible solutions
for the dual formulation following the ideas in [KMPOS].

We first study the case when the demand of each node is routed independently. We discuss ex-
tensively the case of routing through a cycle and show that routing through an even cycle attains
a cost equal to the demand. Therefore it is optimal. However, routing through an odd cycle the

optimal solution gives a higher cost than the demand.

The case when routing through a cycle containing an ear is also considered. Optimal solution is
attained as well here. We remark that solutions with costs equal to the demands may be also

attained with odd cycles including ears.

In this chapter, we have always considered a primary node interference model. It means that
rounds correspond to matchings over the set of edges. An interesting extension consists in using
more general interference models, for example, for the case of distance-2 interference model when
the rounds correspond to induced matchings. It is clear that we need some different techniques
to deal with the general case. Even for routing over a cycle, the problem become much more

complicated.
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Chapter 6

Round Weighting Problem and

Gathering in wireless networks with

symmetrical interference [GPRRO0S]|

6.1 Introduction

In this chapter we address the problem of allocating bandwidth efficiently in a radio network, in such
a way that the traffic demands are satisfied. Due to the sharing property of the radio bandwidth,
one has to schedule radio transmissions in the network in order to avoid concurrent interfering
transmissions. We consider traffic gathering where the nodes of the network have a bandwidth
requirement to send to a sink node called gateway. The problem is to find sets of compatible
communication links in the network, called rounds, such that the node bandwidth requirements are

achieved.

This problem can be seen as a relaxation of the MINIMUM TIME GATHERING PROBLEM. In the
MINIMUM TIME GATHERING PROBLEM the demand is a discrete quantity of messages and the goal
is to provide a sequence of rounds such that all the messages are collected. In our case, a solution is
no longer a sequence of rounds, but a continuous weight function on the rounds, and the objective

function is to provide enough capacity for a flow to fit the bandwidth requirements.

This problem has been formalized into the Round Weighting Problem (RWP) by [KMPQg], that
jointly considers the multi-commodity flow problem and the weighted fractional coloring problem.
The radio network is modeled by a topology graph G, in which each node v is a router of the
network having a bandwidth demand b(v) to send to the sink node s called also gateway. The goal
of the RWP is to assign weights on a set of rounds satisfying the demand and minimizing the total

weight.

The values obtained depend on the interference model. Here we choose a binary interference model
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and for the general case we suppose we are given the set of all the possible rounds. Notice that the
size of R might be exponential in the number of nodes. For precise results we will define the set of

rounds by a rule depending on the distance between the calls.

6.2 Related Work

The routing problem of steady traffic demands in a radio network has been studied extensively in
the literature. In [KMPOS] it was proved that if traffic demands are sufficiently steady the problem
can be expressed in an independent form of the interference model as the Round Weighting Problem
(RWP).

In the case of a general transmission graph with an arbitrary traffic pattern the problem is very
difficult to approximate, indeed, to approximate the RWP within n'~¢ is NP-Hard [KMP0OS]. An
important case is the Gathering (or personalized broadcasting): the traffic pattern corresponds then
to a simple flow, i.e. all demands are directed toward a single node called the gateway. Gathering
is easier to approximate since a simple 4-approximation does exist, but the problem remains NP-
Hard. Instances on specific graphs with symmetrical traffic distribution are tractable mainly due

to the local structure of these graphs, we give particular attention to grid graphs.

In [BPO5], a similar problem, the Round Scheduling Problem (RSP) was treated. The relation with
the RWP is the following: if one must repeat rounds scheduling many times then the problem
is equivalent to the RWP. The RSP is quite harder to solve than our problem which can be be
considered either as a limited case or relaxation. Not surprisingly we obtain not only simpler
formulae than Bermond and Peters, but they are valid for a larger class of traffic patterns. Note
that, in [BP05] d > 1 and it is not symmetric because they deal with the exact case of gathering

(directed interference).

The work in [GPROS| presents a lower bound for RWP based on the graph coloring problem,
and several experiments in which this lower bound was tight. They present a mixed integer linear
programming model and a branch-and-price algorithm to solve the RWPconsidering mono-routing.

The work presented in [GPRROS| has given optimal bounds to the problem considering grid graphs.

In [GHO7|, a column generation algorithm is used to avoid dealing with the exponential set of
rounds of the RWP. They present a multi-objective study relating the minimum transmission time
(in number of rounds) and the maximum load, observing that the worst bottleneck was located

around the gateway in the instances of test.

The present chapter extends the work in [GPROS, [GPRROS], we present a polynomial algorithm to
solve RWP in special graphs. We have a particular interest in the network graphs where the clique

number represents already the optimal solution of our problem.
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6.3 Problem Statement

Suppose that time is synchronous and divided in time-slots. Each node can either transmit or receive
at the same time-slot but not both simultaneously. We denote a call to a transmission between
two nodes of the graph. Due to the interference (see section B3I two calls may be performed
simultaneously or not. Therefore we define a round R as a set of pairwise non-interfering calls. In
other words, R is a set of calls which can be done at the same time-slot. Each round is represented
by a set of edges. Let R be the set of all the rounds.

The ROUND WEIGHTING PROBLEM problem has been formalized in [KMPOS| for general demands
b(u,v) from any demanding node u to any destination v. Here we restrict ourselves to the gathering
instances. Therefore, we consider a traffic gathering where the demand b : V' — R™T represents the

flow b(v) needed to be sent from v to the gateway g.

Given a graph G = (V, E) and the demand function, the problem consists in providing a weight
w to the rounds. Therefore, the function w will induce a capacity over the each edge e given by
the sum of the weights of the rounds containing the edge e. We denote ¢, (e) the induced capacity
of the edge e. In this way c,(e) = > pcr.ccr W(R). Therefore, a solution w is admissible if there

exists a flow ¢ such that:

e it satisfies the traffic demand b

(VweV) Y ¢(P) > blv),

PEPv,g

where P, , denotes the set of paths between v and BS.

e and respects the capacity ¢, induced by w:

(VeeE) Y ¢(P) <cule)= D  w(R).

PeP:ecP ReR:e€R

Then, the ROUND WEIGHTING PROBLEM may be summarized as follows.

PrROBLEM: Round weighting for gathering instances
INPUT: a graph G = (V, E), a set of possible rounds R C 2¥ (whose
size may be exponential), and a flow demand function b :
V — RT.
SOLUTION: A round weight function w defined over R that satisfies the
traffic demand b.
GoOAL: Minimize the overall weight of w, i.e. W =3 p o w(R).
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6.3.1 Interference model

We use a model of interference base on the distance of graph and that we call d (symmetrical)

interference model. This model can be considered as a symmetric variant of the interference model
presented in [KMPOS].

Notice that if device u calls device v, it is desirable that v has a way to let u know that the transmis-
sion has been successful (acknowledgment or ACK ). Such feedback is performed as a transmission
from v to u. Furthermore, that is the model considered in the protocol 802.11 and is named in
some papers as the 802.11 interference model [Wan(9a]. For this reason most applications and
consequently models assume that transmission as well as interference are symmetrical. Therefore,
we also use a symmetrical version of the interference model. In this version, two symmetrical calls
u < v and v’ < v’ interfer if a call has one of its end vertex in the interference range of distance d
of some end vertex of the other call. More precisely, the two symmetrical calls (we will also say the
two edges (u,v) and (u',v")) interfere if minge gy, v} yequ v} (2, y) < d. Said otherwise two calls
are compatible if there are at least d edges between them. The particular case d = 1 is nothing else
than the primary node interference model or node-exclusive interference model [MSS06], used in
many articles. In that case, a round is a matching. In the case d = 2 we get the so called distance-2
interference model [KMPS04, BKKF09al Wan(9al, WWTS08]. In this case, a round is an induced
matching. The conflict graph in the case d = 1 corresponds to the line graph L(G) of G (The
vertices of L(G) represent the edges of G and two vertices are joined in L(G) if their corresponding
edges intersect). More generally, for any d, the conflict graph is the d-th power of L(G) (The k-th
power of a graph being the graph with two vertices joined if their distance is less than or equal to

6.3.2 Definitions

We will present some definitions that will be useful in future sections. The definitions are the

following:

Definitions related to the edges of GG

e G(V,E): graph with nodes in V' and edges in E.

e L(G): A graph whose vertices represent the edges of G and two vertices are joined in L(G) if

their corresponding edges intersect.

e d(u,v): distance between u and v, that is the length of the shortest path between u and v

(e.g. the neighbors of g are at distance 1 of g).

o F: set of edges at level [, i.e. edges joining a node at distance [ from the gateway to a node
[ — 1. More precisely, E; = {e = (u,v) € E | d(g,u) = [ and d(g,v) = | — 1}. Thus for
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example, £ are all the edges which are adjacent to the gateway g.
o Kj: set of edges in G at level at most [%1 of the gateway g, Ko = U1<l<(41 E,.
X'} 2

e Vi,: set of nodes in G at distance at most [%] of the gateway g.

Definitions related to the cliques

e C(G): conflict graph of G, denoted C'(G), is the graph whose vertices represent the edges of
G, two vertices are joined if the corresponding edges (which represent calls) interfere. In the

d-interference model we consider, the conflict graph is the d-th power of the line graph L(G).
e R (Round): set of non-interfering edges. It corresponds to an independent set in C(G).

e call-clique: set of edges pairwise interfering. The corresponding vertices form a clique in

C(G). For example in the d-interference model, Kj is a call-clique.

Definitions related to the flow

e b(v): demand due to node v.

e ¢ : In what follows, ¢ will always denote a feasible flow satisfying the demand b(v) defined
by

Y v = b)) VeeV

i€V (vi)eE

S Y eig)= b)) VweV

JEVyieV|(i,j)EE

Yo buli) = Y. i k) Viv eV

€V|(i,j)elE keV|(j,k)EE

e ¢,(e): flow sourced at node v traversing the edge e.

o ¢(e): flow traversing the edge e. ¢(e) = > oy dule).

R: set of all rounds R.

Re C R: set of all the rounds containing the edge e.

e w(R): weight of the round R.

cw(e): the capacity of the edge e in function of the rounds weight in Re, cy(e) = X per, w(R) =
Y rer W(R)|RNel. We will say that the weights w(R) assigned to the rounds R € R, are
admissible for the flow ¢ if

cw(e) = o(e) Ve (6.1)



o O(E'): Y cp é(e). Sum of the flow on a set of edges E'.

o cuw(E'): Yeep cw(€) = e Yoper, W(R) = Y per w(R)|RN E'|, the capacity of the edges
E’ C E is a measure derived of the rounds weight covering these edges.

