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Abstract

In this paper we study a two-step version of EPR-B experiment. Its

theoretical resolution in space and time enables us to refute the classic

”impossibility” to decompose a pair of entangled atoms into two distinct

states, one for each atom. We propose a new causal interpretation of the

EPR-B experiment where each atom has a position and a spin while the

singlet wave function verifies the two-body Pauli equation.

1 Introduction

The nonseparability is one of the most puzzling aspects of quantum mechan-
ics. For over thirty years the spin version proposed by Bohm [5, 6] of the
Einstein-Podolsky-Rosen experiment [1], the Bell theorem [2] and the BCHSH
inequalities [2, 3, 4] have been at the heart of the debate on hidden variables
and non-locality; but hitherto the precise nature of the physical process that lies
behind the ”non-local” correlations in the spins of the particles has remained
unclear.

Many experiments since Bell’s paper have demonstrated violations of these
inequalities and have vindicated quantum theory [7, 8, 9, 10, 11, 12, 13, 14, 15,
16, 17]. The first one was done with pairs of entangled photons and clearly
violate Bell’s inequality [10, 11, 12, 13]. Entangled protons have also been
studied in an early experiment [9]. The generation of EPR pairs of massive
atoms instead of massless photons has been considered [14, 15]; it also shows
experimental violation of Bell’s inequality with efficient detection [15].

In a new experiment, Zeilinger and all [26] measure previously untested
correlations between two entangled photons, they show that these correlations
violate an inequality proposed by Leggett for non-local realistic theories [25].

The usual conclusion of these experiments is to reject the non-local realism
because the impossibility to decompose a pair of entangled atoms into two states,
one for each atom.
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In this paper we show that this decomposition is possible: a causal interpre-
tation exists where each atom has a position and a spin while the singlet wave
function verifies the two-body Pauli equation.

To demonstrate this; we consider a two-step version of EPR-B experiment
and we use an analytic expression of the wave function and the probability
density. The explicit solution is obtained via a complete integration of the
two-body Pauli equation over time and space.

A first causal interpretation of EPR-B experiment was proposed in 1987 by
Dewdney, Holland and Kyprianidis [21, 22]. This interpretation had a flaw:
the spin module of each particle varied during the experiment from 0 to ~

2 . It
is perhaps the cause of its rejection by the scientific community as an ad hoc
solution.

The explicit solution in terms of two-body Pauli spinors and the probability
density for the two steps of the EPR-B experiment are pesented in section 2.
The solution in space and time shows how it is possible to deduce tests on
the spatial quantization of particles, similar to those of the Stern and Gerlach
experiment.

In section 3, we provide a realistic explanation of the entangled states and
a method to desentangle the wave function of the two particles.

The resolution in space of the equation Pauli is essential: it enables the
spatial quantization in section 2 and explains determinism and desentangling in
section 3.

2 Simulation and tests of EPR-B experiment in

two steps

Fig.1 presents the Einstein-Podolsky-Rosen-Bohm experiment. A source S cre-
ated in O pairs of identical atoms A and B, but with opposite spins. The atoms
A and B split following 0y axis in opposite directions, and head towards two
identical Stern-Gerlach apparatus A and B.

Figure 1: Schematic configuration of EPR-B experiment.

The electromagnet A ”measures” the A spin in the direction of the Oz-axis
and the electromagnet B ”measures” the B spin in the direction of the Oz’-axis,
which is obtained after a rotation of an angle δ around the Oy-axis.

We further consider that atoms A and B may be represented by Gaussian
wave packets in x and z. The initial wave function of the entangled state is the
singlet state:

Ψ0(xA, zA, xB , zB) = f(xA, zA)f(xB, zB)
1√
2
(|+A〉|−B〉 − |−A〉|+B〉) (1)
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where for example f(x, z) = (2πσ2
0)−

1
2 e

−
x2+z2

4σ2
0 and where |±A〉 and |±B〉 are

the eigenvectors of the operators σzA
and σzB

: σzA
|±A〉 = ±|±A〉, σzB

|±B〉 =
±|±B〉. We treat classically dependence with y: speed −vy for A and vy for B.

