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Wavelets techniques for pointwise anti-Holderian

irregularity

MARIANNE CLAUSEL*AND SAMUEL NicorAy!

Université Paris Est and Université de Liege

Abstract: In this paper, we introduce a notion of weak pointwise Holder reg-
ularity, starting from the definition of the pointwise anti-Holder irregularity.
Using this concept, a weak spectrum of singularities can be defined as for the
usual pointwise Holder regularity. We build a class of wavelet series satisfying
the multifractal formalism and thus show the optimality of the upper bound.
We also show that the weak spectrum of singularities is disconnected from the
casual one (denoted here strong spectrum of singularities) by exhibiting a mul-
tifractal function made of Davenport series whose weak spectrum differs from
the strong one.

Keywords Pointwise Holder regularity, Wavelets, Spectrum of singularities,
Multifractal formalism.

Mathematics Subject Classification 26A16, 42C40.

1 Introduction

The concept of Holderian regularity has been introduced to study nowhere dif-
ferentiable functions (several examples are given in [B3, i4]). An archetype of
such functions is maybe the Weierstrafl function

—+oo
Wy (z) = Z a """ cos(2ma™x) (0 < H < 1)
n=0

exhaustively studied by Hardy in [@] He proved that for every a > 1, this
function is nowhere differentiable. More precisely, the function Wy satisfies the
two following conditions on [0, 1]?,

W (y) = Wa ()| < Cilz —yl7
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and
sup Wi (u) = Wp (v)| = Cofz —y|"
(u,v)€lz,y]?

for two constants C7, Cy that do not depend on x or y. The first inequality
gives the regularity of Wy, which is said uniformly Holder with exponent H
on [0,1]. The second one reflects the irregularity of the function; in particular,
Wy is nowhere differentiable. One says, following [@], that Wy is uniformly
anti-Holder with exponent H on (0, 1).

An increasing interest has been paid to functions f that are both uniform
Holder and uniformly anti-Holder with exponent H, since these two properties
ensure that the box-counting dimension of the graph of f is equal to 2 — H (see
e.g. [@) Canonical Weierstrafl functions, i.e. functions of the form

= b " g(b"x)

where g is 1-periodic, 1 < b < oo and 0 < a < 1, have been extensively studied
from the irregularity point of view by many authors (see [@, @, @, @, B,
E, @, @, ) Other well-known examples of such functions are provided by
sample paths of Gaussian fields, generalizing the fractional Brownian motion.
Irregularity properties, such as law of the iterated logarithm, are established
using fine results concerning the regularity of the local time of the studied fields
(see [[L0, 3, @]). In particular, in this class of examples are included the so-called
index-a Gaussian fields studied in B] or more generally non locally deterministic
Gaussian fields (see e.g. @ @] and strongly non locally deterministic Gaussian
fields (see [E E @

In this paper, we focus on the pointwise anti-H6lderian irregularity, which is
the pointwise counterpart of the concept of uniform anti-Holderian irregularity.
Our main goal is to answer quite natural questions: Can we overstep the usual
framework of functions both uniform Hélder and uniformly anti-Holder? More
precisely, can we give some explicit examples of functions for which the pointwise
anti-Holderian behavior is different from point to point? What are the main
characteristics of such a behavior?

In the case of the usual pointwise regularity, multifractal functions provide
examples of functions for which the Hélder exponent vary from point to point.
So, we naturally tend to be interested in defining some multifractal functions for
this notion of pointwise anti-Holderian irregularity. We also need suitable tools
to describe the multifractal behavior of such functions. It raises the problem
of the related multifractal formalism. Indeed, let us recall that, in general
settings, it is not possible to estimate the regularity index (which will be defined
hereafter) of a function at a given point. The relevant information is then
the ”size” of the sets of points where the regularity is the same. This ”size”
is mathematically formalized as the Hausdorff dimension. The function that
associates the dimension of the set of points sharing the same regularity index
with this index is referred to as the spectrum of singularities. The goal of any
multifractal formalism is to provide a method which allows to estimate this



spectrum of singularities from numerically computable quantities derived from
the signal. The same problem arises when dealing with pointwise anti-Holderian
irregularity.

Section E is devoted to the definitions related to the Holder regularity. In
Section E we investigate the structure of the irregularity exponent and define,
by means of wavelet series, functions with prescribed irregularity exponent. In
Section , we recall already known results about the multifractal formalism for
the pointwise anti-Holderian irregularity. Section E is devoted to the question
of the validity of this multifractal formalism: Using multifractal measures, we
define a class of wavelet series for which the multifractal formalism holds. In
the last section, we compare the two concepts of multifractal functions: The
usual one and this new one related to anti-Holderianity. We show that the two
notions are clearly disconnected. Indeed, we exhibit an example of Davenport
series which is multifractal for the usual pointwise regularity but monofractal
for the pointwise irregularity.

2 Pointwise Holderian regularity

We start by giving the definitions of the pointwise Holderian regularity and anti-
Holderian irregularity. The concept of anti-Holderian functions with exponent
H has been introduced by C.Tricot in @], he formalized a notion already used
for investigating Weierstra3-type functions or sample paths properties of locally
non deterministic Gaussian fields. Anti-Ho6lderian functions with exponent H
were only defined in the case H € (0,1). A consistent definition is given here
for H larger than 1. Since the anti-Holderian condition is stronger than just
negating the Holderian condition, a weaker Holderian regularity is obtained by
negating the anti-Holderian condition. Finally, discrete wavelet transform and
multiresolution analysis are particularly efficient tools to study the Holderian
regularity of a function (see e.g. [B1]]). The main results binding the regularity
of a function and its wavelet coefficients are briefly reviewed at the end of this
section.

Let us point out that the anti-Holderian irregularity condition has also been
considered in the measure setting (see e.g. [[L3]); a review of this measure-based
irregularity framework is presented in Section Ell

2.1 Weak and strong pointwise Holderian regularity

We recall first the definition of the Holderian regularity; this definition naturally
leads to a notion of Holderian irregularity. One will talk about Holderian and
anti-Holderian functions. Finally, a weaker definition of pointwise smoothness
is obtained by negating the condition related to the anti-Holderian functions.

Definition 1 Let f : R — R? be a locally bounded function, let zy € R?
and a > 0; f € C%(x0) if there exist C; R > 0 and a polynomial P of degree



less than o such that
Ilf(z) = P(z)|| Lo (B(zo,r)) < CT%, Vr <R, (1)

Such a function is said Holderian of exponent « at xg. The lower Holder expo-
nent of f at xg is

hy(wo) = supfa: f € C*(xo)}.

A function f is uniformly Holderian of exponent a (f € C*(R?)) if there exists
C > 0 such that ([]) is satisfied for any zy € R? and R = oo; f is uniformly
Holderian if there exists e > 0 such that f € C¢(RY).

Recall that the lower Holder exponent is simply denoted Holder exponent in the
literature. Since we are interested in introducing another concept of pointwise
Holderian regularity, the accustomed notation h is replaced here by h

The irregularity of a function can be studied through the notion of anti-
Holderianity. Recall that the finite differences of arbitrary order are defined as
follows,

Ny f(@) = fl+h) = f2), AT (@) = N} f(o+ D) — &G f ().
We use the following notation,
By(xo,7) = {z : [z, 2 + ([a] + 1)h] C B(xo,7)}.
Since condition (fl) is equivalent to

sup AT Fll (B eory < CF%, VP <R (2)

(see e.g. [E, E, @]), the next definition is intuitive.