Our objective is to minimize W = . w(R) on all the admissible weight functions. The minimum
will be denoted Winin. Now, we will show how to use call-cliques (in particular those centered at

the gateway) to obtain lower bounds.

6.4 Lower Bounds

In this section, we present lower bounds for the problem of RWP. In all the subsections we first
present lower bounds independent of the interference models. Then we give more precise lower

bounds for the d-interference model and for the grid.

6.4.1 Lower Bounds using one call-clique

Recall that a call-clique is a set of edges pairwise interfering. It means that, if two transmissions
occurs in a call-clique, then they cannot be performed simultaneously. Thus, the sum of the
capacities of the edges in a call-clique sets up a lower bound for the RWP as we will see in the

following lemma.
Lemma 6.1 Let K C E a call-clique. Then c,(K) < W.

Proof: We know that ¢, (K) = > pcg w(R)|[RNK]|. As each round R is a set of independent edges,
R contains at most one edge of K. Then |[RNK| < 1 and consequently ¢, (K) < > pep w(R) = W.
[ |

For F a set of edges, and a path P, ; between v and g, let LB(P, 4, F') denote the number of edges
that P, , and F' have in common. Therefore, LB(P, 4, F') = |P, 4 N F|. We define LB(v, F') as the
minimum LB(P, 4, F') over all the paths P, ; between v and g.

Lemma 6.2 ¢, (F) > > ., b(v)LB(v, F).

veV

Proof: For any flow ¢ and any node v, ¢,(F) = b(v) LB(v, F'). [

The first idea consists in choosing particular sets F. A natural candidate is the set F; (of edges at
level 1). The nodes outside Ej, i.e. the nodes at distance to the gateway at least [, must cross the

edges Ej to reach the gateway. So, if d(v,g) > [, LB(v, E}) > 1 and we have the following corollary.

Corollary 6.1 c,(Ei) 2 3_,. 4,51 b(V)-
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We will use the corollary to give a lower bound for ¢, (Ky) where we recall that K is the set

of edges around the gateway at level at most (%]

First, we introduce the following definition that will be useful later.

. d

Definition 6.1 Sy = ZUEVKO d(v, g)b(v) + [ 4] Z%EVKO b(v).

It enables us to get a lower bound on ¢, (Kp) which will be useful in the d-interference model.
Lemma 6.3 ¢, (Ko) > So.

Proof: As K = Ulg(%} E; and the levels Ej for 1 <1 < [%1 are pairwise disjoints, then ¢, (Ky) =

Zz<(é] cw(Ey) = Zl<(¢] Zv.d(v 9>l b(v) = Sp. B Note that the value Sy is independent of the
X 2 X 2 bl 9, =

function w. Therefore,
Proposition 6.1 In the d-interference model Winin = Sp.

In some cases, the lower bound Sy is attained. We will see after that it happens for the grid with
the gateway at the center and unitary traffic for d odd. In some other cases we use lemma B2 with
a maximum call-clique K containing Ky. For example, for the grid with d odd and the gateway in
the corner, the maximum call-clique is larger than K (see figure 1) and gives a better bound
than Sy (Theorem B2). We will show that the bound is attained for unitary demand. However,

using only one call-clique does not necessary give a tight bound.

6.4.2 Lower Bounds using many call-cliques

We present a result similar to lemma but improved for multiple sets of edges. We denote P, 4

the set of all the paths between v and g.

Lemma 6.4 Given F1,...,F, sets of edges, then

q q
> culF) > 00) iy (Z LB(P,.. F»)

i=1
Proof: For any flow ¢ and any node v, >-7_; ¢,(F;) > b(v) minp, , > -7 LB(P, 4, F}). [ |

Consider the example of a grid with the gateway at the corner and d = 2 depicted in figure BG11
We have two maximum call-cliques containing Ky: K; and K» which also contain the four edges
leaving vertex (1,1). Furthermore Kj contains the edge e; = ((1,0),(2,0)) and K5 contains the
edge ea = ((0,1),(0,2)). For vertex v* = (1,1) both LB(v*, K;) = LB(v*, K3) = 2. For any
vertex v different from (0,1), (1,0) and (1,1) any path P, , from v to g must use one edge at
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level 2 either e; or e, then LB(v, E2) > 1. That implies that LB(P, 4, K1) + LB(P, 4, K2) >
2LB(P, 4, E1) + LB(P, 4, E2) > 3. In this way, one of the call-clique will carry at least 3/2 of the
flow of the vertices different from (0, 1), (1,0) and (1,1). Using lemma B4l we get that

K1) + co(K>) b(v (LB(P, 4, K1)+ LB(P, 4, K.
cwlFa) + eo(K2) 2 3 b(0) , min (UB(Pug, K1) + LB(Pug, K2))

2b((0,1)) +2b((1,0)) + 4b((1,1)) + 3 > b(v)
v#{(0,1),(1,0),(1,1)}

and so, one of this two call-cliques is greater than % of this value. Therefore, we have the following

bound and we will see after that this bound is attained.

€1

9(00?2 gOOﬁ:

) Call-clique K. ) Call-clique Ko.

Figure 6.1: Two maximum call-cliques K7 and K» for the case d = 2.

Proposition 6.2 For the grid with the gateway in the corner and d = 2

W 2000 +5LO 4+ 220D +2 3 ()
v¢{(0,1),(1,0),(1,1)}

In general we have the following lemma.

Lemma 6.5 Let Ky,..., K, be a famz’ly of call-cliques. Then one of the call-cliques K* satisfy
Cw(K*) 2 %ZUEV b( )mlang LB(PUQ7K)

Proof: By lemma B4, ), ¢ (K;) > D, oy b(v) minp, > LB(P, 4, K;) and so one of the call-

cliques, denoted K*, has value ¢, (K*) greater than or equal to the mean. [ |

Corollary 6.2 Let Ky,...,K, be a family of call-cliques such that each edge of E; appears at least
A times in the call-cliques, then Winin 2 32130 q0.9)>1 Zb(v).

Proposition 6.3 Let G the grid with the gateway at the center and d = 2k be even. Then

1
Wmin = SO + Z Z b(v)
v;d(v,9)>k
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Proof: Consider the 4 following call-cliques (see figure for d = 2). They all contain the edges
of Ky. Furthermore, K contains the edge ((k + 1,0),(k,0)) and the edges at level K + 1 with
positive coordinates: ((k + 1 —14,7),(k —4,4)) and ((k+1—4,9),(k+1—1d,i—1)) for 1 <i < k.
The call-cliques K, K3 and K, are obtained by successive rotation of § the previous call-clique.
In this way the edges in Ej, 1 <[ < k are covered 4 times and the edges in Ej, 1 are covered once.
[ |

(c) call-clique K3s. (d) call-clique Kjy.

Figure 6.2: Case d even and g in the middle. The 4 call-cliques combined covers E;, 1 <7< k+1
for d = 2k. In this scheme, d = 4.

We will see after that this lower bound is attained.

In some cases, we have to use the lemma with call-cliques which are not easy to find and do not
necessary contain the gateway. An example of that is the case of the grid for d = 4 with the gateway

at the corner and the demand concentrated only in one node: the node (3,2).

A lower bound consists in considering two call-cliques containing K4, (see Proposition 7?7 where
it is proven that one of the call-cliques K* satisfies ¢, (K*) > 5b((3,2))).

A better lower bound for the same example consists in using call-cliques which not necessarily cover

the gateway. The new lower bound uses the call-cliques depicted in figure B4 The call-clique Ko

(see figure6.4(b)]) is used twice and K7 (see figure6.4(a)|) and K3 (see figurel6.4(c)|) once. Consider
a path from (3,2) to the gateway (0, 0).

We consider different cases according the way the path arrives in g. More precisely, we consider the

last vertex v; at distance i from g used by the path with ¢ € {2...5}. We indicate in the following
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(a) call-clique K, (b) call-clique Ky

Figure 6.3: Example of a specific lower bound when the demand is concentrated in one node. In
this example, d = 4 and the demand is concentrated in node (3,2). A lower bound of 3b((3,2)) is
attained using the two call-cliques K, and Kjp.

Table 6.1: Possible Paths

Vs V4 V3 V9 Ky KQ(XQ) K3 Total
@ B0 - 3 4 - 1
- 31 (3,0 - 5 3 - on
- - (2,1) - 5 3 - 11
- (2,2) (1,2) - 5 3 - 11
- (1,3) (1,2) (1,1) 4 3 2 12
- (1,3) (1,2) (0,2) 4 2 3 11
- (0,4) (0,3) - 2 2 5 11
(1,4) (1,3) (0,3) - 2 2 5 11
(2,3) (1,3) (0,3) - 3 2 4 11

table the number of edges of K1, Ky (repeated twice) and K3 the path uses.

It is simple to check in figure [6.4(d)] that we do not have path from (3,2) to the gateway (0,0) that
costs less than 11. Then minpep,,  (LB(P, K1)+ 2LB(P, K3) + LB(P, K3)) > 11. Then, one of
the call-clique K* satisfy c,,(K*) > 1b((3,2)).

d=4 d=4 d=4 1 103 3333;22O o
I f 9 2 ,3,3,B852
@ o o o © o o o © o o o o o o 2 2 & 3e. 2,‘0 . ,2,0 o
o o o o o o o o o o o 3 .
1.,2,B83,2,2
1 252
o o o o I o >—9 O e O 0o o 8 o - B - oEse® O O
1 1 1.1 2
o 5>—¢& o o o o o o o o o o o o 4 O.. O 1.0 O o) o) o)
o o o o o o o o o o o o o I o o o o 5 51 1 1
© 0 50 o o o o O
o o o o o o o o o o o o o o p—=¢ o o o o o :1
o o o o o o o o o o o o o o o o o o o o 6 o o o o o o o
(a) call-clique K3 (b) call-clique K> (re- (c) call-clique K3. (d) Dual Values for Ki,
peated 2x) 2x K> and Ks.

