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Planning and Nonlinear Adaptive Control for an Automated
Overtaking Maneuver
Plamen Petrov and Fawzi Nashashibi

Abstract—In this paper, we present a nonlinear adaptive
controller for a two-vehicle automated overtaking maneuver.
We consider the problem of a three-phase overtaking without
the use of information obtained from road infrastructure. The
only information available for feedback control is the current
relative inter-vehicle position and orientation. Reference
trajectories for every phase are generated in real time. An
update control law for the automated overtaking vehicle is
designed that allows tracking desired trajectories in the
presence of unknown velocity of the overtaken vehicle.
Simulation results are included to illustrate the performance of
the proposed controller.

T

I. INTRODUCTION

HIS paper presents a nonlinear adaptive controller for a
two-vehicle automated overtaking maneuver. Various
control laws for different maneuvers of automated vehicles
has been designed and analyzed during the last two decades.
The ultimate goal in automating the driving process is to
reduce accidents caused by human error and increase safety.
While considerable research work has been reported on lane
keeping [1] and lane change maneuver [2,3], the problem of
automated overtaking has attracted less attention. In contrast
to lane keeping and lane change maneuvers, the overtaking
is a composition of three consecutive maneuvers: lane
change, followed by trajectory tracking and again a lane
change, which have to be planned and coordinated. A twolayer controller architecture for overtaking maneuver is
presented in [4]. The lower level consists of two fuzzy
steering controllers for path tracking and lane change, and
the high-level is to evaluate the necessity and possibility of
overtaking, and to switch between the low-level controllers.
An on-road demonstration of cooperative driving solutions
and, in particular, overtaking maneuver by autonomous road
vehicles designed for the cities is reported in [5]. In [6], two
methods for real-time trajectory planning applied to
automated driving, which are based on partial motion
planning approach and 5th order polynomial interpolation
method, respectively are presented.
They have been
implemented for the HAVEit European project. A smooth
optimal lane-change trajectory for the overtaking maneuver
is presented in [7].

In this paper, we consider the problem of automated
overtaking without the use of road infrastructure. An
important issue in designing feedback controllers for
overtaking maneuvers is to decide the desired trajectory of
the overtaking vehicle. The approach used in this paper, is
inspired by our previous works [8,9], in the sense that it
consists in consecutive tracking reference virtual points,
which are positioned at desired a priory known distances
from the overtaken vehicle with a virtual reference point
attached to the overtaking vehicle. In addition, similar to [6],
reference trajectories for the desired motion of the
overtaking vehicle during the overtaking maneuver are
generated using polynomial functions. We consider an
automated overtaking maneuver with only the current intervehicle position and orientation available for feedback
control. An adaptive nonlinear controller for the overtaking
vehicle is designed that allows tracking desired trajectories
in the presence of unknown velocity of the overtaken
vehicle.
The organization of the paper is as follows: In Section II,
the mathematical description of a three-phase overtaking
maneuver suitable for feedback control is derived. The
Problem formulation is given in Section III. In Section IV, a
nonlinear adaptive control law is designed. Section V
contains simulation results. Conclusions are presented in
Section VI.
II. MATHEMATIC MODEL
A. Three-Phase Overtaking Maneuver
In this paper, the overtaking involving two vehicles is
established as a three-phase maneuver (illustrated in Fig. 1).
Phase 1

Phase 2

Phase 3

d
Fig. 1. A three-phase overtaking maneuver involving two vehicles
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We assume that the following conditions are met:
--The overtaken vehicle is moving along a rectilinear
route with a constant velocity.
--The left lane is free and there is enough space to
complete the overtaking maneuver.

