THÈME 3

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Signed distance functions and viscosity solutions of discontinuous Hamilton-Jacobi Equations

Jean-François Aujol — Gilles Aubert

N° 4507

Juillet 2002

Unité de recherche INRIA Sophia Antipolis 2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)

Téléphone : +33 4 92 38 77 77 — Télécopie : +33 4 92 38 77 65

Signed distance functions and viscosity solutions of discontinuous Hamilton-Jacobi Equations

Jean-François Aujol^∗ , Gilles Aubert^†

Thème 3 — Interaction homme-machine, images, données, connaissances Projet Ariana

Rapport de recherche n° 4507 — Juillet 2002 — 64 pages

Abstract: In this paper, we first review some properties of the signed distance function. In particular, we examine the skeleton of a curve in R^2 and get a complete description of its closure. We also give a sufficient condition for the closure of the skeleton to be of zero Lebesgue’s measure. We then make a

complete study of the PDE: ∂u ∂t + sign(u_0(x)) (|Du| − 1) = 0, which is closely related to the signed distance function. The existing literature provides no mathematical results for such PDEs. Indeed, we face the difficulty of considering a discontinuous Hamiltonian operator with respect to the space variable. We state an existence and uniqueness theorem, giving in particular an explicit Hopf-Lax formula for the solution as well as its asymptotic behaviour. This generalizes classical results for continous Hamitonian. We then get interested

in a more general class of PDEs: ∂u ∂t + sign(u_0(x))H(Du) = 0, with H convex Under some technical but reasonable assumptions, we obtain the same kind of results. As far as we know, they are new for discontinuous Hamiltonians.

∗ également membre du laboratoire J.A Dieudonné, Université de Nice-Sophia-Antipolis † Laboratoire J. A. Dieudonné, UMR CNRS 6621, Université de Nice-Sophia-Antipolis, Parc Valrose, 06108 Nice Cedex 2, France

Key-words: Signed distance function, skeleton, PDE, viscosity solutions, Hamilton-Jacobi equations, Hopf-Lax formulae.

Fonctions distance signée et solutions de viscosité d’une classe d’Equations de

Hamilton-Jacobi discontinues

Résumé : Dans ce travail, nous commençons par revoir quelques propriétés de la fonction distance signée. En particulier, nous examinons le squelette d’une courbe de R^2 , et nous obtenons une description complète de sa fermeture. Nous donnons aussi une condition suffisante pour que l’adhérence du squelette soit de mesure de Lebesgue nulle. Nous menons alors une étude complète de l’EDP: ∂u ∂t + sign(u_0(x)) (|Du| − 1) = 0, cette dernière étant reliée étroitement à la fonction distance signée. Les articles spécialisés ne fournissent pas de résultats mathématiques pour ce genre d’EDP. En effet, nous sommes confrontés à un Hamiltonien discontinu. Nous nous intéressons ensuite à une classe d’EDP plus

générale: ∂u ∂t + sign(u_0(x))H(Du) = 0, où H est un opérateur convexe. En se plaçant dans le cadre d’hypothèses techniques raisonnables, nous obtenons le même genre de résultats que précédemment. A notre connaissance, il s’agit de résultats nouveaux pour des opérateurs hamiltoniens discontinus.

Mots-clés : Fonction distance signée, squelette, EDP, solutions de viscosité, Equations de Hamilton-Jacobi, formules de Hopf-Lax.

Contents

1. Introduction 5

2. Euclidean signed distance function and the reinitialization equation 6 2.1 Properties of the signed distance function . . . . . . . . . . . . . 7 2.1.1 Some definitions . . . . . . . . . . . . . . . . . . . . . . . 7 2.1.2 Properties of the signed distance function . . . . . . . . . 9 2.1.3 A characterization of the signed distance function . . . . 10 2.1.4 Closure of the skeleton . . . . . . . . . . . . . . . . . . . 13 2.2 The reinitialization equation . . . . . . . . . . . . . . . . . . . . 18 2.2.1 Viscosity solutions: basic facts . . . . . . . . . . . . . . . 18 2.2.2 Existence and uniqueness of a viscosity solution for (2.6) 20

3. A more general equation 29 3.1 Technical preliminaries . . . . . . . . . . . . . . . . . . . . . . . 31 3.1.1 Convex analysis tools . . . . . . . . . . . . . . . . . . . . 31 3.1.2 Distance associated to the Hamiltonian H . . . . . . . . 31 3.1.3 Some more tools . . . . . . . . . . . . . . . . . . . . . . 33 3.2 Viscosity inequalities and uniqueness for equation (3.1) . . . . . 34 3.2.1 Viscosity inequalities . . . . . . . . . . . . . . . . . . . . 34 3.2.2 Uniqueness . . . . . . . . . . . . . . . . . . . . . . . . . 41 3.3 Existence of t_x and continuity of u(x, t) . . . . . . . . . . . . . . 41 3.3.1 Further hypotheses . . . . . . . . . . . . . . . . . . . . . 41 3.3.2 Continuity of u(x, t) under hypothesis (H 3.5) . . . . . . 43 3.3.3 Existence of t_x and continuity of u(x, t) under hypothesis (H 3.6) . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54 3.3.4 Discussion about hypotheses . . . . . . . . . . . . . . . . 58

A Hypotheses used in section 3 59

1. Introduction

In image processing, the signed distance function plays a key-role due to its good properties. For example in image segmentation a main question is to detect the contour of objects in a scene. A very powerful method consists in making the zero level sets of an initial distance function u_0 evolve untill they reach the desired contours. Unfortunately, the partial differential equation (PDE) governing the evolution does not guarantee the evolving function v(x, t) to remain a signed distance function. In particular its gradient can become unbounded , and this is the origin of serious numerical problems. To overcome this difficulty it was proposed by J-M Morel to reinitialize the process by running each five or ten iterations the following PDE: ∂u ∂t + sign(v(x, t_0)) (|Du| − 1) = 0 u(x, 0) = v(x, t_0)

(1.1)

where v(x, t_0) is the evolving function at time t_0 (t_0 = 5 or 10). We refer the reader to the abundant literature on this subject ( [4, 37, 25, 11, 31, 36, 28, 1, 3, 10]) for a more detailed insight.

Though equation (1.1) is often used in image processing, there exists no real mathematical study of it in the existing literature. PDE (1.1) is of Hamilton- Jacobi type: ∂u ∂t + H(x, Du) = 0 (1.2)

The theory of viscosity solutions proved to be well-adapted to state existence and uniqueness results for such PDEs (see [12, 13, 7, 20, 18, 14, 24, 8, 5, 15, 6, 2]). But all these works are generally conducted under the asumption that the Hamiltonian H is continuous with respect to all its variables, whereas PDE (1.1) has a singularity on Γ = {x/v(x, t_0) = 0}. This is indeed the specifity of our work: our Hamiltonians will not be continuous with respect to the space variable x. We will nevertheless give an existence and uniqueness result,

RR n° 4507

and we will also get an explicit Hopf-Lax formula. The existing literature on viscosity solutions for discontinuous Hamiltonians is not very large. The case of discontinuous solutions is discussed in [7, 2], and the case of a discontinuity in the second member of the PDE in [21, 35, 34, 16]. As far as we know, there is no previous work which deals with the discontinuity we face for PDE (1.1).

The paper is organized as follows. We first review some properties of the signed distance function in Section 2. We also consider the skeleton of a curve in R^2 and get a complete description of its closure. We give a sufficient condition for the closure of the skeleton of a curve in R^2 to be of zero Lebesgue’s measure. This specifies a result of Matheron in [32].

We then completely study PDE (1.1). We state an existence and uniqueness result, giving in particular an explicit formula for the solution as well as its asymptotic behaviour, generalizing classical results for continous Hamitonian. Indeed, we show that the function u(x, t) defined as u(x, t) = { ϵ_x inf_{|y|≤t} (ϵ_xu_0(x + y) + t) if t ≤ t_x ϵ_xd(x, Γ) if t > t_x (1.3)

where u_0(x) = v(x, t_0) ϵ_x = sign(u_0(x)) t_x = inf{t ∈ R_+ / inf_{|y|≤t} (ϵ_xu_0(x + y)) = 0} = d(x, Γ)

is the unique uniformly continuous viscosity solution of (1.1) vanishing on Γ = {x/u_0(x) = 0}. In Section 3, we get interested in a more general class of PDEs. Under some technical but reasonable assumptions, we obtain the same kind of results. As far as we know, they are new for such discontinuous Hamiltonians.

2. Euclidean signed distance function and the reinitialization equation

In this first section, we study some elementary but useful properties of the Euclidean signed distance function to closed curves. One of our results is a characterization of the skeleton of a closed curve. Then we analyse in detail the reinitialization equation (1.1) for which we give an explicit solution in the class of uniformly continuous viscosity solutions. We begin by recalling some definitions.

2.1 Properties of the signed distance function

2.1.1 Some definitions Let us consider R^2 endowed with the usual Euclidean norm and the induced topology. Throughout this section, we will consider Γ a curve in R^2 such that:

(H 2.1) Γ is piecewise C^2.

(H 2.2) Γ has a finite number of connected component Γ_i. (H2.3) For all i , Γ_i is parameterized by its curvilinear abscissa γ : [0; L_i] → R^2 (where L_i is the length of Γ_i) such that the curvature κ(γ(t)) changes only a finite number of times on [0; L_i] (κ takes its values in R ).

(H 2.4) The points where Γ is not C^2 are angular points (i.e. of infinite curvature).

(H 2.5) For all i , Γ_i est geometrically closed, ie γ(0) = γ(L_i). (H 2.6) Γ will always be oriented in the indirect way.

In all Section 2, we will only consider curves Γ verifying these hypotheses (except if explicitly mentioned), and we will call such curves Γ closed curves in R^2 . We define Ω as the interior of Γ (denoted also by ∂Ω). Definition 2.1. Let Γ be a closed curve in R^2 , and let u be a function: u : R^2 → R such that u(Γ)=0.

We will say that u is a signed distance function to the curve Γ if: u(x) = { ϵd(x,Γ) if x lies outside Γ −ϵd(x,Γ) if x lies inside Γ

RR n° 4507

skeleton Γ Ω Figure 1: Exemple of skeleton

where: 1. d(x, Γ) = inf_{y∈Γ}‖x − y‖ 2. ϵ ∈ {±1} 3. ‖x‖ is here the Euclidean norm of x.

In what follows, we will take the convention that ϵ = 1, and we will call u the signed distance function.

Remark: It is possible to generalize definition 2.1 to a any distance d on R^2 (not associated to the Euclidean norm). This point will be examine in Section 3.

Definition 2.2. We will call skeleton of Γ the set { x ∈ R^2 / there exist at least two distinct points y and z in Γ such that: ‖x − y‖ = ‖x − z‖ = d(x, Γ) } We note S the skeleton, and S̄ its closure.

Remark : Let x ∈ R^2 . If Γ is a closed curve, it is well-known that there exists at least one element y ∈ Γ such that ‖x − y‖ = d(x, Γ) skeleton

× × × Γ Ω Figure 2: contact points of degree 2 (the crosses stand for the contact points of degree 2)

We will note y = p(x).

Definition 2.3. We will call contact point of degree 2 for Γ each point x ∈ R^2 such that:

1. x does not belong to Γ.

2. κ(p(x)) =^1_{‖x−p(x)‖} =^1_{d(x,Γ)} =^1_{u(x)} where u(x) is the signed distance function to Γ, p(x) ∈ Γ as defined in definition 2.2, and κ(y) is the curvature of Γ at y.

Remarks :

1. A contact point of degree 2 may belong to the skeleton (for instance in the case when Γ is a circle, then S reduces to the center of the circle, which is also a contact point of degree 2).

2. If x is a contact point of degree 2, then the circle of center x and radius ‖x − p(x)‖ is in fact the osculator circle to Γ at p(x). That is why we call it contact point of degree 2.

2.1.2 Properties of the signed distance function

We give in this subsection some properties of the signed distance function associated to the Euclidean norm. We state the following well-known result without proof.

RR n° 4507

Proposition 2.4.

1. The signed distance function u to a closed curve Γ in R^2 is 1-Lipschitz.

2. If u is a signed distance function to a closed curve Γ in R^2 , and if u ∈ C^1(R^2 \S̄ → R) (where S̄ stands for the closure of the skeleton of Γ), then we have for all x ∈ R^2 \S̄ : ‖∇u(x)‖ = 1 2.1.3 A characterization of the signed distance function

We do not know if the following characterization of the signed distance function exists in the literature, but we state it because it was the starting point for discovering an explicit solution of the reinitialization equation (1.1).