Figure 6.4: Example with d = 4 and the demand is concentrated in node (3,2). Four call-cliques
are needed to obtain a tight lower bound of 11b((3,2)) which is higher than 2b((3,2)).
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6.4.3 Lower Bounds using Critical Edges

Lemma is not sufficient in all cases. Consider the example of figure with d = 2. We have 5
maximal call-cliques all containing the edges at level 1 plus two consecutive edges at level 2. Then,

applying corollary and noting that each edge at level 2 appears exactly in two call-cliques we
get W > Zu;d(v,g);1 b(v) + % Zu;d(v,g);Q b(v).

In the particular case where b(v) = 1 for the 10 vertices of the figure we get a lower bound
W 210+ 2.5 =12.

Figure [6.5(c)| shows an integer solution with Wiy, = 13 and figure |6.5(b)| a fractional solution with
Whnin = 12.5. In fact 12.5 is the exact value. Indeed each round R can contain at most 2 edges

at level 2 and so the best we can do is to transmit at level 2 a flow of value 2w(R). The flow
contribution to W from vertices at level 2 is at least g and so W > 10+ 2.5 = 12.5.

(a) A lower bound of 12 given (b) Win = 12.5 with frac- (¢) Wimin = 13 with integer
by a call-clique. tional flow. flow.

Figure 6.5: Example of lower bound calculation. In this case d = 3

This result is not surprising if we consider the conflict graph. Indeed the subgraph of the conflict
graph induced by the edges at level 2 form a cycle of length 5 and a maximal independent set is of
size 2. But, we need 3 colors implying in the integer case a lower bound of 3 and so Wipteger = 13.

In the fractional case, it is known that we can use a fractional coloring with g colors.

For a set of edges F, let us denote by «(F') the maximum number of independent edges. It

corresponds to the independent (stability) number of the conflict graph generated by F'.

Definition 6.2 Let K be a call-clique. An edge e ¢ K is said to be critical for K if K U {e} is a

call-clique.

cw (F)
a(F) -

Lemma 6.6 Let K be a call-clique and F' a set of edges all critical for K, then W = ¢, (K)+

Proof: As K U{e} is a call-clique for any e in F' a round can contain at most one edge of K U{e}.
Then

W=> wR= > wR+ > wkR) (6.2)

RER R;RNK 46 R;RNF+#£¢
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and Y p prgze W(R) = cw(K). But, by definition R contains independent edges, then |R N F| <
a(F) and ¢y (F) = Y pw(R)|[RNF| = ZR;|ROF\7A¢ w(R)|RNF| < a(F) ZR;|ROF\5£¢ w(R). Finally,

by ([E2), we have that W > ¢, (K) + c;’((;)). [ |

By taking K = Ky and F the set of edges at level [di;] and noting that any path from a vertex

at distance at least {%1 should use an edge of E( 17, We get the following result.
2

Corollary 6.3 If all the edges of E[@1 are critical for Kq, then
2

e Y
«Q <E"%'|) v;d(vvg)>[%-|

For example, if we apply the corollary for the grid with the gateway at the center and d = 2k,
as all the edges of Ej . are critical for Ky and the 4 edges ((k + 1,0), (k,0)), ((0,k + 1),(0,k)),
((0,—-k—1),(0,—k)), ((=k—1,0),(—Fk,0)) are independent, we have a new proof of Proposition B3

6.4.4 Relationship with Duality

In the following, we show that a set of call-cliques may be associated to a dual solution.

The dual formulation of RWP has been studied in [KMPOS]. A dual solution for the RWP for

gathering instances can be described with the following property.

Property 6.1 ([KMPOS]) The dual problem of round weighting consists of finding a metric m :
E — Q7T onto the edge set maximizing the total distance that the traffic needs to travel (W =
> vey Am(g,v)b(v)) and such that the mazimum length of a round is 1 (VR € R) w(R) =

ZeER dm(e) < 1)

Now, we will show that it is possible to construct a feasible dual solution for RWP starting from
the call-cliques.

Let K a set of call-cliques. First, for each edge e in | J K we define K, = {K € K | e is an edge of K}.

Thus, the dual solution proposed m : E — Q¥ is such that m(e) = |‘K,:C5“. Let us now check that

m is a feasible dual solution. To check this, we need to know that for any non—interfering set of
edges B/ C E, the sum ) _p m(e) must be less than (or equal to) 1. In fact, as E' is a set of

non-interfering edges, the sets {K,}ccpr are pairwise disjoint. Thus, > cpm(e) = > cp % <L

6.5 Application in grids

In this sectionﬂ, we apply the lower bound given in section to a particular case of the grid.

Notice that the formulas are indeed optimal as we show in subsection We present lower

The section Application in grids will be updated for the final version.
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bounds for any given interference parameter d and a given demand B. In subsection BER2] we give
protocols (upper bound) which are optimal in some cases. To understand what we want to show,
we present several examples of grid graphs with the gateway placed at several places considering
uniform unitary demand. Figures [6.6(e)] and [6.6(T )| show call-cliques with d = 2 for a grid with
the gateway in the middle. Figures and show similar results for the gateway at the
corner. Figures [6.8(a)H6.8(d)] show one of the call-cliques for a grid considering d € {3,4,5,6}.
The dotted edges are only to illustrate the routing direction of the demand for some critical nodes.
Figures shows the gateway placed in different parts of the grid.

gls . o=
[

rO NI
[ ]
[ ]

i

(a) Clique (b) Clique (c) Clique3. (d) Clique (e) Not optimal flow distri-

-

1. 2. 4. bution, W = % — %
1A gI’l h
12: 21
. <§———0———Q ,,,,,,,,,,,, 02 o
B
= 0
B 10 4I B B

(f) Optimal flow distribu-
tion, W = 22 — 1.

Figure 6.6: Looking for the best routing in a grid graph with the gateway in the middle with
uniform demand (d=2).

B B _ B B _ 3
2 2 2 2 2
@=<-—0=w—o0 @=-—0=w—0
0 1 A
B B 1
2 : 21 2 2
. e o o 0 0—2—»0 04—9--0 ----- °
1 .
. . QT_l 2 ET_ s 0
2 2 2 .
[ ] [ ] [ ] [ ] [ ] 0] 0] [ ] O-t----- [ ] [ ]
(a) Clique 1. (b) Clique 2. (¢) Not optimal flow dis-  (d) Optimal flow distri-
tribution, W = %. bution, W = % — %

Figure 6.7: Looking for the best routing in a grid graph with the gateway at the corner with uniform
demand (d=2).
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Figure 6.8: Call-cliques considering other interference distances.
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(a) Call-clique at coordi-
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(b) Call-clique at coordi-
nate (0,2) from the corner,
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° .
0 0
1 0

fl3 -1/3 BI3 -4/
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0 0
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0 0

}3/3 - 4/3

(d) Call-clique at coordi-
nate (1,2) from the corner,

_ 4B _ 4
wW=12_1

o

(c) Call-clique at coordi-
nate (1,1) from the corner,

_3B_ 5
W =35 _3

Figure 6.9: Call-cliques for the grid graph with the gateway in other positions with uniform demand

(d=2).
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: ) _ __ 4B
Figure 6.10: Hexagonal graphs (d=2) at the center, W = =& — 2

An example in hexagonal grids can be seen in figure BT0.

6.5.1 Gateway in the middle: A lower bound

Now we consider the case when g is placed at a distance at least {dizl] from the borders of the grid.
For d odd, we only consider a lower bound using the call-clique given by K. Using proposition B1],
we obtain the lower bound ZUEVKO d(v, g)b(v)+[4] Z%VKO b(v). The figure ETT shows an example

of a clique in this case.

Figure 6.11: Clique for d odd with g in the middle. In this scheme, d = 3.

For the case when d is even, we will use 4 cliques to cover the edges of Ko U E dip Figure [6.12(a)|
shows one of the call-cliques. Note that the set of edges depicted is a call-clique because each edge
is at distance at most d to any other edge. The remaining call-cliques are constructed by rotating
the first one as shown in Figure [6.12(b)

Using these 4 cliques we obtain the lower bound given by property

Lower bound formulas for grids

In the following, we consider the case of unitary demand (b(v) = 1,Vv) in a square grid of size
N x N. In this case, the total demand is N? — 1. We derive formulas only in function of the d that
compute a lower bound for grid graphs. In subsection 22, we prove that these formulas give the

optimal solution.
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(a) One of the 4 call- (b) Edges used in the 4 call-
cliques. cliques.

Figure 6.12: Case d even and ¢ in the middle. In this scheme, d = 4.
In the following, we consider IV; as the number of nodes at distance i to the gateway, hence N; = 4;.

Lemma 6.7 Given a grid N x N with the gateway in the middle. Considering unitary demand
and d =2k —1 < N — 2 odd, then Wy, > k(N? — 1) — %(k: + 1)(k)(k+1).

Proof: By proposition &Il Wiy, = So = ZveVKO d(v, g)b(v) + [%w ZU¢VK0 b(v). As b(v) =1 for all
d
2

v, then ZUGVKO d(v,g)b(v) = ZveVKO d(v,g) = Zigk iN; and [ ] ngv,{o b(v) = k(B — Zigk N;i)
where B = N2 — 1. Then we have:

i<k i<k
=Y 4®+kB—k) 4i
i<k i<k
k(k+1)  k(k+1)(2k+1
= kp -t XD B VG D,

:kB—%uk—nw+1y

Lemma 6.8 Given a grid with the gateway in the middle. Considering unitary demand B and
d = 2k even, then Wi, > (k + %)B — w.

Proof: As b(v) = 1 for all v, by proposition B3, Wi, = So + % Zv;d(%gbk b(v) = Sy + %(B _
> i<k Ni). From lemma B7 So = kB — 4k(k —1)(k + 1) and
1 k(k+1)(4k — 1)

min> -)B —
w, (k+4) 5
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In section BER 2, we will prove that these formulas give the optimal solution.

Method of routing with gateway in the middle

We study the routing of a unique node with flow b, = 1. Figures and 77 show different zones
where can be localized the node v considering an even d and odd d respectively. Dependending of
the node position it has a different W,,,;,,. Figure shows the zones considering an even d, in this

case we have just the kernel and the zone Z4. The zone Z4 is componsed by all nodes that are at

distance of g greater than di;. Considering a grid big enough, we can always make a unique cycle
using the lower bound, thus Wy, = %. Figure .14 shows some examples of routing. Notice that

we do not have problems with the border due to the fact that the routing uses a unique cycle.