--The linear velocity of the overtaken vehicle is unknown.
--The only information available for feedback control is
the relative inter-vehicle position and orientation.
A brief description of the three-phase overtaking scenario
considered in this paper is provided below. Assume that the
automated vehicle has to pass the preceding car at distance d
ahead. The first phase consists of “lane-change”-type
maneuver. Starting with some initial conditions, the
overtaking vehicle diverts from the lane and tracks a given
reference trajectory for a given time period and has to reach
a preselected position behind the overtaken vehicle, (Fig. 1).
At the end of the first time period, the guidance program
switches automatically from Phase 1 to Phase 2. The second
phase consists of driving straight in the adjacent lane along
the overtaken vehicle at a prescribed lateral distance. The
vehicle tracks again a given reference trajectory for a given
time period until the overtaken vehicle has been passed and
the overtaking vehicle reaches a preselected position on the
left side of the overtaken vehicle, (Fig. 1). During the third
phase, given a reference trajectory for the third phase, the
overtaking vehicle returns to the lane and has to reach a
preselected position in front of the overtaken vehicle. The
desired position and linear velocity of the overtaking vehicle
with respect to the overtaken vehicle at the end of every
phase, as well the phase duration, are determined to satisfy
the operational requirements imposed on such a maneuver.
A reference trajectory for the overtaking vehicle is generated
in real time for every phase. At the beginning of every
phase, the desired initial position and velocity of the
overtaking vehicle coincides with its current position and
velocity. In such way, there is no restriction for the initial
position, orientation, linear and angular velocities of the
overtaking vehicle in the beginning of every phase of the
overtaking maneuver. However, from a practical point of
view, a minimal inter-vehicle distance d is introduced for the
beginning of the maneuver, in order to meet some
geometrical and dynamical limitations of the vehicles, (for
example, limitations for the front-wheel steering angle).
B. Relative Kinematics
A schematic plan view of an overtaking maneuver
involving two vehicles is shown in Fig. 1. We assume that
the vehicles have non-deformable wheels which roll on a
horizontal plane without slipping. In order to describe the
position and orientation of the vehicles during the overtaking
maneuver, we assign the following coordinate frames, (Fig.
2):
- Fxy – inertial coordinate frame in the plane of
motion;
- AixAiyAi, (i = 1,2) – vehicle coordinate frames located
at the center of the rear vehicle axels of the overtaken
and the overtaking vehicle, respectively, where xi is
along the longitudinal base of the vehicle;
- RixRiyRi, (i = 1,2,3) – virtual reference frames rigidly
attached to the overtaken vehicle and located at
specific places, as shown in Fig. 2. The coordinates of
the origins Ri with respect to A1xA1yA1 are (Li1t, Li1n), (i

= 1,2,3) and the corresponding axes are parallel to
those of A1xA1yA1 .
- LxLyL – coordinate frame rigidly linked to the
overtaking vehicle and located at the mid-point of the
front bumper of the vehicle at a distance L2 from
point A2, where the xL axis is in direction of the
longitudinal vehicle axle.
For brevity, in the exposition which follows, we will
derive in details the relative inter-vehicle kinematics with
respect to the first phase of the overtaking maneuver (lane
change maneuver). Similar relationships can be also derived
for Phase 2 and Phase 3.
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Fig. 2. Coordinate frame assignment

1) Phase 1:
Let us denote by p A1 = [x A1 y A1 ]T ∈ ℜ 2 the coordinates of
point A1 with respect to the frame Fxy; the coordinates of
point R1 with respect to the frame Fxy by
T
pR1 = [xR1 y R1 ] ∈ ℜ 2 , and the orientation of A1x1y1 with

[

]

respect to Fxy by θR . If the vector d AR11 = − L11t L11n T ∈ ℜ2 is
the vector from the origin A1 to the origin R1 expressed in the
coordinate frame A1x1y1, then the coordinates of points R1

and A1 are related by
R1
A1

pR1 = p A1 + Rr d
where Rr ∈ SO(2) is orthogonal matrix.
Similarly, we denote by

p A2 = [x A2

(1)

T

respect to Fxy by θ. If the vector d AL2 = [L2 0] ∈ ℜ 2 is the
vector from the origin A2 to the origin L expressed in the
coordinate frame A2xA2yA2, then the coordinate of points L
and A2 are related by
(2)
pL = p A2 + Rd AL2
where R ∈ SO (2) is orthogonal matrix.
The coordinate frames R1xR1yR1 and LxLyL are defined to
describe the relative inter-vehicle kinematics during the first
phase of the overtaking maneuver. For this purpose, the
coordinates and orientation of the frame LxLyL in the
coordinate frame R1xR1yR1 can be expressed as follows

