N

N
N

HAL

open science

On minimum (Kq; k) stable graphs

Jean-Luc Fouquet, Henri Thuillier, Jean-Marie Vanherpe, Adam Pawel Wojda

» To cite this version:

Jean-Luc Fouquet, Henri Thuillier, Jean-Marie Vanherpe, Adam Pawel Wojda. On minimum (Kq; k)

stable graphs. [Research Report] 2011, pp.9. hal-00648505

HAL Id: hal-00648505
https://inria.hal.science/hal-00648505

Submitted on 5 Dec 2011

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://inria.hal.science/hal-00648505
https://hal.archives-ouvertes.fr

..|I|”||'|il'|

UNIVERSITE D'ORLEANS

4 rue Léonard de Vinci

BP 6759

F-45067 Orléans Cedex 2
FRANCE
http://www.univ-orleans.fr/lifo

Rapport de Recherche

On minimum (K, k) stable
graphs

J.-L. Fouquet, H. Thuillier, J.-M. Vanherpe

LIFO, Université d’Orléans

and A. P. Wojda

AGH University of Science and Technology Krakow

Rapport n® RR-2011-17



ON MINIMUM (K,,k) STABLE GRAPHS

J.L. FOUQUET, H. THUILLIER, J.M. VANHERPE AND A.P. WOJDA

ABSTRACT. A graph G is a (Kg, k) vertex stable graph (¢ > 3) if it contains
a K, after deleting any subset of k vertices (k > 0). We are interested by the
(Kq, k(q)) vertex stable graphs of minimum size where k(g) is the maximum
value for which for every nonnegative integer k < x(gq) the only (Kg, k) vertex
stable graph of minimum size is Ky 4.

1. INTRODUCTION

In [6] Horwarth and Katona consider the notion of (H,k) stable graph: given a
simple graph H, an integer k£ and a graph G containing H as subgraph, G is a a
(H, k) stable graph whenever the deletion of any set of k edges does not lead to a
H-free graph. These authors consider (P,, k) stable graphs and prove a conjecture
stated in [5] on the minimum size of a (Py, k) stable graph. In [2], Dudek, Szymanski
and Zwonek are interested in a vertex version of this notion and introduce the (H, k)
vertex stable graphs. In [4] we have characterized (K, k) vertex stable graphs with
minimum size for ¢ = 3,4, 5 (where K, denotes the clique on g vertices).

Definition 1.1. [2] Given an integer k& > 0 and a graph H, a graph G containing
a subgraph isomorphic to H is said to be a (H, k) vertex stable graph if, for every
subset S of k vertices, G — S contains (a subgraph isomorphic to) H.

In this paper, we are only interested by (H, k) vertex stable graphs and, since no
confusion will be possible, a (H,k) vertex stable graph shall be simply called a
(H,k) stable graph.

Definition 1.2. A (H, k) stable graph with minimum size (i.e. with minimum
number of edges) is called minimum (H,k) stable graph. The minimum size of a
(H, k) stable graph shall be denoted by stab(H, k).

It is clear that if G is a (H, k) stable graph with minimum size then the graph

obtained from G by addition or deletion of some isolated vertices is also minimum
(H, k) stable. Hence we shall asume that all the graphs considered in the paper
have no isolated vertices.
Here we consider (K, k) stable graphs. We have proved in [4] that stab(K,, k) =
(q;“k) for ¢ > 3 and k = 1,2. Moreover K, is the only minimum (K, 0) stable
graph for ¢ > 2 and K 41 is the unique (K, 1) stable graph for ¢ > 4. Dudek,
Szymanski and Zwonek have proved the following result.

Date: November 26, 2011.

1991 Mathematics Subject Classification. 035 C.

Key words and phrases. Stable graphs.

The research of APW was partially sponsored by polish Ministry of Science and Higher
Education.

2



3
Theorem 1.3. [2] For every q > 4, there exists an integer k(q) such that stab(Ky, k) <
(2¢ —3)(k+1) fork > k(q).

As a consequence of this last result, for every k > k(g) the graph K, 1y is not
minimum (K, k) stable.