Figure 6.13: Scheme of the grid separated by method of routing considering odd d.

6.5.2 Gateway in the middle: An upper bound

In this section, we present a routing strategy providing a valid solution for our problem in a grid.
We consider the case of a grid graph with the gateway in the middle, considering any d and
balanced demand (see definition B3)). We prove that this upper bound reaches our lower bound for
grid graphs, it means that our solution is optimal. The routing strategy splits the grid in disjoint
regions. Each region has an orientation and a pre-defined sequece of labels. A path crossing a
region has to follow the region orientation and it is covered by a repetition of the labels (sequence)

associated to the region.

We use the coordinate system as in [BP09] to represent a node position, we consider the gateway
g on the coordinate (x,y) = (0,0). The edges of the routing paths are represented by the pair
of letters (u,v), describing two different vertices and a direction. That is a transmission between

the coordinate of u to the coordinate of v. We define (z,y™") the edge (u,v) defined by u = (z,y)
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and v = (x,y + 1). Also, (z,y~) means the edge (u,v) defined by u = (z,y) and v = (z,y — 1).
The signal can be applied also to . Before presenting the routing strategy, we need the following

definitions.

Definitions:

o k: {%] Recall d is the distance of interference. In this way, d = 2k — 1 for d odd and d = 2k

for d even.
e P;: a set of the edges of G. For our case, we split the grid into disjoint parts P;.

e C'Hj;: A chain, that is a sequence of labels in increasing order that is allocated to a part.
In grid graphs we need 4 chains: CH4,CHp,CHc,CHp and one more label e for the cases
where d is even. Each chain has k different labels, for instance CH4 = {ay, a9, ...,ar}. We
define CHJ’- the chain in inverse order, thus CH'; = {by, ..., b2, b1 }. We use the chains to cover
the edges of the paths, each label is assigned to each edge of the path respecting the order
imposed by the chain. Notice that a round is defined by the set of edges with the same label.

e 1/;: the set of intermediary vertices in K for all paths created by vertices v € P;. The vertices

(0,k), (k,0), (0,—k) and (—k,0) (the white vertices in Figure [6.15(b)]).

e p: corresponds to a rotation in the plane of 5 around the gateway node represented by g. A
rotation p is the node-to-node mapping p((z,y)) = (—y,z). Similarly, p?((x,y)) = (—z, —y)

: 3 _ : 3
corresponds to a rotation of 7, and p°((z,y)) = (y, —) corresponds to a rotation of <.
e p(e): rotation of an edge e, p((u,v)) corresponds to the edge (p(u), p(v)).

e Ecp;: set of edges e that are supposed to receive a label from C'H; in our routing strategy

(see Figure [6.16(a))).

e p(Ecp;): rotation of a set Ecp, of edges, p(Ech,) = {p(e)le € Ecn,}.

We partition the grid into five sets of edges: Ky, Pa, Pg, Pc and Pp (see Figure . The set
P, is defined as the edges of the grid joining the vertices in {(x,y) | z +y > k,z,y > 0}. We can
define the other sets by rotation, thus the part Pg = p(P4) and the part Po = p(Pg) = p?(Py).
Finally, the part Pp = p(Pc) = p?(Pg) = p?(P4). The part P, is splitted in three different sub-
parts denoted Pz-l, Pf and Pf’ (see Figure . The following routing strategy is defined in
Figure The chains assigned for all parts are shown in Figure .

Definition 6.3 (Balanced demand) FEach part P; has the same quantity of flow to send, that
is Y pep, b(V) = D uep, b(u) for all parts h and i. Into the Kernel we can consider any traffic
because the wertices are routed individually as shown in the Lemma [ An uniform demand
b(v) = 1,Yv € P; for grid graphs is a specific case of balanced demand because the parts have the

same number of nodes.
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P

(a) The parts start and finish

labels.

Figure 6.16

(b) labels re-usability with d = 10.

: The routing strategy.
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Sub-part definition and routing strategy:

° P,}x: vertices with coordinates (0,y >= k) in P4. Each path using these vertices assumes the
direction (0,y) — (0,y — 1) and has its edges covered by an alternating between the chains
CH, and CH{,. From the gateway to the source node in P}‘, the edges of the path receive
a repetition of this ordered sequence: {ai,as,...,ak,ck,...,c2,c1,a1,as...}, this sequence is

repeated until reaching the source node in le.

° Pﬁ: vertices with coordinates (x > 0,y >= k) in P4. Each flow on these vertices is routed in
the direction (z,y) — (z —1,y) alternating between the chains C Hj and C'Hp until reaching
a node in part P}‘, this node becomes the source node for the part P,}x (see the routing strategy
for P}l). From this node at sub-part P}‘ to the source node in Pj, the edges of the path receive
a repetition of this ordered sequence: {by, ..., ba,b1,dy, ..., dg, by, ...}, this sequence is repeated

until reaching the source node in Pj.

o P% (P} C P3): vertices with coordinates (z > 0,0 < y < k) in P4. Each flow on these
vertices is routed in the direction (z,y) — (z,y + 1) using only the chain C'H/, until reaching
a node in part Pfl, this node becomes the source node for the part Pfl (see the routing
strategy for Pfl). From the source node in Pf{’ to the node at sub-part Pf‘, the edges of the
path receive this ordered sequence: {c,,...,c2,c1}. The subset Pf’ls is defined by the vertices
with coordinates (0 <z < k,0 <y < k).

Now we introduce the following definition which charaterizes the interference-free paths.

Definition 6.4 (Paths d-disjoint ~-labelled) Two paths P and @ are said to be interference
free v-labelled if we can label the edges with v colors such that two edges with the same color do not

interfere. In the model with distance of interference d we will say the paths are d-disjoint v-labelled.

The following lemma shows that it is possible define at each iteration 4 paths d-disjoint y-labelled.
Each path is completly contained into a different part P; and takes 1 unit of flow from a vertice

v € P; to the gateway.

Lemma 6.9 Given a 2-dimensional grid graph G = (V, E) with gateway g placed in the middle.
Our routing strategy does not present neither interfering chains into a same part nor between a part

and the kernel.

Proof: We show for the chain C'H 4 and the others can be obtained by rotation. The kernel uses
the chain CH4 between the edges Ex, = {(0,k7)1...(0,17)x} considering d odd. For d even, we
add one more label without problems as shown in Figure

e P}: The chain C'H is repeated in P} using the edges E7, = {(0,3kn™)1...(0, (2kn +1)7);}
A
(with n € N). As the distance between the two chains d(u; € E,,v; € Fg,) > d, these two
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chains do not interfere. The chain C'H 4 is repeated in P}‘ at each interval of k, so we have

no interference because d(u; € E

1’";}‘,112- € EZ:{I) = 2k > d. So, one chain can be repeated at

each interval of k.

° PL%: The chain C'H 4 is also used in PL%, it is repeated at each interval of k. The closest part
to the kernel uses the edges in Epz = {(—=k,2k™)1...(=k, (k + 1)7 )i}, thus d(u; € Epz,v; €
Ex,) =2k > d.

° Pg: The chain CH, is used once in P2, notice that Pé and Pg are mutually exclusive in
a path. The closest part to the kernel is defined by the edges Epg = {(—k,—17)1,(—(k —
1), =27 )2, ..., (=1, =k )i }. Any edge u € Eps has distance d(u; € Eps,vi € Ex,) =2k > d.

° Pl%: The chain CH 4 is used in PE). The chain C'H 4 is repeated in P[% at each interval of k. The
closest part to the kernel is Epz = {(k,—k")...(k, =17)}, thus d(u; € Ep2,v; € Eg,) > d.

Lemma 6.10 Given a 2-dimensional grid graph G with gateway g placed in the middle. Our

routing strateqy does not present interfering chains between opposite parts, that is between Py and
Po, or Pg and Pp.

Proof: Any pair of edges ((x4,ys) € Pa,(T¢,ye) € Po) does not interfere, the same happens for
the edges from Pp and Pp by rotation. It is because these pairs of parts has the kernel (diameter

d) separating them. [

Lemma 6.11 Given a 2-dimensional grid graph G = (V, E) with gateway g placed in the middle.

Our routing strategy does not present interfering chains.

Proof: By lemma the chains does not interfere to the chains of the kernel. Now, we list all
possible combinations of sub-parts using the chain C'H 4, and we prove the sub-parts also do not

interfere. The same arguments can be applied to other chains by rotation (the chains have the

same configuration, see figure |6.16(b))).

e P} X P2: The chain CHy is repeated in P} starting by the edges Epr = {(0,3k7)1...(0, (2k+
1)7)k}. In P2, the closest part defined parallel to P} (the distance is maintened between
the labels of the chain) is defined by the edges Epy = {(=k,2k7)1...(=k, (E +1)7)x}. As
the distance between the two chains d(u; € E plsVi € E P2 ) = d and it is maintened for the

sequence of repetitions of the chains, these two sub-parts do not interfere.
e P} X P2: Independent by the Lemma

e P} X P}: Independent by the Lemma
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e P} X P%: The chain C H is repeated in P} starting by the edges Ep1 = {(0,3k7)1...(0, (2k+
1)7)k}. In P3, the closest part to P} is defined by the edges Eps = {(k,=kT)...(k,—1T)}.
As the distance between the two chains d(u; € E plsVi € Ep2 ) = d, these two chains do not
interfere. As the other edges in Pj% are yet farther from the part P}‘, consequently these two

sub-parts do not interfere.

° PL% X Pg: As the part Pg goes far away from part Pj% using the chain C'H 4 after an inactive
edge; and the part P3 arrives in PL using the chains CHe (|CHe| = k) followed by CH 4.
There is no interference, it is like a continuation of P% from one side to the other (repetitions

at each intervel of k).
e P2 X Pé: The same that P} X P3.
° Pf—), X P12)3 Independent by the Lemma G101
° Pg X Pé: There is no interference by Lemma

e P2 X P2: The chain C' H 4 is repeated in P starting by the edges Epy = {(k,=kT)...(k,—17)}
and in P2, the closest part is defined by the edges Eps = {(=k,=17)1, (= (k=1), =27 )o, e, (=1, =k ) }.

