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Abstract
We present a new and accurate method to render the atmospherein real time from any viewpoint from ground
level to outer space, while taking Rayleigh and Mie multiplescattering into account. Our method reproduces
many effects of the scattering of light, such as the daylightand twilight sky color and aerial perspective for all
view and light directions, or the Earth and mountain shadows(light shafts) inside the atmosphere. Our method is
based on a formulation of the light transport equation that is precomputable for all view points, view directions and
sun directions. We show how to store this data compactly and propose a GPU compliant algorithm to precompute
it in a few seconds. This precomputed data allows us to evaluate at runtime the light transport equation in constant
time, without any sampling, while taking into account the ground for shadows and light shafts.

Categories and Subject Descriptors(according to ACM CCS): I.3.7 [Computer Graphics]: Three-Dimensional
Graphics and Realism

1. Introduction

Atmospheric effects are very important to increase the real-
ism of outdoor scenes in many applications. The sky color
gives key indications about the hour of the day, and the
aerial perspective gives an important cue to evaluate dis-
tances. Rendering these effects in real time, continuously
from ground to space, is desirable in many games or applica-
tions, such as �ight simulators or Earth browsers like Google
Earth. This is especially true for applications that targetre-
alism, such as Celestia or Nasa WorldWind. However, these
applications currently use very basic models to render these
effects, which do not give realistic images.

In this paper we propose a method to render these effects
in real time, from any viewpoint from ground to space. This
method accounts for multiple scattering, which is important
to correctly render twilight, or the shadow of the Earth in-
side the atmosphere (see Figure8). It is based on moderate
simplifying assumptions that allow us to get a better approx-
imate solution of the rendering equation (compared to pre-
vious work), in which most terms can be precomputed. Our

method is the �rst real-time method accounting for all view-
points, all view and sun directions, and multiple scattering.

The next sections are organized as follows. Section2 in-
troduces the physical model and the rendering equation and
reviews the related work. Section3 presents our resolution
method to get a precomputable formulation. Sections4 and5
present our precomputation and rendering algorithms. Sec-
tion 6 gives implementation details and presents our results.

2. Atmospheric models

Rendering atmosphere illumination relies on two aspects: a
physical model of the local medium properties, and a simu-
lation of the global illumination exchanges up to the viewer
eyes. This includes exchanges with the ground, which can
be modeled as a Lambertian surface with a height �eld of
re�ectancea(x; l ), normaln(x), etc.

Most computer graphics (CG) papers, starting with
[NSTN93], rely on a physical model of the medium com-
prising air molecules and aerosol particles, summarized in
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Section2.1. However, the classical rendering equation for
participating media is rarely completely accounted for in at-
mospheric CG models, especially for interactive rendering.
We restate the general model in Section2.2 and we present
its approximations in previous CG models in Section2.3.

2.1. Physical model

The physical model commonly used in CG is a clear sky
model based on two constituents, air molecules and aerosol
particles, in a thin spherical layer of decreasing density be-
tweenRg = 6360kmandRt = 6420km(see Figure1).

At each point, the proportion of light that is scatteredq de-
grees away from its incident direction is given by the prod-
uct of a scattering coef�cientbs and of a phase functionP.
bs depends on the particule density andP describes the an-
gular dependency. For air moleculesbs andP are given by
the Rayleigh theory [TS99]:

bs
R(h; l ) =

8p3(n2 � 1)2

3Nl 4 e� h
HR (1)

PR(µ) =
3

16p
(1+ µ2) whereµ = cosq (2)

whereh = r � Rg is the altitude,l the wavelength,n the
index of refraction of air,N the molecular density at sea
level Rg, and HR = 8 km is the thickness of the atmo-
sphere if its density were uniform. As in [REK� 04], we use
bs

R = ( 5:8;13:5;33:1)10� 6 m� 1 for l = ( 680;550;440) nm.
Aerosols also have an exponentially decreasing density, with
a smaller height scaleHM ' 1:2 km. Their phase function is
given by the Mie theory, approximated with the Cornette-
Shanks phase function [TS99]:

bs
M(h; l ) = bs

M(0; l )e� h
HM (3)

PM(µ) =
3
8p

(1� g2)(1+ µ2)
(2+ g2)(1+ g2 � 2gµ)3=2

(4)

Unlike air molecules, aerosols absorb a fraction of the inci-
dent light. It is measured with an absorption coef�cientba

M ,
which gives the extinction coef�cientbe

M = bs
M + ba

M (see
Figure 6 for typical values –be

R = bs
R for air molecules).

