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Sequence of invariants for knots and links

R. Ball and M. L. Mehta (*) 

Service de Physique du Solide et de Résonance Magnétique, CEN Saclay, B.P. n° 2, 91190 Gif sur Yvette, France

(Reçu le 12 mars 1981, accepté le 15 mai 1981 )

Résumé. 2014 Le polynôme d’Alexander ou le potentiel de Conway pour un n0153ud ou un lien est présenté d’un
point de vue différent, donnant ainsi une nouvelle démonstration de son invariance. La méthode rapide pour
calculer l’invariant pourrait être intéressante pour des applications en physique des polymères. On démontre que
l’invariant s’exprime au moyen des contributions de ses enchevêtrements ou « tangles ». Sa relation avec le nombre
d’enroulements de Gauss, « d’usage courant » est indiquée. 

Abstract. 2014 The Alexander polynomial or Conway’s potential for a knot or a link is presented from a different
point of view, thus supplying a new proof of their invariance. The quicker method so arrived at of calculating these
invariants may be of interest for applications in polymer physics. The invariant is shown to factorize into contri-
butions from its tangles. Its relation to the much used Gauss’ winding number is indicated.
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1. Introduction. - We will be interested in knots
and links in the ordinary three dimensional space.
The number of components or loops or endless

strings in the link will be arbitrary. A knot is a one
component link.

In the theoretical study of the spatial configurations
of polymer molecules the mathematical description of
knots and links is of considerable importance. The
long polymer molecules are commonly modelled
using only the properties : that they are a sequence of
physically connected units (monomers), and that these
units may have short range forces between them.
Also, just as with pieces of string, two sections of the
same or différent polymer molecules cannot cross
through each other. This constraint will affect the
motion of any polymeric system, even open chains ;
should there be any loops in the chains, the state of
entanglement of these will be permanently conserved.
One may reasonably expect for example that a solution
of closed unknotted polymer chains should behave
differently from that of knotted or entangled chains.

(*) DPh-T, CEN Saclay, B.P. n° 2, 91190 Gif sur Yvette, France.

To find any such difference one may study the motion
of entangled polymer as it evolves in time. The no

crossing constraint applied a11 along has the conse-
quence that all configurations with the given initial
topology are possible and no others. Here topological
invariants play the role of « constants of motion ».
Therefore it is an enormous advantage to be able to
recognize whether two configurations have the same
topology.
To distinguish various links from each other J. W.

Alexander [1] devised in the 1920’s certain invariants,
in particular, the so called Alexander polynomial.
This polynomial has one variable for each component
in the link and is defined up to a monomial factor
± xa yp ... ; a, fi, ... integers. About twelve years back
in enumerating all the prime links, J. H. Conway [2]
considered a new form of these polynomials, called
the potential function. However, Conway’s article [2]
is difficult to read and probably for that reason was
not widely appreciated. Recently, R. Ball [3] devised
an invariant for a knot using Gauss’ winding number
for a two loop link. This method when generalized
gives rise to a sequence of invariants for a link having
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any number of loops. That this sequence is still another
form of Conway’s potential or Alexander polynomial
is clear from a recent paper of L. H. Kauffman [4].
However, Kauffman does not seem to realize that
Gauss’ winding number is a part of Conway’s or
Alexander’s bigger scheme.

In this paper we present these things from a different
point of view and thus supply a new and hopefully
simpler proof of their invariance. Also given for the
first time is a proof of Conway’s proposition about the
fraction of a sum of tangles. We end with a few remarks
of interest possibly to polymer scientists.

2. Preliminaries. - 2.1 DIAGRAM OF A LINK. -
A loop is a closed continuous curve lying in the
(ordinary three dimensional) space and without double
points. A single loop is also called a knot. A link
consists of two or more loops without double points.
For us a knot will be a one loop link. Every loop in a
link will be supposed to be traversed in a particular
direction and this sense of travel will be indicated by
an arrow. If a link consists of a number of loops each
separated from the others and transformable into a
circle by continuous changes, then we say that the
link is trivial.
To represent a link g, usually its projection on a

plane is drawn. This plane can and will always be
chosen so that the multiplicity of any point on it is
at most two. At a double point of the projection to
indicate which portion of the curve lies above the other,
ûsually a small portion of the lower branch in the
immediate meighbourhood is omitted. The sense of
the arrow on each loop induces a sense on its pro-
jection. This diagrammatic presentation of the link g
denoted by G, thus consists of a number of directed
closed loops in the plane. The link g and its diagram G
are completely équivalent. ,

2.2 SIGN OF A DOUBLE POINT AND TWO OPERATIONS
ON A LINK. - The double points of Gare arbitrarily
labelled once for all as 1, 2, 3, ... To the double point j
we attach a sign Ij = + 1 or Ij = - 1 according to
whether at j the priority of passage from the right,
say, is observed or not (see figure 1).
On G we define two operations giving rise to two

new links. The « surgery » Sj consists of interchanging
the upper and lower portions of the curve at the
double point j, thus changing Ii to - Ij, while keeping
all other double points as before. The link diagram
thus obtained will be denoted by Sj G. The « elimi-
nation » Ej consists of interchanging the connections
at the double point j so as to respect the sense of the

Fig. 1. - Sign of a double point.

