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The non separable case
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Road map

© Linear SVM
@ The non separable case




The non separable case: a bi criteria optimization problem

Modeling potential errors: introducing slack variables ¢;

o) noerror:  yi(w'x;+b)>1= & =0
/5 error: &=1—yi(w'x;+b)>0

1
min —||w||2
b,¢

T P

o Zﬁ

with y,(w x,+b)>1—£,
&E>0 i=1,n

Our hope: almost all ¢ =0




Bi criteria optimization and dominance

L(w)
P(w)
Dominance

w; dominates wy

if L(wy) < L(wg)

and P(wi) < P(wy)

Pareto front (or Pareto Efficient Frontier)

it is the set of all nondominated solutions

[Jadmisible set
—Pareto’s front
°ow=0

© Admissible solution

8

=1lpx.

L(w)

P(w) = ll wIi?

Figure: dominated point (red),

|} non dominated point (purple)

and Pareto front (blue).

Pareto frontier
=
Regularization path
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3 equivalent formulations to reach Pareto's front

m|n Zg" + A |w|?

11XB = YIF

1117

it works for CONVEX criterial
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3 equivalent formulations to reach Pareto's front

weR9

1L
min ;Z&fﬂ\lwllz
i=1

m|n - pr

with ”W”2 <k

s -7

e

it works for CONVEX criterial
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3 equivalent formulations to reach Pareto's front

weR9

1
min, 226+ A Il
i=1

m|n - Zg"

with ”WH2 < k

s -7

_

min ||W“2 I8
w

with 1 iglp <K it works for CONVEX criterial
P i=1
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The non separable case

Modeling potential errors: introducing slack variables ¢;

(1, y7) noerror:  yi(w'x;+b)>1= & =0
b error: &=1—yi(w'x;+b)>0

Minimizing also the slack (the error), for a given C >0

1 2, p

min  Slwl?+ Zf
with y;j(w’ x,+b)>1—§, i=1n
& >0 i=1n

Looking for the saddle point of the lagrangian with the Lagrange
multipliers a; > 0 and 3; > 0

1 4 -
L(w, b, 5) = 5 |w|? + Zg" S aiyiw xi+b)—1+6) = > i
i=1 i=



The KKT(p = 1)

w1 .
L(w,b,a, ) = 5||W||2 Zf” > ai(yi(wxi+b) —1+¢) —
i=1

n n
stationarity w — Za;y,-x,- =0 and Za; yi=0

i=1
C—a;i—pi=0 i=1,....n
primal admissibility y;(w"x; + b) > 1 i=1,...,n
§& >0 i=1....n
dual admissibility a; >0 i=1,...,n
Bi >0 i=1,...,n
complementarity «; (y,-(wa,- +b)—1+ 5,-) =0i=1,...,n
Bi&i =0 i=1,...,n

Let's eliminate !

n

> Bik

i=1



KKT (p=1)

primal admissibility y;(w"x; + b) > 1

& >0

dual admissibility a; >0

C*Oé,'ZO

n
stationarity w — Z a;yixi =0 and
i=1

i=1,...,n
i=1,...,m
i=1...,n
i=1...,m

complementarity «; (y,-(wa; +b)—1+ 5;) =0i=1,...,n

(C—a)&=0 i=1,...,n
sets Io 14 Ic
o 0 0O<a<C C
Bi C C—a 0
&i 0 0 1 — yi(w'x; + b)
y,'(WTX,' + b) >1 y,'(WTX,' + b) =1 y,'(WTX,‘ + b) <1
useless usefull (support vec) | suspicious




The importance of being support

data constraint
. « set
point value
X; useless a;j=0 Vi (WTX,' + b) >11 I
X; support O<a;<C Vi (WTX,' + b) =11 I
X; suspicious aj=C Vi (wa,- + b) <1 Ic

Table: When a data point is « support » it lies exactly on the margin.

here lies the efficiency of the algorithm (and its complexity)!

sparsity: a; =0




Optimality conditions (p = 1)

1 n
L(w, b,a, ) = §||WH2+ CZ&; —Za,(y,(w Xj+b) —1+&)
i=1

i=1
Vwl(w,b,a) =w-— Z Qi YiX;
Computing the gradients: OL(w, b, )
— b Z s ¥
Vg,ﬁ(w,b, (Y) = C— o — B,’