Proposition 2.5. Let Γ be a closed curve in R^2 . Then

1. u is the distance function to Γ if and only if u(x) ≥ 0 ∀x ∈ R^2 u(x) = 0 if x ∈ Γ u(x) = inf_{|y|=h} (u(x + y) + h) ∀h ∈ [0, d(x, Γ)]

2. u is the opposite of the distance function to Γ if and only if u(x) ≤ 0 ∀x ∈ R^2 u(x) = 0 if x ∈ Γ u(x) = sup_{|y|=h} (u(x + y) − h) = − inf_{|y|=h} (−u(x + y) + h) ∀h ∈ [0, d(x, Γ)]

3. u is the signed distance function to Γ if and only if

u(x) = 0 if x ∈ Γ u(x) ≥ 0 if x lies in the exterior of Γ u(x) ≤ 0 if x lies in the interior of Γ u(x) = ϵ_x inf_{|y|=h} (ϵ_xu(x + y) + h) ∀h ∈ [0, d(x, Γ)] (2.1)

where ϵ_x = { 1 if x lies in the exterior of Γ −1 if x lies in the interior of Γ

Proof : We only show the first point of the proposition. The demonstration for the two other points is similar.

Step 1: We assume that u is the signed distance function to Γ. It is therefore obvious that: u(x) = 0 ⇔ x ∈ Γ (since Γ is closed). Let x ∈ R^2 \Γ. We want to show that:

u(x) = inf_{|y|=h} (u(x + y) + h) , ∀h ∈ [0, u(x)] (here u(x) = d(x, Γ)). This is equivalent to:

inf_{z∈Γ} |x − z| = inf_{|y|=h} (inf_{z∈Γ} |x + y − z| + h) , ∀h ∈ [0, u(x)] i.e.

inf_{z∈Γ} |x − z| = inf_{z∈Γ} ( inf_{|y|=h} |x + y − z| + h) , ∀h ∈ [0, u(x)] (2.2) Let us show this last equality.

• Thanks to the triangular inequality, we have: |x − z| − |y| + h =|x−z| if |y|=h ≤ |x + y − z| + h

So : |x − z| ≤ inf_{|y|=h}(|x + y − z|) + h Hence : inf_{z∈Γ} |x − z| ≤ inf_{z∈Γ} ( inf_{|y|=h} |x + y − z| + h) , ∀h ∈ [0, u(x)] And thus we have shown:

u(x) ≤ inf_{|y|=h} (u(x + y) + h) , ∀h ∈ [0, u(x)] (2.3)

RR n° 4507

• By contradiction, let us assume there exists h ∈]0, u(x)] such that (2.3) is strict, i.e.

u(x) = inf_{z∈Γ} |x − z| < inf_{z∈Γ} ( inf_{|y|=h} |x + y − z| + h)

Or :

u(x) < h + inf_{z∈Γ} ( inf_{|y|=h} |x + y − z|) inf_{z∈Γ} (inf_{|w−x|=h} |w−z|) As Γ is closed, we know there exists z̄ ∈ Γ such that u(x) = d(x, Γ) = |x − z̄| . So u(x) < h + inf_{|w−x|=h} |w − z̄| (2.4) Let us choose: w̄ = h u(x) z̄ + −h + u(x) u(x) x that is w̄ − x = h u(x) (z̄ − x) which implies |w̄ − x| = h |z̄ − x| u(x) = h And so w̄ is admissible. Moreover we have: |w̄ − z̄| = u(x) − h u(x) |x − z̄| = u(x) − h We therefore get, with (2.4), that u(x) < u(x), which is obviously wrong .

This completes the proof of (2.2).

Step 2: Conversely to show that u(x) is a distance function, by choosing h = d(x, Γ), we get : u(x) = inf_{|y|=d(x,Γ)} (u(x + y)) =0 +d(x, Γ)

■

2.1.4 Closure of the skeleton We close this subsection by stating our main result concerning the closure of the skeleton of a closed curve. We give next an application to the measure of the skeleton.

Theorem 2.6. The closure S̄ of the skeleton S of a closed curve Γ in R^2 satisfying hypotheses (H2.1)-(H2.6) is composed of S, of contact points of degree 2, and of points belonging to Γ where Γ is not C^2.

Proof : We are going to use the sequential characterization of closed sets. So let (x_n) ∈ S^N and ((y_n),(z_n)) ∈ Γ^N × Γ^N (with y_n ≠ z_n ∀n) such that ∀ n ∈ N: ‖x_n − y_n‖ = ‖x_n − z_n‖ = d(x_n, Γ) (2.5) Let us suppose that x_n → x ∈ R^2 . We want to know where x is. Let r>0. As x_n → x, ∃n_0 ∈ N such that ∀n ≥ n_0, x_n ∈ B(x, r). Let ρ=d(x,Γ). Then: ‖x_n − y_n‖ = d(x_n, Γ) ≤ ‖x − x_n‖ + d(x, Γ) ≤ r + ρ which implies: ‖y_n − x‖ ≤ ‖y_n − x_n‖ + ‖x_n − x‖ ≤ ρ + 2r And for the same reasons we get: ‖z_n − x‖ ≤ ρ + 2r We therefore have: for all n ≥ n_0, y_n and z_n ∈ B(x,ρ+2r). The sequences (y_n) et (z_n) being bounded in R^2 , there exist y ∈ R^2 and z ∈ R^2 such that (up to subsequences): y_n → y and z_n → z Moreover, since (y_n) et (z_n) are in Γ which is a closed set, we have y and z in Γ. By passing to the limit in (2.5), we get: ‖x − y‖ = ‖x − z‖ = d(x, Γ) Two cases may now occur:

RR n° 4507

Case 1: y et z are two distinct points, in which case x ∈ S.

Case 2: y = z = p(x). In this case: y_n → y and z_n → y Hence, for n large enough, y_n and z_n belong to a same connected component of Γ (indeed, the connected components of Γ being closed, the distance between two of them is positive).

We want to show that x is either a contact point of degree 2, or a point on Γ where Γ is not C^2 (so an angular point thanks to hypotheses (H2.4)).

According to hypothesis (H2.3), Γ is locally concave or convex. We parameterize Γ around y in the indirect way.

Step 1: Let us assume first that Γ is C^2 around y. We are going to show that the curvature is locally positive. By contradiction, let us assume that there exists r > 0 such that κ(z) ≤ 0 for all z ∈ V(r) = B(y, r) ⋂ Γ, where B(y, r) is an open disc of center y and radius r. Let C be the convex envelope of V(r) (see figure 3). Since the projection on a convex set is unique, we have y_n = z_n, which by hypothesis is absurd. The curvature of Γ must therefore be positive around y, i.e. in V(r).

Let us write r_n = ‖x_n − y_n‖. The curvature of the circle C_n whose center is x_n and radius r_n, is equal to^1_{rn} . As C_n is tangential to Γ (inside) in y_n (since ‖x_n − y_n‖ = d(x_n, Γ)), we have: κ(y_n) ≤ 1 r_n Indeed, if κ(y_n) >^1_{rn} , then locally, around y, the curve Γ lies inside the open disc whose boundary is C_n. And this cannot hold since ‖x_n − y_n‖ = d(x_n, Γ). And we can prove by the same way that: κ(z_n) ≤ 1 r_n

Γ Conv(V(r)) x × y × V(r) ⃗τ ⃗N ×t_n Γ × xn × y_n × z_n ⃗τ ⃗N

Case when the curvature Case when the curvature is non positive is positive

Figure 3: Local convexity or concavity of Γ

Γ C_n x_n × y_n×

z_n × r_n

Figure 4: Curvature of Γ

But as the curvature of Γ is non negative on V(r), then necessarily there exists t_n in V(r) between y_n and z_n such that: κ(t_n) ≥ 1 r_n Indeed, if we assume that t_n does not exist, then in each point on Γ between y_n and z_n, we have: 0 < κ(t) <^1_{rn} . But this cannot hold (see figure 4).

Moreover, as (y_n) and (z_n) tend to y, so does (t_n). Therefore passing to the limit as n → ∞ in the following inequality: κ(y_n) ≤^1_{rn} ≤

RR n° 4507

κ(t_n) , we get since κ is C^0 in y:^1_r = κ(y) = κ where r = ‖x − y‖. The circle C, whose center is x and radius r, is the osculator circle to Γ in y. Thus y is a double contact point between Γ and C. Hence x is a contact point of degree 2.

Step 2: Let us assume now that Γ is not C^2 in y.

Case 1: If we suppose there exists r > 0 such that the curvature of Γ is non positive in V(r)\{y} = {B(y, r) ⋂ Γ}\{y}, we get the same contradiction as in the case when Γ is not C^2 around y. Case 2: Let us now examine the other case: for all r > 0, there exists t ∈ V(r)\{y} = {B(y, r) ⋂ Γ}\{y} such that κ(t) > 0. By eventually choosing r smaller, we may assume that V(r) has two connected components V_1(r) and V_2(r). According to hypotheses (H2.3), the curvature of Γ is thus positive on V_1(r) and/or V_2(r). For instance, let us assume that the curvature Γ be positive on V_1(r).

Then, as in the case where there exists r > 0 such that the curvature of Γ is positive on B(y, r) ⋂ Γ, we get: κ(y_n) ≤ 1 r_n And then, by passing to the limit (and remembering that according to hypothesis (H2.3), κ(y) = ∞), we get r = 0, i.e. x ∈ Γ and Γ is not C^2 in x.

In fact, this case is a degenerate case from the preceeding one. ■ With similar arguments to those given in Theorem 2.6, we can prove the following lemma.

Lemma 2.7. Let Γ be a closed curve in R^2 satisfying hypotheses (H2.1)- (H2.6), and S its skeleton. If x ∈ R^2 \S is a contact point of degree 2, then |κ(p(x))| is a local strict maximum for |κ|, and Γ turns its concavity towards x around p(x). Moreover, each strict local maximum of κ is associated at most to one contact point of degree 2.

From Theorem 2.6, we can deduce

Corollary 2.8.

1. The skeleton S of a closed curve Γ in R^2 has a zero Lebesgue’s measure.

2. The closure of the skeleton S̄ of a closed curve Γ in R^2 satisfying hypotheses (H2.1)-(H2.6) has zero Lebesgue’s measure.

Proof:

Part 1: The first part of the corollary is a consequence of the fact that the Euclidean signed distance function is 1-Lipschitz. Indeed, Rademacher’s theorem (see [14]) enables us to assert that u is almost everywhere differentiable. As the skeleton of Γ is embedded in R^2 , S has zero Lebesgue’s measure.

Part 2: Let us now show the second point from the first one. We know that meas(S) = 0, and we want to show that meas(S̄) = 0. From Theorem 2.6, S̄ is embedded in S ⋃ S_1 ⋃ S_2, with:

S_1 = {The set containing the contact points of degree 2 which do not belong to S} S_2 = {The set containing the points of Γ where Γ not C^2}

According to Lemma 2.7 and hypothesis (H2.3), S_1 has at most a finite number of points, so meas(S_1) = 0. And S_2 is embedded in Γ which has zero Lebesgue’s measure. So meas(S_2) = 0. Hence meas(S̄) = 0. ■

RR n° 4507

Remark: In [32] , G.Matheron shows that the skeleton of any curve in R^2 has an empty interior (in the topological sense). But he also gives an example of a curve in R^2 whose skeleton has a closure of positive Lebesgue’s measure. The second point of Corollary 2.8 may thus be considered as optimal. As far as we know, the fact that the closure of the skeleton of any curve in R^2 has zero Lebesgue’s measure remains an open question. We give here a sufficient condition.

2.2 The reinitialization equation

The purpose of this subsection is to study the following Hamilton-Jacobi PDE: ∂u ∂t + sign(u_0(x)) (|Du| − 1) = 0 u(., 0) = u_0(x)

(2.6)

where sign(y) = 1 if y > 0 0 if y = 0 −1 if y < 0

(2.7)

Equation (2.6) is used in image processing for active contours model (see [4, 37, 25, 10, 11, 36, 28, 3]). We will show in particular that the signed distance function is asymptotically solution of the PDE (2.6).

We can remark that in equation (2.6) the Hamiltonian is discontinuous with respect to the x variable. In the case when the Hamitonian is continuous, the viscosity solutions theory gives existence and uniqueness results for such PDEs (see [7, 20, 18, 15, 5, 6]). But works dealing with discontinuous Hamiltonian are just initiated (see [21, 35, 34, 16]). The existing literature gives answer neither to the existence nor to the uniqueness of viscosity solutions for (2.6).

2.2.1 Viscosity solutions: basic facts

The viscosity solutions theory deals with equations defined on an open set Ω embedded in R^N , having the following form:

F (x, u, Du, D^2u) = 0 (2.8)

It is immediate to extend it to evolutions equations: ∂u ∂t + F (x, u, Du, D^2u) = 0 (2.9)

In equations (2.8) and (2.9), notations Du and D^2u stand respectively for the first and second derivatives in the space variable.