Fig. 2. - The operation « elimination ».

arrows (see figure 2). All other double points are kept
unchanged. The link diagram so obtained will be
denoted by E J G.
Note that the number of loops in S 1G is the same

as that in G, and differs by one from that in Ej G.
Also these operations commute

2.3 DISENTANGLING A LINK. - Given any link G,
we get its disentangled or trivial form Go by a series
of surgeries as follows. Number the loops in G arbi-
trarily as 1, 2, .... On each loop i, we choose any
point Oi, not a double point, as the origin. Starting at
01 we travel along the loop 1 in the direction of the
arrow till we come back to 01 ; then starting at 02
we travel round the loop 2 ; then from 03 round the
loop 3 ; and so on. Each double point is thereby
visited twice, once along the upper branch and once
along the lower one. If we visit the double point j for
the first time along the lower branch we replace G
by Sj G. In the opposite case we do nothing. This
procedure applied to every double point of G gives
Go. In Go the loop 1 lies wholly above the loop 2,

Fig. 3. - Disentangled components of a link.

which in turn lies wholly above loop 3, and so on.
Moreover, in the loop i one may think of the origin Oi
lying upper most then travelling along the loop i
one always descends until finally one comes back to a
point directly below Oi from where one passes verti-
cally up to Oi (see figures 3 and 4).
The link Go so obtained is clearly a trivial link.

Its structure depends however on the numbering of
the loops, on the choice of the origin on each loop
and on the sense of the arrow on each loop, in addition
to G.
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Fig. 4. - A disentangled loop.

3. Construction of the invariants. - 3. 1 A RECUR-
RENCE RELATION. -_ Let us suppose that for every
link G we are given two topological invariants Rn(G)
and R,,-,(G) with the following properties :

If G consists of two disjoint (non-empty) links G 1
and G2, then

For any G there exists a sequence of surgeries Sl,
S2, ---, S, taking G to its trivial form Go, i.e.

(see section 2. 3 above). Set

and

for i = 1, 2, ..., 1 ; where G’ = Go for i = 1 and
G’ = Si-1 ... S2 S1 Go for i &#x3E; 1. This defines Rn+ 1(G).
As stated here Rn + 1 seems to depend, in addition to G,
on the numbering of the loops, on the choice of the
origin on each loop and on the order in which the
surgeries are performed.

since Rn - 1 is also a topological invariant.

3.2 THEOREM. - With (3.1)-(3.4), the Rn + 1 (G)
defined above is a topological invariant.
We will show below that the information other than

topology used to calculate Rn+ 1 does not affect the
value obtained ; i.e.

(i) Rn+ 1(Si Sj G) = Rn+ 1(Sj Si G), so that Rn + 1 as
defined by (3 . 3), (3. 4) does not depend upon the order
in which the surgeries are applied.

(ii) Rn+ 1(G) is independent of the choice of the
origins Oi on the loops in G.

(iii) Rn+ 1(G) does not change under the manipu-
lations of arcs of G depicted on figure 5.

(iv) Rn+ 1(G) is independent of the ordering of the
loops in G.

Fig. 5. - Elementary operations on a link.

Proof. - (i) From the definition, equation (3.4),
we have,

Now Ij(Si G) = Ij(G) = Ij as 1 # j. Also Rn is a

topological invariant so that Rn(Ej Si G) = Rn(S¡ Ej G).
Hence

Rn + 1 (G) - Rn + 1 (S j Si G) = I Rn(E¡ G) + 1 j Rn(Si E j G).

Interchanging i and j and subtracting from the above,
we get

(ii) Let us displace the origin 0, past a double
point j (Fig. 6) in Go and calculate the change in

1

’ Fig. 6. - Changing the origin.