Note that the variation of the index of refraction with al-
titude causes a small bending of rays (less than 2 degrees
[HMS05]). We ignore it for simplicity.

2.2. Rendering equation

We recall here the rendering equation in a participating
medium, applied to the atmosphere. We noteL(x;v;s) the
radiance of light reachingx from directionv when the sun is
in directions, andxo(x;v) the extremity of the rayx+ tv (see
Figure1). Note thatxo is either on the ground or on the top
atmosphere boundaryr = Rt . Thetransmittance Tbetween
xo andx, the radianceI of light re�ected atxo, and the radi-
anceJ of light scattered aty in direction� v are de�ned as

Figure 1: Our method. Left: the reference solution includes single-
scattering (a) and multiple-scattering (b) integrated fromx to xo, all
accounting for occlusion.Right: our approximation. Integration is
done fromx to xs, ignoring occlusion (implicit via the use ofxs).
(a) is unchanged. (b) is affected by ignoring occlusion of secondary
scatters (this yields both positive and negative bias, and effect is
small anyway).

Figure 2: De�nitions . (a) the atmospheric transparency T results
from absorption and out scattered light.(b) I [L] is the light L re-
�ected at xo. It is null on the top atmosphere boundary.(c) J [L]
is the light L scattered aty in direction � v. (d) S[L] is the light
scattered towardsx betweenxo andx, from any direction.

follows (see Figure2):

T(x;xo) = exp

 

�
Z xo

x
å

i2f R;Mg
be

i (y)dy

!

(5)

I [L](xo; s) =
a(xo)

p

Z

2p
L(xo;www;s)www:n(xo)dw; or 0 (6)

J [L](y;v;s) =
Z

4p
å

i2f R;Mg
bs

i (y)Pi(v:www)L(y;www;s)dw (7)

Note thatI is null on the top atmosphere boundary. With
these notations the rendering equation is [TS99]:

L(x;v;s) = ( L0 + R [L] + S[L])(x;v;s) (8)

L0(x;v;s) = T(x;xo)Lsun; or 0 (9)

R [L](x;v;s) = T(x;xo)I [L](xo; s) (10)

S[L](x;v;s) =
Z xo

x
T(x;y)J [L](y;v;s)dy (11)

whereL0 is the direct sunlightLsun attenuated before reach-
ing x by T(x;xo). L0 is null if v 6= s, or if the sun is occluded
by the terrain,i.e.,if xo is on the ground.R [L] is the light re-
�ected atxo and also attenuated before reachingx, andS[L]
is theinscatteredlight, i.e., the light scattered towardsx be-
tweenx andxo (see Figure2).

2.3. Previous rendering methods

Equation8 is very complex to solve. Hence, many simpli-
fying assumptions have been made in CG to �nd approxi-
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mate solutions that are easier to compute (see [Slo02] for a
survey). Most real-time methods ignore multiple scattering.
In this case Equation8 reduces toL = L0 + R [L0] + S[L0].
However, evenS[L0] is quite complex to solve. Some au-
thors propose analytical solutions at the price of idealisa-
tions: �at Earth with constant atmosphere density [HP02],
or without Mie scattering [REK� 04]. The �at Earth hypoth-
esis limits them to observers on the ground. Otherwise,S[L0]
is generally computed by numerical integration [NSTN93],
which can be done in real time using low sampling [O'N05].
A notable exception is [SFE07] who rely on precomputa-
tions of this integral. However, in order to reduce the num-
ber of parameters, they only take into account the view and
sun zenith angles, and neglect the angle between the view
and sun directions. Hence they cannot reproduce,e.g., the
Earth's shadow inside the atmosphere.

Ignoring multiple scattering as above is acceptable for
daylight but not for twilight [HMS05]. This is because sun-
light traverses much less atmosphere during the day than
during sunset or sunrise. Hence, some authors propose meth-
ods to account for multiple scattering. [PSS99] �t the results
of a double scattering Monte-Carlo simulation with an ana-
lytical model, but their model is only valid for an observer on
the ground. [NDKY96] and [HMS05] use volume radiosity
algorithms to compute multiple scattering, but their methods
are far from real-time (minutes to hours per image).

In this paper we propose a new method to render the sky
and the aerial perspective in real time, fromall viewpoints
from ground to space, while takingmultiple scatteringinto
account. It is inspired by [SFE07] and extends it with multi-
ple scattering, with the previously ignored view-sun angle
parameter, with a better parameterization for the precom-
puted tables, and with a new method for light shafts.