The notion of viscosity solutions is a powerful tool to prove existence and uniqueness of continuous solutions for first and second order PDEs. The definition of viscosity solutions is closely related to the maximum principle. For further information on this theory, we refer the reader to [7, 12, 13].

Let f be a locally bounded function. f_∗ and f^∗ will denote respectively the lower semi-continuous envelope (lsc) and the upper semi-continuous envelope (usc) of f.

f_∗(x) = lim inf_{y→x}f(y)

f^∗(x) = lim sup_{y→x}f(y)

Remark : We only recall the definition of viscosity solutions for stationary equations (as (2.8)), but it is immediate to generalize it to evolution equations (as (2.9)).

Definition 2.9. Let F : Ω × R × R^N × S^N → R be defined everywhere and locally bounded.

(i) A function u locally bounded, usc on Ω, is a viscosity subsolution of (2.8) if and only if for all Φ ∈ C^2(Ω) and x_0 ∈ Ω local maximum point of u − Φ then:

F_∗(x_0, u(x_0), DΦ(x_0), D^2Φ(x_0)) ≤ 0 (2.10)

(ii) A function u locally bounded, lsc on Ω, is a viscosity supersolution of (2.8) if and only if for all Φ ∈ C^2(Ω) x_0 ∈ Ω local minimum point of u − Φ then:

F^∗(x_0, u(x_0), DΦ(x_0), D^2Φ(x_0)) ≥ 0 (2.11)

RR n° 4507

(iii) We will call a viscosity solution of (2.8) every continuous function satisfying (2.10) and (2.11).

2.2.2 Existence and uniqueness of a viscosity solution for (2.6)

Throughout this subsection, we will consider a function u_0 uniformly continuous on R^2 . We will note Γ = {x/u_0(x) = 0}. For x ∈ R^2 , we will write ϵ_x = sign(u_0(x)) and d(x, Γ) the distance from x to Γ. The goal of this subsection is to prove that the function u : R^2 × R_+ → R^2 defined by: u(x, t) = { ϵ_x inf_{|y|≤t} (ϵ_xu_0(x + y) + t) if t ≤ t_x ϵ_xd(x, Γ) if t > t_x (2.12)

where t_x = inf{t ∈ R_+ / inf_{|y|≤t} (ϵ_xu_0(x + y)) = 0} = d(x, Γ) (2.13)

is a viscosity solution of (2.6).

Let us write Ω_+ = {x/u_0(x) > 0} the outside (in the strict sense) of Γ, and Ω_− = {x/u_0(x) < 0} the inside (in the strict sense) of Γ (R^2 = Ω_+ ⋃ Ω_− ⋃ Γ).

Proposition 2.10. Let u_0 be a uniformly continuous function on R^2 and set Γ = {x/u_0(x) = 0}. Then u defined by (2.12) is a uniformly continuous function on R^2 × R_+ .

Remark: A consequence of the definition of t_x is that x → t_x is continuous on R^2 .

Proof: Let us prove that u given by (2.12) is uniformly continuous on Ω × [0, T ], ∀ T > 0. To do this, we are going to show that u is uniformly continous on Ω_+ × [0, T ], ∀ T > 0, on Ω_− × [0, T ], ∀ T > 0, and on V × [0, T ], ∀ T > 0 (where V is a neighbourhood in R^2 of {x/u_0(x) = 0}).

(i) First case:

Let us therefore show that u is uniformly continuous on Ω_+ × [0, T ] ,∀ T > 0. We first set T > 0. Let (x, t) and (x̂, t̂) in Ω_+ × [0, T ].

Step 1: Let us first assume that t̂ ≤ t_{x̂} and t ≤ t_x. We note ρ the modulus of continuity of u_0 (defined by ρ(r) = sup(|u_0(x) − u_0(y)|; |x − y| ≤ r). We have: u(x, t) − u(x̂, t̂) = inf_{{|y|≤t}} (u_0(x + y) + t) − inf_{{|y|≤t̂}} ( u_0(x̂ + y) + t̂ ) (2.14) As u_0 is continuous, there exists b̂ ∈ B(x̂, t̂) (where B(z, r) denotes the open ball in R^2 centered in z and of radius r) such that u_0(b̂) = inf_{{|y|≤t̂}} (u_0(x̂ + y))

Since b̂ ∈ B(x̂, t̂), there exists λ ∈ [0, 1] such that |x̂ − b̂| = λt̂. Let a be on C(x, λt) (where C(z, r) denotes the circle in R^2 centered in z and of radius r) such that (x̂ − b̂, x − a) = −|x̂ − b̂||x − a| (where (, ) stands for the Euclidean scalar product). In particular, we have a ∈ B(x, t) (since |λ| ≤ 1). Then (2.14) becomes: u(x, t) − u(x̂, t̂) = inf_{{|y|≤t}} (u_0(x + y) + t) − u_0(b̂) − t̂ ≤ u_0(a) − u_0(b̂) + t − t̂ ≤ ρ(|a − b̂|) + t − t̂ But |a − b̂| = |a − x + x − x̂ + x̂ − b̂| ≤ |a − x + x̂ − b̂| =λ|t−t̂|≤|t−t̂| +|x − x̂|

Since ρ(r + s) ≤ ρ(r) + ρ(s), we deduce that: u(x, t) − u(x̂, t̂) ≤ ρ(|x − x̂|) + |t − t̂| + ρ(|t − t̂|) By the same way we can show that: u(x, t) − u(x̂, t̂) ≥ − ( ρ(|x − x̂|) + |t − t̂| + ρ(|t − t̂|) ) Thus: |u(x, t) − u(x̂, t̂)| ≤ ρ(|x − x̂|) + |t − t̂| + ρ(|t − t̂|) (2.15)

RR n° 4507

Step 2: Let us now assume that t ≥ t̂ ≥ max(t_x, t_{x̂}). We then have: |u(x, t) − u(x̂, t̂)| = |u(x, t_x) − u(x̂, t_{x̂})| = |d(x, Γ) − d(x̂, Γ)| Hence, as the Euclidean distance is 1-Lipschitz: |u(x, t) − u(x̂, t̂)| ≤ |x − x̂| (2.16) Step 3: Let us now assume that t̂ ≥ t_{x̂} and t ≤ t_x. We then have: |u(x, t) − u(x̂, t̂)| = |u(x, t) − u(x̂, t_{x̂})| The difference |u(x, t) − u(x̂, t_{x̂})| can now be estimated as in Step 1. So, using (2.15), we have: |u(x, t) − u(x̂, t_{x̂})| ≤ ρ(|x − x̂|) + |t − t_{x̂}| + ρ(|t − t_{x̂}|) Hence: |u(x, t) − u(x̂, t̂)| ≤ ρ(|x − x̂|) + |t_x − t_{x̂}| + ρ(|t_x − t_{x̂}|) But |t_x − t_{x̂}| = |d(x, Γ) − d((x̂, Γ)| ≤ |x − x̂| and so: |u(x, t) − u(x̂, t̂)| ≤ 2ρ(|x − x̂|) + |x − x̂|) (2.17) From Steps 1 to 3, we deduce the uniform continuity of u on Ω_+ × [0, T ] since as u_0 uniformly continuous, we have ρ(|t − t̂|) → 0 as t → t̂, and ρ(|x − x̂|) → 0 as x → x̂. (ii) Second case:

We can show with an identical proof that u is also uniformly continuous on Ω_− × [0, T ], ∀T > 0. (iii) Third case:

Let us show now that u is uniformly continuous in any neighbourhood V in R^2 of {x/u_0(x) = 0}). In fact, thanks to the first two cases, we only have to show that u is continuous on {x/u_0(x) = 0}.

Let us choose T > 0. Let ϵ > 0. Since u_0 is uniformly continuous, for all ϵ > 0, there exists δ > 0 such that: (0 ≤ r ≤ δ) ⇒ (ρ(r) ≤^ϵ_3 ). Moreover, there exists η > 0 such that: (d(x, Γ) ≤ η) ⇒ (|u_0(x)| ≤^ϵ_3 ) Let x ∈ R^2 such that d(x, Γ) ≤ min ( δ, η,^ϵ_3 ) . Recall that t_x = d(x, Γ).

Two cases can occur:

Step 1: If t ≤ t_x, then: |u(x, t)| = | inf_{{|y|≤t}} (u_0(x + y) + t) | ≤ inf_{{|y|≤t}} |u_0(x + y)| + t and since t_x = d(x, Γ) and t ≤ t_x, we have: |u(x, t)| ≤ |u_0(x)| + ρ(t) + t ≤ |u_0(x)| + ρ(t_x) + t_x ≤ ϵ 3 + ϵ 3 + ϵ 3 ≤ ϵ Step 2: If t > t_x, then: |u(x, t)| = d(x, Γ) ≤ ϵ 3 ≤ ϵ Thus, u(x, t) is continuous on {x/u_0(x) = 0} × [0, T ].

From the three cases, we conclude that u is uniformly continuous on R^2 × R_+ . ■ We can now give the main result of this section.

Theorem 2.11. Let u be defined by (2.12). Then u is the unique viscosity solution of (2.6) uniformly continuous on R^2 × [0, T ], ∀ T>0, and vanishing on Γ, ∀t ∈ [0, T ].

Proof: We split the proof in two parts

RR n° 4507

Part1: Existence of a solution.

Let us first prove that u defined by (2.12) is a viscosity subsolution of (2.6). From Proposition 2.10, we already know that u is uniformly continuous on R^2 × R_+ . Let us set (x_0, t_0) ∈ R^2 × R_+ , and let Φ of class C^2 such that u − Φ has a local maximum in (x_0, t_0).

(i) Step 1: Let us first assume u_0(x_0) ≠ 0. For instance, we will assume u_0(x_0) > 0.

If t_0 > t_{x0} : We have u(x_0, t_0) = d(x_0, Γ) and^{∂u}_{∂t} (x_0, t_0) = 0. Let us show that F (x_0, DΦ(x_0, t_0)) ≤ 0, i.e. −1 + |DΦ(x_0)| ≤ 0. For the sake of clarity, we will not write the t-dependency which plays no role here.

For x small enough, we have (if h ∈ [0, d(x, Γ]):

h + u(x_0 + x) − Φ(x_0 + x) ≤ u(x_0) − Φ(x_0) + h ⇔ u(x_0 + x) + h ≤ u(x_0) − Φ(x_0) + Φ(x_0 + x) + h ⇒ inf_{|x|=h} (u(x_0 + x) + h)

= u(x_0) thanks to Proposition 2.5 (u(x_0) = d(x_0, Γ))

≤ u(x_0)−Φ(x_0)+ inf_{|x|=h} (Φ(x_0 + x) + h)

Hence inf_{|x|=h} (Φ(x_0 + x) − Φ(x_0)) ≥ −h But we have Φ(x_0 + x) − Φ(x_0) = (DΦ(x_0), x) + 0(h^2) Thus

inf_{|x|=h} (Φ(x_0 + x) − Φ(x_0)) = inf_{|x|=h} (−|x||Dϕ(x_0)|) + 0(h^2) = −h|Dϕ(x_0)| + 0(h^2) And |Dϕ(x_0)| ≤ 1 + 0(h) We deduce from this that u is a viscosity subsolution of (2.6) in (x_0, t_0).

Remarks :

1. If u_0(x_0) < 0, it sufffices to repeat the same proof as above by starting with the inequality:

−h + u(x_0 + y) − Φ(x_0 + y) ≤ u(x_0) − Φ(x_0) − h 2. We can also notice that in fact we have shown the signed distance function is a viscosity solution of the stationnary equation: sign(u_0) (|Du| − 1) = 0.

If t_0 ≤ t_{x0} : For h and y small enough (h > 0), we have : h + u(x_0 + y, t_0 − h) − Φ(x_0 + y, t_0 − h) ≤ u(x_0, t_0) − Φ(x_0, t_0) + h which implies inf_{|y|≤h} (u(x_0 + y, t_0 − h) + h) ≤ inf_{|y|≤h} (Φ(x_0 + y, t_0 − h)) − Φ(x_0, t_0) + h + u(x_0, t_0) But inf_{|y|≤h} (u(x_0 + y, t_0 − h) + h) = inf_{|y|≤h} ( inf |z|≤t_0−h (u_0(x_0 + y + z) + t_0) )

= inf_{|w|≤t0} (u_0(x_0 + w) + t_0)

=u(x_0,t_0) thanks to ( 2.12)

Hence Φ(x_0, t_0) ≤ h + inf_{|y|≤h} (Φ(x_0 + y, t_0 − h)) And thus Φ(x_0, t_0)−Φ(x_0, t_0−h) ≤ inf_{|y|≤h} (Φ(x_0 + y, t_0 − h) − Φ(x_0, t_0 − h))+h But Φ(x_0, t_0) − Φ(x_0, t_0 − h) = h ∂Φ ∂t (x_0, t_0) + 0(h^2) and Φ(x_0 + y, t_0 − h) − Φ(x_0, t_0 − h) = (DΦ(x_0, t_0 − h), y) + 0(h^2)

RR n° 4507

thus inf_{|y|≤h} (Φ(x_0 + y, t_0 − h) − Φ(x_0, t_0 − h)) = inf_{|y|≤h} (−|y||DΦ(x_0, t_0 − h)|) + 0(h^2) = −h|DΦ(x_0, t_0 − h)| + 0(h^2) from which we deduce ∂Φ ∂t (x_0, t_0) ≤ −|DΦ(x_0, t_0 − h)| + 0(h) + 1 But DΦ(x_0, t_0 − h) = DΦ(x_0, t_0) + 0(h) Thus we obtain ∂Φ ∂t (x_0, t_0) + (|DΦ(x_0, t_0 − h)| − 1)

=F (x_0,DΦ(x_0,t_0)) ≤ 0

i.e. u is a vicosity subsolution of (2.6) in (x_0, t_0).