R,,, (Go). If the curves passing through the double
point j belong to different loops, then Go remains the
trivial form and Rn+ i(Go) is unchanged. If they belong
to the same loop, then one additional surgery Si
is needed to get back to the trivial form of G, and the
change in Rn+ 1(Go) is IjRn(EjGo). But Ei separates
the loop passing through j into two disjoint loops
(Fig. 7) implying that R,,(Ei Go) = 0. Hence Rn+ 1(Go)
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Fig. 7. - Effect of changing the origin on the disentanglement.

and therefore Rn + 1 (G) is independent of the choice
of 0 i.

(iii) The manipulations of figure 5 may alter the
trivial form Go and additional surgeries may be
needed to restore it. For the manipulations of figures 5a
and 5c, it is sufficient to choose conveniently the
points Oi and use the result (ii) above to see that
Rn+ 1(Go) is unchanged. For that of figure 5b, the two
additional double points i and j, say, have necessarily
opposite signs, Ii = - Ij. The change in R,,, l(G)
due to surgeries at these points is

But Ei G and E f Si G are topologically equivalent and
Rn is an invariant. So that Rn+ 1(G) = Rn + 1 (Sa Si G).

(iv) By a sequence of manipulations of figure 5

we may transform each loop in Go to the circular
form and separate them, thus removing all double

points ; the Rn+ 1(Go) is not changed by the result (iii)
above. Hence Rn+ 1(GO) and so Rn+ 1(G) is seen to be
independent of the order of the loops.
Thus Rn+ 1(G) is a topological invariant of the link G

and also clearly satisfies the requirement that

Rn+ 1(G) = 0 if G consists of two disjoint diagrams
G 1 and G2.

3.3 INITIAL CONDITIONS. - We may choose for

example, R _ 1(G) = 0 for every G, and Ro(G) = 1
or 0 according as G has one or more than one loop.
This choice satisfies the requirements of section 3.1
and the recurrence relation gives us Rn(G) successively
for n = 1, 2, 3, ... We may note in passing that

where 1 is the number of loops in G. As the number of
mutual double points of two loops is always even,
and a surgery on at most half of them suffices to

separate them,

where m is the number of double points in G. Thus

is a polynomial of parity (- 1)"’ and degree
 m - 1 + 1. Taking the mirror image G of G
(Conway calls G the observe of G), all the double

points change sign and

Reversing the directions of all the loops in G, the
R(G ; z) does not change.
Other chôices for the initial conditions and/or

requirements (3.1), (3.2) may be possible.

4. Relation to Alexander, Conway and Gauss inva-
riants. - As seen in section 3 above, the invariant
polynomial R(G ; z) is completely defined by

and the initial condition that for a trivial G with I loops

Thus [4] R(G ; z) is the Conway’s potential function
V,(r) with z = r - 1/r and the Alexander polynomial
dG(x) with z’ = x + 1/x - 2, every loop in G being
assigned the same variable.

If G is a two loop link, then R1(G) is, apart from a
sign, Gauss’ winding number. If G is an 1 loop link,
1 &#x3E; 2, then R, - 1 (G) can be written as a sum of pro-
ducts of the R l’s as follows. A graph is a set of points
and a set of arcs joining certain pairs of these points.
A graph with no cycles is called a tree. Draw a tree T
with 1 points and 1 - 1 arcs. Let the points of T repre-
sent the loops in G and an arc in T joining two points
represent the number Ri for the corresponding pair
of loops in G. Let the tree T itself stand for the product
of R l’s represented by its arcs. Then R1 _ 1 (G) is the
sum of all possible trees with 1 points and 1 - 1 arcs.
For example ; if G is a link with loops A, B and C,
then

the R3 of a four loop link contains 16 such products.
In the above, we have used a single variable z.

The link diagram G with m double points divides the
plane into m + 2 regions (Euler’s formula). Alexan-
der [1] constructs an m x (m + 2) matrix A with
elements 0, ± 1 or ± x, and shows that if one omits
two columns corresponding to any two regions having
a common boundary, the remaining m x m matrix
has the same determinant apart from a factor ± xa,
a integer. This is the Alexander polynomial. One may
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Fig. 8. - Some two-loop links.

assign a different variable to each loop of G in con-
structing the (Alexander) matrix A. But then the
determinant of the m x m matrix depends on which
of the two extra columns are omitted, and has the
unpleasant aspect of being unsymmetrical for a sym-
metric link. For example, the polynomial of the

symmetric link Lt, figure 8, is

or that of the Borromean rings, figure 9, is

1 Fig. 9. - Borromean rings.

These are not symmetrical in the variables involved.
However, they are convenient to obtain polynomials
for links in which some of the loops are reversed. For
example, the polynomial of Lk’, figure 10, is

Fig. 10. z Some two-loop links.