[

where e = ex

sin θ R
cosθ R
0

⎡ u1 ⎤ ⎡cos eθ
⎢u ⎥ = ⎢ sine
θ
⎣ 2 ⎦ ⎣

T

y A2 ] ∈ ℜ 2 the

coordinates of point A2 with respect to the frame Fxy; the
coordinates of point L with respect to the frame Fxy by
T
p L = [xL y L ] ∈ ℜ 2 , and the orientation of A2x2y2 with

⎡ex ⎤ ⎡ cosθ R
⎢e ⎥ = ⎢− sin θ
R
⎢ y ⎥ ⎢
⎢⎣eθ ⎥⎦ ⎢⎣ 0

case, the angular velocity of the overtaking vehicle ωR = 0.
Let us consider the following change of inputs in (4)

0⎤ ⎡ xL − xR1 ⎤
0⎥⎥ ⎢⎢ yL − yR1 ⎥⎥
1⎥⎦ ⎢⎣ θ − θ R ⎥⎦

(3)

]

T

e y eθ ∈ ℜ3 is the error posture.

Differentiating (3) with respect to time and taking into
account equations (1) and (2), after some work, the intervehicle kinematics in error coordinates is obtained as
follows

0 − L2 sin eθ ⎤ ⎡v x ⎤ ⎡1 0 − L11n ⎤ ⎡v Rx ⎤
⎢
⎥
0 L2 cos eθ ⎥⎥ ⎢⎢ 0 ⎥⎥ − ⎢0 0 − L11t ⎥ ⎢⎢ 0 ⎥⎥
0
1
⎦⎥ ⎣⎢ ω ⎦⎥ ⎢⎣0 0 1 ⎥⎦ ⎣⎢ω R ⎦⎥
⎡ 0 1 0⎤ ⎡ex ⎤
+ ω R ⎢⎢− 1 0 0⎥⎥ ⎢⎢e y ⎥⎥
⎢⎣ 0 0 0⎥⎦ ⎢⎣eθ ⎥⎦

⎡ex ⎤ ⎡cos eθ
⎢e ⎥ = ⎢ sin e
θ
⎢ y ⎥ ⎢
⎣⎢eθ ⎦⎥ ⎣⎢ 0

(4)
where vx and vRx are the longitudinal components of the
linear velocities of points A1 and A2, respectively; ω := θ
and ω R := θR are the angular velocities of the overtaking and
overtaken vehicle, respectively.
We note that based on the assumption of pure rolling
without lateral sliding of the wheels, the nonholonomic
constraints imply that in (4) the components of the
velocities of points A1 and A2 in direction of the rear vehicle
axles are equal to zero, i.e., vy = vRy = 0.
Remark 1: The front wheel steering angle α of the
overtaking vehicle which is a control input for the system (4)
is related to the angular velocity of the vehicle as follows
⎛ ω ⎞
(5)
α = a tan⎜⎜ l2 ⎟⎟ .
⎝ vx ⎠
In the following, we consider an overtaking maneuver
during rectilinear motion of the overtaken vehicle. In this

− L2 sin eθ ⎤ ⎡vx ⎤
L 2 cos eθ ⎥⎦ ⎢⎣ω ⎥⎦

(6)

where one easy verify that the transformation matrix is
nonsingular when L2 ≠ 0 . Using (6), in case of rectilinear
motion of the overtaken vehicle, the inter-vehicle kinematic
equations (4) can be written in the form

ex = u1 − vRx
e y = u2
eθ = −

.

(7)

sin eθ
cos eθ
u1 +
u2
L2
L2

2) Phase 2 and Phase 3:
During the Phase 2, the vector d AR12 which is the vector
from the origin A1 to the origin R2 expressed in the
coordinate frame A1xA1yA1 is set to be d AR12 = L12t L12n T ∈ ℜ2 ,

[

2
1n

where L

1
1n .

=L

]

In the same way, for Phase 3, vector d AR13

[

is set as d AR13 = L13t

]

T

0 ∈ ℜ2 , (Fig. 2).