Remark : If u_0(x_0) < 0, it suffices to start from:

−h + u(x_0 + y, t_0 − h) − Φ(x_0 + y, t_0 − h) ≤ u(x_0, t_0) − Φ(x_0, t_0) − h It can be shown by a similar proof that u is a viscosity supersolution of (2.6) in (x_0, t_0). So we have shown that u is a viscosity solution of (2.6) in the case u_0(x_0) ≠ 0 (since thanks to Proposition 2.10, u is also continuous).

(ii) Step 2: Let us now assume u_0(x_0) = 0 We have

F_∗(x_0, DΦ(x_0, t_0)) = min (0, |DΦ(x_0, t_0)| − 1, 1 − |DΦ(x_0, t_0)|) and F^∗(x_0, DΦ(x_0, t_0)) = max (0, |DΦ(x_0, t_0)| − 1, 1 − |DΦ(x_0, t_0)|) Thus

F_∗(x_0, DΦ(x_0, t_0)) ≤ 0 and F^∗(x_0, DΦ(x_0, t_0)) ≥ 0 and so u is still a viscosity solution of (2.6) in this case.

Part 2: Uniqueness of the solution.

Let us recall that:

u_0(x) = 0 if x ∈ Γ u_0(x) ≥ 0 if x ∈ Ω_+ u_0(x) ≤ 0 if x ∈ Ω_−

(2.18)

Let us consider the two following problems: ∂u ∂t + |Du| − 1 = 0 u(., 0) = u_0⌊_{Ω+} u(x, t) = 0 si x ∈ Γ

(2.19) ∂u ∂t − (|Du| − 1) = 0 u(., 0) = u_0⌊_{Ω−} u(x, t) = 0 si x ∈ Γ

(2.20)

Let us recall that u_0 is assumed to be uniformly continuous.

From classical results on viscosity solutions (see Theorem 1 in [20]), (2.19) (resp. (2.20)) has at most one viscosity solution uniformly continuous on Ω_+ × [0, T ], ∀ T>0 (resp. on Ω_− × [0, T ], ∀ T>0). By reconsidering the arguments given for the existence, it can be shown that the solution of (2.19) (resp. of (2.20)) is the restriction of the function (2.12) to Ω_+ × R_+ (resp. to Ω_− × R_+ ). And since a viscosity solution of (2.6) has to be continuous, the only possible solution is the function (2.12). The proof of Theorem 2.11 is thus complete.

■ Remark on Theorem 2.11 : Equation (2.6) is used to reinitialize a function as the signed distance function to a closed curve in R^2 . This reinitialization is only performed in a narrow band in which Γ is embedded (see [25, 4]). But according to the form of the solution of (2.6), the first reinitialized values of u are the closest ones to Γ. This explain why this reinitialization method is

RR n° 4507

so fast. Moreover, an immediate consequence of the definition of t_x is that u(x, t_x) = ϵ_xt_x. Thus, if we choose the bandwidth around Γ on which we want a signed distance function, we know how many iterations equation (2.6) are necessary.

Commentary: We comment here the introduction of t_x in the definition of (2.12). It could appear arbitrary. Let us consider the function v : R^2 ×R_+ → R defined by v(x, t) = ϵ_x inf_{|y|≤t} (ϵ_xu_0(x + y) + t) (2.21)

We recall that ϵ_x = sign(u_0(x)). By reconsidering the arguments of the existence part of Theorem 2.11, we see that v is a viscosity solution of (2.6) on Ω_+ × R_+ and on Ω_− × R_+ . But v is not necessarily a continuous function on R × R_+ , and thus is not a viscosity solution of (2.6) on R × R_+ . The following 1-D example illustrates this remark.

Let Ω = (−1, 1), and let us take as initial condition:

u_0(x) = 2 (|x| − 1)

In this case, it is easy to compute both functions u and v given by (2.12) and (2.21). We get:

u(x, t) = 2 (|x| − 1) + t if |x| ≤ 1 and t ≤ 1 − |x| = t_x |x| − 1 if |x| ≤ 1 and t ≥ 1 − |x| = t_x 2 (|x| − 1) − t if |x| ≥ 1 and t ≤ |x| − 1 = t_x |x| − 1 if |x| ≥ 1 and t ≥ |x| − 1 = t_x (2.22)

v(x, t) = 2 (|x| − 1) + t if |x| ≤ 1 2 (|x| − 1) − t if |x| ≥ 1 and t ≤ |x| t − 2 if |x| ≥ 1 and t ≥ |x| (2.23)

u is continuous on R × R^+ , but this is not the case for v: we just have to consider v(1 + ϵ, t) and v(1 − ϵ, t) for t large enough to convince ourselves. ■

Remark: Let us consider the following PDE: ∂u ∂t + sign(u) (|Du| − 1) = 0 u(., 0) = u_0

(2.24)

This PDE is very close to (2.6), but the discontinuity of the Hamiltonian H(r, p) = sign(r) (|p| − 1) is with respect to r.

u defined by (2.12) is still a uniformly continuous viscosity solution of (2.24) (it suffices to remark that for all x ∈ R^2 , we have for all t ∈ R_+ : sign(u(x, t)) = sign(u_0(x)); and the arguments are then the same as the one in the proof of Proposition 2.11 (Part 1)).

But as far as we know, the uniqueness of a solution of (2.24) remains an open problem.

3. A more general equation

In this section, we want to extend some results of the previous section to more general discontinuous Hamiltonian. Let us consider the first order Hamilton- Jacobi equation: ∂u ∂t + sign(u_0(x))H(Du) = 0 u(., 0) = u_0(x)

(3.1)

In the sequel we will always make the following hypotheses (for the reader’s convenience, we recall all the hypotheses which we use in this section at the end of the paper):

(H 3.1) u_0 is uniformly continuous on R^2 .

(H 3.2) H is a convex function on R^2 .

(H 3.3) lim_{|p|→+∞} H(p) |p| = +∞.

RR n° 4507

(H 3.4) H(0) < 0 and {p/H(p) = 0} is non-void and symmetric with respect to 0 (i.e. {H(p) = 0} ⇒ {H(−p) = 0}).

We will note Ω_+ (resp. Ω_−) the open set {x/u_0(x) > 0} (resp. {x/u_0(x) < 0}), and Γ the common boundary to Ω_+ and Ω_−, i.e. Γ = {x/u_0(x) = 0}.

We consider the function:

u(x, t) = u_0(x) if x ∈ Γ inf_{z∈R}2 [u_0(x − tz) + tH^∗(z)] if x ∈ Ω_+ and t ≤ t_x d_L(x, Γ) if x ∈ Ω_+ and t > t_x sup_{z∈R}2 [u_0(x + tz) − tH^∗(z)] if x ∈ Ω_− and t ≤ t_x −d_L(x, Γ) if x ∈ Ω_− and t > t_x

(3.2)

where t_x is defined by:

t_x = { inf{t ∈ R_+ / inf_{z∈R}2 [u_0(x − tz) + tH^∗(z)] = d_L(x, Γ)} if x ∈ Ω_+ inf{t ∈ R_+ / sup_{z∈R}2 [u_0(x + tz) − tH^∗(z)] = −d_L(x, Γ)} if x ∈ Ω_− (3.3) Our goal is to prove that with some additional (and technical) hypotheses the function u(x, t) defined by (3.2) is the unique viscosity solution of (3.1) vanishing on Γ.

d_L is the distance associated to the Hamiltonian H and will be defined in subsection 3.1.2. We recall that H^∗ stands for the Legendre-Fenchel transform of H:

H^∗(z) = sup_{p∈RN} ((p, z) − H(p))

Remarks:

1. Most of the results of Section 3 are still valid when (H 3.3) is replaced by lim_{|p|→+∞} H(p) = +∞.

2. We draw reader’s attention to the asymptotic behaviour of the solution u(x, t) as t → +∞. This type of result, to the best of our knowledge, seems new for discontinuous Hamiltonian.

3. t_x is such that u(x, t_x) = d_L(x, Γ) if x ∈ Ω_+ and u(x, t_x) = −d_L(x, Γ) if x ∈ Ω_−, and x → d_L(x, Γ) is the viscosity solution of the stationary equation H(Du) = 0 (see corollary 3.5).

3.1 Technical preliminaries

3.1.1 Convex analysis tools We will use some classical tools from convex analysis.

1. H^∗ is always convex, and H^∗(0) = − inf H(p)

2. As we assume that lim_{|p|→+∞} H(p) |p| = +∞, we also have (see [14]):

lim |p|→+∞ H^∗(p) |p| = +∞ (3.4)

3. If F_i is a family of functions from R^N into (−∞, ∞), we have (see [29]): ( inf_i F_i )_∗ = sup_i F^∗_i (3.5) ∀λ > 0 , (λF )^∗ = λF^∗ ( u λ ) (3.6)

4. If H is convex, we have ∀x ∈ R^2 , ∀t ≥ inf_R2 H: sup {p/H(p)=t} (x, p) = inf_{{λ>0}} ( tλ + λH^∗ (x λ )) (3.7)

This last formula comes from [24].

3.1.2 Distance associated to the Hamiltonian H

Definition 3.1. For H satisfying hypotheses (H 3.2) and (H 3.4), we define: L(x) = max_{{p/H(p)=0}}(x, p)

RR n° 4507

where (.,.) denotes the Euclidean product in R^2 . L is a norm on R^2 . The associated distance to this norm is given by: d_L(x, y) = L(x − y) We will note d_L(x, Γ) = inf_{y∈Γ}L(x − y)

L is called norm associated to the Hamiltonian H and d_L a L-distance (to distinguish it from the Euclidean distance).

L verifies the following proposition:

Proposition 3.2. If Γ is a closed curve in R^2 , then:

(i) u is the L-distance function to Γ if and only if u(x) ≥ 0 ∀x ∈ R^2 u(x) = 0 if x ∈ Γ u(x) = inf_{{L(y)=h}} (u(x + y) + h) ∀h ∈ [0, d_L(x, Γ)]

(ii) u is the opposite of the L-distance function to Γ if and only if u(x) ≤ 0 ∀x ∈ R^2 u(x) = 0 if x ∈ Γ u(x) = sup_{{L(y)=h}} (u(x + y) − h) = − inf_{{L(y)=h}} (−u(x + y) + h) ∀h ∈ [0, d_L(x, Γ)]

(iii) u is the signed L-distance function to Γ if and only if

u(x) = 0 if x ∈ Γ u(x) ≥ 0 if x lies in the exterior of Γ u(x) ≤ 0 if x lies in the interior of Γ u(x) = ϵ_x inf_{{L(y)=h}} (ϵ_xu(x + y) + h) ∀h ∈ [0, d_L(x, Γ)] (3.8)

where ϵ_x = { 1 if x lies outside Γ −1 if x lies inside Γ

Proof: As L is a norm, the proof is the same as the one given for Proposition 2.5. ■ 3.1.3 Some more tools We will also need the following lemma:

Lemma 3.3. Let x ∈ R^2 , h ≥ 0 and t ≥ 0. The following formula holds: inf_z [u_0 (x − (t + h)z) + (t + h)H^∗(z)] = inf_ξ inf_y [u_0 (x − hξ − ty) + tH^∗(y) + hH^∗(ξ)]

Proof: Let us write:

A = inf_z [u_0 (x − (t + h)z) + (t + h)H^∗(z)] B = inf_ξ inf_y [u_0 (x − hξ − ty) + tH^∗(y) + hH^∗(ξ)]

It is clear that B ≤ A. Let us show the reverse inequality: Let ξ and y in R^2 , and h and t > 0 (the case when h or t = 0 is obvious). Let z =^{hξ+ty}_{h+t} . We have:

u_0 (x − (t + h)z) + (t + h)H^∗(z) = u_0 (x − hξ − ty) + (t + h)H^∗ ( hξ h + t + ty h + t )

We then use the fact that H^∗ is convex: (t + h)H^∗ ( hξ + ty h + t ) ≤ hH^∗(ξ) + tH^∗(y) We deduce:

u_0 (x − (t + h)z) + (t + h)H^∗(z) ≤ u_0 (x − hξ − ty) + hH^∗(ξ) + tH^∗(y)

RR n° 4507

which implies (by taking the infimum in z in the left-hand-side and the maximum in y and ξ in the right-hand-side) A ≤ B ■ 3.2 Viscosity inequalities and uniqueness for equation (3.1)

In order to show that u(x, t) given by (3.2) is a right solution of (3.1), we have examine four points:

(i) u(x, t) verifies the viscosity inequalities (2.10) and (2.11).