As the number of loops in G and Ei G differ necessa-
rily by one, we can not use different variables in our
construction. And identifying variables, it is hard to
see the relation between polynomials of related links,
for example, Lk and Lk.

5. Tangles as link components. - In this section we
want to express the invariant of a link in terms of its
various parts. For this, consider a region of the link

-’"A" B " ./ 1
Fig.11. - A tangle.

diagram. It consists of r strings and possibly some
closed loops, all of them marked with a direction of
travel. Thus we have a region with 2 r legs, r of them
ingoing and others outgoing. They are numbered
cyclically as in figure 11. Each ingoing leg is connected
internally to an outgoing leg and the interior of the
region may contain other loops but no free ends.
We call it a tangle with 2 r legs. As an example, figure 12
is a tangle with 6 legs.

Fig. 12. - An example of a tangle.

Two tangles are said to be « similar » if they have
the same number of legs similarly directed. In other
words tangles A and B are similar if each of them has
2 r legs and if the jth leg in A and the jth leg in B are
either both ingoing or both outgoing for j =1, 2,..., 2 r.
One can combine two similar tangles A and B, figure 13,

Fig. 13. - Two similar ta
$n
,

into a link as follows. Reverse the direction of all the
arrows in B, including any closed loops ; hold B over A
with correspondingly numbered legs above each other
in pairs ; join together each of these pairs ; figure 14.
The link so obtained will be denoted by A E9 B. To
get a convenient link diagram of A E9 B we could have
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Fig. 14. z Adding two similar tangles.

proceeded as below. Reverse the directions of all the
arrows in B and turn B by 180° around any axis lying
in the plane of the diagram, figure 15. Now the num-

Fig. 15. - Reversing one of the tangles.

bering of the legs in B is in the opposite cyclic sense
to that in A. Join each leg of A to the corresponding leg
of B without creating extra double points ; figure 16.

Fig. 16. - Adding two similar tangles.

It is not difficult to convince oneself that B (D A is
obtained from A Q+ B by reversing the arrows on all
the loops. Thus they have the same invariant poly-
nomial,

Our aim is to express this polynomial as a sum of
products of polynomials of the links obtained from
tangle A and those obtained from tangle B.

Let us introduce a set of r ! base tangles t 1, t2, ..., tr,

each of them similar to A. They are obtained by
joining each ingoing leg (there are r of them) to an
outgoing one in all possible ways involving a mini-
mum number of double points. Thus all the tangles
similar to A and with no double points are included
in the base tangles. For small values of r we have,
verified that the matrix

is not singular for all values of z. Assuming that for
every positive integer r, M(z) is non-singular for some z,
as we conjecture, we will prove that

where M -1 is the inverse of M.

Proof - If oc is a double point of the tangle A, then

Therefore from the definition (4.1)

1 V · V I

This can be written symbolically as

Iterating one gets

or

" a- -’.J

It is always possible to choose a sequence of surgeries
S,, so that n Sa A is one of the base tangle tk. The

«

number of double points in Ea A is always one less
than that in A. Thus making an induction hypothesis
on the number of double points in A, we see from
equation (5.8) that (5.3) is valid for every tangle
similar to A if it is valid when A is any one of the base

tangles tk. But equation (5.3) is obviously valid when A
is any of the base tangles tk, because of (5.2). Thus it is
always valid.
Note the particular cases. When r = 1, we get the

well-known result that the polynomial of a sum of
links is the product of their polynomials. When r = 2
we get Conway’s theorem that
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6. Conclusion. - It is very difficult to find a new
invariant which will distinguish various knots and
links, even partially. For practical applications, one
needs an invariant, which may be very crude, but
simple to compute. The Alexander polynomial (or its
value at, say, x = - 1) is good enough, but its compu-
tation, as the determinant of a large matrix takes a
very long time numerically. Gauss’ winding number
R1(G) is much used because, though crude, it is simple.
The coefficient R2(G), or the lowest non-trivial
coefficient for a link, may be quite sufficient for

practical purposes. Computing even the whole poly-
nomial, or its value at a particular point, by the
recurrence relation (4.1) may be quicker.
The decomposition of the invariant R(z) of a link

into contributions from its tangles may have interesting
applications in theoretical physics, particularly for

polymers. The factorization into tangles with two legs
is analogous to a renormalization of the propagator,
and similarly tangles with more legs correspond to
vertex insertions. There arises therefore the hope that
this simplified presentation of the topology could be
incorporated into a renormalization group calculation.
However, a major problem is how to vary continuously
the dimensionality of space here. -
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Appendix. - Base tangles with 2 r legs, for r = 1,2
and 3.
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