The wave function of the two identical particles A and B, electrically neutral
and with magnetic moments µ0, subject to magnetic fields, admits 4 components
Ψi1,i2(r1, r2, t) and verifies the two-body Pauli equation:

i~
∂Ψi1,i2

∂t
= (− ~

2

2m
∆A− ~

B

2m
∆2)Ψ

i1,i2 +µBAi(σi)
i1
j Ψj,i2 +µBBi(σi)

i2
k Ψi1,k (2)

with the initial conditions:

Ψi1,i2(r1, r2, 0) = Ψi1,i2
0 (r1, r2) (3)

where the σi are the Pauli matrixes and where the Ψi1,i2
0 (r1, r2) are given func-

tions.
In the basis |±A〉 et |±B〉 the initial condition Ψi1,i2

0 (r1, r2) corresponds to
the singlet state (1).

We take as numerical values those of the Stern-Gerlach experiment with silver
atoms [18, 19]. For a silver atom, one has m = 1, 8 × 10−25 kg, vy = 500
m/s , σ0=10−4m. For the electromagnetic field B, Bx = B′

0x; By = 0 and
Bz = B0 − B′

0z with B0 = 5 Tesla, B′
0 =

∣

∣

∂B
∂z

∣

∣ = −
∣

∣

∂B
∂x

∣

∣ = 103 Tesla/m over a
length ∆l = 1 cm. The screen that intercepts atoms is at a distance D = 20 cm
(time t = D

vy
= 4 × 10−4s) from the exit of the magnetic field.

One of the difficulties of the interpretation of the EPR-B experiment is the
existence of two simultaneous measurements. By doing these measurements
one after the other, the interpretation of the experiment will be facilitated.
That is the purpose of the two-step version of the experiment EPR-B studied
below.

2.1 First step: Measurement of A spin and position of B

In the first step we make, on a couple of particles A and B in a singlet state, a
Stern and Gerlach ”measurement” for atom A, and for atom B a mere impact
measurement on a screen.

It is the experiment first proposed in 1987 by Dewdney, Holland and Kypri-
anidis [21].

Consider that at time t0 the particle A arrives at the entrance of electro-
magnet (A). The wave function at time t0 + t can be calculated, from the wave
function (1), term to term in basis [|±A〉, |±B〉]. After the exit of the magnetic
field A, at time t0 + t + △t, the wave function (1) becomes [19]:

Ψ(xA, zA, xB , zB, t0 + t + △t) =
1√
2
f(xB, zB)[ f+(xA, zA, t)|+A〉|−B〉(4)

− f−(xA, zA, t)|−A〉|+B〉]

with
f±(x, z, t) = f(x, z ∓ z△ ∓ ut)ei(±muz

~
+ϕ±(t)) (5)
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and

∆t =
∆l

vy
= 2 × 10−5s, z∆ =

µ0B
′
0(∆t)2

2m
= 10−5m,

u =
µ0B

′
0(∆t)

m
= 1m/s. (6)

The atomic density ρ(zA, zB, t0 + t + ∆t) is found by integrating
Ψ(xA, zA, xB, zB, t0 + t + △t)∗Ψ(xA, zA, xB , zB, t0 + t + △t) on xA and xB :

ρ(zA, zB, t0 + t + ∆t) = (2πσ2
0)−

1
2 e

−
(zB)2

2σ2
0 (7)

×(2πσ2
0)

−
1
2
1

2

(

e
−

(zA−z∆−ut)2

2σ2
0 + e

−
(zA+z∆+ut)2

2σ2
0

)

.

We deduce that the beam of particles A is divided into two, while the B
beam of particle stays one. This result can easily be tested experimentally.

Moreover, we note that the space quantization of particle A is identical to
that of an untangled particle in a Stern and Gerlach apparatus: the distance
δz = 2(z∆ + ut) between the two spots N+ (Spin +) and N− (spin −) of a
family of particle A is the same as the distance between the two spots N+ and
N− of a particle in a classic Stern and Gerlach experiment [19]. This result can
easily be tested experimentally.

We finally deduce from (7) that :

• the density of A is the same, whether particle A is entangled with B or
not,

• the density of B is not affected by the ”measurement” of A.

These two predictions of quantum mechanics can be tested. Only spins are
involved. We conclude from (4) that the spins of A and B remain opposite
throughout the experiment.

2.2 Second step : ”Measurement” of A spin, then of B

spin.

The second step is a continuation of the first and results in realizing the EPR-B
experiment in two steps.