The distance between the edge i in P? and the edges in E§33 is d(u; € E§33 , Vi € Epg) > d.
C c

e P} X P3: The same that P} X P3.
]

The following theorem proves that the flows coming from the parts can be routed with W =
43 ,ep, b)([§] + 7((d + 1) mod 2)).

Theorem 6.1 Given a 2-dimensional grid graph G with gateway g placed in the middle. Given
four vertices v from different parts. We can route 1 unit from each v to the gateway with routing
iteration W =43 p b(v)((%] + 2((d + 1) mod 2)).

Proof: By the Lemmas and BT, the proposed routing does not use more chains than these
ones already used by the kernel. Thus, the interval W is the same proposed by the lower bound
for vertices v ¢ Vi, , that is ZU¢VK0 b(v)([%] + 2((d + 1) mod 2)) by the Theorem ??. As we have

balanced parts, ZvéVKO bv) =43 ,cp, b(v). [ |

The following corollary states that the lower bound of the Lemma is tight when the demand is

balanced.
Corollary 6.4 Wy, = ZveVKO d(v,g)b(v) + ([4] + 1((d + 1) mod 2)) zUéVKO b(v).

Corollary 6.5 We can route using integer flow and mono-routing with balanced parts. The bal-
anced parts guarantees that we have always 4 paths for all iterations (routing 4 vertices), so the

demand is not splitted.
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6.5.3 Gateway in the corner: A lower bound

We use a notation based on coordinates but for readibility of the figures we have put the gateway
labelled (0,0) in the top left corner. So we use (x,y) instead of (x,—y) the vertical axis being

labeled with positive integers.

6.5.3.1 Case d odd

In this section, we study the case when d is odd. Let d be as d = 2k — 1.

Notice that, when the gateway is placed at the corner, we can construct call-cliques bigger than
Kp. In fact, the maximum call-clique Ky, containing Ky is strictly bigger than Ky for d > 3. In
this way, we will use call-cliques bigger than Ky and we will show that the lower bounds performed

are tight.

We define K« as the call-clique composed by the edges delimited by the vertices Vi, US,q where
Sod = {v | d(v,g) < 2k and d(v,v*) < k} and v* denotes the node (k, k). An example of K.y for
d = 9 is depicted in figure BT

Lemma 6.12 For the grid with the gateway at the corner and d = 2k — 1, then

] K
LB(U,KmaX) > k va §é Sod U Ko
min{d(v, g); 3k — d(v, g); 2k — d(v,v*)} if v € Soq U Ky

where Int(Seq) is defined as {v | d(v,g) < 2k — 1 and d(v,v*) < k —1}.

Proof: If v € Vi, any path from v to g uses d(v,g) edges in Ky (and so in Kpay). Note that, in
that case, 2k — d(v,v*) = d(v, g) as d(v*,g) = 2k. Otherwise, any path has to use k edges in Ky
giving the lower bound for v ¢ Syq. If v € S,q any path from v to g will use k£ edges in Ky plus
certain edges in Soq. The number of edges used in Syq is either d(v, g) — k needed to attain a vertex
of Ky; or 2k — d(v, g) to attain the diagonal bordering S,q composed by the vertices at distance 2k
from g (x +vy = 2k) ; or k — d(v,v*) to attain the diagonals bordering S,q below (y = « + k) or
above (v =y + k). [

Theorem 6.2 For the grid with the gateway at the corner and d = 2k — 1,

Winin = Y b(0) LB(v, Kinax)

Proof: W > ¢y (Kmax) 2 ¢(Kmax) = Yy Oo(Kmax) = Y, b(v) LB(v, Kimax) [ |

Using Theorem we can derive an explicit formula for the lower bound when the demand is

uniform.
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Proposition 6.4 For the grid with N x N nodes (N > k + [%]) with the gateway at the corner
and d =2k — 1, if b(v) =1 for all v, then

o2y (49

where B= N2 — 1

Proof: We have to count ), LB(v, Kmax). For all the vertices not in Vi, UInt(Soq), LB(v, Kmax) =
k (Recall that Int(Seq) is defined as {v | d(v,g) < 2k — 1 and d(v,v*) < k — 1}). For the vertices
in Vi,, LB(v, Kmax) = d(v,g9) < k and for v € Int(Soq), LB(v, Kpax) = k. In Ky we have i + 1
vertices at distance ¢ from ¢ giving a difference compared to k of k — i, so for the vertices of Ky we
have a total loss of Ay = Zfz_ll(i +1)(k—1) = w.

The vertices (z,y) in Soq give an excess for those at distance i > 0 from one of the 4 diagonals
delimiting Soq namely z +y = k; v +y = 2k; x = y+ k; y = x + k. We distinguish two cases
depending on the parity of k. For the case even k = 2\, the number of vertices in Soq with an
excess of ¢ (that is a value k+ 1) is 3k —4i for 1 <i < A —1, and A+ 1 for i = A. For the case odd
k =2X+ 1, they are in number 3k — 44 for 1 <17 < A.

All together they give an excess Bj. For the case k = 2X, By = S0 i(3k — 4i) + AA + 1) =
K(5)\2 +-1). For the case k = 2\ + 1, By = >0 i(3k — 4i) = E(5A(\ + 1)).

Finally, we get B — Ay in order to obtain the total excess. For the case k = 2\, By — A =
%()\ —1)(A—=5). For the case k =2\ + 1, By, — Ay, = %)\(A —5). Then, in both cases By — A can
be written as % L%J (L%J — ) [ |

6.5.3.2 Case d even.

For the case when d is even we consider two cliques as shown in figure The first clique
corresponds to the solid edges and the dashed edges at the top. The second clique corresponds to
the solid edges and the dashed edges at the bottom. We obtain the following lower bound.

S, A0, 9)b(0)

d+1
+ Z <%—|—min {d—dw.g)+1, d(v,g)—2L, %—d(vé‘v,v)ﬂ}) b(v)

”UESev
d+1
5 D oug Vi, USer PV

)
with Sey = {v € V| [%] +1<d(v,g9) < dand d(v,v},) < [%]}
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6.5.4 Gateway in the corner: An upper bound

We start introducing the notion of the width of a cycle.

Definition 6.5 (Width of a Cycle. First version) Given a 2-dimensional grid G. Let C' be
an cycle in the grid and we define do the distance over the cycle C. We define Sy the set of
pairs (P,Q) of induced paths of C such that dc(P,Q) > d. The width of a cycle is defined as

minpg)es, da(P; Q).

Lemma 6.13 Given a 2-dimensional grid G with nodes in {0,a} x {0,b}, with a > b. Let v a node
such that v ¢ {1,d — 1} x {1,d — 1} with d > 1. If G satisfies one of the following conditions:

e b>2d and a > 3d.
e b=2d—1 and a > 5d.
e b=2d—1 and a > 3d, for d odd.

e b=2d—1 and a > 3d, for d even and a # k(d+ 1) +4, for any k > 1.

Then, a cycle of length multiple of d+ 1 can be done going through g = (0,0) and v and such that
their width is at least d.

Proof: We distinguish 2 cases depending on whether or not 2a + 2b is multiple of d + 1.

e Case 1: 2a + 2b is multiple of d + 1. First, let us check the case when 2a + 2b is multiple
of d+ 1. We distinguish 3 zones in the grid: Zyp = {d,a} x {0,d -1}, Zsg = {d,a} x {d, b}
and Zgw = {0,d — 1} x {d,b}. (The notation follows the idea of the cardinal directions with
the gateway placed in the corner at North-West.)

To define a cycle over the grid, we will use the following notation. We note (21, y1) — (22, y2),
with either x; = x9 or y; = y9, as the edges in the shortest path between (x1,y1) and (z2,y2).
Then, we note a cycle over the grid, for example, (0,0) —(x,0) —(x,y) —(a,y) —(a,b) —
—(0,b)—(0,0) as the cycle composed by the paths (0,0)—(x,0), (x,0)—(z,y), etc. Note that
the notation works because there is always one repeated coordinate between 2 consecutive

nodes.

For a node v = (x,y) € Zng we design the cycle (0,0) —(z,0) —(x,y) —(a,y) —(a,b) —
—(0,b) —(0,0). For a node v = (x,y) € Zsg we design the cycle (0,0) —(a,0) —(a,y) —
—(z,y) —(x,b) —(0,b) —(0,0). For a node v = (x,y) € Zgw we design the cycle (0,0) —
—(a,0) —(a,b) —(x,b) —(z,y) —(0,y) —(0,0). All of these cycles have the same length
than the cycle (0,0) —(a,0) —(a,b) —(0,b) —(0,0). The length is 2a + 2b which is multiple
of d + 1. Moreover, as a > 3d and b > 2d — 1, all the cycles have width at least d.
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Note that it is not possible to construct a cycle between g and any node in Z; = {1,d — 1} x
{1,d — 1} with width greater or equal than d.

Finally, note that the nodes in {0} x {0,d — 1} and in {0,d — 1} x {0} are covered by all
the cycles presented above. Then, except Z;, all the nodes are covered by a cycle of length
multiple of d + 1 and width at least d.

Case 2: 2a+2b is not multiple of d+1. Let a1 = max{a’ | ¢’ < a, 2a’+2b multiple of d + 1}.
The nodes in {0,a1} x {0,b} \ Zr can be covered as presented in Case 1. We define the re-
maining nodes as Z' = {a; + 1,a} x {0,b}.

First, we cover the nodes in Z' which are in the border of the grid G. These nodes are
Z! i« ={a1+1,a} x {0} U {a} x {0,0} U{as + 1,a} x {b}. For these nodes we will present a
cycle based on a prolongation of the cycle (0,0) —(0,a) —(a,b) —(0,b) —(0,0). Second, we
=7'"\Zl,={a1+1,a—1} x{1,b—1}. We

will show that a slight modification over the cycle for Z/, works also for the nodes in Z ;.

cover the remaining nodes of Z’, defined as Z/ ,

— Covering Z! . Now we will present a prolongation of the cycle C' = (0,0) —(0,a) —
—(a,b) —(0,b) —(0,0) to cover the nodes in Z’ which are in the border of the grid. Let
us define ag = min{d’ | @’ > a, 2a’+ 2b multiple of d + 1}. To obtain a cycle of length
multiple of d + 1, we need to extend the cycle C' with 2(ay — a) more edges, satisfying
the constraint of width. Note that as —a; = d+ 1 for d even, and % for d odd. Then,
as —a < d for d even, and as — a < % for d odd.