(ii) u(x, t) is the unique solution of (3.1) vanishing on Γ.

(iii) The existence and continuity of t_x.

(iv) u(x, t) is uniformly continuous.

We will begin by proving the two first points in this subsection. We will need to make further assumptions on u_0 to get the two last points.

3.2.1 Viscosity inequalities

Proposition 3.4. Let us assume hypotheses (H 3.1)-(H 3.4) hold. If x → t_x and (x, t) → u(x, t) given by (3.2) are continuous respectively on R^2 \Γ and R^2 × R_+ , then u is a viscosity solution of (3.1) vanishing on Γ.

Proof: The proof is not very different from the case when the Hamiltonian H is continuous (see [5, 15, 6]). But our proof appears more direct and natural to us than those existing in the literature which are often based on optimal control theory.

To show that u is a viscosity solution of (3.1), it suffices to show that u is both a super and subsolution (in the viscosity sense). We only show that u is a subsolution (proving that u is also a supersolution is similar). So let (x_0, t_0) ∈ R^2 × R^+ , and Φ smooth such that (x_0, t_0) is a local maximum of (u − Φ)(x, t).

(i) First case: We first assume that x_0 ∈ Ω_+ (the case (x_0 ∈ Ω_−) is identical).

Step 1: if t_0 ≤ t_{x0} , then:

For ϵ < 1 small enough, if h ≤ ϵ^2 and |y| ≤^1_ϵ (with h > 0), we have :

u(x_0 − hy, t_0 − h) − Φ(x_0 − hy, t_0 − h) ≤ u(x_0, t_0) − Φ(x_0, t_0) (3.9) We add hH^∗(y) to the two members of the inequality (3.9), then: u(x_0 − hy, t_0 − h) + hH^∗(y) ≤ u(x_0, t_0) + [Φ(x_0 − hy, t_0 − h) − Φ(x_0, t_0) + hH^∗(y)] (3.10) This implies inf_{|y|≤ 1} ϵ (u(x_0 − hy, t_0 − h) + hH^∗(y)) ≤ inf_{|y|≤ 1} ϵ (Φ(x_0 − hy, t_0 − h) − Φ(x_0, t_0) + hH^∗(y)) + u(x_0, t_0) (3.11) which implies:

inf_{y∈R2} (u(x_0 − hy, t_0 − h) + hH^∗(y)) ≤ inf_{|y|≤ 1} ϵ (Φ(x_0 − hy, t_0 − h) − Φ(x_0, t_0) + hH^∗(y)) + u(x_0, t_0) (3.12) But from (3.2), we have (since t_{x0} − h < t_{x0−hy} for h small enough as x → t_x is continuous on Ω_+):

inf_{y∈R2} (u(x_0 − hy, t_0 − h) + hH^∗(y)) = inf_{y∈R2} ( inf_{z∈R2} (u_0(x_0 − hy − (t_0 − h)z) + hH^∗(y) + (t_0 − h)H^∗(z)) )

So, thanks to Lemma 3.3:

inf_{y∈R2} (u(x_0 − hy, t_0 − h) + hH^∗(y)) = inf_{w∈R2} (u_0(x_0 − t_0w) + t_0H^∗(w))

=u(x_0,t_0)

(3.13)

RR n° 4507

Hence, using (3.12): Φ(x_0, t_0) ≤ inf_{|y|≤ 1} ϵ (Φ(x_0 − hy, t_0 − h) + hH^∗(y))

And thus Φ(x_0, t_0)−Φ(x_0, t_0−h) ≤ inf_{|y|≤ 1} ϵ (Φ(x_0 − hy, t_0 − h) − Φ(x_0, t_0 − h) + hH^∗(y)) (3.14) But Φ(x_0, t_0) − Φ(x_0, t_0 − h) = h ∂Φ ∂t (x_0, τ(h)) (3.15) where τ(h) ∈ [t_0 − h, t_0]. And (remember that DΦ stands for the derivative in the space variable):

Φ(x_0 − hy, t_0 − h) − Φ(x_0, t_0 − h) = −h(DΦ(ξ(h, y), t_0 − h), y) (3.16) where ξ(h, y) = λ(x_0 − hy) + (1 − λ)x_0 (with λ ∈ [0, 1]). thus h ∂Φ ∂t (x_0, τ(h)) ≤ inf_{|y|≤ 1} ϵ (−h(DΦ(ξ(h, y), t_0 − h), y) + hH^∗(y)) (3.17)

hence ∂Φ ∂t (x_0, τ(h)) ≤ inf_{|y|≤ 1} ϵ (−(DΦ(ξ(h, y), t_0 − h), y) + H^∗(y)) (3.18)

If ϵ → 0, then (since h ≤ ϵ^2 and |y| ≤^1_ϵ ): τ(h) → t_0 and ξ(h, y) → x_0 Thus ∂Φ ∂t (x_0, t_0) ≤ inf_{y∈R2} (−(DΦ(x_0, t_0), y) + H^∗(y)) (3.19)

But inf_y (−(DΦ(x_0, t_0), y) + H^∗(y)) = − sup_y ((DΦ(x_0, t_0), y) − H^∗(y)) = −H^{∗∗}(DΦ(x_0, t_0)) = −H(DΦ(x_0, t_0)) Hence ∂Φ ∂t (x_0, t_0) ≤ −H(DΦ(x_0, t_0)) (3.20) and u is a viscosity subsolution of (3.1).

Step 2: if t_0 > t_{x0} , then:

We have^{∂u}_{∂t} (x_0, t_0) = 0 (u is then differentiable with respect to the variable t), and thus^{∂Φ}_{∂t} (x_0, t_0) = 0. We therefore want to show that H (DΦ(x_0, t_0)) ≤ 0 To make the proof clearer, we will not write the t-dependency which here is unsignificant.

For x small enough, we have:

h + u(x_0 + x) − Φ(x_0 + x) ≤ u(x_0) − Φ(x_0) + h ⇔ u(x_0 + x) + h ≤ u(x_0) − Φ(x_0) + Φ(x_0 + x) + h ⇒ inf_{L(x)=h} (u(x_0 + x) + h)

= u(x_0) from Proposition 3.2 (u(x_0) = d_L(x_0, Γ))

≤ u(x_0)−Φ(x_0)+ inf_{L(x)=h} (Φ(x_0 + x) + h)

Hence inf_{L(x)=h} (Φ(x_0 + x) − Φ(x_0)) ≥ −h But Φ(x_0 + x) − Φ(x_0) = (DΦ(x_0), x) + o(h)

RR n° 4507

So inf_{L(x)=h} (DΦ(x_0), x) ≥ −h + o(h) (3.21) Remember that:

L(x) = L(x, 0) = sup_{{H(p)=0}}(x, p)

(3.21) can then be written as: sup L(x)=h (DΦ(x_0), x) ≤ h + o(h) (3.22)

We then use (3.7) with t = 0 to compute L:

L(x) = sup_{{H(p)=0}}(x, p) = inf_{{λ>0}} ( λH^∗ ( x λ ))

And by using (3.6), we get: L(x) = inf_{{λ>0}} ((λH)^∗(x))

But, from (3.7) with t = h sup {L(x)=h} (x, v) = inf_{{λ>0}} ( hλ + λL^∗ ( v λ ))

and the expression of L^∗ is: L^∗ ( v λ ) = ( inf_{{μ>0}} ( (μH)^∗ ( v λ )))∗

By using ( 3.5), we have: L^∗ ( v λ ) = sup_{{μ>0}} ( (μH)^∗ ( v λ ))_∗ = sup_{{μ>0}} ( (μH)^{∗∗} ( v λ ))

But H^{∗∗} = H, thus: L^∗ ( v λ ) = sup_{{μ>0}} ( μH ( v λ ))

Hence: sup {L(x)=h} (x, v) = inf_{{λ>0}} ( hλ + λ ( sup_{{μ>0}} μH ( v λ ))) (3.23)

Let us set:

G_h(v) = sup_{{L(x)=h}}(x, v) (3.24)

From (3.23), we have:

G_h (DΦ(x_0)) ≤ h + o(h) (3.25) We remark that if H (_v λ ) > 0 , then sup_{{μ>0}} μH (_v λ ) = +∞ So (3.23) can be written as:

G_h(v) = inf {λ>0/H(^v_λ )≤0} ( hλ + λ ( sup_{{μ>0}} μH ( v λ ) )) (3.26)

But, if H (_v λ ) ≤ 0 , we have sup_{{μ>0}} μH (_v λ ) = 0 (it suffices to take μ > 0 arbitrarily close to 0). So if λ > 0 , we have λh+λ sup_{{μ>0}} μH (_v λ ) = λh Thus (3.26) implies that: G_h(v) = inf {λ>0/H(^v_λ )≤0} (λh) (3.27)

And as h > 0 , we therefore have: G_h(v) = h inf {λ>0/H(^v_λ )≤0} (λ) (3.28)

And putting it back into (3.25), we then get (as h > 0): inf {λ ∈ R^∗_+ /H ( DΦ(x_0) λ ) ≤ 0} ≤ 1 + o(1) (3.29)

Since H is assumed to be convex and as H(0) < 0, we deduce that: H (DΦ(x_0)) ≤ 0 (3.30) which means that u is a viscosity subsolution in the case α(x_0) > 0

RR n° 4507

(ii) Second case: If x_0 ∈ Ω_− , we have the same result (the computations are analogous).

(iii) Third case: If x_0 ∈ Γ. We then use the definition of viscosity subsolution for a discontinuous Hamiltonian. We want to check that: ∂Φ ∂t (x_0, t_0) + F_∗ (x_0, DΦ(x_0, t_0)) ≤ 0

where F (x, Du) = sign(u_0(x))H(Du) But in this case, we have ∀t ≥ 0: u(x_0, t) = 0 and thus ∂u ∂t (x_0, t) = 0 It therefore suffices to check that:

F_∗ (x_0, DΦ(x_0, t_0)) ≤ 0 (3.31) But F_∗ (x_0, DΦ(x_0, t_0)) = min (0, H(DΦ(x_0, t_0)), −H(DΦ(x_0, t_0))) Hence (3.31) holds. ■ Remark: In fact, while proving Proposition 3.4, we showed in addition the following result:

Corollary 3.5. Let us assume (H 3.3)-(H 3.4) hold. Then u : x → d_L(x, Γ) is a viscosity solution in Ω_+ = {x/u_0(x) > 0} of the stationnary equation H(Du) = 0.

3.2.2 Uniqueness

We deal here with the uniqueness of a solution of (3.1).

Proposition 3.6. Let us assume hypotheses (H 3.1)-(H 3.4) hold. Then (3.1) has at most one viscosity solution which is uniformly continuous on R^2 ×[0, T ], ∀ T>0 and which vanishes on Γ.

Proof: It is the same as the one for the uniqueness in Theorem 2.11. It relies on a theorem by Ishii (see [18]). ■ 3.3 Existence of t_x and continuity of u(x, t)

In order to completely show that u(x, t) given by (3.2) is a viscosity solution of (3.1), it remains to prove that u(x, t) is continuous. It is the most difficult point (due to the discontinuity of the Hamiltonian of (3.1)).

3.3.1 Further hypotheses

As we mentioned earlier, we need to make further assumptions on u_0 to go on. In the sequel, we will always make one of the two following hypotheses.

(H 3.5) { |u_0(x)| ≤ d_L(x, Γ) ∀x ∈ R^2 u_0 is bounded on R^2 .

(H 3.6) |u_0(x)| ≥ d_L(x, Γ) ∀x ∈ R^2 We refer the reader to subsection 3.3.4 to see what can happen when (H 3.5) or (H 3.6) is not verified.

Remark: Note that these two hypotheses cannot hold simultaneously. And we will have to distinguish these two cases in the following proofs.