Definition 1.4. For every integer ¢ > 4, we denote by k(g) the greatest integer
such that for 1 < k < x(q) the only minimum (K, k) stable graph is K .

In two previous papers we have proved the following.
Theorem 1.5. [3, 4] x(3) =1, k(4) =3, x(5) =4 and for ¢ > 6 r(q) > %+ 1.
In this paper we give an upper bound for the value of k(q).

Theorem 1.6. For every q > 4, if k(q) is even then k(q) < v/2(¢ — 1)(¢ — 2) and
if k(q) is odd then k(q) < /1+2(g—1)(q —2)
We prove that these upper bounds are reached for values of ¢ such that there exists

a minimum (K, x(g)) stable disconnected graph (note that it is the case for ¢ = 4
and ¢ = 5).

Theorem 1.7. Let ¢ > 4 and suppose that there exists a disconnected minimum
(Kqs k(q)) stable graph. Set p(q) = [\/5(a—1)(g—2) ] - 1.

If 3(q = 1)(q — 2) > p(q)* + p(q) then k(q) = 2p(q) + 1.
If (g —1)(q—2) < p(q)* + p(q) then r(q) = 2p(q).

Proofs of Theorems 1.6 and 1.7 shall be given in subsection 3.2.

If there is no minimum disconnected (K, x(q)) stable graph then, by definition of
k(q), there exists a connected minimum (K, k(q)) stable graph G, which is not
complete. We think that it never happens, so we propose the following conjecture.

Conjecture 1.8. If G is a minimum (K4, k) stable graph then every component of
G is complete.

If this last conjecture is true then Theorem 1.7 gives the exact value of k(q) for
every q > 4.

2. NOTATIONS AND GENERAL RESULTS

For terms not defined here we refer to [1]. As usually, the order of a graph G is the
number of its vertices and the size of G is the number of its edges (it is denoted by
e(@)). The disjoint union of two graphs G and G5 is denoted by G + G3. The
union of p mutually disjoint copies of a graph G is denoted by pG. For any set A of
vertices, we denote by G[A] the subgraph induced by A and by G — A the subgraph
induced by V(G) — A. If A = {v} we write G — v for G — {v}. For any set F of
edges, we denote by G — F the spanning subgraph (V(G),E(G) — F). If F = {e}
we write G — e instead of G — {e}. A complete subgraph of order ¢ of G is called a
g-clique of G. The complete graph of order ¢ is denoted by K,. When a graph G
contains a g-clique as subgraph, we say “G contains a K,”.

Lemma 2.1. [2] Let G be a (H, k) stable graph with k > 1. Then, for every vertex
v, G—wvis (H,k—1) stable.
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A set of vertices of G that intersects every subgraph of G isomorphic to H is called
a transversal of all the subgraphs isomorphic to H or simply a H-transversal of
G. A H-transversal of G having the minimum number of vertices is said to be a
minimum H -transversal of G. The number of vertices of a minimum H-transversal
is denoted by 75 (G). Remark that G is (H, k) stable if and only if 77 (G) > k + 1

Definition 2.2. Let G be a (H, k) stable graph. If G has a minimum H-transversal
having exactly k + 1 vertices, G is said to be ezactly (H, k) stable.

Remark 2.3. H is the unique (H,0) stable graph with minimum size.

Lemma 2.4. [2] Let G be a (H,k) stable graph with k > 1 and e € E(G) such
that G — e is not (H, k) stable. Then G is exactly (H, k) stable and G — e is exactly
(H,k — 1) stable.

Definition 2.5. [2] Let G be a (H, k) stable graph. If G — e is not (H, k) stable
for every edge e € E(G), G is said to be minimal (H, k) stable.

Remark 2.6. In [2] "minimal (H, k) stable graphs” are called ”strong (H, k) stable
graphs” by the authors. Note that a (H, k) stable graph G is minimal (H, k) stable
if and only if for every e € E(G) the graph G — e is exactly (H,k — 1) stable.
Moreover, a minimal (H, k) stable graph is exactly (H, k) stable.

If there exists an edge e of an (H, k) stable graph G such that there are no subgraph
isomorphic to H containing e then G — e is a (H, k) stable graph. Hence, we have
the following.