If b > 2d, we propose the cycle C! = (0,0) —(a,0) —(a,b) —(2d,b) —(2d,b — (ag —
a))—(d,b—(az —a)) —(d,b) —(0,b) —(0,0). As b > 2d, then b— (as —a) > d satisfying
the desired width. Moreover, the cycle has length multiple d + 1.

If b =2d—1 and as —a < d, we will use the same cycle presented above. But, if b = 2d—1
and ag — a = d we don’t have enough space to use the same cycle. If this is the case, the
above cycle does not satisfy the constraint of width, because b — (ag —a) =d — 1 < d.
Then, we propose the cycle C2 = (0,0) —(a,0) —(a,b) —(4d,b) —(4d,b—1) —(3d,b—
1) —(3d,b) —(2d,b) —(2d,b— (d— 1)) —(d,b— (d — 1)) —(d, b) —(0,b) —(0,0). This
cycle satisfies the width constraint and the desired length also.

With this technique, the length of the cycles can be extended in 2([%2](b — d)). Thus,

in general, ¢ and b must satisfy that

{az—dd-‘ (b—d) > as —a,

for as — a < d for d even, and as — a < d;21 for d odd. Note that the case ao —a = d
occurs only when d is even and a can be written as k(d + 1) + 4, for some k£ > 1. In this
case, the inequality is satisfied for a and b such that either b = 2d — 1 and a > 5d or
b > 2d and a > 3d.
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— Covering Z/ .. Now, we will check that a slight modification over the above cycles
can cover all the nodes in Z[ ;. First, we will split Z/; in two parts: Z/, = {a1 +
La—1} x {1,[2]} and Z] .o = {a1 + 1,a — 1} x {[],b}. To cover a node v = (,v)
in Z{ v, we will modify the cycle C' and C? as follows: Instead of using the paths
(0,0) —(a,0) —(a,b), we will use (0,0) —(z,0) —(z,y) —(a,y) —(a,b). We will note
the new cycles as Cl. and C2, respectively. An example of this cycle is presented in
figure b The length of the cycles have not changed. Now, we need to verify that the
width is still greater or equal than d. To do that, for the cycle C'!

int>
|(2d,b—(ag—a))—(x,y)| = d. And for C2, we need to check that |(4d,b—1)—(z,y)| = d.
For O

int>

we need to check that

as a = 3d7 for any (:Evy) S ZintN’

(22— (2 =) = ()] 2| (200~ (02 = ) = ()
> (240 (02 =) = (@ +1, { M
>|(a-db—(az—a) = (a+1 EM

Now, as b > 2d — 1, we know that b — (ag — a) > ng Moreover a1 +1 > a — d, then

<a—d,b—(a2—a))—<a1+1, EJ)‘:I;— EJ vd+1— (a2 —ai)

> b

Now for C2,, we now that a > 5d, then |(4d,b—1) — (x,y)| > |(4d,b—1)— (a1 +1, L%J)| >
|(a —d,b— (ag —a)) — (a1 + 1, bj) The result follows as seen before.

For the nodes in Z{ ¢, we will use the reflections of the cycles on the horizontal axis.

After solved these 2 cases, we conclude that all the nodes in Z’ are covered by a cycle of width
at least d.

Lemma 6.14 Given an instance of the RWP where the graph G and the gateway g is placed at
the corner in the coordinates (0,0). Let v the only node in G with a positive demand b > 0. If
there exists a cycle going through g and v of length multiple of d+ 1 and width at least d, then there
exists a solution for the RWP in %b.

Proof: As the length of the cycle is a multiple of d + 1, it can be covered with d 4+ 1 rounds
alternately. Moreover, the width of the cycle being at least d assures that there is no interference
between edges of a same round. A cost of %b will be given to each round. It assures that all the

demand can be sent to the gateway. Thus, the cost of the solution is di;b. [ |
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Theorem 6.3 Given an instance of the RWP, where the graph G is a 2-dimensional grid and the
gateway g is placed at the corner in (0,0). Each node v # g has a demand b(v) and the size of the
grid G satisfies one of the conditions of lemma &3 Then, there exists a solution for the instance
of RWP with cost

D L CE D DI ')

v {1,d—1}x{1,d—1} ve{l,d—1}x{1,d—1}

Proof: The idea is to route the demands of each node independently. It means that, for each
node, we will use different rounds. For each node in v € {1,d — 1} x {1,d — 1} we use a route
corresponding to the one of the shortest paths between v and ¢g. Each edge in the chosen shortest
path, will be one different round with cost b(v). Then, the cost for routing the demand of v is
d(v,g)b(v). For the remaining nodes v ¢ {1,d — 1} x {1,d — 1}, lemma guarantees that there
exists a cycle of length multiple of d + 1 and width at least d between g and v. We can route their
demands independently using lemma [ET4l Then, we obtain a cost of %b(v) per node. [ |

6.5.4.1 An upper bound for uniform demand

We start with the following remark.

Remark 6.1 In order to attain the lower bound given in [, there are some nodes of which
demand cannot be routed independently. Then, its demand must be routed together (sharing rounds)

with the demand of some other nodes.

We present a solution with takes into account these nodes in order to attain the lower bound
in 653

In the following, we will suppose that the demand is uniform, it means that b(v) = ¢ > 0 for all

v # g. We will consider ¢ = 1, however the following routing can be directly applied for any ¢ > 0.

We define the individual lower bound of a node v, denoted by Ib(v), as the lower bound given
in considering the demand as b(v) = 1 and b(u) = 0 for all u # v. In other words, [b(v) is the
contribution of v to the lower bound given in E5.3l

We will suppose that the grid is large enough to construct the routings presented below.

We will show a way of routing the demand which attains the lower bound given in We will
route the demand by different methods depending on the position in the grid. In figure E22 we

can see a scheme of how the nodes are grouped according to the method of routing proposed.

For the case where a node is routed independently, the idea is to obtain a routing such that the
total weight of the rounds would be equal to the individual lower bound of this node. But, as seen

in remark B], there are zones of the grid whose demand cannot be routed independently. In this

134



case, the idea is to route a group of nodes in such a way that the sum of their individual lower

bounds would be equal to the total weight of the rounds involved.

We will define 1,qq(d) or simply 1,4q as the function with value 1 when d is odd and 0 when d is

even. In the same way, we define lgye, the function which is 1 when d is even and 0 if d is odd.

Let us define the set of nodes Zgp as the nodes v such that d(v,g) = Ib(v). Note that Zgp
corresponds to {v = (z,y) € V | z,y < [4] and d(v,g) < LWH For a node v in Zgp such
that < y we will route its demand by the path v —(0,y) —g. Inversely, if y < x we will use the
path v —(z,0) —g. In both cases, each path have d(v, g) edges, with d(v,g) < d. Then, for any
node v in Zgp we use a path covered by d(v, g) rounds with weight b(v) = 1 each. Then, the total
weight for routing each node v in Zgp is d(v, g) = Ib(v).

Moreover, it is possible to move the demand due to the nodes in Zp sharing the same rounds used
to route the demand of Zgp. An scheme of that is presented in figure We can see that the
rounds needed to route the nodes (0,1),(7,0) and ((%],j), (7, (%]) with ¢ < (%] and j < L%J are
enough to move the all demand due to the zone Zp. In this way, the deplaced demand is moved to
nodes located out of the zone {1,d — 1} x {1,d — 1}. We will see after that each unit of relocated
demand can be routed with cost %. Thus, each node v of Zp is routed using a weight of 1b(v).

The nodes in Z¢ are the nodes v in {0,v*(d)} x {0,v*(d)} such that 1b(v) > d(v,g). Then, Z¢
corresponds to {v = (z,y) € V | z,y < [%] and d(v,g) > LWH In this zone, nodes satisfy
that 1b(v) = d(v,v*(d)) + %L, The routing will be done in two parts. The first part is to move
the demand from the node v to the v*(d) with cost d(v,v*(d)). The second part is to move the
demand from v*(d) to the gateway with cost dizl. For the first part, we will route the demand via
a shortest path between v and v*(d). We will use d(v,v*(d)) rounds, therefore it costs d(v,v*(d)).

For the second part, as the demand is already in Zg, we will route the normal routing of Zg which

d+1

5 as we will see later.

attains a cost of

The nodes in Zp correspond to the nodes in {v = (z,y) | d(v,g) < d with z > [%1 and y >
(22} U {v = (2,9) | d(v,g) < dwithy > [4] and z > |42}, Note that, for any node v in
Zp, the 1b(v) is determined by % + 1+ leyen = Ldifj + [, with [ the distance between v and
the zone Zp. We will route the nodes by pairs: each node of Zp will be routed together with one
node of Zg,. Let us suppose that v = (x,y) is such that > y. The path to do that is shown
in figure Note that the node chosen in Zg,; must be a node that does not interfere with
the current path (For example, any node in Zgy; placed in the upper border of the grid). Now, we
will route the node obtained by swapping the coordinates of v, i.e, the node (y,x). This node will
be also routed together with a node in Zg,;;. We will use a path as shown in figure Now,
we can see that it is possible to reuse some rounds of the path that routes v = (z,y). In fact, the
reused rounds are the [ + lgyen rounds needed to move the demand out of the zone Zp. Now, in
total, 2(d+ 1+ 1+ leyen) rounds have been used in these two paths there is been routed the demand
due to 4 nodes. Two of these nodes, the nodes in Zg,;, have a 1b of %. The two nodes in Zg have

a 1b of % + [ + leven each. Therefore, the group of 4 nodes attains a cost equivalent to the sum
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of their 4 1b.

The nodes in Z4 correspond to the nodes in {v = (z,y) | d(v*,v) < [%]+1leven and @ > [4] and y <
Ld%fj} U{v = (z,y) | d(v*,v) < L%J + loyen and y > (%] and x < L%j} Each node (x,y) in Z4
with z > y will be routed together with the node (y,d + logq + y — ), also in Z4. Note that
Ib(z,y) = d+ logqa + y — = and 1b(y,d + 1oqqa + y — ) = x. The path used is constructed in the
same way that the path shown in figure 268l To route the demand through the path, d+ 1,99 + ¥
rounds are needed which is exactly 1b(x,y) + 1b(y,d + 1loqqa + y — ).