Definition 2 Let f : R — R? be a locally bounded function, let zy € R?
and a > 0; f € I%(x) if there exist C, R > 0 such that

sup 1A Il e (B oy = €7, V7 < R, (3)

Such a function is said anti-Holderian of exponent o at xg. Let us notice that
the Whitney theorem asserts that 11 (xg) C I*?(x¢) if a1 < ay (more precisely,
it is a direct consequence of Proposition 1 of @]) The upper Holder exponent
(or irregularity exponent) of f at xg is

hy(z0) = inf{a: f € I*(z0)}.

We will say that f is strongly Holderian of exponent « at xo (f € C%(xg)) if
feC¥xo)NI%xo).



It follows from the definitions that if a function f is anti-Holderian with
exponent «, it cannot be Holderian with exponent § if 8 > «. We thus have
the following relation between the lower and upper exponents of f: h; < hy.

The statement (E) is stronger than just negating the Holderian regularity
since such a negation only yields the existence, for any C' > 0, of a subsequence
(rn)n (depending on C) for which

|Sup HA[}?H_lfHL“(Bh(zo,rn)) >Cry.

|<rn
We are naturally led to the following definition.

Definition 3 Let f : R? — R be a locally bounded function, let 2o € R® and
a>0; f € C%mx) if f ¢ I*(x0), i.e. for any C > 0 there exists a decreasing
sequence (75, ), such that

sup ||A[ S LB @oray < O, ¥R EN. ()

[h|<rn
Such a function is said weakly Holderian of exponent a at xg.

Roughly speaking, a function is weakly Holderian of exponent « at xg if for any
C > 0, one can bound the oscillation of f over B(xg, ) by Crd for a remarkable
decreasing subsequence (r,,), of scales, whereas for an Holderian function, the
oscillation of f over B(xg,r) has to be bounded at each scale r > 0 by Cr®, for
some C' > 0.

2.2 Holderian regularity and wavelet coefficients

Here, we review the wavelet criterion for strong Holderian regularity and irreg-
ularity.
Let us brieﬂy recall some definitions and notations (for more precisions, see
@ Under some general assumptions, there exists a function ¢
and 2¢—1 funct1ons (1)1 <icn4, called wavelets, such that {¢p(z — k)}peza U
{p@D (22 —k):1<i<2% keZ?jcZ} form an orthogonal basis of L?(R?).
Any function f € L?(R?) can be decomposed as follows,

=) Cip(z—k +ZZ S e (@ie k),

keZd J=1 keZd 1<i<2d
where
cgl) =24 / f(x)i/)(z) (272 — k) dx,
R4
and

Cy = f(@)o(x — k) de.
Rd

Let us remark that we do not choose the L? normalization for the wavelets, but
rather an L°° normalization, which is better fitted to the study of the Holderian



regularity. Hereafter, the wavelets are always supposed to belong to C” with
r > «a and the functions {0°¢}s\<r, {851/)(i)}|s‘9 are assumed to have fast
decay.

A dyadic cube of scale j is a cube of the form

ki ki +1 kg kqg+1
Ev 2 )X"'X[Ea 2 )a

A=

where k = (ki1,...,kq) € Z%. In the sequel, we denote || the scale of a dyadic
cube |A|. From now on, wavelets and wavelet coefficients will be indexed with
dyadic cubes \. Since i takes 2% — 1 values, we can assume that it takes values
in {0,1}¢ — (0,...,0); we will use the following notations:

o A= M\(i,j,k) = & + 51 + [0, 5571)%,
(4)

® C) :Cj,k’
i w)\ = 1/1(1) (2]:1; - k)a
® C) :k/QJ

The pointwise Holderian regularity of a function is closely related to the decay
rate of its wavelet leaders.

Definition 4 The wavelet leaders are defined by

dy = sup [eal:
AN CA

Two dyadic cubes A and X are adjacent if they are at the same scale and if
dist(\, \') = 0. We denote by 3\ the set of 3¢ dyadic cubes adjacent to A and
by A;(zo) the dyadic cube of side 277 containing z. Then

dj(zg) = sup dx.
AC3X;(x0)

The following theorem (Theorem 1 of [Bl]]) allows to “nearly” characterize the
Holderian regularity by a decay condition on d; as j goes to infinity.

Theorem 1 Let o > 0; if f € C*(xq), then there exists C > 0 such that

dj (1‘0) S C27aj, Vj Z 0. (5)
Conversely, if (B) holds and if f is uniformly Holder, then there exist C, R > 0
and a polynomial P of degree less than o such that

1
If (@) = P(@)ll > (B@o,ry) < Crlog—,  ¥r<R.

To give necessary and sufficient conditions concerning the irregularity, we
suppose that the wavelets are compactly supported and belong to CleI+1(R?);
such wavelets are constructed in [@] The result relies on the following lemma.



Lemma 1 Let f € Lf’g’c(Rd); the two following assertions are then equivalent:

1. there exists some 3 > 1 such that, for any C > 0, there exists a non
decreasing sequence of integers (jn) such that

, 2dn([a]+1-e)
sup {27/ g (z0)} < C—F— (6)
3<in Jn

2. there exists some 3 > 1 such that, for any C' > 0, there exists a strictly
increasing sequence of integers (jn) such that, for any A,

leal < C027) + 0(|o — e)), (7)
where 0 is a non decreasing function such that, if 7 € {jn,...,jn+1 — 1}
for some n € N,
9int1([el+1-a)9—j([e]+1) 9—jna

6(27) = inf( _ =
]g+1 ]g

Proof. Let us suppose that Property (ﬁ) holds. For any j, we have 6(2-277)
2lel+19(277). Moreover, if N C 3\;(z0), one has |zg — ex| < 4d2~ V|
9~ (IN|=2-log2 d)  Therefore,

A

2j([“]+1)dj(z0) = /(D) gyp lex|
N C3A; (zo0)
< D) gyp g(gf\k’l)(l+2(2+10g2d)([a]+1))
N C3X; (o)
< el hgledtl(q 4 9(+logy d)(l+1)yg (97,

Since 2([e1+1)ig(2-7) < 2in(lel+1=0) /46 for any j < j,, inequality () is satisfied.

Conversely, if inequality () holds, we have d;, (x0) < C2772*/j2 and there-

fore, since the sequence (d;(z0)) is non increasing, d;(xg) < C2797/j8 for any
n € N and any j > j,. Moreover, we have

in+1(la]+1—a

dj(g) < 27D sup {270 0 dj (o)} < C%

J SIn+1 Jn

g—i(la]+1)

for any n € N, and any j < j,+1. These relations imply that the inequality
dj(xo) < CO(277) is valid for any n € N and any j € {j, -+, jnt1 — 1}. Let
us now fix A\ and set j = sup{m : N C 3\, (z¢)}. By definition of j, one has
|C)\/| < dj(xo) < 09(27])

If j = |N|orif j =|N|+ 1, using the fact that € is non decreasing, one gets

lex| < €O(2-279) < c2l 2=y < c2lel+ (g2~ N1y 4+ 0(|mg — ex])).