III. PROBLEM FORMULATION
In this paper, we consider autonomous overtaking
maneuver without any information obtained from road
infrastructure or communicated from the overtaken vehicle.
The only information that the overtaking (robot) vehicle can
use for feedback control is the current relative position and
orientation with respect to the overtaken vehicle given by (3)
which are obtained from onboard sensors.
A. Trajectory Planning
We consider in details the problem of generating smooth
trajectories for point to point motion in terms of the posture
errors (ex, ey) with respect to the moving reference frame
R1xR1yR1 which is rigidly linked to the overtaken vehicle.
Assuming rectilinear motion at constant velocity of the
overtaken vehicle, we are interested in overtaking scenario
for the first phase, when the overtaking vehicle starts the
maneuver from an arbitrary initial position and orientation
behind the overtaken vehicle with given (arbitrary) velocity.
In the end of the first phase, the two vehicles have to be
parallel and in the same time, the desired position of the
overtaking vehicle behind the overtaken vehicle has to be
shifted at distances

L11t and L11n in longitudinal and lateral

direction, respectively, (Fig. 2). These distances are
determined from considerations of safety driving and sensor
requirements (in particular,

L11t may be equal to zero). In

addition, the relative inter-vehicle velocity in longitudinal
direction must be equal to a prescribed non-zero value. For
this end, we suppose that at time t0, the state variables satisfy

e yd (t0 ) = e y 0
exd (t0 ) = ex 0
,
.
e yd (t0 ) = e y 0
exd (t0 ) = ex 0

(8)

At time tf, we wish to attain the values
d
x

e (t f ) = 0 ,
e (t f ) = ΔvRx (t f )
d
x

d
y
d
y

e (t f ) = 0
e (t f ) = 0

(9)

where ΔvRx (t f ) is the prescribed relative non-zero intervehicle velocity in xR-direction at tf,, i.e., the overtaking
vehicle has to start the second phase of the overtaking
maneuver at prescribed velocity which is higher compared to
the velocity of the overtaken vehicle. The time tf, is
determined from considerations of vehicle’s power and
acceleration capabilities. The initial values of the program
errors (exd (t0 ) , eyd (t0 )) are equal of the current values

Consider again in details the Phase 1 of the overtaking
maneuver. We make the following change of coordinates

xe = ex − exd
ye = ey − eyd

where the posture error coordinates (ex, ey) are defined by
(3), and the desired trajectories (exd (t ), eyd (t )) are given by
(10).
The system (7) in the new coordinates becomes

xe = u1 − vRx − exd

are determined from considerations of safety driving, sensor
requirements, and vehicle’s power and acceleration
capabilities. In this paper, we consider cubic desired
trajectories of the form

exd (t ) = a0 x + a1x (t − t0 ) + a2 x (t − t0 ) 2 + a3 x (t − t0 )3 .
e yd (t ) = a0 y + a1 y (t − t0 ) + a2 y (t − t0 ) 2 + a3 y (t − t0 )3

(10)

Differentiating (10) with respect to time, we obtain
quadratic polynomials with respect to the derivatives e xd (t )
and e yd (t ) :

exd (t ) = a1x + 2a2 x (t − t0 ) + 3a3 x (t − t0 ) 2 .
e yd (t ) = a1 y + 2a2 y (t − t0 ) + 3a3 y (t − t0 ) 2

Using (8), (9), (10) and (11), we obtain 8 equations for the
eight unknown coefficients aix and aiy, (i = 1,2,3,4). Similar
expressions for the desired trajectories can be assigned for
Phase 2 and 3.
B. Problem Statement
We assume that we are able to measure the posture
coordinates e = ex e y eθ T ∈ ℜ3 defined by (3), but the

[

eθ = −

]

linear velocity vRx of the overtaken vehicle is unknown
constant parameter.
Given the inter-vehicle kinematics in error coordinates (7)
the control objective for Phase 1 is to asymptotically
regulate to zero the coordinates of reference point L of the
overtaking vehicle with respect to the coordinate frame R1
attached to the overtaken vehicle according to desired
trajectories (10) for the error coordinates (ex, ey) with initial
and final conditions given by (8)-(9). Similar objectives can
be formulated for Phase 2 and 3 where the virtual reference
points associated with the overtaken vehicle are R2 and R3,
respectively.
IV. ADAPTIVE CONTROL DESIGN
In this paper, we consider the problem of controlling the
motion of the overtaking vehicle during the overtaking
maneuver, where the overtaken vehicle moves straight with
constant velocity.

(13)

sin eθ
cos eθ
u1 +
u2
L2
L2

The adaptive control design is based on a reduced-order
system composed of the first two equations of (13) rewritten
below for clarity of exposition

xe = u1 − vRx − exd
y e = u2 − e yd

.

