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Résumé. 2014 On étudie théoriquement les propriétés statiques de solutions de polymères
polydisperses en interaction. L’accent est mis sur la relation entre la configuration d’un polymère
et les corrélations de segments appartenant à des polymères différents. Afin de décrire les

corrélations intra- et intermoléculaires de manière équivalente, on emploie une équation
d’Ornstein-Zernike (OZ) pour les segments de polymère. Les équations qui en résultent couplent
ces deux types de fonctions de corrélation. Sur cette base, on emploie une approximation de
découplage et on obtient une description de la diffusion par un système de polymères en
interaction en termes de quantité microscopiques.

Abstract. 2014 Static properties of interacting, polydisperse polymer systems, e.g. polyelectrolytes,
are investigated theoretically. Emphasis is laid on the relationship between the single polymer
configuration and correlations of segments belonging to different polymers. To describe intra-
and intermolecular correlations in an equivalent way, an Ornstein-Zernike (OZ) equation for
polymer segments, or monomers, is employed. The resulting equations couple these two different
kinds of correlation functions. A decoupling approximation performed on this basis can be used
as a starting point to describe the scattering from an interacting polymer system in terms of
microscopic quantities.
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1. Introduction.

Static properties of macromolecular solutions have been a subject of intensive research. Some
systems are very well understood by now, for example systems of charged hard spheres [1].
Interacting polymer systems are more complex, since the single polymer configuration is

influenced by the interaction and, vice versa, the single polymer configuration modifies the
interaction between two polymers. In polyelectrolyte systems [2-4], interaction effects due to
the presence of charges have been found to be very pronounced and lead to a qualitatively
different behavior as compared to neutral polymers. The electrostatic interaction influences
the spatial arrangement of the polymers with respect to one another and the internal
configuration of single polymers [2, 5]. With respect to the interpretation of scattering
experiments, it is important to know how these effects are coupled. To describe the observed
structure, scaling concepts have been applied [6-8]. A concept using direct correlation
functions between polymer segments has been suggested in references [9, 10]. This

description will be obtained here as a first approximation to the more general theory.
It was pointed out by Jannink [2] that intra- and intermolecular correlations cannot be

decoupled in a straightforward simple manner. In agreement with this statement, we will
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describe the partial scattering intensities in section 2. The main part of this paper deals with
the problem, how to describe intra- and intermolecular correlations on the same basis.
For sphere systems, the Omstein Zernike (OZ) equation has been found to be the

appropriate description for static properties. We generalize this concept to polymers
consisting of a finite number of segments. We assume that the pair distribution functions do
not have any angular dependences, so that this treatment is restricted to polymers having a
coiled shape. Taking orientational effects into account would complicate the problem
considerably. Our starting point is an OZ equation, which describes the correlations between
all individual segments. From there, an equation for sums of correlation functions, which are
sufficient to describe static scattering, can be derived. With some approximations, a closed set
of OZ relations is obtained, which still couples intra- and intermolecular correlations. A
decoupling approximation leads from these equations to the simple relations as employed in
references [9, 10]. Our main aim is to elucidate the relation between intra- and intermolecular
correlations and to derive a method, which may be able to handle the problem of the structure
of interacting polymers on a microscopic level.

2. Partial scattering intensities.

Scattering experiments serve as a powerful tool to investigate the structure of complex fluids,
but the interpretation of these experiments in terms of interactions among the constituents is
not straight-forward and needs some underlying theoretical concepts. Scattering from a
multicomponent system is often described in terms of partial scattering intensities [2, 11]. Let
us consider a system having S components, which will be specified by Greek letters. These
components may consist of macromolecules, or polymers in our case, which have a number
density NYIV. Every macromolecule belonging to a certain species y is considered to be
composed of N y scattering units, each of them having the same scattering length
ay. If species y denotes a polymer, these scattering units may be their monomers. Small
particles, e.g. counterions and coions, are included in this scheme by letting N y = 1. The
scattering intensity from such a system can be expressed in terms of partial intensities

1 af3’ which are the Fourier transforms of the correlation functions of their partial densities
p a and P {3. The total scattering intensity is proportional to

c

where

and

r(a) describes the position of the n-th scattering unit belonging to particle i of species a.
...&#x3E; denotes the equilibrium average and * the complex conjugate. As our treatment refers
to particles, which, on the average, have a spherical configuration, we will assume that the
pair distribution functions between segments of polymers do not have any angular
dependences. In the case of rodlike, or ellipsoidal macromolecules, where the pair
distribution depends strongly on the particle orientation, additional complications arise and
the approach described here is not suitable. The partial intensities defined in equation (2)
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consist of contributions, which refer to correlations of segments belonging to the same
polymer, and terms involving correlations between segments of different polymers. As all
macromolecules of a certain kind are statistically equivalent it is sufficient to consider a

polymer 1 of species a and a different polymer 2 of species {3. So we obtain the following
expression for 1 a f3 :

The first term, I (s), which treats intramolecular correlations, can be expressed in terms of the
form factor of a polymer belonging to species a :

where ca - n a N a /V denotes the segment (or monomer) concentration and the form factor
of a particle belonging to species a is given by