On a couple of particles A and B in a singlet state, first we made a Stern
and Gerlach ”measurement” on the A atom between t0 and t0 + t + △t, then
a Stern and Gerlach ”measurement” on the B atom with an electromagnet B
forming an angle δ with A between t0 + t + △t and t0 + 2(t + △t).

Beyond the exit of magnetic field A, at time t0 + t + △t, the wave function is
given by (4). Immediately after the ”measurement” of A, still at time t0+t+△t,
if the A measurement is ±, the conditionnal wave functions of B are:

ΨB/±A(xB , zB, t0 + t + △t) = f(xB , zB)| ∓ B〉. (8)
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To measure B, we refer to the basis | ±′ B〉. So, after the measurement of B, at
time t0 + 2(t + △t) the conditional wave functions of B are :

ΨB/+A(x′

B , z′B, t0 + 2(t + △t)) = cos
δ

2
f+(x′

B , z′B, t)|+′

B〉

+ sin
δ

2
f−(x′

B , z′B, t)|−′

B〉,

ΨB/−A(x′

B , z′B, t0 + 2(t + △t)) = − sin
δ

2
f+(x′

B , z′B, t)|+′

B〉

+ cos
δ

2
f−(x′

B , z′B, t)|−′

B〉.

We therefore obtain, in this two steps version of the EPR-B experiment, the
same results for spatial quantization and correlations of spins as in the EPR-B
experiment.

3 Causal interpretation of the EPR-B experi-

ment

We assume, at moment of the creation of the two entangled particles A and B,
that each of the two particles A and B has an initial wave function Ψ0

A(rA, θ0
A, ϕ0

A)
and Ψ0

B(rB, θ0
B, ϕ0

B) with spinors which are opposite spins; for example :

Ψ0
A(rA, θ0

A, ϕ0
A) = f(rA)(cos

θ0
A

2 |+A〉 + sin
θ0

A

2 eiϕ0
A |−A〉) and Ψ0

B(rB, θ0
B, ϕ0

B) =

f(rB)(cos
θ0

B

2 |+B〉 + sin
θ0

B

2 eiϕ0
B |−B〉) with θ0

B = π − θ0
A and ϕ0

B = ϕ0
A − π.

Then the Pauli principle tells us that the two-body wave function must be
antisymmetric; after calculation we find:

Ψ0(rA, θA, ϕA, rB, θB, ϕB) = −eiϕAf(rA)f(rB)(|+A〉|−B〉 − |−A〉|+B〉)

which is the same as the singlet state, factor wise (1).
Thus, we can consider that the singlet wave function is the wave function of

a family of two fermions A and B with opposite spins: direction of initial spin
A and B exist, but is not known. It is a local hidden variable which is therefore
necessary to add in the initial conditions of the model.

This is not the interpretation followed by the school of Bohm [21, 22, 24, 23]
in the interpretation of the singlet wave function; they suppose, for example, a
zero spin for each of particles A and B at the initial time.

It remains to determine the wave function and the trajectories of particles A
and B: from the entangled wave function, initial spins and initial positions of
each particle.

We assume therefore that the intial position of the particle A is known
(xA

0 , yA
0 = 0, zA

0 ) as well as the particle B (xB
0 = xA

0 ,yB
0 = yA

0 = 0,zB
0 = zA

0 ).

3.1 Step 1 : Measurement of A spin and position of B

Equation (4) shows that the spins of A and B remain opposite throughout step
1. Equation (7) shows that the densities of A and B are independent; for A
equal to the density of a family of free particles in a classical Stern Gerlach
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apparatus, whose initial spin orientation has been randomly chosen; for B equal
to the density of a family of free particles.

The spin of a particle A is orientated gradually following the position of the
particle in its wave into a spin + or −. The spin of particle B follows that of A,
while remaining opposite.

In the equation (4) particle A can be considerd independent of B. We can
therefore give it the wave function

ΨA(xA, zA, t0 + t + △t) = cos
θ0

A

2 f+(xA, zA, t)|+A〉

+ sin
θ0

A

2 eiϕ0
Af−(xA, zA, t)|−A〉 (9)

which is that of a free particle in a Stern Gerlach apparatus and whose initial
spin is given by (θ0

A, ϕ0
A).