Lemma 2.7. [2] Every edge of a minimal (H,k) stable graph is contained in a
subgraph isomorphic to H. Consequently, every vertex of a minimal (H, k) stable
graph is also contained in a subgraph isomorphic to H.

Remark 2.8. Clearly, every minimum (H, k) stable graph is minimal (H, k) stable.

One may ask what happens for components of a (H, k) stable graph. The following
theorem gives us an answer.

Theorem 2.9. Let G be an exactly (H, k) stable graph, and let G1, Ga, ..., G, with
r > 1, be its components. Then, there exist integers ki, ko, ..., k., with 0 < k; < k,
sucht that

i) for every i, with 1 < i <r, G; is exactly (H,k;) stable,

ii)
Skit(r—1)=k

G is minimal (H, k) stable if and only if for every i, 1 < i < r, G; is minimal
(H, k;) stable. Moreover, if G is minimum (H, k) stable then for everyi, 1 <i<r,
G; is minimum (H, k;) stable.

Proof For each i, 1 < i <r, let us consider a minimum H-transversal of G;, say
T;, and set k; = |T;| — 1. Clearly, for each ¢ the graph G; is exactly (H,k;) stable
and the set T' = (J; «,~, T; is a minimum H-transversal of G. Note that the number
of elements of T is |T'| = >_._, k; + | and we have |T| > k. Let S be any set of
vertices of G such that |S| < |T'| — 1 and for every ¢ denote by S; the set SNV(G;).
Clearly, there exists ig € {1,---r} such that |S;,| < ki, = |Ti,| — 1. Then, G;, — S;,
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contains a subgraph isomorphic to H, that is, G is exactly (H, |T| — 1) stable, and
we have >0 k; + (r—1) = k.
Let e be an edge of G and let G; be the component containing e.

Claim . G —e is (H, k) stable if and only if G; — e is (H, k;) stable.

Proof Suppose that G; —e is (H, k;) stable. Let U be a H-transversal of G — e.
Set Uy =UNV(G; —e) =UNV(G;) and for every j # ¢, U; = UNV(G;). Since
(G; —e) —U; and each G; — Uj, j # i, contain no subgraphs of G — e isomorphic to
H, we have for every j, 1 < j <, |Uj| > k;j + 1. Then, |U| =377_, [Uj| > k+ 1.
Hence, for every set S of k vertices (G — e¢) — S contains a subgraph isomorphic to
H, that is, G — e is (H, k) stable.

Conversely, suppose that G; — e is not (H, k;) stable. Let T; be a H-transversal of
(Gi — e) — T; having k; vertices. For every j # i let T; be a H-transversal of G,
having k; + 1 vertices. The set T' = U}_,T; has k vertices and is a H-transversal
of G — e, that is, G — e is not (H, k) stable. O

Thus, G is minimal (H, k) stable if and only if for every ¢, 1 < i < r, G; is minimal
(H, k;) stable.
Note that, by replacing a minimal (H,k;) stable component G; by any minimal
(H, k;) stable graph G (connected or not), we obtain again a minimal (H, k) stable
graph. Thus, if G is minimum (H,k) stable then for every i, 1 < i < r, G; is
minimum (H, k;) stable.

([

Remark 2.10. Let r be an integer > 2, k1, - , k. be r non negative integers and
k=3_ki+(r—1). If for every i, 1 <1i < r, G; is a minimum (H,k;) stable
graph then the disjoint union G7 + G2 + --- + G, may not be a minimum (H, k)
stable graph. For example, K, is minimum (K,,0) stable, 2K, and K,y are
minimal (K, 1) stable, but since e(2K,) > e(Ky41), for ¢ > 4 the graph 2K, is not
minimum (K, 1) stable.

3. MINIMUM (K, k) STABLE GRAPHS

In this section we are interested by (K, k) stable graphs with minimum size (¢ > 3).
Recall that stab(Ky, k) = Min{e(G) | G is (Kq, k) stable}.