@ no change for w and b
ob’,-ZOandC—a,-—B,-zo = a;SC

The dual formulation:

min %aTGa —e'a

acR”

with  yTa=

and 0<a;<C i=1,n

Z%



SVM primal vs. dual

Primal J

n
min  Lw|?+CD ¢

w,b,E€R" ;
i=1

with yiwTx; +b) > 1 ¢
&E>0 i=1,n

@ d + n-+ 1 unknown
@ 2n constraints
@ classical QP

@ to be used when n is too
large to build G

Dual
min %aT Ga—e'«
acR"
with y'a=0
and 0<q; < i=1,n

@ n unknown

e G Gram matrix (pairwise

influence matrix)
@ 2n box constraints

@ easy to solve

@ to be used when n is not too

large



The smallest C

C small = all the points are in Ic: a; = C

-1<fi =C Zy;(x,ij)+b <1

i=1

o fm = max(f) fm = min(f)

2
fM_ fm

C.max =
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© Linear SVM

@ The L2 SVM and others “variations on a theme”




L2 SVM: optlmallty condltlons (p =2)
L(w,b,a, )= =|w|?+ Zg —Za, (vi(wx; + b) — 1+ &)

VW‘C(‘Na b7 Od) =W — Z Q;yiXi

Computing the gradients: OL(w, b, ) n
e = > aiyi
i=1
Vg,.ﬁ(w, b, Oz) = CE, — Q;
@ no need of the positivity constraint on &;
@ no change for w and b
° ({i—ai=0= % S & - Y& = —5e i 0f
The dual formulation:
in iaT(G+ LNa—e'
i, aT(6+ ¢Na—eTa
with yTa=0
and 0<q; i=1,n



SVM primal vs. dual

Primal J Dual
. 4 1T 1y AT
S HWEEEYE [ daT(C s inaeTe
- with y'a=0
with yi(w x,-—i—b) Z 1-¢& and 0<a; i=1n

@ n unknown
o d + n-+1 unknown
. @ G Gram matrix is regularized
@ n constraints

) @ n box constraints

@ classical QP
. @ easy to solve
@ to be used when n is too Y

large to build G @ to be used when n is not too

large



One more variant: the v SVM

The dual formulation:

max

v,a

with

min
v,a

with

min
acR"
with
and

m
min [v'x; +al >m

i=1,n

Iv]]* = k

slvIZ =y m+ 300 &

yi(v xi+a) > m—¢
&>0, m>0



The convex hull formulation

Minimizing the distance between the convex hulls
min lu—v]
«@
with u= Z a,-x,-, v = Z Q;jX;
{ilyi= {ilyi==1}
and ) ai=1, Z ai=1, 0<o<C i=1,n
{ilyi=1} {ilyi=—1}

_ el =1ivi

[Ju = vl




SVM with non symetric costs

Problem in the primal (p = 1)

mn MWt Y e Y &
w,b,(eR . .
{ilyi=1} {ilyi=—1}
with y;(w'x;+b) >1-¢, &>0, i=1n

for p = 1 the dual formulation is the following:

max —ia'Ga+a'e
aceR”

with a'y=0and0<a;<CtorC~ i=1,n

It generalizes to any cost (useful for unbalanced data)
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@ The hinge loss




Eliminating the slack but not the possible mistakes

min  Lw[2+C) ¢

w,b,EER —
with }/i(WTX,' +b)>1-¢
gi > 0 i= 17 n
Introducing the hinge loss —
&= max(l = y,'(WTX,' + b), 0) \
1 2 T
min ; [lwl]? + C; max (0,1 — y;(w'x; + b)) ERRC

Back to d + 1 variables, but this is no longer an explicit QP



Ooops! the notion of sub differential

H(z) = max(0,1-2)

-1 0 1
aH@),, = 110

Definition (Sub gradient)
a subgradient of J: RY — R at f, is any vector g € R? such that

VEeV(R),  J(f) > J(h)+g (f—h)

Definition (Subdifferential)
dJ(f), the subdifferential of J at f is the set of all subgradients of J at f .

v

RY=R  Js5(x) = |x| 050)={gecR| -1<g<1}
RY=R  J(x)=max(0,1—x) 9h(l)={geR| -1<g<0}



Regularization path for SVM

n
A \
; E: — vw U 2o lwll?
mulln max(l Yiw XnO) > H | J o

i=1

I, is the set of support vectors s.t. y;w!'x; = 1;