One should realize that this expression depends on the way the polymer is divided into
segments. The second term of equation (4), I (d), refers to intermolecular correlations. In the
case of spheres, usually the center-of-mass vectors R1a) and R(03B2) for the particles 1 and 2 are
introduced, so that 1 (d) may be expressed as

For sphere systems this has the advantage that the terms involving summations over n and m
are independent of the configuration of the system, so that I  (d) factorizes into terms

describing the geometry of particle 1 and 2 and a factor referring to center-of-mass
correlations. One may notice that

but in the case of polymers it cannot be justified to factorize I (d) into a center-of-mass
correlation and single particle terms, because the single polymer configuration may be
correlated with the particle positions. So there is no advantage in using center-of-mass
correlations here. Partial structure factors Sa03B2 can be defined as well :

From equations (4), (5), (9) they are obtained as
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For sphere systems, Sa{3 is entirely determined by the center-of-mass pair correlation
function, while in the polymer case it is a more complicated object. In the next section we will
use an Ornstein-Zernike equation for monomer-monomer correlations in order to describe
the correlations which are needed to evaluate the scattering intensity from polymer solutions.

3. Application of the OZ Equation to polymers.

The OZ equation, in connection with some closure relations, is a well established approach to
understand the structure of simple liquids and solutions of spherical macromolecules. To
extend its use to polymers, correlations between all monomers, whether they belong to the
same, or to different polymers, have to be taken into account. The monomers themselves will
be assumed to be spherical objects. To understand the use of an OZ equation for a polymer
system, it is essential to point out some properties of the pair correlation functions between
two monomers belonging to the same chain, and the resulting consequences for the

corresponding direct and total correlation functions. For this purpose, we will first consider
the correlations among segments of a single polymer chain, which does not interact with other
particles.
The pair correlation function between two distinguishable segments n and m on the same

chain depends on the relative distance rnm = 1 rn - rm 1, , and can be expressed as

The two segments have a maximum distance 1 n - m ] fo, where fo is the length of a single
bond. This means that gnm does not tend to unity for large interparticle separations. This is in
contrast to the case in which monomers n and m are unconnected. The latter situation would
be analogous to an ordinary colloidal system. Because of this new feature the total correlation
function hjfl(r ) = gnm (r ) - 1 tends to - 1 for large r. The OZ equation for a single polymer
reads

where c (s)(r) is the direct correlation function.

As hi:J(r) does not vanish for large r, it is not obvious whether the right hand side of
equation (12) is finite. But, if we assume that cn(j)(r) is a constant cnl(oo ) for r larger than a
distance 0-nt, each term of the sum in equation (12) can be expressed as

where the second term should not diverge as the integration range is finite. The first term
vanishes because of equation (11). This does not contradict the well-known compressibility
equation, since the particles can be distinguished from one another. gi;J(r) describes a certain
pair and does not include a normalization to V/ (N (N - 1 )) . Therefore, we conclude that
equation (12) is well-defined, and it is possible to take its Fourier transform for

q # 0 :
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We want to point out that other approaches may be more suitable to study the single chain
conformation [12], and it is not our intention to solve equation (12). The intention is to show
how the concept of direct correlation functions can be generalized to polymers in order to find
a way to put intra- and intermolecular interactions on the same level of description. Having
clarified that the functions appearing in an OZ equation for a single polymer are meariingful
we proceed now to the more general case. Let h(a,i,n)({3,j,m) (or C(a,i,n)(,j,m) denote the
total (or direct) correlation function between a monomer n on polymer i belonging to the
species a and a monomer m on a chain j of species i3 in q space. The OZ equation then reads

We put explicitely

to avoid to write restrictions on the summations. As the polymers of a certain species are
statistically equivalent, the correlation functions do not depend on which of them is

considered ; all what matters, is, whether the monomers belong to different or to the same
chain. For monomers on different chains at positions n and m, that is either a = j3 or

i =F j, we define

and

Correlations between monomers on the same polymer only depend on the species to which
the polymer belongs, and on their location inside the polymer.

Therefore,

and

Using equations (17) and (18), the OZ equation (15) leads to a set of equations having
M)(,) on the left hand side, and a set of equations having )(a,m) there :

and
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Let us recall that for the evaluation of the partial intensities, equations (6), (9), (10), it is
sufficient to investigate certain sums of correlation functions. Having this in mind, we define

From equations (19) and (20) we obtain a coupled set of equations involving the functions
defined in (21)-(24) :

and

These equations still contain the monomer-monomer correlations explicitely. Without

approximations one does not obtain tractable equations for H(s) and H(d) A closed set of
equations for H(S) and H (9) can be obtained, if the terms

are independent of the monomer index f. The direct correlations of a monomer f with all the
monomers of a different chain should be (nearly) independent of f for (more or less) coiled
polymers, since the correlation functions are obtained after averaging over equilibrium
configurations of the chain. The direct correlations of a certain segment of a chain with all
other monomers on the same chain may be different for segments at the end and segments in
the middle. Nevertheless, we introduce the following approximations
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and