(14)

Consider the system (14) and assume that the velocity of
the overtaken vehicle vRx = cte > 0 is unknown constant
parameter. The control problem consists in finding an
adaptive feedback control law for the system (14) with
inputs (u1, u2) such that
(15)
lim(xe (t )) = 0 and lim(xe (t )) = 0.
t →∞

(11)

.

y e = u 2 − e yd

(ex (t0 ) , ey (t0 )) at t = t0. However, from a practical point
of view, the following conditions have to be satisfied:
ax ≤ ex (t0 ) ≤ bx , ay ≤ ey (t0 ) ≤ by , where ax, bx, ay, and by

(12)

t →∞

Consider the control

u1 = vˆRx + exd − k x xe
u2 = eyd − k y ye

(16)

where kx and ky are positive gains. We chose the following
Lyapunov function candidate

V=
where

1 2 1 2
1 ~2
xe + ye +
vRx
2
2
2γ v

v~Rx = v~Rx − vRx

(17)

(18)

is the parameter error and γv = cte > 0 is the adaptation
gain. Using (14), (16) and (18), the derivative of V is
obtained in the form

1
V = −k x xe2 − k y y e2 + v~Rx ( xe + vˆRx ) .

(19)

γv

Choosing the update law as

v̂Rx = −γ v xe

(20)

we get for the derivative of V

V = −k x xe2 − k y ye2 ≤ 0 .

(21)

The resulting closed-loop adaptive system becomes

xe = −k x xe + v~Rx
.
y e = − k y ye
v~ = −γ x
Rx

(22)

v e

Proposition 1: Assume that the linear velocity of the
overtaken vehicle is bounded unknown constant parameter

vRx = cte > 0 and L2 ≠ 0 . If the control law given by (16) is
applied to (14), where the velocity estimate v̂Rx is obtained
from

the

parameter update law (20), the origin
T
~
z = [xe , ye , vRx ] = 0 of the closed-loop system (22) is

asymptotically stable.
Proof. The system (22) has an equilibrium point at the
origin. The function (17) is continuously differentiable and
positive definite and its derivative (21) along the trajectories
of the system is negative semi-definite. From (21), it follows
that (17) is non-increasing, ( V (t ) ≤ V (0) ), and this in turn
implies that xe(t), ye(t) and v~Rx (t ) are uniformly bounded
with respect to the initial conditions.
To characterize the set S = z ∈ ℜ3 | V ( z ) = 0 , note that
(23)
V ( z ) = 0 ⇒ x = 0 and y = 0 .

{

}

e

e

{

Hence S = z ∈ ℜ3 | xe = 0 ;

}

ye = 0 .

To

prove

asymptotic stability of the equilibrium point z = 0, we use
the LaSalle invariance principle [10]. Suppose that z(t) is a
trajectory that belongs identically to S. From (22), we have

xe (t ) ≡ 0 ⇒ xe ≡ 0 ⇒ v~Rx ≡ 0
.
ye (t ) ≡ 0 ⇒ y e ≡ 0
x (t ) ≡ 0 ⇒ v~ ≡ 0
e

(24)

Rx

Therefore, the only solution that can stay in S is the trivial
solution z(t) = 0 and the origin is asymptotically stable.
□
Since the dynamics of eθ was not taken into account in
the feedback control design, the next step in the stability
analysis is to establish that eθ is bounded in the interval [t0,
tf]. From (13), using the control (16), the third equation for
eθ takes the form of a perturbed system
(25)
eθ = f (eθ ) + g (t , eθ )
where the nominal system is given by

eθ = f (eθ ) = −

vRx
sin eθ ,
L2

(26)

and the perturbation term is obtained in the form

g (t , eθ ) =

1
[−(v~Rx − k x xe ) sin eθ − k y ye cos eθ
.
L2

(27)

− exd sin eθ + e yd cos eθ ]