So, the equation of its trajectory is given by the following differential equa-
tions: in the interval [t0, t0 + ∆t]:

dzA

dt
=

µ0B
′
0t

m
cosθ(zA, t) with tan

θ(zA, t)

2
= tan

θ0

2
e
−

µ0B′
0t2zA

2mσ2
0 (10)

with the initial condition zA(t0) = zA
0 ; and in the interval t0 + ∆t + t (t ≥ 0):

dzA

dt
= u

tanh( (z∆+ut)zA

σ2
0

) + cos θ0

1 + tanh( (z∆+ut)zA

σ2
0

) cos θ0

et tan
θ(zA(t), t)

2
= tan

θ0

2
e
−

(z∆+ut)zA

σ2
0 . (11)

θ(zA(t), t) describes the evolution of the orientation of spin A.
The case of particle B is different. B follows a rectilinear trajectory with yB(t) =
vyt, zB(t) = zB

0 and xB(t) = xB
0 . By contrast, the orientation of its spin moves

and it was θB(t) = π − θ(zA(t), t) and ϕB(t) = ϕ(zA(t), t) − π.
We can then associate the wave function:

ΨB(xB , zB, t0 + t + △t) = f(xB , zB) [ cos
θB(t)

2
|+B〉

+ sin
θB(t)

2
eiϕB(t)|−B〉 ] . (12)

This wave funtion is specific, because it depends upon initial conditions of A
(positions and spins). The orientation of spin of the particle B is driven by the
particle A through the singlet wave function. Thus, the singlet wave function is
the actual non-local hidden variable.

Figure 2 presents a plot in the (z, y) plane the trajectories of a set of 5 pairs
of entangled atoms whose initial characteristics (θA

0 = π − θB
0 , z0

A = z0
B) have

been randomly chosen. The trajectories will therefore depend on both the initial
position z0 and the initial spin orientation θ0. Since the spin initial orientation
are different, trajectories of the A particles may intersect.

6



−0.3−0.2−0.100.10.20.3
−6

−4

−2

0

2

4

6
x 10

−4

y (meter)

z 
(m

et
er

)
A

Figure 2: Five pairs of trajectories of entangled particles. Arrows represent the
spin orientation.

3.2 Step 2: ”Measurement” of A spin, and then B spin

Until time t0 + t + △t, we are in the case of step 1. Immediately after the
”measurement” of A at the time t0 + ∆t + t, if the A measurement is ±, the
conditional wave function of B is:

ΨB/±A(xB , zB, t0 + t + △t) = f(xB , zB)| ∓ B〉. (13)

Then particle B is in position (xB
0 , zB

0 ).
We are exactly in the case of a particle in a Stern and Gerlach magnet B

which is an angle δ with A.
To measure the spin of B, we refer to the basis | ±′ B〉. So, after the mea-

surement of B, at time t0 + 2(t +△t), the conditional wave functions of B are :

ΨB/+A(x′

B , z′B, t0 + 2(t + △t)) = cos
δ

2
f+(x′

B , z′B, t)|+′

B〉

+ sin
δ

2
f−(x′

B , z′B, t)|−′

B〉,

ΨB/−A(x′

B , z′B, t0 + 2(t + △t)) = − sin
δ

2
f+(x′

B , z′B, t)|+′

B〉

+ cos
δ

2
f−(x′

B , z′B, t)|−′

B〉

and we find again the quantum correlations.
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4 Conclusion

From the wave function of two entangled particles, we found spins, trajectories
and also a wave function for each of the two particles.

In this interpretation, the quantum particle has a local position like a clas-
sical particle, but it has also a non local behaviour through the wave function.
This is the foundamental innovation introduced by quantum mechanics.

So it is the wave function that create the new, non classical properties. We
can keep a view of a local realist world for the particle, but we should add a
non-local vision through the wave function.

Therefore the actual hidden variable is the wave function. It is not separable
and non-local. As in the Broglie-Bohm interpretation the wave function pilots
the particle, it also creates the non separability of two entangled particles.

As we saw in step 1, the non-local influences in the EPR-B experiment only
concerns the spin orientation, not the motion of the particles themselves. This
is a key point in the search of a physical explanation of non-local influences.

References

[1] Einstein, A., Podolsky, B., Rosen,N.: Can quantum mechanical description
of reality be considered complete?. Phys. Rev. 47,777-780 (1935) .