If j < [N, 0(277) is larger than 6(2-\'). Nevertheless, one has 27771 <
|zo — ex| and thus

IN

i (20) < OOC) £ OBl — ex)
02[04]-1-1(9(2—\/\/\) + 9(|.%‘0 —ex |))

lex]

IN



In any case, property () is recovered.
This Lemma is indeed a two-microlocal characterization of Property (f). We
need it to prove the following wavelet characterization of pointwise irregularity:

Theorem 2 Let a > 0 and f € L (RY);

loc

1. if there exists C > 0 such that
dj(ao) > C2777, (8)
for any j >0, then f € I*(xp),

2. conversely, suppose that [ is uniformly Holder; if f € I*(x) then, for
any B > 1, there exists C > 0 such that

} gi(lal+1-a)
sup 27 (O 4, (20) > CF— (9)
i1<i j?

for any 7 > 0.
Proof. The first statement is a direct consequence of Theorem 4 of [[[7]. Let us
prove the second statement by contrapositive. Assume that Property (E) does
not hold, which is equivalent to assume that Property (E) is satisfied. We use

Lemma El to prove that inequality @) is satisfied for r, = C27Jn. Let € R?
such that [z, 2z + ([a] + 1)h] C B(xo,277"). We have

A fx) = CetAl (@) + Y exlda(@) =Y AN,
k A

>0

where fo(z) = >, Cror(x) and f(z) =3, , cgl)cw(i)(?x —k)if j > 1. Since f
is assumed to be uniformly Hélder, there exists some & > 0 such that

max(sup |Cy|, sup(2’¢ sup |ex|)) < oo.
k j A

/ -

Q' Jn

Let o' > « and define J,, = | ] 4+ 1. The proof of Theorem 1 of yields

the following inequality

S AR f(a)| < 02 < o
j2Jn
for n sufficiently large.
Since the wavelets are assumed to be compactly supported, there exists Lo
such that supp(;/;@) C (—2%,2%), Let us g:ive an upper bound of ;7:620 A[,?Hlfj(z).
If 2o — ey > 27740+ then |z — ey > 2777 and 1 (z) = 0. Therefore

jn,+€o jn,+€o

S A ) = Y 3 AL (@),
J=0

=0 A, |mo—ex|<2-dtf0+1



The regularity of the wavelets implies that ;:620 ZN |wo—pin <29 +0+1 extoa ()

belongs to Cl*1+1(R?). Hence

Jn+Lo

1> > ATy ()

J=0 X, Jzo—ex|<27 7ot

Jn+€o

< ety > extoa(@) [l oter+1(rey
=0

A, |I07€>\ |§27j+£0+1

We now use Lemma [ and the wavelet characterization of the spaces C1*I+1(R?)
to deduce that

I > extoa (@) clerer(may

A, |zo—ex|<2-iHbo+1

< sup (27101 |y ])
A 2o—ex| <23+ f0+1

CQJ'[aHl(l + 2(40+1)([0¢]+1))9(2*j))_

IN

This leads to the following upper bound,

jn"l‘é() jn
[0 AT @] < B O g 2 edt) § i g (o)
j=0 j=0
- |h|[a]+1C(1 + 2(€o+1)([a]+1))2jn([a]+1—a)
< C(l+ 2(€o+1)([a]+1))2*jna_
Let us now give an upper bound of ZjljnHO A,Ealﬂfj (2). In that case, let

us remark that if |zg — ex| > 277! then |z — ey| > 2770+ and ¢, (z) = 0.
We have

In
Y A ()

J=in+Lo

=1 X Yo e @)

J=jn+Llo+1 X, |zo—ey|<2-int1
‘]’VL

< (al+1) > S Jalswmsip S i)
J=jn+Lo+1 A, |zg—ey|<2-In+1 J wERdw:Q,j
Jn
< C(le] +1) | sup sup > |yha(a)] > > 6(277)
J IERdW:?’j J=in+lo+1 A, |zo—ex|<2-Int1
9—Jjnc
< Cla]+1) [sup sup > |a(@)] | Jo—5—
J zeRd‘/\|:27j In



< C(la]+1) [sup sup > [va(x)| ]| 277

d )
J z€R IA|l=2-7

for n sufficiently large. Gathering these relations, we obtain f € C%(xo).

Note that we do not have a wavelet characterization of the property A i(zo) =
a. Indeed, it is proved in [[L§] that, even up to a logarithmic correction, neither
condition (f) is necessary, nor condition ({9)) is sufficient. Nevertheless, one can
characterize the stronger property h;(zo) = hyt(zo) = o using wavelets. Indeed,
Theorems EI and E lead to the following corollary that we will use in the sequel.

Corollary 1 Let a > 0 and suppose that f is uniformly Hélder. We have
hy(x0) = hy(wo) = a if and only if

- log d;(xo) _
j—oo —jlog2

Proof. The first point of Theorem Eimplies that if lim; log d;(z0)/ — jlog2 = a,
we have h;(zo) = ht(z9) = a. Let us prove the converse result. Assume
that for any € > 0, we have f € C*¢(zg) N [*t¢(zg). For any 8 > 1, the
preceding Theorems imply the existence of a constant C' > 0 such that d;(zg) <
C2-7(@=¢) and SUp,/<; 27" (1) g (2g) > 20(elt1=a=e) ;=B /O for any j > 0.
Let a>e+2e/(Ja]+1—a+e)and b= (B+¢)/(Ja] +1— a+¢e). The previous
relations lead to

2i(lel+1-a=e) _ ;g 9i([a]+1-a—e)

. <c ! .
i i

sup 2j,([0‘]+1)dj/ (xo) < C
J'<j(1—a)—blog, j
and
J([a]+1-a—e) j([a]+1—a—¢)
2 o 2

sup 27 (D g (2) > OV e —— > — >
J ( 0) ]g ]g

Jj(1—a)—blog, j<j'<j
for any j > 2log,(C)/e . Since the sequence (d;(x¢)) is non increasing, we have
“ _gillal+1-a—c)

94 (l ]+1)dj(17a)7blog2j($0) >C 1T’
for any j > 2log,(C)/e. By setting £ = j(1—a)—blog, j, the preceding relation
can be rewritten

1

9727 (42108, O((lal+D) g, (1) > 01

2i([a]+1-a—e) 915z (le]+1-a—e)
> _12—

7’ (=)°
for any £ > 2log,(C)(1 — a)/e. Using the relation d;(zo) < C277(*~¢) we then
obtain

logd; logd;
afsgliminfwglimsupm<a+s.

j—o0 —j lOg 2 j—00 —j 10g 2
Since this inequality holds for any € > 0, the required result follows.

10



3 Construction of functions with prescribed lower
and upper Holder exponents

In this Section, we investigate in detail the structure of the irregularity ex-
ponent of a continuous function. In Section @, we first prove, considering a
Weierstrass-type function, that it is possible to construct a continuous function
with prescribed pointwise Holder exponent H provided that H satisfies “good
properties”. In Section E we focus on describing all the functions which are
both the classical Holder exponent and irregularity exponent of a continuous
function. Finally, we study the case where classical pointwise Holder exponent
and irregularity exponent may differ. In this special case, we give a sufficient
condition and a necessary condition for a couple of functions (H, H) to be re-
spectively the pointwise Holder exponent and the irregularity exponent of a
continuous function.

3.1 A generic Weierstrafl function with prescribed Holder
exponents

In the same spirit as in ], we consider the Weierstra3-type function

+oo
W(t) = A7 sin(2r\t). (10)

j=0
and study its pointwise regularity.