3.1. Some known results. We give here some known results about this topic.
By Remark 2.6 and Lemma 2.7 we have:

Properties 3.1. [2] A minimal (K, k) stable graphs G has the following properties:
P1) G is exactly (K, k) stable.
Py) For every edge e, G — e is exactly (K, k — 1) stable.
P3) For every vertex v, G — v is ezactly (Kg,k — 1) stable.
P4) Every vertex of G belongs to some q-clique of G.
P5) Every edge of G belongs to some g-clique of G.

Remark 3.2. For any two integers ¢ > 3 and k > 1, K4 is minimal (K, k) stable.

Proposition 3.3. [4] For every integer g > 4, Kqy1 is the unique minimum (K,4,1)
stable graph.
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Proposition 3.4. [4] For every integer g > 4, Kqyo is the unique minimum (K, 2)
stable graph.

Proposition 3.5. [4] For every integer g > 5, Kqy3 is the unique minimum (K, 3)
stable graph.

Theorem 3.6. [2] For every k > 1, stab(K3, k) = 3k+3 and stab(Ky4, k) = 5k+5.

Theorem 3.7. [4] Let G be a minimum (K3, k) stable graph, with k > 0. Then G
is isomorphic to sKy + tKs, for any choice of s and t such that 2s +t =k + 1.

Theorem 3.8. [4] Let G be a minimum (K4, k) stable graph, with k > 1. Then G
is isomorphic to sKg + t K5, for any choice of s and t such that 3s+2t =k + 1

Theorem 3.9. [4] For every k > 5, stab(K5,k) = Tk + 7.

Theorem 3.10. [4] Let G be a minimum (Ks, k) stable graph, with k > 5. Then
G is isomorphic to sKg + tK7, for any choice of s and t such that 4s + 3t =k + 1

Dudek et al. [2] defined the family .ATKq’k) with k >0,¢>3,1<r<k+1as
the family of graphs consisting of 7 complete graphs K, with iy > -+ >4, > ¢
satisfying the condition Y_._, (i; —¢q) + (r — 1) = k and they prove that every graph
in A%*) ig minimal (K4, k) stable. We observe that if G is a (K, k) stable graph

disjoint union of 7 > 1 cliques K;;, 1 < j <r, then by Theorem 2.9, G € AﬁK“”“).

They defined a graph G € AP a5 a balanced union if li; — ;| € {0,1} for every

jand lin {1,2,---,r} and they proved that given ¢, k and r there is exactly one

balanced union BﬁK“’k) in AﬁK‘“k), and that BﬁK‘“k) has the minimum number of
M (KQ’k)
edges among the graphs in Ay .

In [2] the following lemma has been given. We give its proof for completeness.

Lemma 3.11. [2] Let Gy be a (Kg, ko) stable graph (ko > 0) which has the mini-
mum size among all graphs beeing a disjoint union of r cliques (r > 1) G; = Kqy,
with 1 < j <r, k; > 0. There exists a positive integer s and a nonnegative integer
k such that

k>0,s<r, Go=sKqpp+ (r—s)Kqrr—1 withrk +s=ko+1 and

(r(g=1)+ko+1-5)(r(g—2)+ko+1+5))
G(Go) = .
2r

Proof Suppose, without loss of generality, that k1 > ko > -+ > k, and that there
exist two components G; and G; with ¢ < j such that k; — k; > 2. By substituting
G} = Kgik,—1 for G; and G = Kgyx;41 for Gj, we obtain a new (K, k) stable
graph G, such that e(Gj) = e(Go) — (ki —k; — 1) < e(Gy), which is a contradiction.
Thus, for any ¢ and any j, 0 < |k; — k;| < 1. Hence, either for any ¢ and any j
k; and k; have the same value k and we have Gy = rK 4 with & > 0, or there
exist distinct k; and k; and we have Gy = sKgk + (r — 5)Kqqr—1 with £ > 1 and
1<s<r—1.

If Go = sKyii + (r — s)Kgyr—1 then a minimum K,-transversal of Gy has
ko+1=s(k+ 1)+ (r — s)k = s+ rk vertices. Note that r divides ko + 1 — s. We
have 2¢(Go) = s(q+k)(q+k—1)+(r—s)(g+k—1)(g+k —2). Since k = kotl=s,

(r(g—1)+ko+1—5)(r(qg—2)+ko+1+s)) -
2r .

we obtain e(Gp) =
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3.2. Minimum (K, k) stable graph for small k. Recall that for every integer
g > 2, K, is the unique minimum (K, 0) stable graph.