Thus, we assume in writing (27) that the direct correlations of segment f of polymer (3 with all
segments of polymer a is equal to the direct correlations of all segments of polymer /3, divided
by the number of segments Np. Equation (28) has a similar meaning. Using these

approximations in (25) and (26) leads to a closed set of equations for H(S) and

and

Note, that equations (29) and (30) are still coupled. The proper way to proceed now would be
to find a solution of equations (29) and (30) with the help of appropriate closure relations, as
it can be done in the usual OZ equation for some interaction potentials. But this seems to be a
very difficult task still. A different way to estimate the influence of interaction on the

scattering can be found, if the last term in equation (30), which describes the influence of
direct interaction between different polymers on the chain configuration, is neglected. Of
course, by using this procedure, some information on the conformation of the individual
polymers is lost. Equation (30) then leads to the description of an individual polymer, and is
decoupled from the distinct correlations. This problem has been discussed and solved in some
cases using a different approach [12]. After neglecting the last term in equation (30), one
obtains .

This is a crucial step in this treatment, because it decouples the intra- and intermolecular
correlations. It simplifies the problem considerably, but the information on the single polymer
behavior while interacting with other polymers, is lost.

Let us recall the définition of H(s)(q), equation (23). For q 0, the 8 (q )-peak in the
functions h n)(a, m)(q), which mirrors their infinité range in r-space, does not contribute.
Using the relation between the total correlation function hisa),.)(a,.) and the pair correlation
function, équation (11), one obtains

where P a (q ) is the form factor of polymer a as defined in equation (6). The summation is
performed over the segments belonging to the same polymer of species a. With the Ansatz
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and

and the use of equations (31) and (32), one obtains from equation (29) :

This is formally an OZ equation for a system of unconnected particles. With the help of

equations (21) and (34) for Ha in terms of monomer correlation functions, one finds that the
function S,,,,p (q) as given in equation (10), and which is related to the partial scattering
intensity by equation (9), can be expressed as

Equations (35) and (36) are formally identical to the relations between partial structure
factors, total correlation functions and direct correlation functions for sphere systems. As it is
known from colloidal systems, these equations can be solved to give Sa (q ) in terms of
CaR(q) : Defining the matrices

one obtains

So, having a reasonable approximation for C(d)(q), and the form factors the scattering from
interacting polymers can be evaluated. In references [9, 10] equations (9), (33), (35) and (38),
in a slightly different notation, are employed to describe the scattering from polyelectrolyte
solutions. The direct correlation functions for segments belonging to different chains which
determine p, equation (22), are approximated by direct correlations of unconnected

spheres, having the same interaction potential. The main advantage of this model is that the
results are expressed in terms of microscopic quantities such as the monomer charges and
diameters of the constituents. But the form factor of the polyions, for which a Debye function
is assumed in references [9, 10], cannot be obtained by this treatment. In a subsequent paper
[13] we investigate the results of this simplified theory using a more realistic form factor and
assuming a polyion charge obtained from Manning’s condensation theory.

4. Conclusions.

In this paper an attempt has been made to describe intra- and intermolecular correlations
within the same approach. Introducing some approximations in this scheme leads to a

tractable description of polymer scattering. One of the issues is to clarify the meaning of the
structure functions and direct correlation functions which appear in the kind of description
adopted in references [9, 10, 13]. In addition equations (29) and (30) might also serve as a
starting point to understand the role of coupling of intra- and intermolecular correlations for
polymer systems. To be able to proceed further in this direction, a better knowledge of the
properties of direct correlations between segments on the same polymer, which may lead to
closure relations, is necessary. For systems consisting of unconnected spheres the meaning
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and the asymptotic behavior of the direct correlation functions have been studied using
diagram expansions [1, 14, 15]. They lead to different closure relations, such as Mean
Spherical Approximation or Hypernetted Chain Approximation. Because of the connected-
ness of the monomers of a polymer these closure relations cannot be employed directly.

It is important to realize that the partial scattering intensities cannot be factorized as a form
factor and a center-of-mass correlation term in the general case [2]. This kind of factorization
may only be justified in the very dilute case, when interparticle distances are very much larger
than the polymer size, so that on the length scale, where many particle correlations are
investigated, the single polymer looks essentially point-like.
The main aspect of this work is to present a scheme, which treats all correlations on the

same level. Some results which can be obtained by the use of direct correlation functions will
be investigated in the particular case of charged polymers in a subsequent paper [13]. In a
polyelectrolyte system interactions are strong, and some approximations might be better
justified for polymers having a weaker kind of interaction. For a neutral polymer melt a
similar investigation, which introduces direct correlation functions in a different way, has
been carried out by Curro and Schweizer [16]. The treatment of a polyelectrolyte system,
which, with respect to interaction effects is quite extreme, is essentially motivated by the
strong experimental interest conceming these systems. Going beyond the approximations,
which allow for a relatively simple treatment of highly complex systems, requires in particular
a better knowledge of the correlations within one polymer in the presence of other polymers.
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