Proposition 1 Let H be a 3-Holderian function from [0,1] to [a,b] C (0,1],
satisfying sup,eqo ) [H(t)| < B. If W is a function of the form (@), where \ 1s
an integer larger than 1, then

W e clO @) =cHO @)y n M), vtelo,1].

The proof of this proposition relies on the two following lemma, analogous to
Lemma 14 and Proposition 15 of [@]

Lemma 2 Let A > 1 and (f;)jen a sequence of bounded and Lipschitz functions
on R for which there exists C' > 0 such that

[fillse + 15l < C.

ST NTIHWD £1(0NE) belongs to CHO(t), for any t € [0,1].
7=0

+
The function f(t) =

Proof. Let ¢ € [0,1]. For any j, |f;(t) — f;(s)| is bounded by C|s —t| or C. Let
Jo(t) = [—log|s — t|/(H(t)log A)]. We have

Jo—1
FO =)l < COONWE= NP0 40y ATIH0
J=0 Jj2jo

11



—+oo
+CZ |)\—jH(t) _ )\—jH(S)|

j=0
< Cft = s[CNOUTHE) . o\mao i)
—+00
+C|log Allt — s” > jA"
7=0

< Clt—s/H®
using the mean value theorem, -Holderianity of H and the fact that H ([0, 1]) C
(0,1].

Lemma 3 Let (f;)jen be a sequence of 1-periodic C-Lipschitz functions from
R to R and

F) =Y A0 (N,
j=0
where X is an integer larger than 1. Assume that there exists £ € {—A—1,--- A=

1} and an integer J such that
D= inf |f,(5) ~ £,(0)] >0
= w5~ HOI >0

ce
If —— <D
f)\()\fl)_ then

ferf’®w), vtelo1].
Proof. Since
1)~ £(5) = SOATHO () — £, (8) 4 3 (AT 3O 1)
§=0 i=0

J

Proposition 15 of [@] yields that for some Cp > 0,
D ATHOSHE) = (V)] = Colt — 5|70,
§=0

Moreover

> ATTHO  XTTHE £ ()] < Jt — s
=0

with 8 > H(t). It provides the required conclusion.
By applying Lemma E and Lemma E to f; = sin(2m), C =1, { = [A\/4] and
D = |sin(¢/\)|, Proposition [ is then straightforward.

12



3.2 Wavelet series-defined functions with similar lower and
upper Holder exponents at any point

The aim of this section is to prove a result analogous to Theorem 1 of [fl]. Here
we extend the results stated in [EI] since we give a characterization of functions
which are both the lower and the upper exponent of a continuous function and
thus satisfy a stronger property than in Theorem 1 of ]

Theorem 3 Let f a continuous nowhere differentiable function defined on [0, 1]
with similar lower and upper Hélder exponent at any point. There exists a
sequence of continuous functions (H;)jen from [0,1] to [0,1] such that

h(t)=h(t) = lim H;(t) Vt.

Conversely, if H is a function from [0,1] to [0,1] such that

H(t) = lim H;(t),

Jj—o0

where the (Hj)jen are continuous functions, then there exists a continuous func-

tion f defined on [0,1] such that
h(t) = F(t) = H(t), .
The first part of Theorem H is straightforward. If one sets

we(t) = Iil\lft |f(x +h) = f(2)],

the sequence (H;),en defined by

H:

J

 log(wy(279) +272)
(t) = —jlog?2

satisfies the required conditions, since

Let us prove the converse assertion by means of wavelet series. We will need
the following wavelet criterium for the pointwise regularity (see [, BI)):

Proposition 2 Let o > 0 and assume that there exists C > 0 such that for any
JjEeN, _
sup [e; | < 02767, (11)
k
and _
d;(t) < 279,
Then for any e > 0, f € C=(¢).
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Remark 1 This Proposition is a reformulation of Proposition 4 of [m] in terms
of wavelet coefficients. Let us point out that in ], f is expanded in the Schauder
basis. Then for any J (Lemma 1 of [f]),

E E kg K
<)k

is a continuous piecewise affine function coinciding with f on dyadic numbers.
In the case of wavelet basis, this property does not hold. In order to prove
Proposition ], we thus need to assume ([[1]) and use different arguments.

Proof. Since supy, |¢; x| < 02_#@1, the wavelet series converge uniformly on any
compact. Let (f;);>—1 be defined as follows,

foal@) = Crple—k), fi(@) = cipiula) (Vi >0)
k

k

As in [@], if |8] < [a], the series Zj 0P f; converges absolutely. Now, for any
j > —1, let us define

(z—t)”
Pji(x) = Z Tafj(t).
B<la]
If jo is the number such that
2700l <y — ¢ < 2790,

and j; satisfies 9" Ten < 27240 then as proved in [B1]],

> 1fi(@) = Pa(x)| < Cholz — |

J<Jjo

and
Z |Pji(z)| < Clz —t]*.
Jj=Jo
Moreover,
J1
7)< Cirle — ).
J=Jo

Since for any ¢ and jo sufficiently large,
ji < G2,
one has

Z |fi(z)] < Celx —t]*~=.

Jj=Jo

14



Since
Yo lfi@) <0 Y 27w < Clog?(ju)2 ™ < |a — 1],
Jj>J1 Jj>j1

the proposition follows.
We will also use a slightly modified version of Lemma 2 of ]:

Proposition 3 Let H a function from [0, 1] to [0,1] such that H(t) = lim; H;(¢),
where (Hj)jen s a sequence of continuous functions. There exists a sequence
(Pj)jen of polynomials such that

{ H(t):jliglopj(t), vt € [0, 1], 12)

1Pllc <J, Vj€N.
We can now define a wavelet series with the desired properties:

Proposition 4 Let H be a function from [0,1] to [0,1] such that H(t)
lim; H;(t), where the (H;) en is a sequence of continuous functions. Let (P;)jen
be a sequence of polynomials satisfying the relations ) For any (j,k) €
N x {0,---,29 — 1}, set

1 k
Hjy = max(lo—gj’ Pj(g))-
The function [ defined as

291

fla) =37 3 27 ik (a). (13)

JEN k=0
satisfies the following relations,
h(t) =h(t) = H(t), Vteclo,1].
Let us look at a particular case.
Remark 2 If H is a continuous function, the wavelet series

271

> D 2 ),

JEN k=0

with Hjj, = max(1/logj, H(277k)) has H both as lower and upper Holder
exponents.

Proof. If N = N (j', k") C 3\;(t), then

/

k 4
- -7
57—t < G127,

15



Since the sequence (P}) cn satisfies equalities (@), for any ¢ > 0, there exists
an integer jo such that for any j > jo and X" C 3)\;(¢),

k/
21"

[Hyr g = H(t)| < |Pj(t) = Pj(55)| + [H(t) = P{(t)] < j277 + [H(t) - Pj(t)| <e.

Then for any j > jo,

’
J

maX(Q*h,g;—»j/,Q—j'aQ—j'H(t)) <y < maX(Q*mé—y,Qj'EQ—j/H(t))_

We deduce that log d;(t)

. loga;

lim ———~ = H(t t 1
and therefore B

h(t) = h(t) = H(t), Vte[0,1].

3.3 Wavelet series-defined functions with different lower
and upper Holder exponents

Our main goal is to prove the following Theorem.