RR n° 4507

We define v : R^2 × R_+ → R by:

v(x, t) = u_0(x) if x ∈ Γ inf_{z∈R}2 [u_0(x − tz) + tH^∗(z)] if x ∈ Ω_+ sup_{z∈R}2 [u_0(x − tz) − tH^∗(z)] if x ∈ Ω_−

(3.32)

and f : R^2 × R_+ → R by: f(x, t) = v(x, t) − ϵ_xd_L(x, Γ) (3.33) where ϵ_x = { 1 if x ∈ Ω_+ −1 if x ∈ Ω_−

v(x, t) coincides with u(x, t) when t ≤ t_x. We study t_x through the zeros of f. For the moment the time t_x defined by (3.3) is such that v(x, t_x) = ϵ_xd_L(x, Γ), i.e. f(x, t_x) = 0. We can remark that hypothesis (H 3.5) (resp. (H 3.6)) implies f(x, t) ≤ 0 for all t ∈ [0, t_x] (resp. f(x, t) ≥ 0) since f(x, 0) = u_0(x) − d_L(x, Γ) ≤ 0 (resp. f(x, 0) ≥ 0). We will have to assume more about the nature of this zero. Depending on the fact that (H 3.5) or (H 3.6) hold, we will use one of the two following hypotheses:

(H 3.7) For all x ∈ R^2 \Γ, there exists β_x > 0 such that: { f(x, t) ≤ 0 ∀t ∈ [0, t_x] f(x, t) > 0 ∀t ∈]t_x, t_x + β_x] (H 3.8) For all x ∈ R^2 \Γ, there exists β_x > 0 such that: { f(x, t) ≥ 0 ∀t ∈ [0, t_x] f(x, t) < 0 ∀t ∈]t_x, t_x + β_x] We will also use the following assumptions:

(H 3.9) u_0 is C^1 on R^2 .

(H 3.10) inf_{x∈R2} (H^∗(x) − |x||∇u_0|_∞) > 0 where |∇u_0|_∞ = sup_{x∈R}2 |∇u_0(x)|.

Remark that when H is radial, (H 3.10) is equivalent to: H(|∇u_0|_∞) < ∞ (H 3.11) H^∗ is radial and H^{∗′′} (x) > 0, ∀x ∈ R.

These two last hypotheses are not empty. For instance, let us consider the Hamiltonian H(t) = t^2 − 1. It verifies (H 3.11). And if u_0 is such that |∇u_0|_∞ < 1, H and u_0 verify (H 3.10).

Beside hypotheses (H 3.1)-(H 3.4), we will now assume (H 3.5) or (H 3.6).

3.3.2 Continuity of u(x, t) under hypothesis (H 3.5) We first verify that t_x given by (3.3) exists.

Lemma 3.7. Let us assume hypotheses (H 3.1)-(H 3.5) hold. Then for all x in R^2 , t_x exists and is finite. Moreover, t_x ≤ d_L(x, Γ) + sup_{x∈R}2 |u_0(x)| −H(0) (3.34)

Proof: As u_0 is assumed bounded, there exists M > 0 such that ∀x ∈ R^2 , |u_0(x)| ≤ M. Moreover, since v (defined by (3.32)) is uniformly continuous on Ω_+ and Ω_− (see [6]), f (defined by (3.33)) is also uniformly continuous on Ω_+ and Ω_−.

Let us set x ∈ Ω_+ (the case x ∈ Ω_− is similar). From (H 3.5), we have u(x, 0) = u_0(x) ≤ d_L(x, Γ), i.e. f(x, 0) ≤ 0. On the other hand, we have: v(x, t) = inf_z (u_0(x − tz) + tH^∗(z)) ≥ −M + t inf_z H^∗(z) (3.35) Since H(0) < 0, we have for all z ∈ R^2 : H^∗(z) ≥ −H(0) > 0 (3.36)

RR n° 4507

Thus lim_{t→∞} v(x, t) = +∞ And then: lim_{t→∞} f(x, t) = +∞ And we conclude thanks to the mean value theorem that t_x exists and is finite (remember that by definition f(x, t_x) = 0). (3.34) is an immediate consequence of (3.35) and (3.36). ■ The following lemma gives the behaviour of u(x, t) close to Γ.

Lemma 3.8. Let us assume that hypotheses (H 3.1)-(H 3.5) hold.

• If x ∈ Ω_+, then for all t ≥ 0 we have: 0 ≤ u(x, t) ≤ d_L(x, Γ) (3.37) • If x ∈ Ω_−, then for all t ≥ 0 we have: −d_L(x, Γ) ≤ u(x, t) ≤ 0 (3.38) In particular, we have for all t ≥ 0: lim_{x→Γ} u(x, t) = 0 (3.39) which means that u(x, t) is continuous on Γ × R_+ .

Proof: We only show the first point of the lemma. Let x ∈ Ω_+, since u(x, 0) = u_0(x) ≤ d_L(x, Γ), we have thanks to (3.3) and (H 3.5), f(x, t) ≤ 0 if t ≤ t_x, and thanks to (3.2), u(x, t) = d_L(x, Γ) if t ≥ t_x. Therefore, for all t ≥ 0: u(x, t) ≤ d_L(x, Γ) (3.40)

On the other hand (we recall that thanks to (3.7) we have ∀t > 0 and ∀y ∈ R tH^∗ (_y t ) ≥ L(y)), thus for all t ≤ t_x

u(x, t) = inf_y ( u_0(x − y) + tH^∗ (y t ))

≥ inf ( inf y/u_0(x−y)≥0 ( u_0(x − y) ≥0 + tH^∗ (y t ) ≥L(y) ) , inf y/u_0(x−y)<0 ( u_0(x − y) ≥−d_L(x−y,Γ) + tH^∗ (y t ) ≥L(y) ) )

≥ inf ( inf y/u_0(x−y)≥0 L(y), inf y/u_0(x−y)<0 (−d_L(x − y, Γ) + L(y)) )

≥ inf ( 0, inf y/u_0(x−y)<0 (−d_L(x − y, Γ) + L(y)) )

But if u_0(x − y) < 0, then there exists z on the segment [x, x − y] such that u_0(z) = 0. z is given by: z = (1 − λ)x + λ(x − y) = x − λy for some λ ∈ [0, 1]. Since d_L(x − y, Γ) stands for the L distance from x − y to Γ, and since z ∈ Γ, we have:

d_L(x − y, Γ) ≤ L(x − y − z) = (1 − λ)L(y) (3.41)

Thus, we get:

u(x, t) ≥ 0 (3.42)

Hence the lemma. ■ The main difficulty to show that u(x, t) defined by (3.2) is continuous is to prove that x → t_x is continuous on R^2 \Γ. We will need hypothesis (H 3.7) to go further.

Lemma 3.9. Let us assume that hypotheses (H 3.1)-(H 3.5) hold. If hypothesis (H 3.7) holds too, then the function x → t_x is continuous on R^2 \Γ.

Proof: Let x ∈ R^2 \Γ. Let (x_n) be a sequence of points in R^2 such that x_n → x when n → ∞. We want to show that t_{xn} → t_x when n → ∞. As (x_n) is bounded in R^2 (since it converges to x), so is t_{xn} (thanks to (3.34)).

RR n° 4507

Therefore, there exists ξ_x ∈ R^2 such that (up to a subsequence): t_{xn} → ξ_x. From hypothesis (H 3.7), there exists β_x > 0 such that: f(x, t) ≤ 0 ∀t ∈ [0, t_x] (3.43) f(x, t) > 0 ∀t ∈]t_x, t_x + β_x] (3.44) We then remark that (3.43) can be rewritten as f(x, t) (t_x − t)_+ ≤ 0 for all t ∈ R_+ (3.45) where (y)_+ = max(y, 0). We also have (∀t ∈ R_+ ):

f(x_n, t) (t_{xn} − t)_+ ≤ 0 (3.46) So passing to the limit, we get (for all t in R_+ ): f(x, t) (ξ_x − t)_+ ≤ 0 (3.47) By contradiction, let us suppose that ξ_x > t_x. Reducing, if necessary, β_x, we may assume ξ_x > t_x + β_x. Then, for any t in ]t_x, t_x + β_x[, we obtain from (3.47) f(x, t) ≤ 0. This contradicts (3.44). We therefore deduce that: ξ_x ≤ t_x (3.48) But by definition of t_{xn} , we have f(x_n, t_{xn} ) = 0. So passing to the limit, we get f(x, ξ_x) = 0 (3.49) Hence, as t_x is the first zero of f(x, t) (by definition), we obtain: t_x ≤ ξ_x (3.50) Hence t_x = ξ_x (3.51) We therefore deduce that t_{xn} has only one value of adherence t_x, and all the sequence (t_{xn} ) converges to t_x.

We conclude that x → t_x is continuous on R^2 \Γ. ■ We are now in position to prove the continuity of u(x, t) defined by (3.2).

Proposition 3.10. Let us assume that (H 3.1)-(H 3.5) hold. If (H 3.7) holds, then the function u(x, t) defined by (3.2) is continuous on R^2 × R_+ .

Proof: Let us first recall that from [6], the function v defined by (3.32) is uniformly continuous on Ω_+ and Ω_− (since (H 3.3) holds). Let (x, x̂, t, t̂) be in R^2 × R^2 × R_+ × R_+ . We can assume that t_x ≤ t_{x̂}.

First case: We begin by showing that u is continuous on Ω_+ × R_+ (the case Ω_− × R_+ is similar). Assume that x and x̂ are both in Ω_+.

Step 1: If t ≤ t_x and t̂ ≤ t_{x̂}, then: u(x, t) − u(x̂, t̂) = v(x, t) − v(x̂, t̂) (3.52) And since v is uniformly continuous, u is continuous. Step 2: If t ≥ t_x and t̂ ≥ t_{x̂}, then:

u(x, t) − u(x̂, t̂) = d_L(x, Γ) − d_L(x̂, Γ) (3.53) And since d_L is continuous, so is u.

Step 3: If t_x < t < t_{x̂}, then we can write (as u(x, t_x) = v(x, t_x) and v(x̂, t_{x̂}) = u(x̂, t_{x̂})): u(x, t)−u(x̂, t̂) = u(x, t)−u(x, t_x)+v(x, t_x)−v(x̂, t_{x̂})+u(x̂, t_{x̂})−u(x̂, t̂) (3.54) From Lemma 3.9, we know that y → t_y is continuous on Ω_+, so it is continous in x: we have t̂_x → t_x when x̂ → x. As we consider the case when t_x < t < t_{x̂}, we have t → t_x in (3.54) when x̂ → x. Let ϵ > 0. For |x−x̂| small enough, we have u(x, t)−u(x, t_x) ≤^ϵ_3 (since u(x, .) is continuous) and v(x, t_x) − v(x̂, t_{x̂}) ≤^ϵ_3 , and for |t − t̂| small enough, we have u(x̂, t_{x̂}) − u(x̂, t̂) ≤^ϵ_3 . And consequently u(x, t) is continuous on Ω_+ × R_+ .

Second case: It remains to show that u is continuous on V ×R_+ (where V is an open neighbourhood of Γ in R^2 ). But this follows from Lemma 3.8 where we have studied the behaviour of u(x, t) for x close to Γ. ■ We then show that u(x, t) is in fact uniformly continuous.

Proposition 3.11. Let us assume hypotheses (H 3.1)-(H 3.5) and (H 3.7) hold. Then the function u(x, t) defined by (3.2) is uniformly continuous on R^2 × R_+ .

RR n° 4507

Proof: From Proposition 3.10, we know that u is continuous. Furthermore |u(x, t)| ≤ max (|v(x, t)|, d_L(x, Γ)) Let us recall that a uniformly continuous function has at most a linear growth at infinity (see [12, 13]). Since v and d_L are uniformly continuous, we deduce u has at most a linear growth at infinity, i.e. there exists C > 0 such that: u(x, t) ≤ C(|x| + |t| + 1) As u is a continuous viscosity solution, we deduce from [12, 13] that u is in fact uniformly continuous. ■ The main result of the paper is a consequence of Propositions 3.4, 3.6 and 3.11:

Theorem 3.12. Let us assume hypotheses (H 3.1)-(H 3.5) and (H 3.7) hold. Then the function u(x, t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly continuous on R^2 ×[0, T ], ∀ T > 0 and which vanishes on Γ.

A natural question is how we can check hypothesis (H 3.7) which is rather technical. We give below a way to verify it.

Proposition 3.13. Let us assume that hypotheses (H 3.1)-(H 3.5) hold. If u_0 and H satisfy (H 3.9) and (H 3.10), then v defined by (3.32) is such that ∂v ∂t (x, t) > 0 for all x ∈ R^2 \Γ and for all t ≥ 0. Hence (H 3.7) is verified.