The nodes in Zg are the nodes contained in the square delimited by the nodes v* and (d—1,d—1).
Each node will be routed using 2 cycles following the idea depicted in figure Each cycle routes
half of the demand and it shares L%J rounds with the second cycle. The total number of rounds
used is 2(d + 1) and each round has a capacity of 1/4. Then, the weight needed for routing the

demand of each node v in Zp is % = lb(v).

The remaining nodes v with non-zero demand are all placed outside the zone {1,d —1} x {1,d—1}.
Applying lemma BET3] each node can be routed independently with cost % which is the value of
Ib(v).

As the sum of Ib(v) over all the nodes in the grid attains the lower bound given in 53] we conclude

the result.
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Figure 6.18: Cost to gather one unit of flow from each position to the center
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Figure 6.19: Call-clique K.« for d odd with g at the corner. In this scheme, d = 9. The call-clique
K consists in all the wide edges.
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Figure 6.20: Two overlapped cliques for d even with ¢ at the corner. In this scheme, d = 8.
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Figure 6.21: Example of the cycle C’ilnt.
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Figure 6.22: Scheme of the grid separated by method of routing.
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Figure 6.23: Example of moving the demand in Zp using the routing of Zp. In this example, d = 9.
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Figure 6.24: Example for Z¢o with d odd. In this example, the demand.
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Figure 6.25: Example for Z¢ with d even. In this example, the demand...
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Figure 6.26: Example for Z4 with d odd. In this example, the demand. The even case is similar.
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Figure 6.27: Example for Zg with d odd. In this example, the demand...
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Figure 6.28: Lower bound per node in uniform demand case. The black nodes indicate the nodes
whose lower bound correspond to their distance to the gateway. In this scheme, d = 15.
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Figure 6.29: Example of routing with 2 cycles with rounds of weight 1/4 for v = (d—1,d —1).
weight needed to route the demand is %b(v).
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6.6 Conclusion and perspectives

In this work we have dealt with the ROUND WEIGHTING PROBLEM for gathering instances consid-
ering a symmetric variant of the binary interference model defined in [KMPQS].

In the first part, we present methods to obtain lower bounds for general topologies using cliques of

calls.

In the second part, we apply the lower bounds for the case of the grid. Moreover, we present
solutions when the gateway is placed either at the center or at the corner. These solutions are
optimal for uniform demands. For general demands, we have determined the zones of the grid

where the demand is crucial for the cost of the solution.

We have shown that, in general, using a clique of calls around the gateway gives good lower bounds.
However, in some cases these lower bounds do not attain the optimal solution. Indeed, for some
cases of non-uniform demand, better lower bounds are obtained considering also cliques of calls

which are not around the gateway.
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Appendix A

Asymptotic Congestion in Wireless
Ad-Hoc and Sensor Networks

A.1 Introduction

Wireless ad-hoc and sensor networks have gained much interest as inexpensive, energy-efficient, and
miniaturized wireless devices are beginning to mature and take hold commercially. Wireless ad-hoc
and sensor networks can be rapidly deployed as they do not require much existing infrastructure.
Because of that, they are expected to find applications in many different settings, such as home

appliance, disaster recovery, inventory tracking, battlefield surveillance, etc.

Congestion on this type of network is crucial as not only causes packet loss, and increases queueing
delay, but also leads to unnecessary energy consumption, which causes lifetime reduction of the
network. In wireless ad-hoc and sensor networks, extending the lifetime is important since all
nodes contribute to collect the environment data and the early death of a node may lead to an
incomplete monitoring. In a wireless ad-hoc and sensor network, two types of congestion can occur
: node-level congestion, which is caused by buffer overflow in the node, or link-level congestion,
when wireless channels are shared by several nodes and collisions occur when multiple active nodes

try to seize the channel at the same time.

We will work on link-level congestion on randomly deployed static wireless ad-hoc and sensor
networks. Wireless ad-hoc and sensor networks consist of nodes which share a common commu-
nication medium. On these networks, the signals intended for a receiver can cause interference at
other receivers. The nodes on these networks cooperate in routing each other’s data packets and

communicate with each other over a wireless channel without any centralized control.

A wireless ad-hoc and sensor network can be seen as a graph G with a finite sets of nodes, and
links connecting pairs of nodes (its ends). We consider the boolean model of connectivity, i.e., two

nodes are connected if the distance between them is inferior to a certain threshold (called range of
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connectivity), otherwise they are disconnected.

A path P in a graph G is a sequence xq,l1,21,..., [, xx where each z; is a node, each [; is an link,
and the ends of link [; are the nodes z;_1 and x;. The length of the path P is k, i.e., the number
of links on the path P. The network is connected if each node is connected by means of a path to

every other node in the network.

On this setting, Gupta and Kumar [GK9§] derived the critical power at which a node in the
network needs to transmit in order to ensure that the network is connected with probability one as

the number of nodes in the network goes to infinity.

The main theorem of that paper is the following:

Theorem A.1 (Gupta-Kumar, [GK98]) Ifn nodes are randomly located, uniformly i.i.d., in a

_ logntm
= e

then the resulting network is asymptotically connected with probability one as n — 400 if and only

disc of unit area and each node transmits at a power level so as to cover an area of wr?(n)

On the rest of this chapter we will assume that the network is connected, i.e., the range of connec-

tivity is greater than the threshold given by Gupta-Kumar’s Theorem.

Our goal is to provide for different randomly deployed wireless ad-hoc and sensor network topologies,
the congestion of the network. In this chapter we relate the notion of congestion to the number
of paths of length k& and the spectral radius of the generated graph. Using tools of random graph
theory and random matrix theory we are able to determine the number of paths of length k there

is on the network with k large enough and to relate this quantity to the congestion of the network.

A.2 Number of Paths of Length £ and Congestion on the Network

In the following section, we analyze the relationship between the number of paths of length k in
a wireless ad-hoc and sensor network and the link-level congestion over this network. In order to
obtain this relationship we need to define some concepts of spectral graph theory (see [Chu9d7]) and
analyze the asymptotic behavior of the number of paths of length k.

The ADJACENCY MATRIX of a graph G, denoted A, is the matrix with rows and columns labelled
by graph vertices, defined as

A 1 if 7 and j are connected by an link,
“ 0 otherwise.

The SPECTRAL RADIUS of a graph G, denoted A4, is the size of the largest eigenvalue of the
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adjacency matrix of the graph that can be written as

AqA = sup .
veRd\{0} (T, T)

Let A denote the adjacency matrix of a graph GG. Then (Ak)l-j is the number of paths of length k

connecting the i-th and j-th vertices (proof by induction).

If we denote 1 the vector with all its components equal to 1s, then
AT =) A
.7

is equal to the number of paths of length k£ on the graph G.

The adjacency matrix is symmetric, then by spectral decomposition we have A = > \;v; where
v; is the eigenvector of A associated with the eigenvalue \;. Remember that as A is a symmetric

matrix, then the eigenvectors of A associated with distinct eigenvalues are orthogonal.

The next theorem shows the importance of the spectral radius of a graph G.

Theorem A.2 (Perron-Frobenius, [HJI90]) Let A be an irreducible matriz with non-negative

entries and spectral radius A4. Then

1. Mg >0,
2. A4 is an eigenvalue of A,

3. There is a unique eigenvector va (up to a scale factor) with non-negative entries such that

Avyg = Agva,

4. Aa is an algebraically simple eigenvalue of A.

From this theorem, the following result holds:

This implies

lim (T*AFT)VE = Xy,
k——4o0
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From this result we obtain that the number of paths of length k£ in G is approximately )\’Z, for k

large enough.

Definition A.1 (Congestion Number) Given a graph G we define the CONGESTION NUMBER
as the inverse of the spectral radius of the graph )\Zl.

The intuitive explanation to this definition is that while more paths of a fixed length we have
in order to send information, we can split the information on these paths and coordinate it to
arrive with the same number of hops at the receiver. This has the advantage of equalizing source-
destination delays of packets that belong to the same class, which allows one to minimize the
amount of packets that come out of sequence. This is desirable since in data transfers, out of order
packets are misinterpreted to be lost which results not only in retransmissions but also in drop of

systems throughput.

The following proposition give us another relationship between the spectral radius and on this case
the degree of the nodes. The degree of a node in a graph is the number of links that connects to
the node.

Proposition A.1 ([Lov07]) Let dyi, denote the minimum degree of G, let d be the average degree,

and let dmax be the maximum degree of G. For every graph G,
HlaX{d_, V dmax} < A4 < dmax-

A.2.1 Discussion

A fundamental question about any network is whether or not it is x-connected, i.e., for each pair
of different nodes there exists at least s link-disjoint paths in the graph connecting them of a fixed
length that allow them to split their information and to send it through different paths. Additional

requirements can be imposed, for instance the links can have small congestion.

We are conscious that the measure of congestion considered on this work has the limitation that the
number of paths of fixed length are not necessarily link disjoint which would be an reasonable ad-
ditional requirement. In that sense, a better measure would consider the possibility of splitting the
information on independent paths without collision. However, for tractability reasons we consider

this measure which is a good approximation and we can obtain explicit results.

A.3 Analysis Tools

In randomly deployed wireless ad-hoc and sensor networks the placement of the nodes and the links,
which depend on the range of connectivity, are random. In order to derive the relation between

congestion and spectral radius of a graph and to determine the spectral radius for different graphs,
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we use tools from random graph theory and random matrix theory. In the asymptotic case, it
enables us to have a tractable expression of the number of paths of a fixed length. Similar tools
have been used on [GK98| and [CLO6] to analyze wireless ad-hoc and sensor networks.

A.3.1 Random Graphs

In this section we introduce some basic notions of random graphs (see [Pen03]).

Given n nodes, 1, ...,2,, in R? with d = 2 or 3, we denote by G(n,r(n)) the graph with set of
nodes {z1,...,z,} and with links connecting all those nodes x;, x;, that satisfy ||z; — z;|| < r(n)
where 7(n) is the range of transmission and |-|| is some norm in R?. We shall call G(n,r(n)) a

GEOMETRIC GRAPH.

When the nodes are independent and identically distributed on D with a specific probability density
function, the geometric graph G(n,r(n)) is called a GEOMETRIC RANDOM GRAPH.