Theorem 4 Let f a continuous nowhere differentiable function defined on [0, 1].
There exists a sequence of continuous functions (H;)jen such that

h(t) = liminf H;(t), h(t) = limsup H;(t), Vt€[0,1].
J—0o0

Jj—o0

Conversely, let (H, H) a couple of functions from [0,1] to [a,b] C (0,1) such
that
H(t) = liminf H;(¢), H(t) = limsup H,(2),
j—vo0 j—oo
where the (Hj)jen s a sequence of continuous functions. There exists a uniform
Holder function f from [0,1] to R such that

h(t) = H(t) < H(t) = h(t), Vtelo,1].

Remark 3 The second assertion of Theorem E is much weaker than the cor-
responding one of Theorem . In order to ensure the existence of a function
f with prescribed lower and upper exponents at any point, we need stronger
assumptions on H and H: indeed we assume that these functions take values
in [a,b] C (0,1) (and not in (0, 1)).

Remark 4 Let H and H be two continuous functions from [0, 1] to [a, b] C (0,1)

satisfying
vt € 0, 1], H(t) < ().

16



Define the sequence (Hj) jen as
Hyj=H, Hyj1=H, VjeN.

Theorem | H provides the existence of a function f with lower and upper exponent
H and H at any point.

The proof of the direct part of Theorem E is exactly similar to this of Theorem
E and is left to the reader. In order to prove the converse assertion we first need
the following lemma.

Lemma 4 Let (H,H) a couple of functions defined from [0, 1] to [a,b] C (0,1)
such that
H(t) = liminf H;(¢), H(t) = limsup H,(2),
j—o0 j—o0

where the H; are continuous functions from [0,1] to [0,1]. For any (a',V’) €
(0,1)% such that a’ < a <b <V, there exists a sequence (P;)jen of polynomials
from [0,1] to [a',b] and for any t € [0,1], there exists a strictly increasing
sequence of integers (jn(t))nen depending on t such that the three following
properties hold simultaneously

o Vt €0,1],

H(t) = liminf P;(t), H(t) = limsup P;(t), (14)

J—o0 Jj—oo

e V5 €N,
1P/ lloe < 4, (15)
e Vt€[0,1] Vn € N, Vj € {jn(t), -, jns1(t) — 1},
JP;(t) = sup(jn (t)(H (t) — €),j + jnr1 () (H(t) —e —1)).  (16)

Proof. Lemma 2 of [EI] implies that there exists a sequence of polynomials
(Qe¢)jen such that Conditions ([l4) and ([Lg) both hold. Moreover in the con-
struction of ], one may assume

1
Qe — Helloo < .

~

Then, for ¢ sufficiently large, @, is onto [a’,b’] C (0,1). Set 81 = [b//d'] + 1,
B2 =[(1—a")/(1=V)]+1, § = p152 and define the sequence (P});en as follows

VEEN, VB +1<j< B, P=Q.

We now prove that the sequence (P;),en satisfies the required properties. Let
e>0,t€0,1], (ln(t))nen a sequence such that

Qu,y = H(t) —¢

and set j,(t) = B M B, For any integer j we distinguish three cases.

17



o If there exists n € N such that j, < ¢ < B1jn, then P; = Qp, > H—«.
Hence

jP; > j(H —¢) > jn(H —¢),

and
§(1=Py) <j(l—H+¢e) <jpi(l = H+e)jua(l — H +e).

o If there exists n € N such that 817, < j < jnt+1/82, then P; = Q¢ with
by +1<¢</{,41—1. Then

and _ —
J(1=Pj) <jl—a) <jfa(l = H) < jny1(1 - H).

e If there exists n € N such that j,11/02 < j < jny1, then Pj = Q. >
H — . Hence

JP; > j(H —¢) > jn(H —¢),
and

§(1=P;) <j(1l —H+¢) < jnpr(1 = H +¢).

Thus, in any case we obtain the required property.
Now we prove the following proposition

Proposition 5 Let (H,H) a couple of functions from [0,1] to [a,b] C (0,1)
such that o
H(t) =liminf H;(t), H(t) =limsup H;(t),

J—00 j—o0

where the (Hj)jen is a sequence of continuous functions. Let (Pj)jen a se-
quence of polynomials satisfying Properties @) (@) and @) and consider the
wavelet series defined by

291
z) = Z Z 2—ij(Zk—j)_
JEN k=0
Then for any t € [0,1],
h(t) = H(t) < h(t) = H(t).

Proof. The assumption P;([0,1]) C [a’,b'] C (0,1) implies that f is uniform
Holder. Since for any j, P; satisfies Properties (@ E and (E for any
A € 3)\j(zg), we have

2—ij(t)2—j227j <lea| < 2—ij(t)2j227j_

18



Thus, for any € > 0, there exists jp sufficiently large such that
Vi > jo, 277 (—ei < dj(z0) < 9—iPj(t)ges

By definition of H,

logd,;(t
timinf 550 _ yning pye) = ).
j—oo  —log?2 j—00
Hence,
h(t) = H(t).
In the same way, _ o
h(t) < H(t).

We now use Properties ([4), () and ([ld). There exists a strictly increasing
sequence of integers (j,)nen such that ([14), (19) and ([Ld) hold. Then, ¥n € N,
Vj € {jn; e ajn+1}a

d;(t) < 2P (t)9ei < inf(Q—jn(ﬁ(t)—a), Q_jnJrl(ﬁ(t)_E_l)_j)_
The wavelet criteria then provides

h(t) > H(t).

4 Weak multifractal formalism

The aim of the multifractal analysis is to study “irregularly irregular” func-
tions, i.e. functions whose Holder exponent can jump from point to point. From
a practical point of view, the numerical computation of the pointwise Holder
exponent of a signal is completely instable, and is indeed quite meaningless,
especially for signals whose pointwise Holder exponent can take very different
values. Leaving this utopian view, one rather wishes to get global informations
about the pointwise regularity: What are the values taken by the Holder ex-
ponent? What is the “size” of the set of points Ej where the Holder exponent
takes a given value h? First of all, one has to define this notion of size. Since
the sets under consideration can be dense or negligible, by “size”, we cannot
mean “Lebesgue measure”. The “fractal dimensions” are more fitted for this
purpose. Once the right definition of dimension has been chosen, one still has
to determine the spectrum of singularities of the function, i.e. the dimension of
the sets Ej. This is the purpose of the multifractal formalism. Naturally, all
these definitions can be transposed for the upper Holder exponent.
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4.1 A notion of dimension

In multifractal analysis, the notion of dimension which is mainly used is the
Hausdorft dimension. We recall here its definition.

The Hausdorff dimension is defined through the Hausdorff measure (see [2J
for more details). The best covering of a set E C R? with sets subordinated to
a diameter € can be estimated as follows,

HE) =inf{)_|E|": EC | E:,|E| <e},
=1 =1

where for any i, |E;| denotes the diameter of E;.
Clearly, H? is an outer measure. The Hausdorff measure is defined from H? as
€ goes to 0.

Definition 5 The outer measure H° defined as

HO(E) = sup HA(E)

e>0

is a metric outer measure. Its restriction to the o-algebra of the H°-measurable
sets defines the Hausdorff measure of dimension 4.

Since the outer measure H? is metric, the algebra includes the Borelian sets.
The Hausdorff measure is decreasing as § goes to infinity. Moreover, H’(E) > 0
implies H° (E) = oo if ' < 6. The following definition is thus meaningful.

Definition 6 The Hausdorff dimension dimy (F) of a set £ C R? is defined as
follows
dimy (E) = sup{é : H*(E) = oc}.

With this definition, dimy () = —oc.