Proof: Let x ∈ R^2 \Γ. We will assume x ∈ Ω_+ (the case x ∈ Ω_− is similar). According to (3.32), we therefore have:

v(x, t) = inf_y (u_0(x − ty) + tH^∗(y)) (3.55) Let us note S(x, t) = {y(x, t)/v(x, t) = u_0(x − ty(x, t)) + tH^∗(y(x, t))}. S(x, t) is a compact set of R^2 . We thus obtain (cf [23]): ∂v ∂t (x, t) = inf_{y∈S(x,t)} (y · ∇u_0(x − ty) + H^∗(y)) (3.56) f(x, .)

t t_x • f(x, .)

t t_x • f(x, .)

t t_x •

Graph 1 Graph 2 Graph 3

Figure 5: Nature of the zero of t → f(x, t)

Hence ∂v ∂t (x, t) ≥ inf_{y∈R2} (y · ∇u_0(x − ty) + H^∗(y))

So, thanks to (H 3.10) ∂v ∂t (x, t) > 0 (3.57) ■ As an immediate consequence of Theorem 3.12 and Proposition 3.13, we have:

Corollary 3.14. Assume hypotheses (H 3.1)-(H 3.5), (H 3.9) and (H 3.10) hold. Then the function u(x, t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly continuous on R^2 × [0, T ], ∀ T > 0, and which vanishes on Γ.

By definition, t_x is a zero of the function t → f(x, t). In the proof of Lemma 3.9, the graph of f(x, .) in t_x cannot look like Graph 2 or 3 of figure 5. Hypothesis (H 3.10) ensures that in t_x the graph of f(x, .) looks like Graph 1 of figure 5. The following proposition gives a sufficient condition on H under

RR n° 4507

which the graph of f(x, .) cannot look like Graph 2 of figure 5 (but it can nevertheless look like Graph 3).

Proposition 3.15. Let us assume that hypotheses (H 3.1)-(H 3.5) and (H 3.9) hold. If H satisfies (H 3.11) and if x ∈ R^2 \Γ, then the zeros of t → f(x, t) are isolated (f is defined by (3.33)).

Proof: Let x ∈ R^2 \Γ. We will assume x ∈ Ω_+ (the case x ∈ Ω_− is similar). We recall the definition of f (given by (3.33) when x ∈ Ω_+: f(x, t) = v(x, t) − d(x, Γ) So ∂f ∂t (x, t) = ∂v ∂t (x, t) (3.58) By contradiction, let us assume that there exists α_x > 0 such that^{∂f}_{∂t} (x, t) = 0 on [t_x, t_x + α_x], i.e. on [t_x, t_x + α_x]: ∂v ∂t (x, t) ≡ 0 (3.59) Since H^∗ is radial, we have v(x, t) = inf_y (u_0(x + ty) + tH^∗(|y|)) (3.60) Let us note S(x, t) = {y(x, t)/v(x, t) = u_0(x+ty(x, t))+tH^∗(|y(x, t)|)}. S(x, t) is a compact set of R^2 We thus obtain: ∂v ∂t (x, t) = inf_{y∈S(x,t)} (y.∇u_0(x + ty) + H^∗(|y|)) (3.61)

But for all y ∈ S(x, t), we have: t∇u_0(x + ty) + t y |y| H^{∗′} (|y|) = 0 (3.62)

Since x does not belong to Γ, we have (thanks to hypothesis (H 3.11)) t_x > 0. If t ≠ 0, we deduce from (3.62) that: y.∇u_0(x + ty) = −|y|H^{∗′} (|y|) (3.63)

Hence ∂v ∂t (x, t) = inf_{y∈S(x,t)} ( −|y|H^{∗′} (|y|) + H^∗(|y|) ) (3.64) Let (t_1, t_2) be in [t_x, t_x + α_x]^2 (with t_1 ≠ t_2). We have: ∂v ∂t (x, t_1) = ∂v ∂t (x, t_2) = 0

Let us set y_1 ∈ S(x, t_1) and y_2 ∈ S(x, t_2) (y_1 and y_2 ≠ 0). We thus have: −|y_1|H^{∗′} (|y_1|) + H^∗(|y_1|) = 0 (3.65)

−|y_2|H^{∗′} (|y_2|) + H^∗(|y_2|) = 0 (3.66) Substracting (3.65) to (3.66), we get:

H^∗(|y_1| − H^∗(|y_2|) − |y_1|H^{∗′} (|y_1|) + |y_2|H^{∗′} (|y_2|) = 0 (3.67) Of course, we also have:

H^∗(|y_2| − H^∗(|y_1|) − |y_2|H^{∗′} (|y_2|) + |y_1|H^{∗′} (|y_1|) = 0 (3.68) Since H^∗ is strictly convex on R (from hypothesis (H 3.11)), and since H is of class C^1 on R, we have (if y_1 ≠ y_2):

H^∗(|y_1|) − H^∗(|y_2|) > (|y_1| − |y_2|))H^{∗′} (|y_2|) (3.69)

H^∗(|y_2|) − H^∗(|y_1|) > (|y_2| − |y_1|))H^{∗′} (|y_1|) (3.70) From (3.67) and (3.69), we get:

(|y_1| − |y_2|))H^{∗′} (|y_2|) − |y_1|H^{∗′} (|y_1|) + |y_2|H^{∗′} (|y_2|) < 0 i.e. |y_1| ( H^{∗′} (|y_2|) − H^{∗′} (|y_1|) ) < 0 Hence:

H^{∗′} (|y_2|) − H^{∗′} (|y_1|) < 0 (3.71)

RR n° 4507

But from (3.68) and (3.70), we get:

(|y_2| − |y_1|))H^{∗′} (|y_1|) − |y_2|H^{∗′} (|y_2|) + |y_1|H^{∗′} (|y_1|) < 0

i.e. |y_2| ( H^{∗′} (|y_1|) − H^{∗′} (|y_2|) ) < 0 Hence:

H^{∗′} (|y_1|) − H^{∗′} (|y_2|) < 0 (3.72) But (3.71) and (3.72) are contradictory. We thus conclude that we cannot have simultaneously^{∂f}_{∂t} (x, t) = 0 on [t_x, t_x + α_x] and the existence of two distinct points t_1 and t_2 such that

S(x, t_1) ≠ S(x, t_2) (3.73)

As we have assumed (by contradiction) that^{∂f}_{∂t} (x, t) = 0) on [t_x, t_x + α_x], this means that S(x, t) is the same set for all t [t_x, t_x + α_x]. There exists thus y_0 = y_0(x) ∈ R^2 such that ∀t ∈ [t_x, t_x + α_x]:

−|y_0|H^{∗′} (|y_0|) + H^∗(|y_0|) = inf_{y∈S(x,t)} ( −|y|H^{∗′} (|y|) + H^∗(|y|) )

For such a y_0, we have v(x, t) = inf_{|y|=|y0|} (u_0(x + ty) + tH^∗(|y|)) = inf_{|y|=|y0|} (u_0(x + ty) + tH^∗(|y_0|))

As this holds ∀t ∈ [t_x, t_x + α_x], we must have 0 = ∂v ∂t (x, t) = H^∗ ( |y_0| t ) − |y_0| t H^{∗′} ( |y_0| t ) (3.74)

Taking the derivative with respect to t again, we get: − |y_0| t^2 H^{∗′} ( |y_0| t ) + |y_0| t^2 H^{∗′} ( |y_0| t ) + |y_0| t^3 H^{∗′′} ( |y_0| t ) = 0 i.e. |y_0| t^3 H^{∗′′} ( |y_0| t ) = 0 (3.75)

First case: if |y_0| ≠ 0, we then deduce that: H^{∗′′} ( |y_0| t ) = 0 and we get a contradiction with (H 3.11).

Second case: if |y_0| = 0, i.e. y_0 = 0, then:

v(x, t) = u_0(x) + tH^∗(0) and 0 = ∂v ∂t = H^∗(0)

But we get a contradiction with (H 3.4) (we have assumed H(0) < 0 and thus H^∗(0) > 0). ■ We can slightly weaken (H 3.10) by considering a non-strict inequality, but doing so we will have to assume more on H.

(H 3.12) H(|∇u_0|_∞) ≤ 0 H radial H^{∗′′} (x) > 0, ∀x ∈ R Remark: If H verifies (H 3.11) and if u_0 is the viscosity solution of H(∇u) = 0, then (H 3.12) holds.

As an immediate consequence of Theorem 3.12 and Propositions 3.13 and 3.15, we have:

Corollary 3.16. Assume hypotheses (H 3.1)-(H 3.5) and (H 3.12) hold. Then the function u(x, t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly continuous on R^2 ×[0, T ], ∀ T > 0, and which vanishes on Γ.

RR n° 4507

3.3.3 Existence of t_x and continuity of u(x, t) under hypothesis (H 3.6) We now consider the case when hypothesis (H 3.6) holds.

For x ∈ R^2 , let ŷ_x be the projection of x on Γ with respect to the L-distance (in the case where the projection is not unique, we arbitrarily choose one of the projected of x as ŷ_x), and y_x = x − ŷ_x (therefore L(y_x) = d_L(x, Γ)). Then let us introduce an auxiliary time t^′_x defined as:

t^′_x = inf { t > 0/ inf_{t>0} ( tH^∗ (y_x t )) = d_L(x, Γ) } (3.76)

The following inequalities hold:

Lemma 3.17. Assume (H 3.1)-(H 3.4) hold. Then for all x in R^2 , we have t^′_x ≤ 2d_L(x, Γ) H^∗(0)

(3.77) and |u(x, t^′_x)| ≤ d_L(x, Γ) (3.78) Proof: We split the proof in two parts.

Part 1: We first prove (3.77). Let us recall that since H is convex, we have thanks to (3.7) L(y) = inf_{t>0} tH^∗ (y t ) (3.79)

Now let A > 0. Since lim_{|p|→+∞}

H^∗(p) |p| = +∞, there exists T > 0 such that ∀t ≤ T one has: H^∗ (_{yx} t ) |y_x| t ≥ A i.e. tH^∗ (y_x t ) ≥ A|y_x| which implies lim_{t→0+} tH^∗ (y_x t ) = +∞ (3.80) and thus t^′_x > 0.

Moreover, when t → +∞ : tH^∗ (y_x t ) ∼tH^∗(0) (3.81)

Therefore lim_{t→+∞} tH^∗ (y_x t ) = +∞

and t^′_x < +∞. Let us give a more precise bound for t^′_x. Since H^∗(0) > 0, there exists δ > 0 such that |y| ≤ δ implies H^∗(y) ≥^{H∗(0)}_2 . Moreover, there exists T > 0 such that t ≥ T ⇒^{yx}_t ≤ δ. So, if t ≥ T , then tH^∗ (y_x t ) ≥ t H^∗(0) 2 Hence t^′_x ≤ 2d_L(x, Γ) H^∗(0)

(3.82)

Part 2: We now prove (3.78). The result is obvious when x lies on Γ. We now consider the case when x lies outside Γ. Remember that

u(x, t) ≤ max(v(x, t), d_L(x, Γ)) (3.83)

(where v is defined by (3.32)).

We want to compute v(x, t^′_x). Assume for instance that x lies in Ω_+ (the case when x lies in Ω_− is similar). We have:

v(x, t^′_x) = inf_{y∈R}2 [ u_0(x − y) + t^′_xH^∗ (_y t^′_x )]

≤ u_0(x − y_x) + t^′_xH^∗ ( y_x t^′_x )

But by definition u_0(x − y_x) = 0 and L(y_x) = t^′_xH^∗ ( y_x t^′_x ) = d_L(x, Γ)

RR n° 4507

Thus v(x, t^′_x) ≤ d_L(x, Γ) (3.84) Hence we conclude from (3.83) that (3.78) holds. ■ Lemma 3.18. Let us assume that hypotheses (H 3.1)-(H 3.4) and (H 3.6) hold. Then: t_x ≤ 2d_L(x, Γ) H^∗(0)

(3.85)

Proof: Let us assume x ∈ Ω_+ (the case x ∈ Ω_− is similar). Then according to hypothesis (H 3.6) we have u(x, 0) = u_0(x) ≥ d_L(x, Γ). Lemma 3.17 tells us that u(x, t^′_x) ≤ d_L(x, Γ). So from the mean value theorem (remember that u(x, t_x) = d_L(x, Γ), we deduce that necessarily t_x ≤ t^′_x. And we conclude thanks to Lemma 3.17. ■ Remark: From Lemma 3.18, we get that for all x in R^2 , t_x exists and is finite.

The following lemma gives the behaviour of u close to Γ.

Lemma 3.19. Let us assume hypotheses (H 3.1)-(H 3.4) and (H 3.6) hold. Then for all t ≥ 0, we have

lim_{x→Γ} u(x, t) = 0 (3.86)

which means that u(x, t) is continuous on Γ × R_+ .