Remark 3.12. By Propositions 3.3 and 3.4, K35 is the unique minimum (K4, 1) stable
graph, Kg is the unique minimum (K4, 2) stable graph and, by Theorem 3.8, 2Kj
is the unique minimum (K4, 3) stable graph.

Remark 3.13. By Propositions 3.3, 3.4 and 3.5, for every k € {1,2,3} the graph
K5 is the unique minimum (K, k) stable graph.

Lemma 3.14. [3] Ky and K¢ + K7 are the only minimum (Ks,4) stable graphs.

Theorem 3.15. [3] Let G be a minimum (K, k) stable graph, where ¢ > 6 and
k<2 +1. Then G is isomorphic to K.

Recall that for every integer ¢ > 4, k(q) is the greatest integer such that for 1 < k <
#(g) the only minimum (K, k) stable graph is K, . Then, either e(K,y.(q)) >
stab(Ky, k(q)) or e(Kg4.(q)) = stab(Ky, r(q)) but there is a minimum (Kg, x(q))
stable graph G such that Kj () # G-

Lemma 3.16. x(4) =3 and k(5) = 4.

Proof By Remark 3.12, k(4) = 3 (and 2K5 is the unique minimum (K4, 3) stable
graph). By Remark 3.13 and by Lemma 3.14, x(5) = 4 (and Ky and K¢ + K7 are
the minimum (K3,4) stable graphs). O

In the following, if no confusion is possible, we simply denote the integer x(q) by k.

Lemma 3.17. Suppose that q > 4. If k is even then stab(Ky,k—1) < e(2Kgy5 1)
and stab(Kg, k) < e(Kgps + Kgps-1)

If k is odd then stab(K,, k—1) < e(KqumTfl—&—KqumTfs) and stab(Ky, k) < 6(2Kq+%1) :

Proof Recall that, by definition of k, K4 —1 is the only one minimum (K,, k—1)
stable. If s is even then 2/ =1 is exactly (K, x —1) stable and Ky 5 + Kgp 5 1
is exactly (K4, ) stable. If £ is odd then Kpno1 + K s s exactly (Kq,k—1)
stable and 2K« is exactly (Kq, k) stable. O

Lemma 3.18. Let ¢ > 3 and p > 0 be two integers. Then,

e(Kqi2p) < e(Kqip + Kqip-1) if and only if p* +p < 5(¢ — 1)(g — 2) and
e(Kqrap) = e(Kgyp + Kqrp-1) if and only if po = 3(/1+2(q —1)(¢g —2) — 1) is
an integer and p = py.

e(Kq+2pt1) < e(2Kq+p) if and only if (p + 1)? < %(q —1)(¢ —2) and

e(Kqiopt1) = €(2K41p) if and only if pr = 3(\/2(q —1)(¢ — 2) — 1) is an integer
and p=p;.

Proof It is easy to check that e(Kg2p)—e(Kqip+Kqip-1) = p*+p—1(¢—1)(¢—2)
and e(Kgyop41) — €(2Kq4p) = (p+ 1)% — 3(¢ — 1)(¢ — 2). These polynomials
of degree 2 in p have respectively pg = %(\/1 +2(g—1)(g—2) — 1) and p1 =

1(v/2(g — 1)(q — 2) — 1) as positive roots. O

Proof of Theorem 1.6. If x = 2p then, by Lemma 3.17, stab(K,, k — 1) <
e(2K,4 5 1). Since K —1 = 2(p—1) + 1, by Lemma 3.18, p* < 1(¢—1)(g—2), that
is, k < /2(q — 1)(¢ — 2).
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If Kk = 2p+ 1 then by Lemma 3.17, stab(Ky,x — 1) < e(K(H_NTq + Kq+,%e,).
Since K — 1 = 2p, by Lemma 3.18, p < 3(\/1+2(qg—1)(¢—2) — 1), that is,
k< +/1+2(q—1)(qg—2). O