4.2 From the strong multifractal formalism to the weak
multifractal formalism

We first review the wavelet leaders based multifractal formalism as defined by
Jaffard @], which is one of the two methods allowing to recover, in some par-
ticular cases, the entire spectrum of singularities (the second one is the wavelet
transform of the maxima of the modulus method, introduced by Arneodo and
his collaborators [[]). Other multifractal formalisms only give, at best, the in-
creasing part of the spectrum (see [B(]). These considerations on the strong
Holderian regularity can be transposed to the weak one.

The lower spectrum of singularities allows to characterize globally the regu-
larity of a function through the lower Holder exponents.

Definition 7 Let f be a locally bounded function; its lower isoH6lder sets are
the sets
Ey = {o: b(x) = H}.
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The lower spectrum of singularities of f is the function
d:RT"U{x} - RTU{-00} Hwdimy(Ey),

It is not always possible to compute the lower spectrum of singularities of
a function. A multifractal formalism is a method that is expected to yield
the function d through the use of a Legendre transform. These formalisms
are variants of a seminal derivation which was proposed by Parisi and Frisch
[@] The wavelet leaders method (WLM) uses wavelet coefficients instead of LP
norms, which are meaningless for negative values of p. The partition function

is defined as follows _
SGp =27 > &

A A|=2—di
By setting,
_ . log S(4,p)
w(p) = lle;g}f W’ (17)
the spectrum of singularities d(h) is expected to be equal to
ir;f{hp —w(p) +d}. (18)

The heuristic argument leading to the previous method is the following.
The contribution of the dyadic cubes of side 277 containing a point whose lower
Holder exponent is h to the sum )" d} can be estimated as follows. By Theo-
rem [, the lower Holder exponent h(x) of a function at x is

h(z) = liminf ———
izoe log27J
M T3 (x)

which allows us to write dy ~ 27, Moreover, the number of these dyadic
intervals should be about 247 each of volume 2~%. Hence, the contribution
is 2(d(M)=d=hp)j  The dominating contribution is the one corresponding to the
value h associated with the biggest exponent; by writing the equality (E) as
S~ db ~ 27 one can expect the following relation, —w(p) = supj, {d(h) —d —
hp}. As —w is a convex function, if d is concave, then —w and —d are convex
conjugate functions, so that d(h) = inf,{hp —w(p) +d}. Let us remark that the
preceding argument is far from being a mathematical proof; see [ and [B3 for
a comparison between the WLM and other multifractal formalisms.

Although it can be shown that formula (E) allows to recover the spectrum
of singularities under additional assumptions (see [@, , E] for instance), the
validity does not hold in complete generality. Indeed, the only result valid in
the general case is the following inequality [, @],

d(h) < inf {hp —w(p) +d}. (19)

Once the lower spectrum of singularities has been introduced, the upper
spectrum of singularities can be defined in a totally analogous way. A relation
similar to the inequality ([[d) holds.

The weak multifractal formalism is defined as follows.
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Definition 8 Let f be a locally bounded function; its upper isoHolder sets are
the sets o _
Ey={z:h(x)=H}.

The upper spectrum of singularities of f is the function
EZR+U{OO}—>R+U{—OO} H}—)dlmH(EH)

The following theorem which can be found in [E] gives an upper bound for
the upper spectrum of singularities.

Theorem 5 Let f a uniform Hélder function. The following inequality holds

d(h) < pienr{*{hp —w(p) +d}. (20)

Definition 9 Let f a uniform Hélder function and h > 0; if (B) is an equality,
ie.

Vh >0, d(h)= inf {hp—w(p)+d}
peER*

then function f is said to obey the weak multifractal formalism.

5 Construction of a class of wavelet series obey-
ing the weak multifractal formalism

The aim of this Section is to exhibit a class of multifractal functions for pointwise
irregularity. This question is in fact a non trivial one. A quite natural approach
to solve this problem is to consider multifractal functions for the usual pointwise
regularity.

Let us point out that if we want to define wavelet series that are multifractal
both for the strong and weak Holderian regularity point of views, we have to
take into account that, except in the case where the lower and upper exponents
coincide, there is no wavelet criteria for the pointwise irregularity.

In the same spirit as Barral and Seuret in [[[4], we will define wavelets series
built from a multifractal measure p on [0, 1[? in the following way,

Fu@) =" Y 27900750y oy (a), (21)

J20 [x|=277,
xc(o,1]d

Va € [0,1]%, where the wavelets 1/* belongs to the Schwartz class on R? with
all moments vanishing. This class of examples also proves that upper and lower
spectra may coincide: Under specific assumptions detailed in section @, we can
obtain a class of functions obeying both the strong and the weak multifractal
formalisms.

We begin by recalling some basic facts about the multifractal analysis of
measures.
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5.1 Some results about multifractal analysis of measures

Following Barral and Seuret, we adapt here the usual multifractal formalism of
[E] The main difference lies in the definition of the isoHolder sets, since we
just need a multifractal formalism associated with a dyadic grid.

We first give some slightly modified versions of the usual definitions of lower
and upper exponents of a given Borel measure p at a point zg. For any o €

{-1,0,1} and any dyadic cube A = [, [5, 2J—+1[ let us set

o ke +op ke+14 0y o .
= [P S5 and o) = )

We also define the quantities

. log 17 (Aj(x0)) log p7 (A (o))
o =1 f , =1 ,
ay (o) P —jlog(2) @ulwo) = lﬁs;fp —jlog(2)

3

and, in case of existence,

. log 7 (A (%0))
g = 1 1Y .
Oé“(ZEQ) ji>oo *j 10g(2)
We will be concerned by the estimate of the Hausdorff dimension of the following
isoHolder sets
Ea = = 0, 1 d, = g = .
(0= {r DI ou@)= _min (o)} =a}

The mapping ~
dy >0 dimy(Es(p)),

will be called the multifractal spectrum of the Borel measure p. Recall that in
the framework of [@], the following isoHolder sets are used
 log (X (@)
Eo(pn) = 0,1[¢4, lim ——"122 = q).
() ={z €0, Tm =500 —
Unfortunately, these isoHolder sets are not adapted to the study of the point—
wise regularity of wavelet series F),. Indeed, starting from lim; log u(X;(x))/ —
jlog(2), we cannot deduce the value of the upper pointwise Holder exponent of
the function F), at = using wavelet criteria.
We now recall well known results about upper bound of the upper multifrac-
tal spectrum, which can be found in [@] For any ¢ in R, set

f——
(@) = Jr—>n4:20 10g|)\| g/\gﬂ

X
where Y means that the sum is taken over those A such that u(\) > 0.
As usual, 7* denotes the Legendre transform of the function 7, that is

Va >0, 7(a)= qiglg{aq —7(q)}.
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Remark that, since a > 0, _
Eo(p) C Ea(p).

Using this inclusion, an upper bound for the multifractal spectrum of any Borel
measure can be obtained from [[[§:

Proposition 6 Let a > 0 and pu a Borel measure. One has
dimy (Eo (1)) < 7(e).
Moreover, if 7(c) < 0 then Eq(u) = 0.

Definition 10 Let ag > 0. One says that the Borel measure p obeys the
multifractal formalism at o = oy for the sets Eq(p) if dimy (Eq, (1)) = 7*(a0).

5.2 Wavelet series and multifractal measures

We want to define a wavelet series of the form (R1]) obeying the weak multifractal
formalism for functions. First, we give an explicit relationship between the
wavelet series F}, and the measure p from the multifractal point of view.