3. Our method

For ef�ciency and realism, our goal is to precomputeL as
much as possible, with only minimal approximations. Our
solution is based on an exact computation for zero and sin-
gle scattering, and uses an approximation of occlusion ef-
fects to compute multiple scattering. In fact we take the de-
tailed ground shape into account for zero and single scatter-
ing, in order to get correct ground colors, shadows and light
shafts. But we approximate it with a perfect sphere of con-
stant re�ectance to compute multiple scattering, to allow for
precomputation.

Notations Before presenting our method we need some no-
tations and auxiliary functions. We noteL̄ = L̄0+( R̄ + S̄)[L̄]
the solution of Equation8 for the case of a perfectly spher-
ical ground of constant re�ectancēa. L̄0, R̄ , S̄, x̄o, Ī and
so on are de�ned as before, but for this spherical ground.
Note that thanks to the ground's spherical symmetryx andv
can be reduced to an altitude and a view zenith angle. Hence

functions ofx;v;s such as̄L or S̄[L̄] can be reduced to func-
tions of 4 parameters (2 forx;v and 2 fors). Note also thatL
(resp.L̄) can be expressed with a series in the linear opera-
torsR andS (resp.R̄ andS̄), where theith term corresponds
to light re�ected and/or scattered exactlyi times:

L = L0 + ( R + S)[L0] + ( R + S)
�
(R + S)[L0]

�
+ : : :

= L0 + L1 + L2 + : : : = L0 + L� (12)

Zero and single scattering We computeL0 andR [L0] ex-
actly, during rendering. For this we use a shadowing algo-
rithm to compute the sun occlusion (see Equation9), and a
precomputed table for the transmittanceT, which depends
on only 2 parameters (see Section4). S[L0] is more compli-
cated. It is an integral betweenx andxo but, due to the occlu-
sion term inL0, the integrand is null at all pointsy that are in
shadow (this is what gives light shafts). We suppose here that
these points are betweenxs andxo (see Figure1 – the gen-
eral case is discussed in Section5). Then the integral can be
reduced to the lit segment[x;xs]. Moreover, occlusion can be
ignored since it is already accounted for viaxs, i.e., L0 can
be replaced with̄L0. This shows thatS[L0] =

Rxs
x TJ [L̄0].

By rewriting this as
Rx̄o

x TJ [L̄0] �
Rx̄o
xs

TJ [L̄0], extending an
idea introduced in [O'N05] and reused in [SFE07], we �-
nally get a formulation using precomputable functions of 2
and 4 parameters,T andS̄[L̄0]:

S[L0](x;v;s) = S̄[L̄0](x;v;s) � T(x;xs)S̄[L̄0](xs; v;s) (13)

Multiple scattering As shown aboveL0 andL1 can be com-
puted exactly despite the occlusion. Unfortunately account-
ing for occlusion in the other termsL2+ : : : = R [L� ]+ S[L� ]
is much more dif�cult. Hopefully, in this case the occlusion
can be approximated. Indeed, multiple scattering effects are
small compared to single scattering during the day, while
the ground contribution is small when it is not directly lit
by the sun. So we approximate occlusion effects inS[L� ]
by integrating the contribution of multiple scattering, com-
puted without occlusion, betweenx andxs. This yields both
positive and negative bias (see Figure1). Mathematically,
this approximation givesS[L� ] '

Rxs
x TJ [L̄� ]. We also ap-

proximate occlusion effects inR [L� ] with the ambient oc-
clusion of an horizontal hemisphere due to the ground's tan-
gent plane,1+ n:n̄

2 . This givesR [L� ] ' R̂ [L̄� ] with:

R̂ [L̄� ] = T(x;xo)
a(xo)

p
1+ n(xo):n̄(xo)

2
Ē[L̄� ](xo; s) (14)

Ē[L̄� ](xo; s) =
Z

2p
L̄� (xo;www;s)www:n̄(xo)dw; or 0 (15)

By using the same rewriting rule as for Equation13, and by
notingS̄[L̄]j x = S̄[L̄](x;v;s), we �nally get:

L ' L0 + R [L0] + R̂ [L̄� ] + S̄[L̄]j x � T(x;xs)S̄[L̄]j xs
(16)

where the �rst three terms can be quickly computed with the
help of precomputed 2D tables forT andĒ[L̄� ], and where
S̄[L̄] can be precomputed in a 4D table. We now show how
to precompute them, in tables of a reasonnable size.
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