In the following, the domain on which nodes are deployed is the d-dimensional cube D = [~1/2,1/2]¢
where d = 2 or 3.

On this domain each node is deployed with uniform distribution, i.e.,

1 ifxe[-1/2,1/2]%,
fule) = e
0 otherwise.
The most familiar random graph model, initiated by P. Erdés and A. Rényi [Erdh9, [ER59], consists
of a graph with set of nodes {z1,...,2,}, obtained by including some of the links of the complete
graph, each link being included independently with probability p. The graph derived by the latter

scheme is called a Bernoulli random graph and is denoted G(n,p).

Bernoulli random graphs (also called Erdés-Renyi random graphs) have been intensively studied

and many of their properties are by now well understood; see Bollobds [Bol0] as a reference.

Bernoulli random graphs have the property of independence between the connectivity of different
links, while for Geometric random graphs, if node z; is close to node z;, and node z; is close to
node zg, then x; will be fairly close to xx. In wireless ad-hoc and sensor networks, this property is

more realistic than the independence of links as in the Bernoulli random graphs.

Examples of Bernoulli random graphs G(n,p) for different p’s and of Geometric random graphs
G(n,r) for different r’s can be found in figures [AJ] and [A22, respectively.

From the figures [A.3(a)| and |A.3(b)| done by simulation, we see that the convergence of the k-th

root of the numbers of paths of length k converges very fast to the spectral radius with respect to k

on these two settings.
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Figure A.3: Convergence of the k-th root of the number of paths of length & (depicted
curve) to the spectral radius of the graph A4 (solid curve) with respect to k.
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A.3.2 Random Matrix Theory

The main application of random matrix theory lies on the derivation of asymptotic results for large
random matrices. In many practical cases, the eigenvalue distribution of large random hermitian
matrices converges to a definite probability distribution, called empirical distribution or density of
states. In particular, we can also find the value or bounds of the largest or smallest eigenvalues of

large random hermitian matrices.

In this work we will use random matrix theory to derive the spectral radius of a Geometric random

graph.

Definition A.2 An EUCLIDEAN RANDOM MATRIX is an n X n matriz, A, whose entries are a

function of the positions of n random points in a compact set D of RY.

More precisely, if n nodes, x1,...,x,, are located randomly, uniformly i.i.d., in a square of unit

area D and the matrix A is defined as
A= (F(I‘Z — l‘j))lgz{jgn

where F' is a measurable mapping from R? to C. Then A is an Euclidean random matrix.

We consider the boolean model of connectivity, i.e., two nodes are connected if the distance between
them is inferior to a certain threshold and otherwise they are disconnected. Therefore, if n nodes
are located randomly, uniformly i.i.d., in a square of unit area and each node transmits at a power

in order to cover an area of r(n), then the adjacency matrix of this random graph is given by

Aij = Yz —ayl1<r(n)}

where
1 if [z — 24| < 7(n)
Yjai—asli<rn)y = 0 otherwise.

We would like to determine for this adjacency matrix the maximum eigenvalue or spectral radius

and relate it to the congestion on the network.

In order to determine the congestion number, we explicit recent results of Bordenave on Geometric
random graphs. Following the paper of Bordenave [Bor(8], we assume that the discrete Fourier
transform of F is defined for all k € Z¢ where

F(k) = /D F(x)e 2mikzqy
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We assume that almost everywhere (a.e.) and at 0, the Fourier series of F' exists and
Fz) =Y F(k)e*™re
kezd
A sufficient condition for the existence of the Fourier series of F' (a.e.) is that
D IF(R)| < 400
kezd

and F' to be continuous at zero.

Let’s define A,, = A/n and
o = Z O (n)/n
i=1
where {\;(n)}i<i<n is the set of eigenvalues of A and ¢ is the Dirac function. Notice that

{Ai(n)/n}i<i<n is the set of eigenvalues of A,,.

Let’s define the measure

=2 5w

keZ

The following theorem gives us the convergence of the empirical distribution or density of states to

a non-random distribution characterized by the Fourier transform of the function F.

Theorem A.3 (Bordenave, [Bor08|) In the previous setting
lim pn(K)=pu(K) ae.

n—-+o0o

for all Borel sets K with n(0K) =0 and 0 ¢ K.
The following corollary gives us a formula to compute the spectral radius of a graph.

Corollary A.1 ([Bor08]) The convergence of the spectral radius of Ay, almost surely, is given by

i A
lim max iln)l = max|F'(k)|.
n—tool<isn N kezd

Having this corollary in mind we can compute for different norms the spectral radius of a graph.
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The following norms will be considered:

||| 0o := max{|x1],...,|x,|} (Infinity norm), (A.1)
n 1/p
lz||p = (Z|xz|p> (p-norm) Vp > 1, (A.2)
i=1
l|lz]|1 == Z|ajz| (Manhattan norm). (A.3)
i=1

Note that with the infinity norm case we obtain a closed form expression given by

F(m) = 1{maX1<i<d‘xi‘<T}(:p)’

for which its discrete Fourier transform writes as

7 4 sin(2mk;r)
H 2mkyr

where k = (k1,...,kq) € Z.

Then for the infinity norm the spectral radius is given by r¢.

The figures [A.5(a)] and [A.5(b)| give us the asymptotic convergence of the spectral radius of the
adjacency matrix to the maximum of the Fourier transform over the d-dimensional integer lattice

with respect to the number of nodes on the network.

05f

(a) In a Geometric random graph. (b) In a Bernoulli random graph.
Figure A.4: Convergence of the k-th root of the number of paths of length & (depicted as a dashed

curve) to the estimation of the spectral radius (solid curve) given by Bordenave’s Theorem and
Fiiredi-Komlés” Theorem, respectively, with respect to k.

There is a similar result on the spectral radius of a Bernoulli random graph A that we put for
completeness.
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Theorem A.4 (Fiiredi-Komlés, [EK81]) Let a;;,i > j, be independent (not necessarily identi-
cally distributed) random variables bounded with a common bound K. Assume that for i > j, the
a;; have a common expectation p and variance o2, further that E(ay;) = v. Define a;; fori < j by

a;j = aj; (the numbers K, p, o2, v will be kept fived as n will tend to infinity).

If > 0 then the distribution of the largest eigenvalue of the random symmetric matriz A = (a;j)

can be approximated in order 1/+/n by a normal distribution of expectation
(n—Dp+v+a?/u
and variance 202.

The result of this theorem stems from the analysis of the largest eigenvalue of non-zero mean

random matrices with independent entries.

From this theorem in our case the constants are K = 1,4 = p,v = 0 and 0? = p(1 — p) and then

the expected spectral radius of a Bernoulli random graph is (n — 1)p + (1 — p).

100 200 300 400 500 600 700 800 900 1000 100 200 300 400 500 600 700 800 900 1000

(a) In a Geometric random graph. (b) In a Bernoulli random graph.

Figure A.5: Convergence of the largest eigenvalue (dashed curve) to the asymptotic approximation
(solid curve) given by Bordenave’s Theorem and Fiiredi-Komlds” Theorem, respectively.

A.4 Conclusions and Future Work

In this contribution, we have provided a model to deal with congestion of randomly deployed
wireless nodes. For various cases of random graphs (Bernoulli random graphs and Geometric
random graphs), we have provided, in the case of large networks, the congestion number which is
linked to the number of connected paths of a given length. Quite remarkably, the mean congestion
number can be explicitly derived using asymptotic results of random matrix theory and the results
holds even for a not so large number of nodes. Further studies will focus on providing central limit

theorems on the congestion number in order to have a better assessment of the quality of service
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in the network. Other realistic models (beside the boolean model for connectivity) will also also

studied in combination with other random distribution of the nodes.
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Collecte d’Information dans les Réseaux Radio

Résumé: Cette these concerne ’étude de ’algorithmique et de la complexité des communications
dans les réseaux radio. En particulier, nous nous sommes intéressés au probleme de rassembler
les informations des sommets d’un réseau radio en un noeud central. Ce probléme est motivé
par une question de France Telecom (Orange Labs) “comment amener Internet dans les villages”.
Les sommets représentent les maisons des villages qui communiquent entre elles par radio, le but
étant d’atteindre une passerelle connectée a Internet par une liaison satellite. Le méme probleme se
rencontre dans les réseaux de senseurs ou il s’agit de collecter les informations des senseurs dans une
station de base. Une particularité des réseaux radio est que la distance de transmission est limitée
et que les transmissions interferent entre elles (phénomenes d’interférences). Nous modélisons ces
contraintes en disant que deux sommets (équipements radio) peuvent communiquer s’ils sont a
distance au plus dr et qu'un noeud interfére avec un autre si leur distance est au plus d;. Les
distances sont considérées dans un graphe représentant le réseau. Une étape de communication
consistera donc en un ensemble de transmissions compatibles (n’interférant pas). Notre objectif
est de trouver le nombre minimum d’étapes nécessaires pour réaliser un tel rassemblement et de
concevoir des algorithmes réalisant ce minimum. Pour des topologies particulieres comme le chemin
et la grille, nous avons établi des résultats optimaux ou quasi optimaux. Nous avons aussi considéré

le cas systolique (ou continu) olt on veut maximiser le debit offert & chaque noeud.

Data Gathering in Radio Networks

Abstract: This thesis concerns the study of the algorithmic and the complexity of the communi-
cations in radio networks. In particular, we were interested in the problem of gathering information
from the nodes of a radio network in a central node. This problem is motivated by a question of
France Telecom (Orange Labs) “How to bring Internet in villages”. Nodes represent the houses of
the villages which communicate between them by radio, the goal being to reach a gateway con-
nected to Internet by a satellite link. The same problem can be found in sensor networks where
the question is to collect data from sensors to a base station. A peculiarity of radio networks is
that the transmission distance is limited and that the transmissions interfere between them (in-
terference phenomena). We model these constraints by saying that two nodes (radio devices) can
communicate if they are at distance at most dr and a node interferes with another one if their
distance is at most d;y. The distances are considered in a graph representing the network. Thus,
a communication step will consist in a compatible (non interfering) set of transmissions. Our goal
is to find the minimum number of steps needed to achieve such a gathering and design algorithms
achieving this minimum. For special topologies such as the path and the grid, we have proposed
optimal or near optimal solutions. We also considered the systolic (or continuous) case where we

want to maximize the throughput (bandwidth) offered to each node.
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