5.2.1 A transference theorem

Theorem 6 Let u a Borel measure and sg,pg two positive real numbers. Let
F,, be the wavelet series defined by equality @ If the measure pu obeys the

multifractal formalism at og > 0 for the sets Eqo(u), then F,, obeys both the
strong and weak multifractal formalisms at

d d
H1807—+QL,
Po Do
and

d(H) = d(H) = dy ().

Remark 5 Let us notice, as in [@], that if xg & supp(u), there exists some jj
such that,
Vj > jo, dj(zo) = 0.

Thus, in this special case, EFM (20) = +00.

Proof. The proof mimics the one of Theorem 1 of [[L4]. Tt relies on the following
Lemma:

Lemma 5 For any a > 0, the following inclusion holds:
Eo(p) C Ey(Fy) QFH(F;L),

d d
whereH:so———i—a—.
Po Po
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Proof. Remark that, for all A

i) 1

dy = 2795075 w(A)ro.
where j = —log(|\]|)/ log(2).

For any given zg,

—i(so— L . El
o) =2 G )}

Assume that zo € E,(p). Since for any o € {—1,0,1}% a%(z) > a, for all
e > 0 there exists an integer jo(e, o) such that

Vi > jole,0), 7 (Ag(ao)) < 2777079,
Hence,
¥j > max{jo(e, o)}, d;(xo) < 279007 5) 97955 (79) < 9-ilH-e)

and

log d;
Jim inf 12894 (0) 1
j—+oo  log27J

Furthermore, since for some o € {—1,0,1}¢ we have a”°(z¢) < «, for all € > 0
there exists an integer jo(¢) such that

Vi >jo(e), po0(Nj(zo)) > 2794t

Then, ‘
Vi > jole), dj(xo) >279H+e)
and

logd;
lim sup M <H
j—too  log277

Hence, using Corollary ,

Ea(ﬂ) - {‘73 € [0, 1]d’ ﬁFu (55) = EFM (55) = H} = EH(FM) mEH(FM)-

Since p obeys the multifractal formalism at o = o for the sets E., (1),

dimgy (B, (1)) = 7" (a0) < dimy(Ep (F,))

d d
with H = s — — 4+ 20¢

Po Po
Remark then that for any p € R,



Since for any 0 < H < oo and any locally bounded function one has
dimy(Epr (Fy)) < inf {pH — wj(p) + d} = 7"(c0) = dimy(Eay (1)),

one can conclude that Fj, obeys the weak multifractal formalism. A similar
approach proves that F), also obeys the strong multifractal formalism.

5.3 A class of wavelet series obeying both the strong and
the weak multifractal formalisms

The aim of this section is to exhibit a class of multifractal measures obeying
the multifractal formalism at any a > 0 for the sets E,(u), yielding an example
of wavelet series satisfying both the strong and weak multifractal formalisms.
To this end we first give some examples of multifractal measures obeying the
multifractal formalism for sets E, using Theorem 2 of [[L4] for sets Eq. Indeed,
even if we consider slightly different iso-Holder sets Theorem 2 still holds : the
proof is exactly the same that this of .

We give two canonical examples of measures satisfying the conditions above.

5.3.1 Quasi-Bernoulli measures

Let b an integer larger than 2. Let us recall that a Borel positive measure on
[0,1]¢ 4 is said quasi-Bernoulli if for some C' > 0 and for any v, w € (A%)*,

SL(L) < plTw) < (L )u(Ly).

A classical example of quasi-Bernoulli measures is the well-known example of
multinomial measures:

Example 1 Let b an integer larger than 2 and let (mqg, ---,my_1) € (0,1)" such

that,
b—1
St
i=0

we can construct a sequence of probability measures (fi,)nen on [0,1)% as fol-
lows. For any integer n, define a probability measure i, on [0,1)? such that for
any w € A9,

nd
:U/n(lw) = H Moy, -
(=1

This sequence has a weak limit p called multinomial measure of base b with
Welght (mOa T amb—l)'
By construction, any multinomial measure is quasi-Bernoulli.
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In the following, we consider only continuous quasi-Bernoulli measure, that is
without atom. Recall that any continuous quasi-Bernoulli measure satisfies the
assumptions of Theorem 2 of [[[4] and thus obeys the multifractal formalism at

any a > 0 for the sets F,.

Hence we have the following Theorem.

Theorem 7 If p is a continuous quasi-Bernoulli measure, then the wavelet
series F,, defined by @) obeys both the strong and the weak multifractal for-
malisms at any H > so — d/po.

5.3.2 The case of b-adic random multiplicatives cascades

Let b an integer larger than 2 and d = 1. Canonical random cascades were
introduced by Mandelbrot in [B§] and their multifractal properties have been
widely studied, mainly in the setting of b-adic grid (see e.g. , @, E, @, ﬂ, E])
We first recall the construction of these measures. Let W a non negative random
variable, not almost surely constant, satisfying E(W) = 1/b. We thus consider
(Ww)wea- a sequence of independent copies of W and pu,, the random measure
whose density with respect to the Lebesgue measure on any dyadic interval is
constant and equals
"Wy, - Wapy oo, -

Almost surely, this sequence of measures converges weakly to a measure p as
n goes to infinity. Recall that if u is a b-adic random multiplicative cascade,
then almost surely on J, u satisfies the assumptions of Theorem 2 of [@] and
thus obeys the multifractal formalism for any ¢ € J at v = 7(q) for the sets E,.

Then similarly, to the case of quasi-Bernoulli measure, we have the following
result,

Theorem 8 Let W be an almost surely positive random variable. Let p a b-adic
random multiplicative cascade such that 7'(1) = —1 — log, (E(W)) > 0. Then
the wavelet series F), defined by @) obeys almost surely both the strong and the
weak multifractal formalisms at any H > 0.

6 A multifractal function whose lower and up-
per spectra of singularities differ

Although similar results hold for both the strong and the weak multifractal
formalisms, there is no direct relation between d and d. We introduce here a
function defined as p-adic Davenport series whose upper multifractal spectrum
is reduced to two single points, while its lower multifractal spectrum is linear
on an interval.
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A p-adic Davenport series (p > 2) is a series of the form

oo

fl@) =" a{p't},

=0
where {z} is the sawtooth function

W=zl

We will assume here that (a;); € ', so that the series is normally convergent.
The function f is thus continuous at every non p-adic rational number and has
left and right limit at every p-adic rational kp~' (kK A p = 1) with a jump of
amplitude > _, . Recent results on Davenport series can be found in [B].
Let 5 > 1; the functions fg we will study is defined by

Z.T
fﬂ(‘r) = Z {315}'

leN

6.1 The lower spectrum of singularities of f3

The functions fg are derived from the famous Lévy’s function (which can be
seen as a special case, where § = 1). The properties of the lower spectrum
of singularities of this function have already been investigated in ]; Proposi-
tions E and B together can be seen as a generalization of Proposition 4 of []
Proposition 12 of [BJ] implies that d is linear on [0, 3].

To determine explicitly the lower isoHolder sets of fg, we will use the fol-
lowing notations. Let p € N, p > 1; for a sequence of integers (;);en satisfying
0 < z; < p, we will write

0521, .., 2, )p (22)

to denote one expansion in basis p of the real number

sz
leNp

If there is no k such that ; =p —1 for all | > k, (@) is the proper expansion
of x in basis p. If (0;21,...), is the proper expansion of x, we define

Op(x) = inf{l:x; #0} — 1.