Lemma 3.19. For every integer ¢ > 4 and k = k(q) we have e((k + 1)K ) >
e(Kg4r)

Proof We have 2(e((k + 1)K;) — e(Kq4x)) = £(q®> — 3¢ — k + 1). By Theorem
1.6, k < /1+2(qg—1)(g—2) < 3¢, and hence x(¢> — 3¢ — £ + 1) > 0. O

Theorem 3.20. Let ¢ > 4 and suppose that there exists a minimum (K4, k) stable
graph Go which is disconnected. Then Gy is isomorphic to Kop5)+ Kq-i-LLlJ'
2

Proof Let Gy be a minimum (K, k) stable disconnected graph having r > 2
connected components G1,Gsa, - ,G,. By Theorem 2.9, there are integers k; >
ky > -+ >k, with >!_, k; + (r — 1) = s such that for 1 <i <r, G; is minimum
(K4, ki) stable. For every 4, since k; < k, we have G; = K4,

We shall prove first that » = 2. In fact, it is clear that » > 2. Let us sup-
pose that » > 3. We have k. + k,—1 = kK — (kp—2o + kp_3 + ... + k1) — (r —
1) < k — 2. Hence, e(Kyti,+k, ,+1) < e(Kytk,) + e(Kytk,. ,) and the graph
Koviy +Kogiry+ -+ Koiry o+ Kgtk, +k.+1 18 (K, k) stable with strictly smaller

size than Ky, + Ky, + --- + K}, , a contradiction. So, Gy € BéKq’F") and the proof
follows. .

Note that Theorem 3.20 implies that there exists at most one disconnected (K4, )
stable graph and this graph, if it exists, is
e cither isomorphic to Ky + Ky (if & is even)
e or else isomorphic to 2K, «_1 (if k is odd).
Proof of Theorem 1.7 By Lemma 3.17 and Theorem 3.20,
if k is odd then
e(Kgin-1) < e(Kqu% + Kq+ﬁT_s) < stab(Ky, k) = e(QK(H_%l) < e(Kgix)
(note that, by Lemma 3.18, it may be possible that 6(2Kq+KT_1) = e(Kg4y) for
some values of ¢),
if k is even then
e(Kgyr—1) < €(2Kg4 5 1) < stab(Kg, k) = e(Kg 5 + Ko 51) < e(Kgy)

e
(note that, by Lemma 3.18, it may be possible that e(Kqy s + Koys 1) = e(Kqyr)
for some values of q).

For k = 2p + 1 we have

(g+2p+1)(g+2p) .

| =

L@+ 2)(a+2p-1) < (g+p—1) < (g+p)a+p—1) <

This implies that

(A) 7 +p< e~ Dla—2) < (p+17



For k = 2p we have

1
a+2p=1)(g+2p-2) < (g+p-1)(g+p-2) < (g+p-1)* <
This implies that

(q+2p)(q+2p—1) .

N =

(B) 27 < S(a -1~ <p*+p.

Combining (A) and (B) yields

1
PP<Sla-Dg-2<@+1)7?.
This implies that

%(q—l)(qu)f1§p< %(qfl)(qﬁ)-

Hence, p = p(q) = [\/3(a—1)(¢—2) ] - L.
By inequalities (A) and (B), position of (¢—1)(¢—2) in comparison to p(q)*+p(q)
determines the parity of k. Hence, if $(q — 1)(g — 2) > p(q)? + p(q) then r =

20(q) +1=2[\/3(¢—1)(g—2) ] —1else k =2p(q) =2[\/3(¢—1)(¢—2) ] -2 O

If there is no minimum disconnected (K, k(q)) stable graph then, by definition of
%(q), there exists a connected minimum (K, k(g)) stable graph G, distinct from a
clique. Note that if such a graph exists then

e(Gy) < Min{e(Kyn(q)), e(Kqrs + Kqpx 1)} if k(g) is even
or
e(Gq) < Min{e(Kq+,€(q)),e(2Kq+~T_1)} if k(q) is odd .
Conjecture 1.8 states that there is no such graph Gy.
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