Proof: Let us set ϵ > 0. We know that v defined by (3.32) is uniformly continuous on R^2 \Γ (see [6]). Moreover, v(x, 0) = u_0(x) → 0 when x → Γ. Hence there exists A > 0 and T > 0 such that: d_L(x, Γ) ≤ A and t ≤ T imply |v(x, t)| ≤ ϵ. From Lemma 3.18, we deduce that there exists η > 0 such that t_x ≤ T when d_L(x, Γ) ≤ η. Since |u(x, t)| ≤ max(|v(x, t)|, d_L(x, Γ)), we thus conclude that ∀t ≥ 0, |u(x, t)| ≤ ϵ when d_L(x, Γ) ≤ min(η, ϵ).

■ We then prove the continuity of x → t_x.

Lemma 3.20. Let us assume that hypotheses (H 3.1)-(H 3.4) and (H 3.6) hold. If hypothesis (H 3.8) holds too, then the function x → t_x is continuous on Ω_+ and Ω_−.

Proof: The proof is the same as the one of Lemma 3.9. ■ We are now in position to prove the continuity of u(x, t) defined by (3.2).

Proposition 3.21. Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then the function u(x, t) defined by (3.2) is continuous on R^2 × R_+ .

Proof: The proof is the same as the one of Proposition 3.10, except the fact that we use Lemma 3.19 instead of Lemma 3.8. ■ As in the preceeding subsection, we deduce from Proposition 3.21 that:

Proposition 3.22.

Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then the function u(x, t) defined by (3.2) is uniformly continuous on R^2 × R_+ .

The main result of this subsection is a consequence of Propositions 3.4, 3.6 and 3.22:

Theorem 3.23. Let us assume hypotheses (H 3.1)-(H 3.4), (H 3.6) and (H 3.8) hold. Then the function u(x, t) defined by (3.2) is the unique viscosity solution of (3.1) which is uniformly continuous on Ω × [0, T ], ∀ T > 0 and which vanishes on Γ.

RR n° 4507

Remark: Contrary to the case of the previous subsection (when we assumed that (H 3.5) held), there is no easy sufficient condition on H and u_0 such that (H 3.8) hold. We just have (the proof is the same as the one of Proposition 3.15):

Proposition 3.24. Let us assume that hypotheses (H 3.1)-(H 3.4),(H 3.6) and (H 3.9) hold. If H satisfies (H 3.11) and if x ∈ R^2 \Γ, then the zeros of t → f(x, t) are isolated (f is defined by (3.33)).

3.3.4 Discussion about hypotheses

We explain here why we introduced hypotheses (H 3.5) or (H 3.6). Let us consider an example when they are not verified. Assume that u_0 is given by:

u_0(x) =

2(|x| − 1) if x ≤ 2 −2|x| + 6 if 2 ≤ x ≤^5_2 2|x| − 4 if x ≥^5_2

(3.87)

and, let us choose:

H(t) = t^2 − 1 (3.88) It is easy to show that: H^∗(t) = t^2 4 + 1 (3.89)

Let x be in (2,^5_2 ). It can be checked that if x + 4t ≤^5_2 then (v is defined by (3.32)):

v(x, t) = −3t − 2x + 6 (3.90) So v(x, t) = 0 if and only if t =^7_3 − x.

If we assume that x also satisfies x ≤^7_3 , then (remember (3.3)):

t_x = 7 3 − x When both conditions t =^7_3 − x and x + 4t ≤^5_2 hold, we get: x ≥^{41}_{18} . And we have that^{41}_{18} <^7_3 =^{42}_{18} .

Thus we have when^{41}_{18} ≤ x ≤^7_3 :

t_x = 7 3 − x (3.91)

Let us now choose x in

[_7 3 ,^{43}_{18} ] . If t ≤^1_{36} , then x + 4t ≤^5_2 . Set A =^1_{36} . If t ≤ A, then u(x, t) = −3t − 2x + 6 (3.92) There exists ϵ > 0 such that: if^7_3 − ϵ ≤ x ≤^7_3 , then d(x, Γ) ≥ d(^7_3 , Γ) − A. Up to take ϵ smaller, we can assume that^{41}_{18} <^7_3 − ϵ and that t_x ≤ A if 7 3 − ϵ ≤ x ≤^7_3 . Thus, if^7_3 − ϵ ≤ x ≤^7_3 , then u(x, A) = d(x, Γ) ≥ d ( 7 3 , Γ ) − A (3.93)

And if^7_3 ≤ x ≤^{43}_{18} u(x, A) = −3A − 2x + 6 ≤ −3A + d ( 7 3 , Γ ) (3.94)

We therefore check that u is not continuous in (^7_3 , A) = (^7_3 ,^1_{36} ).

Comments: This example shows us that with the definition we choose for t_x, we cannot expect to have the continuity of u if we do not make further assumptions on u_0 and H. That is why we introduced hypotheses (H 3.5) and (H 3.6).

A Hypotheses used in section 3

For the reader’s convenience, we recall here the hypotheses we use in section 3.

(H 3.1) u_0 is uniformly continuous on R^2 .

(H 3.2) H is a convex function on R^2 .

(H 3.3) lim_{|p|→+∞} H(p) |p| = +∞.

RR n° 4507

(H 3.4) H(0) < 0 and {p/H(p) = 0} is non-void and symmetric with respect to 0 (i.e. {H(p) = 0} ⇒ {H(−p) = 0}).

(H 3.5) { |u_0(x)| ≤ d_L(x, Γ) ∀x ∈ R^2 u_0 is bounded on R^2 .

(H 3.6) |u_0(x)| ≥ d_L(x, Γ) ∀x ∈ R^2 (H 3.7) For all x ∈ R^2 \Γ, there exists β_x > 0 such that: { f(x, t) ≤ 0 ∀t ∈ [0, t_x] f(x, t) > 0 ∀t ∈]t_x, t_x + β_x] (H 3.8) For all x ∈ R^2 \Γ, there exists β_x > 0 such that: { f(x, t) ≥ 0 ∀t ∈ [0, t_x] f(x, t) < 0 ∀t ∈]t_x, t_x + β_x] (H 3.9) u_0 is C^1 on R^2 .

(H 3.10) inf_{x∈R2} (H^∗(x) − |x||∇u_0|_∞) > 0 (H 3.11) H^∗ is radial and H^{∗′′} (x) > 0, ∀x ∈ R.

(H 3.12) H(|∇u_0|_∞) ≤ 0 H radial H^{∗′′} (x) > 0, ∀x ∈ R

Acknowledgement :

The authors thank Pierre Kornprobst for his careful reading of this work.

References

[1] D. Adalsteinsson and J.A. Sethian. The fast constructions of extension velocities in level set methods. Journal of Computational Physics, 148:2– 22, 1999.

[2] O. Alvarez, E.N. Barron, and H. Ishii. Hopf-Lax formulas for semicontinuous data. Indiana University Mathematics Journal, 48(3):993–1035, 1999.

[3] G. Aubert and L. Blanc-Feraud. Some remarks on the equivalence between 2d and 3d classical snakes and geodesic active contours. IJCV, 34(1):19– 28, 1999.

[4] G. Aubert and P. Kornprobst. Mathematical Problems in Image Processing, volume 147 of Applied Mathematical Sciences. Springer-Verlag, 2002.

[5] M. Bardi and L.C. Evans. On Hopf’s formulas for solutions of Hamilton- Jacobi equations. NonLinear Analysis, Theory, Methods, Applications, 8(11):1373–1381, 1984.

[6] M. Bardi and S. Faggian. Hopf-type estimate and formulas for nonconvex nonconcave Hamilton-Jacobi equations. J. Math. Anal., 29(5):1067–1086, September 1998.

[7] G. Barles. Solutions de Viscosité des équations de Hamilton-Jacobi.

Springer-Verlag, 1994.

[8] G. Barles, H.M. Soner, and P.E. Souganidis. Front propagation and phase field theory. SIAM J, Control and Optimization, 31(1):439–469, march 1993.

[9] G. Barles and P.E. Souganidis. On the large time behavior of solutions of Hamilton-Jacobi equations. Communications in Partial Differential Equations, 31(4):925–939, 2000.

RR n° 4507

[10] V. Caselles, F. Catte, T. Coll, and F. Dibos. A geometric model for active contours. Numerische Mathematik, 66:1–31, 1993.

[11] V. Caselles, R. Kimmel, and G. Sapiro. Geodesic active contours. IJCV, 22(1):61–79, 1997.

[12] M.G. Crandall. Viscosity solutions: a primer. In Viscosity Solutions and Applications, volume 1660 of Lecture notes in Mathematics. Springer, 1997.

[13] M.G. Crandall, H. Ishii, and P.L. Lions. User’s guide to viscosity solutions of second order partial differential equations. Bulletin of the American Mathematical Society, 27(1):1–67, july 1992.

[14] L.C. Evans. Partial Differential Equations, volume 19 of Graduate Studies in Mathematics. American Mathematical Society, 1991.

[15] L.C. Evans and P.E. Souganidis. Differential games and representation formulas for solutions of Hamilton-Jacobi-Isaacs equations. Indiana University Mathematics Journal, 33(5):773–797, September-October 1984.

[16] M. Garavello and P. Soravia. Optimality principles and uniqueness for Bellman equations of unbounded control problems with discontinuous running cost. Preprint, Università di Padova, 2001.

[17] D. Gilbarg and N.S. Trudinger. Elliptic Partial Differential Equations of Second Order, volume 28 of Princeton Mathematical Series. Springer- Verlag, 1970.

[18] H. Ishii. Uniqueness of unbounded viscosity solution of Hamilton- Jacobi equations. Indiana University Mathematics Journal, 33(5):721– 748, September-October 1984.

[19] H. Ishii. Hamilton-Jacobi equations with discontinuous hamiltonians on arbitrary open sets. Bull. Facul. Sci. Eng., 28:33–77, 1985.

[20] H. Ishii. Existence and uniqueness of solutions of Hamilton-Jacobi equations. Funkcialaj Ekvacioj, 29:167–188, 1986.

[21] H. Ishii and M. Ramaswamy. Uniqueness results for a class of Hamilton- Jacobi equations with singular coefficients. Communications in Partial Differential Equations, 20(11):2187–2213, 1995.

[22] S. Kichenassamy, A. Kumar, P. Olver, A. Tannenbaum, and A. Yezzi.

Conformal curvature flows: From phase transitions to active vision. Arch. Rational Mech. Anal., 134:275–301, 1996.

[23] L.S. Lasdon. Optimization Theory for Large Systems. Macmillan Series in Operations Research, 1970.

[24] P.L. Lions. General Solutions of Hamilton-Jacobi Equations, volume 69 of Research Notes in Mathematics in Mathematics. Pitman Publishing INC, 1982.

[25] R. Malladi, J.A. Sethian, and B.C. Vemuri. Shape modeling with front propagation: A level set approach. IEEE Transactions on Pattern Analysis and Machine Intelligence, 17(2), February 1995.

[26] G. Namah. Asymptotic solution of Hamilton-Jacobi equation. Asymptotic analysis, 12:355–370, 1996.

[27] G. Namah and J.M. Roquejoffre. Remarks on the long time behaviour of the solutions of Hamilton-Jacobi equations. Communications in Partial Differential Equations, 24(5):883–893, 1999.

[28] D. Peng, B. Merriman, S. Osher, H. Zhao, and M. Kang. A pde based fast local level set method. Journal of Computational Physics, 155(2), November 1998.

[29] T. Rockafellar. Convex Analysis, volume 224 of Grundlehren der mathematischen Wissenschaften. Princeton University Press, second edition, 1983.

[30] E. Rouy and A. Tourin. A viscosity solutions approach to shape-from-shading. SIAM Journal of Numerical Analysis, 29(3):867–884, 1992.

[31] C. Samson, L. Blanc-Feraud, G. Aubert, and J. Zerubia. A level set method for image classification. IJCV, 40(3):187–197, 2000.

RR n° 4507

[32] J. Serra. Image Analysis Mathematical Morphology, volume 2. Harcourt Brace Jovanovich, 1988.

[33] A. Siconolfi. A first order Hamilton-Jacobi equation with singularity and the evolution of level sets. Communication in Partial Differential Equations, 20:277–307, 1995.

[34] P. Soravia. Boundary value problems for Hamilton-Jacobi equations with discontinuous Lagrangian. Preprint, Università di Padova, 2001.

[35] P. Soravia. Optimal control with discontinuous running cost: eikonal equation and shape-from-shading. Preprint, Università di Padova, 2001.

[36] M. Sussman, P. Smereka, and S. Osher. A level set approach for computing solutions to incompressible two-phase flow. Journal of Computational Physics, 114:146–159, 1994.

[37] Hong-Kai Zhao, T. Chan, B. Merriman, and S. Osher. A variational level set approach to multiphase motion. Journal of Computational Physics, 127:179–195, July 1996.

Unité de recherche INRIA Sophia Antipolis 2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)

Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique 615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France) Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France) Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38330 Montbonnot-St-Martin (France) Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)

Éditeur INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)

http://www.inria.fr ISSN 0249-6399