Let §(k) = sup{l : VI < l, i1 = 21} and let (my);en be the sequence defined
recursively, my = inf{l: 2, =0 or z; = p — 1}, my, = inf{l > mg_1 + §(mg_1) :
2y = 0ora; = p—1} (k > 1). One also defines the sequence (dx)ren by
0k = 0(mg). Finally, pp(x) = limsup,_, dx/ms; if x is a p-adic rational,
one sets pp(r) = oco. The number p,(x) defines, in some way, the rate of
approximation of the number x by p-adic rationals, since we have the following
obvious result.
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Proposition 7 If x is not a p-adic rational, the equation (depending on k and

1)
k 1
r——| < (=)? kAp=1
| pll < (pl) (kAp=1)
has an infinity of solutions if and only if ¢ < pp(z) + 1.

We will denote by ¢(x) the critical exponent ¢(z) = pa(x)+1. The lower Holder
exponents of fz only depend on ¢.

Proposition 8 The lower Hélder exponents of fz are given by

Proof. As a corollary of Theorem 21 of [@], we have the following equalities: if
x is not a dyadic rational,

h(z) = liminf 0

—; 23
j—oo log, dist(z,279Z)’ (23)

otherwise, h(z) = 0. We can suppose that € (0,1) is not a dyadic rational.
For a given j € N, let ¢; = dist(z,277Z). One has f2(c;) = j+1+8(j+1) and
thus g; ~ 2~ 0HG+D+1)  Then (R3) can be rewritten

. B p
h(z) = lim inf - ,
h(z) 1jm—>1<>on J+H1I+6(GG+1) 14 p2x)

The lower isoHolder sets are now characterized.

Corollary 2 The lower isoHdlder sets of the function fg are the sets

B
By={r ér) =4} (0<H<P).
The set E is the set of the dyadic rationals.

To conclude this study on the strong Holder regularity, we have the following
result.

Proposition 9 The lower spectrum of singularities of fg is

c_l(h):{ L oifheo.g

—oo  otherwise

Proof. The main idea is the same as in Proposition 4 of ] Ifa>1/8,let

F, = limsup U[kQ_j — 9798 oI 4 2—ja,6]_

j—o0 b
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Using (R3)), h(z) = H means
ze ﬂ Fi/y - U Fi/s. (24)
y>H y<H

Clearly, dimy (F,,) < 1/af; let us show that the converse inequality holds.
Let (ji)ien be a sequence satisfying j; = 271-1, let

Ii(l) = k279t — 270108 ko=di 4 9=dief]
and

Go = (UL (D).
l k

A probability measure p supported by G, can be obtained as follows. If [ =1,
we put on each interval I;(1) the same mass 277t. If each of these intervals
contains n intervals of type Ij(2), on each of these intervals, we put the measure
2791 /n. This construction can be iterated to obtain, at the limit, a probability
measure y supported by G,. One easily checks that

u([x — hyz 4 h)) < ChYP Yz € G,.
Moreover, Proposition 4.9 of [@] implies that
HYB(Gy) >0

and thus, since G, C F,,
dimy (F,) = 1/ap,

which, thanks to @), is sufficient to conclude.

6.2 The upper spectrum of singularities of f3

We show here that from the weak Holder regularity point of view, the function
fs only displays two kinds of singularities: it is discontinuous at dyadic rationals
and has an upper Hoélder exponent equal to 8 at non dyadic rationals.

Let

k .
Qo = liminf{z € R : 3k € Z such that |z — —| <27V}
Jj—o0 27
We have the following relation between the sets 2, and E(aco).

Proposition 10 If a > 1, then

X0 ¢ Qo = E(SC()) >

Q=
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Proof. Let € > 0 be a given real number. We want to prove that for any C' > 0,
there exists a strictly decreasing sequence (r,, ), of real positive numbers, such
that

sup 1A £ (@) Lo (B (w0 ) < CTE®

One has

A[}f/a]+1fﬁ(l') _ Z 2%5 z_:(fl)m (%) {21(z+mh)}. (25)

leNp m=0

If o ¢ Q,, then there exists a strictly increasing sequence of integers (4, )n such
that k

|.’L'0—2T|22_aj", VTLEN, ke Z.
Let 7, = 27%n; the interval [z, 2 + ([3/a] + 1)h] C B(xo,7,) does not contain
any dyadic rational of the form k27!, with [ < j, — 1. This implies

Jn—1

M
> 2% > (=™ (fg) {24z 4+ mh)} = 0.
=0 m=0

Relation (@) leads to the following inequality,

00 M
AP @) = S 2% Z_()(l)m<]n{>{2l(x+mh)}l

l=jn

oo 1
i 1.8/
C E _215§0Tn .

l=jn

IN

Let now ng be an integer such that Crrle < CrB/e=¢ for all n > ng. We have
h(xo) > B/a — €, which is sufficient to conclude.
The sets €2, are explicitly known whenever o > 1.

Proposition 11 If a > 1, then
k

Moreover, 1 = R.
Proof. The case o = 1 is trivial. Let a > 1 and let 2 € (0,1) be a non dyadic

rational. If z = (0;21,...)2, one has, for j sufficiently large,

k .
min |z — —| > 2770+
kEZ 27

where n(j) is the first index greater or equal to j such that x,;) = 1. We then
have, for j = n(j) — 1 sufficiently large,

k . .
min |z — —| >277 > 27,
keZ 2
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Therefore, = ¢ Q.
Thus, we have a lower bound for the upper Holder exponent.

Corollary 3 If x¢ is not a dyadic rational, then

Let us now prove the converse inequality. The following proposition is similar
to Lemma 1 of [Bd].

Proposition 12 Let f be a function defined on R, continuous everywhere ex-
cept on a dense countable set of points and admitting a left and a right limit at
every point. Let also xg € R be a point of continuity of f and (ry)n a sequence
of points of discontinuity converging to xo. Finally, let s, (n € N) be the jump
of f at rn. If there exists a strictly increasing function 1 satisfying ¥(0) = 0
such that

Iro : (Vr < rg,dr,: (|Tn —xo| <7, |sn| > 1/)(7"))),

then |
h(xg) < limsup 0g ¥ (r) .
r—0 logr

Proof. Let a > 1; if f € C%(xp), for any C > 0 there exists a sequence (t,)n
such that

sup || AR F (@) | o< (3, (a0.t) < Ot
h>0
Let (r,)n a sequence such that, for any integer n sufficiently large,
[rn — 20| <t |sn| = ¥(tn).
Let F), be the function defined on R by
Ey(h) = (f(rn+h), ..., f(ra + ([a] + 1)R)).

Since F), has only a countable set of discontinuities, one can find h arbitrarily
close to zero such that [r,,r, + ([a] + 1)h] C B(zo,t,) and such that F, is
continuous at h. Therefore,

U(tn) < sa=|f(ry) = f(ry)]

[l +1
< 13 Cor () s+ s
k=1

< 2 A r )+ | AP () < 40t

This inequality implies
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As t,, tends to zero,

log 4 (r)

limsup ——= > «,
r—0  logr

and the result follows.
Since f3 is continuous except at dyadic rationals and since ©; = R, Proposi-
tion E and Corollary E imply the following result.

Theorem 9 If xq is not a dyadic rational,

h(zo) = B,

if xo is a dyadic rational, h(xg) = 0.
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