[2] Bell,J. S.: On the Einstein Podolsky Rosen Paradox. Physics 1, 195 (1964).

[3] Clauser,J.F., Horne,M.A., Shimony, A., Holt,R. A.:Proposed experiments
to test local hidden-variable theories. Phys. Rev. Lett. 23, 880 (1969).

[4] Bell,J. S.: Speakable and Unspeakable in Quantum Mechanics. Cambridge
University Press (1987).

[5] Bohm,D.:Quantum Theory. New York, Prentice-Hall (1951).

[6] Bohm,D., Aharonov,Y.: Discussion of experimental proofs for the paradox
of Einstein, Rosen and Podolsky. Phys. Rev.108, 1070 (1957).

[7] Freedman, S.J., Clauser,J.F.: Experimental test of local hidden-variable
theories. Phys. Rev. Lett. 28, 938 (1972).

[8] Fry,E. S., Thompson,R.C.: Experimental Test of Local Hidden-Variable
Theories. Phys. Rev. Lett. 37, 465 (1976).

[9] Lamehi-Rachti,M.,Mittig,W.: Phys. Rev. D 14, 2543(1976).

[10] Aspect,A., Grangier,P., Roger,G.: Experimental realization of Einstein-
Pdolsky-Rosen-Bohm GedankenExperiment: a new violation of
Bell’inequalities. Phys. Rev. Lett. 49, 91 (1982).

[11] Aspect,A., Dalibard, J., Roger,G.: Experimental tests of Bell’inequalities
using variable analysers. Phys. Rev. Lett. 49, 1804 (1982).

[12] Tittel,W., Brendel, J., Zbinden, H., Gisin,N.: Violation of Bell inequalities
by photons more than 10 km apart. Phys. Rev. Lett. 81, 3563 (1998).

8



[13] Weihs,G., Jennewein,T., Simon,C., Weinfurter,H., Zeilinger,A.: Violation
of Bell’inequalities under strict Einstein locality condition. Phys. Rev. Lett.
81, 5039 (1998).

[14] Beige,A., Munro,W.J., Knight,P.L.: A Bell’s inequality test with entangled
atoms. Phys. Rev. A 62, 052102-1-052102-9 (2000).

[15] Rowe,M.A., Kielpinski,D., Meyer, V., Sackett,C.A., Itano,W.M., Mon-
roe,C., Wineland,D.J.: Experimental violation of a Bell’s inequality with
efficient detection. Nature 409, 791-794 (2001).

[16] Bertlmann,R.A., Zeilinger,A. (eds.): Quantum [un]speakables, from Bell to
Quantum information, Springer (2002).

[17] Genovese,M.: Research on hidden variables theories: a review of recent
progress. Phys. Repts. 413, 319 (2005).

[18] Cohen-Tannoudji,C., Diu,B., Lalo,F.: Quantum Mechanics, Wiley, New
York (1977).

[19] Gondran,M., Gondran,A.: A complete analysis of the Stern-Gerlach exper-
iment using Pauli spinors. quant-ph/05 1276 (2005).

[20] Gondran,M., Gondran,A.: Numerical simulation of the double-slit interfer-
ence with ultracold atoms. Am. J. Phys. 73, 6 (2005).

[21] Dewdney,C., Holland,P.R., Kyprianidis,A.: A causal account of non-local
Einstein-Podolsky-Rosen spin correlations. J. Phys. A: Math. Gen. 20,
4717-32 (1987).

[22] Dewdney,C., Holland,P.R., Kyprianidis,A., Vigier,J.P.: Nature, 336, 536-
44 (1988).

[23] Bohm,D., Hiley,B.J.: The Undivided Universe. Routledge, London and
New York (1993).

[24] Holland, P.R.: The quantum Theory of Motion, Cambridge University
Press (1993).

[25] Leggett,A.: Nonlocal hidden-variable theories and quantum mechanics: An
incompatibility theorem. Found. Phys. 33, 1469-1493 (2003).

[26] S. Grblacher, T. Paterek, R. Kaltenbaek, C. Brukner, M. Zukowski, M.
Aspelmeyer and A. Zeilinger, ”An experimental test of non-local realism”,
Nature, 446, 871-875 (2007).

9