5
aha, = ot

8WJ(W) = Z QYiXp — Zy,-x,- +Aow with «; € 3/‘/(1) :] -1, 0[

i€ly i€h



Regularization path for SVM

n
A \
. Z S EaC) 2
mMI,n — max(l Yiw XMO) + 2 HW” J o 5 N ]
i= Z

E o
M@, = 1ol

I, is the set of support vectors s.t. y;w!'x; = 1;

8WJ(W) = Z QYiXp — Zy,-x,- +Aow with «; € 8H(1) :] -1, 0[

i€ly i€h

Let A, a value close enough to )\, to keep the sets Iy, I, and /¢ unchanged

In particular at point x; € lo (wox; =w,x; =y;) © OwJ(W)(x;) =0

Dich, VoYX X = Dicy VX[ X — Ao yj
Dicn, QinYiX{ X = 3oy XX —Anyj
Glan—as) = (Ao—An)y with G = y;x] x;

ao 4+ (Ao — Ap)d

Qp



Solving SVM in the primal

m|n Lilw|? + CZ max(0,1 — y;(w " x; + b))
i=1

@ What for: Yahoo!, Twiter, Amazon,
Google (Sibyl), Facebook...: Big data
Data-intensive machine learning systems

@ "on terascale datasets, with trillions of
features,1 billions of training examples
and millions of parameters in an hour
using a cluster of 1000 machines"

A Reliable Effective Terascale Linear Learning System

Alekh Agarwal® ALEKHAGMICROSOFT.COM
M k

Olivier Chapelle OLIVIERGCHAPELLE.CC

Criteo
Palo Alto, CA

Miroslav Dudik MDUDIK@MICROSOFT.COM

JCLAMICROSOFT.COM

Editor:

implementation . The reslt o up to our knowiedge, tbe mons salabl and effcent
linear learning system reported in the literature (as of 2011 when our experiments were
conducted). We describe and thoroughly evaluate the components of the system, showing
the importance of the various design choices.

@ How: hybrid online+batch approach adaptive gradient updates (stochastic

gradient descent)

@ Code available: http://olivier.chapelle.cc/primal/


http://olivier.chapelle.cc/primal/

Solving SVM in the primal

Jwb)= Tw + S > max(l - yi(w x4 5).0)°
LB+ SETE
with & = max(1— vi(w'x; + b), 0)
Vwd(w, b) = w -C i max(1 — yi(w ' x; + b),0) yix;
— W - C(digy)X)¢
Hud(w,b)= Iy +C > xx/
il

Optimal step size p in the Newton direction:

whew — yold _ P H‘;IVWJ(WOM, bold)



The hinge and other loss

Square hinge: (huber/hinge) and Lasso SVM
T,iz? [wllz + C; max (1 — yi(w "x; + b),0)"
Penalized Logistic regression (Maxent)
. 2 —2yi(w " x;+b)
min [wf3— € log(1+exp )

i=1

The exponential loss (commonly used in boosting)

classification loss

n
min w3 + CZ exp—y.-(wa,-+b)
w,b I

The sigmoid loss

I"L‘IIE w3 — CZ tanh(y;(w ' x; + b))

i=1

—0/1 loss

——hinge

— hinge?
inge

- - -logistic

\ ——exponential
sigmoid




Choosing the data fitting term and the penalty

For a given C: controling the tradeoff between loss and penalty

mip pen(w) + € 3 Loss(yi(wxi + b)

For a long list of possible penalties:
A Antoniadis, | Gijbels, M Nikolova, Penalized likelihood regression for
generalized linear models with non-quadratic penalties, 2011.

A tentative of classification:
@ convex/non convex

o differentiable/non differentiable

What are we looking for
@ consistency

o efficiency — sparcity



Conclusion: variables or data point?

@ seeking for a universal learning algorithm
» no model for P(x, y)

o the linear case: data is separable
» the non separable case

@ double objective: minimizing the error together with the regularity of
the solution

» multi objective optimisation

@ dualiy : variable — example

» use the primal when d < n (in the liner case) or when matrix G is hard
to compute
» otherwise use the dual

@ universality = nonlinearity
> kernels
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