Since xe(t), ye(t) and v~Rx (t ) are uniformly bounded, sin(eθ)
and cos(eθ) are bounded functions, and the polynomial
functions (11) are bounded within the interval [t0, tf], it
follows that
(28)
g (t , eθ ) ≤ λ
in the domain of interest, (λ is a positive constant).
The point eθ = 0 is an exponentially stable equilibrium
point for the nominal system (26), which can be easy proved
by using, for example, the Lyapunov function
W = 1− cos eθ . Therefore, eθ is bounded and eθ (t ) → 0 as
t → ∞ . If eθn(t) and eθp(t) are the solutions of the nominal
and perturbed systems (26) and (25), respectively, using the
Gronwall-Bellman inequality [10], we have on the compact

time interval [t0, tf]
eθn (t ) − eθp (t ) ≤ eθn (t 0 ) − eθ 0 (t ) exp[l (t − t 0 )]

λ

(29)

{exp[l (t − t 0 )] − 1}
l
where l is a Lipschitz constant for the nominal system
(26). Hence, eθp (t ) is bounded on the time interval [t0, tf]. □
+

As mentioned above, at the end of the first time period,
the guidance program switches automatically from Phase 1
to Phase 2. The same approach can be used to derive
feedback controllers for the overtaking vehicle for Phase 2
and Phase 3.
V. SIMULATION RESULTS
To illustrate the effectiveness of the proposed controller,
several simulations are carried out in order to evaluate the
inter-vehicle behavior and tracking accuracy during the
three-phase overtaking maneuver. In the simulation using
MATLAB, a planar bicycle 2DOFs vehicle model is used.
The speed of the overtaken vehicle during the three phases
of the maneuver is constant and set to be vA = 4m/s. The
duration of every phase of the maneuver is chosen to be tint
= 5s. The coordinates of the reference frames RixRiyRi, (i =
1,2,3) with respect to the coordinate frame A1xA1yA1 attached
to the mid-point of the rear vehicle axle of the overtaken
vehicle for every phase of the three-phase overtaking
maneuver is provided in Table I.
The longitudinal vehicle base of the overtaking vehicle
was chosen to be L2 = 2m. The initial position and
orientation of the overtaking vehicle in the inertial frame
Fxy are xA2(0) = 0; yA2(0) = 0; θ(0) = 0. The initial position
and orientation of the overtaken vehicle in Fxy are xA1(8) =
0; yA1(0) = 0; θR(0) = 0. The desired inter-vehicle distance in
the beginning of the maneuver is set to be 6m.
In the first simulation, from Fig. 3, we can see the planar
path drown by the vehicle guide points A2 and A1 of the
overtaking and overtaken vehicle, respectively.
TABLE I
COORDINATES OF THE REFERENCE FRAMES RIXRIYRI ,(I = 1,2,3), IN
OVERTAKEN VEHICLE FRAME A1X1Y1
Phase
1
2
3

Reference Frame
R1xR1yR1
R2xR2yR2
R3xR3yR3

Coordinates
1

L 1t = -1m; L112 = 3m
L21t = 8m; L212 = 3m
L31t = 12m; L312 = 0m

been presented. Reference trajectories for every phase using
3rd order polynomial interpolation method are generated in
real-time and consecutively tracked. The only information
available for feedback control is the current relative intervehicle position and orientation. The unknown velocity of
the overtaken vehicle is estimated using adaptive update law.
Simulation results illustrate the performance of the proposed
controller. Our future work will include implementation of
the proposed controller and experiments with CyCab
vehicles developed at INRIA.
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Fig. 3. Planar path drown by the vehicle guide points (the mid-points of
the rear vehicle axles): point A2 (blue line) and point point A1 (red line)

From Fig. 4, we can see the evolution in time of the error
coordinates xe(t), ye(t) and eθ(t).
Error coordinates: xe[m] (blue); ye[m] (red); et[rad] (green)
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Fig. 6. Overtaking maneuver involving two CyCab vehicles using
CIVIC software
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Fig. 4. Time history of the error coordinates xe(t), ye(t) and eθ(t)

As seen from Fig. 4, the relative orientation eθ(t) between
the two vehicles remains bound during the three phases of
the overtaking maneuver, which is consistent with the
theoretical results in Section IV. The evolution in time of the
inter-vehicle distance AL is given in Fig.5.
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Fig. 5. Time history of the inter-vehicle distance AL

An overtaking maneuver involving two CyCab vehicles
has been performed using CIVIC software, as shown in Fig.
6. The results of the simulation confirm the validity of the
proposed controller.
VI. CONCLUSION
In this paper, a nonlinear adaptive controller for twovehicle three-phase automated overtaking maneuvers has
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